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Introduction

In this thesis we study several problems related to algebraic curves over finite
fields and exponential sums in one and several variables. The following three

topics are discussed:

(A.) In Chapter 1 we make an analysis of the ramification groups of the
composite field of an Artin-Schreier extension and a cyclic extension of degree
p' for i = 1,2. This provides an effective method to calculate the conduc-
tor of the L-functions associated to such an extension. As a consequence
of this calculation we are able to estimate certain mixed exponential sums

constructed by multiplying an additive and a multiplicative character.

(B.) In Chapter 2 we study algebraic curves with singularities and intro-
duce a new definition of L-function associated to an abelian covering of the
projective line. The main result we prove (Theorem 2.5) shows that our defi-
nition is compatible with that of the zeta function defined by Stohr. We have
calculated several examples and one (Example 2) is particularly interesting

because it shows that the L-function may not be a rational function. The
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main application we give of these results is to the definition of exponential
sums over singular curves (Definition 2.8). In Theorem 2.9 we give estimates

for such sums.

(C.) Chapter 3 deals mainly with exponential sums in several variables. We
make a detailed study of the Kloosterman sum in seven variables. For this
sum we determine its L-function (Theorem 3.12). As an application of this
result we obtain a Weyl-type distribution for the signs of the Kloosterman

sum (Theorem 3.17).

We have included an introductory section (Chapter 0) that serves to set
down the notation and basic definitions in the classical theory of exponential

surns.
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Exponential Sums in One
Variable: A Survey

The main purpose of this chapter is to introduce the basic definitions and to
set down the notation which will be used in the rest of the thesis. We briefly
survey some of the results in the classical theory of exponential sums and

their associated zeta and L-functions.

0.1 On Exponential Sums

In this introduction we want to present in an elementary way, the theory of
exponential sums in one variable. This presentation is based on [26], [1]
and [11].

Let F, be a finite field of q elements and let Fy» be a finite extension
of F, of degree n. We consider the field Fo(T') of rational functions in one
transcendental T', with coefficients in F,, geometrically, this is the function
field, over the ground field F,, of the projective line. We consider finite
divisor on the projective line P!, i.e., a divisor of F,(T') is an element of the

free abelian group generated by the set closed points of P!. We say a divisor
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is finite, if it does not contain the point at infinity with a non-zero coefficient.
A non-zero divisor is positive if all the coeficients are greater than or equal
to 0. We have one to one correspondence between finite positive divisors on
P! and ideals of F,[T]. For every positive finite divisor D, we attach the
polynomial Pp(T) = T™ + - -- + a. which generates the corresponding ideal,
i.e., whose zeros are the points in D, with multiplicities respectively equal to
their coefficients in D. An arbitrary finite divisor D can be expressed as a
difference of two positive divisors D = Dy — Dy; under the correspondence

of Dg & Iy and Dy, « [, we can associate D to the rational function

PIo (T)

fo(T) = P

Let D = ¥, m,P, be a finite divisor of P! and let f be a rational function
in Fo(T') such that supp(D) N supp(f) = 0. The value of f at D is defined
by the expression

f(D) = [[f(P)™,

where for a closed point P of degree d, f(P) = Npq +/F.(€) and £ is an element
in F 4 corresponding to P. Equivalently, if P corresponds to the polynomial
T+ +ag=[12,(T - &), then
d
f(P) = .1;11 f(&).
Let x be a multiplicative character of F;. We fix a finite positive divisor

Fo= Y, a,P, and we assume that no a, is a multiple of the order of y.
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Let w : Fo((T))* — C be a multiplicative character of F,((T)), where
F,((T)) is the field of formal power series. We assume that w(aT) = 1 for
every a € F;. Note that F((T)) = F,((7)) and F,((})) is the completion
of Fy(T) at infinity. Note that w can ramify only at infinity. We have that
F,((T)) = {T?} x U where {TZ} is the cyclic group generated by T and U

is the subgroup of invertible power series in %, ie.,

U={f€Fq((-717))|f=ao+%+--— where ag # 0}.

We define U, = {f € U| f =1 mod 7:}. Therefore, we have the follow-
ing filtration:

Ua2U,2--

Un2---21L

The family {Un}n.eN forms a complete system of neighborhood of 1 and
U is a compact group under the induced topology. Now we can talk about
continuous characters. We assume that w : Fo((T))" ~ F; x {TZ}xU; — C
is a continuous character. Therefore, by continuity, we have that w(U,) =1

for some n.

Definition 0.1. Let L/K be a finite Galois eztension with Galois group G
and let K be a local field. Let x be a character of a representation of G. The

conductor of x is defined by :

oS .

Fx)=Y _;"j(x(l) ~ x(G))»

=0
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where g; is the order of the i-th ramification group G; of G and
X(Gx) = ;{TZ:EG. X(S)-

Definition 0.2. The ideal (35) in F,[3] is called the conductor of w if
w(f) =1 for every f € U, and n is the smallest integer with that property.

The integer n is called the exponential conductor of w.

The class field theory gives the equivalence of the two definitions above.

In our case we have ker(w) = F, x {T%} x U,, therefore
F,((T))" /ker(w) = U/U..

We can conclude that the values of w are p*-roots of unity for some positive
integer s. Recall
Gi/Giy1 = UifUiy = P[P,
where P is the maximal ideal of F,((T)).
Let A(a) = w(F — a) for every a € F,. Given a function f € F,((T))" =
Fo(( -11.—)), we expand it in terms of the local uniformizing parameter at infinity
and denoted by f(3). For every finite divisor D whose support is disjoint

from Fy, we define a function
A(D) = w(fo()x(fo( ).

Note that A satisfies A(D + D’) = A(D)A(D').

Let n be the exponential conductor of w. Abusing the notation we set
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F = Fo + nP,. We define two subgroups of group of divisors Div(P!):
Div(F) = {D € Div(P")|supp(D) () F =0}
and
Divo(F) = {D = (f) | f € F(T)", f(%,-) = 1 mod 7,3; . f(P,) = 1 forevery P, € supp(F) }.

Let Clx(P!) = Div(F)/Divg(F). Clx(P?) is a finite group. A defines a
character

A : Cle(P') — C,

since A is trivial on Divg(F). Note that the multiplicities a, in the divisor

Fo do not enter in the definition of Clr(P!).

Definition 0.3. The L-function of the projective line P! /F, corresponding

to the character A : Clx(P') — C is defined by
L(t, A,Pl) = Z A(D)tdey(D) = H(l - A(P)tdeg(P))—l,
D P

where the summation is taken over all finite positive divisors D with supp(D)NF =

0 and the product is taken over all closed points P & supp(F).

In general, the definition of the L-function and the zeta function of a

non-singular curve X are given as follows.

Definition 0.4. Let x be a character of Div(X), then the L-function asso-
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ciated to the character x is defined by the Euler product
L(t, X, x) = [T(1 = x(P)t*=P)1,
P

where the product runs over all closed points P € Div(X) whose support is

disjoint of the conductor of x.

Definition 0.5. The Zeta function of the non-singular curve X[F, is defined

by
Z(t,X) = t%9D),
D

where the sum is taken over all positive divisors D in Div(X).

Some Remarks about L-functions and Zeta functions.

1. The L-function associated to x can be represented by a polynomial of

degree 2g — 2 + F(x) where g is the genus of X and F(x) is the degree of

the conductor of x.

2. Let X be a complete non-singular curve defined over F, with function

e

field K and suppose that F, is the field of constants of K. We denote the

genus of the curve X by g. We have the following results:

A. The degree map induces an exact sequence
0 — Clo(X) — CI(X) 25 Z — 0

where Cl(X) is the group of divisor classes of X and Clg(X) is group of

divisor classes of degree 0 of X.
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B. The zeta function of X can be represented in the form

L(t)
(1-t)(1~qt)’

where L(t) is a polynomial in Z[t] of degree 2g with L(0) = 1 satisfying

Z(t, X) =

L) = L)

C. The residue of Z(t,X) at t = 1 is h(X) = L(1) where h(X) is the number

of divisor classes of X of degree 0.

D. (Riemann Hypothesis) The reciprocal roots a, - - -, a3, of the numer-

ator of
H?ix(l — a;t)
(1-t)(1— qt)

Z(t.X) =

all satisfy |ai| = ¢*/? for 1 <i < 2g.

The proof of the above remarks about L-functions and zeta functions can
be found in [11, chapter 3.

By class field theory, there is an abelian covering X ~—— P! of the pro-
jective line, i.e., there is a finite separable extension K of F,(T) with Galois
group isomorphic to Clz(P!) having the curve X as a model. That gives us

the following equality:

(0.1) Z(t,X) = 2Z(t,P)]]L(t, A, PY),

A
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10

where the product is taken over all non-trivial characters of G(X/P!), one

of which is the original character A. Since the genus of P! is 0, then
deg(Z(t,P")) = deg([] L(t, A, P)) = 3_(F(A:) - 2),
A A

where the F(A;) is the degree of the conductor of A;. Using the property (1)

of remarks about of L-functions and zeta functions we have
deg(L(t,A,Pl)) =20)+FA)-2=FA)-2=d+n-2,

where d is the number of distinct closed points of ;. From (0.1) and the

Riemann hypothesis, we get that

d+n-—2
L(t,A,P") =3 AP = T] (1 -ait),
D

=1

where |a;| = q*/2. Therefore we obtain

d$+n-2
Y AD)=- Y «
deg(D)=1 i=1

where the sum is taken over all divisors D defined over F, of degree 1 and
D ¢ supp(F). But we have one to one correspondence between finite positive
divisors D defined over F of degree 1 and polynomials of degree one Pp(T) =

T — a for some a € F,. We have
1 1 1
fo(F) = Po(5) = (7 — a)

then

Ma) = w(z: - a) = wl( /o).
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11

We also have
fo(Fo) = [1(& — a)** = (-1)™f,(a)

where m = ¥, a,, therefore we obtain
1
2 AD) = 3 w(fo(F)x(fo(Fa))
deg(D)=1 deg(D)

= 3 A@x(~D)" fry(@)

a€F

= —-x(—l)"‘<

d+n—-2

Z ai)7

=1

where the second sum of right side is taken over all closed points correspond-
ing to the polynomials T — a for a € F,, except those, if any is contained in

supp(Fo). We extend the sum to all closed points defined over F, by setting

x(0) = x(oc) = 0.
Theorem 0.6. (Weil’s Estimate) With the above notation, we have

| z;z\(a)x(fro(a))l < (d+n-2)q"2
e€

Proof. Apply the Riemann hypothesis to the above discussion.
Example 1.

Let w : U; — C* be the character defined by :

u)(l + alT + agT2 <+ .- ) = —¢(al),
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where ¢ : F} —— C* is an additive character of F,. Note that the conductor

of w is 2, therefore

| 3= v(a)x(fr.(a)] < dg'/2.

a€F,
Example 2.

If char(F,) # 2, then we can take fx,(T) = T? - b with b € F;. Then we

obtain

[ 3 ¥(a)x(a® —b)| < 2¢'2

a€F

since d = 2.

Claim. If we take x equal to the quadratic character of F;, then
Y. wla)x(a®*~b)= Y ¥(ca+da™"),
a€F, eeF;

where 4cd = b.

Proof. If ¢ = 0 or d = 0, then the above equality is clear. For cd # 0 we

can write

> ¥lea+da™) =} (r)N(r),

a€F; reFq

where N(r) is the number of a € F; with ca + da™! = r. This equation is
equivalent to the quadratic equation ca? ~ra +d = 0. Hence N(r) = 2,1
or 0 depending on whether x(r? — 4dc) = 1,0 or —1. That implies N(r) =

1+ x(r* — 4dc). Then we have
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13

2 Wlea+da™) = 3 $(r)N(r)

a€F; reF,
= Z (1+ x(r? — 4dc))w(r)
rqu
= Y #(r)+ Y w(r)x(r? — 4de)
reF, reF,
= 0+ 3 B(rx(-* - b).
reF,

This completes the proof of the claim.

Lemma 0.7.Let ¢ : Ff — C= be a non-trivial additive character. Let f
be a polynomial in Fy[T] of degree d with f(0) = 0. Then, there ezists at
least one character w : Uy — C* of order p , of conductor (=) for some
n <d+1 such that

w(l+ ) = $(f(a)).

The proof can be found in [11, chapter 4.6] or [26].

Corollary 0.8. Let ¢ : F} — C* be a non-trivial additive character. Let

f be a polynomial in F[T] of degree d with f(0) = 0. Then we have

| 3 ¥(f(a)) < (d—1)¢2

aeF,

Example 3.
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14

Let ¥ be a non-trivial additive characters of F,, n € N and x a multiplicative
character of F; of order d = gcd(n,q — 1). Then, we have
d-1 _
> ¥(ca™ +b) =3(5) Y x’ ()G, ¥),
aqu j=1

where b € F, and ¢ # 0 and G(?, %) is the Gauss sum defined by % and .

Proof. Let T be additive character of F, defined by 7(a) = ¥(ca). Then
- blea” +5) = p(b) ¥ 7(a").
aqu GEFq

We express T(a™) as
r(a") = —— 3" G(X, 1)\ (a")
g-—1 B

for a € Fy, where the sum is over all the multiplicative characters of F;.
Therefore, we obtain

Yo r(@) =1+ —-I-—ZG(X,T) 3 A*(a).

a€F, 9153 acF;
The inner sum in the last expression is equal to ¢ — 1 if A\® is trivial and 0
otherwise. But A" is trivial if and only if the order of A divides d. Since
the order of X is d, the characters A with order dividing d are A = ¥? with

J=0,...,d = 1. Then, we obtain the following:

d— d-
= () =14 £.60¢,7) = 3 60c ).
a€F, j=0 j=1

This completes the proof of the example 3.
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The following are some consequences of example 3.

1. If ¢ is non-trivial additive character of F, and gcd(n,q—1) = 1, then

> %(ea” +b) =0.

Qqu

2. If ¥ is non-trivial additive character of F, and gcd(n,q—1) = n, then the

function a — ¥(ca™ + b) is a character of conductor n + 1.

Proof. By example 3, 3.cp, ¥(ca™ + b) is the sum of n — 1 Gauss sums.
We know that any Gauss sum has absolute value equal to ¢'/2. Hence, from

Welil estimate we get
n—1< cond(p) -2 <n+1-—2then cond(yp) =n+ 1.
From now on, we consider exponential sums of this type :
Salf) = X ¥(TrEp/r,(f(a)),
aqun
where 1(a) = " TFuF (/P ong f(T) € Fy[T]. Let L(t, f) be the function

defined by :
L(t, f) =exp{)_ —(ni)—} for |t| < 7

n=1

Therefore, we have

02) Lit,f) = exp{3 2Dy _ [0 = w(Tr(F(PY))%P),
P

n=1 n
where the product is taken over all finite closed points of P! and if deg(P) =
n, then Tr(f(P)) = TrF a/F, (f(P)).
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Lemma 0.9. Let f(T) be a polynomial in F[T), defined over F, of degree d,
gcd(d,p) =1, then

d—1

Sa(f) =— Z 67, where [6;] = ¢"/2.
n=1
If gcd(d, p) = p, then

4
Sa(f) =—Y_ 07, where [6;| =¢"/? and | <d —1.

n=1

Proof. By Weil’s estimate, we have S,(f) = — !, *, where{ < d—1 and
|6:| = q'/%, provided only that f(T') # h(T)?—h(T) for every polynomial h(T)
defined over F;®. Note that the last condition is satisfied if ged(d,p) = 1.
Let L(t, f) = 3L _, Amt™, we will prove that Ay, # 0, therefore [ = d — 1.

By the equation (0.2), we have

An = ED:II’(Tr(f(D))),

where the summation is taken over all finite positive divisors of degree m. The
positive divisors D = 3, a, P, of degree m are in one to one correspondence

with the polynomials of degree m over F, i.e.,
{D|deg(D) =m and D >0} «— {G(T) € F,[T]| deg(G) = m}.
Therefore, we have the following:

(0.3) An= 3 (T FO)),

G(T) i=1
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where the sum is taken over all monic polynomials G(T) = T™ + y, T™! +
o+ ym = [[21(T — Ai) in Fy[T] of degree m. (0.3) is true since

=1

(G = w5 =)
= etz -%
= ITsuow)
= $(3 )

=1
and A(D) = w(fp(%)). Note that "™, f(\;) € F, since if f(T) = aoT?¢ +
---+aq then T f(A) = @aSa+a4-1S4-1+---+aa+So, where S; = ¥ X
but the S; can be written in terms of the coefficients of G.

We take m = d — 1, then G(T) = T* '+ T4 + - + ya1. [£] denotes
the integer part of % . Using the Newton and Waring formulas for elementary
symmetric functions, we get

d-1
2 f)=a0 X Ya-m(dym + Puly1,---,9m-1)) + Qurs- - ypmy)s
i=1 1<m<d
where ag # 0 and Q is a polynomial in yi,... ' Yig) which is quadratic in Yig)

if d is even.

Remark: Waring formula for elementary symmetric functions.

Let HT)=T'+a,T"'+---+a=[T"L,(T - &) and S, = =1l
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The Waring formula is stated as follows:

mr 4 Fr =1 "
7’1!---7‘1! ylly22"‘yl -

Sm = S (-1

(r1..-..7y)
181 +2r2+-~+lr‘=m
rlér24-dr=r

Then, the sum ao 32, ¢ n <4 Yd=m(@Ym + Pm(y15- - - Ym—-1)) + Q(w1,- - - . ypy) is
linear in Yigperr - Yd-1- If we substitute the expression of f;ll f(A:) in (0.3),

then we get

d-1
Z d)(Tr(Zf(/\x)) = Z ¥(ao Z yd—m(dym"Pm(yls--'eym-l))

G(T)=0 i=1 GM=0  1<met
+Q(y17 T y[%])
= Y ¥ Y Ya-m(dYm — Pm(y1s---1Ym-1))

(1 1ees¥d—1) 1$m<§

+Q(y1:-- -, y[g])-

If d is odd, then [§] = 1;—1. Therefore the above expression becomes

d-1
Y ¢TI ) = X $(Tr(Qyr,...ya1)) x -+

G(T)=0 i=1 (v1,e-e0 yg;_x_)
X Z ¢(Tr(a0y-d-‘2kl(dyi;l + Pm(yla . '1y§-"§i)))) X...

Yot
x Y $(Tr(aoye—2(dy2 + Pa(w1))))

Vd-2

x Y $(Tr(aoys-1(dy + P1))).

Yd—1
The sum over y4-; is zero unless the coefficient of yq-; is zero. As the
coefficient of y4_; is equal to ag(dy; + P;) with constant P;, we see the sum

over yq4-1 is 0 unless y; = -—f}. We take y; = -’; , then the contribution
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of ¥,,_, is equal to q. The term with m = 2 is again zero unless ag(dy; +
Pz(—‘—:l) = 0. We take y, = —d"‘Pg('—:L), then the contribution of 3, , is
equal to g. We continue until m = “%, then the total contribution is

; W(Tr(f(D)) = ¢*/%¢,

where summation is over all divisor D of degree d —1 and (, = €***/?. If d is

even, then
d—1
Yo w(Tr( ) = X YTr(Qy1s---yezr))) X -+

G(T)=0 i=1 ¢, g yg)

x Y ¢(T7'(aoyg+1(dy§_l + Pr(yr,.--.y2_,)))) x
Vg4
x Y ¥(Tr(aoya-2(dy: + Pr(y1))))
x 3 »(Tr(aoya-1(dy: + P)))
= ¢ W(TrQ (ve))),
g

where Q' is a quadratic polynomial in yg- By the example 3, we have that
> ¢ Y(Tr(Q’ (yzg))) is a Gauss sum. Therefore, we get in both cases the total
contribution of the above sum when y;’s range over all values of F, is A4 =

€(f)q'¥=1/2 where €(p) has absolute value 1.

Remark. The above procedure provides a method for the study of the root

number ¢(f) in many cases of interest.

For the second part of the lemma 0.9, note that Tr(a) = Tr(a?). We may

assume that ged(d,p) = 1 since if F(T) = f(T) + h(T)? — h(T) for h(T) €
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F,[T], then Sn(f) = Sa(F). Therefore, if gcd(d, p) = p, then deg(L(t, f)) <
d—1.

Examples 4.
L L(t, 2" + 2,2) = 1 + 2t + 2t + 613 + 84 + 8¢5 + 8t6.

2. L(t,z" +2,3) = (3t% + 1)(9t* + 1).

3.
5-v5. 15— —15+25V/3
Ltz +2.5) = 1+4( 2‘/—)t+(5—2@)tz+—‘:—‘/——)t3+

- 25 — 25\/5
( 25+275‘/5)t“+(1“5 ,)’5‘/5)t5+ 125¢8.

0.2 Artin-Schreier Coverings of Curves

Let X be a complete non-singular curve of genus g, defined over F, and let
K be its function field. Let KF; be the function field of X considered
as a curve over Fi®. Let f € K be a rational function of X satisfying
the condition f # hP — h for every h € KF;®. Let P, be a closed point
of X of degree n . Let T, be the local uniformizing parameter of P, and
let ord, be the exponential valuation of P,. We say f has a pole at P,,
if ord,(f) < 0, otherwise the value of f at P, is defined to be ag, where
f =0Ty, a;i € Fgn. If k, is a finite extension of F, with absolute trace

deg(Keo)—~1

Tryr,(z)=z+2zP +---+ 2P , then we define the character

i, (z) = & /B P,
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We can define a multiplicative character on the group of divisors of X, i.e.,

A : Div(X) — C=, whose support is disjoint from the poles of f by setting
A(P,) = ¢, (F(P,)) = & kB, VPP,

where P, is a closed point of X and k, is the residue field of K at P,. Let

Xn be the set of points of X defined over F, and let

. Tr
Sn(_x-,f) - Z e Fqn/FP(f(r))’
téxn

where the poles of f are excluded from the summation. This exponential sum
is related to an Artin-Schreier covering of X. Let K’ be a normal extension
of K obtained by adjoining to K the roots of the equation z? — z = f. Let

X' be the smooth model corresponding to K’. The covering
T X' — X

is called the Artin-Schreier covering associated with the function f.

Definition 0.10. The L-function associated to the Artin-Schreier covering
7m: X' — X is defined to be

Sn (X e

L(t, f,X) —exp{z }-

n=1

Let (f)oo be the divisor of poles of f on X, and we write

{
(f)oo = Zdipu.-

=1
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Theorem 0.11. With the above notation. we have

d
Sa(X, f) = —20,7‘, where |0;| = q*/?

=1
and d < 29 — 2+ deg((f)oo). Moreover, we haved =29 —2 + [ + deg((f)eo)
if and only if ged(d;,p) =1 fori=1,...1.

Proof. The first part of the theorem is a general result of the Artin L-
function. To prove the second part of the theorem, we need to find the
exponential conductor of the character ¢. Let Q((,) be a cyclotomic exten-
sion obtained by adjoining ¢, = €?™/? to Q. Note that L(t, f,X) € Q[t]. If
d = deg(L(t, f. X)), then the degree of any other conjugate of L(t,f,X) is
d. Note that Gal(Q((,)/Q) is isomorphic to (Z/pZ). If o € Gal(Q((,)/Q).
then o((,) = ¢} for some i € (Z/pZ)~. Using the correspondence o ~— i we
get that

oL(t,A, X) = L(t, A%, X),

where o acts on the coefficient of L(t, A, X). Note that

NQui/Q(L(t, A, X)) = I oLitAX)
e€G(Q($)/Q)
p=1 .
= I L(t. A\ X)
=1
Z(X", 1)
Z(X,t)"

By Riemann hypothesis, if X is a complete non-singular curve of genus g,

then the degree of Z(X,t) is 2g — 2. If ¢’ and g denote the genus of X’ and
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X, respectively, we get from the above equation
(0.4) (p—1)d=2g9"-2—- (29 —2).

In order to estimate g’, we need to use the Hurwitz formula for the covering
m: X' — X. Let P, be a point of X and suppose that =(P,) = P,. We
denote the completion of K and K’ at P, and P, as K, and K’,, respectively.
Since deg(K'/K) = p then G(K.,/K.,) ~ Z/p or 0. The covering 7 can
ramify only at the poles P, of f, and if gcd(d;, p) = 1 there is ramification and
the ramification index is p (see [11, chapter 4.6]). Hence, in order to apply the
Hurwitz formula we need to consider the ramification groups at various points
P,,. We denote the decomposition group of G at P, as D(P,)(= G(K',/K,)).
Using the Hurwitz formula we get
29 =2 = p(29 =2 + £ 3(IGAR)] - ).

where the summation is taken over all the closed points P, € X’ lying above
the poles of f and G;(P,) is the i-th ramification group of G at P,,.

Suppose that the covering = : X’ — X is ramified at the pole P, of f
with ordp, = —s; let P, be a closed point lying above P,, therefore G; = G or
0. Recall that —s = d; for some i € {1,2,...,(}. By definition G;(P,) = G if
and only if ordp, (¢(Tp,) —~ Tp,) 2 i + 1, where Tp, is the local uniformizing
parameter of K. Hence, if P,, is a closed point lying above P, , then

l
29' —2< (29 -2)+ Y _(ordp, (¢(Tr,) - Tr,.))(p = 1)

=1
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and equality holds if and only if ged(d;,p) = 1 forevery i = 1...L. In
order to prove the theorem 0.11, we need to prove if ¢ € G and ¢ # id,
then ordp, (0(Tw;) — Tw;) < di + 1 with the equality if ged(p,d;) = 1. If
ordp, (0(Tw;) — Tw,) <di+1forie€ {1...1} then

l
29’ -2 < p(2g-2)+) (di+1)(p—1)

=1

{
d < (29-2)+1+Y d;

i=1

with equality above if ged(p,d;) =1 for every i. We have applied (0.4).
Now we are going to prove ordp, (0(Ty,) = Tw;) <di+1fori=1,...,1
and ¢ # id. The question here is local, note that the extension K/ /K, is
defined by the Artin-Schreir z? — z = a where a € K,. We are going take
advantage of the useful fact that in a neighborhood of a simple point, the
curve looks like the projective line. We can think of the point P, as a point at
infinity, we can introduce a local uniformizing parameter 7 for the valuation
ordp,; so that the local field K, is isomorphic to the field F(z) of formal
Laurent series in % with coefficients in the field of constant of K. Also, if
gcd(d,p) = 1 we may choose T such that a = T?. If ged(d, p) = p, we can
take a = P(T), where P(T) is polynomial in T of degree d. In this setting,
we think of X as the projective line P? over the field of constant of K and
the function f is a polynomial in T of degree d. The covering 7’ : X" — P!
is defined by 2P — 2z = T? if gcd(p,d) = 1 and 2¢ — z = P(T) if ged(p,d) > 1.
Let P, € X" be a point lying above P,. In this case g = 0, { = 1 and
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P, = Py, then using the Hurwitz formula we get

4

(P—1)s'=2g
and
29:1 -9 = —2]7 + o’rdp'z (U(Tp‘;) - TP.:,)(P - l)v

where ¢g” is the genus of the curve 2? — z = T if ged(p,d) =1 and z¢ — z =

P(T) if gcd(p,d) > 1. By the local character of the construction we have
ordp,(0(Tw) — Tw) = ordp: (o(T,) — T,).

By lemma 0.9, we have s’ = s—1if ged(p,d) = 1 and s’ < s—1 if ged(d, p) = p.

Therefore, if ged(s,p) = 1, then
(p—1)(s~1) ==2(p— 1)+ ordp, (o(Tp;) — Te: )(p — 1).

Recall that ordp, (f) = ~s. If we divide by p — 1 in the above equality, we

get
s+1= OTdP‘L(ﬂ(TP&) - TP&)'

This proves that ordp, (o(Tp,,) ~ Tr,,) = d; + 1 if and only if ged(d;, p) = 1.

This completes the proof.
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Chapter 1

Composites and Mixed
Exponential Sums

In this chapter we compute all the possible filtrations for the ramification
groups of the composite field of an Artin-Schreier and a cyclic extension of
degree p' for ¢ = 1,2. This calculation gives an easy method to compute the
conductor associated to a character of the Galois group of such field exten-
sion. In addition, we calculate the conductor of a character that consists of
the product of an additive and a multiplicative character. This computation
improves the bound for exponential sums given by G.I. Perel’muter on [17,

theorem 1].

1.1 Summary of Results for Ramification Groups

In this section we present all the facts that we need in the following sections.
We follow the notation of [20]. The proof of all the theorems that we quote

in this section can be found in [20, chapter 5,6].

26
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Let k be a local field and k be its residue field. Let ordj be the discrete
valuation of k. Let K be a finite Galois extension of k and K be its residue
field. Let ordk be the discrete valuation of K and let Pk be the maximal
ideal of K. Let T be a generator of Px. We assume that the extension of
residue field K/k is a separable extension. Let G be the Galois group of the

extension K/k.

Definition 1.1. The i-th ramification group G; of G is defined to be

Gi={c€G|o(T) =T mod Pfé’l }.

It is clear that the G; form a decreasing sequence of normal subgroups of
G and there is an i such that G;, = 1. We define the function ig on G by

the following formula:
ig(0) = ordg (o(T) - T).

Note that ig(o) is an integer, if 0 # 1 and ig(0) = oo if o = 1. Let H be a

normal subgroup of G and let K’ be the subfield of K fixed by H.
Proposition 1.2. For every 8 € G/H,

ig/u(B) = 'cj‘('l‘('lTk—)' Y ic(o),

orf3

where e(K/k) is the ramification indez of Pk in the ezxtension K/k and
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o — 3 means that the sum runs over all the elements o of G in the coset B.

The proof of proposition 1.2 can be found in [20, chapter 4.1].

Corollary 1.3. If H = G; for some integer j > 0, then (G/H); = G:/H for
1<j,and (G/H); =1 fori > j.

Proof. The G;/H for i < j, form a decreasing sequence of subgroups in
G/H, i.e.,Go/H 2 G1/H 2 ---Gj~1/H 5 0. If 8 € G/H and 8 # 1, then
there is a unique ¢ < jsuch that 8 € G;/H and 8¢ Gip1/H. If 0 € Gisin 8,
then o € G; — Gi41, hence ig(c) = i+ 1. Since H C Gy by hypothesis, K/K’
is a totally ramified extension and [H| = ¢(K/K'). From the proposition
1.2, we get ig/n(B) = i + 1, therefore the two filtrations coincide for 7 < j.

For : > j, the corollary is clear.

We have
o €G: & o(T)=T mod P! @”—(f—)slmodpﬁ.

We now define a filtration for the group Uk, i.e,

Uk ={z € K|ordk(z) =0},

Uk Uk
Uk = 1+ Pk fori>1.

We have two group isomorphisms

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1. Ug/Uk ~K', where K is the multiplicative group of K.

2. For i > 1, Ui /U ~ Pi /P! ~ K, where the first isomomorphism

is canonical while the second one is not.

Theorem 1.4. If the characteristic of K is p > 0, then the quotients
Gi/Gis1, © 2 1, are abelian groups, and are direct products of cyclic groups

of order p. The group G, is a p-group.

Proof. For i > 1, Uj /U is isomorphic to the additive group K and any
subgroup of K is a p-group. But G:/Gi41 is isomorphic to a subgroup of
Ui /UE'. This proves the first part of the theorem. The second part of the

theorem is a consequence of the fact that the cardinality of G; is equal to

[li>11Gi/Gial-

Definition 1.5. If G; # Gi41, we say that i is a jump in the filtration of the

ramification groups of G.

Theorem 1.6. The integers i > 1 such that G; # Giy1 are all congruent to

one another mod p.
The proof of theorem 1.6 can be found in [20].

The theorems that we are going to use the most in the following sections

are Herbrand’s and Hasse-Arf’s theorems. The Herbrand’s theorem gives the
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relation between the ramification groups of G and the ramification groups
of G/H. The Hasse-Arf’s theorem states where the jumps can happen in
the filtration of the ramification groups for an abelian extension. Before
we can present these two theorems we need to define the function ¢. Let
u € [~1,00), then G, denotes the ramification group G;, where i is the

smallest integer > u.
Theorem 1.7. For a real number u > —1 we put,

v dt
SﬂK/k(u):/o o Gl

When -1 < f < 0, our convention is that [Gp : G,] is equal to [G_; :
Go]™! for t = —1 and is equal to 1 = [Gq : Go]™* for —1 < ¢t < 0. It is clear

that if u € [m,m + 1], where m is a positive integer, then
1
ek /k(e) = 5(91 + -+ gm + (v ~™m)gm41), where g; = |Gil.

Note that ¢ is an increasing function. Now we can define the upper number-

ing of the ramification groups. We put
G*KK™ = G,

We can now state the Herbrand’s theorem.

Theorem 1.8. (Herbrand) If v = ok /k/(u), then

G.H = (G/H),.
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Proof. In the proof of Herbrand’s theorem, we need two properties of ¢.
The first is the transitivity, i.e., K/k = PK7/k © ?K/K'- The second property
of ¢ is the following: Let 8 € G/H, let j(3) be the upper bound of the
integer ig(o) as o runs over the coset 8. Then ig/n(B) = ex/k/(J(8) — 1).

Now we are ready to prove Herbrand ’s theorem, then
y p

BeGH/H &= j(B)-12u <= ox/K(i(8) —1) = pk/K(u)

< ig/a(B) 12 pk/k/(u) <= B8 € (G/H)..

This completes the proof of theorem 1.8.

If K/k is an infinite Galois extension, then one can define
G’ :=limG(K'/k)",

where K’ runs over all the finite Galois subextensions of K. The G¥ form
a filtration of G. This filtration is left continuous: G¥ = N, ., G¥. We say
that v is a jump in the filtration of the ramification groups of G if G¥ # Gv*¢

for every € > 0.

Now we state Hasse-Arf’s theorem.

Theorem 1.9. (Hasse-Arf) If G is an abelian group, and if v is a jump
in the filtration G¥, then v is an integer, equivalently, if G; # G4, then

YK/k(2) is an integer.
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The proof of theorem 1.9 can be found in [20, chapter 5.7].

We recall the definition of a linear representation of a group G and give
some equivalent definitions of the exponential conductor of a representation
of G. We gave the definition of the exponential conductor F(x) in the chapter
0.1.

Definition 1.10. By a representation p of the group G we shall mean a
homomorphism of G into the group Aut(V) of automorphism of a finite di-

mensional vector space V over C.
Ifoc € G, then we set x,(c) = Tr(p(c)). The function x, is class function.
Example 1

The Artin character of G is defined to be

_ | —f(K/k).igkx(o) ifo#l
“olo) = { f(K/k) Za:lﬂ;G(a) otherwise,

where f(K/k) = [K : k]. It can be proved that F(x) = Yoec ac(o)x(a™l),

where x is an irreducible character of G.

Theorem 1.11. If x is the character of a representation of G in V, then
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the ezponential conductor is
FO) = X Sdim(V/VE),
where V is the subspace of V fized by G; and g; = |G:].

Proof. This is another way to write the definition 0.1 since x(1) = dim(V)
and x(G;) = dim(V).
We now prove another equivalent definition of the exponential conductor

of x when x is a character of degree 1.

Theorem 1.12. Let x be a character of degree 1 on G. Let cx be the largest
integer for which the restriction of x to the ramification group G., is not the

trivial character(if x = 1. take ¢, = —1). Then
F(x) = ok/klex) + 1.

Proof. If ¢, > ¢, then x(G;) = 0 and if ¢, < i, then x(G;) = 1. Now we

substitute this value in the definition of conductor

Fx) = T Ex1) -x(G))

= prnlc) +1.

This proves the theorem.
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So far, we have been working with local fields. We now begin to consider
arbitrary field extensions. Now we define the exponential conductor for an
arbitrary finite Galois extension K/k. Let K/k be a finite Galois extension,
with Galois group G. Let P be a non-zero prime ideal of K lying over a
prime ideal p in k. Let Kp and kp be the completions of K and k at P and
P, respectively. We assume that Kp/kp is a separable extension. Note that
the Galois group of the field extension Kp/kp is the decomposition group
D(P). Now we can apply the above definitions and theorems to the field
extension Kp/kp and the group D(P). Let x be a character of G(K/k),

then we define

F(x.p) = F(x|D(P)).

F(x,p) is called the local exponential conductor of x at p. Note that if p is

unramified, then f(x,p) = 0.

Definition 1.13. Let x be a character of G, then the global conductor of x
is defined to be
Flx) = pr(x,P),
P

In the following sections we compute the global conductor for some par-

ticular field extensions.
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1.2 Ramification Groups of the Composite
Field of two Artin-Schreier Extensions

Let k be a local function field of characteristic p. Let b;,b, be elements of

k such that f? — f # b, and g? — g # b, for every g,f € F, where F is
the composite field of k and the algebraic closure of the field of constant of
k. Let k(z) be the Artin-Schreier extension of k defined by the equation

2P — z = b;, where b; € k and let k(y) be the Artin-Schreier extension of k

defined by the equation y? — y = b,, where b, € k.
Remarks about Artin-Schreier extension.

If k is the function field of a curve with exact field of constants F, where
q = p/. If K/k is a normal extension of k of degree p, then K can be
generated by the adjuction of a single element. This element satisfies a
polynomial equation of the form t» — ¢t — b = 0, where b € k. Suppose that
K = k(a), where a is a root of t» —t — b = 0, then the only closed points
of k that can ramify in K are the poles of b. In fact, a closed point p of k
ramifies in K if and only if p is pole of b and gecd(ordp(b),p) = 1.

Suppose that K = k(a) = k(y) with generators a,v which satisfy

o ~a=a, P-1=b

then ¥ = r(a+n) with r € (Z/p)* and n € k.

We assume that k(y) and k(z) ramify at the same prime. Let K be the
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composite field of k(z) and k(y). We assume that deg(K/k) = p?, therefore
the extension K/k is totally ramified. We assume that the fields of constants
of k, k(y), k(z) and K are the same.

Let H = G(k(y)/k) and H' = G(k(z)/k). Note that H' ~ H ~ Z/p.
Since k(z) and k(y) are linearly disjoint, then G(K/k) ~ Z/p x Z/p. Let G
be equal to G(K/k). Recall that the subgroups of Z/p x Z/p are:

—

- Z[pxZ[p

[SV)

.Z/px0

(2]

.0xZ/p

=

Ney=<(z,y)> z#0andy#0

5. (0,0)
We can identify G(K/k(z)) ~ Z/px0 and G(K/k(y)) ~ 0xZ/p. We assume
that the filtration of the ramification groups of G(k(y)/k) are as follows:

G(k(y)/k)o = --- = G(k(y)/k): D 0.

We assume that the filtration of the ramification groups of G(k(z)/k) are

also given as follows:
G(k(z)/k)o =--- = G(k(z)/k); D 0.

Note that because the degree of both extensions are p, there is only one jump

in the filtration. We now prove a lemma that is used later.
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Lemma 1.14. G(K/k(y)) and G(k(z)/k) have the same filtration.

Proof. Note that K = k(y)(z), and t? — ¢ — b, is irreducible over k(y) by

hypothesis. We have
G(K/k(y)) ={o(z) =z +ili€ Z/p}

and
G(k(z)/k) = {o(z) =z +1i|i € Z/p}.
Let Ty, Tiy). Ti(-) and Tk be the local uniformizing parameters of the fields
k, k(y), k(z) and K, respectively. Let px, Py, B(:) and Pk be the corre-
sponding maximal ideals generated by Ty, Ti(y)» Tk(-) and Tk, respectively.
If b € k, then ordpkm(b) = pordp, (b). Since the last nontrivial ramifi-
cation group of k(z)/k is G;, then ordp, (b2) = —(j + 1), therefore we can

write this

b= Y a.Tg where a, €F,.

n=—j~-1

Since t? —t—b, is irreducible over k(y), we have K = k(y)(z) and K/k(y)
is an Artin-Schreier extension. Recall that Tx = u Tlf(y), where u is a unit.

Then, we have

oo

by = Z a;Tz'y) over k(y).

n=-—j~1

and hence
ordpy, (bs) = pordp(bs) = ~(j +1)p.
We can replace b; by an element with a simpler expansion. First, we modify

b2 by subtracting those terms in the Tpkm-expansion corresponding to the
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negative multiples of p, i.e., if the term af,Tl&z; appears in the T (,)- expansion
of by, we can subtract it without affecting the structure of K. Note that
2P — z = b} with b} = by — (a7 | T /7" )P + a2 TiS! also generates K. If
we iterate this procedure for a finite number of times, we can replace b, by
another element whose T ,)-expansion does not contain terms with negative
multiples of p:
J+1
p=b+w+ Y a Ty,
n=1
T : [ 7Y
where a;, = 0 if p divide n, w € F, and ordpk(y)(b) > 0. Then ordem(bz) =

—~7 — 1 and therefore the ramification groups of G(K/k(y)) are as follows :
G{K/k(y)) = G(K/k(y))o = --- G(K/k(y)); D 0.

This proves the lemma 1.14.
We next compute all the possible filtrations of the group G.

Theorem 1.15. With notation and assumptions as above, the possible fil-

trations of the ramification groups of G = G(K/k) are as follows:

Case 1. Go == Gl > G{+1 == G(j-l)p+l 5] 0, where GQ = Z/pr/p
and Giyy =0 x Z/p.

Case2. Go=---=G; D Gjy1 == G-jip+j D0, where Go = Z/pxZ/[p
and Gj41 = Z/p x 0.

Case 3. Go=---=G; D0, where Go =Z/p x Z/p.
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Moreover, case 1 happens only when j > [, case 2 happens only when

I > j, and case 3 happens only when j = I.

Proof. We divide the proof in two parts. In the first part we prove that
Gn = 2Z/pxZ/p for 1 £ n < min(l,j). In the second part we check
the possible subgroups of G that can be present in the filtration of G for

n > min(l, j). We assume that the ramification groups of G are as follows:
G=GyDG---2G;D0.

We have G, = G = Z/p x Z/p since (|Go/G1]|,p) = 1. We will prove
that G=Z/p x Z/p for 1 < n < min(l, ). But first we need to prove that
Gn=2Z/pxZ/por N, for 1 < n < min(j,l). We assume G, # Z/p xZ/p

or N.,. Then G, can only be equal to:

(0,0)
Gn = { Z/px0
0xZ/p.

By Herbrand’s theorem, we have

GAG(K/k(y))/G(K /k(y)) = (G/GK/KY)ore p, ) = B/
since YK /k(y)(n) < n and

GAG(K/k(2))/G(K/K(z)) = (G/GIK/K(z)))uge g, = B/P

since YK/k(z)(n) < n. But G, cannot satisfy the above two inequalities for
G, =(0,0) or Z/p x 0 or 0 x Z/p. We are left to prove that G, # N, for

1 < n <min(l,j), and we will prove it after the following example.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



40

Example 2.

If we assume min(l,j) = 1,thenl = 1lor j = 1. If{ = 1, then the filtration
of H is equal to Ho = H; D 0. We claim that G, cannot be Z/p x Z/p. If
G2 =2Z/p x Z/p, then G(K/k(y))2 =0 x Z/p and G(K/k(z))2 = Z/p x 0.
In general, if H is a subgroup of G, then H, = G, H. Therefore

G(K/k(y))G2/G(K/k(y)) = (Z/px Z/p)(O0 x Z/p)/(0 x Z/p)
Z/px0

= (G/GK/K(3)))og g @

= (G/G(K/k(y))): = 0

since YK ky)(2) = 2. This is a contradiction. We have proved the claim in

this case.
We now claim that G; cannot be equal to N;,. Suppose that G, = N,
then G(K/k(y)). = (0,0) and G(K/k(z))2 = (0,0). By Herbrand ’s theorem

we have

G(K/k(y))G2/G(K/k(y)) = (0x Z/p)N:,/(0 x Z/p)
~ Z/p

(G/GK/K)) oy g,

(G/G(K/k(y)))z

= (0,0).

R
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This is a contradiction since ¢k /k()(2) = %‘ =14+ % > 1. This proves the

claim.

If G, = (0,0), then G(K/k(y))2 = G(K/k(z)); = (0,0). Therefore,

G(K/k(2))G2/G(K/K(2)) = (G/GK/K(2)))eg g,
= (G/G(K/k(2))

= (0,0)

since YK/k)(2) = 1 + 3, this implies that j = 1. This is possible only
if 7 = [ = 1, then we get the following filtration Go = G; 2 (0,0). If
G2 = 0x Z/p, then G(K/k(y)) = 0 x Z/p and G(K/k(z)). = (0,0), and

therefore

(crom/Kw)), = Gi/GK ki)
= (0,0,

and

G:G(K/k(z)/G(K/k(z) = ((0xZ/p)(B/p % 0))/(Z/p x0)
# (0,0
= (G/GK/K(2)))og . (2)
= (G/G(K/k(2))-

Since pK/k(-)(2) = 1+ %, we do not have a contradiction if 7 > 2. This has to
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continue until YK k(:)(n) = j, otherwise we have a contradiction. Therefore,

n—-1

1
PK/k(z)(n) = ;(P +1---+1)
1
= —(p+(n-1
p(P ( )
=7
If we solve for n, we get n = p(j — 1) + 1, and therefore the filtration of G is

Go=G1 DGy =+ = Gyj-1p41 D (0,0),

where Go = Z/p x Z/p and G, =0 x Z/p.
If G, =2Z/p x0, then G(K/k(y))2 = (0,0) and G(K/k(z)), = Z/p x 0.
We have

(Glom/K=)) = Ga/GIK/K(=))
= (0,0

but YK /k(:)(2) = %(p-i-p) =2, then j < 2 and that implies 7 = 1. We obtain

(crompman) = (cr6t/un),
= (0.0

= G2G(K/k(y))/G(K/k(y))
= ((Z/p x 0)(0 x Z/p)) /(0 x Z/p)
# (0,0).

This is a contradiction, therefore G, # 0 x Z/p.
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A similar argument for j = 1(= min(l, j)) gives the following filtration
of G.
Go=G1D Gy =+-- = Gpu-1y41 D (0,0),
where Go = Z/p x Z/p and G, = Z/p x 0. The general case is similar to the

Example 2. This complete the discussion of example 2.

Now we are going to prove that G, = Z/p x Z/p for 1 < n < min(l,J).
The only case left to prove is that G, # N, for 1 < n < min(l, 7).

We assume that G, = N.,, where 1 < n < min(l,j); therefore we
have G(K/k(y))» = 0 and G(K/k(z)). = 0. But according to the theorem
1.14, G(K/k(y))n # 0 and G(K/k(z))n # 0 since n < min(l,j). We get a

contradiction, and therefore we have proved G, = Z/px Z/pfor1 < n <

min(l, 7). So far, we have
G0=G1="'= min(l,7) """

where Go =Z/px Z/p .
In the second part of the proof, we will assume that G, is equal to each one
of the subgroups of G and we use Herbrand’s theorem to see if the subgroup

can be present in the filtration of G for n > min((, j).
Claim. G, # Z/p x Z/p for n > min(l, j).

Ifn > min(l, ), we suppose that G, = Z/pxZ/p, then we will have a con-
tradiction. Since G(K/k(z)). = G(K/k(z)) and G(K/k(y)). = G(K/k(y)),
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then ¢x/k)(n) = n = @K/ke(n). Hence (G/G(K/k(y)))ek 4. m OF
(G/G(K/k(z)))“’l(/k(x)(") is equal to (0,0), but (G/G(K/k(y))),,K/k(‘)(,,, and
(G/ G(K/k(z)))"’K/k(x)(“) are not trivial groups. This is a contradiction. We
now assume that maz(l,j) > n > min(l, 7). In particular this implies [ # j.
The following are all the possible subgroups:

(0,0)
N,
0xZ/p
Z/px0.
We assume G, = (0,0), then G(K/k(y)) = G(K/k(z)) = (0,0), therefore

Gn =

(0,0) = GG(K/k(y))/G(K/K(y)) = (G/G(K/k(y)))oge s
and
(0.0) = GaG(K/k(2))/G(K/k(z)) = (G/G(K/k(y)))ok ., m-

We get oK /k(z)(n) > 7 and @K k)(r) > I, but wK/ky)(n) or YK k() <
maz(l,j) and this is a contradiction. Therefore, G, # (0,0).
We keep the previous assumption on n. If G, = N, then in particular

Gmin(tj)+1 = Nzy. Let n = min(l, j) + 1. Therefore, we have

0 # Ney(0x Z/p)/(2/p X 0)
= GaG(K/k(y))/G(K/k(y))
= (6/6m/xw))

YK /ky) (™)

(er6m/xw))

min(l,j)+1
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and

0 # Nes(0x Z/p)/(0 % Z/p)
= GaG(K/k(=))/GK/k(z)
= (c/6/K())

“K k(=)™
= (c/6m/x(z)

min(l,j)}+1

But one of these groups is trivial since [ or j > min(l,j). Therefore G, #

Nzy.
If G. = 0 x Z/p then G(K/k(y))s = G. and G(K/k(z)). = (0,0),

therefore

Gn/G(K/k(y)) = (G/G(K/k(y)))n
= (0,0).

We do not have a contradiction if n > . Recall that the last non-
trivial ramification group of G(k(y)/k) is G(k(y)/k);. This implies that
| = min(l, ).

GG(K/K(2))/G(K/K(z)) = (Z/px0)(0 x Z/p)) /(0 x Z/p)
(Z/p x 2/p)/(0 x Z/p)

# (0,0)

(crem /)

YK sk (™)
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Therefore, pK/k(;)(n) = [ + 2? <J. If wetake n = (j — l)p +{, then
YK/k(:)(n) = J and @g/k)(n +1) > j. We do not have a contradiction.

Therefore, we have the following filtration for G:
Go="---=G; D Gi41 = - G(j-pp+:1 D (0,0)

where Go = Z/p x Z/p and Giy; =0 x Z/p.
If we take G, = Z/p x 0. We get that min(l,j) = j and the ramification
groups of G are as follows:
Go=... Gj D GJ'.H ... Gp([-j)+j D (0,0),
where Go = Z/p x Z/p and Gj4+; = Z/p x 0. We now work on the last case,
[=3. Ifl =7, we claim that

Gl+l = (O~ O)'

Let n = [+ 1. If G, = N.,, then G(K/k(y))n = G(K/k(z))a = (0,0) and
hence
0 # G.G(K/k(y))/G(K/k(y))
= (G/GK/K(¥)))og g,
= (G/G(K/k(y))). = (0,0),
since YK /k(z)(n) = [ + L. This is a contradiction. If G, = Z/p x 0, then

G(K/k(z)) = G, and G(K/k(y)) = (0,0) and hence

G.G(K/k(y))/G(K/k(y)) = (G/G(K/k(y”)m( (n)
ki)™

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



# (0,0
= (G/G(K/k(y)))is1
(0,0),

since [ +1 > [. This is a contradiction, therefore G, # Z/p x 0.
The same argument applies for G, = 0 x Z/p. We get the following

filtration of ramification groups of G:

Go=---=G; D (0,0).

This completes the proof of theorem 1.15.

1.3 Ramification Groups for the Composite
Field of an Artin-Schreier Extension and
a Cyclic Extension of Degree p?

In this section we give all the possible filtrations of the ramification groups of
the composite field of an Artin-Schreier extension and a cyclic extension of
degree p?. This situation is more complicated than the previous section since
the group has more subgroups. This case helps us to see how complicated
the general case is, i.e., the composite field of an Artin-Schreier extension
and a cyclic extension of degree p*.

Let k be a local function field of characteristic p. Let b, be an element
of k such that f? — f # b, for every f € F, where F is the composite field
of k and the algebraic closure of the field of constant of k. Let K be the
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cyclic Galois extension of k of degree p* and let K’ be the Artin-Schreier
extension of k defined by the equation y?» — y = b;, where b, € k. We
assume that K’ and K are totally ramified at the same prime. We identify
G(K/k) with Z/p?. Recall that the only proper subgroup of Z/p? of order
pis N := {p,2p,...,(p — 1)p,0}. Let L be the composite field of K and
K’. We assume that deg(L/k) = p3, therefore the extension L/k is totally

ramified. We have the following diagram:

L
/ \
K K
\ /
k

Since K and K’ are linearly disjoint, then G(L/k) >~ Z/p* x Z/p. We use
this identification throughout the whole sections. Let G be equal to G(L/k).

The subgroups of Z/p? x Z/p are:
1. Z/p* x Z/p
2. Nx0
3. NxZ/p
4. Z/p* x 0

5. 0xZ/p
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6. M.y, =< (z,y) > ,wherezZOmodpand y #0
7. My =< (p,y) >, wherey #0
8. (0,0)

Note M., ~ Z/p* and M, ~ Z/p. We can identify G(L/K') ~ Z/p* x 0
and G(L/K) =~ 0 x Z/p. We will prove that the filtration of the ramification

groups of G(K/k) has two jumps.

Theorem 1.16. Let H be a cyclic group of order p?. Let H be the
Galois group of an extension K/k. We assume that the field eztension K/k
is totally ramified and the characteristic of k is p. Then the filtration of the

ramification groups of K/k has two jumps.

Proof. Let o be the generator of H and let P be the maximal ideal of K.
Let © be the local uniformizing parameter of K. We assume that ¢ € H;
and ¢ € Hiy, ie., ordp(o(m) ~7) =i+ 1, for i > 0. Since o € G;, then
o(m) = (1 + a), where a € P'.

Claim 1. (¢ — 1)(z) = jza mod P**! if z € mi .

Proof.

If z € P?, then £ = un?, where u is a unit. We have

o(z) = o(u)o(n)
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= a(u)nj(l + a)j

= o(u)mr’(1+ ja+ (;)a2 +---+a’).
Therefore, we have

o(z)~—z = o(u)n’ + jo(u)ar’ +--- + o(u)(ar)’ — un’
= (o(u) — u)nr’ + jo(u)an’ mod P!

= jo(u)r’ mod P! since a(u) — u € P,
We need to prove that
jo(u)aw? = juan’ mod PH*L,

Since o(u) — u € P™!, then jo(u)m’ — jur’ € P*+i*!. Therefore jza =

Jumia = jo(u)an’ mod P+3*!, This proves the claim 1.

We assume that p > 2. We need to prove that (¢” — 1)(7) € P*™*2. This
will prove the theorem. Note that o” # 1. The claim 1 implies (o — I)(7)=

am mod P'+2,
Claim 2. (¢ — 1)P~(ar) € PPi+?
A. (¢ —1)(ar) — (1 + 1)an? € P?+? by the claim 1.

B. We have (0 — 1)*(ar) = (i 4+ 2)(0 — 1)(an)a € P¥*3 by the claim 1. But

(0 —1)(a7)a € P¥+?, therefore, (0 — 1)?(ar) € P?+2,
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C. If we repeat the procedure p — 1 times, we get (o — 1)P~!(aw) € PP'+2.

This completes the proof of claim 2.

By the claim 1, we have (o — 1)(7) — ar € P™*2, [f we apply (o — 1)P!

to (¢ — 1)(7) — a=, we get
(e —-1)°(7) - (0 — l)p-l(a‘:r) € (o - 1)’(Pi+2) C PP+,

Since (¢ —1)P~!(aw) € PP**2 then (6~1)?(7) € PP"*2, But we have (0 —1)" =
0P — 1 since char(k) = p and this proves that o?(7) = 7 mod P?*2. We have
proved that ¢? € Hpiy1. When p = 2 the theorem is clear. We can conclude

that the filtration of the ramification groups of H is of the form
Ho=Hy=---=H:DHyp = =Hpypg =~

where Hyo = H and Hj4, is the subgroup of H of order p. This proves the

theorem 1.16.

We assume that the ramification groups of G(K/k) are as follows:
G(K/k)o = G(K/k)y = --- = G(K/k);, D> G(K/K)j,+1--- = G(K/k);, D0,

where G(K/k) = Z/p? and G(K/k); +1 = N. We assume that the ramifica-
tion groups of G(K'/k) are as follows:

G(K'/k)o = G(K'/k); = --- = G(K'/k)a D 0.

First, we state a lemma that is used in the proof of theorem 1.18.
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Lemma 1.17. The filtration of G(L/K) and G(K'/k) are the same.
Remark. The proof of lemma 1.17 is similar to the proof of lemma 1.14.
Now we are ready to state the main theorem of this section.

Theorem 1.18. With the notation and assumptions as above, we have that

the possible filtrations of G are as follows:

Case 1.
Go = G1 = = Gd » Gd+1 == Gd+p(jl—d)
D Gasr4pin~d) = = = Gip-a(p-1) D (0.0),

where Go = Z/p* x Z/p and Guayr = Z/p* x 0 and Gayr14p(j,~a) = N x 0.

Case 2.
Go=---=Gj D Gj1+l == G(J'z‘-jx)P'Pd 2 (0,0),
where Go = Z/p? x Z[p and Gj,41 = N x 0.
Case 3.
GO T =GJ1 o) Gj1+1 = .- :Gj: D (010))

where Go =Z/p* x Z/p and Gj,4; = N x Z/p.

Case 4.

Go=---=Gj, DGj41 ="+ =G} D Gj41 = Gpp=1)(d=js~sa)+dp 2 (0,0),
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where Go = Z/p? x Z[p and G;,41 = N x Z/p and G4y =0 x Z/p.

Case 5.
Go=:--=Gjy DGj 41 =---=G4 D Gay1 = --- = Gjp~gjpsa O (0,0),

where Go = Z/p* x Z/p and Gj,41 = N x Z/p and G4yy = M,.

Proof. Suppose that the ramification groups of G are as follows:
GoDG1D---D2G; D (0,0).

Note that Gy = Z/p? x Z/p, since (|Go/G1|,p) = 1. Let | < min(d, j;), then
by Herbrand’s theorem we have the following:

Gi(0x Z/p)/0x Z/p

- (G/G(L/K))
~ Z/p?

G:G(L/K)/G(L/K)

L, K0

since pr/K(l) £ {, and
GIG(L/K")/G(L/K') = Gi{(Z/p* x 0)/Z/p* x 0
= (G/G(L/K’))
~ Z/p,

eL/K)

since pr/k/({) <[ .

¥ Gi(0xZ/p)/(0 x Z/p) = Z/p* and Gi(Z[p® x 0)/(Z/p* x 0) = Z/p,
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then

IGi(Z/p* x 0)| = [Gi(0 x Z/p)| = p°
and
(1.1) Gi(0x2Z/p) = Z/p*xZ[p
(1.2) Gi(Z/p* x0) = Z/p*xZ/[p

therefore, G; = Z/p* x Z/p or M., since these groups are the only subgroups
of Z/p* x Z/p that satisfy (1.1) and (1.2). Note that (N x Z/p)(0 x Z/p) #
Z/p* x Z/p and M,(0 x Z/p) # Z/p* x Z/p. Now we divide the proof in 9

cases.
Case 1. G; # Z/p? x Z/p for | > min(j;,d).

Proof. By Herbrand’s theorem we have

(G/G(L/K))%/K(l) = (G/G(L/K))I
= (Z/p* x Z/p)(0 x Z/p)/(0 x Z/p)

~ Z/p?

that implies [ < j7;.

(G/G(L/K’))l
(Z/p* x Z/p)(Z/p* x 0)/(Z/p* x 0)
Z/p

(G/G(L/K’))

%/K:(l)

R
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this implies [ < d. But we have [ > min(d, j;) and this is a contradiction.
Case 2. G; # M., for 1 <[ < min(j,d).

Proof. We can assume that Gi_; = Z/p? x Z/p and G; = M., then
G(L/K); = G(L/K') = (0,0). Since G(L/K) = (0,0) and lemma 1.17,
we have [ > d. This is a contradiction. Moreover, this proves that for

| < min(j1,d), we have G, = Z/p* x Z/p.
Case 3. G| # M., for maz(j,d) > | > min(j,d).

Proof. If G; = M., then G(L/K); = G(L/K'); = (0,0). By lemma 1.17,
we have [ > d. Then, we can conclude that min(d, j;) = d. If min(j;,d) = d,

then

GIG(L/K')/G(L/K') M.,G(L/K')/G(L/K')
M(Z/p* x 0)/(Z/p* x 0)
Z/p

= (G/G(L/K’))%IK’U)

(0,0) since or/k:(!) > d.

i

R

This is a contradiction. This proves claim 3.

Case 4. If j; = d, we have that Gj,4; # M.,.
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Proof. If G;,+1 = M., then we have the following:

Gi+1G(L/K)/G(L/K) = M.,G(L/K)/G(L/K)
= M:4(0 x Z/p)/(0 x Z/p)
~ Z/p
- (G/G(L/K'))

eL/K (1 +1)
= (G/G(L/K))
N.

N+l

R

We have a contradiction. This proves that M., cannot be present in the

filtration of G.
Case 5. G # M, for | = min(j,,d) + 1.

Proof. We have G(L/K), = G(L/K'); = (0,0), then [ > d by lemma 1.17,

equivalently, min(d, 1) + 1 > d. We have two subcases:

1. If min(d, j1) = j1, then j; +1 > d > j; that implies j; = d. Therefore,

we get the following:

GG(L/K')/GL/K') = Gi/G(L/K')
= My(Z/p* x0)/(Z/p* x 0)
~ Z/p
= (G/G(L/K'))

‘PL/KI(I)
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= (G/G(L/K'))

1—1+;’,

The above implies { = d + 1 < d and this is a contradiction.

2. lf min(d, ;) = d, then (G/G(L/K’)),,L,K,(l) = (0,0) since /K- (l) > d

and this is a contradiction.

Case 6. Gmin(j; .g)+1 can be equal to Z/p?*. This determines a filtration of

the ramification groups of G.

Proof. If G = Z/p* x 0, where | = min(ji,d) + 1. then we have G(L/K') =
G and G(L/K); = (0,0). Then

Gi/G(L/K) = (0,0 = (G/GL/K)) .
We can conclude that [ > d or equivalently min(d, j;) + 1 > d. Therefore we

have two cases:

1. If j1 = min(d, j1), we have d + 1 > j; + 1 > d that implies d = j,. By

Herbrand’s theorem

GiG(L/K)/G(L/K) = (Z/p* x 0)(0 x Z/p)/(0 x Z/p)
~ Z/p

= (G/G(L/K))

WL/K(I)

= (G/G(L/K))

L
1+1

Therefore, [+1 = min(j1,d)+1 = j;+1 < j; and this is a contradiction.
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2. If min(j1,d) = d, then G; has to satisfy the following:

GIG(L/K)/G(L/K) = ((Z/psz)(OxO))/wa/p)
~ Z/p’

= (G/G(L/K'))% »
/

where o/ (l) = d + % < hn-

We can conclude that j; # d. We have
Go=++-=G4Dus1 """,

where Go = Z/p? xZ/p and Guy1 = Z/p? x0. We have G4y, = Z/p? %0
for 1 <r < psinceif there is a jumpat d+r. Thend =d + r mod p.
If Gatr = Z/p* x 0 and Gyyrq1 # Z/p* x 0( Note that r > p ), then we

get the following:

Ga+rG(L/K)/G(L/K) = (0x Z/p)(Z/p* x 0)/(0 x Z/p)
~ Z/p’
= (G/G(L/K))

¢L, IK(d+r)

= (G/G(L/K))
d+Z

Therefore, we get that o /k(d+r1) =d + = < J1, hence r < p(j1 — d)

We have two possibilities for Ggyrqy

N
Gd+r+1 = { (0 )5)0
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If Gisr41 = (0,0) we have the following:

Gatr+1G(L/K)/G(L/K) = (0,0)
- (G/G(L/K))

wLIK(d+r+l)

= (G/G(L/K))

d+5',§’-.
Therefore, we have two inequalities pr/k(d+r) < 71 and pr/K(d+T1+
1) > j2. If we put together all the above information, we get

. . r+1
d+£S]1 <jo<d+——.
p p

This is a contradiction, therefore Gasry1 # (0,0). If Ggyrgr = N x 0,

then we have
Garr+1G(L/K)/G(L/K) = (N x0)(0 x Z/p)/(0 x Z/p)

= (NxZ/p)/(0 xZ/p)
N

= (G/G(L/K))

R

YL /K( d+r+1)

(G/G(L/K))d

a1’
+ 14
Therefore,

JzZspr./x(d+r+1)----d+3'—'-;:-—>]l _>_d+§,

hence j; = d + 7 therefore, r = p(ji — d). We do not have a con-

tradiction. So far in this case, we have the following filtration of the
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ramification groups of G,

Go =-+-Ga D Gap1 =+ = Gayp(jy—a) D Gatpjy~are1 -~

where Go = Z/p?* xZ/p and Gy4; = Z/p* x0 and Gasp(ji-dy+1 = N x0.
Let | = d + p(j1 — d) + r, where r > 1. We suppose that G; = N x 0
and Gi41 = (0,0). Note that r > p since d = d + p(j; —d) + r mod p.

Then, we have the following:

GIG(L/K)/G(L/K) = (N x0)(0x Z/p)/(0 x Z/p)
= (NxZ/p)/(0x Z/p)

~ N

= (G/G(L/K))

v, K0

therefore, we get j; < or/k(l) < j» and

Gi+1G(L/K)/G(L/K) = (0,0)
= (G/G(L/K))

wL,K(H—I)

this implies that or/k(/ +1) > j, . We can deduce the following
d+£.‘£'7“lﬂ < ja <d+2(i"d-—-pL"'ilthenjg =d+gi’;‘;P“l"'—' . If we solve

for r, we get r = (j; — j1)p. We get that { = jop — d(p — 1).
Therefore, the ramification groups of G are as follows:

Go = G- = GsD Gd+l e = Gd+P(j1—d)
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D Garrpiin-a) = -+ = Gp—dip-1) O (0,0),

where Go = Z/p* x Z/p, Ga+1 = Z/p* x 0 and G,,;, 41-q(p-1) = N % 0. Note
this case 1 of theorem 1.18. This finishes case 6.

Case 7. G; #0 x Z/p for | = min(d, j;) + 1.
Proof. If G, =0 x Z/p for [ = min(d, j;) + 1. Note that

G(L/K')y = Gi[\G(L/K")

= (0,0)
and

G(L/K) = Gi[\G(L/K)
= G.
Since G(L/K) = Gi, then (G/G(L/K)); = G:/G(L/K) for i < | and

(G/G(L/K)); = 0 for [l < i. That implies [ > j,. This is a contradiction

since 3, > min(j;,d).

Case 8. Gmin(d,j,)+1 can be equal to N x 0. This determines a filtration of

the ramification groups of G.

Proof. Suppose that G; = N x 0, then

G(L/K): = Gi[|G(L/K) = (0,0)
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G(L/K') = G(\G(L/K') = G,.

By Herbrand’s theorem

GiG(L/K)/(G(L/K) = (N x0)(0x Z/p)/(0 x Z/p)
~ N

= (G/G(L/K))

oL KD
where or/k(l) = min(d, j1)+1 = min(d,j1)+%. Since GiG(L/K)/G(L/K) ~

N, then j1 < ¢r/K(!) < j2- On the other hand,

GiIG(L/K')/G(L/K) = (N x0)(Z/p* x 0)/Z/p* x 0)
= 0

= (G/G(L/K'))%Km’
.

where ¢r/k/(l) = min(d, j;) +% > d. Note that or/k(l) = oL/k/(l). If

min(d, j1) = j1, then
d < nh+1l

This implies d = j,. If we take min(j;,d) = d, then a similar argument
proves that d = j;. Since N x 0 does not have a proper subgroup, we can

assume that G; = N x 0 and G4, = (0,0) for some [ > min(j;,d). We have

GiG(L/K)/(G(L/K) = (N x0)(0x Z/p)/(0 x Z/p)
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¢

N

= (G’G(L’K))% "
/

where or/k(l) = j1 + {52 Since GIG(L/K)/G(L/K) ~ N, then j; <

vL/k(l) < 72
Gi+1G(L/K)/(G(L/K) = 0
- (G/G(L/K))

"L/K('*’l”
where pr/x(l + 1) = j1 + B2 Since GIG(L/K)/G(L/K) = 0, then
oL/K(l + 1) > j2. If we put together the above inequalities, we get

e . . L= 1
]1+——J'1‘S]2 <,71+———Jl+-—.
p p

p2

Therefore, we can conclude that j, = j; + Lff- if we solve for [, we get

[ = (j2— 71)p + 51 We obtain the following filtration of the ramification

groups of G
Go=--=G;; DGjyp1=---= Gli—p+ir 2 0,

where Gy = Z/p? x Z/p and G, 41 = N x 0. Recall, that in this case j; = d.

This filtration is case 2 of theorem 1.18.

Case 9. If Gmin(jhd)+1 =N x Z/p.

This is the most complicated case. In this case, we get three filtrations

of the ramification groups of G.
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Let l = min(d, j1)+1. £ G, = N x Z/p, then G(L/K); = GiG(L/K) =
0xZ/pand G(L/K"); = GiNG(L/K') = N x0, therefore we have eL/k(l) =
l'and ¢p/k/(l) =1~1+. By lemma1.17, we have that [ < d. By Herbrand’s

theorem we have
GG(L/K')/G(L/K') = (N x Z/p)(Z/p* x 0)/(Z/p* x 0)

~ Z/p
(G/G(L/K’))

vL/K ()
(G/G(L/K'))t

and

GiG(L/K)/G(L/K) = (N xZ/p)(0 x Z/p)/(0 x Z/p)
~ N

= (G/G(L/K)) o
“L/

= (G/G(L/K))

t
The above expressions imply that [ < d and j; <! < j2. If we put together all
the above inequalities, we get j; < [ = min(d, j;)+1 < d. Then min(d, n)=
J1. In particular, j; < d. From now on, we assume that j; < [ and G, =
N xZ/p and G141 # N x Z/p, then G4, can be equal to

N x0

G1+1 = (I)MX Z/p

(0,0).
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Using Herbrand’s theorem, we get

G/G(L/K)/G(L/K) = (N xZ/p)(0xZ/p)/(0x Z/p)
~ N
- (G/G(L/K))

VL/K(I)

= (G/G(L/K))l
and
GG(L/K')/G(L/K') = (N xZ/p)(Z/p* x0)/(Z/p* x 0)
~ Z/p
- (G/G(L/K’))

eL/K())
= (G/G(L/K')) o
a+En
The above identities implies ji < wr/k(l) < 72 and pr/K/(l) = 1 + 52 < d.
We have the following filtration of G
Go=-=G; DG51=-=GDGryy -,

where Go = Z/p* x Z/p and Gj,41 = N x Z/p. We are going to check if G4,
can be equal to each one of the subgroups of N x Z/p.

Subcase 1. Let G141 = (0,0).
If Gi41 = (0,0), then

(G/G(L/K)) =00)= (G/G(L/K'))

b
eL/K(+1 er/K(1+1)
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this implies

1 .
S9L/K(1+1)=1+;>Jz

and
orx(l+ 1) =J’x+———l'"jl +154
p p?

If we put together all the above inequalities, we get [ < j, < [ + % and
h+ '—'p’i <d< i1+ I—';il- + ;%; therefore we can conclude that j, = [ and

d=j + l——;,il. If we solve for [, we get
=72 =p(d~ )+ 5
In this case we get the following filtration:
Go=:--=Gj, DGj1=---=Gj;, D(0,0),

where Go = Z/p? x Z/p and G,,4; = N x Z/p. This filtration of G is the

third case of the theorem 1.18.
Subcase 2. Let N x 0.
If Giy1 = N x 0, then
G(L/K)i41 = G [ |G(L/K) ~ 0

and
G(L/K )41 = Gy ﬂG(L/K’) ~ N.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



67

By lemma 1.17, d < [ + 1. Note that | < d since G(L/K); >~ Z/p, therefore

[ = d. By Herbrand’s theorem

Gin1G(L/K')/G(L/K') = (N x0)(Z/p* x 0)/(Z/p* x 0)
~ 0

= (G/G(L/K'))

eL/K/(4+1)
- (G/G(L/K’))jl+£l’:l.
The above expression implies that d < j; +iﬂfil since G141 G(L/K')/G(L/K’) =
0. If we solve for d, we get d(p — 1) < j1(p — 1) + 1 but d > j;, therefore

n<d<n+ ;;‘_—1. This is a contradiction, because d € Z.
Subcase 3. Let G =0 x Z/p.
If Giy1 =0 x Z/p, then

G(L/K)i4+1 = G ﬂG(L/K) =0x2Z/p
and
G(L/K')i41 = G [|G(L/K') = (0,0).

Since G = G(L/K), then G:/G(L/K) = (G/G(L/K))_ for i <!+1 and
(G/G(L/K'))_ =0fori > [+1 and this implies [+ 1 > j, but { < j, since

Gi = N x Z/p therefore [ = j,. By lemma [+ 1 < d. In particular d > j,.

By Herbrand’s theorem

Gru1G(L/K')/G(L/K') = (0x Z/p)(Z/p® x 0)/(Z/p* x 0)
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~ Z/p
G/G(L/K’))

i
N

WL,K!UTFI)
G/G(L/K"))

i
—~

.1'1+‘—'2-;—"‘L+;'y

G/G(L/K’))

]
—~

J'1+’-3-;—’1+1.
The above identities imply

= q 1
eLr(l+1) = Jl+£p—11+;55d-

Since 0 x Z/p does not have a proper subgroup, then we can assume G, ,, =

0 x Z/p and Gj,4-+1 = (0,0) for some r > 1. We have

J2—nh r <d

oL/K(J2+T1) = J+ +§_
] ) 2 — 7 r+1
oL/k(j2+r+1) = ]1+12p11+ po > d.

If we put together the above information we get
d=j1+ 2N + j—;—
P p
If we solve for r we get r = (d — 1)p* — p(j2 — /1), then
[+r=p(p—1)(d=-5 - 72) +dp.
We have the following filtration of G

Go="--Gj, D Gjrs1 =--Gj D Gp1 = = Gppp-1)(d-jr—ia)+dp D (0,0),
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where Gy = Z/p* x Z/p and Gj,41 = N x Z/p and Gj,41 = 0 x Z/p. This

filtration of G is the fourth case of theoren 1.18.
Subcase 4. Let G4y = M,,.

If Giy1 = My, then G(L/K)i41 = (0,0) = G(L/K')141. By lemma 1.17
we have [+ 1 > d. Since G(L/K); =0 x Z/p, we have | < d, therefore [ = d.

By Herbrand’s theorem

Gan1G(L/K')/G(L/K') = M,(Z/p* x 0)/(Z/p* x 0)

~ Z/p
~ (G/G(L/K'))

YLK (d+1)

(G/G(L/K))

- d=—
n +——PJJ-+ :

and

Gan1G(L/K)/G(L/K) = M,(0xZ/p)/(0 x Z/p)

R

(G/G(L/K)) s

= (G/G(L/K))
(G/G(L/K))

L

Note that

d 1
(1.3) eLk(l+1) = ji+ —7’- +<d
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jl < d+1£j2.

If we solve in (1.3) for d, we get

1
p(p—1)

h+ <d.

Since M, does not contain a proper subgroup, then we can assume that

Gi+r = M, and Gayr41 =0 for r > 1. By Herbrand’s theorem we have

Ga+-G(L/K)/G(L/K') = M,(Z/p* x0)/(Z/p* x 0)
>~ Z/p

- (G/G(L/K'))

PL /K (d+r)

(G/G(L/K'))

- L d=11 r
n+ P +;y
and

Ga+rG(L/K)/G(L/K) = My(0x Z/p)/(0 x Z/p)

~ N
- (G/G(L/K))
= (G/G(L/K))

YL ,K(d+r)
d+Z
We have

=0
YL K/ (d+r+1)

(G/G(L/K)) = (G/G(L/K’))

eL/K(d+r+1)
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where pr/i(d+r+1) = ji + 52 + 25 and pr/k(d+ 7+ 1) = d + B£L,
Therefore, we have

d—j r . . d-—j 1
2 __<_d<Jl+ p]1+r;;

and

. ]
d+l<j<d+H2
p )

We can conclude d = j; + i:p.iz. + p—’;— and jo =d+ ’5,. If we solve for r, we get

the following r = p(p — 1)(d — 71) and r = (j, — d)p. Therefore,
l+r=d+p(p~1)d-j)=d+ (52~ d)p.
We obtain the following filtration of G in this case
Go=---Gj; DGj41 =+ =Gy D Gap1 =" = Gay(j-a)p O (0,0),

where Go = Z/p*xZ/p and Gj,41 = NxZ/p and Gay1 = M,. This filtration
of G is the fifth case of theorem 1.18.

This completes the proof of the theorem 1.18.

Given a nontrivial representation x of G, it is easy to give a bound for
the conductor F(x) using theorem 1.18. For example, if G has a filtration
as case 1 in theorem 1.18 and the representation is trivial on Z/p? x 0, then
Flx)=d+1.

Note that if G(K/k) is a cyclic group of order p*, then the above situation
is more complicated since G(K/k) x G(K'/k) has many subgroups. The
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amounts of subgroups of G(K/k) x G(K'/k) increases exponentially when n

increases.

1.4 Ramification Groups of the Compos-
ite Field of the an Artin-Schreier and
a Kummer Extension

In this section, we compute the filtration of the ramification groups of the
composite field of an Artin-Schreier and a Kummer extension. As an appli-
cation, we give a bound for mixed exponential sums in one variable which
depend on a multiplicative and additive characters.

Let k be a local field of characteristic p. Let K be an Artin-Schreier
extension of k. i.e., K/k is a separable field of degree p. Recall that the
Galois group G(K/k) of the extension K/k is isomorphic to Z/p. Like we did
before, we identify G(K/k) with Z/p. Let K’ be a Kummer extension of k of
degree n, i.e., K/k is a cyclic extension of degree n where n is relatively prime
to p. Note that k has to contain a primitive n-th root of unity. Recall that
the Galois group G(K’/k) is isomomorphic to Z/n. We use this identification
through this section. The fields K and K’ are linearly disjoint. We assume
that the extensions K /k and K’/k ramify at the same prime. Let L = KK’
be the composite field of K and K’ and let G be the Galois group of the field
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extension L/k. We can identify G ~ G(K/k) x G(K'/k) with Z/p x Z/n.

L

/ \

K K

\ /
k

We can identify the Galois group of the field extension L/K with 0 x Z/n and
the Galois group of the field extension L/K’ with Z/p x 0. We can assume
that K'/k is totally ramified. Therefore, L/k is a totally ramified extension

of degree np.

Let G(K/k)o = --- = G(K/k); D 0 be the filtration groups of G(K/k)
and let G(K'/k)o D 0 be the filtration of the ramification groups of G(K'/k).
We suppose that Go D --- D G; D 0is the filtration of the ramification groups

of G.
Theorem 1.19. The filtration of the ramification groups of G is equal to
GoDGi=--=Gp; D0,

where Go=2Z[/p x2Z/n and G; = Z/p x 0.

Proof. We have that Go = G(K/k)xG(K'/k) and G; is a p-group, therefore
G1 =G(K/k) = Z/p x 0. We assume that G; = Z/p x 0 and G;4+; = (0,0)
for [ > 1. Then G(L/K); = (0,0). Therefore

{
1
eL/k(l) = ;(1 +---+1)
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and
1 l-};l
‘PL/K([+1) = ;(i+"’+1+w.

Now, we use Herbrand’s theorem.

GIG(L/K)/G(L/K) =~ (Z/px0)(0xZ/n)/(0x Z/n)
~ Z[p
(G/G(L/K))

R

GPL/K(I)

(G/G(L/K)) :

Therefore £ <j.

GiG(L/K)/G(L/K) =~ 0
~ (G/G(L/K))

VL/K(I)
- (G/G(L/K)) o
ntn
Therefore -”; + L > j. If we put together the two inequalities we get
R A |
(1.4) -<Jj<—+-
n n n

By Hasse-Arf’s theorem

1 i
l = — o e
eL/k(l) (GL+--+q) -

is an integer. Therefore n divide l. Hence, the first inequality of (1.4) becomes

equality, i.e., j = ﬁ If we solve for [, we get | = nj. This proves the theorem.
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Our next step is to apply the theorem 1.19 to mixed exponential sums in
one variable. Let ¢ be an additive character of the field F,, we can assume
that

#(z) = ezmr TP Fp(2)/p
and let x be a multiplicative character of F,*, we assume the order of x is n.

Let X be a complete non-singular curve of genus ¢, defined over F,. Let
k be its function field, and let kF;? be the function field of X considered
as a curve over the algebraic closure F; of F,. Let f,g € k be a rational

functions on X, satisfying the condition

(1.5) f # hP—h forh € kKF*®

(1.6) g # h" for h € kKFi?
Recall that we can identity f, g with rational maps
fvg : X — Al

of X into the affine line defined over F,. Let X,, be the set of points of X
defined Fym, and let

(1.7) Sm(fr9: X) = 3 x(N(g(z)))e®mTrU=N/p)
2€Xm

where the summation is over the points of X,, except the poles of f,g and
Tr is the trace map from Fym to F, and N is the norm map from Fym to F,.
This exponential sum is related to the composite field of an Artin-Schreier

and 2 Kummer extension. Before we give a bound for S,.(f, g, X), we need
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some notation. Let (f) be the divisor of the poles of f on X, and write

!
(floo = Y_aiP,
=1
let (g) be the divisor corresponding to g, and write

(9) = ibiqu

=1

Perel’muter on [17, theorem 1] gives the following bound for Sn(f.g),

1S (f29)] € (29" =2+ s+ 1 + deg((f)eo ) )q™2.

Let r be the number of closed points of X that (f)e and (g) have in

common. We are ready to state the second theorem of this section.

Theorem 1.20. Let X be a complete non-singular curve over F, of genus

g and let f and g be two rational functions on X satisfying condition (1.5)
and (1.6). Then

1Sm (£, )l = | Zx X(N(g(z)))e@mTTUENP)| < (2g'~2+4s+1+deg((f)e)—T)g™>.
TZ€EXm

Proof. Let K be the splitting field of y» — y = f, this is an Artin-Schreier
extension of k. Let K’ be the splitting field of y" = g, this is a Kummer
extension of k(We assume that the field of constant of K’ contains a primitive

n-th root of unity). Finally, let L = KK’ be the composite field of K and
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K’. We need to compute the exponential conductor of 1x. We know that if

D is the exponential conductor of ¥, then

1Sm(f,9)l =1 3 x(N(g(x)))e?™TTUE=NP| < (29" — 2 4 D)g™/2.
z€Xm

We are going to prove that D < s + ! + deg((f)eo) — r. The question here
is local, therefore we work in completion of k. The field extension L/k can
ramify at closed points that appear in (f)o and (g). If P: does not divide
g, then the local exponential conductor less than or equal d; + 1. If Q: does
not divide (f)e, then the local exponential conductor is less than or equal
to 1. If P is a closed point of X that divide (f)c and (g), by the theorem
1.19 the local exponential conductor is less than or equal d; + 1. If we put
together all the contribution from the closed points appearing in (f)s and
(9); we get what we want. If ged(a;,p) = 1 for i = 1,...,[, where p is the

characteristic of Fy and ged(b;,n) = 1, then D = [ + s + deg((f)oo) — T

Now we discuss some examples.

Example 3.

Let ¥(z) = e*"TFuFp (1P and x(z) be a multiplicative character of F;.

Note we are taking X = Al.

1. If we take f(z) = z and g(z) = z, then we get a Gauss sum

2mT (z m
[Sm(£r9)l =1 3= X(Npjmsp (z))e FenEsP <9 Lo 1 _g)gms2
zEqu
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2. If we take f(z) = z7 + at, where a € F,, and g(z) = z, then we get

2m:T (z” +az)/
1Sm(£,9)l = 3 X(NEm/E(z))e  FomFe™ TP < (@49 1 —9)g™/2
tqum

Using theorem 1.20, we compute some L-functions.
Example 4.

We compute the L-function of this sum

N .. z
Sm(l'7 — az, 1,) = Z ( FP /FP( ))CZmTr(r’-az)/p
IGFPm p

for p = 3. Therefore, the L-function is defined by

—az,z)

o0 7
L(t,z" — az) =exp{)_ (T

m=1

t™}.
— }

By theorem 1.20 the degree of L-functions is < 7.

1. L(t,z" —z,p=3) = (9t + 32 + 1)(3V3ut® + 1)

2. L(z" 4+ z,z,p = 3) = (1 + V31t). Note that the degree is one, therefore

there exists a transformation such that the sum becomes a Gauss sum.

3. L(t,z7,z,p=3) = 1 + /3ut + 27t° + 27\/3ut”
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Chapter 2

L-functions of Singular Curves
over Finite Fields

In this chapter we introduce a definition for L-functions associated to an
abelian covering of algebraic curves with singularities. The main result, the-
orem 2.5, is a proof that this definition is compatible with the definition
given by Stohr for the zeta function of a singular curve. We also include

applications to exponential sums.

2.1 The Zeta functions of Singular Curves

In this section we give some definitions and facts about singular curves and
recall some results of Karl-Otto Stohr that are needed in the following sec-
tions. In some of the results that we present in this section, we will give an
outline of the proof. We follow closely the presentation of Stohr on [23] and
[24].

Let X be a complete irreducible algebraic curve with constant field k

79
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and let K be the function field of X. Therefore K is a function field in one
variable with field of constant k, i.e., K is a finite algebraic extension of k(z)
for some element z € K, which is transcendental over k and X is the set
{OP}pex of local k-algebras, properly contained in K with quotient field K,

satisfying the following two conditions:
1. For almost all P!, the local ring Op is a discrete valuation ring.

2. For each discrete valuation ring B of K there is an unique P € X such

that Op C B.

Recall that
Op = {2z € K| zis a regular function at P }.

By a singular point, we understand a point P for which Op is not a discrete
valuation ring. The property 1 means that the number of singular points of
X is finite, we denote this set by X,;,,. The property 2 implies that we have
a surjective morphism
: X — X

where X is the smooth model of X. Note that 7 is a birational morphism.
The pair (X, ) is unique in the following sense: given another non-singular
curve X’ and a birational morphism 7’ : X’ — X, there exists a unique

isomorphism 7" : X — X’ such that = = 7’ o 7. Recall that the function

1That is, for all except a finite number.
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field of X and X are the same. For each point P € X, the elements of the
fiber #~!(P) are called the branches of X centered at P. By the extension
theorem of valuation theory, there exists at least one branch centered at P.
Note that the set of branches centered at P is a finite set.
By a divisor of X we mean a formal product
a= ] ar
PeX
where ap is a (non-zero fractional) ideal of Op for each P € X and ap = Op
for almost all P. A divisor a is called locally principal (or Cartier divisor) if
each component ap is a principal ideal. For two divisors a and b we define

the product a-b and the quotient a : b by setting:
. (a'b)p :=ap-bp = {za;b,-la,-eapandbje bp}
e (a:b)p:=ap:bp={z€K|zbpCap}.

Note that the locally principal divisors form a multiplicative group whose
identity is the structure divisor

0 := H Op.
PeX

We define a > b <=> ap D bp for each P € X and call a divisor a
positive if a > O. The degree of a divisor is defined by the following two

properties:

1. deg(O) =0
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2. deg(a) ~ deg(b) = Y pex dimyg(ap/bp) whenevera > b.

For each non-zero rational function z € K* we define the principal divisor

as follows:

div(z):= [] z7'Op.
PeX

Recall that z € Op for almost all P € X. Let

La):= (Japr={z€K]|div(z)-a> 0O}
Pex

be the k-vector space of global sections of a. Note that the product formula

extends to the singular case:
deg(div(z)) = 0 for eachz € K~.

Since K is a field in one variable with constant field k, each integral k-algebra
A with quotient field K has finite k-codimension in its integral closure A.
The integer
8p := dimi(Op/Op)
is called the singularity degree of P. The total singularity degree is
denoted by
§:=Y ép.
P
If we denote by @1,...,@m € X the branches centered at P, then the integral

closure

@p=Oq,ﬂ---ﬂOQm
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of Op is a principal ideal domain whose maximal ideals correspond bijectively
to the branches Q,,...,Q.. Therefore, the divisors of the non-singular model
correspond bijectively to the @p-divisors of X defined as the divisors whose
P-components are @p-ideals. We assign to Q; € X the ideal mg! where mg,
is a maximal ideal of Op. The structure divisor of X corresponds to the
O-divisor

@ = H @p.
Pex

If a is a O-divisor of X corresponding to a divisor A of X, then

deg(a) = deg(A) + deg(O) = deg(A) + > 6p.
PeXx
The arithmetic genus of X satisfies the following relation:
g= g + Z 5?7
Pex
where § is the geometric genus of X defined to be the genus of the non-
singular model X. From now on, we assume that the field of constants of

K is a finite field, i.e., F, where ¢ = p*. If r is a separating element, then

z € K can be written in a unique way as
z=2zy+ 21z +--- + 2z5_12""! where z,,...,2,.; € K.
The operator C on the differential forms is defined by setting:

C(zdz) := 2, dz.
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It can be proved that C(zdz) := —(&522)!/Pdz for each z € K and each
separating variable z of K/k. C is called the Cartier operator on the space
of differential forms. C acts on Q(O) and Q(O), where Q(0O) is the space of
regular differential? (in the sense of Stohr, see [23, section 2]) on X and Q(O)
is the space of regular differential (in the sense of Stdhr, see [23, section 2])

on X, respectively.

Theorem 2.1. (Stohr) With the above notation, we have

HQIP(I _ tdes(Q))

PeXsing

where P varies in the finite set Xng of singular points of X and Q ranges
over all branches centered at P and Q(O) is the space of regular differentials

on X and Q(@) is the space of regular differentials on X.

In the proof of theorem 2.1, the two main results used are the following:
1. 20)/O0) ~ Bpex..UOpP)/UOp), where Q(Op) is the space of the
differentials regular at P and Q(Op) is the space of differentials regular at

the branches centered at P.

2. If rp is the Jacobson radical of @p and

Q(Op +rp) ={u € QOp)|ordg,(u) 2 —1for eachi=1,...,m}

2There is a slightly difference between the regular differential used by Stohr and the
general concept of killer differential.
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and kg, is the residue field of K at Q;, then there exists an isomorphism

QO +17)/QOp) = {(a1,- - -1am) € Bk, | 3o Tric, sicas) = 0}
=1

defined by
1+ QOp) o (resq (k). resqn(s))-

The Cartier operator induces on the vectors on right hand side the action
(a1,---,am) = (@), ..., dlf7)

The proof of 1 and 2 can be found in [23, corollary 4.1] and [24, theorem
4.3]. We will call

I gp(1 ~ t4(Q))

— tdeg(P ’
P€X,ing 1 t «o(P)

the Stohr factor of the singular curve X.

Definition 2.2. The Zeta function of X is defined to be the Euler product

Z(X,s) = [[ (1 — g~*%9P))~1) where R(s) > 1.
Pex

With the substitution ¢t = ¢~*, (2.1) becomes

Z(X,t) = [T (1 — tdestPy=1,
PeX

Therefore, we have the following relation between the zeta function of the
curve X and the zeta function of the curve X:

_Z(X,t) I [gip(1 — t5(?))
T Z(X.t) Pekig 1 t59P)

M(X,1)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



86

Formally, this is the same expression as in theorem 2.1; but now we are in
characteristic zero. Note that the degree of P divides the degree of Q when
Q is centered at P, therefore M(X,¢) is a monic polynomial in Z[t] and its

zeros are roots of unity. The degree of the polynomial M(X,t) is equal to
deg(M(X,t)) = dim(Q(O +r)) — g,

where r = [[pcx rp. By the Riemann hypothesis for non-singular curves we

can write

2.1) 2(%,1) = —HX:1)

(1-t)1—qt)’

where L(X,t) is a polynomial with integer coefficients in t, degree 2§, whose

zeros have absolute value ¢'/2. If we put together (2.1) and (2.2) we get

L(X,1)
(1 =t)(1—gqt)’

where L(X,t) = L(X,t)M(X,¢) and deg(L(X,t)) = § + dim(O +r) < 2g.

Z(X,t) =

Let Z(O, s) be the Dirichlet series defined by:

Z(0,s) =Y gq~*ds@)

a>0
where the sum is taken over all positive divisors a of X. Z(0,s) converges

absolutely for R(s) > 1.

Theorem 2.3. The function ¢*@-1Z(0,s) is invariant under the substitu-

tion s+— 1 — s.
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The proof of theorem 2.3 follows from Riemann-Roch’s theorem for sin-
gular curves (7, theorem 5.4]. As in the non-singular case, in the proof of
theorem 2.3 one studies the divisors of degree greater than 2g — 2 and the
divisors of degree less than or equal to 2g — 2.

We can write Z(O, s) as product of local factors:

2(0,s) = [ 2(Op,1),

PeX
where

Z(0Op,s) = Z q‘-’dfmk(aplop)_

apld0p

Since Z(Op, s) = (1 — g~*%9P))~1 when P is non-singular, then we have

2(0,s) _ edeatP)
Z(X’ s) Pel;‘Isiu;(l 7 )Z(OP’3)~

The local factor Z(Op, s) satisfies a local functional equation, the function
q35PZ(0P,s) H(l - q-sdey(Q))

QlP

is invariant under substitution s — 1 — s.

In the following section we give some examples to illustrate the results of

Stohr.

2.2 Examples

In this section we analyze three examples of singular curves over a finite field.

In some of the examples we use the following two results:
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1. If X is a singular plane curve of degree d, then its arithmetic genus

g= %(d— 1)(d —2).

2. If X is a curve that has only ordinary singularities, then § is simply the

number of these singular points.

In the examples below we use the following notation. Let X be an affine
singular curve over F,. The function field of X is denoted by K(X). Let X’

be the homogenization of X.
Example 1.

Let X be the curve defined by the equation z%y? +z2+y2~1 = 0 over F,.
X has two singular points P, = (1,0,0) and P, = (0,1,0). The geometric
genus of X is 1 since the P, and P, are ordinary singular points. The curve
X is defined by an equation of the form y? = f(z) € F,[z], where f(z) is
a square-free polynomial of degree 3 since the geometric genus of X is 1(see
(22, chapter 6.1]). Therefore, the function field K(X) of X is a Kummer
extension of Fy(z) of degree 2.

If p =1 mod 4, then we can write p in the form a2 + b* with a odd and b

even. The zeta function of X’ over F, is

(1 ~2at + pt?)(1 — t)?
1-t)(1—pt) °

Z(X't) =

where if 4|b, we choose a = 1 mod 4 and if 4 /b, we choose a = —1 mod 4.
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The calculation of the zeta function of X’ can be found in [10, chapter 11.5].

Using St6hr’s theorem we have

Z(X,t) _ (Mo (1~ t9@) Tlgug (1 — 5@y
Z(.X’,t) - ( 1 — tdeg(F;) )( 1 — tdes(P2) ) = (1-1¢)".

If p=3 mod 4, then the zeta function of X’ over F, is

(1+ pt?)(1 +t)?
(L—t)(1—~pt)

Z(X,t) =

The calculation of the zeta function of X’ can be found in [10, chapter 11.5]).

Using Stohr’s theorem we have

Z(X,t)  (lgp (1 - tdea(Q)) [gp, (1 — t2e9(@7) (e
Z(X,1) _( 1 — tdes(Pr) )( 1 — tdea(F3) )“( +1)°

Example 2.

Let X be the projective curve defined by the equation y*+ z2y? + 2222 = 0
over F, where p = 3 or 5. X has two singular points P, = (0,0,1) and
P, = (1,0,0). P is an ordinary singular point and P, is a double singular
point. The arithmetic genus of X is 3. Recall that deg(Z(X,t)) < 2g. Using
the computer program Maple, we computed the number of solutions of X
over P?(F3:) and P?(Fs:) for i = 1,...,6. These are given in the following

table:
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n | |V(y'+ 2°y* + 222%,p = 3)| | [V(y* + 2%y® + 2222, p = 5)]
116 4

2 (8 24

3|30 124

4 (80 624

5 | 246 3124

6 | 728 15,625

Therefore, we have

o (1+e)?
Z(X.1,3) = (1—-1t)(1-3¢t)
and
2(X,t.5) = —L =

T (1-t)(1-51)
Using St6hr’s theorem for p = 3 we obtain

Z(X',t) _HQIPI(I—i"’g(Q’)HQ'le(l"tdeg(Q’))—(1 t)?
Z(PY(Fp),t) 1 —tdes(R) T—geatr = B+

Stohr’s theorem also gives for p = 5

Z(-X'? t) _ anPx(l - tdeg(Q)) HQ'IPz(l - tdeg(Q’)) = (1 ~t)?
Z(PU(F,),t) - tdestP) o

The above expression implies that the geometric genus of X is 0. Therefore,

X is isomorphic to P.
Example 3.

Let X be the curve defined by the equation y?> + z* + 1 = 0 over F,.
P =(0,0,1) is the only singular point of X’. The arithmetic genus of X is 3.

Using the Hurwitz genus formula, it can be proved that the geometric genus of
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X is 1. The curve X is defined by an equation of the form y? = f(z) € F,[z],
where f(z) is a square-free polynomial of degree 3 since the geometric genus
of X is 1. Therefore, the function field K(X) of X is a Kummer extension

of Fy(z) of degree 2. If p = 1 mod 4, then the zeta function of X over F,is

(1 ~at+pt?)(1 —t)

2X0 =50,

where a € Z[z]. This is an application of theorem 5 of chapter 8 on [10].

Using Stohr’s theorem we get

Z(X.t) _ [Toie(1 — tde9(Q))

Z(Pry) - 1 —gemm =t

If p = 3 mod 4, then the zeta function of X over F, is

(1 +pt?)(1 + 1)
(I-t)(1-pt)"

This is followed by an application of theorem 5 of chapter 8 on [10]. Using

Z(X,t) =

Stohr’s theorem, we have

Z(X,t) _Tgp(1 — tds@)
Z(Pl,t) = 1 — tdea(P)

= (1+1).

2.3 Definition of L-functions over F,

In this section we are going to define the L-function for any curve that is an
abelian covering of the projective line. It is well known that if the curve over
the finite field is non-singular, then the L-functions associated to the curve

are polynomials. We prove that if the singular curve defined over a finite
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field is an abelian covering of the projective line, then the zeta function of
the singular curve factors as product of L-functions where the factors are not
necessarily rational functions.

Let X be a curve over a finite field F,. We are going to assume that the
geometric genus g of X is greater than zero. Let K be the function field of
X and let F, be its field of constants. Let 7 : X — X be a morphism,
where X is the smooth model of X and let m: X — Plbea covering of
the projective line. We assume that mg is an abelian covering of degree n,
i.e., K is an abelian extension of F,(z) of degree n for some z € K. Let G
be the Galois group of the extension K/F,(z). Let x be a character of G.
Let Op be the ring of regular function at P € X and let Op be the integral
closure of Op in K. We assume that X has at least one singular point. Let
P be a singular point of X and let Q,...,Qm € X be the branches centered
at P,i.e., 7" (P)={Q1,...,Qm}. We have the following: diagram

Qi---Qm Op K 0p/Q

\/ I I

P Op Op/P
|

P

| l
Op Fy(z) O,fp

For each p € P! we have n = f(p)g(p)e(p), where f(p) is the degree of
any point of X lying above p, g(p) is the cardinality of 75 '(p) and e(p) is the
ramification of p in X. Let D(p) be the decomposition group of @, let I(p)
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be the inertia group of @, where Q is a branch centered at P. Let
N(P|p) = {c € D(p)|o(z) =z mod P for everyz € Op }.

Let f'(p) be equal to the cardinality of D(P|p)/N(P|p). Note that f(p)
divides f(p). For P € X ng we have two cases: m = g(p) and m # g(p)- If
m # g(p), then there exists Pi,. .., P, distinct singular points in X including P
such that g(p) = ¥°i_, [7~*(P;)|, where |7~!(P;)| is the cardinality of T 1(P,).
We say Py, P, € Xing are equivalent if P, and P, lie above the same point in
P!. This is an equivalence relation on the set Xising. We will denote the set
of all equivalence classes of Xiing by Y,ins. If P,...,P, are singular points
of X' lie above p in P!, then they will count as one point with multiplicity
[ and we will denote the multiplicity of P|p by {(p). Let F, be Frobenius

automorphism.

Definition 2.4. Let X be a singular curve defined over F, and let m :

X — P! be an abelian covering of P!, then the L-function of X is given

by

. 1 — y(F,)t%e9(r)r(r)
LIX/P't,x) = L(X/P't,x) [ — szp) ) o
PeEung (1 = (P )tdeatr)) Tt

where L(X, 1, X) is the ordinary L-function of X associated to x and
1 ifx(I(p))=1
r(p) = { if x(1(p))

0 otherwise.
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Remark. Note that r(p) depends on x.

The next theorem, which is our principal result, gives the relation between

the L-functions of the singular curve X and the Stdhr zeta function:

Theorem 2.5. Let X be a curve over F, and let 7o : X — P! be an abelian
covering of P!, then with notation as above, we have

2(X,1) = T LIX/P, 2, ).
x€G

Proof. In the proof of theorem 2.5, we are going to factor the Stohr factor
into a product of functions where the product runs over all the character of
G. We can assume that X has at least one singular point since the theorem
2.5 is true for non-singular curves. Let P be a singular point of X, then
P lies above a point p € P!. Let Qi,...,Qn branches centered at P. We
have two cases g(p) = m and g(p) # m. First we prove the theorem when

9(p) = m and then the other case will follow easily.

1. If g(p) = m, then we can assume that X has only one singular point P
since the question is local. To simplify the notation let n = gfe and r = r(p)

and let N(P|p) = N. In this case we have

Z(X,t) _ (1—t4s@)s  [Iop(1 — tdee(Q))
Z(X,t) 1—tdeaP) — ] tdes(P)
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In this case, the L-function becomes
(1 = x(Fp)tees®)y
(1= x(FF eseot) 55

L(X/P',t,x) = L(X/P",t,x)
We need to prove the following

Z(X,t) = [ L(X/P',t,x)
x€G

: (L= x(F)tes)y
= (I1 LX/P'tx) 2
(xeé (1- x(Ff’)twv))ﬁ)

or equivalently

ZX0) o (L= x(F)tewy
s LIX/PYLX) G (1 = (R yeseston) 52

Using the following identity between zeta and L-functions for non-singular

curves
Z(X/PY =[] L(X/PL,x).
x€G
We get
Z(X,t) _ (1 — x(F,)teest@)r

ZX,t) 8 (1= y(FF ytaeato) 55
Therefore, we need to prove that the right side of the last equation is equal
to the Stohr factor:
(1 — x(F,)tdese))r (1 — tdes@))s
5 (1 - x(Feson Ty T— )

Now, we are going to prove

H (1 — x(Fp)tdesPyr = (1 — ¢de9(Q)yg
x€G
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and

H (1- X(Fj’)tdey(p))‘,:,'- =1 — t9e9(P)
x€G
We consider two cases: p ramifies in K and p does not ramify in K.

A. If p is unramified in K, then we need to prove

(1- X(Fp)tdeg(p)) _ (1- tdeg(Q))y

x€& (1- x(pp)tdeg(p))!;,';' 1 — tdeg(P)
Claim. If p is unramified in K, then
(2.2) H (1- x(Fp)td’g(p)) =(1- tdcg(Q))g’

x€G

where F, is the generator of D(p), i.e., the Frobenius automorphism.

Proof. Note that x(1) = x(F,{) = x/(F,) = 1, therefore x(F},) is an f-root

of unity.

Subclaim. There exists x € G such that x(Fp) is an f-th primitive root of

unity.

We prove the subclaim by contradiction. We suppose that there exists a
n such that x"(F,) =1 for every x € G and 0 < n < f. This implies that
x(F;) = 1 for every x € G. Then F}' = 1. This is a contradiction since the
order of F, is f. This proves the subclaim.

Let H = {x € G| x(F,) =1} = {x € G| x(D(p)) = 1}. We can identify
the characters of G trivial on D(p) with G/D(p) where G/D(p) is the group
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of characters of G/D(p). This implies that IH | = g. Let x be the character
of G such that satisfies the following: x(F}) is an f-th primitive root of unity.
Note

x¥(Fp) = x(Fp)
for every ¢ € H. We consider H , xﬁ, cen xf -1H7 , note that each one is an

equivalence class of G/ H. Let X: be a representative of the class x*H, then

f-1
H(l - Xi(pp)tdeg(p)) =1 — tfdes(p) — | _ 4dea(Q)
=0

If we repeat the above for all the elements of each equivalence class, we get
j-1 g Jj-1
[T 101 = xeb(Fp)e®o®) = [T TL(1 = xe(Fp)tes®)) = (1 ~ 2o @)p,
'Jleﬁ =0 =1 =0

This proves the claim.

Claim. If p is unramified, then

(23) 1 #99) = [T (1 = x(FF sty s,
x€G

where f' = [D(p)/N| and F, is the Frobenius automorphism. Recall that
deg(P) = deg(Op/P/O,/p) x deg(p). Since 5(;) is a cyclic group, then we

can write
H (1- x(Fp) tdcs(p) Ha e (F )tdey(p))
x€D(p) i=1
where (F,) is an f-th root of unity . Note f’ divide f and %g-((% = f.

We have that ¢(pr') is an f'-th primitive root of unity. Therefore, we can

substitute F, by pr' in the last equation. We get
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. f L ,
IIa- X(FF s = [101 - wi(F st T
XGE(?) =1
7o ,
= [TI10 - wi(E ysesto)) 5
j=1i=1
! y
= JI0 - w(F )
=1

— 1 —_ tf'dCQ(P)

= 1~ ¢tslP),

L ’ -
1 — x(F' )t"‘y(”))jl' to a product over all G by

We can extend Hx G5(;)(
setting
7 deglp)) L F\ deg(p)y L
[T @=x(F T = [ ~x(F )t

x€D(p) x€G
since there are g characters trivial on D‘(;). This proves the claim. If we put
together (2.2) and (2.3), we get

Z(X,t) (1 —tds@Q)s (1 = x(Fr,)tdes(®)y
v 4\ 1 — ¢des(P) 7"
Z(X,t) 1-—tds b 1y (FF e

This proves the theorem 2.5 is true when g = m and p is unramified.

B. If p ramifies in K, we need to prove

(1~ x(Fp)tdeg(p))r _ (1 ___tdeg(Q))g
xec (1 — X(Fp)tdes(p))%" 1 — ¢dea(P) °
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Claim. If p ramifies in K, then

(2'4) H (1- X(Fp)tdcy(l’))r =(1- tdeg(Q))g
x€G

where F}, is a representative of the Frobenius equivalence class and

r=J 1 ifx(I(p))=1
0 otherwise.

We identify the characters of G/D(p) with the characters of G trivial on
D(p). Therefore, there are g characters x of G such that x(D(p)) = 1.
x(Frp) is an f-th primitive root of unity for some x € G. It was proved in

case A.

Let x be a character of G such that x(F},) is an f-th primitive root of unity.

Then, we have

II Q-x(FB)pe?) = [ (1-x(Fp)tee®)

» ;iﬁ)‘;’: L x€G/I(p)

! .
= II T -xw(F)e)

veG/Ip) =1
W D(p)/ 1(p))=1

l'I (1 —tf deg(p))

¢€GTI(p)
¥(D(p)/1(p))=1

(1- $9e9(Q) ).

We can write the above as

(1- tdeg(Q))y . H (1- x(Fp)tdeg("))",
x€G
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where

1 ixUm) =1
0 otherwise.

Claim. If p ramifies, then

(2.5) L= 40P = (1~ x(FF )best)) 55,
x€G
where F} is a representative of the Frobenius conjugacy class and f’ = |G/N]|.

Subclaim. I(p) C N.

Proof. If ¢ € I(p), then o(z) = z mod Q for every z € Op. Therefore,
if £ € Op and o(z) — z ¢ P, then o(z) ~ z is a unit in Op. Therefore

o(z) — z &€ Q. this is a contradiction, hence we can conclude that
o(z) = z mod P

for every z € Op. This proves that ¢ € N.

We have
f :
H (1- x(Fp)t“g(”)) = H(l - ¢1(Fp)tde9(p))’
xeb‘(;) =1
x(K(p))=1

where ¥ € D’(;) and ¥(F,) is a primitive f-th root of unity. The last state-
ment is true since D(p)/I(p) is a cyclic of order f. Therefore, we can substi-

tute F, by F,,"Lr in the last equation. We get

’ ! N J_ I3
[T (1= x(Flyees®n s = [[(1 - wi(FF yetesten) ¥,
x€D(p) =1
x(I(p))=1
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£ . e .
where ¥(F, ) is a primitive f’-th root of unity. Therefore, we have

For

I (-x(ENEoT = [TIIa - w(E )t
xe&; Jj=li=1

x(I(p))=1

(1 = x(EF yesestor

=1

—_— 1 — tf'deﬂ(P)

i

1 — glesP),

]

This proves the claim. We need to extend the above product to all G. The

next step is to prove the following:

Subclaim.
II a- X(ET yteso) = I a- (BT s F5
er(?) x€3
x(I(p))=1 x(I{p})=1

Proof. We have

[T a-xtE e = 1 o-x(E ok
xeS x€G/1{p)

x(fiph)=1

S ’
= I 110 - E ek,
x€G/Ip) =1
x(D(p)/ I(p))=1

where ¥(F,) is a primitive f-th root of unity. Then

’ / ’
[T (-x(ED s = [J -w(E s,

x€G i=1
x(I(p))=1
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since there are g characters of G trivial on D(p). Therefore, we have proved

that
i’. d ﬁ j, 4 L’.
II (1 - X(Fp’ )t CQ(P))/g = I-[ (]_ - X(Fp! )t eg(p)) T
xes xe‘D‘(\p)
x(1(p))=1 x(I(p)=1

This proves the subclaim. We extend the above product to all G by setting

1 — t9eoP) = T[ (1~ x(EF )tteo 5,
x€G

where

r={ 1 if x(I(p)) =1

0 otherwise.
If we put together (2.4) and (2.5) we get

Z(X.t) (1- t4e3(Q))9 _ (1 — x(Fr,)tdest?))r
v - — ¢deg(P) -
Z(Xst) 1 tdea( xe§ (1 _ X(F;Ig)tdeg(p))%

1

where

1 ExUm) =1
0 otherwise.
This proves B, i.e., p ramifies in K. We have proved the theorem 2.5

when g(p) = m.

2. If g(p) # m then we can assume that there are only two singular points P,
and P, lying above p and these are the only two singular points of X. Then
== (P)| + |=~Y(P,)] = g(p). Let Qu,.-.,Qm»Q@ms1-..,Qq(p) be the prime
ideals of K lying above p. Let Q,...,@Qm be the prime ideals of Op, and let
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Q@m+15- - - Qg(p) be the prime ideals of @p,. Recall that G acts transitively on

the ideals of K lying above p.
Claim. [r~1(P,)| = |~ (P,)|

Proof. There exists a ¢ € G such that o(P;) = P, since G acts transitively

on the ideals of K lying above p. It proves the claim since P, = Q1 --- Qn.-

Claim. OP,/PI =~ Opz/Pz

Proof. Since there exists a o € G such o(P,) = P, then we can define a
map 7 from

OPI/PI —_ Opz/Pg

by setting

T+ P HU(I)+P2.

This is an isomorphism since ¢ is a automorphism of K. In particular, this

implies that deg(P,) = deg(P;). Therefore,

Z(X,t) _ (qupl(l_tdey(Q)) Moip, (1 — t2eo(@))
Z(X,t) 1 — tdes(Pr) )( 1 — tdes(P2) )

[op(1 - taes(Q))
(1- tdeg(P;))Z :

We have reduced case two, i.e., g(p) # m to the first case, therefore we have

proved the theorem 2.5.

The L-functions associated to X satisfy the following:
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Theorem 2.6. Let X be a curve over F, and let 1o : X — P! be an
abelian covering of the projective line. Let K/F ,(z) be the separable extension
associated to the covering g and let G be the Galois group of the eztension

K/F,(z). If x1 and x2 are characters of G, then

L(Xv tv X1 + Xz) = L(-Xv tv XI)L(X, t’ Xz)

Proof. Since

lOg(L(X, t Xl)) = lOg(L(X, t, Xl)) + Z r(p) log(]_ — xl(Fp)tdeg(P))

P 'Peyning

_o) S eIre) oy P peate)
Flpg(p) 8 I

we only need to prove that

» _ F deg(p) r(p)_l(p)f,(p)r(p)l -x1 Fpﬁ% deg(p)
Phg?m (P)(1 = Ca( B PY T ~ o = log(1 ~ xa (B )t%07))

satisfies the theorem 2.6. Using the Taylor expansion of log, we get

Y. —r(p) ((1 + x1(Fp)t2e8®) 4y (F2)e2 s 4 ...) —
Plpeftin(

{(p)f'(p) 7PV gdeatw) . ...
Tplgp) | F XTI )

The above expression is clearly additive. This proves the theorem 2.6.

Corollary 2.7. (Funtional Equation) Let X be a curve over F, and let

o : X — P! be an abelian covering of the projective line. Let K/F,(z) be
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the abelian ertension associated to the covering my and let G be the Galois

group of the eztension K/F,(z). Let x a character of G, then

11(-2)- { 'tp)r(
L/t X5 srrer (1 = x(Ff O ypiestn)) \ izt
HUEXD - avar I 2 )

Pe;i[;,‘“‘ (1 = X(FF P )(tq)—des(r))

(1= R(Fy)(tq) st )
( 1 — x(Fp)tdestr) ) ’

where |¢(x)] = 1 and F is the degree of the conductor of x and § is the

geometric genus of X.

Proof. The last corollary is a direct consequence of the definition of L-
function for singular curve and the functional equation of the L-functions of

non-singular curves, i.e.,

L(X, ql-t,x-l) = e(x)(Va/)F T L(R 1, x).

Now we are ready to compute the L-functions associated to the curves of the
examples 1 and 3 of the section 2.3. We continue using the notation of the

examples of section 2.2.
Examples of L-functions.

1.(Gauss’ Last Entry) Let X be the curve defined by the equation z%y2 +
z?+y?—1 = 0 over F,. Recall that the function field K(X)/F,(z) has degree
2. The points P, = (1,0,0) and P, = (0,1,0) in X lie above two points p,
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and p; in P'. Note that p; # p, since this contradicts the form of the zeta

function. Therefore g(p;) = [x~1(P,)| for i = 1,2.

A. If p =1 mod 4, then by Stohr’s theorem we have

Z(X,t) (Mg (1 —t95@)\ (Tlgp, (1 — t2e9(@))
Z(X,t) —( 1 — tdeg(F1) )( 1 — tdeg(Ps) )

1 — tdeg(Pr) 1 — tdes(P2)

anm(l - tdeg(Q)) I'Iq,,,,(l - tdeg(o))
- () )

The above implies

Mo, (1 — t*99)

T =l—-tfori=1,2.

Therefore, f(p:) = 1,e(p:) =1 and g(p;) = 2 for ¢ = 1,2. This implies that
Fp, =1fori=1,2. Let x and 1 be the characters of G. The L-functions of

associated to the curve X are the following:

a. The L-function associated to the non-trivial character y is

I—X(pr)t )( 1 — x(Fp,)t )
(1 = x(Fp )2/ \(1 ~ x(Fp, )t)1/2
1-t 1-t

(1 _t)llz(l _t)l/z

(1 —2a +pt?)(1 — t).

LX,tx) = LX)

= L(X,t.x)

In particular,

o L(X,t,x,p="5)=(1+2t+5t2)(1 — )
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o L(X,t,x,p=13) = (1 — 6t + 13t?)(1 — t)

o L(X,t,x,p=17) = (1 — 3t +17t?)(1 — ¢t).

We have found a factorization of the zeta function corresponding to the

Gauss’ Last Entry.

b. The L-function associated to the trivial character 1 is

- 1~t¢ 1t
Lx.en = L) =m) (T=m)
= L(P't,1)(1~1)

B. If p = 3 mod 4, then by Stohr’s theorem we have
Z(X,t) _ (lgr(l — t%3@))y (Tlg(p, (1 — £25(Q))
Z(X, t) - ( 1 ~ tdeg(Pr) ) ( 1 — tdeg(Pz) )
(nam(1~f““qh)(ﬂmn(1—f““QU)

1 — tdes(P1) 1 — tdeg(P2)

(1+1¢)%

This implies

o, (1 - tdea(Q))

T =l+4tfori=1,2.

Therefore, f(p:) =2, e(p:) =2, g(p;) =1 and f'(p;) = 1 for i = 1,2. Let x

and 1 be the characters of G. The L-functions associated to the curve X are

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



108

a. The L-function associated to the non-trivial character x is

LBt ) (Lo x(F )
(1 = x(F2))V2/ \(1 = x(F2)t)'7*
N 1+t 1+t
= L(X,t, X)(l —t)1/2(1 = ¢)1/2
(1 +t)%(1 + pt?)
1—t |

L(X.t,x) = L(X,t,x)(

b. The L-function associated to the trivial character 1 is

L(X,t,1) = L(thvl)((ll_t)tl/z)((11_t)t1/2)
= L(PL¢,1)(1—¢)
1
(1-pt)

2. Let X be a curve defined by the equation y? + z* + 1 = 0 over F,. Recall
that the field extension K(X)/F,(z) has degree 2. The point P = (0,1,0)
in X is lying above a point p in P!. This implies g(p) = =~1(P).

A. If p =1 mod 4, then by Stohr’s theorem we have

Z(X,t) _ Tlgp(1 —t¥s(9))
Z(X,t) ~  1—tds(P)
Mop(1 — t2e9(Q))
1 — tdeg(p)

= (1-1).

Therefore, f(p) = 1, e(p) = 1 and g(p) = 2. Let x and 1 be the characters

of the G. The L-functions associated to the curve X are
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a. The L-function associated to the non-trivial character x is

(1 = x(Fp)t)
(1 — x(Fp)t)1/?
1—t
(1—t)i/

(1 — at + pt?)(1 - t)*/2

L(X,t,x) = L(X,t,x)

= L(X,t,x)

This example proves that L(t, X, x) is not a polynomial in general. In par-

ticular,
o L(X,t.p=35,x) = (1—2t+5t?)(1 —¢t)/?
o L(X,t,p=13,x)=(1+6t+ 13t3)(1 —¢)}/?

o L(X,t,p=1T,x) = (1 =2t + 17t?)(1 — t)/2.

b. The L-function associated to the trivial character 1 is

_ 1t

L(X,t,1) = L(X,t,l)m-,;

= L(P',t,1)(1 - )2
1

(1= pt)(1—t)/%

B. If p = 3 mod 4, then by Stohr’s theorem we have

Z(X,t) _ Tqp(l— t1e3(Q))
Z(X,t) 1 — tdea(P)
_ [op(1 - $4e9(Q))
- 1 — tdes(»)
= (1+1¢).
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Therefore, f(p) =2, e(p) = 1 and g(p) = 1. Let x and 1 be the characters

of the G. The L-functions associated to the curve X are

a. The L-function associated to the non-trivial character x is

(1 — x(Fp)t)

L(X, t, X) = L(X.a t, X) (1 _ X(F2)t)

. 1+t
= L(X,t,x)m
(1 - at +pt?)(1 +¢t)
DI

The L-function associated to the trivial character 1 is

1—t
(1 _t)l/2
= L(PY,t,1)(1 —t)'/?

1
(1-pt)(1 - )%

L(X,t,1) = L(X,t1)

We can substitute in proof of theorem 2.5 the projective line by a non-
singular curve since the argument in the proof is local. In the next section

we associate to X an exponential sum in a natural way.

2.4 Exponential Sums associated to Singu-
lar Curves

In this section we define the exponential sums of a singular curve. This ex-

ponential sums consist of the exponential sum associated to the non-singular
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model of the curve and some weight given by the singular points of the
curve. The weight that will come from a singular point is of the form a(,
where a € Q and ( is a root of unity. We continue using the notation of the
last section.

Let X be a curve over F, that is an abelian covering of P!, then we apply

logarithmic differentiation to

1 — v(F,)t9es(p)yr(p)
L Pt x) = LR /P x) [ — =X
pex,,,‘ (1- X(F! (P) tdey(P))_E}m}GT&

and multiplying by ¢, we get

tdlog(L(x, X/P',t)) _ tdlog(L(x,X/P,t)) tdlog(1 — x(F,)tés®)))
dt dt tXT ( dt

PEX",,‘
Plp

tdlog(l — x(Fﬁz’%)tdes(p)))m%)

dt
deg(p)x(Fp)tes® r(p)(—deg(p)x(Fp)tm‘P’Lf'(p)l(p)deg(p)x(Fﬁ)t“ym
- deg(p) - deg(p) )
1 — x(Fp)tdeslr P 1 — x(Frp)tdes(r o))l — x(EFE et

Plp
—_ Z deg(p)(X(Fp)tdey(P) + X(F:)t'&’dey(ﬂ 4+ X(F;l)tndeg(p) +-- _)__
peP?

P>

peP1

{3 rip)deg(p)((x(Fp)eies® + x(FR2 o) 4 ...}

Pex.i,‘
Plp

“;I((pp))gl((z))( (FI (P) )tdcg(ﬁ) + x(F, )j ) t2deg(p) +- )) }

The first coefficient of the above series is

L @)

T B = (T B - i ).
deg(p)=1 P
deg(p)=1
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This allow us to associate an exponential sum to X when X satisfies all the

above conditions.

Definition 2.8. Let X be a curve over F, such that X is an abelian covering
of the projective line, then the exponential sum S(X, F,, x) associated to

the curve X is defined to be

_ 3 . _f()p) , 5
S(XFux)= 3 x(F) (;; (Px(F) ~ BB (ETy).

do =
eo(p)=1 deg{p)=1

Note that this definition of exponential sums consist of the usual expo-
nential sums and the contribution of the singular points. It is easy to obtain

a bound for S(X,F,, x)-
Theorem 2.9. With the above notation, we have
IS(X,Fy, x)| < (deg(F) ~2)g"/* + 2(Xingl,

where F is the degree of the conductor of x.

Proof. We have

f'(p)l(p) (Fp%);))l

S(X,F,,x)] < F)l + r(p)(x(Fp) -
SGFL < 1 2 B+ T ApF) - B
deglp)=1 den
< | X x(F)| +2Xingl since f'(:);(p) sl
peP1?
deg(p)=1

< (deg(F) — 2)q"? + 2[X yingl-
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Examples of Exponential Sums.

1. Let X be a curve defined by the equation z%y?> + y?> + z2 — 1 = 0 over F,,
where p = 1 mod 4. Then, the L-function of X associated to the non-trivial
character x of X is 1 — 2at + pt. The exponential sum associated to X and

X 1s equal to:

SX.Fpx) = Lx(F) = T (x(F) = 2x(F))
Plpexxin‘ =

= ZX(FP)-]'

= —2a-—-1.
In particular,
o If p=>5, then S(X',F,,x)=2—-1=1.
o If p=13, then S(X',F,,x) = -6—-1=-T.

o If p=17, then S(X'",F,,x)=-2-1=-3.

2. Let X be a curve defined by the equation z%y? + 22+ y?> — 1 = 0 over F,,

where p = 3 mod 4. The exponential sum associated to X and x is equal to:

SXFpx) = Tx(F)= ¥ (x(F) = 5x(E))

Plp€Xsing
deg(p)=1
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3. Let X be the curve defined by the equation y?>+z%*+1 = 0 over F,, where

p =1 mod 4. The exponential sum associated to X and x is equal to:

SX.Epnx) = LxF)= ¥ (dF)=3x(F)
P

Plp€X;ing
deg(p)=1

1
= Y x(F)-3
P 72
In particular,
¢ S(X,Fsx)=~2-} =3

. S(X7F13’X) =6 % =1

L S(‘x’!FlT?X) =-2-
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Chapter 3

Exponential Sums in Several
Variables

This chapter deals with exponential sums in several variables. We make a
detailed study of the Kloosterman sum in seven variables and prove some

distribution results for its values.

3.1 Basic Definitions and Results on Con-
structible Sheaves

In this section we give some definitions that we need through this chapter.
Furthermore, we will fix the notation that will be used throughout.

Let X be a connected, normal, and locally noetherian scheme. Let K be
the function field of X, i.e., K is equal to the local ring O, of the generic
point n of X. Let K** be the separable closure of K. Let G(K**/K) be the
Galois group of the field extension K*?/K. Let z be a closed point of X,
then K. denotes the completion of K at z. Let k be the residue field of K..

115
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We assume that k is a perfect field with characteristic p > 0. Let K:? be
the separable closure of K and put D, = G(K:?/K_), where G(K:/ K:)
is the Galois group of the field extension K*?/K,. We have the following

exact sequences
l— I — D, — G(k*?/k) — 1

and

1——»P,,.——-’I,,——»HZI—»1,
l#£p

where Py is called the wild ramification group and is a maximal pro-p-group.
Now we define the étale fundamental group 7;(X,Z) of X. The following
discussion is based on [16, chapter 1.5]. Let T — X be a geometric point

of X. There exists a functor F from the categories
C := {X-schemes finite and étale over X} — {Sets},

where F(Y) := Homx(Z,Y). Hence to give an element of F (Y) is to give a
point y € Y lying over z and a k(z)-homomorphism k(y) — k(z) = k*.
The functor F is strictly prorepresentable, i.e., there exists a directed set
J, a projective system (X;, ¢i;)ics in C for which the transition morphisms
¢ij : Xj — X; for i < j are epimorphism and the elements f; € F(X;)

satisfy

1. fg=¢;jof}
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2. the natural map

limHom(X;,Z) — F(Z)
induced by the f; is an isomorphism for Z € C.

For an X-scheme Y, we denote by Autx(Y) the X-automorphism of ¥
acting on theright. fY € C, thenforg € Y, o — gog: Autx(Y) — F(Y).
The action of Autx(Y') is bijective since Y is connected. We say Y is Galois
over X. We have that for any Y € C, there exists a Y” that is Galois over X
and a morphism Y’ — Y. Therefore, we can assume that the X; are Galois
over X. Given ¢ < j, we can define the map p;; : Autx(X;) — Autx(X;)

by requiring that p;;(c) = ¢;; 0 0 o f;. We define
7r1(X,a“:) = l.iEIAutx(Xi).

Note that if Z’ is another geometric point of X, then m;(X,7') ~ m;(X.T).
This isomorphism is canonically determined up to an inner automorphism of

71’1(X, 5,’-).

Example 1.

If X = Spec(k), k a field. The X; may be taken to be the spectrum of
all Galois extension k; of k contained in k(Z). Then, m(X,Z) = G(k*?/k).
Changing the geometric point T corresponds to choosing a different separable
algebraic closure. If k = F,, then m(X,Z) = G(F:/F,). This Galois group

is a free profinite group on one canonical generator, namely the map y — y?
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on Fy, which is called the arithmetic Frobenius. The inverse of this
generator is called the geometric Frobenius.
Example 2.

If X = Spec(A) where A is strictly Henselian local ring, then m; (X, %) = 1
since C consists only of the direct sums of copies of X.
Example 3.

If X = P'(k) where k is separable and closed, then m;(X,Z) = 1 since

P!(k) does not admit a non-trivial étale covering.

Definition 3.1. Let X be a connected scheme over a field k. Then, the
arithmetic fundamental group w{"**(X) of X with base point T is m(X,T)
and the geometric fundamental group =i*°™(X) of X with base point T is
(X xi k*?,T).

Example 4.

Let U be an open set of P!(K), i.e., U is equal to
P'(K) — {finite number of points}.

Then, #{™**(U) can be viewed as the quotient of G(K**/K) by the smallest
closed normal subgroup [y containing all the I for £ € U. The geometric

fundamental group 77"°"(U) can be viewed as the quotient of G(K**? /Kk**?)
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by [u.

The functor m is left exact and , classifies the finite etale coverings of
X. For X a schemes, and field k, we can interpret a k-valued point z € X (k)
as a map of schemes f : Spec(k) — X. By the covariance of m;, we get
a homomorphism G(k**?/k) — n2"*h( X)(well defined up to conjugation).
If k is a finite field, we can attach to k-valued point z € X (k) the image
of the geometric Frobenius F, in n2"**(X), which we denote by F,_; it is
well defined as a conjugacy class of #¢"**#(X). F,. is called the Frobenius

conjugacy class associated to the pair (k, z).

Definition 3.2. Let p : G(K*?/K) — Aut(V) be an [-adic representation
of K, and let € X. We say that p is unramified at = if p(I,) = 1 for any

y € K*? lying above z.

If the represenation p is unramified at z, then the restriction of p to D,
factors through D, /I, for any y|z, i.e., y lies above z.

Now, we recall the definitions of constructible and lisse sheaves on X.

Definition 3.3. Let T be a geometric point of X, a constructible sheaf F
on X is a continous l-adic representation Fz of G(K*?/K) together with,
for each closed point z € X, a continous representation F, of D /I, and a
D, -equivariant map |

$pz : Fr — Fz
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such that

1) I: acts trivially for all but a finite number of closed points, that means,

Fz is unramified for all but a finite number of closed points.
2. sp; is an tsomorphism for almost all z € X.

Definition 3.4. The constructible sheaf F on X is lisse at z € X if spr is

an isomorphism.

Remark. If X is an algebraic variety over F,, then the Lefschetz trace
formula gives the following:

[ Xml = 2_(=1VTr(F;* | H(X QF;*, Qi)
where X, be the set of points of X defined over Fym, F, is the geometric
Frobenius, and H;(X ® Q) is the i-th l-adic cohomology group with compact
support (char(F;) # ). On (5], Deligne proves that for each eigenvalue a;
of F, on Hi(X ® Qu), there is an integer w = w(a), called its weight, such
that

0 <w <1 , |every conjugate o; | = g*/2.

If, for given i, all the o; have the same absolute value w(a;), we say that
H;(X ® Q) is pure of weight w. It is well known that if X is proper and
smooth, then Hi(X ® Q) is pure of weight i.

Let z € X be a closed point and let K. be the completion of K at z. If
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M is a Z[}]-module on which P acts through a finite discrete quotient, i.e.,
there exists a representation p : P — Autz(M) and a finite group G such

that the diagram
P — Autz(M)

N T
G

is commutative, then we have

1. M has a unique direct sum decomposition of M = @ M (u) into P-stable

submodules M(u), indexed by real numbers u > 0, they satisfy the following:
A. M(0) = MP

B. (M(u))" =0foru>0

C. (M(u))"" = M(u) for v > u.

2. If u > 0, then M(u) = 0 for all but the finitely many values of u for which

p(I*) 2 uL)JuP(I")-

The construction of the M(u) for u > 0 is based on "the projection onto
the invariants”. For the proof of the construction of M(u) see [12, chapter
1.1]. The decomposition M = @ M(u) is called the break-decomposition of
M and the values of u > 0 for which M(u) # 0 are called the breaks of M.

Now we are ready to define the Swan Conductor of M.
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Definition 3.5. The Swan Conductor of M as [ -representation is defined

by
Swy(M) := Z udim(M(u)).

u20

By Hasse-Arf, each product udim(M(u)) is a nonnegative integer. If
M(u)P = 0, and we say that M is totally wild. If M(u) = M(u)” then P
acts trivially on M(u), we say M is tame. Now we define the Kloosterman

sums.

Definition 3.6. Let ¢ be an additive character of F, and let x;,..., xn be
multiplicative characters of F;. Let by,..., b, be positive integers, then the

Kloosterman sum is defined by

A’a(¢’:X17-"9xn9b17"-7bn)(Fq) = Z w(izi)X(Il)“’Xn(l'n)-

:bl gbnog i=1
1 n
ngF;
We are interested in the case when x; = --- = Xn=land by =---b, = 1.

We denote this case by K,(v).

Definition 3.7. Lety be an additive character of F,. Then the Kloosterman

sum associated to y over Fym is defined by

Kom(¥) == Z ¢(TTF.M/F¢(Z z:)).
z)--Zn=a =1
Xy, 2 epqm
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Now we will state the theorem that guarantees the existence of the Kloost-
erman sheaves. Let p be the characteristic of F,. Let E be a finite extension
of Q. Let ¢ : F; — E* be a non-trivial additive character, n > 1 an in-
teger, x1,...,X» multiplicative characters y; : F; — E*, and b; = bjp™,...,
b, = b p™ be positive integers where ged(b!,p) = 1for = 1,...,n. Let [ #p
be a prime number and let Q; be the completion of Q at . Let E, be the
composite field of E and Q. Let O, be ring of integers of E). Now we are

ready to state the theorem.

Theorem 3.8. There ezists a lisse sheaf of free Ox-modules of finite rank

on F;QF,, denoted

K(¢7 X1s-- -vXnably ... 7bn)7

or simply K, with the following properties:

1. K(¥,X1s++-2Xns 015 ..., by) is lisse of rank "7, bl and pure of weight n—1.
2. For any finite extension Fym of Fy, and anya € Fim, we have the identity

Tr(Fokm|Kz) = (=1)" " Ka($, X15- -+ 1 Xns b1y - o - 1 00) (Fgm)

where @ is a geometric point lying above a and FzF . is the inverse of the

standard generator y — y9 of G(F;*[F,) = n{"*k(Spec(F,), a).

3. K is totally wild at 0o, and Swe(K) = 1.
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4. K is tame at 0.

In [12, chapter 4.1], Katz proved the theorem for n = 1, via the sheaves
Ly and L,. We will define £, below. Katz develops the convolution of
sheaves on F; @ F,, this allows him to construct the Kloosterman sheaves

forn > 1.

Corollary 3.9. (Deligne) For a € F;, there ezxists n eigenvalues o, ..., a,

of the Frobenius element with absolute value ¢"~"V/2 sych that satisfy

Kam@) = 5 (Tremm (S z)) = (1) o] +--- +al).

r1-Tn=a =1
EIRIE 1Y Equ

Corollary 3.10. With the above notation, if n is even, then for each eigen-
value a; there ezists an eigenvalue a; such that

1

a;aj = q"7" or equivalently o; = @;.

Corollary 3.11. With the above notation, we have

|Kam(%)| < ng™nD/2,

Now we consider the affine line A! = Spec(F,[t]). Let ¥ : A! — Q, be
an additive character. The map z — z? — z on A! corresponds a morphism
of Al — A!. This morphism is an Artin-Schreier covering of A(F,) and it

is an étale covering. We have an exact sequence

0 —F, — A' 2y A' —0
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where 7(z) = 27 — z. Using the definition of the fundamental group, we have
a map n{"**(A!) — F,. Therefore, we get a one dimensional continuous

representation of w¢"*A(Al),
rith(A) — F, — Q,.

We identify this representation with a lisse Q,-sheaf of rank 1 denoted by £,

on Al. If Fym is a finite extension of F, and y € Fym, then
Tr(Ly)(Egm,y) = Y(TTF m/F,(¥))-

If f: X — A is a morphism, we denote by Ly(s) the sheaf f*(Ly) on

X. Ify € X(Fgm), then

Tr(Lyn)(Eqm,y) = Y(TTF m/F,(f(y)))-

Given a constructible sheaf F, the geometric monodromy group Ggeom is

defined by
Ggeom := the Zariski closure of the image p(7{*™) in GL(n,Q,),

where p is the representation associated to F. If F is pure, then Gyeom is
semisimple algebraic group. If we choose an isomorphism Q, ~ C, then we
can view Ggy.om as a semisimple group over C. From now on, when we talk
about Gy.om, we mean the complex semisimple Lie group Ggeom(C).

Now we state some definition that we will use in the next section.
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Definition 3.12. Let f,g: C — C be two complez functions, we say

f=0(g)‘=>zlilgm .

Definition 3.13. Keeping the notation of definition 3.12. We say

f~g=f=g+02)

In the next section we analyze the Kloosterman sum in seven variables

over the binary field. To simplify the notation, we denote this by A, (2, 7).

3.2 Computation of the L-function associ-
ated to K ,(2,7) and its Distribution of
signs

In this section we analyze in detail the Kloosterman sum in seven variable
over binary field. This sum is an exceptional cases since its geometric mon-
odromy group is G,. Now we define the Kloosterman sum in seven variables

over the binary field.

Definition 3.14. The Kloosterman sum K;,(2,7) in seven varibles over

Fon is defined by

Kl,n(2, 7) = Z (—I)Trpzn/FQ(Zi?:x ,:,).

zy---37=1
xy EF:'\
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The L-function associated to K .(2,7) is defined by
(3.1) L(t) = exp{}_ —‘—%T-)t—}
n=1

Using Deligne’s theorem we have

L(t) = exp{i M}

n=1 n

exp(y 3 @,

=1 n=1

exp{j: log(l — a;t)}

=1

7

= H(l - a,-t)'l.

=1
Recall that the absolute value of the roots of L(t) is 8. If we apply log to
(3.1), we get the following

o I n 3
> ____l'n(z’ T o (3" log(1 = (o + )t + 6412) + log(1 — at)),

n=1 =1

where & = @. Let a; be equal to a; +@;. We only need to compute Kj (2, 7)
for n = 1,...,4 since the L-function satisfies a functional equation. The

values of those sums are given in the following table:

Hn K1 .(2,7)
1]-1

2|85

3| 713

4 | -6383

We have two possible values for a, i.e., 8 or -8 by Deligne’s theorem. We are

going to use K 4(2,7) to find the correct value of a. Suppose a is equal to
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8, then we get the following

85 713 3
~t+ —2—t2 + —§—-t3 - §%§§-t‘ +--- = —(X_ log(1 — (a:t — 64t%)) + log(1 — 8t))
=1

Therefore, we have the following system of equations:

-9 = a1+az+a3

405 al+ai+ad?

—~1527 = a} +a)+adl.
The solution of the above system of equations is

a = R(EVP)-3

]

~R(€/3) -3 - VIS(EY3)
~R(E2) - 3+ V3S(€')

az

as
where € = 326 + /143771 :. The approximate values of the a;’s are
{ —14.50300692, -5.722704887,12.2257118 }.

By a small computation, we found that

L(t) = (1+1t— 42> — 280t° + 2240t* + 21504¢° — 32768¢° — 2097152¢") "

= ((1+ 9t + 30t% ~ 40> + 1920¢* + 36864t° + 262144¢°)(1 — 8¢))~'.

If we expand log Z(t), we obtain Kj4(2,7) = —6383. Therefore, a is equal

8. We now collect the above results in the following statement.
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Theorem 3.15. The L-function of the Kloosterman sum K (2, 7) is given

by

1
1+ — 42¢2 — 280t3 + 2240¢4 + 21504¢5 — 32768t6 — 2097152t7

L(t) =

Let
(3.2)  f(t) =149t + 30t% — 40¢> + 1920¢* + 36864t°> + 2621441°.

Using the computer program Maple, we proved that f(t) is irreducible over Q
and its discriminant is —(2)?%(3)7(7)2(109)3(1319)2. The approximate values

of the roots of f(t) are

1. .0955133736 + .08063619213:
2. —.05252113191 £ .1134307309:
3. —.1133047416 £ .05279238148:.

Now we are ready to give a description of the reciprocal roots of f(t). Let
a; = 8e*™%* and &; = 8 e72*%* be the reciprocal of the roots of f(¢). We want

to prove that e*?7fit 2270 22763 36 not roots of unity. We substitute

t=%in f(t) and we get
f(3) = %(64 + 722 + 3022 — 52° + 302 + 722° + 642°).

The roots of f() are e¥*™®* for i = 1,2,3. Let g(z) = 64f(%). g(z) is

irreducible over Q.
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Claim. e*?™%* for { = 1,2,3 is not a root of unity.

Proof. Suppose that e**%: is a root of the unity, then €?*®* is a root of a
cyclotomic polynomial ®. Since g and @ are irreducible over Q, then —g = &
or g = ®. This is a contradiction. This proves the claim. Later, we will prove
more precise result: If K is the splitting field of the polynomial f(t), then K

does not contain a cyclotomic subfield.

Theorem 3.16. There ezists a choice €1, €;, €3 € { £6,, +6,, 16, } such that
eg+e2+e3=0mod 1,
e, e+ e +e3 €2 and |e;]| # |¢j| fori # 5.

Proof. Note that f(t) factors over Q(v/3271),

flt) = i(1024t3 + 726> — 8V32Tt? — 9t — /327t — 2) x

(1024¢° + 72t + 8V/32T1t® — 9t + V/32Tat — 2).

We know that f(t) = 1L, (1 — 8e**%*¢) [T2,(1 — 8e~2*%"¢), therefore there
exists €1, €2, €3 € { £61, 102, £63 } such that 8%+ = 512 This implies
€1 + €2+ €3 = 0mod 1. It is clear that |e;] # |¢;| since f(t) is irreducible
over Q. Using the aproximate values of the roots of f(t), it can be seen that
€1 + €2 + €3 = 1. This completes the proof.

Let K be the splitting field of f(t), then the Galois group of the field

extension K/Q is Dg =< n,0|n® = 0% = 1,9 = on >. In particular, we

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



131
have deg(K/Q) = 12.
Theorem 3.17. K does not contain cyclotomic subfields.

Proof. Let E be a cyclotomic subfield of K, then deg(E/Q) divides 12. Then
deg(E/Q) is less than 12 since the roots of f(£) are not roots of unity. There-
fore, deg(K/Q) can be equal to 2, 3, 4 and 6. By the theory of cyclotomic
fields we know that Q((;) = E where ¢, = €™/ and deg(Q(¢:)/Q) = ()
where ¢([) is the Euler function, i.e., ¢(l) is defined to be the number of
integers between 1 to [ relatively prime l. In the following table we compute

all the possible values of { such that ¢(l) divides 12.

o) | ¢
2 [346

3
4 | 58,1012
6 | 7,9,14,18

Using the computer program Maple, we found that f(t) is irreducible over
Q((;) for all the [ that are present in the previous table. Therefore, K does
not contain Q({;) as intermediate field for ¢(I) > 2 since we adjoint any
root of f(t) to Q({;), we get an extension of degree bigger than 12. Now
we are going to consider the case when ¢(/) = 2. For ¢(l/) = 2, the possible

cyclotomic subfields of K are Q((3), Q({) and Q((s).

Claim. Q((4) is not contained in K.
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Proof. Suppose that Q({s) = Q(z) is a subfield of K, then /3272 -: € K.
Therefore, v327 € K. f(t) is irreducible over Q(1) and Q(+/327), then when
we adjoint any root of f(t) to Q(z) or Q(v327), we get all K. This is a

contradiction. Hence we get the claim.

Q(ezza.z’l) - Q(ezxo.x, /327)
l
Q(ezxo.vx)
l
Q

The same argument applies for the other two cases. This completes the proof

of the theorem 3.17.

Now we are ready to prove the main theorem of this section, but first we

need some notation. Let
z = Ae21r0;x + B eragt +ce2x63:

where
1. 6; ~ 0, is irrational for i # j.
2. 91+02+03§0mod1

3. A+B>C.

We write

z = ez«ay(Aezx(a,-o;.): + 3621(02—83)3 +c).
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Let
Ae21r(01-03)1 + Bezx(og—a;). + C = 1‘(01, 02)82*#0(7;)1’

where r(6;,6;) is a positive real number. Now we consider the triangle with
length of the sides equal to A, B, C. Then, the triangle has angles =3, 7,

nT.

Theorem 3.18. If we assume the above condition on the 8, 03, 65 and on

the A, B, C then, we have

lim g(—:lzaﬁ+lry,

n—00

where a = 0; — 03 and b = 0 — 0.
The proof can be found in [27, page 504-506] and [15].

We can conclude the following:

o(n) = (aB+by)n +o(n)
~ n(af +b).

If we apply the last result to Ae?™(1-8)r L Be2™(f2-8): 1 O we get

Ae2x(0; ~63) + 3627(83-03)1 +c = r(ol’oz)emra(n)t

— ,.(01,02)e2k((aﬁ+bv)n+o(n))=

~ 1‘(01, 02)62m(aﬂ+h)t
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We want to apply the theorem 3.18 to our situation. Note that by theorem

3.16, we have 6, +6;+6; = 0 mod 1, we need to prove that 6; —6; is irrational
forz # 3.
Corollary 3.19. 0; — 0; is irrational fori # j.

Proof. Suppose that §;—6; =  is rational for i # j. Then e?*®~%)} € K isa
root of unity and this is a contradiction to the theorem 3.17. This completes

the proof of the corollary 3.19.

We know that
A’l.n(?u, 7) — Sn(Cerlm + e21r€;m + e21r€;ru +e—21r91m + e-—21r0;nx + e-2:03nt + 1)
Let A7 ,.(2,7) = -’{—“(%ﬂ. We can write

I({ (c) 7) - eZﬂﬂlm + ebrezm + ezwﬂam + e—21r€,m + 8-2«0271: + e—Zngm

mATY -

e21r03m(e21r(01 —G3)n: + 623(02-63): + 1) + e-21r03m(e-21r(83-61 Jne + e—21r(03-82)m + 1)
- 1‘(01, 02)e2x03n1627w(n)x + 1‘(01, 02)8-23931116—238(11):_

Now we apply the theorem 3.18 to our case. Here we have A =B =C = 1;

therefore A + B > C. In this case the triangle has angles equal to . By

theorem 3.18, we have 73 = % and my = %, therefore § = v = % Now we

substitute the value of # and v in the theorem 3.18 and we get

o(n) ~ (aB+b)n
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(01 - 03)12 + (02 - 03)11

3 3
(81 + 65 — 203)n

3

Therefore, we obtain

K{,n(2’ 7) ~ 1‘(01, 02)(621031“63%(014-0:—203)1 + e—2r03me =22 (6146, ~203 )2

~ r(al,ﬁg)(e"T"(OH-Oz-Ns)x+e=%*l(61+02+03),)

2=ne =2zn: )

~ 7'(01,62)(6 3" +e3

~ 2r(6,,0;) cos(2nr/3)

Note that
>0 ifn=0mod 3
< 0 otherwise

cos(2nw/3) = {

Therefore, we can conclude

[{n € [1,N]|sgn(R],(2,7)) >0} ~ g

and

[{n € [1, N] sgn(Kin(2,7) < 0} ~ 2.

We have proved the following theorem.

Theorem 3.20. The distribution of the signs of Ki,(2,7) is } positive and

2 .
3 negative.

The theorem 3.20 proves that the distribution of positive value of K; (2, 7)

is greater than or equal to 1.
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Remark. Katz on (12, chapter 11, theorem 11.2], has shown that the
monodromy group associated to Kj,(2,7) is G,. The method we have de-
veloped here gives an alternative proof to the containment G, C Gyeom since
61,02,1 are linearly independent over Q, i.e., (€2*®* e?*%*) is dense in a
maximal torus of G, (see [15, chapter 4, example 4.1]). Apparently, we need

a more delicate argument to prove that G, = Ggeom-
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