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ABSTRACT

NUMERICAL METHODS FOR MULTIDIMENSIONAL
MODELING OF MIS DEVICES

by

Andres G. Fortino

Advisor: Joseph S. Nadan

The DC and small signal AC operation of MIS
devices under equilibrium conditions in one and two
spatial dimensions is investigated. A varient of
Gummel's algorithm is implemented for the one dimensional
DC study of MIS capacitors. A one-step iterative method,
SOR-Newton, is applied with success to the semiconductor
nonl inear Poisson equation in two dimensions. The
method of complementary functions, with reconditioning,
is applied to the analysis of MOS capacitors. The
admittance of inhomogeneously doped MOS capacitors is
presented. Favorable comparisons are made to classical
analysis of the small signal problem in one dimension.
The method of complementary functions 1s extended to
two spatial dimensions to study the small signal AC
problem. A two dimensional structure, the three terminal

varactor is studied and reported.
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CHAPTER 1 1

INTRODUCTION

1.1 Organization

In this thesis improved numerical methods for the
cl.aracterization of semiconductor devices in two dimen-
sions are presented. In particular, Metal-Insulator
Semiconductor (MIS) and Metal-Oxide Silicon (MOS)
structures are studied.

The thesis is organized 1nto five chapters and
five appendices: Chapter 1 presents the historical
background and organization. The general device equa-
tions are derived in Chapter 1 and general semiconductor
device parameters discussed.

In Chapter 2 the one and two dimensional DC numeri-
cal models are developed, discussed and typical results
of studies with each given. Whereas the one dimensional
DC algorithm is a standard one, the two dimensional
one successfully employs a nonlinear method.

Chapter 3 deals with the one dimensional AC model
ot the MIS capacitor. Whereas this has been quite
thoroughly studied, the model 1s developed with as few
assumptions as possible yielding an algorithm which
accepts nonuniform doping concentrations, varying
positive interface charge densities and other parameter

variations. The model employs the method of complementary



functions which is very powerful in correcting the
recognized "ill-conditioning" of the problem.
Experimental evidence is compared to the model and found
to be in close agreement. In Chapter 4, the two dimen-
sional AC operation of the three terminal varactor
structure is modeled. Use is made of the other three
algorithms in this analysis. The method of complementary
functions is extended and used in two dimensions; the
development of this technique is presented with some
numerical examples.

In Chapter 5, obtained results are summarized and
suggested further work is described. The appendices
deal with the derivation of a recombination-generation
term, stability analysis of the DC scheme, capacitance-
voltage measurements and analysis, a study of an approxi-
mation made in the text and finally, a listing of
computer codes, in that order.

The following notatlon convention 1s employed:

a variable underlined with a {v) represents a vector
in either Cartesian space or an N-dimensional vector
space, its particular application made as unambiguous
as possible. A (~) over a variable designates it as
a complex number, usually when representing phasors.

An underlining (-} indicates a variable is a matrix.



1.2 Historical Background and Motivation

Three concurrent developments at the City College
have given impetus to the modeling work described in the
previous section. First, the ongoing interest in high
frequency (microwave) devices, an active area of study,
provided the necessary background and generated the
problems to be studied. Second, the natural continua-

(1)

tion of previous work by R. Camisa in the analysis

and application of microwave MIS varactors. Lastly,
the three terminal varacter, a device found by J. Nadan(21
provided a two dimensional structure to be studied.

A search of past and current work in the modeling
of semiconductor devices shows that numerical techniques
are preferable to analytic ones, Further, one-dimensional
models abound, the classical example being the work of(B)
H. K. Gummel. Two dimensional models have only recently
received attention, as may be gleaned from the survey
of A. H. Agajanian(a).

Basically all device modeling work may be separated
into the following categories:

1. DC operation, in which a current exlists; such
as in MOSFET's {Metal Oxide Semiconductor Field Effect
Transistors); or the zero current case, such asg MIS
capacitance structures,

2. Small signal AC operation about the DC operating

point for eny bias condition and device conformation, and

3. Transient analysis or Large Signal AC operation.



For all three cases, one may study models for devices
described in one or two spatial dimensions. Decidedly,
the DC problem with non-zero current is more

difficult to solve because there are more equations

to be solved. The small signal problem presents certain
challenges which are discussed herein. The transient
problem is the most difficult, in this author's opinion,
since it involves all the problems of the above conditions
and severe numerical technique constraints. One
dimensional transient operation of MIS capacitors have

(5)

been studied successfully by T. Collins There are

few two dimensional models for small signal AC device
operation reported as of this date(é). The developments
at City College, coutlined earlier, together with this

apparent void in the analysis techniques described,

provided the motivation for this thesis.



1 3 Characterization of the Electronic Operation of

Semiconductive and Insulating Media

The analysis of semiconductor devices requires
a set of equations that relate the proper dependent
variables to each other. For semiconductive media

these variables are the hole and electron charge den-

Jo

sities, p, n, the hole and electron currents, Jp. In

and the potential, V.

The Semiconductor

Taking moments of the Boltzman equation of the
phase space distribution of carriers in the material
one may obtain the continulty and current density
equations for holes and electrons(7). The zeroth moment
of the Boltzman equation is the law of conservation of

mass 1n the media which becomes the continuity of

charge equation for each carrier species

QD - _4.R - v.
a-5% q*R, - Ve (1.3.1)
q._'%ltl = —q'R + T+ (1.3.2)

where q is the electronic charge and Rp and R, are

very general thermal recombination terms for holes and
electrons which is considered in more detail. The first
moment of the Boltzman equation is the law of conserva-

tion of carrier momentum. We shall assume here that we



have collision dominance and constant temperature
throughout the media, This results in the electron

and hole current density equations

J = - v' - V . -
Ip qu P - Quyp v (1.3.3)
dn = *ab 7'n - qu nvv (1.3.4)

where DS and hg are the diffusion constants and mobili-

th type carrier respectively. The assump-

ties of the S
tion of constant temperature made above in deriving

Egs. 1.3.3 and 1.3.4 is a very realistic one since no
appreciable self-heating of the device is expected and
it is maintained at a constant ambient temperature.

This assumption is necegsary to terminate moment taking
at this point and not introduce energy terms into

Egs. 1.3.3 or 1.3.4.

The last equation which must be added to the ones
above to obtain a complete independent set is Poisson's
equation
72V = - e (p-neNy-N,) (1.3.5)

s €, D A
The charge density term in the right hand side is
composed of holes and electrons as shown and the back-
ground doping density. Henceforth, this background

doping shall be considered one term, the algebraic sum



of the donor and acceptor ion concentration: DOP ND NA
Furthermore, the Boltzman relation for carriers as a
function of potential may be assumed, ylelding

E.-E

P = njexp (=) (1.3.6)

E -E.
n = n;exp (L T 1) (1.3.7)

This is valid for IEF-EC|<; kBT or lEF—Evlci kBT. The
potential V is defined as
q

and the Fermi energy level in the bulk is used

VvV = - ) (1.3.8)

as the reference datum for potential.

E(ev)
E.
Vﬂo e o ar o .- -—_m-—E
vw o
i
Ey
-
y
V(volts)

Figure 1.1 Energy band diagram showing definition of
the potential V(x).



The Fermi potential is, by definition above, VF= - .
Defining a thermal voltage VT as VT=%E then Eqs. 1.3.6

and 1.3.7 become

el
H

niexp - (V/Vp) (1.3.9)
n = njexp + (\/Vy) (1.3.10)

Using this in Poisson's equation, cne obtains

2qn. N
1 (sinh & - gop) (1.3.11)
njy

KSeo VT

vy =

For applied biases which bring the intrinsic le rel
into either the conduction band or the valance band,
or whenever E;-Ep = E8/2. full Fermi statistics must be
employed (8). For most applications considered in this
work, the use of these statistics has not been found
necessary although their implementation is not prohibitive.
Satisfactory results, as shown in Chapter 3, have been
acheived with Boltzman statistics thus they are used
throughout.

The complete describing set of equations in semi-

(9)

conductor media may then be expressed as

DP
qfsz.z _q.Rp_ v-gp (1.3.12)



q 88 = q.R_+ Vg (1.3.13)

J = - D V- - V . ]
~p q P )Y qupPV (1 3.14)
g, = *aD V'n - qu nvv (1.3.15)
7V = S (p-n# N (1.3.16
- - K Se‘o p-n DOP 3. )

Two other dependent variables of interest, which
may be defined using the above, are the electric field

E and the total current density Jn,p

‘FJ: - Vv (1'3!1?)
and

= 2k
dror = dp * dn * Ks€o3t (1.3.18)

Throughout this work, the temperature of operation
of the devices modeled is implicitly assumed to be
room temperature (T=3009K). The intrinsic carrier
concentration is then a constant and its value is shown
in Table 1.1, together with other constants used. The
thermal recombination-generation terms which appear in
Egs. 1.3.14 and 1.3.15 are derived and discussed in
Appendix A. The mobilities b and u  are functions of
doping density and electric field, this relationship is
is discussed by Caughey and Thomas(loz As a function of

doping densities, the following functions are used
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2
- 49s.-47.7 + 4.9 cm 1 1
“p 1+ (Npop/6 ., 3x1016) 72 vi.sec (1.3.19)
and
1330-65 en®
= - + 6 1.3.20
“n T+ (Npop/a. 5x1016) 76 & ©7  Vesec (1.3.20)

for silicon. For electric fields much greater than
2x104 v/em in silicon, corrective factors must multiply
the above expressions to take into account the field

dependence of mobility,

1
c. = {(1.3.21)
n 1 + (EV8000)°
1 (1.3.22)

°» = T + IEI/1.95x107

Since all of the practical application work has
been done in silicon, the above formulas suffice. This,
of course, does not detract from the general applicability
of the methods herein derived to other semiconductor

materials,

The Insulator

It should be assumed that the insulator, whatever
ite composition (e.g. 510, , SiNOB. etc.), is a perfect
insulator and that no carrier current exists within it.
Satisfactory results are obtained by this simple

assumption. Therefore only Laplace's equation need be



soclved in the insulator
7%y = 0 (1.3.23

If the electric field is defined as in the semiconductor
i.e. using Eq. 1.3.17, the current density, which is

totally a displacement current density, 1s

- =P
J Ki€, 3% (1.3.24

The value of the relative permittivity of various

insulators of interest i1s shown in Table 1.1,

The Metal

Whereas all metals exhibit a finite conductivity,
the assumption of infinite conductivity is applied here.
The algorithms used to solve the equations have been
programmed for zero work function difference between
metal and semiconductor. Most of the experimental
devices have been fabricated with aluminum gates and
thus care must be exercised in interpreting the results
to accommodate nonzero work function differences.

Subgequent chapters develop these equations further
as they apply to varying blas conditions and various

multidimensional MIS device geometries.

11

)

)
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KSIBNH

NAME VALUE UNITS DESCRIPTION
q 1.69x10" 17 | coulombs electric charge
kT
thermal voltage=—ﬁ-
VT 0259 volts for T=3000K q
10 3 intrinsic carrier
ng 1.45x10 1/em concentration for
Silicon at T=300°K
€, 8_86110-1u £/cm free sggﬁgtggilectrlc
L relative permittivity of
K5102 3.9 thermal Silicon Dioxide
KSI 11.7 . relative permittivity
of silicon
5.0 —_— relative permittivity

of deposited Sleh

Table 1.1

Pertinent Constants Employed in Device Analysis
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CHAPTER 2

THE DC MODELS IN ONE AND TWO
SPATIAL DIMENSIONS

2.1 Introduction

In this chapter the development of DC models for
MIS capacitors with a corresponding output of physical
parameters such as the potential, charge densities and
electric field is described.

In Sections 2.2 and 2.3 the describing equations
for one and two dimensional DC operation are derived
from the general set given in Chapter 1. The numerical
algorithms necessary for thelir solution are also developed
and explained. The classical Gummel algorithm is
implemented for the one dimensional DC problem. The
SOR-Newton method of solution of semiconductor device
modeling, 1s used for the two dimensional case. These
algorithms zre investigated for accuracy, stability,
speed, and limits of operation.

In Section 2.4 the developed codes are applied to
calculate the incremental capacitance of MOS capacitors.
Results are shown for inhomogeneously doped devices.

In Section 2.5 the DC operation of the three terminal
varactor is investigated. The effect of lead separation

is studied.
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The algorithms in this chapter are an integral part

of the small signal AC models of Chapters 3 and 4, and

are developed to satisfy their requirements as well.
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2.2 The DC Model in One Dimension

Structure and Equations

The structure under investigation in this section,
shown in Fig. 2.1, is the MIS capacitor. The variables
of interest and the equations interrelating them are
first presented.

The insulator is assumed to be ideal and zero DC
current exists in this region. For the semiconductor in
equilibrium Boltzman statistics for the charge densities
as functions of the potential are used. The only variable
to be found is the DC potential everywhere as a function
of x. From this calculation one may find the charge
densities and electric field directly.

The self-consistent set of equations in this case are:

Poisson's equation in the semiconductor

2
dvixy_ _ 4 { ~V(x))._ V(x))- ()+N()}
—?;?ri |i¢€0 nlexp( vT ) niexp(_é;)) NA ' P ’

(2.2.1)

Laplace's equation in the insulator

2
g‘._!g) = 0 (2.2.2)

dx

Equation 2.2,1 may be rewritten by expressing the two
exponential terms as a combined hyperbolic sine term

resulting in

2 2qn; { N (x)}
d“V(x)_ ilginn(¥{x)y . _DOP'"~ 2.2.
™ RaE, sinh( Vo ) T ( 3)
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Figure Zla. One dimensional MIS structure and pertinent

DC equations.
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Figure 2l1b, One dimensional MIS structure showing boundary
conditions and typical solution.
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The solution to these two second order ordinary differ-
ential equations for the potential is made unique and
self-consistent by determining a complete set of boundary
conditions. 1t is the boundary data which determines

whether a differential equation represents a boundary

value problem or an initial value problem(ll). In

this case the DC potential at the metal-semiconductor
boundary is taken as our reference potential, in other
words, this boundary is to be considered the reference
datum. Furthermore, this contact shall be assumed to
be ohmic, that is, a free flow of electrons may occur
in either direction without charge buildup at this
interface. A potential drop across this boundary is then
not expected and the bulk of the semiconductor is
considered 10 be at a potential equal to the Fermi
potential for that bulk type material. This boundary
value derives from the way DC potential difference is
defined in Chapter 1.

Consequently, at the metal-insulator boundary, the
potential in the insulator will be the applied potential
plus the bulk Fermi potential. The ideal case for a
metal-insulator semiconductor system is that of zero
work function difference between any of the materials.
To investigate the correlation between experiment and
theory, work function differences in the system shall
be taken into account as an additive term to the left

hand boundary data. This work function difference is
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the algebraic sum of the metal-insulator and insulator-
gemiconductor difference. Essentially, this 1is the
difference between the metal-semiconductor work functions.
Discussion of this system and of typical values for
material of interest are given in Wolf (12). An example
of how it comes into the calculation of modeled para-
meters of interest, such as capacitance-voltage curves,
is shown in Appendix C.

At the insulator-semiconductor boundary, one obtains
two boundary data: a} the potential must be continuous,
and b) application of Gauss' Law at this interface for

the electric field. This last condition may be

expressed as

-dv{x_.,) -avi(x__)
Ke€, (—a—) - Ri€ (—37—) = g, (2.2.4)

where the electric field density has been defined in

Eq. 1.3.16; Q is the net positive interface surface

S
charge density. Summarizing the boundary data,

Vi(xg_ ) = Vg (2.2.5)

V(x (2.2.6)

1
-
—
el

o)
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avi{x_.) dvi{x_ ) Q
~R—= + R °- - =8 (2.2.7)
8 dx I dx €,
viot)y =v. . + v (2.2.8)
apl F e

Equations 2.2.2 and 2.2.3 together with the boundary
data shown in Egs. 2.2.5 through 2.2.8 constitute a
boundary value problem and equilibrium type solutions
are sought. Figure 2.1b shows a typical solution,
together with externally applied DC potential difference

and appropriate boundary conditions.

Discretization Scheme

The Poisson equation of the preceeding section
(see Eq. 2.2.3) is a nonlinear equation and analytic
solutions are not known for all excitations. Rather
than search for a closed form type of solution of this
equation, a numerical technique is investigated and
and implemented. Much success with numerical methods
applied to this equation has been obtained and accurate
solutions are commonplace. The standard reference in this
area is cummel’'s algorithm(j) and it is used widely to
study MIS structures. In the present work an algorithm,

which may be shown equivalent to Gummel's is implemented
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and studied.

To solve ordinary differential equations numerically,
one takes the independent variable, in this case x, and
discretizes it. Then the dependent function, in this
case the potential V(x), which is a continuous function
of x, is defined only at those discrete intervals of x.
This yields V*(xi). as shown in Fig, 2.2a. The o.d.e.
is discretized by obtaining a Taylor series expansion
of the derivatives and retaining as many terms as
necessary to obtain the order of truncation desired(lj).
In this case the second derivatives are discretized with

the standard three point formula which has an O{hz}

truncation error for uniform grid steps

(2.2.9)

Where u* are the discrete analogues of u(x) at the grid
points and h is the grid size (see Fig. 2.2.b). At grid
points where the grid sizes are different on either
side, a three point formula may still be used but its
truncation error is then of O{h} where the largest grid

size is the dominant term

a%u _ Ni-qutyq + hyut_ - (hy+h; )u¥

= (2.2.10)
ax? (hy+hy _4)hihy /2

The form of Eq. 2.2.10 is the more general of the two

and it may be seen that when hi=hi_1, (a uniform grid) is
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Figure 2.2a. Discretization of the x axis and solution
with a grid.
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Figure 2.2b. Uniform one dimensional grid.
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Figure 2.2c. Nonuniform one dimensional grid.
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used, it reduces to Eq. 2.2.9. It is appropriate at this
point to discuss which of the discretization schemes should
be used. The scheme of Eq. 2.2.9 1s the more accurate
of the two due to a lower truncation error. On the other
hand, Eq. 2.2.10 allows one to handle nonuniform grids,
useful in locally increasing the solution accuracy. This
is investigated and discussed in Section 2.4. Egquation
2.2.10 is used to cross from regions of one grid size to
another. It is easier to implement Eq. 2.2.10 at all
steps since 1t is equivalent to Eq. 2.2.9 when grid steps
are uniform and can take care of nonuniformities automati-
cally. This involves the calculation of certain quantities
such as the denominator of Eq. 2.2.10 which is totally
unnecessary for uniform grids and adds on to computation
time needlessly. 1t has been found advantageous tc imple-
ment Eq. 2.2.9 in regions of uniformity and Eg. 2.2.10 to
cross from one region of a certain step size to another
contiguous region of another step size. Thus the semicon-
ductor is divided into a specified number of regions of
uniform step sizes with discretization schemes used in the
appropriate places. When three regions are used, the
boundaries are located at grid points I=N1 and N2, at
the semiconductor-insulator interface I=N3, at the bottom
contact located at I=1 and at the top contact at I=Niu,

Discretizing Eq. 2.2.3 with a uniform grid



Vi

T+1 * V1172V

N
2qn * DOP
I-1 I _ 1 R §

h

and with a nonuniform grid

N
hy Vi *hpVEy - (hpthy V) 2any {?inhvf i DOPI}
(hy_y*hp)hihy_ 3 /2 Ks€o

VT 2ni
(2.2.12)
In the insulator Laplace's equation 1s discretized

with a uniform grid

VE L Vi, - V=0 (2.2.13)
The boundary conditions for this discrete set are
»* = * = 1
v*(1)} Vp and V {(N&) vapl + Vp. The first

derivatives in Gauss®' Law are discretized with a forward
difference formula for the electric field in the insulator
and a backward difference formula in the semiconductor

resulting in

\12 ' -y Q

K N3 N3"1 _ H N3+1 N3 - _ 58 (2 2 1&)
1 h € te

N3 1 N3 0
If an equation in the form of 2.2.11 or 2.2.12 is

written for every interior node in the semiconductor,

Eq. 2.2.14 is written for the interface node and Eq. 2.2.13

for every interior node in the insulator, then a set of

(N&4-3) equations relating (N4-3) unknowns results. The
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set of equations is

v +1

+ V® - 2v®  2qn, ve Npop
g 1 1 = = {sinh 1. 1 (2.2.15)
h Ks€ T

(2« T = N3-1)

Png-1 YR+t PNaVRa-1- e thne 1) Vi 2qn-i? Vi DOPf}

lnh__ -
(hyp¥hye-1) Dnibng-t Ks€ Vp  2ny
(I = N1) (2.2.16)
N
Ano-1VR2+1* hN2VN2 17 (hno*hne VR 2q?%%inh i Dopi}
(hyothnao1) ByoPyzog Ks€o Vp  2ny
(I = N2) (2.2.17)
VE_ - Yk v - Y
N3 - YN3-1 f3+1~ VN3] _
c { ] - K { '} = Q (2.2.18)
KE 0 hNB-l séﬁ th 88
(I = N3)
V8 TV, - 2VE =0 (2.2.19)

(N3+1 <= I = N4-1)
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Method of Solution

Due to the hyperbolic sine function of the potential
in the above set of equations, it is clearly evident that
one is dealing with a nonlinear set of equations. An
iterative procedure, shown by Ames (14), is used to
provide a solution. Essentially the method has two steps)

1. Linearize the equations about some guess solution,

2. Solve the resulting linear set of equations for

the new values of the unknowns, which it is hoped
ar= close to the actual solution.
The method proposed and implemented is a Newton second
order method and may be described as follows. Consider

a linear difference operator L operating on the dependent

variable vector u and the resultant being a function of u

L{w = f(uw) (2.2.20)

Consider further two consecutive resultant vectors from
the iteration described above, i.e. {:Ek, H}+1:}'
ideally as k-»o, HF"'Be the exact solution vector,
Using gk as the closest vector to Mg available, then

Eq. 2.2.20 may be linearized about, and solved for, E}+1

A L BT e A 11 IV LY ST (2.2.21)

— -~

k+1

with a Newton step. This may be solved for u in terms

of Hk as follows
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I O T T B AR (2.2.22)

where the prime denotes differentiation of f with respect
to its corresponding vector component.

For the problem under consideration, the linear
operation 1s the Laplace operator in discrete form (éf)

and the for:cing function is the hyperbolic sine,

2qn. N
AZyw = 1 {sinh . 22013} (2.2.23)
Kseo T i
since
2qn; N
f(v*) = 1 isinh LA ZDOP}
Kseo T n'1
then
2qn;
fr{ve) = v——-—- (cosh ——)
T s o T

The linearized step is, (let C1 = 2qn./uhseo)

KN WK
a2k N T ve*loy (ginn ¥ DOP) ( 1 osndt)yek
hv— Vo Vo v,

(2.2.24)
Considering the potential at every interior node
of the device as a component of a vector which is
(N4-2) long defined as:

k »k T

* =
= v s Vi
and applying Eq. 2.2.24 to the set of Eqs. 2.2.15 through
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2.2.19, one obtains a matrix equation for yaktl

A"y -yt o e (2.2.25)

It may be seen from Fig. 2.3, which shows matrix A
and the forcing vector U, that A is tridiagonal, as
expected from the use of centered difference discretiza-
tion formulas for the Laplacian.

The matrix A can therefore be inverted with relatively
little effort by efficient direct tridiagonal inversion
algorithm(15). The computational flowchart for the
full algorithm is shown in Fig. 2.4,

Two questions remain to be discussed concerning
the results and the nature of the algorithm:

1. Since this is an iterative process, the starting

vector is of great importance for rapid convergence.

2. What is a reasonable measure of such convergence.

(16)

It has been shown that application of the Newton

step to this nonlinear sget of equations is stable and will

produce a sclution if the starting vector 1s close enough
to the desired solution. This is very hard to insure

and the full analysis of the stability of the scheme for

any starting vector is very difficult(17). In this work,
success has been found in most cases by using a starting

vector which assumes that the applied voltage is linearly
dropped across the oxide. When the applied DC bias is

varied, e.g. to generate a C-V curve, a more efficient
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ENTER

|

INITIALIZE VO's

'

SET constants and

stopping criteria EPS,JMAX

G-
r

CALCULATE new A and U in
Eq. 2.25 as shown in Fig. 2.3

_¥

INVERT resulting tridiagonal
system and solve for new VO's

*

CALCULATE VMAX=MAX VO -voold

all 1 Devw
NO
NQ JJ=JJ+1
YES YES

PRINT: WARNING
no convergenc e

RETURN

EXIT

Figure 2.4 Computational Flowchart of Subroutine VDC1D
Used to Solve For the One Dimensional Potential.
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method may be used. At the first starting vector use
the linearly dropped voltage at one of the extreme bias
points, and then sweep using the solution for the
previous case as the initial guess for the next case.
If small enough steps in applied bias are used, the
gsolutions do not radically differ and an extremely good
starting guess is obtained.

As the 1teration progresses, a check should be made
on how the last iteration solution vector compares to the
exact solution. The exact solution is not available,
thus alternate methods need to be used. One method is
to compute some norm of “’5k+1~3k“ As the iterative
process converges, the norm becomes small, e.g. smaller
than the expected order of truncation of the discretization
scheme. One may then say that the last vector iterate
is a very good approximation to the solution vector.

The 1° norm' %) is easily computed during the iteration

and is used to check the last iterate. Application of

this norm requires that

k+1 k
m?x fug -uplls€e (2.2.26)
where € 1s some prescribed value. Since in this case,
the value of u is the potential in volts and it varies
less than 50% in the semiconductor where Eq. 2.2.26 is

checked it is not very useful to normalize the norm by

the absolute value of the potential at the i th point



The value of € is chosen so as to be
than the smallest truncation error of the
formulas used (a typical value of &€ used

precision arithmetric is € =1O-1 ). This

31

smaller
discretization
for double

is because

not much effort should be expended in cobtaining the solu-

tion to the difference equations to an order of accuracy

greater than the truncation error since ultimately the

difference solution is itself an approximation to the

differential equation.
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2.3 The DC Model in Two Dimensions

Structure and Equations

If the structure shown in Fig. 2.1 is extended
in a second orthogonal spatial direction, one obtains
the structure shown in Fig. 2.5a: the general structure
of the two dimensional devices considered. As in
Section 2.2, there are two equations to be solved

In the semiconductor

2qn. Noap (X¥)
PGy = geat(eton () DR (2.3.1)
5370 1

In the insulator
2 _
vV{x,y) = 0 (2.3.2)

The same assumptions hold here as those discussed for the
one dimensional case. An important difference exists,
however; the Laplacian is now a partial and not an
ordinary differential operator. Essentially, since no
DC current is allowed to exist, the above equations, with
the proper boundary conditions, completely specify the
DC operation of the two dimensional structure.

Those boundary conditions are developed in a manner
similar to S=z2ction 2.2 using the same assumptions. The

conditions are

Vix,y) = Vp(x) (2.3.3)
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Figure 2.5a. General two dimensional structure considered.
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Figure 2.5b. Finite boundaries on the two dimensional device.
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Figure 2.5¢. Simple example to study boundary approximation.
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Vx,y,,) = Vix,y, ) (2.3.4)
vix,y. ) Vix,y..)

-Kseob_a_y-o_—h+KIEOBb__§—gi" = st(x) (2.3.5)

and

v(x,0) = Vapl(x) + Vplxp.yg) (2.3.6)

For a complete set of boundary conditions one
must also consider the lateral boundaries. Since Egs.
2.3.1 and 2.3.2 are elliptic p.d.e.’s the proper(lg)
boundary is a closed one, elther the potential (Dirichlet
type b.c.) or its derivative normal to the boundary
(Neumann type b.c.) or a linear combination of the vari-
able and i1ts derivative at the boundary (mixed type) must
be specified. In this case it ig assumed that the dimen-
sion of the device in the x direction is several times that
in the y direction. Further, the doping past the lateral
boundaries shown in Fig., 2.5b is assumed to be constant
in the x direction and the potential applied for X>Xp
is that applied at Xpi and for X<xp is that at Xp -
A one dimensional model is used to model the boundary;
the potential is found using the algorithm of Section 2.2
and this potential is used at the boundary condition

at the lateral boundaries. This method converts it



35

into a Dirichlet type. As some justification for using
this approximation, consider the linear problem shown in
Fig. 2.5¢c., 1In this case, similar to a particular struc-
ture studied (see Chapter 4), one may obtain an analytic
solution. For the transverse dimensions several times
the vgrtical dimension, the magnitude of the first
harmonic is at least two orders of magnitude below the
fundamental justifying the approximation being used.

The exact details of the potential calculation in this
simple example are given in Appendix D. Thus the lateral
boundaries will be selected to insure that the doping
density is uniform and also that the applied potential is
constant in the transverse direction. This leads to the

use of a one dimensional solution as the boundary condi-

tions for Eq. 2.3.1 and 2.3.2.

Discretization Scheme

As in one dimension, a numerical solution of the
discretized equations is implemented. For this purpose
the region in the x-y space over which the equations hold
is discretized with a grid. Figure 2.6 shows a typical
uniform grid, and Fig. 2.7 shows a typical non-uniform
grid each ylelding different accuracies.

The Laplacian operator is expanded by a double
Taylor series about the (ith,jth) point and approximated

by its first order terms. For the uniform grid the

approximation is
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Figure 2.6.

Typical uniform grid structure.
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Figure 2.7. Typical nonuniform grid structure.
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»* * - *
I B R s S Rl SR Al £ U s PO (2.3.7)

77U
h2

In the case of a totally nonuniform grid where all four
neighboring nodes are at different distances from the

central node {see Fig. 2.8b), the Laplacian is

- - u*x * - R * g
SRS I O S S il P B R % W s PP RS P s S5 U
7%y = kg *J-1 M P1-1
(k,+ k;_4)/2 (hy_4+h7)/2
(2.3.8)
For the case where hj:hj_lzki:ki_l.Eq. 2.3.8 reduces to

Eq. 2.3.7. As the grid spacing goes to zero, the order
of truncation goes to zero and the discrete analogues
are self consistent with the p.d.e.(zol

No loss of generality 1s incurred in continuing
the discussion of a solution of the equations in ques-
tion assuming a uniform grid. The complexity is lessened
so as to make conceptualization easier yet the principles
involved still apply to the nonuniform case.

Discretizing Egs. 2.3.1 and 2.3.2 one obtains in

the gemiconductor

Vier, ot Vio1,0" Vi 041" Vi,o-1” ¥Vr,o T
2qn; h? v Npop (2.3.9)
ih" 1,J 1,J
e (sinh = - ——rtas)
S 0 T i
and in the insulator
Vier,at Vio1,0t V1,041t V1,0-17 W 570 (2.3.10)
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Figure 2.8a. Five point uniform discretization grid
employed in discretizing the Laplacian.
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Figure 2.8b, Nonuniform five point discretization grid.
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Figure 2.8c. Discretization grid at the insulator
gsemiconductor employed in discretizing
Gauss' Law.
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Labelling *he grid points at the insulator-semiconductor

interface { J=J VIJ and discretizing Gauss' Law yields

ol

-V v -V
JO JO-1

V1.,J0+1

- Hseb (—=* h

SBI
(2.3.11)

This is a natural point where a change in grid step

size in the y direction may be made without too much
complexity or extra calculation. The rest of the boundary
conditions are used in Egs. 2.3.9 and 2.3.10 in the appro-
priate places. One then obtains a set of (M-2)}x(N-2)
linearly independent algebriac equations for the
discretized potential in the interior nodes of the grid.
(M and N are the number of grid points in the x and y
directions respectively). The set may be expressed as

follows

N
Y141 V151"V LeL” A8 68 P A S PSSt .
Kseo VT 2n,
SEM (2.3.12)
(2= 1=M-1, 2= J=s JO-1)

h SS

v
_Kse I J0+1 I JO)+ K E.( 1,J0° I JO - 1)_
SEM INS b o

(2.3.13)
(2 =1 =M-1, J= J0)

+ v

+

1,07 Vie1,0" V11,5 ¥V1,5 =0 (2.3.14)

(2 =1 =< M-1, JO+1 = J s N-1)

V1,041
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Method of Solution

Writing the above set of algebraic equations in
matrix form AV=g(Y) with the potential at every interior
node as the components of a solution vector V., two
things are evident:

1. The set of equations is nonlinear due to the
presence of the hyperbolic sine of the potential term
in 5(3).

2. The matrix A is banded, with diagonals, two
of them M-2 away from the main diagonal (see Fig. 2.9)

There are at present several methods which have been
successfully applied to solving the matrix system shown

21 . .
( )- Most make use of a linearization of

in Fig. 2.9
the equation about some guess, called the outer iteration,
and some efficient matrix solver for the linecarized
equatiomy called the inner iteration. Due to the large
bandwidth of the A matrix involved, usually an iterative
inner scheme iteration is used such as SOR or ADI (see
for example (22%. The question which most often arises
in this case is how much computational effort should be
spent on calculating the next guess iteratively if it is
only to be a next guess and need not be very accurate.

On the other hand it is clear that a direct matrix
inverter is not very efficient, in this case due to the
large bandwidth of A. Therefore an iterative method is

more advantageous. To try to minimize the number of

calculationsg an iterative method which iterates on
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Figure 2.9, Matrix system for two dimensional discretized potential.
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both problems at once is developed.

Greenspan(23) has discussed the application of a
method he calls nonlinesr overrelaxation as applied to
elliptic p.d.e.'s, p-.rticularly nonlinear ones. Ortega
and Rheinboldt more aptly name this method SOR-Newton(ZQ).
It is properly termed a SOR-Newton since there is an
element of overrelaxation successively applied with a
Newton linearization of the nonlinearity.

A preliminary review of Newton's method (25)15 helpful
in understanding the SOR-Newton method. Consider the

following general nonlinear algebraic equation:

f{(x)=0. To find a solution, use the iterative scheme

n
oo k) (2.3.15)

£ (x™)

which is a variation on the usual Newton method in that

a relaxation parameter is employed to accelerate conver-

gence to a solution. Figure 2.10 shows a typical iteration
with w=1 and w> 1. The process is as follows:
1. From the point { £(x"y, xn‘} draw the slope f'(x")
2. Where the slope intersects the x axis, call this
the next iterate xn+a
3. Repeat 1 and 2 until one is within a & of the
solution;
Using this method with O € w s 1 one converges to the

solution without passing it if the function is concave

in the interval {xo.xi} where X is the inital guess



slope= df(x) .
dx

—— Normal Newton

~=-=- Accelerated
Newton step.

Figure 2.10.

step.

Accelerated Newton's method.

Ly



45
and x' is the solution. The danger of using an accelerat-
ing factor greater than 1 is that the solution may be
nvecrshot.

Consider now a system of nonlinear algebraic equations

f(x)=0 and apply the following iterative scheme to it

n n n n
Ll Tylxy o X0 Xah ween x)

1 1 1 n n n n
axlfl(x1 y Xp o x3 peens Xy )
f2(x1n+1. xzn, xzi. C e, an)

x2n+1 = xzn- wz . £, ( n+1 n n n)
bxz (x4 v Xo x3 v orees Xy
n+1l n+1 n+1 n
oot oo INUXg Texp Xy ek )
N N 3 9 £o(x n+1 n+1 n+1 X n)
: axN NY ™1 rez 'y A\ |

As an example consider two equations in this system;
fl(xl'xz) and f2(x1,x2). Applying Egs. 2.3.16 yields

the scheme

dfy (2.3.17)
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n+1
X = X - w fz(xl
2 2 2 d f2
bxz(xl

lxzn)

ntl n
' X )

applied in the following algorithm:

1. Start at {'xln. xznj} and holdir}gﬁx2 constant,

I. n
)

perform a Newton step on fl(x1  Xo as shown in

Fig. 2.11 (for w=1). One ends up at {_x1n+l,

")

2. From {xin+1. xerl} and holding x, constant,

perform a Newton step on fz(xl. X,) as shown
in Fig., 2.12 (forw=1). One ends up at
{:x1n+1. X2n+1}
3. Repeat 1 and 2 until the last iterate values are
as close to the solution as desired.
Hopefully after one iteration, steps 1 and 2, one is
closer to the final solution { x; ' xz'} , 1.e. the
error €™l < e, where en=\|5n—£'“.
There are several noticeable points which should be
brought out about the proposed algorithm:
1. If the set of equations (such as the ones in
the example) are linear, then the surfaces
Z=fi(§P) are planes and Newton's process is
stable for any initial vector. This method
becomes SOR for 1 < w s 2,

2. Eacn equation in the iteration scheme of Eq. 2.3.16

may have a different relaxation parameter for



.ﬁ'\ N . dfy (xy . %3)
\ slope=
\ N / axl
X<
fl(x?.xg)
x:'l x‘nu
\ by
[
N\ / N
XD )
- \__[“-
fl (Xl ’x2) (x:\x‘z) f2(x1 |X2)

Figure 2.11. Graphical example of taking the first part of a SOR-Newton step.

Lt
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X
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Figure 2.12. Completing the SOR-Newton step.
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optimum convergence. Thils 1s exposed in depth
when the p.d.e. in question 1s being considered
(see later in this Section and Appendix B).

In general, for f(x) nonlinear, there are regions
in x space where for an initial vector X+ the
process will diverge and others where 1t will
converge to the desired solution.

3. Since a solution to the system of equations is
usually not known beforehand, applying an error
criteria en+1 < €™ is not possible. One may

look at another criteria imposed on the past and

present iterates and stop the lteration when

An+1< eo' where 2\

and € some specified small number. Care nust

n+l o “xn+1_xnu

be exercised in applying this criteria since the
distance between vector iterates may turn out to
be very small, yet one may be far away from a
solution.
For a linear system, it is known (see Forsythe and Wasowiz@)
that for a discretization of a linear p.d.e. which is
consistent with the p.d.e., stability of the discrete
process implies convergence and vice versa. For a
nonlinear system, this is not necessarly the case. The
full stability analysis of this method applied to nonlinear
equations is a very difficult problem and has not been

(27)
undertaken to date .
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Implementation of the Method

The discrete equations for the potential involving the
Laplacian (Egs. 2.3.11 and 2.3.12) may be rewritten such
that they are of the form f(g)=0. The first (M-2)x(J0-2)
equations being nonlinear

2 N

2qn;h vy 5 Mpop;
. _ DOPy g0
AvI I Re, (sinh Vo Zn; ) =0 (2.3.18)

(2=T=M-1, 1=J=J0-1)
whereﬁﬂf)is used to represent the discrete Laplacian
operator. Equation 2.3.13 is used to step across from
the semiconductor to the insulator by solving for the
interface puints explicitly with the last available
iterate values. Then the method is applied to Egq. 2.3.12

in which case it is simply successive relaxation. 1In

T
the semiconductor,—ng(V) is
0V1J
df 2qn.h? v
VI,J(V) S A (2.3.19)
2 ) Ks o T T

and 1n the insulator

31y 4V)

(2.3.20)
oV, g
Thus the method applied to the problem becomes
2 n N
2.1 2gqn;h™ VLQ DOPLJ
AVy -~ —(sinh - )
LJ K € v 2n .
n+l_ ,n S T i
vV =V ~-w (2.3.21)
I,J I,J 7s 2
2qn h
-4 (cosh“L—)
Ks€o T

(2=IsM-1, 15J5JO-1)
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1 _ 1 n+1 n

Y10 ~ (KS+RI) (KsVro-1" KiVog0+1)- Qs _ (2.3.22)
1 INE ]

e = h =1l=i- <T=N-

vIJ - VIJ'wln{‘_%% (2=I=<M-1, JO+1=I=N-1) (2.3.23)

with the new iterate immediately replacing the old one
as it becomes available. The relaxation parameters are
LA for the semiconductor region and WIN for the insulator
region.
Several questions which must be answered toc success-
fully implement this method are:
1. What starting vector shall be used?
2, What relaxation parameters are required?
3. What stopping criteria shall be exercised?
The first question is an important one for convergence of
the scheme. Barring a full stability analysis of the
scheme, 1t 1s mostly a matter of experience: whichever
starting vector seems to work is the one to be used.
In the problems undertaken, a suitable scheme for
generation of the starting vector is as follows:
1. Divide the two dimensional region into a set
of strips parallel to the y direction, each
strip containing a grid line in the y direction
(gee Fig. 2.13).

2. Soive for the potential at each grid point with
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Decomposition of the two dimensional

structure into one dimensional strips for

the generation of an initial guess.

Figure 2.13.
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the one dimensional method (see Section 2.2)
considering the strip to be a one dimensional
device.

3. Load in, strip by strip, the potential found
in 2 as the starting value for the two dimension-
al iteration.

On the matter of the relaxation parameter there are

several points which must be considered:

1. for 0 < w = 1 the method is called underrelax-
ation and is found to be stable; however, a
solution is reached slowly.

2. for 1l £ W = 2 the method 1s called overrelax-
ation which may cause divergence. However, there
may be a w in this range which will accelerate
convergence optimally.

In Appendix B, an analysis is made of this situation and
it is found that a W should be picked for each iterate
as the iteration progresses. This, though assuring
optimal convergence and stability, is very cumbersome to
implement and quite costly in computation time. 1In practice
it has been found that using a relaxation parameter of the
linear system {(i.e., as if the semiconduc*tor were a
perfect insulator), rather than searching for the optimum

W results in good convergence. The practical parameter

(28)

used is that given by Young for overrelaxation applied

to the Laplacian in a rectangle
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2
Wy = = (2.3.24)
vt " 4 . -0 0t

where

kgpt = cos(%) + cos(%) (2.3.?5)
and R and S are the number of interior grid points in
the two spatial dimensions.

GreenSpan(zg)suggests that before the start of each
problem an optimum relaxation parameter may be found
experimentally by trying a specified number of iterations
with different w's and observing for which w the error
criteria is most closely satisfied. This was tried for
the three terminal varactor structure where Vapl(x):\f1
for x, s x = 0 and V

L apl
results are shown in Fig. 2.14, where the error criteria

(x)=V2 for 0 = x = xg. The

used is the sum of the absolute value of the change from
vl to Vn+1. The trajectory for each value of w as the
iteration number increases as shown in Fig. 2.15. One
notices in Fig. 2.14 that the w for the linear system
is less than the optimum w , and that for values of

w wopt in this case, there is divergence in many
cases. Divergence for w =2 is clearly seen in Fig. 2.15

and for w =1.9 some oscillation is observed. In general,

the relaxation parameter given in Eq. 2.3.25 shall be used



three terminal varactor structure.
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3 | j I I [ I 1 I T
_ .09 —
- 08 Linear Relaxation ! =
Parameter 1
|
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Figure 2.14. Error criteria versus relaxation parameter obtained experimentally for the
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in the semiconductor region since it meets both the

stability and ease of computation reguirements,
Csn+1

A parameter which may be monitored 1is
[} Vn+1_vn" . Although there are several norms which may

be used, it was chosen to implement the norm defined as

n+1 _
I,Jd

n+1

vl (2.3.26)

S I,Jd

= I ABS(V
IJ

This norm was used in the investigation of the »2ptimum

relaxation parameter and in general has been found to

provide successful results,

Finally, the algorithm is organized into a MAIN
program which sets up the necessary constants and spatial
variables (e.g. background doping grid densities, etc.)
which calls on two subroutines:

1. VLC1D, the one dimensional algorithm to initialize

the solution,

2. VDC2D, the implementation of the SOR-Newton

discussed in this Section to the MIS structure
in question,
The MAIN program flow chart is shown in Fig. 2.16 and

that of VDCZ2D is shown in Fig. 2.17.



ENTER

l

SET constants, grid

!

COMPUTE one dimensional

VO's for strips with VDlCF.—J

——d

SUBROUTINE
VDC1D

1

LOAD strips as initial
two dimensional VO guess

1

CALL VDCZD to compute
and return VO

p———

| —_—

SUBROUTINE
VDCZD

l

CALCULATE on'Eoy'Po and

N at all required nodes

Figure 2.16

o)
PRINT all
required values

END

Computational Flowchart of MAIN to Solve

for the DC Fotential in Two Dimensions.
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ENTER

!

OBTAIN all grid data and initial guess for VO

2

SET constants, stopping criteria EFPS, JMAX

!

CALCULATE the relaxation parameters

G

I
APPLY Egs. 2.3.31,
2.3.32 & 2.3.33
CALCULATE
SUM=Z WO ~VO, 1 4
NO
JI=JJ+1 J2IMA
YES
YES PRINT: WARNING
no convergence
RETURN VO's
{ Ex17

Figure 2.17 Computational Flowchart of Subroutine VDCZ2D.
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2.4 Results of Studies With the One Dimensional DC Models

Numerical Investigations With the One Dimensional Algorithm

The basic parameter of interest in the one dimensional
case is the DC potential. All other parameters are
derived from this variable. These are:

1., DC carrier charge densities, which using the

Boltzman approximation are

P, {x) = n; exp (:!%il) (1.3.9)
n,(x) = n; exp (i%éﬁl) (1.3.10)

2. The DC electric field

E,(x) = -_%iz) a (2.4.1)

X

3. The charge on the metal plate per unit area

may be found as
+, A
Q; = K €, (E (07) a)) (2.4.2)

As an example, the potential for an MIS structure
where the insulator is 5102 and the semiconductor 1is
gilicon (Si) is shown in Fig. 2.18. The charge density
per unit area, Qg. versus surface potential VS (the poten-

tial at the insulator-semiconductor boundary} is shown in

Fig. 2.19. This last graph, which agrees well with that
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(volts)
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Figure 2.18. One dimensional potential solution as a function
of distance for varying gate biases.
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(30)

shown by Sze » clearly shows the onset of strong
inversion and the physical argument for the common
assumption that strong inversion occurs when the surface
potential is equal and opposite in sign from the bulk
potential (VF). The gate charge is mirrored by the total

charge in the semiconductor

(x))dx (2.4.3)

G _ XB V(x) +V(x)
J. t nyexp ="+ Npop

(-n.exp
9 *o 1 VT T
There are three distinct regions in the curve shown in

Fig. 2.19:

1. Accumulation: where potential 1s such that the

ma jority carriers dominate the charge term in Eq. 2.4.3.
2. Depietion: for very small potentials the expo-
nential terms are not significant compared to NDOP(x)
and so it dominates the charge term. AS the potential
increases, the minority carrier term becomes the same or-
der of magnitude as the background doping concentration.
When the minority carrier concentration at the surface
equals the background doping concentration the depletion
of majority carriers at the depletion region edge slows
down and practically ceases. Any further lncrease 1in
bias increases the minority carrier concentration expo-
nentially, whereas the depletion of majority carriers
increases quadratically; the former mechanism begins to
dominate. This is the physical mechanism for what is

normally considered the onset of strong inversion.
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Figure 2.19 clearly shows that this occurs at]VS| = 2[VF|.

3. Inversion: for large inversion biases the minority
carrier concentration dominates the charge term in Eq. 2.4.3
and thus the gate charge 1s an exponential function of the
applied bias. The increase in depletion of majority
carriers practically ceases and thus an approximate value
for a "maximum depletion width" may be found by using
the "onset of strong inversion" approximation above in
Eq. 2.4.3.

The effect of interface charge density (QSS) is

discussed in the next section on the incremental DC

capacitance.

Incremental DC Capacitance From the One Dimensional

DC Model

Due to the nonlinear relationship of the potential
to the mobile charge densities in the semiconductor, the
charge on the gate of an MOS capacitor is a nonlinear
function of the applied bias. For this reason the capa-
citance of such a device is not constant for all possible
bias voltages and cannot have the simple form of a capa-
citor with linear dielectric. A definition of capacitance,

(31)

in the present case, is found in Stern » where incre-

mental capacitance of a nonlinear capacitor is defined

c(vy) = QAN | v, (2.4.4)
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where the voltage v{(t) is applied to the gate of the

capacitor with respect to the substrate. If one plots
the gate charge as a function of the gate voltage, as
done in Flg. 2.20, the value of the slope at any bias
point is the capacitance defined in Egq. 2.4.4, The
assumption here is that a sufficient time has elapsed
and equilibrium established when a change in the bias
point occurs. Since an analytlc expression for the gate
charge versus gate voltage does not exist, a

numerical approximation to the slope at any bias point
is approximated by the slope of the secant through two

neighboring points
A Y57 %

V. V.-V
G G,

C = (2-“--5)

DC Fay G
(QqVg)

2

The accuracy of this formula in approximating the slope

at {QG.VG} depends on how close together the two
neighboring blas points are taken. Practically, for

all incremental capacitance curves calculated, an incremen-
tal change in gate voltage of .01 volts was used with
VG1=VG—.005V and VG2=VG+.OO5V. The calculation of the
charge on the gate is done using Eq. 2.4.2 for any given
gate voltage and the application of the one dimensional

DC algorithm to calculate the potential in the device,

Normally capacitance versus gate voltage of MIS

capacitors are shown normalized with respect to the insula-
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tor capacitance (the capacitance of a parallel plate

capacitor of thickness equal to the insulator thickness,
X, where A is the cross sectional area}:

K1€LA
C :_...I..__O_ (2.14-.6)

o X
o

Note that since Eq. 2.4.2 gives the gate charge as a
charge per unit area, CDC as calculated by Eq. 2.4.5
is a capacitance per unit area. There are several sources
of error in the calculation of the incremental capacitance
and a study of these errors helps in understanding the
accuracy of the algorithm. Besides the expected trun-
cation and discretization errors due to the finite
machine arithmetic,; there are the following sources of
errors:
1. Truncation errcor of the discretization scheme
for the second derivative in Poisson's equation
(Eg. 2.2.3).

2. Truncation error of the discretization scheme
for Gauss' Law (Eq. 2.2.7).

3. Use of the slope of the secant as the approxima-

tinn to the slope at a bias point%.

Numerical experiments were performed to check the
effect of 1 and 2 above. Both experiments require the
calculation of the incremental capacitance of an MOS
capacitor 5 microns in thickness with a 10008 oxide

and zero Qgg- In numerical experiment 2, the number of
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grid points remained fixed but the grid structure changed.

In numerical experiment 3, a uniform grid structure was
used but a change was made on the number of grid points.
Table 2.1 summarizes the conditions of each run.

The resulting C-V curves are shown in Figs. 2.21
angd 2.22. A useful measure of the accuracy of a C-V
curve at low frequencies is how close does the normalized
capacitance in strong inversion and accumulation
approach unity. From these results one may observe that
for a uniform grid size, the grid with the highest density
is the most accurate. As the grid length decreases, the
truncation error of the discretizing scheme 1s decreased.
Figure 2.22 indicates that it is adventageous to have a
nohuniform grid with several different regions of varying
grid lengths than a uniform grid for the same number of
grid points. Concentrating the grid points at the surface
helps define the charge densities more accurately.
Being exponential functions of the potential, they are
most in error in the region where the potential is
greatest. For uniformly doped devices one may conclude
that a nonuniform grid, with very short grid sizes
where the charge densities are expected to vary greatly
is a reasonable grid structure. For the present work a
maximum of *hree regions are used.

An investigation was also undertaken to determine
computational cost versus accuracy for the one dimension-

al DC algorithm. The measure of the accuracy used 1s



69

HEUMERICAL TOTAL NUMBER NUMBER OF | NUMBER OF GRID POINTS
IN EACH REGION
EXPERIMENT | OF GRID POINTS REGIONS AND GRID SIZES
2a 500 1 1-500-.01um
1-50-.05um(bulk)
2b 500 b
2-450-.,0055um(surface)
1-50-.,05:m{bulk)
2¢ 500 3 2-150-.013um{depletion)
3-300-.0016um(surface)
3a 50 1 1-50-.1um
Ib 100 1 1-100-.05um
3¢ 500 1 1-500~-.01um
3d 1000 1 1-1000-.005um

Table 2.1. Grid data for numerical experiments 2 and 3.
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-
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Curve Number of Grid size
grid points in pum
1 50 .100
2 100 .0 50
3 500 010
4 1000 .005

Results of numerical experiment 3.
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Figure 2.22. Results of numerical experiment 2.
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how close the normalized capacitance in strong inversion

comes to unity. The structure has n type silicon with a
uniform doping of 1015ions/cm3 and an oxide thickness

of 1000%X. Strong inversion was considered to occur

when the surface potentialIVSl> 2 \Vpl. A gate voltage
of -2.0V was sufficient to obtain this condition. Each
run was made for a fixed number of grid points with a
uniform grid for a fixed number of iterations. The prod-
uct of the number of grid points times the number of
iterations is a measure of the cost of producing a
particular capacitance-voltage point on a C-V curve,

or obtaining the DC potential in the device for a given
gate bias. This cost factor is plotted versus an accura-

cy factor (1—% ) and shown in Fig. 2.23 as a function
O

of the number of grid points. From the results one
observes the following:
1. To three significant figures, the capacitance does
not change after a certain number of 1terations.
2, It is usually disastrous tco stop iterating too
soon since there is a sharply defined iteration
range for a given number of grid points at which
the accuracy increases rapidly.
3. Generally, the greater the number of grid points
the more accurate the solution but there is a
cost trade-off involved.
If the number of iterations is plotted versus the

accuracy factor, as shown in Fig. 2.24 , one
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Cost Factor=No. of Iterations x No. of Grid pts.

Figure 2.23. JCost factor versus accuracy criteria for the
generation of a particular Cpe-V curve,
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observes that there is a certain number of iterations
at which there is a considerable drop in (1-% ) for all

G
curves,

DC Studies of Inhomogenous Profiles - The MOS-PN Junction

Certain inhomogenously doped MOS capacitors have been
studied numerically and experimentally. In particular,
an investigation was carried out of the inhomogenous
profile shown in Fig. 2.25. The 1lncremental capacitance
versus voltage curves calculated for varying Xg (the thick-
ness of the p layer) are shown in Fig., 2.26. It is seen
that for p layers which are thin enough to be swept out
(depleted of mobile charge carriers) with the applied
bias, a flattening of the C-V characteristic occurs.
For layers which are too thick (xe:> XDMAX) the opposite
type C-V curve is obtained (see Xg=1.5 um for example) .
Figure 2.27 shows the potential in the semiconductor for
various gate biases. As 1is evident, the p region 1is
swept out. On the other hand, if the layer is too thick
compared to the maximum depletion width, then the voltage
is dropped at the semiconductor surface and the junction
will be relatively undisturbed. A similar effect may be
obtained by maintaining the layer thickness constant
and increasing the doping concentration. This essentially
decreases XrMAX thus shielding the rest of the p layer
and the junction from the surface field. This effect

: : . : : . (32)
is shown in Fig. 2.28. The variable Xpyax 18 defined
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Figure 2.25. Ideal linearly graded junction doping

profile of an MOS-PN junction.
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Figure 2.26. Incremental capacitance-voltage curves for the MOS-PN junction.
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Figure 2.28. Potential profile showing no sweeping out of the epitaxial region
due to high epitaxial doping.
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2.5 Results of Studies With the Two Dimensional DC

Algorithm

The simplest two dimensional device being considered
is the three terminal MOS Varactor; the cross-sectional
view Fig. 2.29. The term "three terminal varactor" stems
from research into a device such as the one shown, 1in
which the small signal admittance of one of the top
leads may be controlled by varying the DC bias on the
other lead. Experimentally such devices have been shown
to work (2); there is considerable interest in such a
device(jj)(ju). To calculate the admittance of a lead
on the device, a small signal AC analysis 1s necessary
in two spatial dimensions (Chapter 4). The task here is
to use the method outlined in Section 3 of this chapter
to produce the DC potential, charge densities and
electric field needed as the quiescent operating point
for the AC analysis. Also, this device shall constitute
the test structure for the two dimensional DC program.

The design parameters of interest are: the plate
separation xj, the oxlde thickness Yo the semiconductor
thickness Yp-¥or and the background doping profile. The
analysis parameters of interest are the grid points
in each direction and applied biases. The actual struc-
ture modeled has silicon dioxide as an insulator and
8ilicon as the semiconductor.

A uniform grid in both the x and y directions is

superimposed on the structure with 50 grid peints in the
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Figure 2.29. Three terminal MOS varactor structure
studied.
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semiconductor and 10 in the insulator by 25 points across.
Whereas the grid may be variable, this particular grid
was chosen for testing purposes. Since a finite gap

(as different from an infinitesimal one) should be used

to model practical devices and the effect of lead separa-
tion is to be studied, it was found necessary to include
the air space above the gap in the calculation. This is
a relatively simple matter in that either an assumption
is made on how the voltage drops across the gap from
electrode 1 to electrode 2, or calculation must be extend-
ed past this interface. For air gaps which are much
smaller than the oxide thickness, the voltage from
electrode to electrode drops in approximately a linear
fashion but such gaps are of no practical interest
presently. Most devices of interest fall within the
other condition where the gap size 1s larger than the
oxide thickness. 1In that case, consldering the voltage
in the air-insulator interface to be unknown and obeying
Gauss' Law at that interface, a solution outside may be
sought. Figure 2.30 shows the complete structure and
grid including the region ocutside.

The boundary conditions are described in Section 2.3
and are Dirichlet for the lateral boundaries and the
metal contacts. It would be advantageous from a compu-
tational viewpoint if Dirichlet boundary conditions were
available for the outside region. For this purpose the

assumption may be made that the voltage far from the gap
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Figure 2.30. Grid structure employed in the two dimensional analysis of the
three terminal varactor.
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drops uniformly along a circle. This is the voltage

that two metal strips at those potentials, an infinites-
imal distance apart on the surface of a dialectic, would
develop in the air space immediately above them. Figure
2.31a shows the structure which illustrates the assumption
and Fig. 2.31b shows how it applies to the problem at
hand. The voltage at a given location (I,J} shall be
approxima‘ted by that of the ideal situation, which as

shown is a function only of the angle and the two plate

voltages

v(I1,J)

W

-Y—l—%-g ATAN (%—111) + V2 (2.5.1)
The region modeled was chosen to be rectangular

since it is much easier for algorithmic bookkeeping

than a semicircular one. The assumption then reduces

to equating the far border points to the equivalent

voltage given by Eq. 2.5.1 and assuming these borders

are far away from the gap for the approximation to be

a reasonable one. For 25 points across in the x direc-

tion in the device, 21 of them matched points outside.

There were 10 rows above the level of the plates, making

a total of 210 extra grid points including borders.

The solution inside these borders and outside the gap

was left free to satisfy Laplace's equation in two

dimensions and solved for iteratively by the same method

as is used in the rest of the algorithm. The relaxation
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equipotentials

R

Figure 2.31a. Ideal potential distribution for an
infinitesimal gap.
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Figure 2.31b. The discretized potential at an exterior point.
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Figure 2.31¢c. Discretization grid for exterior region
employed in the potential calculation.
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parameter is that of the linear theory for the corres-
ponding size outside region.

The following studies have been made with this
algorithm:

1. The effect of varying lead biases on surface

potential and charge densities,

2. The effect on surface potential and surface

charge densities of varying lead separation,

3. The potential drop across the gap for varying

biases.

A note should be made at this point on the use of
surface parameters such as potential and charge densities.
Since one is dealing with a uniformly doped structure,
looking at the potential or charge densities along the
semiconductor-insulator interface is a very good indicator
of the electrical conditions immediately below and extend-
ing into the bulk for that particular y coordinate.
Whereas two dimensional plots would be esthetically more
presentable, there is less clutter and more useful infor-
mation simply given by displaying just these parameters.
The structure under question, with the proper biases, is
shown with each graph with an indication for which row of
data the graph is plotted. All grid steps in the x direc-
tion are 0.1lum unless stated otherwise in the diagram,
and the grid steps in the y direction are 0.25um in the

silicon, 0.01um in the oxide and O0.1um in the outside.
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15 3

The silicon is p type of 10 “ions/cm” uniform doping
with a silicon dioxide insulator of 1000% thickness.

The first three graphs, Figs. 2.32, 2.33 and 2.34
show the surface potential for various applied biases
in a device with a very small gap: 0.2 um. It may be
observed that at thils proximity, the presence of a
nearby lead with a potential impressed on it will electric-
ally alter the surface conditions under the lead in the
area immediately contiguous to it. This alteration
takes place by field effect and is a very short range
phenomena.

Increasing the lead separation to 0.6 umcreates a
virtual electrical isolation of the surface under each
electrode as is seen in Fig. 2.35. Even though the bias
on each electrode is sufficient to invert the surfaces
under them, the region in between is depleted or at
flatband which creates a field barrier to charge carriers.
This effect contributes to incomplete charge transfer
in structures such as charge coupled devices which has
been widely and extensively reported. These results are
quite expected and in good agreement with those of other

(35)

workers

This effect is much more pronounced for a gap width
of 1.0 um, as shown in Fig. 2.36. The main cause of
such a strong barrier is the fact that the bulk is
grounded and in regions where neither top electrode has

much influence, the semiconductor will come close to
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the bulk potential. Such 1s the case for the region
between the plates at the silicon-silicon-dioxide
interface. For the sake of clarity and reinforcement
of this idea, the surface potential for the various
gap widths are plotted in Fig. 2.37 for inversion and

accumulation biases. The concentration of mobile

charges is shown in Fig., 2.38 for the gap width and
biasing of Fig. 2.37.

A study of the potential drop across the gap along
the air-insulator interface shows 1t to be a nonlinear
function of the biases., This effect may be observed
in Fig. 2.39 where for +2.0 volts on lead 1, the decay
along the suvrface is much slower than for -2.0 volts.
The inadequacy of a simple linear approximation is
pointed out by the results in Figs. 2.40 and 2.41
for wide gaps. For narrower gaps, these approximations

provide a better fit.
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CHAPTER 3

THE SMALL SIGNAL AC MODEL
IN ONE SPATIAL DIMENSION

3.1 Introduction

This chapter deals with the solution of the pertinent
device equations necessary to model the operation of
MIS devices under small signal AC conditions in one
spatial dimension. Two particular results are sought
and describted: the calculation of the small signal
admittance ¢f MIS capacitors and the total solution
(solution at every interior node) which is employed in
Chapter 4,

In Section 3.2 the structure studied is described
and the proper equations with associated boundary con-
ditions are developed. The method of complementary
functions is applied to the equations to obtain a
golution. This 1s discussed in Section 3.3. The cal-
culation of the small signal admittance using the
method described is performed in Section 3.4 where
correlation between theory and experiment is pointed
out. The small signal AC admittance of several struct-
tures are studied: homogeneously doped MIS capacitor,
the ion-implanted MIS capacitor and the multilevel MIS

capacitor. Correlation between theory and experiment
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is demonstrated and a theoretical study‘of the effect
of the implant parameters on the admittance is described.
The solution at every interior point in the device
is not necessary to calculate the admittance using the
method of complementary functions. This is an enormous
advantage of this method over others in the above case,.
When the total solution is necessary, this method is
still able to produce it but at the expense of some
computation time. The necessary algorithm is imple-
mented in Section 3.5, where it is labeled the total
solution. It is shown that some physical insight into
the operation of MIS capacitors may be obtained from
knowledge of the total solution. The last section,
Section 3.6, contains a comparison of various methods

and a study of the reconditioning operation.
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3.2 The Structure and Small Signal AC Equations in

One Spatial Dimension

Consider the NMOS structure of Section 2.2, and
superimpose on the DC bias voltage an AC voltage. (see
Fig. 3.1). To obtain the two-terminal admittance of the
device one must calculate the alternating current excited
by the applied AC voltage. The equations describing
this relationship are those of Chapter 1, in which the
spatial derivitaves are ordinary and not partial for
this case:

The continuity equations:

dJ
bE — _R _l—j (3-2.1)
ot P q dx
dJ
on _ 1 'n
t” Rt g & (3.2.2)
The current density equations:
d dv
Jp - —quaE - Qup Pax (3.2.3)
_ dn dv
Jn T tabgy - oavp ey (3.2.4)

which are scalar equations for the magnitudes of the
current densities, given that their directions are in

the positive x direction (see Fig. 3.73)
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Poisson's equation:

2
4V - -9 | (pon+N

dx2 Kg€

<€o Dop) (3.2.5)

The above equations are solved in the semiconductor and

Laplace's equation in the insulator
z= 0 (3.2.6)

Making the usual small signal approximation, the
dependent variables above may be written as
A=A+ Klexpj wt, where A  denotes the DC (time in-
variant} component, Kl is the AC component, a phasor,

W is the frequency of the input signal with |Kﬂﬂﬂ|Aol.

The variables may be written as:

P:PO‘*glexPth PNy - no+?{lexpjwt
Jp = Jpo+ inexp‘]wt ; Jn = Jno + Jnleprwt

and V = Vo-ﬁa"lexpjw t.
Substituting these relationships into Eqs 3.2.1 through

3.2.6 one obtains

. A . ~ . 1 deo del .
Jwpy expJwt = -Roexpjwt- o dx T Tdx expliwt (3.2.7)

i, expiwt = R expjwt +1 | Sane , Tnt oo
jwiiy exp ] neXpiwt +o | — Ix~ €XPJ (3.2.8)
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~ S dp, 4B, . 1
J_+ Jplexpawt = —qu dx. T dx  expJiwt

s (3‘2'9)
dVO dv

~ . 1 .
-q up (p0+p1exp3wt) [E;— + a;—eprw;X

~ _ an, dff; 1
Jno+ Jnleprwt = +an Ix + Ix exp jwt
(3.2.10)

N dv, av,
-q K, (no+n1exp3wt) Ix tax eXpliwt

a®v, 4V, P o

;;5 +E;§ exp jwt = KSEO(p0+p1expJwt—no—nleprwt+ND0P)
(3.2.11)

in the semiconductor, and in the oxide

a®v_  af¥, '

5;5 + oz expjwt = 0 (3.2.12)

In Chapter 2 it was shown that in this structure,
under normal bias conditions, no direct current exists,
thus one may set Jpo:JnO=O throughout the semiconductor.
Taking advantage of the small signal approximation
Eqs. 3.2.7 through 3.2.11 are linearized by setting
all second order product terms to zero (a linear rela-
tionship for ﬁp and ﬁn in terms of n, and 51 is derived
in Appendix A). Using these facts and collecting all

AC terms, thz linearized AC equations become

a s
R -

dJ,
. - 1 ““p1
wpy = -Ro- 3 &% (3.2.13)
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aJ

~ B 1 ni

jwn, = -Rn + q ax (3.2.14)
~ av av.
v dp, _ ~ O -
Jpl_ qua;1 quppldx quppodx (3.2.15)
. dn ~ dv dv
Jnlq *abpgx - WMy gx T Wplo ax (3.2.16)
a*V, 4 o -
=——9 (§. -7.) (3.2.17)

dx2 Ks€o 11
in the semiconductor and in the insulator
d2V1

5 = 0 (3.2.18)
dx

The DC quantities appearing in the current density
equations (and implicitly in the G-R terms) are P,

n, and V, which satisfy the DC equations and are found
from the DC bias, using the algorithm of Chapter 2.

The method of solution of these equations, which
shall be described herein necessitates their formulation
as a first order set. This is accomplished by the defini-
tion of an electric field and assuming its direction
to be in the positive x direction. Maintaining the spirit
of the small signal approximation, the electric field E

may also be thought of as E:EO+Elexpjw t where E_=- %%o

A
As
and E,= - %%1. Using these expressions in the above set
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of equations yields

aJ
o~ N 1 1
jwhy = Ry - o a (3.2.19)
~ A 1 ldJnl

anl = -—Rn + a F (3.2.20)
p1= —aD, gx * aupPyEgtau Pl Ky (3.2.21)
" an N _

Jn1: *aDn gx taupm EptanpngEy (3.2.22)
dE, o
ax = K"(s;[_eo' (Dl-nl) (3.2.23)
av, .
=t = -E (3.2.24)

Solving for the derivative term in each equation
and making use of the assumption that the Einstein

relation, u_= DS/VT. holds, one obtains

aJ
1 . s g
HE = _qupl - qu (3.2.25)
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As
aJ
ni . Ao ~r
dx = *tiawn; + gqR_ (3.2.26)
N i’
1 _ pl + 2 0 o ~
= Py v t v E (3.2.27)
ax Vo 1V, TV, 1
an, +J E E
T et o n, (3.2.28)
QYo T T
d§1 o
& " xoe. (P M) (3.2.29)
S0
d?l .
.& = -'El (3.2.30)

in the semiconductor; Laplace's equation 1s used in the

insulator.

Operating the device in the frequerncy range where

o

the expression for ﬁ; and Rn derived 1n Appendix A holds,

e

and setting ﬁp:anﬁ one may replace the G-R term in

Egs. 3.2.25 and 3.2.26 by

~ n p, + p_n
R = . (n En % + 1? (1 +n. ) (A.8)
po i n'Po*hy

Equations 3.2.25 through 3.2.30 may be written in

more compact form as
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3 = A(x)y (3.2.31)
wherng is a vector which is a function of x and A(x)

a matrix, also a function of x, and the () represents
differentiation with respect to x. Figure 3.2 shows the
components of y and A.

—t -

Boundary Conditions

Before continuing with the development of a numeri-
cal algorithm to solve the set in Fig., 3.2, one must
ascertain what type of boundary data i1s avallable
which in large measure determines the approprlate method
of solution.

In the semiconductor there are six variables; the
appropriate boundary conditions for each are derived.

As seen in Fig. 3.1, the bottom contact of the structure
has been made both AC and DC ground (more rigorously,

this point in the circuit is considered the reference
node). Assuming that the metal-semiconductor junction

is ochmic, as was discussed 1n Chapter 2, the semiconductor
bulk may be considered tc be at AC ground, i.e.'vlz 0

at x = Xp*

The assumed ohmic contact at the metal-semiconductor
bulk also implies that no excess carrier concentration
exists at that interface; the AC mobile charge carrier

concentration may be set equal to zero, i.e. Kl = 0 and

B.= 0 at x =
pl" aX‘“xB.
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Figure 3.2. The matrix system of the small signal AC problem

in one dimension as a set of first order
differential equations.
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This is all the information that may be obtained

at this boundary, leaving the AC currents 3;1 and 3;1
~

and the AC electric field E1 as unknown. At the semi-
conductor-oxide interface, on the other hand, certain
physical models may be used to describe these variables

The mechanism of surface recombination at the
insulator-semiconductor surface gives one equation which
applies in this case. According to the theory of surface

recombination(Bé). the AC current and carrier charge

concentration are related by a "surface recombination

veloclity*”

3’ _ s

p1 Spl p1 (3.2.32)
for holes, and for electrons

T .. .« (3.2.33)
Ny 7 85m1™ M

It is assumed that the surface recombination velocity
o Lo ¥
is zero giving J_ = 0 and J_ = 0 at x = x_. One ma
eiving Jo ny ° y
use nonzero values for s and S,  as given by several
(36) (37) -
authors . The effect of using nonzerc surface
recombination velocity is not investigated in this work.
Applying Gauss' Law at the insulator-semiconductor
interface (x=x0) yields an equation relating the remain-
ing variables, Before this is accomplished though, it
is worthwhile to explore the nature of the solution in
the insulator. There Laplace's equation for the AC
potential is to be solved. Designating the potential

difference at x = X _ (on the insulator side of the

interface, see Fig. 3.3) with respect to the reference
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n
node by Vl(xo_) and given the applied potential difference

of the gate with respect to the reference node, ?ac,

A
the solution for Vl(x) is a linear function of distance,

and the electric field in the insulator is a constant

i ~ ~
Ei(insulator) = —(Vac— Vl(xo_))/xo. GCauss' Law may be

expressed as

lasd “A
uSeOEl(x:x0+) Koy EOEl(x:xo_) = 0 (3.2.34)
In the above expression, no AC sheet charge densities are
assumed to exist at that interface resulting in a zerc
in the right hand side of Eq. 3.2.34. Substituting the
relations above in Eq. 3.2.34 one obtains
VI(XO_) - Vac)

Kg €oBp(x,0) = ke X (3.2.35)

Furthermore, since Vl(xo_) is an unknown, an independent
relation is needed to change it to boundary data.
Since the AC potential difference ?1 1s everywhere
~ ~
continuous, Vl(xo_)zvl(xo+) at x = x, . This changes

Eq. 3.2.35 to

. 1 7o+
Kg €oF1 (X5,) = K€ | X = (3.2.36)

Pt

A
which is a relation between E,, V; and the given applied

o
AC potential difference Voc independent of the ones

L P

. o - A .
derived for Vyo Ny Py Jnl. and Jp1 elsewhere. The six
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independent boundary data are shown in Fig. 3.3,

The inclusion of the solution of Laplace's equation
into the boundary data has made possible the reduction
of the number of variables from six in the semiconductor
and one in the insulator to just the six in the semicon-
ductor. This consequently reduces the problem to solving
just the set of equations shown in Fig. 3.2 with the

proper boundary data as derived, from x = Xg to x = X 4

i.e. in the semiconductor. Finally one may observe that
with the boundary data obtained above, the equations

have become a linear boundary value problem.
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3.3 The numerical Method of Solution - The Method of

Complimentary Functions and Reconditioning Operations

It has been found that a successful solution of the

equations in Fig. 3.2 may be obtained by a method of
(38)

complementary functions Whereas Shipman and

Roberts have a very thorough discussion of this method

(39) (40) shall be used here for

» the formulation of Conte
its conciseness. Consider the general first order linear

boundary value problem
J(x) = Ax)y(x) + £(x) (3.3.1a)

where A is an n x n matrix and y and f are vectors of

Pt

length n 1in the region Xp=XSX with the boundary

conditions
B ylxy) =1 (3.3.1b)
C - ylx) =¢ (3.3.1c)

B and C are an Bn—r) X ﬁ]matrix of rank {n-r) and a
(t x nymatrix of rank r respectively, and § and ¢ are
vectors of length (n-r) and r respectively.

For the linear problem the soclution is of the form

Y (x) = wix) + Blgl(x) e+ By () (3.3.2)

wherezk are linearly independent sclutions and B, the
corresponding combining constants. Furthermore, expressing

these solutions as columns of a matrix Y{(x) and the
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constants as a vector g8, Eq. 3.3.2 may be written as

y(x) = w(x) + Y(x) - B (3.3.3)

o

Y having rank equal to r and E being of length r. The
solution w(x) satisfies the inhomogenous equation and

represents the particular solution
wix) = A(x) -« wix) + £(x) (3.3.4)

and the solution matrix Y(x) satisfies the homogenous

problem

Y(x) = A(x)-¥(x) (3.3.5)

At x = Xy s E(Xb) is chosen so that it satisfies

Bw(x,) = b (3.3.6)
forcing z(xb) necessarily to satisfy

B+ ¥(x) « =0 (3.3.7)
At x = Xoo applying the relation of Eq. 3.3.1c one obtains
Q-[y(xc) + Y(x,) - g] = ¢ (3.3.8)

The variables w(x,), ¥(x,) and 8 then are determined by
Eqs. 3.3.6, 3.3.7 and 3.3.8. A scheme of solution is
as follows:
1. Solve Eq. 3.3.6 for g(xb) and integrate Eq. 3.3.4
foward from x = X, to x = X with this vector;

obtain w(x ).
LU 1
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2. Choose r vectors of length n which are linearly
independent (they shall be the r columns of

Y(x,}) which satisfy

b

:g (3-3-9)

This insures that Eq. 3.3.7 1is satisfied for
nonzero §,.

3. Integrate foward with each column of Y from
X = Xy, to x = x, and obtain Y(x ).

4. At x = X, apply the relation given by Eq. 3.3.8
with the solutions obtained above in 1 through 3

and solve forlg from

g-lc - xx)17 - [e-cwxd]  (3.3.10)

The constants, 8, thus obtained will hold for
XpEx<x_, and the solution y(x) for any x in
this region may be found by using Y(x), w(x)
and E from above, into Eq. 3.3.3.

This method essentially solves the boundary value
problem as if it were an initial value problem. If
Kronecker delta values were used for the vector components
of Y, then‘g is really the missing boundary data at Xy, -
From the theory of linear ordinary differential equations
it is known that if one begins integration with a set of
independent boundary value vectors, then the solution
vectors will remain linearly independent through the

course of integration. This insures that at x = X,
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C-Y will have an inverse and‘g may be found unambiguously.

Numerical implementation of this procedure to the
problem being considered causes several difficulties,
First, the assurance of continued linear independence of
the shooting vectors can only be made if the integration
is performed with infinite precision. Since all machines
have finite precision, even in a stable numerical method

(41) the accumulation of round-off error

of integration
may cause the solution vectors to become linearly dependent.
Even if linear independence is not lost, but the vectors
in X(xc) come sufficiently close together such that Qz(xc)
has a high condition number (421 great difficulty may
be expected in finding its inverse and 8 accurately.

A second source of the same problem is the nature
of the o.d.e. itself. If the problem is ill-conditioned
or "stiff" then the same bulldup of linear dependence may
be found as integration progresses. This ill-conditioning
may be defined on the "big" matrix of the problem, as
defined by Bickley and McNamee (uj). where the ratio
of the largest eigenvalue to the smallest 1s much greater
than 1. Example of this behavior shown by i1ll-conditioned
systems may be found in Fox (ua), Shipman and Roberts(u5)
and others (46) . An indication of this ill-conditioning
is the several-orders-of-magnitude difference in the
coefficients of the "big" matrix.

The power of the reconditioning method is that it

will successfully handle these problems when necessary.
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If the r independent integrations are conducted in parallel
then at each integration node, some check on the linear
independence may be performed and, if a threshold condition
(40)

is exceeded, reorthonormalization via a Gram-Schmidt

process 1s used before the integration is continued.

Reconditioning

For problems which are well behaved and for few nodes

of integration, one may safely dispense with reorthonormal-
ization; but for most other applications, some recondition-
ing may be required for a successful solution. The
Gram-Schmidt process is but one method to reorthonormalize
the solution vectors, Matrix transformations which will
change Y(x) to Y*(x) where Y* has columns which are
orthonormal, ¢r even just orthogonal, are also sulted

to recondition Y and are used by others(u7) with success.
The Gram-Schmidt has great appeal in that it may be

easily coded and, as is seen, becomes an integral part

of the independence checking algorithm,

The Gram-Schmidt process as described in any number
of texts (see for example DeRusso, Roy and Close(ua))
is implemented. Given that the columns of ¥ shall be
orthonormalized at a given point X3+ the process may be
described as:

1. Take the first column of ¥Y(x.), y. and normalize

it with respect to its magnitude, consider this

to bey'1
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¥t = ¥/l (3.3.11)

2., Take the second column of i(xi)’.XZ and subtract
from it the component of Yo which lies in the

'gr direction

nz = yz = <'¥2t‘¥1*> ¢ 'yli (3.3.12)

~

note that the symbol < :,-> is used to denote
the vector product and that y,* is a unit vector.
3. To obtain_gz*, normalize 112 with respect to

the magnitude of sz

2 = Dz/\nz\ (3.3.13)

4. Repeat this process for the third column of
Y, y4i the component of y, in the y; and y»3

directions are removed from Yy

0y 5 83 - <Lyyi™DW* - y3t>e (3318
and then normalized,

.gj* = ,0.3/ \L\Bl (3.3.15)

The vectors '{El" EZ*'.zji} are orthogonal and
of unit magnitude. For the small signal AC equations, the
AC variables are complex quantities, therefore the above
vectors have components which are complex and the scalar
product operation above must be defined accordingly.

Thus, the operation on any two vectors of length n,
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with complex coefficients is

< U (3.3.16)

i

:c?

> = 8
i=1

where the prime denotes the complex conjugate. Using

this definition, the length of a vector is

;5z

~ N . b
it :\/z LACRS | (3.3.17)
1=1

Beside the type of reconditioning method employed,
a question of prime importance is when should recondi-
tioning be applied. The literature is of little help
in this matter since procedures for determining the
optimum number of reconditioning operations for a given
problem are not known. The problem may be restated in
the followling manner; as the integration proceeds, the
columns of ¥ not only may lose their orthonormal
character but may even become linearly dependent,
Whereas loss of orthonormality may be tolerated, and
one may still obtain an accurate solution, loss of
linear independence causes the loss of completeness of
the solution. This may lead to inaccuracies which may
not be tolerable. A check on the linear dependence of
the columng ¢of Y shows very little until the columns
are linearly dependent, in which case, one cannot apply
the Gram-Schmidt procedure, since one of the orthogonal

directions has already been lost. Therefore a criteria
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has to be developed to check how rapidly one is "losing”
linear independence and perform a reconditioning opera-
tion when this criteria exceeds a threshold. The word
"losing" is in quotes since a set of vectors will either
be, or not be linearly dependent, there is no intermediate
condition. One parameter which may be checked is how
(40)

close vectors are coming to each other. Conte suggests

checking the pairwise linear independence of the vectors
by calculating the normalized dot products of all vectors
with all other vectors. When any one of these products
becomes arbitrarily close to unity, perform a recondition-
ing transformation, The fallacy with this method is that
even when the pairwise dot products remain smaller than
unity by an epsilon, any three vectors may become
coplanar. The same may be true for higher combinations
of vectors in more than three dimensional space. Thus
Conte's criteria checks solely for colinearity of the
vectors and fails in general for more than two dimensional
vector space. In this chapter one is dealing with six
dimensional vectors; in Chapter 4, vectors of over 30
dimensions are common. If the Gram-Schmidt process is
performed at every step and the resulting ¥* kept only
when necessary, a simple algorithm to check linear
independence and how close the vectors are coming
together is:

1. Perform the Gram-Schmidt and save in a tempor-

ary location Y*,
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2. Obtain the dot product of each of the columns

of ¥ before orthonormalization and after.
Normalize with respect to the magnitude of
columns of Y.

3. If any one of these dot products is less than
€ ,{e.g., € =0.1), substitute Y* for Y: keep
the orthonormalized set.

This criteria may be expressed algebralcally as

min

L] L3 " * " L] 8
j {qa/\%‘ §J>}Se (3.3.18)

The reasoning behind this criterion is illustrated in
the following manner. Consider the second vector: if
after one has subtracted from it everything in the first
vector's direction one is left with a vector (normalized
with respect to its magnitude) which when dotted with
the original (also normalized) gives a dot product less
than € , then the second vector before orthonormalization
had a large component in the direction of the first
vector. One may say, even though they are linearly
independent, that they are "becoming" colinear or
"coming together”". With subsequent vectors, after the
orthonormalization is performed, calculating the dot
product of the original vector with the new orthonormal-
ized one, checks how much of the original vector was in
the direction of the previous ones, If any one of these

dot products are less than a prescribed number € , then
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the orthonormalized set is kept, if not, then the integra-
tion continues with the o0ld set.

The only drawback of this method is that the
Gram-Schmidt procedure must be performed at every step

whether or not the new vectors are kept. On the other

hand, one must consider that in one way or another some
check on the linear independence of the vectors must be
made at every step {(which will also use computation
time and perhaps extra storage space). In this case
the linear independence checking routine and the ortho-
normalization routine are one and the same, a savings
in complexity of coding and subsequent debugging time.
No effort has been spent in finding other linear indepen-
dence checking routines and comparing the efficiency of
a prospective method with the one implemented.
Application of reorthonormalization is essentially
a matrix transformation and care must be exercised in
interpreting the results. For example, suppose the
orthonormalization criterion is exceeded at some point
in the integration, e.g. at x=x;3 then, at this point a

set of orthorniormal vectors is produced from the old
* =
¥*(x;) = Y(x;)B; (3.3.19)

where P. is the (r x r) transformation matrix. For
simplicity assume that only one transformation was neces-

sary and integration has carried Y* all the way to X
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There, Eq. 3.3.10 is used to solve for the proper B's.
In this case, though, thelg obtained is actually agw
and can only combine the Y* to a solution in X3= X =X,
that is, E* holds only 1n that region. To find the
proper B's in the region X,= X =X;, the inverse trans-

formation of Eq. 3.3.11 must be performed, i.e. if
Y(x) = z*(x')g* = X(xi)fig‘* = X(Xl)ﬁ (3.3.20)

then the relationship between B and B* is
B = P.g* (3.3.21)
If the ¥ matrix has been stored at every point of
integration, just saving the P matrices at the ortho-
normalization points would be sufficient if only one
pass is made through the region. To minimize memory
storage, two passes may be made saving only the P's on
the first and obtaining all B's at the end of that pass.
Then, a second pass is done where, using the 8's found
in the first pass, a solution is found at every point
by use of Eq. 3.3.3. If only the solution is required
at the last region of orthonormalization then only one
pass is needed. As is shown in Section 3.4, such is the
case in the calculation of the small signal AC admittance.
Returning to the small signal AC problem, the A
matrix is shown in Fig. 3.2. The forcing vector f(x)
is in this case the null vector g, making the system

homogeneous. The y vector has the following components:
~t
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IR
i & ]
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(3.3.22)
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The matrix B and the vector b may be found from the

boundary conditions:

010000 0
B= [000100 ; b =0 (3.3.23)
0000120 0
and similarly, the matrix C and vector ¢ are:
- -
1 0 0 0 o 0 0
c= [0 0 0 0 0 oli ¢ =1 0 (3.3.24)
X
0 0 :Si ° 1 0 0 Vac
- sio, ]

The number of components of y is 6, thus n=6 and r=3,
by the nature of the boundary data. The vector w then
is totally unnecessary since it may be taken to be the
null vector at x=xg, i.e. E(xB)=O. Notice that Xy, =X
and xc=0 for this problem, where Xp is the bulk and x=0

is the metal-silicon dioxide interface (see Fig. 3.3).

o
Using Kronecker delta initial conditions for Jpl’

Jng and E;, the ¥ matrix at x=xg is
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(3.3.25)

1
0
0
0
0
0

S QO O = O O

(= © © 0 O O

In Chapter 2 the DC parameters Eo’ Py+ N, are found.
One observes that the values obtained for these quantities
differ by several orders of magnitude as functions of
distance. For any x some of the components of A which
contain these gquantities also differ by several orders
of magnitude. It is recognized then that this problem

(49) e

has the potential of being ill-conditioned
use of orthonormalization may become necessary and the
problem must therefore be coded with that capability.
The region 0 s x = xy 1s discretized into N points,
a8 shown in Fig, 3.3, labeled with the subscript I.
The values of the DC variables are found from the one
dimensional DC algorithm and all other constants in A
shown in Fig. 3.2 are self-explanatory.
The coding flow chart is given in Fig. 3.4. The
method of integration is a stable predictor-corrector
and is contained in subroutine (STEP). The discretized

equations and formulas used in integration are discussed

below,
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ENTER
1

SET constants and initialize
vectors with Eq. 3.3.25

1
ITERATE for every grid point
I:Z aj P lN
|
\ ITERATE for every
vector K=1,2,3
i
INTEGRATE SUBROUTINE
CALL SUBROUTINE STEP |e STEP
1
CALL SUBROUTINE GRMSM -} SUBROUTINE |
Check linear independence Lo GRAMSM
1
SET up boundary conditions ORTHONORMALIZE
system and calculate B's
L PERFORM check on
CALCULATE solution at linear independence
X = )(o | )
IF vectors are becoming
linearly dependent,

E§$3R20§3tioiN D Yhe-1
Y otherwise return Y
EXIT

Figure 3.4, Computational flowchart of the algorithm VAC1D.
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Method of Integration

Whereas any reasonable scheme of integration which
exhibits stability over the region of computation may be
used, a simple predictor-corrector method has been found
satisfactory. Schemes which include more grid points may
be more accurate, but the scheme used herein requires
less memory allocation, less computation and is much
simpler to encode. The scheme 1is as follows,

Consider integrating

y(x) = A(x) y(x) (3.3.26)

Lo

over the following two grid points:

X(I) _g(I+1)
» e —0 0 . .
K{(I)
I I+1 L—

where K(I) is the grid length between I=I1 and I=12.

The prediction step 1is:
y* = y(D + K(I) « A(D - y(D) (3.3.27)

where y* is the intermediate solution vector. The

correction step is:

y(I+1) = y(1) + (D) - [A(D -y(1) + a(1+1) 3+ ] /2
(3.3.28)

Application of this scheme to the equations in Fig. 3.2

vields
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= U(1) - K(I)»(CPW+ U(2) + RP)
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U(2) + K(D)» (-cp(D»u(1) +ED) su(2)+p0 (1) wc2wu(3))

U(3)+K(I)»C1#(U(2)-U(5))

U(4)-K(I)»U(3)

U(5)+K(I)*(CN(I)*U(6)4E%%l))*U(5)-N0(I)*CZ*U(3))

= U(6)+K(I1)=(CNW=U(5)+RP)

The corrector step

JPZ

P2 = U{2)+(K(I)/2)#(-CP(1)»(U(1)-CP(I+1)

E2
V2
N2

JN2

i

i

il

(3.3.29)

= U(1)-(K(TI)/2)«(CPW#(U(2)+P1)+RP+RC)

*JP1+(E0(1J;gO(I+1)'

(U(2)+P1)+PC(I)+PO(I+1) #C2x(U(3)+E1))

U(3)+(K(I)/2)#C1%(U{2)+P1-U(5)-N1)
U(4) -(K(I)/2)#(U(3)+E1)

U(5)+K(1)/2)»(N(I).u(e)+cn(1+1)*JN14§9111%%911ill),
U(5)+N1) -(NO(I)+NO(I+1))#C2#(U(3)+E1))

= U(6)+K{I)/2)»(CN»{U(5)+N1)+RP+RC)

(3.3.30)

where 1 refers to the results of the predictor and 2 to

the results of the corrector and the U vector is defined

as

-

u(1)
u{2)
u(3)
U(4)
u(s)
u(6)

"

-—

-t

(3.3.31)



The recomblination terms are:

predictor

Rp = QaNL#(NO(I)#U(2)+PO(I) U
TP(I);(NOII)%%T%?TN{T%*IPOEIT?NI)

cor: wctrr

RC =

The remaining parameters are:

CN(I)
CP(I)
CNW =
CPW =
Cl =

QeNIw{NO(TI+1)#p1+PO(I+1) #N1
TP{I+1) #(NO(I+1)+NI)+TN{I+1) #»(PO(I+1)+NI)

1/(QuNI#UN(T)%VT)

1l

1/(QuNI=UP(1)*VT)

i

CMPLX (O, QuNI*W)
CMPLX{0O,Q*NIaxW)

(QuNI)/(KSI«E
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(3.3.32)

(3.3.33)

Figure 3.5 shows the flow chart of the integration which

is a subroutine of the one dimensional AC program and

is called STEP.



Figure 3.5,

[ ENTER

OBTAIN integration vector U and
constants from calling subroutine
VAC1D

1

COMPUTE RP with Eq. 3.3.32

|

INTEGRATE with predictor step
Egs. 3.3.29

|

COMPUTE RC with Eq. 3.3.33

|

INTEGRATE with corrector step
Egs. 3.3.30

|

Loap  {Jp2,..., JN2)

L

RETURN

;

EXIT

Computational flowchart of the integration
subroutine STEP.

132
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3.4 The Calculation of the Small Signal AC Admittance in

One Spatial Dimension

The device under consideration in one dimension,
the MIS capacitor, may be considered a one port device,
characterized by its DC operating point and a small signal
AC admittance. The complex admittance may be defined as
the ratio of the small signal alternating current phasor
to the small signal voltage phasorEBO) This 1is measured
and calculated by impressing a small signal AC bias in
serlies with the DC bias and observing the AC current
which flows (see Fig. 3.1). To obtain the small signal
current in the device, one must keep in mind that it
is a series device (i.e. every grid node is serially
connected to every other grid node) and that the total

current is constant. The current then may be calculated

at any grid point, and since the easiest expression to
evaluate is the current in the insulator, it shall be
calculated there. Since most quantities of interest are
described per unit area (capacitance, conductance, etc.)
for the one dimensional device, it is appropriate to use
current densities henceforth in place of currents,

Note should be taken that (~) over a variable signifies
a complex quantity.) The defining relationship for ad-

mittance per unit area is

Jac (3.4.1)

> ?
|
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[ ¥ ]
Vac is the applied AC bias voltage and 3;c shall be

calculated with the algorithm. In the insulator, the

point relationship between current density and electric

field is:
Joo = WK € Ey (3.4.2)

which is the small signal form of Eg. 1.3.17. The small
signal AC electric field in the oxide may be easily
calculated from the definition of the electric field

in terms of the AC voltage
L 1 A
‘E’l = . —_— a)( (3'4'3)

which may be discretized by a forward difference scheme

at the top contact point as (see Fig. 3.3)

Vy(N-1) -V, (N)

E ~ 18
By = HX(N-1) (3.4 4)
and since vl(N) = vac the applied voltage,

v, -V, (N-1)
- . _ac 1
e U (3.4.5)

The admittance may be rewritten as

V. -V.(N-1)
ac 1 ny
( Hx /Vac

“
Y==ijI€0
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To obtain the solution at grid point (N-1) only one pass
of the integration is required. Due to the method of
integration, upon arrival at the top contact, the
independent solution values of all six variables are
saved at the{N-1) and at (N)grid points. The combining
constants (or pg's) used to match boundary conditions
are found and the value of the potential at (N-1) easily

reconstructed using the solutions and B's appropriately
Vi(N-1) = T1(4) e (1)+J2(4) %8 (2)+T3(4) %8 (3) (3.4.6)

where the U's are the independent solution vectors
at (N-1) and the subscript (4) refers to the location of
the potential solution within that vector. The equivalent

circuit component values are calculated from the admittanece

|2

(3.4.7)

i
{0
+
Tde
RN

where G and C are the equivalent parallel conductance

and capacitance, calculated directly as

V.V, (N-1)
%= Re {jw K €, ( ac Hx1 )/ Vac} (3.4.8)
one V.. .- V,(N-1)

V. - V,(N-1
2=1m {j K €, (2L ) / Vac] (3.4.9)

It is clear that due to the nature of this algorithm,
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only one pass needs to be made to obtain the above small
signal parameters. This algorithm is used in several
studies:
1. Validity of the model in predicting the small
signal admittance compared to the existing theory.
2. Modeling of an experimental capacitance-voltage
curve to check the physical validity of the
algorithm, equations used and underlying
assumptions.
3. Studies of the admittance of devices with
inhomogeneous profiles, including comparison
to experimental evidence.
4. Modeling the admittance of three level MOS

capacitor and comparison to theory.

General Studies

Typical normalized capacitance versus voltage curves
are shown in Fig. 3.6 and 3.7. The capacitance is
commonly normalized with respect to the oxide capacitance

and this practice has been followed where applicable.

The excitation frequency is 1 MHz, the usual measurement
frequency for "high frequency" response. Figure 3.6
curves have ‘he same uniform background doping (p type,
NA=1x1015ionS/cm3) but varying oxide thickness. The

grid data is ghown in the figure. No problems were

encountered at any of the devices modeled in AC solution

stability or convergence of the DC algorithm.
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Figure 3.6. Capacitance-voltage curves for varying oxide thicknecses.
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The only restriction imposed by the use of the Boltzman
distribution for carriers has been the limiting of the
surface potential to remain within the band gap. If lar-
ger applied biases were used to exceed this restriction,
several things occurred: a) the carrier concentrations
quickly became extremely large and occasionally overflowed
the machine and more importantly, b) the solution was
in gross error since for large biases the Ferml energy
level is driven close to or above the conduction band
(or below the valance band), Fermi-Dirac statistics
for carrier concentrations must be brought to bear
and the Boltzman statistics are no longer applicable£51)
Since, upon reaching strong inversion the capacitance
remains constant (at high or low frequencies) driving
the device much beyond this point is unnecessary to test
the model produced. The results in Fig. 3.6 show, as
expected, that the minimum value of the capacitance at
this frequency increases for increasing oxide thickness.
In Fig. 3.7 the minimum value capacitance increases
as the doping level increases. This is due to the
diminuition of the maximum depletion width in higher
doped materials and is expected., These curves are in

(52)

excellent agreement with the results of Grove

(53)

and Goetzberger

For the uniformly doped MOS capacitor, the inversion
capacitance is a function of the signal frequency. It is

well known that the capacitance voltage curves exhibit
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different shapes at different frequencies, this has

3
been measured and modeled by several authorsssu)(5'There

are two clearly recognized states: the "low frequency"
and the "high frequency" CV curves. The "low frequency"”
curve 1is characterized by the inversion capacitance
returning to the oxide capacitance level (accumulation)
after decreasing during depletion. On the other hand,
for " high frequencies" the inversion capacitance
reaches a low level and remains there, The CV curve
at 1 MHz (considered "high frequency”) and at 0.1 Hz
(very "low frequency") are shown in Fig. 3.8 and bear out
this phenomena. Also plotted 1s the incremental capaci-
tance calculated using the DC model alone (as explained
in Section 2.4). The correlation between the incremental
and "low frequency" curves are evident. A study is
made in Section 3.5 of this phenomena.

The inversion capacitance for a simple structure
has been calculated as a function of frequency and is
plotted ‘n Figs. 3.9 and 3.10. The transition from
high to low frequency levels of capacitance is evidenced
and in Fig. 3.10 a comparison is made to the incremental
capacitance level. In this case, a discrepancy occurs
between the present model and those of others (see Collins)
and experimental results as well. The range of transition
frequencies from low to high capacitance appears to be,
in this model, two decades below that found by others(S).

This discrepancy is partially explained since at low
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frequencies the generation recombination mechanism should
swamp out any frequency dependence. 1In this case it
does not since it has been linearized and is not the
complete term. Normally, the full non-linearized recom-
bination term must be used, as is discussed by CollinsSS)
Inclusion of the full nonlinear term (as derived in
Appendix A) would make the equations to be solved non-
linear and harder to solve., It was decided to use the
linearized model with its inherent drawbacks for the
purpose of this work. The transition from high to low
frequencies is observed, although a drawback of the

recombination equation shows up here and should be

addressed in future work,

Experimental and Theoretical Results

Several "one dimensional"MOS capacitance structures
have been fabricated and tested. A particular capacitor
that had undergone several processing steps and had the
capacitance measured after each step 1s shown in Fig. s.11.
Basically, starting with p type material with a background
doping of NA:3x1015ion5/cm3, the following procedure was
used:

0

1. A dry oxide of approximately 1000A (60 min @
1000°C., dry 02) was grown on a clean wafer.

2. Aluminum was deposited and 10 mil. diameter dots
were photolithographically etched.

3. C-V curve number 1 was generated.
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4. The aluminum was removed and the wafer returned
to the furnace @ 1000°C. for a dry N, anneal of 20 min.
Step 2 was repeated.

5. C-V curve number 2 was generated.

6., The wafer was heated @ 350°C. for 15 min.

7. C-V curve number 3 was generated.

8. Analyze the measured C-V curves by the procedure
outlined in Appendix C and generate the computer model
shown by curve 4.

All C-V measurements were made with a Boonton 72AD
capacitance meter at 1 MHz. The capacitance was normalized
with respect to the highest accumulation capacitance
measured, assumed to be the oxide capacitance. This par-
ticular set of curves was chosen because 11 demonstrates
the effect of the different parameters usually encountered
in processing (such as, positive interface surface charge
dengity, surface states, etc.) and how our model meets

or fails to meet the data. Curve number 1 corresponds

to the basic process in growing a dry oxlde, it has the

/C

inversion ratio meets that predicted for the value of

correct shape for p type material and the Cmi

n o

resistivity gquoted by the manufacturer ancd the oxide
thickness calculated. It is noted that there is a large
flat-band voltage shift, due primarily to a large positive

charge in the oxide, Q This is expected for this

gs’

processing. After annealing in N5, the expected reduc-

tion in Q_ (noted by a positive flat-bané voltage shift)
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is seen in curve number 2. Comparing these two curves
to the model (curve 4) one observes that the slope of
the capacitance curve in the transition region (between
accumulation and inversion} is quite different. This
effect is primarily due to surface states in the silicon,
Nss' which have not been reduced in manufacturing and
are not taken into account in the model. Annealing in
H, at lower temperature reduces the effect of N__ con-
siderably and good correlation between curve 3 and the
model curve, number 4, now exists. The positive shift
in the flat-band voltage is now due only to the metal-
semiconductor work function, By + which is not included

in the ideal model but may easily be computed from

given tables (see Appendix C).

Inhomogeneously Doped Varactor

A structure of interest, as a diagnostic tool for
more complex structures such as FET's or on its own
merits as a circult element is the inhomogeneocusly
doped MOS capacitor. The two presently available methods
of doping the semiconductor bulk are by diffusion and,
more recently, ion implantation. The basic doplng
profile in both cases may be defined by a Gaussian
distribution of ions in the surface region superimposed
on a constant bulk doping level. The general doping
profile for a diffusion may be representecd an shown irn

Fig. 3.12. For ion implantation, the peak of the surface
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doping need not lie exactly at the Si—Si02 interface
but may occur at a point before or after it. The describ-

ing equation for the present inhomogeneous profile 1is
N(x) = N_exp(-(x-x_)%/20%)+N (3.4.10)
x g€ XP c BULK P

For the diffused profiles the mean (xc) lies exactly at
the interface, thus X,=x, and the relationship between

the junction depth, X350 and the standard deviation is

% = —— 1 (3.4.11)

21n(-M)

N
8

For diffused device, two parameters may be varied
and their effect noted: N, surface doping, the peak
of the diffusion, and xj, the Jjunction depth. Only
devices with complimentary diffusions are considered
although one need not be limited to such since the
algorithm will handle any N{(x).

In Fig. 3.13, the capacitance-voltage curves for
an n type 10008 oxide, Ny =101°ions/cm’ device that
has a diffusion of Ns=lx101510ns/cm3 Boron ions with
varying Jjunction depths are shown. Two characteristic
peints should be noted:

1. As the Jjunction depth increases, there ig a

flat-band voltage shift.

2. For devices which have a junction depth approx-

imately or greater than the maximum depletion width
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=0.851 in this case) the diffused region

(xpmax
is swept of carriers causing the voltage shift.

For junction depths greater than XoMAX * the Jjunction
barrier prevents minority carriers from coming to the
surface even more than the depletion region did for the
homogeneously doped device, thus the low values of
capacitance is exhibited even when the surface is accum-
ulated. At this point, the juriction capacitance figures
prominently in the total capacitance, with the applied
bias dropping across the junction, the depletion region
the surface, and the oxide in a nonliinear fashion.
Essentially, there are three capacitances in series:

the oxide capacitance Cor the diffusion layer capacitance
CS and the junction capacitance Cj’ the last two having
a nonlinear voltage dependence. Figure 3.14 shows the
three regions in an energy band diagram and the equi-
valent small signal model capacltance with the corres-
ponding capacitance-voltage curves.

Variation of surface doping while keeping the
junction depth constant produce results similar to those
just described. The capacitance-voltage curves for
these devices have been calculated and are shown in
Fig. 3.15. 1In this case, for increasing surface doping,
which have de-zreasing depeltion widths, the shielding
effect of the junction on minority carriers is felt by
field effect. 1In other words, the higher the doping

density at the surface, the less the fleld penetrates
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into the silicon, preventing the sweeping out of the
surface region by the applied voltage and causing the
shielding of the junction. For the curve shown, where
the capacitance is essentially constant, the surface

doping is NS=5x1016

ions/cmj, p-type, which has an XOMAX
of 0.25pum,placing the surface depletion reglon away
from the junction which is at xj=0.5uﬂu

Ion implanted MOS FET's have been recently fabri-
cated with the desired controlable flat-band voltage shift.
MOS capacitors fabricated on the same wafer with the
same profile as the gates of the FET's provide useful
diagnestic tools for the fabricatlon process., These
devices and asscociated capacitors have been reported
by Hewe et. al.(55)= their experimental C-V results
are modeled herein., This provides a further test on
the validity of the algorithms and indicates a use in
the design of ion implanted devices,

From the process data glven in Hswe's paper, a
set of doping profiles is derived and a plot of them
shown in Fig. 3.16. A C-V calculation for each of the
capacitors was made and plotted, together with Hswe's data,
on Fig. 3.17. Good correlation between the model and
experiment is noted, with the discrepencies attributed
to the following:

1. Other indications of the oxlide capacitance
should be used than the usual C = Cyax Made by most

experimenters. A better way would be to have homogenc-
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ously doped MOS capacitors (such as device A} next to

the implanted ones to provide useful device data
such as CO and NBULK‘

2., If the devices were fabricated on different
wafers, which seems reasonable but not mentioned by the
authors, then the background doping , oxide thickness,

and amount of positive surface charge in the oxide,

Qg+ Mmay be slightly different for all the devices.
For the purpose of this modeling effort the same
st and QMS' was ascribed to all devices. The correla-

tion of the experiment and model may be considered as

quite reasonable.
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The M-Level MOS Capacitor

An interesting device which stems from the manipu-
lation of the turn-on voltage of MOS capacitors is the
M-level varactor. The turn-on voltage of a capacitor
is defined as that voltage at which the minimum capa-
citance is reached when sweeping the bias from accumula-
tion into inversion. If (M-1) MOS capacitors with a
two state capacitance voltage curve which have varying
turn-on voltages are connected in parallel, total
capacitance, being the sum of all capacitances, will
exhibit M distinct capacitance levels.

As an example, a three level varactor using two
MOS capacitors is described in Fig. 3.18, The turn-on

voltage of each is controlled by the st level, the

oxide thickness and bulk dOping(ﬁé)
Q X qN X X
_ ss "o BULK dmax "o
yooo- —25 0 4 4+ 28 + (3.4.12)
To K s1€G MS* F K g1 €A

These devices have been fabricated and tested
experimentally and their C-V curves modeled. Two oxide
thicknesses of approximately 50003 and 5003 were grown
on a substrate of greater than 50Qcm resistivity.
Aluminum contacts of varying area were deposited defining
the desired devices. The experimental and model C-V
curves have been plotted on Figs. 3.19, 3.20 and 3.21.
The device characteristics of the model and manutactured

and process parameters are given on each curve. A photo-
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Figure 3.22a. Two three-level MOS capacitors.

Figure 3.22b. Detail of three-level MOS capacitor.
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micrograph of the devices is shown in Fig. 3.22.
Excellent agreement between the model and experiment
is observed. The modeling technique for this structure,
slightly more complex than for a single varactor, is

developed in Appendix C.

The Conductance

Little has been said so far about the real part of
the admittance: the conductance. Although this algorithm
can calculate both conductance and capacitance, the
reason for stressing capacitance in this section is
twofold:

1. Capacitance is usually the parameter of interest
in MOS capacitors, whereas conductance is usually minimized
for high Q devices or unimportant for design purposes.

2. Most measurements are made of capacitance since
it is normally the larger of the two components and
most easily measured.

Typical conductance/frequency versus voltage results
are shown in Fig. 3.23, device data and grid are given
on the graph. Figure 3.24 gives the conductance versus
voltage of thestéBQApacitors as modeled with the algorithm,

Further discussions of conductance curves are given
in Section 3.6 where they are used to provide an indica-

tion of the accuracy of the algorithm.
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2:5 The Total Solution

As described in Section 3.3, to obtain the total
solution using the method of complimentary functions
it is necessary to perform two passes. This minimizes

storage requirements, a prime advantage of this method

over others. As applied to the one dimensional method

the memory savings realized is of the order: 3 inde-
pendent vectors x 6 variables x N grid points x complex#lé
dimension = 288 N bytes. By performing only one pass

and obtaining the solution everywhere, the independent
solutions at every point must be saved and then recom-
bined into a complete solution when the combining
constants have been found. To minimize memory require-
ments, a first pass is made without saving the independent
solutions with the only aim being to reach the other
boundary and obtain the combining constants. A second
pass is then performed, which at the same time, generates
the independent solutions again (see Section 3.3); and
combines them with the constants found in the first pass
into a total sclution. It is evident that a trade-off
between computation time and storage space has taken place.
For the complete solution computation time is essentially
doubled, but it is a fast algorithm which maintains its

viability even in computing the total solution.
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Implementation of the Second Pass to the Small Signal

AC Problem

The theory of the second pass, including recondi-
tioning is discussed in Section 3.3. Essentially if
no reconditioning has taken place in the course of the
integration, then the g vector found at the second
boundary can be used to recombine all independent solu-
tions into a total seclut.on throughout the second pass.
On the other hand, if reconditioning has taken place at
one or more intermedinte points more than one set of
B's will be needed. (The exact number is one more than
the number of reconditioning nodes since there is a B
vector in each region between nodes.) The relationship
between a E vector to one in a following region is given

by Eq. 3.23.71.
8 = P;g* (3.3.21)

The P; matrices are stored in the course of the first
pass as reconditioning takes place. (This does not add
considerably to memory requirements since orthonormali-
zation is done on the average 10 to 12 times for 250 grid
points. It has never been found necessary to use more
than 20 reconditioning points. P is a 3x3 matrix with
usually COMPLEX#16 coefficients.) At the end of the

integration, starting with the 8 vector all the other

o+l
B's may be found by

~
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Bt = BBy 1stsr (3.5.1)

where r is the number of reconditioning operations
performed. Upon finding all g's, the second pass may be
initiated and the total solution computed. The method
may be summarized as follows:

1. Perform one pass through the device, calculating
and saving the P matrices at every reconditioning
point and noting the location of the node.

2. Calculate the B vector to force the boundary
conditions at the second boundary, this is‘§r+1.

3. Calculate thelg's in reverse order by using
Egq. 3.5.1 and the stored P's.

4, Repeat the integration, combining the generated

solutions in each region with the appropriate

_E'S' to obtain the total solution.
At each node in which reconditioning was performed in the
first pass, reconditioning of the solution vectors must
also be done and the next‘g used from that node to the
next reconditioning node.
The P matrices in the small signal AC problem are

calculated using Eq. 3.3.11

P; (3.3.11)
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where Y* and Y, are (3x6) matrices having columns which
i
are vectors designated {y} y% y§3 a“d{Z1|§2n§3} respect-
ively and P; is then a (3x3)matrix which transforms Y,
into 1;. To obtain the coefficients of Pj,use must

be made of the definition of the Gram-Schimdt operation

=3 (3.5.2)
31 = 3/ My (3.5.3)
No = Yo ~<y¥i>-ytf (3.5.4)
* =N,/ (3.5.6)
357 Re APy
(5= 35 - <¥3¥> 3% - <¥3ai> 3t (3.5.7)
E§=QJW¥3 (3.5.8)
The coefficients of P, are derived from the above to
obtain
1
= 1 (3.5.9)
P117 ;]
P21= (0,0) (3.5.10)
P31= (0,0) (3.5.11)
<y, ¥t>
_2__{{.._. (3_5.12)

P12 notkingl

- 1
pgg“'ig (3.5.13)
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Py,= (0,0) (3.5.14)
Py 5= %j?ﬁ> <y?r%§|>m;|f\2'31> (3.5.15)
Ppy = I%Ij\fﬁ? (3.5.16)
P33 ~ ﬁ;\lj (3.5.17)

Since, as a reconditioning operation is performed, the
above quantities are readily available or may be easily
computed, the above coefficients may be obtained without
much difficulty. The P matrix is upper diagonal which is

congistent with the Gram- Schmidt procedure.

Results
The flow chart of Fig. 3.25 was implemented to
produce a second pass and calculate the total solution.
A quantity of interest in the device under study is the
total current density. This parameter is a measure of
the goodness of the solution since it must meet several
requirements for the solution to be thought of as correct:
1. It must be constant throughout the device since
the nodes are all serially connected.
2. 1Its magnitude and angle must yield the right
value of admittance which is checked experimentally.

The total current density in the semiconductor is
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ENTER

A

SET constants, NDOP'
grid, applied biaseil

-
CALL VDC1D SUBROUTINE
for DC potential, VO L[_ ;:# VDC1D
) {
CALCULATE DC parameters
Eor No» Py
— 1
[CALL VAC1D for first pass SUBROUTINE
VAC1D
CALCULATE B's with P's for (calculate and keep
each orthonormalization region P; and location)
i |

I*iNITIALIZE U's
for secoid pass

—

—»{1-2,..., N )
|
CALL STEP —f'SUBROUTINE
STEP
I
CALCULATE Jpl’Jnl’El
VI'NI and P1 wlth
proper B's and U
T
CALL GRAMSM if needed SUBROUTINE
and obtain new U* L_ GRAMSM

PRINT ALL -
required results

-

Figure 3.25. Computational flowchart of VACSTUDY,
employed to calculate the total solution.
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L) 5 L) oy

Ttot = Jdisp+ Jp1 M Jn1 (3.5.18)

where Jdisp is defined as

e _ . P ( 1

and El' 35 , and 3; are part of the total solution being
1 1

calculated.

The second pass and subsequent calculation of the
total solution were implemented for two reasons:

1. Check on the validity of the total algorithm
by making sure the solutions obtained made
phyeical sense and overall results checked
with experiments.

2. Check the effect reconditioning has on the
solution.

The test case chosen to study 1 and 2 above is an
ideal MOS capacitor with a 10003 oxide and homogeneously
doped n type bulk of 1015(1/cm3) deoping concentration.
Although all variables calculated (3p1' 351, Hl' 51,
ﬁi' Vl) were printed for every point only the current

densities are shown in the figures following this dis-

cussion., They are the most instructive parameters from

which to verify the algorithm. Test runs were made

for four easily identifiable biasing conditions:
accumulation, flat-band, depletion, and inversion.
Furthermore, high and low frequency operating conditions

(58)

were simulated by operating at signal frequencies of
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1 MHz and 0.1 Hz respectively. These frequencies were
chosen for the following reasons:
1. 1 MHz is the accepted measurement frequency
for obtaining the high frequency admittance
of MOS devices.
2. Operation at 0.1 Hz is representative of low
frequency operation as discussed in Section 3.4.
The results are plotted in Fig. 3.26 through 3.33
and are quite remarkable. It is clear that the total
current density in each case is constant. Its magnitude
and angle are correct since the calculated capacitance is
physically reasonable and checks with that calculated

(57)

and measured by others The way in which different
current densities contribute to the total at different
bias conditions is interesting. For example, Fig. 3.26
shows that under inversion (under high frequency condi-
tions) the minority current density in the bulk is very
small and peaks near the surface, This peak, though not
sufficient for the minority current to contribute
significantly to the total, is due to the large DC
minority carrier concentrations in the surface region,
Under the same DC conditions, but at low frequencies,
as shown in Fig. 3.27, the minority carrier density
dominates all others throughout the semiconductor.

This supports the well known fact that at high frequen-

cies the bulk cannot supply sufficient minority carriers

to the surface for it to react to the applied signal
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capacitor in flat-band (high frequency).
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swing thus obtaining a high frequency capacitance which
remains low in inversion. On the other hand, at low fre-
quency, the bulk can supply sufficient minority carriers
to the surface, as seen by the large bulk minority current
density, and the capacitance at inversion returns to the
high value of the oxide capacitance.

Note should be taken of the fact that at the surface,
the carrier current densities become many orders of
magnitude smaller than the largest current (orders of
magnitude greater than the precision employed), i.e.
essentially zero. Also, the displacement current density
dominates in the surface and is approximately the total
current density in the oxide. An interesting case is
that of low frequency at flat-band, Fig. 3.28, where
the minority and majority carrier densities are both
higher than the total current densities but cancel
to give the total current density.

The study of the effect of reconditioning yields
mixed results. Only the case for € = 0.8 was tested
(since this value of € yielded the best results in
modeling C-V curve) and theilr results compared to the
no reconditioning calculation. Whereas the admittance
under all bias conditions was the same for both cases
and the total current density remained constant (angle
and magnitude) throughout the device, a jump across a
reconditioning point produced small anomalies in the

quantities which were 10 to 12 orders of magnitude
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below the dominant gquantity. The anomalies may produce

a 50% worst-case difference in magnitude. These very small
quantities are calculated at a reconditioning node point
before and after reconditioning. Physically it is

clear that this quantity should be the same at the node
point, whether calculated before or after reconditioning.
The discrepancy prevailed in the bulk, closer to the first
boundary or start of the integration, and not at the
surface or end of integration. At that point are quan-
tities before and after orthonormalization were the

same to the number of digits printed. The source for

this discrepency is due to buildup of roundoff error

in calculation of the B's, which are less accurate

at the beginning of the integration since the last g's
have been obtained through many matrix transformations
from the first set of B's calculated. The last'g

vector to be calculated, the one which holds in the

first reconditioning interval, is obtained from the

first @ vector calculated (B8 ) by
~ ras

B = ByBoce BBy (3.5.19)
which involve r matrix multiplications. This may easily
produce roundoff error to change the very small quantities

50% across a reconditioning point.
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3.6 Studiegs of the Gram-Schmidt Results and Other

Obgervations on the Algorithm

In executing the algorithm model in the various
devices previously discussed, several observations
concerning the model parameters were made and are pre-
sented in this section.

A question of great interest is the proper use of
the orthonormalization routine. In the application of
the algorithm, the following has been experienced:

1. If the orthonormalization is not performed at
all in the course of the integration, the calculated
admittance is usually a smooth and accurate function of
the applied DC potential. As an example, an MOS capacitor
was modeled with an oxide thickness of 10003 and a
background doping of NA=1x101510nS/cm2 and acceptable
results were obtained. On the other hand, the same device
with a 9003 oxide and NA:3x1015ions/cm2 yielded unacceptable
results. The capacitance in this case exhibited instabili-
ties in accumulation as shown in Fig. 3.3 . The.
conductance exhibited instabilities throughout the
whole bias range as shown in Fig. 3.3

2. If the Gram-Schmidt is applied whenever the dot
product of any vector before and after orthonormalization
(see Section 3.3) is less than .8, then acceptable results
were obtained in most cases, For the case above, the
results are shown in Figs. 3.3 and 3.3 and contrasted

with the no orthonormalization results.
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3. If the Gram-Schmidt is done too often then the

results are extremely poor, with marked instabilities
of several orders of magnitude in the calculated admit-
tance.

L., As discussed in Section 3.5, the total current
density through the device is relatively unaffected by
reconditioning, but small components may vary widely
when the Gram-Schmidt is applied compared to when it is
not,

5. Device doping density may effect the buildup
of linear dependence. In some cases this is very fast
and small steps may be necessary, as is the case for
highly doped materials., 1In such cases the application of
reconditioning was not of much help, the grid had to be
varied to obtain acceptable results. Generally, for
highly doped materials the grid steps must be smaller.

The reason for this phenomena and this particular
correction is easler to see when an integration method
is employed. 1If very large integration steps are taken in
regions where charge densities are changing rapidly with
position, the finite machine precision forces an uncontrol-
led roundoff error. In more highly doped materials,
field effect junctions are much sharper than in lightly
doped material thus causing steeper charge gradients,
which are conducive to error.

It may also be seen that the application of the

Gram-Schmidt routine will be of little use if, after
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a particular step, the vectors are so close to being linear-
ly dependent that an error will not be bounded but propa-
gate. This points to the optimum use of the Gram-Schmidt
orthonormalization: it is only applicable when the

vectors are moving toward linear dependence slowly as a
function of grid position. A grid selection algorithm

may be implemented based on this observation and more

grid peints introduced in a region where the orthonormal-
ization criteria has sharp gradients.

(58)

The methods of Camisa'l’and Gockhale have been
classified as the classicial method, the variables

they employ being the quasi-fermi potentials, as defined
by Shockley (592 Table 3.1 gives a brief tabular
comparison of the classical method and the method of

complimentary functions as applied to the small signal

AC problem,



(N grid points)

Classical Shooting Method
Yariables vpl’vni’vl in'Jnl'pl'nl’El’vl
Number of 3 6
Equations
Order of 2nd 1st
Equations
Storage for
Variables 3N 18

Peripheral
Storage

Storage of 13 Bands for Two
Carrier Problem=13N

None for the admittance

Storage for
DC solution

N

Solution

Total Solution Available Upon
Inversion of Matrix

a, 0One Pass For Admittance

b. Two 'Passes for Total Solution

Extra Storage To
Obtain Total
Solution

None

36 x Number of Reconditioning
Operations ( 20)

Table 3.1 One Dimensional Solution of the Small Signal AC Problem
A Comparison of Classical and Shooting Methods

061



Classical Shooting Method
Mgg?ﬂgigi Matrix Inversion Integration
Reconditioning No Yes
a. Iterative Refinement May Depends On:
Improve Accuracy a. How Often Reconditioning
Accuracy . Truncation Error of Is Performed
Discretization Scheme b. Order of Integration
¢c. Accuracy of ((N-2)x{N-2)) .
Matrix Inversion gglieaIgﬁgrgzgrlx Needs
Computational :
Complexity Simple Complex

Table 3.1 (cont'd)
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CHAPTER &4

THE SMALL SIGNAL AC MODEL IN
TWO SPATIAL DIMENSIONS

4.1 Introduction

The extension of the problem discussed in the
previous chapter to two spatial dimensions is not
trivial and sophisticated techniques to obtain a solu-
tion are herein discussed.

As has been the practice in past chapters, a
description of the structure and derivation of the
pertinent equations with boundary conditions is per-
formed first, in Section 4.2. Next, the theory of the
method of complementary functions in two dimensions is
given for elliptic partial differential equations in
a rectangle. Special emphasis 1s paid to the Laplacian
operator to illustrate the method. The reconditioning
operation 13 described in Section 4.3. The application
of the method to the small signal AC equations is
performed in Section 4.4. The integration method
employed is described, and a discussion of some prelim-
inary results given. Small signal AC operation is normal-
ly superimposed on some DC operating point, which in the
cases studied, is given by the two dimensional algorithm
of Chapter 2. The total solution in one dimension for

the small signal case, obtained with the method of
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Chapter 3, is employed as the lateral boundary condition

where appropriate.

This meshing of all the algorithms developed is
brought to bear on the study of the electronic opera-
tion of the three terminal varactor. The results of

the study are given in Section 4.5.
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L.2 The Structure and Small Signal AC Equations in

Two_ Spatial Dimensgions

The small signal AC simulation described in this
chapter is solved in two spatial dimensions for MIS
devices which have the general structure shown in
Chapter 2, Fig. 2.5. The DC operation of these devices
is analyzed using the techniques of Chapter 2, providing
the DC parameters necessary for the small signal AC
analysig in two dimensions,

The purpose of this section is to derive the
describing AC equations and related boundary conditions.
The derivation for each type of media shall be made

geparately to improve the clarity of presentation.

The Semiconductor

The eguations describing the operation of the
semiconductor region of the device are those discussed
in Chapter 1, reproduced here for completeness:

The carrier continuity equations

Bp - g.L1lgy (1.3.1)
d¢ q ~P
M = _R -+ l V-J (1-3.2)
At q ~n

The current density eguations

= - - V 10 -
gﬁ qppVTVp qupp? (1.3.3)
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J, =+ qupVTVn - qunvv (1.3.4)

Poisson's Equation

2 =g

vtV = "‘\_85-(; (p-n + NDOP) (1.3.5)

It is convenient at this point to use the definition
of the electric field intensity

E= -w (1.3.16)

to obtain

J = - V V + E 4-2-1
5 qu VoV, + Qu PE ( )
Ip =, Vo9, + aqu nE (4.2.2)
VE *‘—Ji——- 4

E- Wge, P Noop) ®-2.3)

As in Chapter 3 where the small signal AC equations
were derived in one dimension, each scalar variable is

expressed as

- A Jwt
A Ao + Ale (4.2.4)
and each vector variable as

B = B+ Bye'"" (4.2.5)
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where the (o) variables are DC components and the (1)

variables are AC components considered to be much smaller
. A P

than the DC terms; i.e. |A|«|a| and |B,'« I8} .

Rewriting each component in Eqs. 1.3.1 through 1.3.5

along the lines of Eqs. 4.2.4 and 4.2.5, one obtains

jwﬁleJWt: -ﬁ(% V-(gp + g;leJWt) (4.2.6)
o
jwﬁleJ"t: Jﬁr%v-(gn + Ehleawt) (4.2.7)
o
T oWt _ . A L Jwt e IWt
ﬂpo*'ﬂple Qe VeV (py+Pye” +auy (p +p1 wty. (E +E1 )
(4.2.8)
. . : ~  jwt
~ Jwt_ ~ Jwt ~ jwt) - (E_+E ed )
gno+gh1e +qunVTv(no+nte )+qun(n0+n1e o0 ~1
(4.2.9)
A~ . q . .
. Jwty . ~ Jwt =~ awt
v (§5+§ﬁe )'R;;E:;(po+ple n -ne +ND0P) (4.2.10)

Again, as in Chapter 3, the second order terms in

Eqs. 4.2.8 and 4.2.9 are neglected yielding

J ot jwt_ . ~ _jwt A ™~ jwt
~p0+£p1e q“pVTv (p0+ple )+qup po.§o+(P1§o+pOEI)e
(4.2.11)
Jwt_ . A~ jwt Jwt
~n +J 1e =+qu Vn¥ (n0+n1e Yrau n,E +(n 1Eo*tng Ei)e

(4.2.12)
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Collecting the AC terms in the above equations yields

five equations for the AC variables

jwhy= R, - é v-ﬁ;l (4.2.13)

jwity = R+ o v-,j;l (4.2.14)

§;1= -qupVTV'P +quppoﬁl+qupﬁlgo (4.2.15)

Eglz +quanv'ﬁ1+qunnoEi M q“ﬁﬁlgo (4.2.16)
~ q ~ ~

V-E, = k—s?;(pi-ni) (4.2.17)

Whereas the above set of first order equations is
complete, adding a sixth variable, the AC potential,
makes the application of the boundary conditions easier
as 1s seen later in this section. Thus Eq. 1.3.16 may
be solved for the gradient of the scalar potential

N'-t N'-t
v(V, + Vied"") = —(E  + Eje?™) (4.2.18)
where application has been made of the small signal

approximation.

The AC potential is found from

vV, =-F (4.2.19)
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As a form of normalization, the carrier densities may be
converted to charge densities. Consider new variables

defined as

Ll

Py = Qnﬁl (4.2.20)
N, = q., (4.2.21)
P = q-p, (4.2.,22)
No = q°'n, (4.2.23)

The equations then become

L™ . ~ L

jwP, = -qR; - v.gpi (4.2.24)
N. = -qR J (4.2.25)

jWNl - -QRI + V'gnl oL, 5

‘3?1: '“pVTv'P1+upPo§1+“pP1 E, (4.2.26)

‘:‘jnlz +“‘nVTV'N1 + u N E + o NE (4.2.27)
o1 (p N

veE, = Kees (p1 Nl) (4.2.28)

The next step in the derivation is to separate the vector
equations into scalar equations. Equations 4.2.26 and

4,2.27 then become

Tox® Vel 4y p ¥+ 0 B.E (4.2.29)
P1 p dx up 071x “p 1%0ox it

Intx™ MHpVrx * HnNoBrxtinNiEox (4.2.30)
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Y. = pv B—?l + nP ¥ _ +uP Eoy (4.2.31)
pix  Hp'Tax Bo¥of1y T BpFi 2.3
~ N, ~ o

Jniy— *”nv'rhy + pnNoEly +p.nN1Eoy (k.2,32)

Since the method of sclution entails integration of
the equations in the y direction, the next step is to
rewrite all expressions containing terms in the ax direc-
tion as functions of terms in the ﬁy direction. Equation

4.2.24 and 4.2.25 are rewritten with the gradient term

expanded
29,x %y
- ) 1* 1
-~ N anlx aJnly
ijl = —qR1 + ax + ——ry (“.2.3#)

Taking the partial derivative of Eqs. 4.2.29 and 4.2.30

with respect to x provides an expression useful in the

above
0 3;)1): - _32_?1_ ) E’lx E- ~ QFox
T x - “HpYp d %2 TP x 1x ¥ 1_3_

+ up?jl Ey (4.2.35)
bjalx__ azﬁl bEix bN 'anx

3x " MVt z TMnMoTax e Eix 4+ R

N,
* o wE (4.2.36)
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The approximation has been made here that the variation
of either mobility with respect to x is slight and may
be neglected. In cases where this approximation is seen
not to hold, the above equations may be expanded simply
to take this into account. Equations 4.2.35 and 4.2.36
are now used in Egs. ".2.33 and 4.2.34 which are in turn

golved for the derivatives of the currents yielding
2o
T 2% B 2’E'lx P, Eix

~ ~
J. .= +(jwP,+qR ) -u_V_{- . + +
5 p,y 178 YT TV, TR 3x Vo

Y ~ ~
f_l 3 Eox + 0Py Eoy (4.2.37)
Vp Ox ox Vg e

J 2 ~ o~

L S T (b My Ny 2By, N By

DY 1 1 nN'Tl 3,2 Vp d X dx Vg
o1 RPox 2N Fox [ (4, 5
VT D X dx Vo e

So as not to add an extra varilable to the set,

s

E1x is replaced by

v
§x1 = -Ej, (4.2.39)
Using this in the above equations, results in
~
3 Jply -~ S 32}?1 Ps 32{;'1
——7;37-- —(JWP1+qR1) + BV, fg;E— + V; 32 +

(4.2.50)
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~n
Y
thly (jwN,+qR,) + p v bZﬁl Yo .bzvl
DY 1 1 nT bx?. VT 'bx2
Dx D X VT VT bxz DX VT

where use has been made of the relationship between
on and VO.
Equations 4.2.31 and 4.2.32 are solved for the

charge density partial derivatives in the y direction

> F, PyY Py Py

21 + 2 + L 4,242
2y Ve Vg Eiy ¥ ¥, oy ( )
—_— = + - - ar 4.2.
DY iV~ Vo Bty = ¥ Foy ( 3)

Applying Egs. 4.2.40 to 4.2.28 yields an expression

for the partial derivative of?:“.'ly in the y direction

A 2’\'
JE JV
ly _ 1 (?1 - ;fl) + 1

5y " KeE: > 2 (4.2, 44)

Finally, an expression for the partial derivative
of ?; in the y direction is found from the y direction
component of Eq. 4.2.19

v
§_y1 - - B, (4.2.45)
Equations 4.2.40 through 4.2.45 comprise the neces-

sary set to solve the problem. They are reprocduced in
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Fig. 4.1 together with boundary conditions, The rationale
behind this particular method of setting up the equations
is presented when the numerical method of solution is

discussed in Section 4.3.

The Insulator

Using the assumption that the insulator is non-conduc-
tive, it is only necessary to solve Laplace's equation
in that region. To be compatible with the equations in
the semiconductor and to have smooth transitions from
one region to another, the second order equation may be

rewritten as two first order equations in y

> E, 3V

—3—31,1 -3 51 (4.2.46)
X

b'\.ﬂ

=7 = -Epy (4.2.47)

Equation 4.2.19 has been applied in this derivation.

The Metal-Semiconductor Boundary

At this boundary, the same assumptions discussed
in Chapter 3 will be assumed to hold, namely that the
contact is ohmic and no accumulation of carriers exist
at this interface. This plane is chosen as the voltage
reference node of the device. Consequently the boundary

conditions are
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[, (oY) N
Vl(x,yB)=O. Pl(x,yB)=0. Nl(x.yB)=0. X;S X SXp (4.2.48)

The Metal-Insulator Boundary

Since the metal contact at this boundary is connected
to the external AC signal source, and it is assumed that
the AC voltage applied to this contact or set of contacts,
as the case¢ may be, 1is not necessarily constant in the

o

X direction, the boundary condition on V1 is

A

s
Vl(x.y=0) = Vac(x) , XS X SXg (4.2.49)

The Semiconductor-Insulator Interface

Applying Gauss' Law at the plane of the interface,

A A
ny*Dy - nyBy = Q (4.2.50)

At the interface in question the normal unit vector is

in the a direction thus the above reduces to
~ + o -y -
KseoEiy(x.yo) - KleoEly(x.yo) =0 (4.2.51)

where use has been made of the relationship between the
electric displacement and field intensity and the fact

that the AC interface charge density is zero.

~ + _ N + _
Jply(x,yo) =0, Jniy(x.yo) =0, X3 x Sxp (b.2.52)
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Whereas the zeroc recombination velocity assumption makes
the boundary conditions simpler to implement, it is not
necesgsary to adhere to it where the physics necessitates
a nonzero term. For the present application it was not

found necessary to include a nonzero surface recombination

velocity.

The Transverse Boundaries

It is not sufficient to specify boundary data on
the y boundaries alone since one is dealing here with a
get of elliptic partial differential equations. These
equations require the specification of boundary data
on the whole boundary. It is much easier to implement
Dirichlet boundary condition than Neumann or mixed type.
For this reason, the assumption is made that at the
transverse boundaries a one dimensional solution holds.
This solution is obtained from the one dimensional model
of Chapter 3. The approximation made here is similar to
that made for the transverse boundaries in the DC problem.

The effect of this assumption is shown in Appendix D.
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4.3 The Theory of the Method of Complementary Functions

For Elliptic Partial Differential Equations

In this section the method of complementary functions
applied to elliptic partial differential equations is
presented. This method is also referred to as a
"shooting" method since it involves solving the equations
from one boundary to another in a manner analagous to
"shooting”. In the literature, this method may alternately

(60)

be called the "reconditioning" method or the "stabil-

ized march out technique"(u?).

Consider a general second order linear p.d.e
2 -
VPux,y) = £f(%u, u, x, y,) (4.3.1)

which is elliptic. This p.d.e. 1is to be solved in a
region of the Cartesian xy space labeled R; a restriction
for numerical computation shall be placed on the boundary,
namely that it be rectangular. This is not a general
restriction on the method, rather since non-rectangular
regions are not considered elsewhere in this work, it
is expedient to consider only regions of that type.
Figure 4.2a shows the region under study and its associa-
ted boundaries. The boundary data is of the proper
type for an elliptic p.d.e.: Dboundary value on the
closed boundary. Consider as a first example the Dirichlet
boundary data as shown in Fig. 4.2a,

The continuous p.d.e. is now discretized with a

rectangular grid, not necessarily uniform in the x and
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Figure 4.2a. The general two dimensional problem used in

developing the shooting method.
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Figure 4.2b. The region above discretized with a grid

and shooting direction assigned.
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y directions. Some appropriate discretization scheme
is employed for the second order partial derivatives

and for the first order ones, yielding

du* = f(Du*, u*, X5 yj) (4.3.2)
where u* is the discrete analogue of u and & and D are
the symbols representing the discrete analogues of
92 and V. The grid structure is shown in Fig. 4.2D.

The method of solution of the resulting set of

linear algebraic Eq. 4.3.2 consists of solving for the

values of u* for a whole row at a time in terms of the

values in the preceeding rows. 1In other words, solving

Eq. 4.3.2 for {u*(I, J+1), 2s I sN-1} in terms of
{u*(1,9) and u*(1,J-1), 2s T s N-1}. In matrix form,

thls is expressed as
u*(J+1) = Au*(J) + Bu*(J-1) + C (4.3.3)

where B*(') is a vector of all the row components
{u*(I.'), 2s I sN-l}. This method is self-starting

if, when it begins at one boundary, both the boundary

row and one row in from the boundary are known. This
condition is true of hyperbolic and parabolic p.d.e's
where the variable and its gradient are the given boundary
conditions. In this case it is slightly different since
either the value of the unknown or its gradient are

given, but never both, since that would overstate the

boundary conditions. Thus, having the boundary values
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or the gradients, is insufficient to start the algorithm,.
This difficulty is avoided by arbitrarily choosing

starting conditions for the unknown values in the

necesgary row in such a way that as many linearly inde-

pendent starting row solutions are chosen as unknowns

exist. This generates a matrix U, the columns of which
are the u* each linearly independent from the next.

Equation 4.3.3 relates the row solution matrices to each

other as
U(J+1) = A U(J) + B U(J-1) + C (4.3.4)

It is seen that if A, B and C are matrices of rank

(N-2) equal to their order (N-2), and either one or both
of the matrices U(J) and U(J-1) have linearly independent
columns (which means their rank and order are (N-2))

then U(J+1) will have rank equal to its order (N-2).

This will result in U(J+1) having columns linearly
independent.

This generation of matrices of linearly independent
row golutions continues until the opposite boundary is
reached. Here these solutions will not necessarily
satisfy the boundary conditions individually but may
be combined with some weights to match those boundary

conditions

UMY g = w* (M) e (4.3.5)
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There are as many combining constants in the vector p

as there are unknowns arbitrarily chosen at the beginning.
This is not coincidental; if the arbitrary starting values
were Kronecker delta conditions, then the B found from
solving Eq. 4.3.5 are the required unknown values in the
second row. The Kronecker delta starting condition is

easily implemented as
u(2) =1 (4.3.6)

where 1 is the identity matrix and U(2) is the row
matrix one row from the starting boundary. Once the
combining constants have been found, the solution at

any one row may be computed from
u*(J) = u(J) g (4.3.7)

Since U(J) for J=2 is the identity matrix I, then it is
seen that indeed 3*(2), the unknown starting row values
are the weights g.

For boundary data which 1s nonzero at the transverse
and lower boundaries, the solution is divided into two
parts: the homoneneous solution and the response due to
the nonzero boundaries. Figure 4.3 shows this decomposi-
tion. Since the p.d.e. in question, and all subsequent
ones considered in this chapter, are linear, this separa-
tion and final sum of solutions 1s admissible since
superposition is valid. The homogeneous problem is the

gsame as considered previously up to but not including
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Eq. 4.3.7. The zero or homoneneous boundary values are
used on three sides up to the fourth boundary. This
homogeneous solution makes use of the arbitrary starting
vectors and is necessarily a matrix for row values. The
forced response will be a single row solution vector
which has the proper given boundary values on the
boundaries, with the information used where appropriate.
To start this computation the u*(2) row is assumed to
be zero. At the upper boundary, the homogeneous response
must be combined with the weights to be found and added
to the forced responce to yield the given boundary values
u(m) g+ ur(M) = u* (M) (4.3.8)
homogeneous forced given
This equation may be solved for the weights 8. It is
gseen that in both cases (Eqs. 4.3.7 and 4.73.8) enough
equations are provided for the number of unknowns in
B (its length is (N-2)). The solution in the interior
may be found from
u*(J) = U(J) ‘Bt u*(J) (4.3.9)
homogeneous forced

Again if the identity matrix is used as the arbitrary
linearly independent vectors of the homogeneous response
and since a zero vector is used for 5*(2) in the forced
gsolution, the combining constants E'are the missing row
values for row J=2.

To illustrate this method of computation, Laplace's

equation in a rectangle is solved. A five point formula
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is employed for the discretization of the Laplacian.
A simple example is shown in Fig. 4.4, demonstrating the
main algorithmic steps.

The application of a five point formula for the
discretization of the laplacian is not suitable in this
case 8ince the resulting scheme is unstable. This is
due to the excessive buildup of roundoff error incurred
by computing this scheme with a finite arithmetic machine.
It may be observed from this simple example presented
that the matrix multiplying the B vector has main
diagonal elements which are-uhz above the smallest
element. This is a sign of ill-conditioning and will
cause errors in the calculation of 2: In a problem
which has MxN interior nodes, the resulting matrix
multiplying the B vector will have elements which differ
by~hM-N. increasing the difficulty in obtaining an
accurate solution for E. An analysis by the Fourier

method(61) may be made of this scheme to test its

stability. Consider again Laplace's equation

2 2
0 u, Dzu - 0 (4.3.10)
Ox O“y
A five point formula with h and k equal step sizes
in the x and y direction is employed with the positive

y axis as the shooting direction. The result is
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Figure 4.4. Example of the application of the shooting method to Laplace's equation.
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u*t(x,(rmr1)k)=2u*(x,nk)-u*{x,{(n-1)k-Au*{x+h,nk)

-3u*({x-h) ,nk)+2u*(x,nk) (4.3.11)

where x=k2/h2 and the scheme has been expressed for the
value of u* gt the (n+1)th row. A Fourier decomposition

of u*{x,nk}) may be expressed as

ur(x,nk)= T a bledVX (4.3.12)

where v is some discrete frequency, j=/-1, and a is
the appropriate Fourier coefficient. Applying it to
Eq. 4.3.11 and equating terms of the same frequency.

one obtains

a bn+1 Jvx_ 2(1+l)a bn Jvx_g ph- 1 JUX n 3v(x+h)

v oy LYY
-ra ble 3“("”‘) (4.3.13)

la b

n-1 va

Factoring a WPy and employing the appropriate

trigonometric identity yields
[2(1+x)-2xcosvn]b _+1=0 (4.3.14)

Solving for bv using the quadratic formula and taking

the largest value of bv one obtains

[1+ra(1-cosvn)] + A/Tirati-cosvn]] %1 (4.3.15)
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For all values of x70,bga1, which means that the scheme
is unstable.

A stable scheme, in which this roundoff error is
bounded is a predictor-corrector method. This requires
the formulation of the equations as a first order set.

Thus an alternative formulation of the problem, still

involving the same method, is to rewrite Eq. 4.3.1

as two first order p.d.e.'s in y. This may be done by
defining the gradient of the variable in a direction
normal to the starting boundary as well as the variable
as the two dependent variables and introducing it into
Eq. 4.3.1. This results in a coupled set of first order

equations in y

du _
3y -V (4.3.16)
2
23 = rruuxy ) - 850 (4.3.17)
X

Now, given either u or v on the boundary, the other
variable 1s unknown and becomes the arbitrary solution.
Again, as many arbitrary linearly independent starting
vectors are needed as there are grid points in a row.

The solution method 1s exactly the same as that described
earlier with one exception: Egs. 4.3.16 and 4.3.17 need
not be discretized along the lines of Eg. 4.3.2. This
regults in the introduction of more accurate and stable
methods of integration, for example, a predictor-corrector

method with arbitrary order of accuracy. This method
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is employed in the actual solution of the small signal
AC equations derived in Section 4.2 and is developed in

Section 4.4,

Reconditioning Operations

This operation is entirely analogous to the method
used in one dimension {see Section 3.3) and the reasons
for performing reconditioning are similar. The Gram-
Schmidt method is used to maintain linear independence
of the sclution vectors. A test for linear independence
is done via the Gram-Schmidt by performing it on the
required vectors and noting the angle between the
unconditioned and conditioned vectors. (This is analogous
to the method discussed in Section 3.3.) 1If this angle
is close to 90°, then reconditioning is necessary; if
it is equal to 90°, then it is too late to recondition
since an orthogonal sclution direction has been lost.

The Gram-Schmidt, as shown in Chapter 3, 1s essen-
tially a matrix multiplication operation at some point
J=L
U*(L) = U(L) B, (4.3.18)

The combinir.g constants‘g found at the final boundary
are not valid for the entire solution space; it is valid
from that boundary to the last row before reconditioning
was performed. An appropriate set of weights for the

next region between reconditioning is found from the



P matrix and the last g
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Bs = Ei'Ei+1 1<isr (4.3.19)

where r is the number of reconditioning operations
performed.

A8 is seen, the mechanics of this method of
reconditioring may be more complex to express in an
algorithm but in principle are completely analogous
to the derivation, for one spatial dimension, of
Chapter 3. Again, other methods of reconditioning
may be applicable (e.g. Edwards and Hansen(u?)) and

may provide some improvements over the Gram-Schmidt

orthonormalization. This has not been investigated.
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4.4 The Small Signal AC Equations in Two Dimensions-

Numerical Method of Solution and Implementation of the

Algorithm

The method described here to solve the equations
derived in Section 4.2 is modeled after the alternative
derivation of the previous section (see Egs. 4.3.16 and
4.3.17).

The region in which a solution is desired is
rectangular and a rectangular grid shall be superim-
posed on it (see Fig. 4.5). For the present application,
due to the nature of the geometry and materials, it is
found convenient to shoot along the y direction as
shown in Fig. 4.2. At each point in the grid, there are
six variables which are the unknowns: +the small signal
carrier current densities and electric field in the y
direction, jgy. S%y' Eiy; and the small signal carrier
densities and potential.'ﬁl. 31 and’§1. (The x direction
variables have been expressed in terms of these six
and substituted into the six equations relating the
above, and do not explicitly appear. This leads to the
equations derived in Section 4.2: Egs. 4.2.37, 4.2.38,
4.2.39, 4.2.41 and 4.2.42)

Consider an interior row as shown in Fig. 4.5 and
write the solution vector which satisfies the s8ix p.d.e.'s
(appropriately discretized) at these (N-2) points. This
vector is 6x(N-2) long. Consider further that one is

at such a point in the solution that a whole row is
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known; the solution to the row above it may be found
by integrating, through some stable integration routine,
the above mentioned equations. Continuing with the
solution just found, the solution to the next row above
it may be found by the same method until the upper
boundary is reached. This procedure could be used to
span the whole solution space by beginning at one
horizontal boundary and integrating one's way to the
other horizontal boundary.

To visualize the application of a stable integra-
tion method, consider the pertinent equations rewritten

in the following form

27
Dy 5w bt
by - f2(P1‘N1|V1|NO’VO|EO) ( . .2)
2%, . .

_ o,
w7 = T3FEyy 0 0Eyy) (4.4.3)
-—.OT"—' fu(Nl'Ely'Jny'Eoy) (4.4.4)
d Ey NPV
37 - fé(Ely) (Lb.4.6)

For the present application, use was made of a

simple predictor-corrector method although greater
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accuracy may be achieved with a higher order method.
This was used mainly for preliminary results and sufices
for the purpose of this dissertation. If a whole solution
row is known, then the x partial derivatives may be
computed for that row, J, and the right hand side func-
tions of Egs. 4.3.1 through 4.3.7 are calculated. They
are, in turn, used to predict the value of the variables

at the next row

3e = (3,050 .3, p ) v ) Eox (MY (n)+3 (1)

“py Py

(4.4.7)
:@';y: F2£'§1(J) .E'l(J) .EI(J) N (3}, Y (J) .gox(J)] *HY(J)+§ny(J)

(4.4.8)
Br = pfB, (0B, (D) T (D) B (0] ey (0)4F, (D)

(4.4.9)
zi; = fu[ﬁl(J) .Ely(J) .E;ly(d) .Eoy(J)]*HY(JHﬁl(J) (4.4.10)
Ey - ;35[§1(J) .EI(J)]*HY(JHE]_y(J) (4.4.11)
V1 = Ee[E, (0] <, ) (4.4.12)

The discretization schemes for second and first order
partial derivatives in the x direction are centered
difference schemes. The capital 'F'replacing the lower
case 'f'in the continuous p.d.e.'s of Egqs. 4.4.1 through
L.4.6 represent the change from continuous to discrete

functions. Alsog note must be taken that the functions
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are now functions of solution vectors of the variables
in the whole row. This stems from the discretization
scheme of the derivatives in the x direction which
necessitates the inclusion of variable values at the
transverse grid points for the solution at any one
grid point.

The corrector step may now be taken by using the
predicted values (denoted by the star{*)) and averaging
the functions over the two rows to generate a corrected

solution at row (J+1)

3oy (1) = (EpEn SO T ) (4.4.13)

Ty (1) = (F B9 o)+ 5 () (4.4.14)

Bi(ar1) = (PyrEp 2D 4 B () (4.4.15)

N, (5+1) = (F,epp) D) o § () (4.4.16)

E 0+1) = (Farn A+ E () (4.4.17)

¥, (0+1) = (FrEp) o) 4 T () (4.4.18)
th

where the HY(J) is the J ° grid step.

To begin this method at one boundary, knowledge
of all six variables at all grid peints in the boundary
row must be known. From the discussion of the boundary
data available (see Section 4.2), only three (ﬁl.ﬁi and
?1) are known at the lower boundary leaving three unknown

S

(J ’ﬁly)' This is analogous to the one dimensional

T
ny ' “py
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situation and a similar treatment has been applied.
Since there are three unknowns at each node and (N-2)
nodes in the boundary row, there are a total of 3Ix(N-2)=L
unknowns in the row solution vector. Thus 3x(N-2)
linearly independent solution vectors must be carried
to obtain a complete solution. The starting vectors are
given arbitrary values that satisfy the linear independence
condition., The easiest form of generation of such vectors
is to give the value of zero to all variables in a parti-
cular solution vector K and the value of (1+j0) for the
current densities and electric field. Such a starting
matrix for J=2 is shown in Fig, 4.6, it includes only
values for the interior points, the boundary points
at J=1 and N are all set to 2zero for the homogeneous
response. The matrix for row J=1 of the homogeneous
response 1s the null matrix due to the zero boundary
conditions on ?1, 31 and 31 as derived in Section 4.2

la™ ~

J

L™
and the fact that and Jn are set to zero here

ly' “py’
due to the nature of the sclutiocon.

Boundary value information is carried in an extra
column of the solution matrix, K=3x(N-2)+1, and it
starts out as zero for (1s J =N, and I=1,2) but has the
correct values at the transverse boundaries for both I
levels. This transverse boundary value is found from
the total solution given by the one dimensional AC simu-

lation described in Section 3.5 and submitted to the

program as data. This is in keeplng with the treatment
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Figure b4.6.
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of the boundaries as described in Section 4.2,
Integration of the above vectors is performed
from the substrate-metal boundary to the insulator-
gsemiconductor boundary. Since the insulator is assumed
ideal, no carrier or carrier current densities exist
in this media, thus integration of the carrier current
density equations and continuity equations stop at this
interface. The potential, and associated electric field
in the y direction, are carried across the interface by
application of Gauss' Law. In the insulator the
potential satisfies Laplace's equation; integration of
the two first order equations (the alternative formula-
tion, see Section 4.3) carries the solution to the top
boundary. The predictor-corrector integration applied

to Egs. 4.2.43 and 4.2.44 is:

predictor

_Efy = DV, (J) « HY(J) + ﬁiy(J) (4.4,19)
Vi = B, () * HY() + ;) (%,14.20)
corrector

E 000 = 2+ T LB L F o) (4. 4.21)
Y (0+1) = -(Bp, + By (0)e B LT () (4. 4.22)

where Di represents the discrete analogue of the second

derivative with respect to x.
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The boundary conditions are applied at the top
to find the weights, X using the matrix equation shown
in Fig. 4.7. This yields as many combining constants,
B, as there are unknowns, L. The resulting matrix
which multiplies the B vector must be inverted with
as much precision as possible. It is a full matrix
and has complex coefficients. A Gaussian elimination
routine is implemented in complex space to invert this
matrix. A flow chart of the algorithm is shown in Fig. 4.8,
Performing a reconditioning operation and testing
for its need at any one row is done as described in the
previous section. Only one pass 1s necessary in the
calculation of admittance, as is described in Section
4.5, To obtain the total solution, two passes with
accompanying computation of the’g's for each recondition-
ing region must be performed. Since only the admittance
was the parameter of interest in this work, the total

solution algorithm was not implemented,
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Figure 4.8. Computational flowchart of VACZ2D.
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4.5 The Three Terminal Varactor-Small Signal Analysis

in Two Dimensions

The device used to test the algorithm of Section 4.3
. (2)

is the "Three Terminal Varactor The structure

and grid employed is shown in Fig. 2.30 where the necessary
DC parameters were obtained. In this section the small
signal admittance shall be calculated and studied as a
function of DC bias. The small signal AC potential is
superimposed on the DC biases as shown in Fig. 4.9.

The device modeled consists of a uniformly doped
(NA=1.1015ions/cm3) silicon substrate with a 10003

oxide (8i0,), a substrate contact and two top plates
separated by a distance Xq+ The grid used in the analysis
is uniform with 25x%60 grid points in the x and y directions
respectively {(Hx=,1um and Hy=.025um). There are 25x10

frid points in the insulator with uniform .0lum steps

in the y direction and .lum steps in the x direction.

The AC solution is not sought outside this region (as is

in the DC model) since the AC bilas is assumed small and

the gap region is assumed to be at AC ground. This
assumption is reasonable since it is anticipated that

the AC potential drops quite rapidly along the air-insulator
surface, as experienced for the DC case (see Fig. 2.39).
The main interest here 1s the calculation of the small
signal capacitance of one of the top leads as a function

of bias voltages. For this purpose a small signal

capacitance, C(I), is defined at each of the grid nodes
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of the plate in question as shown in Fig. 4.10a. This

lumped value capacitance is calculated from the normal
displacement current density at each plate node as shown
in Fig. 4.10b, (gy is the normal direction to the plate).

Calculation of the displacement current yields

o~

. ~ A
‘gdisp.ay = - jw KICOI-‘:-I (4.5.1)

a
Y
The electric field at the plate {(J=€0) may be expressed

in terms of the AC potential acs

F1Y(I.60) = -(V1(I1.60)-V1(I1.59))/HY(59)  (1sIsNL)
(L.5.2)

Since V1(1.60)=Vac. the applied small signal AC bias,
the definition of capacitance as discussed in Chapter 3
may be re-expressed as

bl

-

K_IQO VaC—VI(I.fE’} 1
Cf:C(I)z W «IM 4 > {1sI=NL)

ac cm
(4.5.3)

The capacitance 1s normalized with respect to the

oxide capacitance. By this it i1s meant that an oxide

capacitance
K€
I1>~o0 f
C (I) = (4.5.4)
° xo(I) cm2

may be defined for each node point and used as a normal-

izing constant. This is useful since the capacitance
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Figure 4.10a. Distribured capacitance circuit showing
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Figure 4.10b. Grid and variables employed in the small
gsignal AC capacitance calculation,
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level for a strip, being considered a one dimensional
device, is easily found from a plot of C(I) versus I.
Furthermore, the effect of capacitance change due to
the DC bias conditions is easily noticed and related to
its cause. Lastly, any fringing effect due to finite
plate dimension is easily observable. All these points
are discussed in greater detail when particular examples
are considered. The capacitance calculated is that of

Eq. 4.5.3 normalized by Eq. 4.5.4 to yield

c. (1) (V. -V1(1,59))
_ _ac _ 1. ac
C(I)= _E;TTT = 10 IM lvéc (4.5.5)

Use has been made of the fact that the oxide thickness
is constant in the example being considered and divided
into ten grid steps in the gy direction. The underlying
assumption is that one may view C(I) as a collection of
individual MOS capacitors in parallel as 1s shown in
Fig. 4.10a.

The capacitance function is calculated for two
different lead separations, 0.2um and 0.6um, in an effort
to demonstrate the effect of lead separation on plate to
plate coupling. The resulting functions are plotted in
Figs. 4.11, 12, and 13 for the narrow gap case and
Figs. 4.14,15 and 16 for the wide gap case as bias
voltage 2 is varied as -1, 0, and +1 volt respectively.

For both devices, the capacitance at accumulation

(Vi= -2v) is little affected by the varying bias on V2,
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There is an exception, the capacitance value of the
right edge of the plate, I=12, is slightly higher in all
but one case (V1=-2, V2=+1) for the short gap device. The
reason for this higher value is fringing. This rightmost
region is not terminated by an accumulated charge sheet
of the gsame length as the plate, but one that, due to the
large bias on V1, extends past the region below the plate.
This increases the equivalent C, for the rightmost capaci-
tor and increases the overall capacitance at this point.
The bias V1=-2 is a very strong one in that it holds
the semiconductor deep in accumulation, the surface
condition under the lead is relatively unaffected by the
nearby lead bias. (See Chapter 2 where the DC conditions
are described.) Only when the two leads are sufficiently
together, e.g. the .2um gap device, and the bias on the
other lead sufficlently strong, V2=+1v., is a change
noticeable. In this case, a decrease in the accumulation
region fringing brings with it a decrease in capacitance.
For V2=0v. the results for both type gaps are nearly
identical if superimposed (Figs. 4.12 and 4.15). This
points to tue fact that eperation for this bias condition
is totally dependent on fringing. This V2 bias condition
allows the introduction of the idea of a sidewall depletion
capacitance due to field effect, which increases the
overall capacitance, as shown in Fig. 4.17a. This condi-
tion may easily be disturbed by applying a negative or a

positive bias, to V2, both reducing the overall capacitance.
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In the second case, depletion under lead 2 destroys
the sidewall depletion and removes that capacitance,
reducing the overall capacitance. This is further
documented by the wlide gap device for V1=+2v, V2=+1v,
In that case the depletion regions do not meet and the
sidewall capacitance is still present.

From the three V2 bias conditions on the wide gap
devices, shown in Figs. 4.14 through 4.16, it is clear
that at this distance (.6um) the effect of V2 on Cy is
minimal. For VZ2=0v and VZ2=+1lv and most of VZ=-1v, the
curves are exactly the same as a function of Vi. Only
when V2=-1v and V1=+2v is the capacitance different.
This is again due to the decrease in the depletion under
lead 1 due to the accumulation under lead 2. Even at
this distance {(.6um) the effect of V2 is noticeable.

15; 3

ions/cm” doped material,

This is because for 1x10
xDMAxE.BSum. thus the depletion region extends widely.

An interesting effect is observed for bias conditions
Vi=0v and V2=-1v, shown in Fig. 4.18a. Here, as in no
other case shown, the capacitance of lead 1 became very
large. This is peculiar to a narrow gap device and is due
to the accumulation region under lead 2 extending to
under lead 1. Since most of the semiconductor under lead
1 is not at flat-band, but partly accumulated, its capa-
citance 1is higher (Caccum)CFB)' Also, the fringing

capacitance increases the edge capacitances, as shown in

Fig. 4.18a.



2044

-
-
a1 4

+*

I T
I

T
Figure 4,18a. The influence of a nearby accumulation

region on the capacitance of a short gap
device.

TITITTX 2
1L L L L 7RI TS
S1
p type

Figure 4.18b. Reduction of the influence of the accumula-
tion region by the increase in gap width.



245

The question of direct coupling between the leads
may be explored by observing the zero blias conditions
in both devices. Under this condition, the energy bands
are flat over the whole device. The capacitance values
as a function of distance, if superimposed with the
rightmost edges matching, are identical. This points
to the facl that direct coupling is minimal since
separating the leads has no noticeable effect on the
capacitance. The slight increase in capacitance at the
gap edge in both cases 1s due, not to lead-to-lead
fringing, but to the slightly larger C0 at that edge.

This increase is due to lead edge to semiconductor

surface fringing for lead 1. Furthermore, since lead

2 is AC grounded, a calculation of the AC current density
at lead 2 metal-insulator boundary shows it to be several
orders of magnitude below that in lead 1.

This may be confirmed by observing that for a wider
gap device, this extension of the accumulation region
does not occur as seen in Fig. 4.18b and no corresponding
large capacitance increase occurs.

The conclusions which may be drawn from this study
are the following:

1. Variation of the admittance of one lead by
varying biases on a nearby lead is a short range
phenomena.

2. For gaps > .6um, the effect is minimal for the

structure studied.
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3. For gaps <.2um, or even overlapping electrodes,
some control of the fringing capacitance is possi-

ble.
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CHAPTER 5

SUMMARY

In the course of the present work several things
are accomplished:

1. Development of the differential equations
describing MIS device operation into the proper set for
DC and small signal AC analysis in one and two spatial
dimensions.

2. Investigation of various methods used to
solve the above equations numerically. Several of
these methods are novel in application to semiconductor
device modeling.

3. The study of several MIS devices with one and
two dimensional character. The admittance of inhomo-
geneously doped MOS capacitors, the three level capacitor

and the three terminal varactor are investigated.
The algorithms developed are described below:

1. One dimensional DC operation of an MOS capacitor
(subroutine VDC1D). Solves the semiconductor nonlinear
Poisson equation with a method similar to Gummel's
algorithm.

2. Two dimensional DC operation of an MOS device
(program vVDc2D). It obtains the potential in an MOS

device equilibrium by solving the semiconductor nonlinear
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Poisson equation. This is performed with a one step
SOR-Newton iterative scheme.

3. One dimensional small signal AC operation of an
MOS capacitor (program VACID). Solves the small signal
AC differential equations with a shooting method.
Employs reconditioning to damp instability of the solu-
tion arising from the recognized ill-conditioning of the
problem, It is employed to calculate the admittance
with a minimum amount of memory compared to classical
methods. The complete solution in the interior of the
device is also available for slightly more memory and
computation time,

4, Two dimensional small signal AC operation of
an MOS device (program VAC2D). This program employs
the method of complimentary functions extended to two
spatial dimensions., It is employed to study the three

terminal wvaractor.

These models were derived as free from limiting

assumptions as possible. The only fundamental assumptions

made were:

1. Use of Boltzman statistics in place of full
Fermi Dirac ones, limiting the range of applied DC
bias to the devices.

2. Employment of Dirichlet boundary conditions
in certain cases as an approximation to the proper
type of boundary condition.

3. Termination of moment taking of the Boltzman
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equation at the first moment by assuming no temperature
gradients. This allows the generation of six describing

equations for a two carrier model.

Recommended Further Work

The application of the algorithms developed to
devices other than the ones studied is envisioned as
an immediate continuation of this work. The use of the
two dimensional small signal AC algorithm in the analysis
of devices in nonequilibrium situations is proposed, Ssuch
as the calculation of the admittance of MOSFET's under
varying bias conditions.

The closer investigation of the frequency dependence
of the MIS admittance and the employment of full Fermi
statistics is desirable.

The automation of the algorithms for a wide range
of device parameters to alleviate the nheed for operator
intervention. Coding of the step-by-step optimized
relaxation parameter for the DC problem, as discussed
in Appendix B, is also projected.

Lastly, the study of the large signal AC and
transient response of devices in more than one spatial

dimension is a problem to be addressed in the future.



250
Appendix A

Model of The

Generation-Recombination Mechanism

This appendix is concerned with the derivation of
a linearized small signal generation-recombination
mechanism to be included in the equations of Chapters
3 and 4.

The generation-recombination (G-R) model given by

(62)

Shockley and Read and Hall ‘®2) snall ve the

starting point of analysis with

2
apdnvthNT(p n-ni)

o, NN exp-(E-Eq)/yq  *+9, P¥N_exp-(Ep-E,)/yp (A.1)

R—_-
where

R = Thermal generation-recombination rate for both

electrons and holes.

cp’dn = Capture cross sections of traps for both holes
and electrons respectively.

Nv'Nc = Effective density of states at the valance and
conduction band edges respectively.

Np = Effective density of the trap states.

By defining the intrinsic carrier concentration,

n., one may factor out of the denominator the terms

i ’
N.exp-(E_-E;) and N _exp-(E_-E;) and replace them by

ny (59) . One also may define two terms which simplify
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Eq. A.1 and have physical significance

_ 1
%5 = E;VZ;ﬁE (A.2)
and

. 1
A (A.3)

N InVinp

These shall be referred to as the "minority" G-R
lifetimes of holes and electrons respectively. Physically
they may be thought of as the average time between an
electron-hole pair recombining at a trapsite and being
subsequently generated by that trap state. The reason
for the name "minority" lifetime 1s that the thermal
G-R mechanism removes a greater percentage of minority
carriers from the conduction process than majority
carriers. This is true since it is assumed that the
G-R term R is the same for both electrons and holes,

i.e. Rp= Rn= R. The G-R term then becomes
- _n 2
prn-nj;

R_‘tp_{n+niexp(ET-Ei)/KT3 + z“{p+niexP(Ei-ETj/Kiq (A.4)

It has been assumed (62)(63)that a single trap state
having an activation energy of ET exists, The closer
the trap energy level is to the intrinsic energy level,
the more efficient is the trap, i.e. R is larger.
Recombination is maximized for the trap lying exactly'
at the intrinsic Fermi energy level, Eqn=E; . Since

the G-R mechanism is strongest for such trap, it is
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agsumed as the worst-case yielding
2
p'n"‘ni

gplmng) + 2 (p+n;) (4.5)

Equation A.5 is then the general G-R term derived for
a single trap state of activation energy equal to the
instrinsic Fermi energy.

Making the small signal approximation for the holes

and electrons concentrations

~g . s .
P = P,* pPyexpwt i n = n+ njexp)wt

yields

o™ . ~ . ~a . 2
po-no+p1noexpJwt+nfp0expJwt+§1n1ex232wt-n1
t:p(n0+ﬁlexp3wt+ni\+ tn(p0+ﬁiexp3wt+ni)

R = (A.6)

Since, by the small signal approximation|3ﬂ¢kpo and
|r“1'1|¢n0. one may linearize Eq. A.6 by making the following
assumptions:

ﬁi-ﬁi-expjzwt = 0

L .
+ +n. = +n,
n, nlexpgwt n, n, +tng

1

s :
po+plexp3wt+ni

W
5=
o
-+
o
jn

and obtain
2, /v .
Py 'No~Nj +(pin0+ﬂip0)exp3wt

(A.7)
tp(no+ni)-+ T, (p +ny)

R =
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In the MOS structures in question, no direct current

ig allowed to flow and thus po-no=niz, further reducing

the G-R term to

_ gi'no NPy
ac tb(no+nij + 2 (ptny)

s

(A.8)

[ ¥

where R in this case is Racexpjwt.
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APPENDIX B

Stability Analysis of the Numerical Method Used

in the Solution of the Nonlinear Poisson Equation

The nunlinear partial differential equations encoun-
tered in Chapter 2 were solved numerically. Due to the
nonlinearity in the Poisson equation (see for example,
Eq. 2.3.1) and the method used to obtain a solution
(SOR-Newton) , there may be cases in which the iteration
diverges rather thah converges. There is no question
that if the method were applied to a corresponding
linear set of equations, the scheme would be found to
be unconditionally stable. When applied to the equations
under study, the stability of the schemes, the regions
where stability may be established and convergence to-
wards a final solution are questions of great importance.
In the following material these questions are adressed,
analyzing the schemes by applying stability criteria
and obtaining a criteria for choosing successful relaxa-
tion parameters and starting vectors.

The main theorem used in the following analysis is
given by Stern(64):

T2 1: Given a continuously differentiable function

Q(X) , if
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2 g(x)
—ax— 5 ¢c«<1 (B.1)
then ¢(x) is a contraction
22 (x) ,
Here 53;~——— denotes the Jacobian matrix, the underlying

denotes a vector or a vector function and the matrix

norm to be used throughout shall be

The following definition of a vector norm shall also

be used
jal = max {x}

The equations of Section 2.2, after discretization
and assuming constant but not necessarily equal step
sizes in the x and y directions, may be written as

Viv1,0 V121,07V ,0 L V1,on1t Y1, 0-17% Y1 g

Frq(0)= DX3S * DY

—CislnhVI'J+C2 =0 (B.2)

in the semiconductor, and

Vie1,0t¥1-1,07%,0 , V1,0e1 V1,017,

Fr o g0)= DX1 DY
(B.3)

in the insulator, and

V. -V v -V
_ 1,37'1-1,J 1+1,7° V1,7 B
Fp ;0= Ky € (=) - Kg € (g )‘stl*o

(B.4)
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at the interface between insulator and semiconductor at

a y=constant curve. Picking a specific example for the
interface equation does not detract from the generalized
system since it will be shown that the stability of the
system is dominated by the nonlinearity of Eq. B.2. It
should be noted that the symbols C1 and 02 denote two
constants which may be obtained by comparing Eq. B.Z2

and those in Chapter 2, and are introduced here to
simplify the analysis notation.

The solution sought is a vector Ee which satisfies
the above set of algebraic equations, given a complete
set of boundary conditions. One is operating, as may
be observed, in an N dimensional vector space (for N
number of interior grid points) with each component of
the solution vector lying in a mutually orthogonal
direction to the rest. To find a solution vector, one
begins at some coordinate location somewhere in the
N dimensioral space at some initial vector Y, and uses
a scheme to approach the solution vector x@ by a series

of iterations. The scheme to be used is

k
Fy (V")
vk+1 _ Vk W 1,J (B.5)
I,J 1,d I.d F (Vk) a
1,7~ I1,d
k . k N
]
where FI'JQE ) denotes the Jacobian of F1,J(£-)‘ This
is dotted with the unit vector ar 5 of the N dimensional

Fr (¥K)
oy g%
space and produces L . The parameter w is
d V1,5 I.J
¥




the local accelerating parameter with a value O<ws2
used to accelerate convergence of the algorithm. The
superscript k and k+1 refer to the old and new iterate
value of the (I,J) component of VI.J'

It should be pointed out that in this scheme all
other components of ¥, except the (I1,J) are considered
constant and iteration toward a solution is performed
along a curve 2 = FI,JQE*'VI,J) on a plane V*=constant

where Ef is the current x,vector wlthout VI J in it,

i.e. ¥* has N-1 components.

Fer this scheme with a general E(V) Householder
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(65)

shows that if one commences the iteration with a starting

vector zo close enough to the solution vector jé. then

the iteration converges. This 1s to say that this

scheme is locally stable in a neighborhood of the solu-

tion vector. Normally one may not know that a Eb picked

at random, or even with a sophisticated physical insight,

will be within this neighborhood. Convergence of the
scheme may be monitored as the iteration progresses;
it is the purpose of this appendix to derive such a
scheme. The strategy for its development is:
1. Apply the iteration scheme of Eq. B.5 to Egs.
B.2, B.3 and B.4 and rewrite into proper form
for stability analysis
2. Apply Theorem 1 to the set above derived.

3. Develop a criteria to be applied to the K th

iterate of V to show it will produce a contrac-
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tion mapping when the scheme is applied to it.

Application of Eq. B.5 to Eqs. B.2 through B.4 yields

in the semiconductor

k+1 _ ok
Vi, g~ V1,0 1,4
X K1 K X k+1 K
Yre1, V11,07V ,0, V1,01 Y1,0-17%1, 0 L ey e
DXS DYS 1 1,57C2
> 5
(- px5 - BY - C1¢08h Vi 4)
(B.6)
and in the insulator
k k+1 k k k+1 k
s Ve, 0t Y1-1,07°V1,0 . ¥Y1,0"V1,0-17%1 .4
virl _y ko DXI + DYT
1,7 °V1,0™%1,4 > 5
('DXI - ﬁ?)
(B.7)
and at the interface
k+1 k
el o Ks€o¥11,0" 1€ oV, (B.8)
1.J kLS €5 Il<"'I‘Eo

(Bxs— * Dxr )
Note should be taken of the fact that this scheme calls
for immediate substitution of the new (k+l) iterate for

the old (k) iterate as it becomes available during the

iteration. This is a feature of successive relaxation
techniques and has been employed here.

As is evident, the above eguations are in the proper
form for application of Theorem 1, thus one may proceed
directly to accomplish part 2. The Jacobian of the above
set is simply obtained by noting that this system of

equations is solved by iterating one equation at a time,
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that is, in the (I,J) equation all other variable values
at (I+1,J),(1-1,J),(I,J+1) and I,J-1) are considered

constant. The Jacoblian in this case has a diagonal form;

. . 0%1 4
the diagonal element being ——— .,
dVr g
In the semiconductor
3;31_@:
oVr g
= . 2 -C,cosh(V ) 2—(—C sinhV ) F (V)
1—wI J bXS DY 1 1I,Jd 1 I1,J I1,J'—
' 2 2 2
(-pxs - DY - C1c0shVy )
(B.9)
in the insulator
0 %1 g
—5—\?&—‘-5 =1 - WI,J (B.10)
and at the interface
D
v = 0 (B.11)
oV g

The last result is expected since a straight forward

computation, not an iteration, is used. The term Fq J(!)
]

used in Eq. B.9 is that defined in Eq. B.2. Also, it

may be seen, that for any value of the iteration in

y,
the oxide will always yield a contraction mapping

(for 0<wI'Js2). In the semiconductor application of
the matrix norm, previously defined, on the Jacobian

in Eq. B.9 yields



260

%1, _
oV
(:g— -4 -C,coshV )2-(-C sinhV #F (v))
ax [1_w. ADXS " BY ~“ 1,J 1 1,7°F1 g
s L.J (32 - =2 -C,coshV, )2
DXS -~ DY 1 1,J

(B.12)
To satisfy the hypothesis to Theorem 1, V in the

above equation must satisfy

2 2 2 X
(‘ﬁi§ -B¥ —ClcoshVI'J) —(-0181nhV1'J*FI.J(E
max|1- <1
1,7] 1+J (-w2% - =2 -C,coshV, )< b
' bDXS - DY 1 1,J
(B.13)

If ¥, satisfies Eq. B.13, then it produces a contraction

mapping. It is this expression which may be used to

test the currentf!? to see i1f it will map into XF+1 as
a contraction. This by itself does not insure that the
k+1

resulting vector, Y , will also produce a contraction

mapping when acted on by Fy J(r!,). Thus from Eq. B.13,
one may only monitor stability of the scheme, step by
step. If and when a given XF does not produce a contrac-

tion mapping then corrective action may be taken such

as to choose a new starting vector‘y‘0 and commence anew

or modify the iteration ( by changing wy, ; for example) to
’
bring about stability and continue the approach to the

gsolution ¥V This latter approach is used to yield a

-y "
criteria on LI which proves useful. Rewriting Eq.

B.13 as
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(-C 31nhVI’J*FI'J(E)

max | 1-wy S+ 1,9 L < 1 (B.14)
! r—
I,J (525 + T+ CycoshVy ;)
and further, as
C,sinhV (V)
ma l 1-wy {1+ = IéJ 1, s{l< 1 (B.15)
] —
1,J (ﬁfg * Ty +ClcoshVI'J)

For the above inequality to be satisfied, it is suffi-

cient that
C,ysinhv. _#*F_ (V)
0 < max {wy J.{F+ +21 21‘J 1.d é} {2 (B.16)
¥ —

1,J (ﬁig t By +ClcoshVI'J)

rewriting
C,8inhV, #F (V)

0 < max ‘1+ - S 1.J 5| ¢ 2 (B.17)

I,J (ﬁig + ﬁ? +C coshVI J) 1,J

At this point one observes that Wy ; can be made
’
as small as necessary to place an upper 1limit on the
middle term in the above expression. Thus for all'L,

an w may be found for Eq. B.17 to be satisfied. This

I,J
fact is further appreciated if one notices that for

small w one is iterating toward the solution slowly

I,d
and for large w , much faster. Thus for any V, , the
I,J 0
wp g can be adjusted at each (I,J) and for each (k)
]
as the iteration progresses, and maintain stability.
If one is far away from a solution, especially in regions

with few stable paths, it is unwise to take large steps

and the above expression will yield the largest Wi g
]
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which is possible to be used and maintain stability.

As one gets closer to a solution, Fq J(E) gets closer to
zero and the allowable Wy g becomes larger.

The name given the scheme for varilous values of w are:

1. O<wsl succesive under-relaxation
2. w=1 Gauss-Seidel
3. 1l<ws2 successive over-relaxation
For FI.J(xo)zo (i.e. Y, =¥, or the solution vector),

w equals 2, the largest value it may attain. This
stability analysis suggests several things:

1. Underrelaxation is a more stable method since
it operates with smaller w's,

2. As a solution is reached, one can accelerate
convergence by going to larger w's and still
satisfy Eq. B.17,

3. An w may be chosen at each (I,J) for each
iteration or a blanket w chosen for that
iteration which satisfies the worst case over
all (I,J).

The main drawback in implementing this analysis is
that it reguires computation time above that used in
finding‘gk+1. On the other hand, this may accelerate
convergence where less iterations are needed, thus realiz-
ing a savings in computation time. This technique has
not been programmed or tried on the problem at hand

but should by used in a fully automatic program to

assure convergence in all cases.
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Appendix C

Analysis of Measured MIS Capacitance-Voltage Curves

This appendix concerns the procedure found useful
in analyzing the capacitance-voltage curve of an MIS
capacitor. This procedure is used extensively for
modeling the small signal AC admittance of the MIS
capacitor as a function of DC bias. The structure is
shown in Fig. C.la, The data will consist of a set
of data points or a recorder plot of gate capacitance

versus applied voltage, V . FPigure C,1b shows a

apl
typical result for p type bulk and describes the nomen-
clature used in the text. Several assumptions are made
which are reasconable and simplify the analysis.

1. It shall be assumed that in strong accumulation
(large negative bias for the curve shown in Fig. C.1b)
the measured capacitance is a constant, Cnax’ and 1is
the insulator capacitance. The oxide capacitance being

that of a parallel plate capacitor having the insulator

thickness and dielectric constant, that is
c._=c-k.c 4 (c.1)
I X

An approximate correction factor may be used if a slope
to the C-V curve exists at the bias point picked for

measuring Cmaxcé?)‘ Otherwise, if the device is
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Figure C.1. Definition of terms in the modeling of the
capacitance of an MIS capacitor.
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homogeneously doped, then the approximation given by
Eq. C.2 is valid.

2. The substrate is homogeneously doped. If this
is not the case, analysis must proceed in a different
manner and the assumption above may not be made.

3. The fringing capacitance due to the finite
dimensions of the gate plate are neglected. This is
reasonable if the dimensions of the plate are much larger
than the insulator thickness, as is usually the case.

The procedure under these assumptions is:

1. From measurements of the area of the device
(obtained from original mask measurements, microscopic
examination, etc.), the measured Cmax and the type of
insulator material, obtain the oxide thickness

K 1€ A

x = —1€0" (c.2)

° Cmax

Compare this result with the insulator color (for oxides
on silicon(68) ) and growth data as a check.

2. Obtain the ratio of C If approximate

min/cmax'
curves are available using this ratio and the insulator
thickness obtained in 1 determine the approximate value of
the semiconductor doping level. (For silicon dioxide on
silicon, these curves are widely available, see Sze(ég)
for example) Using a fixed strong inversion bilas and the
insulator thickness from 1, vary the doping level about

the approximate level found above and iteratively deter-
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mine a more exact figure. If an approximate doping level
is not available, a sweep for inversion conditions may
need to be done for this determination.

3. At this point the theoretical C-V curve may be
generated for biases from accumulation to inversion.
Several things must be kept in mind:

a. the algorithm as is presently stated will not
compute the capacitance accurately for biases
which bring the surface intrinsic energy level
beyond the band gap limits. The surface poten-
tial calculated may be monitored for each
generated point and maintained within
limits (+.55 to -.55 volts for silicon under
the assumptions of the algorithm),

b. several passes may be needed to obtain the curve
for the full bias range (permitted by the limits
an surface potential) unless consultation of
published results is made for surface potential
versus gate biases curves, to determine gate
bias limits (for silicon these may be found in

Goetzberger(sj)).

4, Normally in all measured C-V curves there is a
fair amount of voltage shift, due to the metal semicon-
ductor work function, and other physical causes. This
shift may be measured if one has knowledge of the flat-
band capacitance. It is found by using a bias voltage

of 0 volts and the parameters from above on the algorithm.
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C
This value of —%ﬁ is found on the measured C-V curve,

o
the bias at this point being the flat-band voltage.
5. The amount of positive interface charge residing
in the insvlator may be found from

Q e
_88 . (v ~1>0 (c.3)

[
q FB~ %Ns*) ax,

The metal semiconductor work function Bpso s is found

from published results (for silicon-aluminum, see Wolf(?o)).

Example:

A pattern of 10 mil diameter aluminum dots were
deposited over a dry (02) oxide grown @ 106000. for
60 min., and annealed in N, for 10 min. The oxide color
is tan to trown. The substrate was p type silicon of
resistivity & to 4.6 Qicm as specified by the manufacturer.
The C-V measurements were made with a Boonton 72AD
capacitance meter at 1 MHz. The resulting normalized
C-V curve is plotted in Fig. C.Z2.

The measured Cmax is 19pf., thus the oxide thick-
ness is X, = 9228 which compares favorably with the

growth data and color information.

c .
The ratio of Emiﬁ is .33 . From the curve in Sze(71)
max

the approximate background doping is NB¥2x101510nS/cm?

Sweeping from 1x1015 to 3x1015 in .2}(1015 steps the

len ratio at 2.8x101° is found to be 333 and is
max
selected. The applied voltage 1s +2.0V, which

drives the device into inversion. Indeed, such is the
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e
.
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Figure C.2. Measured and calculated capacitance-voltage curve.
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case s8ince at 2.8x1015 and Vap=+2v. the surface potential
was .4V, which lies more than 2|V;| away from the reference
level (VF=.3). This doping level relates well to the
specified resistivity.

The full ideal C-V curve was then generated for
X,= 9223 and Ng= 2.8x1012 ions/cm3. It is also plotted
on Fig. C.2. For zero applied bias, the flat-band
capacitance (normalized) is found to be CFB/CO='785'
The flat-band voltage is then calculated as VFB=—3.2V.

The metal semiconductor work function difference for this

case is ¢MS.=-.92 which leads to the calculation of the

st/q level.

~ |<-II€0= (-3.2+.92)-3.9'8.86x10'1“

E§§ =z - (Vau-0 )
, -
3 FB™®Ms*’ Tgx_ .0922x10 " *.1.6x10" 19

which yields

Q -
—%5 = 6.98x1011 cm e

Inhomogeneously Doped Devices

Several differences appear in the C-V curve of
inhomogeneously doped devices. These noticeable differ-
ences have been shown theoretically and experimentally
in Chapter 3 and are:

1. A flat-band voltage shift due to the inhomo-

geneity besides the usual causes of shift;
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2. Change in the Cmin/cmax ratio;
3, In some cases, the Cmax is not equal to CO
or may not be measured due to the high voltage
levels the device must by driven to obtain
accumulation.
In these cases, independent knowledge of oxide thickness
and doping profile must be known a priori and used
with the model. This information may be derived from
measurements (such as ellipsometry data for oxide thick-
ness) or fabrication data which has been processed to
field this information.

An alternate solution exists which may be incor-
porated in the process. A homogeneous capacitor may be
planned to be fabricated alongside the homogeneously
doped one. Working up the C-V data from this device
with the procedure described here, yielde oxide thickness,
background doping and flat-band voltage shift due to
¢MS' and Qgg* This information can be used in the

analysis of the inhomogeneous device.

Stepped Oxide Devices

Devices which have more than two capacitance levels
due to insulator steps may be analyzed as follows. The
device data and unknowns are shown in Fig. C.3.

The relationship of all the parameters is

c* =¢C + 002 (C.4)

ol
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(C.5)

C (C.6)

min 27 “min 1
where C01 and C , are the oxide capacitances of the

capacitors under A, and A, and are
1 2

A
1 (c.7)

c, = K € —
SIO2 o X4

ol

-——Az ( )
C ., = K c.8
02 5102€ o X,

and the minimum capacitances are

C (C.9)

Cmin 1~ al(xol'NDOP). ol

Chnin 2= @2(x,Npgp) "Coo (C.10)

Thus introducing the relations of equations C.7 through

C.10 into equations C.4 through C.6, one obtains

Ay Aoy
€' = Ks10,€0 i, " %, (c.11)
Ay Aq
cr = K 510,€ 0 (':'Foz *+ al("ol'NDOP)'Sgl) (C.12)
. Ay Aq
" = Ks10,€ 0 (a5 (x5 Npgp) X, oy (%54 +Npop) x_ol)
(C.1%)

In these three equations the only unknowns are Xo10 X2

and N and may be solved for iteratively. The parameter

DOP
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(72)

a(-) may be found approximately from Sze for example
and more accurately from the one dimensional AC program
derived in Chapter 3.

The amount of shift measured for each step may be
converted in Vpp 0of each capacitor once the oxide thick-

nesses and doping concentrations are known.

Vep1 = V'FB (C.14)
where V' o is measured at a capacitance level of
Cky = C , + C (C.15)

FB ol FB2

and CFB2 calculated for X0 and NDOP with VG=0volts

and the one dimensional algorithm. The second flat-band

voltage 1is

= V" - vl (Ca16)

v FB FB

FB2

where V"FB 18 measured at a capacitance level

©"rB ~ ®rBt * ®1 min (€.17)

and C found as explained above.

with Cppy 1min
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Figure C.3a. Structure of a three level MOS capacitor.
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<

Figure C.3b, Definition of terms 1n the example of a
three level MOS varactor.
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APPENDIX D

Verification of the Lateral Roundary

Approximation in the Two Dimensional Problem

Consider the structure shown in Fig. D.la. The
object of this appendix is to obtain an estimate of the
error in using a linear approximation to the solution at
some lateral boundary, b away from the center of the
device. The structure is an infinite strip in the x
direction of finite width b. The problem is essentially
a solution of Laplace's equation for the potential
given the boundary conditions shown.

A solution is simply obtained by decomposing the
problem into the sum of three subproblems, as shown
in Figa D.1b and D.1c. This is possible due to the
superposition of solutions of a linear problem. The
solution to 1 is a straightforward linear voltage drop

from the top contact to the bottom

vy (xuy) = v () (D.1)

Problems 2 and 3 are essentially the same and shall be
treated by a general solution. Consider their general-

ization shown in Fig. D.2.
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] {
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Yy a : |
{ l
| S ;Y | S
X o
V3=O
Figure D.1a.
V1=Vo+(V1-VO) T TV2=V0+(V2-VO)
V:V1+v2 1
0 2 V3=0 Figure D.1b,

Glo Figure D.1lc. VJL

Figure D.1. Structure and decomposition of the problem.
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-3
Il

VA

V=0 o v(x,y)

<3
li
(o}

Figure D.2. Redefinition of the boundary conditions.
Separate a linear component in v(x,y) as

vix,y) = V_;’x + v'(x,y) (D.2)
where v'(x,y) is a correction factor. This factor is

the one of interest, specially how rapidly it goes to

zero as X increases, Since v(x,y) must satisfy Laplace's
equation, so must v'(x,y) and the problem may be redefined

to solve for v'(x,y), as shown in Fig. D.3

V'=0

?

yr= _yml v'({x,y) v* (00,y)=0

.t
V'= 0
Figure D.3. Further redefinition of the boundary conditions.
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Solving Laplace's equation for v'(x,y) with the

boundary conditions shown, yields

w - _nmx
vi(x,y) = L 55— ¢ 2 sin(2 y) (D.4)
noddznﬂ a
and v(x,y)
00 _nmx
b
vix,y) = v* + ¢ 5%; e ® sin (gﬂ y) (D.5)

&  nodd

Combining all three solutions for the subproblems, one

obtains the total solution to the problem shown in Fig.

D.1b
o0 V.-V _nmnx
2 1 1 a . nm
v, £ + ¢ . e sin (—y) x O
1 a nodd 2 2n a
Vix,y)=
' Y o = V2 i 1 +ngx nt
V' + T . e sin(=— y) x<0
2 a nodd 2 2nm a

(D.6)
The solution above is represented as the sum of a
linear term and a correction factor. The question to
be answered is at what x =b does the approximation of
neglecting the correction factor become meaningful?
Since Bin(gﬂy) s 1, and substituting (x) = b one sees

that this factor is

F =< I — e (D.7)
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The first term in this series is

_ (Vl“vz)

Fi = — T/a (D.8)
b e

which for a (b/a) ratioc of unity is

v, -V
poog 212

L 300
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Appendix E

Algorithm Listing

The following computer code listings are represen-
tative of all the programs written and implemented in

this work.

VDC2D - solves the two dimensional semiconductor
Poisson equation by a one-step SOR-Newton scheme. It
has VDC1D as a subroutine.

VAC1D - solves the small signal AC equatipns in
one dimension by the method of complementary functions.
Computes total solution, admittance and incremental
capacitance. Typical output for admittance and a plot-
ing routine are given.

VAC2D - solves the two dimensional small signal AC
equations by the method of complementary functions.
Requires two dimensional DC solution and one dimensional

AC boundary solutions as input data.
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#—-31*=0x
#1-399°8=05d3
61~39°*1=)
6°e=20[S X
1=~
l=znv
p=32°=(]1)XH Y
$2*'1=1 2% 10
H-310°"=(T)AH I
6$*06=r 1% 20
y=3G20°"={T ) AH 0%
bvti=r 0% 23
LACISH*ZIISN*0SA3INGD BelV3IY
1a*IH*OX*SAD BaeIVIY
(0S)ISSYAN* (DG 'SZINIVYMNSLGZISANI YW (G2 ISANIYN BV
{S¢)135SD BevINy
(IT41ZYINOA* (09 ICTIOAC(09%©2)0A SV AN
(OGS A4t XH NIOWNDD
Ar*xH Belv3d
0002=321S¥68=820*%s 37 NISAS"iud4//
21803 23x3 7/
G=S3NIT Nlvas//
S=3INMIL*%002=NI193n 9IC /7

qZoUA



10

14

15

16

17

18

M=1.45E10

REAL®8 CNE

CNE =1,

Pl=4 ,*DATANICNE)
CO=(KSIC2*EPSO/X0O}*]1,€]2
v2=1.

V12,0259
CC 10 I=1,25
€SSt1i=0.

BC 10 J=1,50
NFAIN(T,J)=-1.E15
vi==1.

=1

CC 16 J=1,50
NPASS{JIsAMAINTT U
CMS=CSSEI)

WRITEL6,104)

CALL VDCIC(VOLID VLI NPASS,UMS)
OC 15 J=1,60

vOotlsJ¥=vCIC(D)

1=25

DL 16 J=1,50
ANPASSTJSI=AMAIN{T, )
CvsS=CsSSt

WRITE{6,104)

CALL VOCICH{VOIC V2 4NPASS,OMS)
CC 17 J=1,460
VO({l,J)=v¥CIC{J)}

CrL=0.

DC 18 1=2,13

CHL=CHL +kX{[=-1)
pC 18 J=1,60
K=J¢12
VOULsJ)=v0Ltl,4)
VOIKQJ’=VCIZSQJ'

CHL=CHL+RrX{113)

182
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36

31

32

33

CC 30 1=1,10

CC 30 J=2.11

TEMP= j—1]

TEMP=TENMP/(1]1-1])

VCUT (T ,4)=(Vv0(25,60)-VO{1,60))*ATAN(TEMP}/PI
VCUT(T,d)=VvCUT(I,J)¢v0(1,60}

CCNT INUE

CC 36 [=12,21

CC 36 Js2,11

TEMP=4-1

TEMP=TEMP/(]I-11)
VCUTI(T1,J)={V0{1,60)-V0{25,60) *ATAN{TEMP)}/PI
VCUTH{T,J)=vCUT(T,J)14vC125,60)
CCNTINUE

BDC 31 J=2411
VOUT(11.J0)=(Vv0(1,60)ev0{25,600))/2.
CCNTINUE

ISTART=NL+1-2

ISTCP=NR-1-2

J=1

IFIISTARTLEQC.ISTOPIGC TC 132

CC 32 1=ISTART, ISTOP

VCUT {1 4J1=0{V0{1+60)=-¥0(25,60))/{NR-NL}II*(NL=-1+2)+V0(25,60)

CCNTINUE
VCUT(11,1)=(V0{1,60)+v0(2%5,60})1/2.
[STOP=NL-2

BC 33 I=1,ISTCP

VOUTI(1,1)=v0(1,60])

CONTINUE

ISTART=NR=2

2ge
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25

20

26

217
100

101
102
103
104
105
106
107
108

DC 34 IsiSTART,21
VOUT(I,11=v0I(25,60)
CCNTINUE
v=vl
WRITE(6,105)
CALL VCC2C(NMBTIN,v0,QSSsVOUT,NRyNL}
cc 20 J=1,50
WRITE(6,101)
DC 25 I=1,25%
MAINESLI)=NI*CEXP(VO{14,J1}/VT)
MAINPS(TI=NI*PEXP({=VO{T,J)/VT)
CCNTINUE
WRITE(6,102)
WRITE(OH, 1030 (T, VOUTI,J ), MAINES{T1) , MAINPS(T),1=1,25)
CCNTINUE
CC 26 J=51,60
WRITEL{O,106) 1), T4W0(1,J)e1=1,425)
CONT INUE
WRITE{6,107)
DEC 27T Jsl,l1
MRITE(6,108){Js I wWOUT{IsJ)ol=1,4211}
CCNTINUE
FCARMAT{IH ,13,2%X,F10.3,2{2X,1PE10.3)}
FCRMAT(1FO,"RESULTS FCR ROW=',14)
FCRMATIIFO oS X g ' T ' o 6X " VO 96X "NEST, EX,y *NPSHY)
FORMAT(2S5(IHD g1 X s T4 s 1XyF10a342{1X3E10.3),/))
FCRMATOLFO,'ENTERING VDCICY)
FCRMAT{1+O,'ENTERING VDC2C")
FCRMAT{IHC ,25('ROW=" 4[4, *CCL="y 14 ,*°V0=*,F10.3,/¢1H )
FORMAT (IR0 *s¢axs CCMPUTING QUTSICE sx%%x!}
FCRMAT(1HC 210 0W="? 3 [4,CCLEY, [4,'VO="yF1043,/41H })
END
SUBRCUTINE VvCCIC{(VOL1C.vAPL,ON,QQS)
REAL®*8 HX,HY
CCMMCN HX[24),4,HY{(59)
REAL*R VCLD(59]'FDISU"F"[50'1V0101§0}

€82



50

20

REAL®8 A(59),8(59),C{58),D159)
REAL®*B BRETA{(SS),CAMMA(S9),ONL50)
RFEAL*8 C1,CC5:SUM
REAL*B C21(50)
REAL*8 kKl?
REAL®H CyNIEPSOKSIC2,KST,VvT
EPS=1.E-14
EPSO=8.86E~14
Al=1.45F1C
C1=3,2C-T*NI
BC 20 Jd=1,50
C2(JY=CN{JV/(2.0N])
CCNTINUE
¥y1=.0259
Sh=1.
IF (ON(1).LT.0.)ISN=~1.
VUIDL{ L =SA2VT*CLOGIDABSICNIL)})/NT)
VO10(60)=VvAPLAVCIC( L}
LC 1 J4=2,50
Sh=1,
TF{ONT DY LT Q. )SN=-1,
VCLD(J)=SA*VT*DLOG{DABSIDNLJ})/NIT)
CCNTINUE
CC 2 J=%1,59
VCLDTJI=vCLT(J-1)1+VAPL/1Q.
CCNTINUE
J4J=0
CONTINUE
KKL2=HY{2)*([FRY{2)eHY(])) /2.
FM{2)=KK12*%C1*#{CSINMIVCLOC(2}/YVTI-C2(2))

h8e



FP{2)=KK12C1*CCOSHIVCLD(2)/V¥YT)Y/VTY
B{2)==~{HY(1)+HYI2})/HY{1)=-FP{ 2)
cit2rsl1.,

DU2)1=FM{2)1=-VOLDI2)*FP(2)=-VOIDI1)®HY( 2)/HY([])

OC 3 J=3,49
KK12=HY(J)®(HY(J=-114nY(D))/2.
FMUDI=KKLI2*CL1*(CSINHIVCLDEJII/VTI=C2LJ})
FPUJI=KKL2%C1*CCOSHIVCLO(JI/VTI/VT
A{J)I=HY (JI/HY(O=-1)
BUJI=—(HY{J=-1)4rYLI})/RY{JI-1)-FP())
C‘J'=1.

D(JI=FM{II=VOLC{JIY*FP(J)

CCNTINUE

AUSDI=11.7/HY{43)
BI50)==031.9/0Y{50)+]11.7/HY(49) )
Ci50)Y=3.9/kY{(50)

D(53)==CCS/EPSO

BC 5 J=51,459

ALJ)=HY{JD)}/FYIO-1)

Al =—(HY{J=1)++Y(JIV/EYI=1)

Ctdl=1.

DtJI)=0.

CCNTINUE
0(59)==VvOLICI601*HY([S9)/HY(98)}
BETAL2)=P(2)

GAMMA2)=C(2)/BETA(2)

CC 6 J=3,59
BETA{JY=PLJI)-{A{JY*CLJ-1)/BETA({J-1])
GAMMAL ))I=(D{J)-LALJ)*GAMMAL 4-1}))/BETA( )
VO1DU(59)=GAVMMA(59)

Su¥=0.

CC 7 J=2v53

L=60-J
VOID(LI=CAMMA{L)-(CEL)*VOIDIL*+]1}/BETAIL))
SUM=SUM+CABSIVOIDILY=-VOLCIL))
veLDILI=vC1O (L)

%82



100

T CCNTINUE
VCLD(59)=v01C{59)
JJi=JJ+l
IF(JJ.EQ.100) GC TO 9
IF(SUM.GT.EPSIGC TC SO

9 CCNTINUE

WRITE(G6,1C0)Jd,SUM
FCRF&T(l“Ol'JJ=‘§‘40’SUM=.'EIO¢3]
RETURN
ENC
SUBRCUTINE VLCC2C(NyVQO,CSVOUT4NR,NL)
REAL®3 HX,hY
COMMCN MHX{24)4+Y(59)
REAL®8 vOI(25,60),C2(25,50},Vv0UT(21,11)
REAL*R (S{25)
REAL*8 N(25,50),NES{25},NPS(29)
REAL*S Cx2,CY2,SUM,CFSI,FSI
REAL*R KZ22,H?22,0Y0UT
REAL*8 VAEW,ClsC3,Ca,wOXsWSI,FP,FM,FCX,FOUT,wOUT
REAL*B L1,L2,L3,P]
REAL*8 (QyN1,EPSOWKSIC2,KST, VT
REAL*8 CANE
ONE =1.
PI=4 ,#DATAN{CNE)
EPSO=B.R6 E-14

EpS=1-E—4
NI =1.45FE10
vi=.0259

Cl=3.2E-7TN]
CYQUT=HX[13)

98¢



14

15

DC 9 J=1150
DC 9 I1=1,25
C2UL,3)==N{T1,J)/12.%N1)
C3=21e/ (1 1eT/HY(49)43,9/HY(50))
LI={0COS(PI/24.)+DCOS(PI/9.))%,5
L2=(CCOSIPI/24.,1+0COS{P1/49.))%,5
L3=(0COSI(PI/1IN.I+DCNS{PI1/20.))%,5
WCX=24/(1.+DSCRT(1.-{LI®%2)}))
RST=2./{144DSCRT[1,~(L2¥%¢2}))
WEUT32.7/{1+CSCRT(1.—(L3IS%2)})
JJ=1
CSUM=0,
Sum=0Q,
DC 14 J=2,49
H22=HY [ JYERY (J=-1)1%(HY(J=-1)+MY(J)}/2.
CC 14 I=2,24
K22=HX (I 1 *kX{I-1)®(HX{I=-1)enX{1}))/2,
CX2=(HX{I-11*VvC (T4l JY+RX(II®SVO(TI-1,0)1}/K22
OX2=0X2=L(HX{I=1)+HX{TI1)®VOL{],4)1/7K22
CY2=(HY{J-1)8VO{ T, J+ ) ¢HY(JIOVO(I,J-1)) /122
BY2=DY2=({rY(J-114HY{J)I®VO{[,J))/H22
FP={C1/VT)*CCCSH(VO([,J)/VT)
Fr=CL*(DSINHIVO{I,J)/vT)eC2(1,4})

Ca==2%(1o/IHX{IISHX{TI=-1D V4] /{HY(JIERYJ=-1)))

OFSI=C4-FF

FSI=CXx2+CY2-FM
VNEW=VO(1,4J)-wWSI*{FSI/CFSI}
SUM=SUM+CABS(VNEW-VO{I,4J))
VOUTsJI=VANEW

CC 15 I=2424

VO(I50)=C3%[11.7¢V0(1449}/HY(49)+3.9%VO{1,51)/HYL50)+0QS5(])/EP!

CCNTINUE

CC 16 J=51,59

H22=HY ([ JI*HY{J=-1 1 ({HY{J=-1)e¢NY(J})} /2.
DC 16 1=2,24

K2Z2sHX (T ) *sHX{I-1)*(HX{I-1)¢NX{I))/2.

482
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21

20

100

CX2=s{HX{I-1)*VO(Tel,J)+HX(TI®VO(]I-1,J))/K22
DX2=CX2=C(HX{(I-1)+HX(T))*VvOLI,4}) /K22
CYZE{HYLJ-1)*VO {1, Jel)+HYLIIRVO(],U-1))/H22
DY23DY2-1{rY{J=-11+HY(U)ISVOLT,J) ) /H22
FCX=0X2+CY2

Ca==2.%( 1./ HXLTI*HX{T=-1) )41/ (HY(J)®*HY{U=-1)))
VNEW=VOU(],J)-WOX®(FOX/(4&)
SUM=SUM+LCABS [ VNEW~-YO(T1,3))
VO{IlsJ)=VAEHW

[START=AL+]

[STCP=NR=1

CC 2t 1=1ISTART,[STQOP
VOI1,60)=v0{1,59)¢KSIC2*DYOUT/HY (59)+V0OUT{I-2,2)
VOLT60)3VvOIT,60)/(1¢KSIC2¢DYQUT/HY(59))
VCUT(1-2,1)=v0(1,60}

CCNTINUE

COo 20 J=Z,10

CC 20 1=2,20

FCUT=VEOUT (!, J)-(VCUT(1+¢1,Jd)eVOUTLI-1,3)) /4,
FCUT=FOUT={VIUT{TsJe1)evOUT(T,d=-1)1/4,
VNEW=VOUTII,J)-wOQUTS{FOLT)

SUM=SUM+CARS (VNEW-VOUT{I,J4})

VCUT{ T, J)=VNEW

CONTINUE

[F{JJGT L 1ICSUM=(TSUM=-SUM) /SUM

TSUmM=SUM

FCRMAT{IHD ' JJ=" 314, *SUM=? E10,3,*'DSUM=",E10.3)
JJ=JJ+1

WRITE(6,1CQ) JJ,SUM,DSUM

IF (JJ.GEL.200)GC TC 2

[F{SUM.GT.EPSIGC TC t

CCNTINUE

RETURN

END

B8
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ISTCF=13-1

__K1=-075E"|

19

X2=.05E-4
K3z, 0LE-4
K4=X0/10,

CC 10 J=1, I3
APASS(J)=1.E15
CCNT INUE

1

AN=131
Cv=.1
VAPL=-I.6
F=1.€6
W=3,14%2 »F
_KSt=11.7
KSIC2=3.9
(=1.6F-19
MN=1.45E10
viz,.02%9
TP=8,E-6
RIS (I
UP=4B0,
UN=1135C.
EPSO=8,.86 E-14
CO=(KSTC2#EPSO/X0)81.E12
AM=11-1
CC 1 I=1, NM
KiTl=K]
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AM=[2-1 .
CC 2 I=l1l,NM
K({I}=K2
MM=[3-1]
£C 3 I=]2:NM
Kili=K13
K({f13)=K4

Cl=(C*A [}/ (KST*EPSO)
C2=1./7(NL*YT)
CP=1,/(C*NTFUPEYT)
ChN=14/ LC®N[BUNSYT )
TPS=C*NI/TP
INS=C*N]/TN

CCC 6 J=1,AN

TANW=C A [ *w
TPH=CAN] W
CPW=CVMPLX{0eyTPK}
CANW=CMELX(O.y TNW)
£55=0.

JITER=J
VAPL=VAPL+LCYV
VC{J)=VAPL
Call vOCIT({VAPL,QSS)
VS(J=vOo(1I3)

EO(L1)=-(vO(2)-VCIL1) /K1)
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POLL)I=NI*CFXP{-VO{1)/VT)

NO(L)=N]*LEXP(VOLL1)/YT)

CC 4 [22,13
EOCI)==-{(VOCTI+1)=-VOULTNI/KET)«IVCLTI-VvCULI=-1))/K({I=-1))/2,
POLT)=NI*CEXP(-VO{1)/VT)

NO([)=NI*CEXP(VOU]I)/VT)

CCATIMUE
EO{I3)=~(VOLTI)-VO(I2=-1)}/K{I3-1)

VAC=1(.01,0.)
CO1=(VO(I4)-VO{[&=~1))eKSO2%EPSC/K4
CG{JI=CG1

WRITE(6,200) VAPL

FCRMAT {1+ ,*COMPUTING FOR VAPL=*,1X,F7.2)
CALL VACILUVAC,V1PASS, ISTOPLJITER)
VRE(1)=VAC

VRE(2)=v1PASS

VIMILI=AIMACIVAC)

TEMP=VIPASS

VIM(2)=AINAGITEMP)
CALL YIC(VRESVIM X0, WeYRE,YIM)
CREUJI=YIV®] . E12/CC
GlLJ)=YRE®Y

CUAL(J)=YRE/Y M
TeEmP=vAPL#,008
CALL VLCLC{TEMP,CSS)
CC2=(VOL14)-VOi14=-1))*KSIO2*EPSC /K4
CCG=(£G2-CG1)
WRITE(E, 101}
CVG=,005%
CCCIJI=(CCGP)oEL2)/(CVGECC)

WRITEIE,1C1)
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6 CCNTINUE
WRITE(6,106)
WRITE(E,101)
WRITE{6,1C0) NPASS({1)4X0,CC
WRITE(6,105) F,v0(1)
WRITE(6,101)
WRITE(6,1C21
WRITE(6,101)
CC 5 J=1eAN
aRITE(6,103IVEIJ)4Cl I, COCEII$CRFEID),VS{J) 4QGTJ) ,QLAL L)
5 CCNTIALE
WP [TE(6,101)
 WRITE{6,1C4)

WRITE(G6,1C1) o "
CALL FLCT(VCsCCCyCRFyGyNN)

LOO FCRMAT(LF '"N=*, 1PE1Ca2,°CM-2¢, /41X, *XC='y1PEL1C.3,* CENTINMETER
20/ 9bXs'CN="4E10.3,*PICOFARACS/S5Q.CM,. )
101 FCRMAT(1F ,85{%'-%))

102 FCRMAT[TX, "V, 10Xy ' Gy 11X, "COC 9 1CXs "CRF' 19X, V5?4 GX,9CG" 41

2 X
* Y,/ SX PVELTS Y, TX, YMFOS ¥y 2Xs 2( 2%, *PICOFARADS*) 45X, ' VCLTSY 2 X
$UCCUL/CM242Y)

103 FCRMAT(1F ,F10.2,3(3X,E1C+3),F1C.3+2X,1PE1C.3,2X,1PELC.3)

104 FCRMAT(1F ,%ALL CAPACITANCES ARE PER SQUARE CENTIMETERS')

105 FCRMAT(1F ,*FREGUENCY=*, IPELC.34*HERTZ 'y /41X, VF=?,E10.3,°VCL]

106 FCRMAT(LF1)

STCP - S .
ENC
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(IN®*2)/7(F)SSvaN=I(T)2)
EN*T=C 02 13
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20 CCNTINUE

" CC 2 J=NP,NM

KK12=KK1%3%?

R¥22=XK2%#2

KK32=KK3¥3%?

KK&2=KK&#92
TEMPL=KK2/KK]
TEMP2=1.+TEMP]

TEMPI= (KK2#(KK14KK2)})/2.
TEMP4=KKI/KK?2
TEMPS=1,+TEMP4

TEMPO= (KK I (KK24KKT) ) /2,

CREAL*8 CCPH

CCP=NPASSI(1)
Sh=1.
IFtr\paSSt l}.LTnO.)SNz-lo

VOl )=SNsyT*{CLCGULABS{COP/NI)Y})
VOIRNG )=V AFL4VO( 1)

LC 1 J=2,M3

Sh=],
[FINPASS{J) LT .04 )ISN==1,

VCLE (JI=SN*VT*ALAQGC{ ARS(NPASS{JYI/NT}
CCNTINLUE
AP=AT4]
A¥=NG-1

J— ———— i —— ———m o — e a= e . T

VCOLC{J)=VvCOLClJ~1)+VAPL/IC.
CCAT IAUE

JJ=0
FMI2)=KK123C1*#(CSINHIVOLL(2)/VT)=C2(2))
FPL23=KK12#C1%CCOSHF{VOLE{ 2)/VT)/VT

E(2)=-2,-FP{2)
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Y W 4 1 WP
Ce2)=fMI2)-VCLCL 2)*FP(21-VvO( 1)
N¥=N1-1
CC 3 J=3,NM
FPM{J)=KK12¢C1*#{LSINRK{VOLCLJIL/ZVTI-C2(J))
FPIJ)=KK12%CY#CCOSHIVOLC(JI/VTD/VTY

- B{Jl=1, U
E{d)=-2.-FP({J)
(=1,
COJI=FMUJI-VCLC(JI*FP{ I}
3 CCONTINLE

FMINLY=TEMPI*CI*(CSINFIVOLCINL)I/VT)I=-C2(N1)}
e, _FPINL)=TEMPI*CLALCOSKHIVOLLINL)/VTIAVI _

A(NL)=TEMP]

BINL)=-TEFPZ2-FP({N]}

CinNl =1,

CINL)=FMINL)-VCLCINL)I*FP(N])

AP=AN1+1

AV=h2-1

CC & J=KP,NM

FMUJ)=KK22%C1#{CSINHIVOLC(D)/VT}=C2(J)}

FPUJ)=KkK22¢(1*CCOSHIVUGLLCEIY/VTI/VT

AtJl=1.

BlIy==-2.-FP({J)

ctd=1.
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COJI=FM{JI-VCLTLJI*FPLJ)

4 CCNTINUE
FM(N2)=TEVMPL*C1I*{CSINF{VOLO(N2I/VTI-C2{N2)}
FPINZ)=TEMPOHC1*LCOSHIVOLCINZ2)/¥T)/VT
A(N2)=TEVMF4
LiN2)}=-TEMPS-FP(NZ)

CiInZ2)=1,
CIN2)=FNMINZ2)-VCLOINZ2)*FPINZ)
AP=N2+1

AM=N3~]

CC 5 J=hNPyNM

C FP{J)=KKI2SCL (LS INFIVOLEC(JI/VT)-C21J))

FPIJ)=KKA2*( L *#CCCSH{VOLCIJ)/AVTI/VT
ﬁ(Jl=l-
BlJ)==-2.-FPLJ)
Ctai=1.
COIY=FM{JY-vyCLT{JI*FP(J)

5 CLNTIANUE
AINI)=11.7/7KK3
PINI)=-{3.G/KK&+]1]1.T/KK 1)
CiINII=3,9/KKA
CINII=~CCS/EPSO
ANP=N3+]
Ab=he=1
CC 10 J=NP,NV
AlJ)=1.
BIJI=-2.
CitJi=1l,
CtJ)=0.

10 CCNTIMNVE

CINF)2-VOING)
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_EBETAL2)=P{2)

GAMMBIZ2)=C12)/PETA(2)
LC & j=3,RM
PETAIJ)=B(J)}-(ALSI$C{J~1)/BETALI-1))
CAMMALJ)=(C(J)-{A(J)I*CAMMA(J-1)})/BETALJ)
VO(NM)=GANMA(NN)

VEMAX=Q,

N2MzNG4-2
LC 7 J=2,N2M

L=N&-J
VOIL}=CAMMALL)-(CIL)I®VO(L+1)/BETA(L))
T=CABS(VO(LI-VGLCIL))
IF(TLCT.VEMAX IVEMAX=T
VCLLC{L)=vOIlL)

CCNTINUE

VCLC (AN =VOINM)

JI=JJs1

[FIJJ.FC.100) CC TD 9
IF{VEMAX,CTLEPS)CC TC 50
CCNTIAUE

RETLRA

ENC
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SUBRCUTINE VACIC(VAC,V1IPASS,ISTOP,JITER) _

CCPMPLEX®R (CPWyCNW

REAL*8 VO,EQ.PN,NO

REAL%4 K, NPASS

REAL®4 K1,K2,K3,K4

RFAL#4 CP,CN,C1,C2

REAL*4 KSI,KSIC2,NT,Q,VT,EPSC
INTEGER#4 [1,12,12,14

REAL®4 TP, TN

CUMMCN CPw,y CNW

CCMMEN VO{500 ), E0(490),PC{49C)NCI4SC)
CCMMEN K(490),NPASS(4SC)
CCMMCA K1,K2,K3,K4

CCPMLN CP,L,CN,CL1,C2

CCMFCN KS T, KSTICZ2yNI Gy VT,EPSC

CCMMCN 11,12¢13,14

COMMLN TP,TN

CCMPLEX*16 VIPASS,P{1243,2),BETA{2C,23),AA(3,43)

REAL*4 K&
INTECER %2 INCIX(20)

CCMPLEX®*8 TEMP

CCMPLEX®LE A(3,3),8(2),0(3)

CCMPLEX*1& ULITEMPLE) JU2TEMP{ E)yUITEMP(E)

CCMFLEX*B VAL

REAL %4 KS1,KSIC2

REAL®4 MINANC

KSI=11.7

KS1(2=3.9

CC 1 I=1,¢&

ULTEMP{I)=(0.,0.)

|
!
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300

128 ({9 )dN3IZN+(20ISH/ISHI%" 0T e (E 1aaI 1l =2{2 ¢ )V

1%l () dNILTN+(Z0ISH/ISHI = D1 e NelE JadI1TIN-)=(T1%C)}V

MNDe( 9 )dn3leN=tE*2)Y
MNJs(5)daAdfieN=(2%2}V
MNDe{9)dm3liN={T*2)V
MdDs{1l)daAILEN={E*T}V
Md)x(11dM312N=(2*11¥
MdJda {1 )dA3LIN=LT*T )Y
INNTINDD
{1EV2EN 4 X4, 278204 * XS * 1 dI1Se* ATYLVAYDS
(D *d*X30ONT* U3 ] *IWILEN*AWILZN*ANILTINY TAVED 119D
(00243 )31TuMeT*33%1) 31!
{SSVAl *dOLIST14I*dnw3lENIdILS TIVD
{SSVdI *d01SI*14%dw3i2N1d3LS T1TvD
{SSVd] *dOLSI*I *dW31TNIg3 1S 11¥D
[=z4311
dJ1S1*1=1 8 23

0={02)X%3INI

1=3r

1=SSvdl
(*0' " T)=(E)dAl LN
(*0**"1)=t9)dA3L2N
t*0**1)=(1)dA3 21N
JANIINDD
(*04*0)=(1)dAILEN

0o¢e



e A13,0)={-USTEMP( ) K 4*]0,*(KSI/KSIOCILITEMP(4)I®CT

10

__éab

CC 10 I=1,3
ClI)=(04+C.)
C{3)=VaC

LC 20 I=1.3
CC 20 J=1,13

AB{1sJ)=81(02d) .
CONT INYE

CALL AINVIA,E4C)
VIPASS={P{1)PULTEMP{G)+B[2}*L2TEMP{4)+B(J)*LITEMP {4} )*(C]

IFIJITER.ECLL) CC TO 21
IFLJITER.ECL8) CGC TC 21

~ . . JELJITER.EQel0) GO TO 21 . —

21

[F{JITER EC.Z24) CD TO 21
IFCJITERLEC.31) GC TU 21
RETURN

CCNTIMNYE

WRITE(&,100)

FCRMAT(1FO, 'THE #xas® MATREX')
CC 2 I=1.7

CTALL SEPLO(AB{Jo1)eA]lpA2)

CALL SEPIGLAA([42)4A34A4)

CALL SEPLO(AALT 3)},AS,AE)
WRITE(6,101)4),42,42,A4,A5,4A¢
FCRVMAT(1F o3{* ('3 1PE1Q.Lls "¢ 2 lPELCLLy*) '3 X0 .
CCNTINUE

WRITE(6,102)

FCRMAT{1HOQ,'THE *BETA® VECTOR®')
CC 3 [=1+3

CAaLL SEPL&(P{TY,B1,R2)
WRITE(6,103)R1,B2

T0€



103

=
o
W

12

106

I10

|

FORMAT(1F 4 '{',1PEL1O.Lly"y*»1PELC.L1,"}")
CCNTINUE

COMPLEX#?16 JP1esPLlaELleVIsNLoINLJTOT,J01S5P
[PASS=2

WRITE(6,+10%5)

FCRMAT{ Ly *CALCULATING ALL BETAS'")
L=INCEX(20)+]

LL=INCEX{20)

CC 12 J=1,43

BETA{L,J)=B(J)

CCNTINLE

IFUINCEX{20).EQC.QIGC TO 25

CC 13 I=1,LL

L=L-1

WRITE(&,106) Ly INCEXIL)
FCRMAT(L1HO s L=, [2,4X, AT STEP=',12)
WRITE(&,110)

FORMAT(1FO,'THE *PETAS VECTOR'',,I1CX,*THE *P=
CC 1Y J=1,43

BET‘{L!JI=IO¢|0.I

CC 14 JJ=141

BETAIL o J)=BETAILJ)+PIL,,JsyJI)IXBETALL*],JJ}
CCNTINUE

CALL SEPIGIEETA{L,J),B1,B2)
CALL SEPLEIP(LeJsl}eT1,T2}

MATRIX')

Zot
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1380 )dNILZNR(Z3OF)IVIIa+TA=TA

L T2e(%)dWIALTNS(T4Dr IV IIF=1A

128(C)1dN3LENS{E*IMIVLI33+13=13

T2#(E)dWILZN(2*IMIVL3A+13=13

TI)%(E)dNILINs{T1*3r)v138-=13

INS(Z)dW3LENE (£ )V I3A+Td=Td

INe( 2 )dWILZNe(2*JM)v13d+1d=14d

IN®(2)dWILT s (T *3r)Iv13d=1d

Mgdeltdr =T4dr

(T)dWILENS{E* DM IvLIdeldr=1dr

(T)dW3LZ2 = (2*D0 IV 13d+1el=14dT

1) dWILINstTIrv13a=14r

(SSVdl ‘dULST *T ¥ dwil1enid431s 31vd

(SSVA] *d01SI*1*dw312N)dIisS 119D

(SSVAI*dDIST 4] *dw3LTNId3LS VD

di1SI*1=t 91 1]

("0 1)1={E)daI1EN

C ("0**1)=(914a3120

(*0**1)=(1)dA3i1n B

INNIINDD 51
(*0* 0)=tT1idAILEN
(*0**0)=(1)dald12N
(*0%*01=(13da3 11N

R oot st
B |
INNTINDD e
INNTLNID €1
(Cota*T°0T3dT 4 4 T°013dT 4 )0 )% * 4T} 1vAYDS a8

914G L L fEL%Z14T1472413(TTIT49)31]aM
(F1%GL*(E*r*1)1d)91d3S 1I¥)

(»1*c1°(2%C%1)d191d3S 119D



107

T CALL SEP16UJPL,T1,T12)

V1=VI+BETA(JC, 31*UITEMP{4)%C1
N1=BETA(JC, 1 )%UITEMP(S)eN]
NE=NI14BETA(JIC, 2)*U2TEMPIS)eN]
NI=NL4BETA(JC, 3)*UITEMP(5)*N]
INI=PETALJC, 1ISULTEMP(6)
JNL=JNL4BETA(JC, 2)XU2TEMP( &)
UN1=JNL14RET AL JC, 3TSUITEMP €)
IN1=JN1eCPW
JCISP={CPW*KSI*#EPSO*EL )/ (Q*NT)
JTCT=(JPL+JNL) +{ CPWOKSI*EPSC*E L)/ (Q*NI )

WRITE(6,107)1
FCRMAT(1F ,*AT STEP="

12)

CALL SEPLETJINL,T2,T4)

CALL SEP16(JCISP,T15,T76)
CALL SEP16{JTCT,Bl,R2)
TT=SCRT{El*s24B2%%2)
TR=ATAN{P2/EB1) B - o
WRITE(SE s 112)IT L4720 T 3gTheTS5,T64B1,82,T77,78
CALL SEP16IP1,T1,72)

CALL SEPIA(N]L,T2,T4)

Call SEPL&E{EL,T5,T4}

CALL SCPléivIRl,P2)
TT=SCRT(Pls#*2+B2%%2)
TE=ATAN(22/P])

0L



112

o KMRITE{G2 12T 1aT2sT32T4sT5,T£€,81.82.77.78

108

FCRMAT(1F +S{*{*¢1PE9.2, "'y ", 1PES.2,"*)")}))
IFUINCEX(20}.EQ.Q) GO TO 1¢
IF{JC.GTLINCEX(20))CU TO 1¢
IFC1aLT L INCEX(JQ)IGC TO 1€

JC=JC+1

_ MRITE{6.108) R

FCRMAT({1F ,*CRTHONDRMAL IZING! )
CALL CRAMZ2IUITEMP,UTEMP,U2TEMP)
JPI=PETA(JIC, 1IPULTEMPL])
JPLI=JPL1+BETA(JQ,2)*URTEMP(])
JPLI=JPL1+CETA(JC, 3)*UITEMP( 1}

oe. aP1=JPLSCPH —

16

PI=BETALJQ, 1)*ULTEMPL 2)*NI]
PL=PL+BETA(JC, 2)*U2TEMP{2}*N|
Pl=PL+BETALJC, 3)*UIBTEMP(2)%N]
El=BETALJQyLIPULTEMPL3)*(]
EL=EL+BETA(JQ.+2)%UZTEMP(2I)*C]

~EJ=EL+BETA{JC,I)2YITEMP(I)*C] _ .

VI=RETA(JC, L)*UITEMP( 4 )s(]
VI=VI+RETALIC, 2)%U2TEMP(4}&(]
VI=VI4BETA{JC,3)*UBTEMPI(4)5C]
Ni=RETA{JQ:s 1 I*VITEMP{S)EN]
N1=N14BETA{JC, 2)*U2TEMP(5)*N]
JNL=PETACJC 1 )*ULTEMP(¢)
JNI=JNL+BETA(JQ, 2)*U2TEMPL(E)
INL=JK]1+BETA(CJUQ, 3)SUITEMPIL E}
JNI=JUN1*(CPW
JCISP=(CPW*KS[*EPSO®EL)/(CHNT)

SYCT={JPL4JNL)+{CPU*KS J*EPSCH*EL)/(Q*NT)

CALL SEPL16(JPL,TI1,T2)

CALL SEPLIO6UINL,T2,T4)

CALL SEPL16(JCISPeT 5,76}

CALL SEPL6{ITUT,B1,B2)
TT=SCRT(EL**2+B2%%2)

Te=ATAN(EZ/PL) _ L
HRITElb'llZlTl;T?uTE.T’uTS. '6|Bl|82'17’ ‘8
CALL SEPL6(PL,T1,T72)

CALL SEPL16INL,T3,T4)

CALL SEPI16IEL,TS5,T6)

CALL SEP16IVI.E1,02)

T7=SCRT(E12824B22%2)

TB=ATAN(E2/E1}
WRITELG,112)T1,T72,7T2,T4,T75,T€,B14B2,T7,78
CCNT INUE

RETURN
ENC
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_SUBRCUTINE STEPLU. T ISTOP4IPASY)
COMPLEX#®16 ULB)¢ELsEZ2s V1, V2eP1sP2sNL1yN2,JPL,JP2,JIN],JN2

CCMPLEX*16 RPLRL
COMPLEX %8B CPW,CNW
REAL*B VO,EQ,PO,NO
REAL*4 K,ANPASS
REBL*G K] KZyKI4K4
REAL®%4 CP,CN,Cl,C2
REAL*4 KSIsKSIOD2:NI:QasVT,EPSO
INTEGER®4 [1,[2,13,14
REAL®*4 TP,TN
COMMLCAN CPW, CNW
e~ _COMMCN YO(S5QQ),E0({4901,PCI49CINCL49C) ) —
COPMEN K490 ) ,NPASS{ 490)
COPMUON KlaKZ2yK33K4
CCMMCN CPyCN,C1,C2
COMPCN KS[4KSTO2+eNIsQe VI, EPSC
COMMCN T11,12,12,14

COMPCN TP.TN o e

RP=CHNIS(NOLTII®U(2)+PO{1)*U(S5})/CPW
RP=zRP/{ITP*(NO([)*NI))+(TN®(PC(I)+NI)))
JPI=U(1)=-KI]1)slU{2)+RP)
PlzU(2)+K{])*(—-CP*CPWeUL L)+ (EC(I)I/VT}*L12)+PO{I)*C1*C2%U{3))
El=u(3)+K({I}*(U(2)-UL5))
T ' IV N Al 0 O O A JVA B B R L
NIzULS) X[ T)#{CN®CNWSLL ) -(ECTLT)/VTI®L(S)-NCLII*CLleL29L {3 ))
JNL=U{H)eK{[)*{U(5)+RP)
RC=CONI*(NO({T+1)*P14PO{ 1+1)*N1)/CPW
RC=RC/{ITPESI(NOILT+1)+eNL) I {TN*{PCL{LI+i)+NI[)))
JPZ=UL)Y-(KLTI¥/2.)%{ (UL 2)+P1)+RP+RC)
P2=Uf2 % (K{1)/2 )% ~CPECPH*{U(1)+JP1)+(EO(T)/VTI*L(2))
P2zP24{K{1)/7 2.2 ((EQLT41)/VT)I*PLI4PCL1)*C1*C2¢L (3})
P2=P2+iK(I)/2.,)%(PO{1+1)%C1%C2*E])
E2=U(3)e{K{1)/2.1%1U(2)V+P1-ULS)-N1)
V2=U(&4)-(K{])/2«)%{ULD}+EL}
NZ2=zUIS)+(K{IV/2.0*{ CNeCNN*{ULEI+INL)I-LECLIY/NTY®LLIS))
N2=N2+(K{[)/2.1#((-EQULI+1)/VTI*NI-NCLL)*C1*C2*L(3))
N2=N2+(K{1)/72.)3%(-NO(l+))eC1l2C2¢E]1)
JN2=2UCE )+ (KLT}/2)% 0 (ULS5)+N]1}+RP+RC)
Uutlri=Jp2
Ui2i=p2
Ui3y=E2
Ule)=vz

Uutsi=n/
Uutsl=Jn2
RETURN
END



__SUPRCLTINE GRAM]L (Y1.Y2,¥3, ITER, INDEX.P,JQ)

CCHMPLEX®16 YL(6)o Y200l YILE) 2116422160423 06),P11243,3)
COMPLEX*B TEMPY,TEMPZ,TEMP1,TEMP 2, TEMP2

CCMPLEX*R TEMPZ1,TEMPZ2,TEMPZ2

INTEGER®*2 INLEX(20)
EPS=2.
CALL PRCL{Y1l,YLl,TEMPZL) _

TI=TENMFI]

T1=SCRT{T])

LC 1 I=1,6
1 Z1(Dy=yl{IV/ 171

CALL PRCE(Y2+21,TEMP])
. LL 2 =16 S
2 I2{11=Y2{{)-TEMPLl2Z1({ 1)
CALL PRCLU(Z2+12+TEMPZ2)
T2=TEVPL?
T2=SCRY (T2}
CC 3 I=1,46
I201)=22(1)/72 o
CALL PRCC(Y3,Z1,TEMPZ)
CALL PRCCLY3,22,TEMPI)
CC 4 I=1.¢
4 I3(1)=YAI{1)-TEMP2*Z1(])-TEMP2I®22(])

CALL PRCCI(ZI3,423,TEMPLI)

T3=TEVPZ3

T3=S5CRT(TI)

CC 5 I=1y0
S I311)y=23(1)/173

CALL ANCLE(YZ,Z29ALPFHA2])

tad

LOE



CALL ANGLE(Y3,73,ALPFAY)
o JFUITERLCT B5)WRITE(6s ICL)ITER, ALPHA2,ALPHA3
[F{ALPHA2.CTLEPS)IGO TO 21
IF(ALPHAZLLT(EPS)GO TO 2C
21 CCNTINUE
WRITE(&,10L)ITER,ALPFHA2,ALPFAY
101 FCRPAT{1H ,13,3X,201X,1PE1Q0.2))
CC & I=1,6
Yl(IY=21(1)
Yairy=z211)
Y3(n=Z23(cl)
¢ CCNTINUE
INCEXLJUQ)=ITER
INCEX(20)=INCEX(20)+]1
PlUCy1e13=14/T1
PlJCs241)={0,.,0.)
P(JC.3.11={O”0.}
P{JCel+2)=-TEMPL/(T1%T2}
PlJUC+2+2)=1,7T72
P{JCy1,2)=10.,00)
PlICe 13 )=(-TEMP2+{TEMPISTEMPI)/T2)/(T1*T3)
PlJCs293)=~TEMPI/(T2%73)
PiUCe3,2)=1./T3
JC=JC+1
20 CCATINUE
___RETURN

ENC
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e _ WRITE(0.%99)1,T70.T2

50

51

LAY FLYETLE FF NS R

SUBRCLTINE AINV(A.B.LL)

COMPLEX®16 AU3,3),B{3)¢CCI3),AAL3,3), TEMP ,CHECK (3)

REAL*8 T1,T2
INTEGER®Z [C{2)
MN=2

CC S0 N=1,NN
IC(N)=N
CCNTINUE

CC 51 I=1,NN
gel)=ccen
Ti=gt1)
12=001}12(0.,-1.CCCO)

CC 51 J=1,AN

Al J)=00143)

CCNTINUE

CC 4795 N=1,AMN

Ni=Ael

C=0.

CC 100 I=NgAN

CC 100 J=Ny AN

Ti=8014J)

T2=3(1,J)%{0.,-1.CDCAO}
[FCCARS(T w82+ 2%%2)-C)1C0,SCySC
C=CABS(T1%%2+722%2}
11=1

JJd=J

CCATINUE

CC 110 I=1,4NN
TE”P‘&[IoN’

01¢



110

A{ToJJ)=TEMP
CCNT INUE
[=1CI{N)
[CINI=1C(JS)
[CyJ)=1

120

200

31C

30
350

CC 120 J=N,NN
TEFMP=2(N,J}
AlNyJI=A(TL],J)
AClIlsJ)=TEMP
CCNTINUE
TEFP=E(N)
BIAY=EB(1])
BIII)=TENP
BINI=B(N)/A{NyN)
[F{A-AN)Z200,500,2C0

CC 45C J=N],NN

Tl=A(N,J)
T2=A(NyJ)%{0.,-1.0CCC)
[FITI.NELOLIC TO 310
[IF{T2.6C.0.)CC TO 35C

CONT INUE
ﬁ[)\vJ’=A‘NiJ’/‘lNc~,

CC 30 I=h1l,NN
Atlv\.})=4([pJ)-a{I’_E}‘A!P_‘LJI‘_
BlOJI=BLJ)-A(JsN)}*BIN)

11€



450

475
500

550
600

1700

13

(CC 12 I=1,NN

CONT INUE

CCNT INUE

ANl=h

N=h-1
IF{NYTOO0,T50,.
CC 600 J=N1,NN
BINI=PINI-A{N, J)*B(J)
GC 1TC 5100

CCNTINUE

CC 950 N=]1,NN

LC 900 [=NyNN

IF{ICTI }=-N)YQO0, 750,9C0
TEMP=E(R)
Bin)=P(])
B{II=TEMP

GC TC 950
CCNTINUE
ICtiIY=ICI{N)
CC 10 I=1,AN_
Ti=g{l)
T2=P(])1*{0.s~1.0CCQ)

WRITE(63999)1,T1,T2

FORMATHELE o' 0=y 1242X e "B= { " IPE12.2s s e1PEL2.24')")
CCATIMNUE

CRECKTII)={0.404)
CC 13 J=1.KN
CHECK{I)=CHECKLI)+AA(I,J)%B{J)
CCNT INUE

T1=CHECK(T)
T2=CHECKI{T)*{0.,-1.CCCO)

998
12

i
rAts

WRITELS,598)1,T1,T2
FUR"QT!_“" VI, 1 2,2%X, 'CHECK= ('.lPElZ.Z,'.',19512._2,'}'I_
CENTINUE

RE_TURK

ENC



SUBRCUT [NF PLCT(V,X
CIMEASICN VI(SO) X }{
CIMENSICN A(S1)
CATA CCI/ Y 0/ ,STAR/ " *® ' PLLS/"+"/,BLANK /S
X3(1)=ABS(X3(1))

X3IMBXzX3L1)

LG 1 J=1,A_

)
5Q0) + X3(5C)

X3(J1=ABS(X3(J))
IF(X3MAXLLTAX3LJ)IXIMAX=XD(J)
CCNT ENUE

CO 2 J=1.51

ALJ)=CCT

LC 3 J=1,e51,s5 |

102

100

ALJ)=STAR
CCNTINUE

WRITE(6,102) X3MAX

FCRMATLLHL, *X3MAX=", 1X, IPELIC.2)
WRITE(6,1CO)(AIK}4K=1,51}
FCRPAY(TX,51A1)

DC S5 J=1.+A
CC & JJ=1,51
A{JJ)=PLANK
M=X1(J)*5C+1
A{M)=STAR
M=X2(J)*50+]

TA(MY=PLUS

TEMP=ABS{X3(J))/XIMAX
M=TEMFPF250+1

A(MY=EX

A(1)=CCT

AL(S1)=CCl
WRITE(E,1C1IVII) g {B{K ) K=1,51)
FORMAT(F7.3,51A1)

CONT INUE

LC 6 J=1,51

A{J)=CCY

CC 7 J=1,51,5

A{J)=STAR

CCNT INUE

WRITE(6,1C0) (A(K)I,K=1,51)
RETURNK

ENC
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