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Abstract

Knowing How and Knowing Why:
Expert and In Transition Teacher Understandings of Representations,
Translations, and Connections for Dividing With Fractions

by
Yasemin Jones

Adviser: Professor Carol Kehr Tittle

The study is an examination of two connected forms of mathematical content
knowledge: subject matter (SMK) and pedagogical content (PCK) knowledge for
fractions and division with fractions. Fourteen middie school mathematics teachers
“thought out loud” on division with fractions and concept map tasks. From the think
alouds, eight teachers in transition (IT) and six teachers with deep knowledge (DK)
were identified. Cognitive representations (i.e., models, translations, and
connections) for understanding and teaching the content matter were analyzed.

The deep knowledge teacher responses were analyzed to develop a model of
content knowledge for understanding dividing with fractions. The proposed model
includes the following content knowledge features of subject matter (SMK) and
pedagogical content (PCK) knowledg'e: 1) multiple representations; 2) varied
representations; 3) multiple translations; 4) emphasis on context; 5) emphasis on
reference unit; and 6) fractions as sets of connected representations. The six
teachers with deep knbwledge evidenced well developed, organized, and connected
knowledge through multiple representations, translations, and connections between
and to related “big ideas” (Fosnot & Dolk, 2002) in the mathematics curriculum.

Examining differences in the qualitiés of “thought in action” between the two
groups of teachers, deep knowledge and in transition, provided opportunities to
enhance research and practical understandings of mathematics teachers’

knowledge.
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Knowing How and Knowing Why 1

CHAPTER 1
Introduction to the Study

In teaching, teachers weave together many different kinds of

knowledge and beliefs: of students, of how students learn, of the

teacher's role, of pedagogy, and of the subjects they teach. What

they do is shaped by considerations of the context and their

disposition to do particular things under particular circumstances.

Their knowledge, skills, and dispositions are, in varying measures,

the product of what they experienced as pupils, whatever

professional training they have received, and their experience as

teachers. Of the panoply of things that contribute to teaching, the

one most frequently taken for granted and overlooked is teachers'

own knowledge of the subject matter. Most assume that teachers

know the "stuff" they are supposed to teach (Ball & Mosenthal,

1990, p. 1).

Research on teaching no longer takes for granted the “stuff” of teaching:
what teachers know and how they teach what they know. These are two
connected and interdependent forms of content knowledge: subject matter and
pedagogical content knowledge. These two forms of content knowledge are
examined in this study to understand qualities of effective mathematics teaching.

The study contributes to current research models that describe the

integrated qualities of subject matter (SMK) and pedagogical content (PCK)
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Knowing How and Knowing Why 2

knowledge of mathematics teachers. Interviews with fourteen middle school
mathematics teachers focused on division with fractions, considered the most
difficult operation with the most difficult type of number in arithmetic (Ma, 1999).
This topic is typically introduced in the middle grades.

| Division with fractions was chosen as the content focus for three main
reasons: 1) previous examinations of teachers SMK and PCK in the area provide
a foundation for further study (Ball, 1988; Ma, 1999; Schifter, 1995; Sowder,
Phillip, Armstrong, & Schappelle, 1998); 2) current NCTM standards (2000) for
number and operations standards state “ instructional programs can enable
students to understand the meaning and effects of arithmetic operations with
fractions”; and 3) the National Research Council (2001) recommends that K-8
teachers have a deep understanding of the mathematics of the school curriculum
and the principles behind it.

In this introduction, the research areas of interest to the study are outlined.
These areas are described in more detail in the literature review section.
Understanding Fractions

In a recent publication by the National Research Council (2001), rational
numbers, of which fractions are a subset, are emphasized:

Learning about rational numbers is more complicated and more difficult

than learning about whole numbers. Rational numbers are more complex,

in part because they are represented in several ways (e.g., common

fractions and decimal fractions) and used in many ways (e.g., as parts of
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Knowing How and Knowing Why 3

regions and sets, as ratios, as quotients). There are numerous properties

for students to learn, including the significant fact that the numerator and

denominator are related through multiplicatidn and division, not addition.

Further, students are likely to have less out of school experiences with

rational numbers than with whole numbers. The result is a number system

that presents great challenges to students and teachers (p. 231).

Research studies examining the mathematical structure of and proposed
pedagogical approaches for teaching fractions have assessed the types of
cognitive models that students have regarding division, multiplication,
partitioning, and unitizing fractions (Behr, Havel, Lesh, & Post, 1992; English &
Halford, 1999; Goldin & Kaput, 1996; Lamon, 1993, 1999; Mack, 1990,1995,
2001). Contributing to this research, cognitive models of students’ rational
number and fractional knowledge have been proposed (Behr et. al., 1992;
Kieren, 1988, 1992). These areas of research have examined student rather than
teacher thinking, with the understanding that through access to students’
strategies for understanding the topic, instruction will benefit.

While such approaches are va|uablé for understanding how students
approach and reason intuitively and formally about the topic, similar efforts at
examining teacher knowledge of this topic in detail are missing. Cognitive
understandings of teacher’s knowledge of and about dividing with fractions are
the major focus of the study because this type of number (i.e., fraction) and

operation (i.e., division) is a content area often learned procedurally, unrelated to
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Knowing How and Knowing Why 4

the different types of representations, solution methods, or to connections
between related mathematical concepts.
Research on Teaching

In 1986, Shulman wrote an important critique of research on teacher
thinking and decision making. He summarized,“ The missing research programs
are those which clarify teachers’ understandings of subject matter content and
the relationships between such understanding and the instruction teachers
provide for students” (p. 25). Early studies under critique lacked specifics for
understanding teacher knowledge and practice and focused on “process/
product” outcomes. Since that time, research on teachers and teaching (Ball,
1988; Carpenter, Fennema, Peterson, Chiang, & Loef, 1989; Grossman, 1990;
Lampert, 1999, Sherin, 2002; Shulman, 1986; Wilson, 1989; Wineburg, 1990,
1997) connects feaching for understanding to teachers’ content knowledge as the
organization of the knowledge in the teacher’s mind (i.e., SMK) and ways for
teaching the subject matter (i.e., PCK). Current approaches to research on
teacher knowledge include: 1) pre service teachers’ subject matter
misunderstandings and expert-novice differences in content knowledge (Ball,
1988, 1991; Ma, 1999; Even & Tirosh, 1995; Leinhardt & Smith, 1985; Tirosh,
2000) and 2) content knowledge as SMK and PCK of in service teachers in the
work of Carpenter, Fennema, and Franke (1996), Franke, Carpenter, Levi, and
Fennema (2001), Ma (1999), Leinhardt (1993, 2001), Schifter and Simon (1992),

Schifter and Fosnot, (1993), Schifter (1995, 1997), and Sherin (2002).
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Knowing How and Knowing Why S

Recent publications by The National Council for the Teaching of
Mathematics (NCTM) Professional Teaching Standards (1991, 2000) also
emphasize the importance of mathematics teachers having depth and breadth in
their content knowledge and teaching practice. The standards serve as national
guides for the teaching of mathematics in American schools and have
implications for educational research on studying teachers and how research on
teaching may be conducted.

Subjéct matter and pedagogical content knowledge

The Handbook of Research on Teaching chapter (Munby, Russell &
Martin, 2001) on teacher knowledge explains the construct along two main forms
of content knowledge: subject matter knowledge (SMK) and pedagogical content
knowledge (PCK). These knowledge categories (i.e., SMK and PCK) dominate
research on mathematics teacher thinking and knowledge (Ball, 1988, 1991;
Koehler & Grouws, 1992; Leinhardt, 2001; Hiebert, Gallimore, & Stigler, 2002;
Shulman & Quinlan, 1996).

Shulman (1986) described PCK as, “ The ways of representing the subject
which makes it comprehensible to others. It also includes an understanding of
what makes the learning of specific topics easy or difficult” (p. 9). This form of
content knowledge can include teacher knowledge of student understandings
and misunderstandings of a subject area, knowledge of the curriculum, and

knowledge of various models for the subject matter (Hiebert et. al., 2002).
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Knowing How and Knowing Why 6

Subject matter knowledge (SMK) includes the understanding of concept
features and connections between mathematical ideas and this form of content
knowledge contains two sublevels: substantive knowledge and syntactic
’knowledge (Ball, 1988, 1991, 1993). Substantive knowledge of subject matter
refers to the key facts and concepts and connections among concepts,
procedures, and mathematical ideas of the relationships between division with
whole numbers and division withr fractional numbers and knowledge of various
division models. Syntactic knowledge is knowledge within the content area,
knowledge that answers the “why” questions of the problém and explains the
ways which new knowledge is introduced. Syntactic knowledge can include
knowledge and application of different models of division or a conceptual
understanding of the meaning of the division with fractions algorithm. Teachers’
content knowledge forms, SMK and PCK, can be examined in teachers’
organizations, interpretations, and representations of subject matter (Ball, 1988;
Ball & Lampert, 1999; Fennema & Franke, 1992; Kennedy, Ball, & McDiarmid,
1993). What teachers know about teaching the content (i.e. pedagogical content
knowledge) relates to what they know about what they teach (i.e., subject matter
knowledge).

Deep knowledge: Teaching mathematics for understanding

Another important area of educational research is the examination of
differences between accomplished and beginning thinkers in a domain

(Bransford, Brown, & Cocking, 1999). The classic research methodology used for
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Knowing How and Knowing Why 7

this type of examination has been comparison of think alouds of expert and
novices on teaching and/or understanding the subject mater (Leinhardt, 1983,
2001; Leinhardt & Smith, 1985; Turner-Bisset, 1999; Wilson, 1989; Wineburg,
1990). These comparisons have provided insight into the complex qualities of
knowledge necessary for teaching.

The goal of these expert/novice studies was not to turn novices into
experts by having novices copy expert behaviors. The examinations of the
differences in the qualities of “thought in action” were opportunities to enhance
research and practical understandings of teacher knowledge.

In mathematics, organization of content knowledge is considered the
foundation for expertise in the domain (Bransford et. al., 1999; Chi & Ceci, 1987;
Munby et. al., 2001). Expert domain knowledge is organized around concepts
and principles. These are the “big ideas” in mathematics (Leinhardt, Putnam,
Stein, & Baxter, 1991; Ma, 1999; Neimi, 1997; Schifter, 1997), not isolated facts
and algorithmic procedures. Fosnot & Dolk (2002) consider “big ideas” as “the
central, organizing ideas of mathematics- principles that define mathematical
order and are characteristics of shifts in learners’ reasoning- shifts in perspective,
logic, and the mathematical relationships they set up” (p.17). Teachers must

have a deep understanding of these ideas in order to give students access to

them.
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Knowing How and Knowing Why 8

Teacher change

Research on issues of teacher change and development also
informs this study. In a current review of research on teacher change programs,
Richardson and Placier (2001) summarize research on studying change in
teacher thinking, emphasizing the contextual, constructivist, and cognitive
principles in teachers changing their knowledge and practice. Educational
research on individual teachers captures the developing changes in teacher
thinking within professional development contexts. Research conducted by
Franke, Fennema, & Carpenter (1997), Goldsmith and Schifter (1997) and
Schifter and Simon (1992). Schifter (1995) and Schifter and Fosnot (1993) define
elementary mathematics teachers in transition as those becoming more
constructivist in their approach to teaching and thinking about the subject. Others
(Stein & Brown, 1997) have explored teacher change (i.e., transition) as a
“transformation of participation” within a community of teaching practice in school
settings.

Two teachers in a pilot study (Schneider, 2001) and the teachers in this
study have participated or are participating in professional development (PD)
programs to broaden their content knowledge for teaching mathematics. These
programs are designed to improve and deepen teacher mathematics knowledge
and practice (Even & Tirosh, 1995; Franke, et. al., 2001; Franke, et. al., 1997;
Schifter & Fosnot, 1993). They can be formal experiences, such as summer

institutes/ workshops, or informal experiences in schools as teachers plan and
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Knowing How and Knowing Why 9

shared classes together using reform based curricula such as 1) Connected
Mathematics Project (CMP); 2) TERC: Investigations in Data, Number, and
Space; or 3) MiC: Mathematics in Context. Curricula and workshops approach
mathematics as investigations, with problems contextualized in story situations,
challenging teachers, and examining student thinking. In workshop style projects,
teachers often play the role of student, transforming their teaching conceptions of
the content and practice.
Overview: Pilot and Current Study

This study’s purpose is to describe the continuum of knowledge for
teachers who have developed deep knowledge for teaching division with
fractions as well as those teachers in transition towards expert-like thinking and
teaching of the topic. The study, in its microanalysis of the topic, adds to a more
complete understanding for teaching the mathematical concepts involved in
dividing with fractions.

Pilot study

A pilot study with five teachers used division with fraction interview tasks.
These problems were developed by Ball (1988) to examine teachers’ knowledge
of and teaching for dividing with fractions. Ball’s interview tasks were specific
problems from the curriculum that are challenging and are often taught
procedurally (i.e., subtraction with regrouping, multiplying large numbers, division

with fractions).
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Knowing How and Knowing Why 10

Teachers in the pilot study were presented 5 tasks. Their think alouds

were about ways for:

1) Solving and representing number sentences, 1%+% and —;-+1%.

2) Solving and translating word problems, Wally has 6§ yards of material.
It takes 2— of a yard to make his scarves. How many scarves can he

make? And Wally realizes that %of a yard of material is left over. He has
promised to give 6 people equal shares and one person % of a share of

the material. How much material would each person receive?

3) Creating a concept map of the concepts they believed important for

students to understand fractions.

From on the interview data, three of the five teachers were not able to
construct any representations, multiple translations, or make connections in the
interview tasks. Their results were similar to those of novice teachers from two
earlier studies (Ball, 1988; Ma 1999). Two of the five teacher’s explanations,
however, stood out. The first teacher constructed multiple representations,
translations, and connections across the interview tasks, similar to Chinese
expert teachers in the study by Ma (1999).

The second teacher of interest combined instances of procedural and
conceptual understandings in constructing translations, representations, and
connections. This teacher’s thinking was suggestive of being in fransition. From

these two interviews, the dissertation goal became examining a larger sample of
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Knowing How and Knowing Why 11

these two types of teachers: 1) teachers in fransition and 2) teachers with deep
knowledge for understanding and teaching the topic. The purpose of the
dissertation would be to confirm and perhaps expand a provisional set of criteria
defining teachers with deep knowledge. Further, contrasting larger groups of both
DK and IT teachers would help to define the differences in teachers’ content
knowledge (i.e., SMK and PCK) for division with fractions.

Dissertation study

Fourteen individual interviews with two groups of middle school
mathematics teachers were analyzed. The interview tasks were: 1) pre interview
questions; 2) tasks for dividing with fractions in number sentence and word
problem forms; 3) a concept map activity; and 4) post interview questions on
significant professional development (PD) experiences helpful in developing
teachers’ knowledge and practice.

Mathematics education specialists referred individual teachers for
interviews after these recruitment specialists were shown the interview tasks
(Appendixes D-H) and the provisional criteria designation categories (see Table
2). These specialists were not expected to identify which of their references
would be an in transition or a deep knowledge teacher.

Teachers’ explanations/ performances on interview tasks and their
alignment with the final (i.e., expanded) teacher category criteria (see Table 4)
were used to create the two groups. The eight teachers of the in transition (IT)

group are teachers transitioning from procedural or algorithmic points of view to
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connected, integrated, and reform minded ways of teaching and thinking about
fractions. They are building a knowledge base that resembles a deep knowledge
teacher’s understanding of the topic. The six teachers in the second group are
the deep knowledge (DK) teachers. They consistently constructed multiple
representations, translations, and made connections between fractions and
connected mathematical ideas. All of the participating teachers were currently or
had been involved with curricula and/ or workshop style PD projects for at least
two years. Throughout the text, the first group will be referred to as in transition
(IT) teachers and the second group will be referred to as deep knowledge (DK)
teachers.

One critique of research on comparing subject matter (SMK) and
pedagogical content (PCK) knowledge of teachers has been the
conceptualization of teacher knowledge as opposites: as declarative versus
procedural knowledge, conceptual versus procedural understanding, or expert
versus novice (Wineburg, 1997). The proposed study does not dichotomize
teacher knowledge into extremes, but describes qualitative patterns of teacher

understanding both across and within the cognitive interview tasks.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Knowing How and Knowing Why 13

CHAPTER 2
Review of the Literature

Rational numbers, particularly in fraction forms, are considered to be the
most complex and least understood topics in the middle school mathematics
curriculum. Post, Harel, Behr and Lesh (1991) stress the following reasons why
understanding rational numbers is important: 1) from a practical perspective: to
effectively deal with “real world” situations; 2) from a psychological perspective:
to develop and expand the mental structures necessary for continued intellectual
development; and 3) from a mathematical perspective: to provide the foundation
for elementary algebraic operations. The topic continues as a frequent research
focus fqr examining mathematics teachers’ knowledge and understanding
(Armstrong & Bezuk, 1995; Ball, 1993; Graeber & Tirosh, 1991; Lamon, 1999;
Leinhardt & Greeno, 1986; Ma, 1999).

The research areas of interest are detailed in this literature review
section. The first part provides background, describing the historical changes in
educational research from content-free studies to content issues as primary to
understanding teaching and learning. Knowledge of fractions, structural
complexity of the topic, and models for dividing with fractions are the second
section of the review. Structural research perspectives on fractions are those that
describe the “personalities” of rational numbers from mathematical points of view
(Behr et. al., 1992; Kieren, 1992; Streefland, 1993). This section also includes

research on the types of disconnections in understanding division with fractions

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Knowing How and Knowing Why 14

and challenges in dividing by the larger fraction. Students’ interpretations of
fractions and research on teachers’ approaches for dividing with fractions are the
third and fourth sections of the literature review. The fifth section reviews
research on the characteristics and assessment of expertise in teaching of
mathematics. The sixth section describes research on issues of teacher change
and teacher development. The proposed study is then described, its purpose,
hypotheses, and research questions.

Background: Subject Matter as Focus

Research examining teaching within specific school subject areas is
relatively new to the research on teaching. This call to “psychologize” subject
matter was initiated through the research and writings of Shulman and others
(Ball, 1988, 1991; Leinhardt, 1993, 2001; Leinhardt & Greeno, 1986; Shulman,
1986; Wilson, Shuman, & Richert (1987); Wineburg, 1990) and was summarized
by Shulman and Quinlan (1996) in a review, The Comparative Psychology of
School Subjects. In the review, innovative educational research studies from
different school subjects are described, with each research program placing the
content as the focal point from which to examine teaching.

Shulman and Quinlan (1996) pointed out that teaching had traditionally
been studied and operationally defined as collections of outcome variables. This
line of research focused on statistical relationships between teacher knowledge
and student test scores and did not examine the qualities of teacher knowledge

as relevant features. In these studies, student achievement was hypothesized as
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a direct link to teacher understanding and knowledge. Teacher knowledge, as an
independent variable, was often operationally defined as the college grade point
average of the teacher, the number of courses, or the types of degrees the
teacher completed. The dependent variable was student scores on standardized
tests. The better the student performed on a standardized test, it was assumed,
the more knowledgeable teacher she or he had. This type of research was
criticized because it was conducted without regard to the content of instruction,
the subject matter in teaching (Ball, 1993; DeCorte, Greer, & Vershaffel, 1996;
Koehler & Grouws, 1992).

Wilson (1989) and Leinhardt (2001) argued that these operational
definitions of teacher knowledge were actually the result of methodological
inconsistencies since the studies had not directly examined teachers’ content
knowledge (i.e., SMK and PCK). Wilson (1989), Leinhardt (1993; 2001), and
others (Shulman, 1986) emphasized that it was not the achievement scores of
students that were indicators of teacher knowledge but what teachers knew
about what they taught and how they taught what they knew. Teachers’
representations, and translations for the subject matter (i.e., their SMK and PCK)
were the important variables and were missing. Subsequent research then
developed more accurate and detailed measures of teachers’ skill in representing
subject matter to reveal teacher understanding of the content. These measures
were better related to how well students understood and used the content in

different subjects (Ball, 1988; Kennedy et. al., 1993; Wilson, 1989; Wineburg,
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1990) to assess teachers’ subject matter (SMK) and pedagogical content (PCK)
knowledge. These researchers suggested a focused analysis of teaching as an
intersection of subject matter and pedagogy. As Wineburg and Wilson (1991)
pointed out, “Any act of teaching presents both the content of the domain and aA
model of the domain” (p. 315), stressing the connections between SMK and PCK
forms of content knowledge.
Knowledge of Fractions and Structural Complexity of Topic

In this section, the complexity of the fraction topic is discussed along with
1) division with fractions models proposed by mathematics education
researchers; 2) types of disconnections students and teachers can make in
understanding the meanings of dividing with fractions; and 3) challenges in
understanding representations for dividing a smaller fraction by a larger fraction.

Various representations of fractions

Fractions are difficult to teach and difficult to learn because, as numbers,
they stand for various representations at the same time (Leinhardt & Smith,
1985). On national assessments for students’ performance on mathematics,
students often solve fraction problems using algorithms. Mistakes on solutions
from the incorrect use of algorithms are thought to demonstrate a reliance on
procedural “rules” (i.e., using an algorithm such as invert and multiply) that are
incorrectly memorized (Natiqnal Research Council, 2001). These behaviors
reflect the, “ detachment of algorithmic behavior from meaningful models of

fractions” (Kieren, 1992, p. 326). To address these concerns, research attention
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has been given to the general construct of fractions, including semantic analyses
of the construct and has emphasized division of fraction knowledge.

The construct complexity of fractions has been well documented (Behr et.
al., 1992, 1993; Fosnot & Dolk, 2002; Kieren, 1988, 1992; Streefland, 1993). This
complexity requires the learner and teacher to understand conceptually the many
different meanings of a fraction: 1) part to whole; 2) quotient; 3) ratio; 4) operator;
5) absolute/relative; and 6) measurement/ linear quantity.

There is agreement by mathematics education researchers (Behr et. al.,
1992; Kieren, 1992; Lamon, 1999) that the fraction concept stands for at least six
different ideas at the same time. Table 1 summarizes these different meanings.
The summary is from reviews of rational numbers from Behr et. al (1992), from

the research of Kieren (1992), and from English and Halford (1999).

Using an example of % the following representations for the number are

possible:
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Different Meanings of Fractions

Type Meaning Example

Part to whole An object is divided into a %, 3 out of 4 equal-sized shares.
specific number of parts in a set
model or area/region model.

Quotient Decimal model of .75 is a result %, 3 divided by 4.

Ratio Whole to whole comparison, %, 3 whole units compared to 4
Parts of a set whole units.

Operator Multiplication/Division %, three quarters of a number,

Absolute and relative
quantities

Measure model

Two fractions can be relative
quantities to each other or
absolute quantities by
themselves.

Any fraction is a distance of
measure between other
guantities.

object, or set where the
numerator extends and the
denominator shrinks the amount.

%and 122 or L22 are relative to
each other and absolute as well.

3is }1— of a distance from 1.

H

The table categorizes the different meanings a single rational number can

represent prior to addition, subtraction, multiplication, and division.

Knowledge about the structure of a fraction as communicated in

instruction is important. Teachers may understand one meaning better than

another-- possibly leading to overgeneralization and subsequently, student

difficulty in connecting a familiar fraction idea (i.e., part to whole) with more

challenging ones (i.e., operator, absolute/relative). Challenging characteristics

also include recognizing fractions as composite units (or units of units) (Steffe,
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1988), as special cases of whole numbers (Moss & Case, 1999), and as
equivalences or magnifications (Niemi, 1996) since different fractions can be

associated as the same fractional quantities, quotients, and operators (such

2 4
as—,—,—).
4°8

R

Such layers of meaning are may cause to disconnect students to whole
number relationships to fractions (Armstrong & Bezuk, 1995) and over use whole
number models. This consequence may be a matter of not having instructional
opportunities to understand and discover\connections and differences between
rational and whole numbers. Lamon (1999) explains:

As one moves from whole number to fraction, the variety and

complexity of the situation that gives meaning to the symbols

increase dramatically. Understanding of rational numbers involves

the coordination of many different but interconnected ideas and

interpretations. There are many different meanings that end up

looking alike when they are written in fraction symbols. (p. 30-31).

Research models that have organized these topic features include
Kieren’s (1988, 1992) theoretical model of rational numbers. Kieren combines the
multiple references of fractions into a hierarchical, organizing scheme,“ a scheme
for personal knowledge of rational number” (Kieren, 1992, p. 347). The goal of
the model is to emphasize mathematical features of the construct to assist
research on rational number thinking and organization of curriculum

development.
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An ideal rational number knowledge structure, according to this model,
organizes knowledge and representations of rational numbers as having
connected and corresponding levels. These levels are structured from the
simplest to the most complex. The first level contains facts and surface details of
the fraction, such as being able to identify numerator or denominator. The second
level includes partitioning, forming units, and developing the idea of equivalency
with fractions. The third level includes the constructs of rational numbers as
measures, quotients, ratios and operators. The fourth level includes knowledge of
different forms of fraction models such as geometric and linear types in rational
number thinking. The fifth and sixth levels include operational connections of
context such as the role of addition, multiplication, division and the overall
organizing force of thinking about factions, which Kieren refers to as the quotitive
field and others have called the multiplicative field (Behr et. al., 1992; Steffe,
1988).

Kieren suggests the model be seen as a whole and that the lower level
ideas are also complex. The concepts at the lower levels are about fractional
situations, the middle level has constructs about quantitative and relational
properties, and the highest level represents a deductive knowledge of rational
numbers. A student’s and a teacher’s proficient knowledge of rational numbers,
according to this model, would have connections among and across levels.
Students would build on their informal knowledge and images on their knowledge

before using the language of notations and algorithms. This is considered
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building a “number sense” prior to working with algorithms. Algorithms can be
dangerous because as procedural shortcuts they replace the various math
strategies students can develop for fraction problems (Fosnot & Dolk, 2002).

Behr et. al. (1992, 1993) extended Kieren’s (1988) model and offer a
semantic analysis of division with rational numbers as part of developing
understanding of a “multiplicative conceptual field.” Problems involving
multiplication or division are part of this field, requiring the learner to transform
problem amounts. Their analysis has examined the part to whole and operator
features of rational numbers, focusing on discrete and continuous qualities of
these numbers. These researchers define the operator construct by focusing on
the role of the numerator and the denominator of the fraction, since both parts of
the number impact the result. For example, the numerator can extend the amount
while the denominator causes a contraction. The numerator and denominator,
according to the researchers, can behave as: 1) duplicator and partition reducer;
2) stretcher and divisor; and 3) multiplier and divisor (Behr et. al., 1992). The
researchers stress that these interpretations encourage tactile, visual
instructional experiences with manipulative aids, real-world situations, pictures,
and written symbols. Instruction that encourages reasoning about a fraction
before procedure (i.e., being able to interpret the numerator and denominator
specific to the problem) is stressed.

Fosnot & Dolk (2002) describe the learning paths of students’

constructions for understanding fractions, decimals, and percents as
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“landscapes of learning” with focus on the importance of landmark strategies, big
ideas, and the development of models. An example of a landmark strategy is the

construction and support of student’s knowledge in using important fractions such

as % and%. The “big ideas” in the landscape of learning fractions include 1)

relating fractions to both division and multiplication and 2) multiplication and
division of rational numbers as the act of “relations on relations” (p. 137). Models
of fractions in Fosnot and Dolk’s (2002) model include understanding ideas of fair
sharing, partitive division, and fractions as: 1) part/ whole relations; 2) decimals;
3) percents; 4) proportions; and 5) operators.

Division models

The different types of division models add another layer of complexity for
understanding fractions and division. Division models have been defined
(English & Halford, 1994; Fosnot & Dolk, 2002; Ma, 1999) as product and factor,
partitive (fair sharing/grouping) models, and measurement (quotitive) models.

Every type of division situation with whole or rational numbers can be

represented as any of these models. Examples of each for %+ -;- include: 1)
Product and factor model: To find a factor that when the factor is multiplied by %
the answer is %. A story representation example: If the area of the box is %
square feet, its width is % foot, what is it’s length?; 2) Partitive model: If % is

distributed into % groups, the whole group is of size 1 %2 . A story representation
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is: If it takes % of an hour to clean my desk this week and that is % aslong asit

took last week, how long did it take to clean my desk last week? ; 3) Quotitive

(measurement) model: To find how many%s there are in%s. For example, how

many % inches are there in %s of an inch?

The easiest meaning of division to demonstrate is considered the
measurement or quotitive model. The partitive and product factor models model
have not been given as much attention. In an article (Ott, Snook, & Gibson, 1991)
on partitive division in the Arithmetic Teacher, the authors found no related
articles explaining the partitive meaning of division and no textbooks that gave
equal attention to all three models: measurement/ quotitive, partitive, and
productffactor models.

Each model (i.e., representation) type: product/ factor, partitive, and
quotitive (i.e., measurement) can be created for a division problem with whole
numbers or rational numbers. The frequency of these types of models between
the deep knowledge and in transition groups on division tasks was analyzed.

Disconnections in understanding division with fractions

The complexity of fractions and division involves considering a number of
mathematical connections at the same time (Behr et. al., 1992; Kieren, 1992).
This section examines several types of misunderstandings of dividing with

fractions and their possible causes.
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Misunderstanding the connections between fractions and corresponding
operations can result from instruction. For example, teaching procedural rules for
different translation (i.e., solution) situations such as changing a percent to a
decimal or changing a fraction to a percent can lead to misunderstanding the
connections among these forms of rational numbers (National Research Council,
2001; Moss & Case, 1999). The “rules” are taught as procedures with steps (i.e.,
such as: to change a percent to a decimal, drop the percent sign and move the
decimal point over two places to the left or divide by a fraction by multiplying by
its reciprocal). These procedures are algorithmic shortcuts, not connected to the
relationships between percents and decimals or between division of whole
numbers to division with fractions. These unconnected shortcuts lead to
confusion since the “rules” are disconnected from the conceptual relationships
between the numbers and operations.

The operation of division, like multiplication, adds complexity for working
with composite units (i.e., more than one fraction at a time). When students and
teachers have limited understanding of these operations it can be reflected in
their belief that “multiplication always makes bigger” and “division always makes
smaller” (Tirosh, 2000; Tirosh & Graeber, 1990). This is an overgeneralization
from dividing with whole numbers where the divisor number can be smaller than
the dividend amount (i.e., 12 divided by 3: small answer so division makes
smaller and 12 multiplied by 3: large answer so multiplication makes bigger).

Students and teachers who approach division in this limited way do not have an
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understanding of the shared models (i.e., productffactor, partitive, quotitive)
between whole number division and division with fractions. An example of a
shared model approach between whole numbers and division can be seen in

dividing 12 by 3, we can use a quotitive approach: How many groups of 3 are in

12? The same model can be used when we divide the fractions: % divided by %

How many groups of % are there in%?

The National Research Council’s, Adding it Up, (2001) suggests that
instruction focused solely on “ fair sharing” models by teachers and students can
also lead to disconnections among the various concepts of fraction and division
of fractions, resulting in a rule based, algorithmic focus in instruction. Fair
sharing models are those in which an amount can be shared equally. For
example: If 4 students are sharing 8 pizzas, how many pizzas does each student
receive? Fair sharing models are considered “entry points” for understanding
rational numbers. This model does not naturally iend itself to understanding
sharing situations when the share is not equal (i.e., when the solution includes a
remainder). The subject (SMK) and pedagogical (PCK) specific knowledge base
of the teacher may be more responsible for improving understanding above and
beyond informal concepts of partitioning units. Ma’s (1999) expert teachers, for
example, were able to construct various appropriate real-world contexts (e.g.,
work, acreage, filling up containers) for representing division of fractions
problems using quotitive, product and factor and partitive contexts. This may

disprove English and Halford (1994) claim, “Division with fractions is difficult to
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model and has few real world applications (p.215).” This was not the case for
Ma’s 8 expert teachers who created a variety of realistic representations.
Dividing by the larger fraction
Research examining teacher knowledge of division with fractions has
predominantly focused on problem situations where the divisor fraction is smaller
than the dividend fraction. (Ball, 1988; Kennedy et. al., 1993; Ma, 1999; Schifter,
1997). The inverse of this situation has not been examined closely. Such

problems are challenging and more complex to understand when the divisor is in

mixed number form (i.e., % divided by 1%). The research literature on dividing

with fractions has not discussed teacher knowledge in generating models (i.e.,

representations), translations (i.e., solutions), and connections when the divisor

is larger than the dividend. Why is it easy to create story situations in which -;:

can be divided by 2 but not % divided by 1%? In the interview tasks, teachers are

challenged to create representations for problems with a larger fractional divisor
than the dividend fraction.
Interpretations

In this section, research, examining the development of students’

interpretations of fractions, is discussed. These studies each propose different

“best” practice approaches for students to understand fractions.
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Background

Researchers have examined fhe ways that “natural” or intuitive strategies
can be both helpful and distracting for building conceptual models (Niemi, 1996,
1997; Mack, 2001; Moss & Case, 1999; Tirosh, 2000). Researchers have also
studied “quantitative” approaches to learning fractions. These approaches are not
necessarily mutually exclusive and yet are quite different in terms of where the
starting points for instruction can be and where instruction can lead.

The various conceptualizations for learning fractions are developed in
instructional contexts. There is not consensus, from the research, on how to
initiate this learning in classrooms or how the various interpretations can bridge
into instruction of fractions and operations.

The informal models for fractions that students have assumed to develop
initially are equal sharing/grouping models that are taught in use with whole
numbers rather than with fractions (Mack, 1990, 2001). These studies stress the
part/whole meaning of fractions (Kieren, 1992; Mack, 2001; Steffe, 1988). From
this knowledge, researchers suggest building subsequent instruction. Other
researchers (Moss & Case, 1999; Niemi, 1996) encourage a “quantitative”
modeling approach. The quantitative modeling view encourages instruction that
focuses on fractions as numbers on a humber line between infinite amounts of
quantities (National Research Council, 2001). This approach emphasizes the

measurement/ linear and absolute/relative meaning of fractions. Research
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examples from each of the perspectives, equal sharing/grouping versus
measurement/ linear interpretations, are described in the following sections.

Intuitive interpretations

Researchers interested in the development of fraction number concepts in
children advocate instruction to explore the intuitive knowledge understandings
children bring to classrooms. Students’ initial understandings (Kieren, 1992;
Mack, 1990, 1995, 2001; Streefland, 1993) are hypothesized as “equal”
sharing/grouping concepts. This initial way of knowing is used to encourage
understanding of dividing amounts into even parts. A teacher can then use this
base to expand a student’s knowledge of fractions and operations involving
fractions.

Mack’s (2001) research emphasizes the intuitive models for fractions that
students bring to instruction and how to use those intuitive models to help
students understand more complex ideas for multiplying with fractions. One study
examined how students could build on their informal knowledge of
sharing/grouping or splitting units for multiplying fractions. The goal of the

research instruction was to help students understand multiplication with fraction

situations that involved taking a part of a part of a whole (i.e. -‘Z}s (one part) of %s
(another part) of a pizza (whole). In this experiment, Mack’s focus is on the
operator and part to whole category of the concept (see Table 1). The sample of

fifth grade students, three boys and three girls, were from low to middle SES

families. Their mathematics teachers identified each as having average
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mathematical skills based on their performance on standardized achievement

tests. From an initial screening, all six students showed some knowledge of

fraction concepts and could identify fractions such as—, —, —, and — when

1
6

NG

1
3

N |-

given materials or pictures. However, they could not compare fractions to each

other. Also none of the students could multiply fractions when the problems were

represented symbolically (% X %) and did not understand that different fractions

could represent the same amount (i.e., % = %). None had received instruction

on multiplying fractions in their fifth grade classrooms.

Each student received individual instruction with the researcher in thirty-
minute sessions over three months (i.e., 18 sessions). Case studies were
developed from students’ responses. Individual students first solved equal
sharing/grouping situations (i.e., share a cookie into thirds), explained their
understanding of what the fraction meant, and then solved problems that involved
taking a part of a fractional part (i.e., multiplying two fractions together). As the
multiplication problems became more difficult, the researcher encouraged
students to build on their informal knowledge of sharing/grouping and splitting
units. All of the problems were presented orally and the students were asked to
think aloud as they came up with solutions. The researcher tailored each session

for the individual student based on the previous session’s progress.
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The results indicated that all six students used their informal knowledge to

solve problems that involved “friendly” fractions such as finding % of one half and

one half of one half. However, they could not solve other, more complicated
problems that involved taking part of a fractional quantity and could not connect
their solutions to multiplication. Students did not recognize that they were

multiplying the parts in the problem. Instead they saw the problems as division.
. . .3 1 1 3. 1 3 .
The act of taking apart (i.e., taking = of — or — of = in —x—) when using
4 2 2 4 2 4

part/whole relationships may have led students to the conclusion that they were
breaking up parts as they had learned in whole number division. Mack proposed
that using students’ informal knowledge should be “modified in a way that reflects
the critical concepts underlying the multiplication of fractions” (Mack, 2001, p.
293). Mack did not specify, however, how this modification could be carried out
instructionally.

Multiple interpretations

Moss and Case (1999) devised an instructional sequence to introduce
fourth graders to rational numbers. The researchers developed a curriculum that
was a comprehensive approach to developing understanding of the rational
number system. The relationships among percents, decimals, and fractions were
made explicit in a series of instructional sequences. The researchers
hypothesized that the historically poor performance of U.S. students on rational

numbers assessments had been the result of weak conceptual understanding of

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Knowing How and Knowing Why 31

different rational number models (i.e., fractions, decimals, percents). They tested
their curriculum in a design comparing sixteen fourth grade students who
received the experimental curriculum with thirteen matched comparison group
students who received a traditional curriculum.

The experimental group received twenty 40-minute instructional sessions
over a five-month period. .The comparison group received twenty-five 40-minute
lessons over a slightly shorter period of time. Two different teachers taught the
control and the experimental groups. Both teachers used the same text when the
topics were not rational numbers and only worked with rational numbers during
allotted times. Both teachers used manipulatives, group work, and discussion as
their instructional styles. The differences between the two groups were the
curriculum they used for rational numbers and the difference in length of the
sessions for experimental and comparison classes.

The instructional exercises for the experimental curriculum were given in
sequential order. In the first exercises, students assigned a value from 1% to
100% on water levels to indicate fullness of a beaker of water. In a series of what
the researchers call “sequence of visual motor splits” (p. 126), students in
successive lessons, were asked to halve the initial water levels (100% to 50% to
25%, etc.). These lessons focused on encouraging understanding of percentage
values. Then students were then introduced to two place decimals. This was
done through measurement line exercises (e.g., 5.25 is a distance 25% of the

way between 5 and 6). The final exercises focused on interchangeable use of
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fractions, decimals, and percents. The comparison group curricuium did not
make sequential connections between percents, decimals, and fractions and the
fraction, decimal, and percent topics were taught separately from each other.

A rational number test was given to both groups of students before and
after instruction. All students had been initially tested on 41 pretest items. After
the end of the curriculum, each student was interviewed individually and given 45
posttest items. The items included nearly equal numbers of percent, decimal, and
fraction problems. Question types included the categories: Nonstandard
computation, compare and order, misleading appearance, word problems,
interchangeability of models, and standard computation. The experimental group
performed significantly better on posttest items than the comparison group. They
were able to translate among fractions, decimals, and percents on word
problems.

Moss and Case (1999) suggest that introduction to rational numbers does
not have to hse one method only; it can be a combination of rational number
models. Their program provides important alternatives for conceptualizing
rational numbers, moving away from pie chart or pizza demonstrations by using
more variety in encouraging initial understandings of students. The curriculum
attempted to introduce students to the complexities of the rational number system
rather than what they refer to as a “mismodel” df rational numbers (i.e., as a
special class of whole numbers). These researchers do not stress the

connections between rational and whole numbers but rather the varieties of
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features that make fractions different from whole numbers. This research is
supported by Behr et. al.’s (1992) recommendation for perceptual variability in
rational number instruction. Moss and Case do not explicitly discuss teacher
knowiedge of these connections, but it is apparent that teacher knowledge needs
to be as connected as the curriculum developed by the researchers.

Measurement interpretations

Niemi (1996, 1997) created mathematical assessments to capture the
deeper ideas within the fraction domain. These types of assessments were
alighed to the recommendations by reform groups of mathematics education
including NCTM and the National Research Council. For Niemi, previous
research on explaining fractional knowledge development in students had
narrowly focused on part/whole relationships, interfering with recognizing
fractions in various meanings and not only as parts of wholes.

Niemi (1997) stressed a model of the rational number concept as an
expression of a relationship between two measured gquantities with the following
principles: 1) all intervals in the measured quantity must be equal; 2) any quantity
can be measured by some smaller quantity or partitioned into smaller quantities;
3) a fraction is a number representing a relation between two numbers; 4)
between any two numbers, there is an infinite amount of fractions; 5) for any
fraction, there are an infinite number of equivalent fractions; 6) any quantities of

the same type can be compared by measurement; 7) two quantities can be
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compared more easily if they are in terms of the same measurement unit and;
and 8) fractions can represent relations between quantities (Niemi, 1997, p.352).

There were thfee hypotheses to test the assessments: 1) those students
who understood the deep meaning of a fraction would be able to see the multiple
ways to represent the same fraction (i.e., equivalent fractions); 2)
representational knowledge would be measured by,“ the ability to identify correct
representations of a given fraction” (Niemi, 1997, p. 352); and 3) those students
who could identify more correct models and avoid misleading representations
were hypothesized to be able to develop and use models on explanation tasks.

Five hundred and forty fifth grade students in 22 classrooms participated.
Students spent two class sessions completing assessment measures on
representational knowledge, problem solving, justification, and explanations. Fifth
graders were chosen because the researcher hypothesized that if the construct
of fraction was not developed by this time, then subsequent understanding would
become procedural and algorithmic. It was assumed that a conceptual
understanding of the topic in elementary school would be the base for
understanding in later grades.

Students were tested on three measures of fraction knowledge. The first, a
fluency task, asked students to circle fractions that represented the same
amount. Students chose among correct equivalent representations as well as
distracters. The second, a problem-solving measure asked students to solve six

symbolically presented fraction problems, to compare fractions of a distance, to
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evaluate the truth of addition problems and equivalency statements, and to find a
fraction between two other fractions. The third, an explanation measure, asked
students to write and draw pictures of their understanding of fractions. Niemi’s
use of the three measures was created to follow NCTM’s recommendations
regarding multiple sources of evidence, including measures of implicit (i.e.,
representational knowledge) and explicit (i.e., justification, explanation) |
understanding.

Results confirmed the initial hypothesis that students with higher levels of
representational knowledge produced more explanations and justifications and
were better at problem solving. From scores on the measures, students in the top
25% were compared with the bottom 25%. Levels of representational knowledge
development predicted performance on how well the two groups could problem
solve, justify, and explain tasks involving fractions. Even though Niemi did not
specifically comment on the role of teacher knowledge, it follows that when
instruction is connected to the various representations of fractions, then teacher
understanding is connected as well.

Approaches assessing student interpretations of fractions from these
studies indicate that students who are able to think about fractions in multiple
ways not only are more successful in problem solving but also are able to justify
and explain their answers. In the next section, research examining the types of

models of thought and action that teachers have about fractions is presented.
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representational knowledge, problem solving, justification, and explanations. Fifth
graders were chosen because the researcher hypothesized that if the construct
of fraction was not developed by this time, then subsequent understanding would
become procedural and algorithmic. It was assumed that a conceptual
understanding of the topic in elementary school would be the base for
understanding in later grades.

Students were tested on three measures of fraction knowledge. The first, a
fluency task, asked students to circle fractions that represented the same
amount. Students chose among correct equivalent representations as well as
distracters. The second, a problem-solving measure asked students to solve six

symbolically presented fraction problems, to compare fractions of a distance, to
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teach and learn mathematics topics. For her dissertation (1999), she wanted to
compare the responses of the US teachers with Chinese teachers on the same
set of TELT questions for elementary mathematics. From TELT transcripts, Ma
chose to analyze the responses of twenty-three in service American elementary
school teachers: 1) 11 were participating in a national PD program and, on
average, had 11 years of teaching experience, 2) 12 were first year teachers who
were about to complete their Master degrees. Ma interviewed 72 Chinese
teachers using the same TELT elementary mathematics interview protocol. The
Chinese mathematics teachers were from five elementary schools in urban and
rural settings. Forty of the Chinese teachers had less than five years of teaching
experience, twenty-four had more than five years, and eight Chinese teachers
had an average of 18 years of teaching experience. These eight also were the
ones with the most developed knowledge across all interview tasks and were
identified as teachers a profound understanding of fundamental mathematics
(PUFM).

The interview protocol Ma used was drawn from the elementary
mathematics part of the TELT study and a dissertation (Ball, 1988). Both were
developed to evaluate prospective or beginning teacher knowledge (Ball, 1988;
Kennedy et. al., 1993). Each interview question presented the teachers with a
hypothetical task in which they were asked to: 1) teach a topic; 2) respond to a
student’s mistake; and 3) generate a model (i.e., a representation) of the topic.

The interview questions focused on difficult content in the elementary
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mathematics curriculum (e.g., subtraction with regrouping, multidigit
multiplication, division with fractions, the relationship between area and
perimeter). The interview format was a unique opportunity to go beyond a
questionnaire measure in order to find out what and how teachers thought about
the given mathematical topics.

In Ma’s study, less than half (43%) of the 23 of the American teachers

computed the division by fraction problem correctly (i.e., solved for the right

answer of 1%divided by %). The remaining American teachers had partial ideas

about how to use the algorithm or gave an incomplete algorithm and an
incomplete answer. On the representation portion of the problem, none
generated representative models for the problem. Nearly half of these teachers
had been procedurally correct in being able to use the algorithm of invert and

multiply. Yet, they were unable to explain why the algorithm worked or how the
symbolic problem (1% divided by %) could be presented as a model in a context.
Their incorrect representations were categorized according as: 1) confusing
division by % with division by 2; 2) multiplying by -12-; 3) no representation; and 4)
inappropriate representations (i.e., If each child gets a half a Twinkie and | have 1
and % of a Twinkie, how many kids will get a piece of the Twinkie?) (Ma,1999,

p.67).
Ma concluded that the American teachers had an inadequate

understanding of dividing by fractions, which affected their ability to create
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representations and appropriate models. The eight Chinese expert teachers were
able to generate several models and representations for the problem. As
discussed earlier, fractions, particularly division with fractions, are excellent
content areas to examine the depth of teacher knowledge and teaching of the
topic.

Examining students’ mistakes

Researchers have categorized the types of mistakes that students make
on division of fraction problems and assessed teacher awareness of mistakes. In
this research, a teacher’s capacity to diagnose students’ initial errors was thought
to reveal teachers’ knowledge. Tirosh (2000) examined prospective elementary
teachers’ knowledge of the types of mistakes that students make when dividing
with fractions. The mistakes were categorized as algorithmic, intuitive, and
formal. In subsequent research, Tirosh (2000) designed a methods course for
increasing teacher awareness of the types of students’ mistakes on fractions,
thereby refining and extending teacher knowledge of the topic.

Tirosh’s argument was that the mistakes made by students in
understanding fractional numbers were products of missing connections in
teachers’ understandings of their algorithmic, formal, and intuitive mistakes.
Algorithmic mistakes were defined as procedural “bugs,” as in forgetting which
number to invert in following the division of fractions algorithm. Intuitive based
mistakes were defined as overgeneralization errors from using a

sharing/grouping approach to division. The third category of mistakes, mistakes
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based on formal knowledge, was a combination of limited understanding of the
fraction concept and an inadequate knowledge of the operations. An example of

a mistake based on formal knowledge would be one in which students believe

that division is commutative so that 1 divided by % should be % since % divided
by 1is %

Thirty prospective elementary teachers were given a content specific
questionnaire as a pretest to assess their subject matter and pedagogical content
knowledge of fractions. The researcher also interviewed each prospective
teacher. Each of the 30 participants was enrolled in a mathematics methods
course designed by the researcher to expose and familiarize teachers with
students’ ways of thinking on rational numbers. Each activity revolved around
questioning participants on, “Why is this s0?” so that teachers would question
procedures and be able to think about their own understanding of mathematical
structures. The goal of the intervention was to change prospective teachers’
awareness of the common mistakes that students make with division of fractions
and the reasons to which the teachers attributed these difficulties.

Initially, the majority of participants said that one source for students’
incorrect response was in not memorizing the steps in the procedure or confusing
some steps. Another source of error described by the prospective teachers was

that students found the idea of a larger answer when dividing by a fraction

unreasonable.
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On the pretest items, 26 out of the 30 participants said that an incorrect
application of the invert and multiply algorithm and not remembering the steps
caused difficulties for students. They did not attribute mistakes to missing or
incomplete knowledge to possible models of division and fractions that students
may have had. Tirosh then designed activities for the methods course that
focused on challenging teachers’ conceptions of the sources of students’
mistakes. Class sessions were structured around group discussions of topics
such as “Can fractions be divided in an easier way?”

At the end of the course, teachers’ knowledge of students’ knowledge
about division of fractions improved and included more connected/ conceptual
interpretations than only noticing algorithmically based mistakes. They became
aware of the restrictions of sharing/grouping models for division with fractions
and were able to construct different models to interpret division of fraction
problems.

Focusing on student’s mistakes as a way of developing teacher
knowledge may have resulted in improved teacher knowledge. However, this
focus may still be limiting since the possible responses that students can give are
more varied than the three organizing categories of algorithmic, intuitive, and
formal knowledge. Students, for example, may still not understand other models
such as product/ factor or partition models. Further, being aware of student

mistakes may not be the same as being aware of students’ knowledge. The links
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between reflecting on and changing one’s own teaching practice as a result of
access to student mistakes is not explicitly discussed in Tirosh’s research.

Teacher change and development

The work of Schifter and her colleagues (1995,1997), through the
Teaching to the Big Ideas (TBI) project, focused on teachers’ examining their
own understandings of mathematics topics such as dividing with fractions.
Teachers were assisted in workshops to connect the mathematics they teach to
the “big ideas,” the conceptual links that connected topics in the curriculum. In
workshop settings, the teachers experienced the math as students would.

The workshop activities focused on division of fractions revealed important
ideas about how teachers initially thought about the topic and how their
involvement in the project developed deeper understanding. The project staff
developed exercises emphasizing ways to represent dividing with fractions in
diagrams and real world examples. These activities were opportunities for
teachers to make connections between related mathematical ideas. The difficult
idea of keeping track of the reference unit in a fraction problem was an important
discovery for the participating teachers. A problem illustrating the complexity in

understanding the reference unit was: Wanda really likes cake. She has decided

that a serving can be g of a cake. If she orders 4 cakes, how many servings can

she make? (Schifter & Bastable,1995; Schifter, 1997). Teachers had difficulty not

in computing an answer, but what the answer meant. In the fractional part of the

. 2 . .
answer, 6%, what did that 3 refer to? The answer was not just how many pieces
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of cake there were. Each “whole” unit of cake was g of a cake. The remainder

part of the answer,%, referred to two thirds of %s (one unit) of cake. Behr et. al.

(1992), in their review of rational numbers, have also discussed the difficulty that
teachers and students have in recognizing what the means in division problems.

Schifter and her colleagues documented how teacher understanding of the
unit of reference concept developed. After the institute, classroom observations
found participating teachers were less reliant on textbooks and more aware of
assessing other ideas their students knew about fractions and recognizing what
the students needed to learn. Teachers’ thinking changed and became more
linked to the big idea connections between operations and representation.

The project demonstrated that the initial knowledge that teachers held
regarding dividing with fractions was not different from the knowledge their
students had. As their mathematical understanding strengthened, choices of
problems, and pedagogical approaches changed. Teachers developed a deeper
understanding of the content they taught.

Perspectives on Expertise in Mathematics Teaching

Understanding expert thinking has been an important research focus for
educational researchers (Leinhardt, 1983, 1993; Leinhardt, Putnam, Stein, &
Baxter, 1991; Leinhardt & Smith, 1985; Niemi, 1997). Expert/ novice comparisons
are a widely used method to describe accomplished thinking in subject matter
areas (Leinhardt, 1983, 2001;Turner-Bisset, 1999; Wineburg, 1990, 1997). This

methodology is also used and reviewed to describe qualities in competent
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teaching. These qualities are then incorporated into applications towards teacher
learning and development (Munby et. al., 2001; Richardson, 1997; Richardson &
Placier, 2001; Schifter & Bastable, 1995). The use of this method has shifted
research from defining teacher success indirectly through the achievement
outcomes of their students. The comparison or expertise method describes
qualities of competent teaching, not a prescribed step-by-step approach to turn

“novices” into “experts”. In the following section, research on expertise in subject
matter domains is described with particular emphasis on mathematics. An
historical background to expert/novice studies and general characteristics of
expert thinking are described. Research on assessing expertise and instances
from subject specific research in examining expertise are provided.

A classic expert/novice study

The initial research on expert/ novice comparisons (summarized in
Bransford et. al., 1999) was by DeGroot whose focus was on the differences
between expert and novice chess players on their ability to recognize and
implement patterns on a chessbéard. He examined how chess masters were
consistently able to “out think” opponents.

DeGroot’s initial hypothesis was that master chess players had a depth
and breadth of chess knowledge that the novices did not have. DeGroot asked
chess participants to think aloud as they considered specific chess moves.

Chess experts did not use more strategies but the quality of their chess searches

was different. They were more likely to recognize meaningful chess patterns
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leading to better chess moves than the novices. Their knowledge of the domain
was hypothesized to be highly organized, more aware of meaningful patterns of
information. The knowledge of the novice chess players was not organized in the
same way, and they were not able to make expert chess moves. Subsequently,
researchers attempted to confirm and expand DeGroot’s findings among other
groups, and focus on differences in the content areas such as mathematics
English, and history (Ball, 1988; Leinhardt, 1993, 2001; Ma, 1999; Wilson, 1989;
Wineburg, 1990).

Expert mathematics teachers show accomplished skill in recognizing
patterns, representations (i.e., models), translations (i.e., solutions), and
connections of mathematical concepts (Leinhardt et. al., 1991; Ma, 1999). This
quality of expert thinking in the teaching of mathematics is the subject specific
version of what the chess masters accomplished, leading to current notions of
expertise in teaching as a profound or connected understanding of their content
knowledge: subject matter (SMK) and pedagogical strategies for teaching (PCK)
the subject matter (Ma, 1999; Goldsmith & Schifter, 1997).

General characteristics of expert thinking

While early work on expertise focused on general areas such as chess and
solving puzzles, this research did contribute to our understanding certain
characteristics of expert thinking. According to a recent review (Bransford et. al.,
1999), experts “do” the following:

1. They notice meaningful, not surface patterns of information.
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2. They have an organized content knowledge that is reflected by their
“deep” understanding of subject matter.
3. Their knowledge is connected to a set of larger organizing principles of
the content (i.e., the big ideas).
Bransford et. al. (1999) caution, however, that expertise in a discipline
does may not guarantee expertise in teaching.
Subject specific examples in studying expert thinking and teaching
Current research in expert thinking focuses the subject matter as central
(Leinhardt, 1993, 2001; Shulman, 1986; Shulman & Quinlan, 1996; Wilson, 1989;
Wineburg, 1990). The body of knowledge gathered from this work has identified
specific characteristics that distinguish expert thinking within a subject area and
has described the connections and organization which experts show around the
major concepts within the subject area. Leinhardt and Smith’s (1985) and
Leinhardt’s (1993) examinations of expert teachers in mathematics, Ma’s (1999)
analysis of select Chinese elementary teachers understanding of the arithmetic
curriculum, and Wineburg’s (1990) discussion of historians’ understandings of
historical moments illustrate the contextualization of subject matter in research on
expert thinking.
Leinhardt and Smith (1985) described the organization of content
knowledge in terms of subject matter (SMK) and pedagogy (PCK) for a group of
“‘expert” matherhatics teachers from their lessons. Eight fourth grade

mathematics teachers were selected from an ongoing three-year study on
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teaching and expertise. Four of the selected teachers were experts and four were
novices. Each teacher was 1) observed for three months out of the school year
and 2) their in classroom teaching was videotaped for 10 hours. They were also
interviewed on their fraction knowledge in how they planned their lessons (i.e., in
this case, reducing fractions). The analyses of the videotapes are discussed here
since the mode of analysis is useful to the dissertation study.

The teachers videotaped had all used the same texts, used similar
examples, and taught reducing fractions lesson in nearly the same order. The
researchers were looking for differences in how the teacher communicated the
content and how the classroom performances reflected differences in the
organization of teacher’s knowledge. Teacher knowledge was constructed with
the researcher building a semantic net representation of the teacher’s
representation of the material. The semantic net is a “node link structure
containing two types of information: concepts and relationships among concepts”
(p.251). The concepts the teachers presented in the lesson are the nodes and
the relationships are the links connecting the nodes. The researchers expected
that the more complex the domain was, the more nodes (i.e., concepts) and links
(i.e., relationships) the teacher’s semantic net would have.

Comparing the nets of the participating teachers, researchers observed:
1) variability between teachers on the number of fraction concepts; 2) experts
had more categories than novices ; and 3) differences among the teachers

initially defined as “experts” in their content knowledge. The researchers
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organized these differences as “components of competency” (p.269) in which an
expert would be more likely to display 1) multiple representations; 2) multiple
connections to related mathematical ideas for the topic (i.e., in this case of
reducing fractions a related mathematical idea was the identity function); and 3)
multiple links across concepts. Through the semantic net technique, the
researchers illustrated the organization and content of a teacher’s lesson and
were able to describe instances of expert thinking on a topic that another method
may not have “caught.”

In a later study, Leinhardt (1993) developed a model of expertise through
detailed observation, interviews, and collaborations with expert teachers. Using a
descriptive approach, Leinhardt captured the components of the act of teaching -
as the routines, agendas, scripts, explanations, and representations or the
“strands of teaching.” In one of her analyses, she examined the instructional
explanations of two teachers, one of them, M. Lampert.

In her analysis of Lampert, Leinhardt focused on a single episode of
teaching, within a specific area of subject matter (i.e., multiplication with
fractions). The lesson was the unit of analysis, within which she analyzed the
strand structures of routine, agenda, script, explanation, and representation.
Classroom observations, field notes, materials used by the teacher were
analyzed. Blocks of lessons were observed and videotaped. The teacher

watched the videotapes and commented on instructional moments. Data on
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students was also gathered in pre and post unit interviews, as well as in class
work and homework.

Leinhardt observed a number of qualities in expert routines. Expert
agendas contained principles of content and pedagogy and revealed a teacher’s
knowledge system. Representations and explanations had coherence, relating to
the content and the substantive and syntactic features of subject matter
knowledge (SMK). The experts were able to “demonstrate, justify, and support
problem solving and reasoning in the process of developing understanding” (p.
52).

Wineburg (1990) also discovered similar qualities of expertise within the
subject matter of history. He described the differences in the organization of
knowledge between eight historians with a variety of specializations and eight
high achieving high school seniors (as measured by performance from a pretest
measure) from an AP history class. Each group was given a set of tasks, one a
questionnaire of history facts and another a talk aloud in which each group made
sense of an historical event, an important battle during the Revolutionary War.

The study, in two parts, included two measures for each group, analyzing
historical documents and a fact questionnaire. In the first phase, the historians
read historical documents related to a Revolutionary War battle (Battle of
Lexington), thin'king aloud as they read. They evaluated a series of paintings
about the same battle and also answered a fact questionnaire. In the next phase,

high school students followed the same tasks.
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On the fact questionnaire, the seniors performed as well as the historical
experts. The multiple choice test, a traditional way of assessing historical
knowledge did not relate to the depth and breadth of subject matter knowledge
as demonstrated in the think aloud measure.

On the think aloud, each group was asked how they made sense of the
same set of historical documents (i.e., assessing deeper historical
understanding). The results showed that the historical experts were far more
elaborate in their understandings. They could develop alternative (i.e., multiple
models) explanations based on how they used evidence materials from other
sources. Regardiess of their historical specialties, they effectively recognized
patterns from the historical documents, an important feature of having expertise.
The historians also used corroborating evidence whereas the students did not.

Each participant’s think aloud was transcribed and formed the data for
analysis. The protocol analysis was conducted inductively. Initially, Wineburg had
developed a coding system for the possible different types of models of historical
texts that subjects could produce (e.g., representation of text, representation of
event, representation of subtext or purpose.). Protocols were reviewed and |
compared on the differences and similarities from the preliminary created
categories with those that emerged from the protocols. The goal of the analysis
was to, “describe the cognitive activities of historians and high school students as
they evaluate historical evidence and to investigate the frequency of these

various cognitive processes” (p.51). Wineburg developed a cognitive model for
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the types of “cognitive representations in the minds of historians” (p. v). The
model developed from verbal protocols between experts and novices in the use
of historical materials was in terms of three distinct types of representations: 1) of
text; 2) of event; and 3) of subtext.

Other researchers have examined their own teaching practice as a means
of describing connections of subject matter and pedagogical content knowledge.
Lampert’s (1990) analysis of her teaching shows expertise in subject matter as
put into action through pedagogy. Expert teachers such as Lampert are aware of
the parts of the discipline that are difficult or easy for students and they recognize
the conceptual complexities of the domain.

Lampert analyzed her own muitiplication with fractions lessons from a
public school elementary class of 28 fourth graders. The lessons she created
demonstrated a deep knowledge of the interrelationships between mathematical
principles. An example of this knowledge was in Lampert’s use of the
development of students’ arguments as evidence of their understanding. In
addition, her description of the instruction of the class make it clear that she has
a deep knowledge of multiplicative structures, using several representations
(models) and problem situations related to multidigit multiplication. Moreover, her
lesson planning included understanding of student’s development of
mathematical ideas. Lampert’s research examined the qualities of reasoning and

justification of arguments in students in her own classrooms. Her knowledge was
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interrelated and connected to the conceptual issues of the curriculum in order for
her to organize, observe, and support mathematical reasoning in the classroom.
Ma’s (1999) 8 Chinese teachers demonstrated what Ma called a
“profound understanding of mathematics.” These characteristics have four
dominant features. These qualities were:
1. Connectedness- Expert teachers make explicit connections among
mathematical concepts and procedures on the arithmetic problem solving
protocols.
2. Multiple perspectives- Expert teachers represented various approaches
to solutions.
3. Basic ideas- Expert teachers were aware and used the relationships of
basic concepts and principles in mathematics to connect to the problems
in the protocol.
4. Longitudinal coherence- Expert teachers had knowledge of the
curriculum that their students had experienced in earlier grades as well as
curriculum to come. This vision and understanding of the elementary
mathematics curriculum guided them in instruction and pedagogical
choices. (p. 122)
On the arithmetic task of interest, Ma asked teachers to come up with a
computational procedure to solve a the problem in number sentence form as well

as construct a representation that would capture the meaning of the problem.

The problem was 1% divided by % The expert Chinese teachers could make
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sense of the “flip and multiply” algorithm and were able to come up with other
algorithms that could also solve the problem. They proposed several alternatives
to the algorithm, including converting the fractions to decimals, dividing without
taking the reciprocal of the divisor (common denominator method), and using the
distributive property.

They also created several different models of division by fractions such as
the partitive, quotitive, and a factors and product model (i.e., using multiplication
to derive an answer). They discussed the connections between multiplication and
division and developed many topics representing different models of division by
fractions. They discussed the relationship of division to the other operations and
emphasized the relationship of division of fractions with multiplying fractions and
wh‘ole numbers.

The eight expert Chinese teachers had less formal education than their
American counterparts. However, the mathematics departments of the schools
where they taught were organized around formal and informal staff development
and support. They also had taught a range of grade levels, familiarizing
themselves with the curriculum through the different grades. Their explanations
were connected to the bigger conceptual ideas in the curriculum.

As the research discussed in this section demonstrates, an essential
quality of expertise is recognizing patterns within the domain. In order to develop
understanding of the problem, experts think in terms of essential concepts, the

big ideas of the domain and the connections among them. They can offer
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multiple approaches or methods in reaching a solution. The research programs
discussed in this section address an issue raised by Munby et. al. (2001) in their
review of teacher knowledge: “Better conceptions are needed of what experts
need to know, not simply what distinguishes them from novices” (p. 880).

Assessing mathematics teachers understanding of mathematics

Expert mathematical knowledge for teaching is not compartmentalized
(Ball & Bass, 2000; Lamon, 1999; Mack, 2001; Behr et al., 1993). Ball (1988) has
identified teachers’ understanding of mathematics as “interweaving ideas of and
about the subject’, proposing three criteria to assess teachers’ substantive and
syntactic knowledge: correctness, meaning, and connectedness. Ma’s (1999)
criteria for profound understanding was depth, breadth, thoroughness, and
longitudinal coherence between mathematical ideas. Leinhardt and Smith’s
(1985) categories for expertise were 1) multiple representations; 2) multiple
connections within a topic; and 3) multiple connections across related topics.

The present study follows in the tradition of research designed to assess
teacher understanding and extends the division with fraction interview task used
by Ball (1988), Ma (1999), and the TELT study package created by Kennedy et.
al (1993) by focusing on division of fractions at the micro level in number

sentence and word problem forms.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Knowing How and Knowing Why 55

Tea(:her Change in Mathematics Know/edge and Practice
BackgrOund
Ina reformed \rision of »teaching (NC-TM, 1991; 2000; Natiohal Research
Vi_CounciI, 2001) the dei/elopment of deep understanding of mathematical ideas
'virithin the curricmumfis the key to change.‘Th.e research programs discussed in'
this section developed in'opposition to the types of,teaching th_at have ‘been' |
labeled “traditional mathematics instruction” (i.e., 'instruction as sets of jclea’r
instructions, correct information about procedures,i and automaticity of |
prOcedures throdgh practice). The teachers and‘textbooks, in tradi_tion'al
situations, are the mathematical authorities and' instruction.'is a process of
' transmission; from authority of text to teacher to student. Moving away from
traditicnal ways of teaching, several models of teacher change have developed in
research on teachers transitioning to refcrrned practice.

Educational researchers have examined issues of teacher change.
(Fenneﬁma & Fran}ke,; 1992; Franke, et al, 2001; Munby et al., 2001; Nelson, .
1995; Richardson, 1997; Richardson & Placier, 2001 : Sherin, 2002; Stein &
Brown, 1997; Schifter & Simon, 1992). In a recent rei/iew on the topic,}
Richardson and Placier (2001), categorized two p"erspevctives on'change in the
research iiterature: approaches that examine smallvgroupﬁndiyiduai iss'u_es in
changing practice and thoSe approaches exarnining change .frorn organizationlal
and structural points of view. Three :Studies reviewed in this section describe

“changes for individual elementary school teachers (Franke etal., 1997;
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Goldsmith & Schifter, 1997; Sher“i,n 2002) and changes in scnool mathemat‘ics v

_ programs in middle schoole (Stein & Bfowh, 1997). .

| The teacher ’Change program,s described_here atfempt to systematically

/research and conduct te_acher education:in innovative Wéyé in order td‘examine
'-t'eacher understanding of the sunject metter. In th'e following -studies, the
res’eerch g'oals'were: 1) to assist 'feachers-i'n creatihgobportuni_tiés te learn from
instruction and to underetand how end Whymathern'atic;al ideas Work (Goldsfnith
& Schifter, 1997); 2) to assist teachers in 'recogni;'ing the develonhent of student
thinking about mathematics, the Qariods strategies students use, and to use
nroblem solving strategies in teaching the subject (Carpenter et al, 1989;
Peterson et al., 1989; _Franke et el., 2001); 3)..to obsefve how teacher ch’ange of

- content knowledge occurs in the implementation of reform material in classrooms
(Sherin, 2002); and 4) to foster teacher development through the development of
a community df practice approach to middle school mathematics (Stein & Bfown,
1997). |

" These epprbaches emerged fr‘om constrUctiVist and ;s'ociel constructivist

| frameworks (Richardson, 1997; Richardson &7 'Placier,'2'001), perspectives in
which the learners, individdal teachers or collective m‘athematvics vdepavrtments,
are particip’ante in the knowledge' building process. Each research program
examines the growtn of teacner knowledge and' links the exneriences they .go
through as reseafch projeet partieipants'. The respeetive research progfarhs are

uniquely different in how pafticipating teachers receive information. Also, of
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particular interest ot this study, the programs prO\ride teacher deScriptions»\and
: reﬂectiohs on the‘ 'c'hanges inv their own cqnstriictions and representations of
math’er'natical understanding and probﬁlem solving. | »
Models for understandlng change in teachlng
Schifter and Simon s (1992) and Goldsmlth and Schifter’s (1 997) model of
‘becomlng a constructlwst teacher reiates the compieX|ty of mcorporating change
into_teaching practice: The data used }to develop this model of effective teaching
was collected over several years,_ ef obserVatiohs and activities, included field
notes, and audio and video taped responses cf participating teachers; Data was
| gathered in Summer Mathrwork’(shopsand in observations of participating
teachers’ classrooms as virell'as other teacher"deveiopmeht projects taking place
through the Edijcational Deyelcpmerit Center (Nelson, 1995; Schifter,' 1995,
1997). The researchers organized the data into a developmental model of four
stages that teachers go through to become cbnstructiv_isti A constructivist teacher
L teaches at the highest level of the model. The iev_eis from least constructivi'st to
mcst censtructivist teaching are: |
1.Ad hoc ,accumlilatiCn of facts, definition‘s, and cOmputationaI routines. -
2 V'Student centered actiyity‘ with little cr ho attempts at Systematic ihquiry
into issues of mathematical etructure an_d i/alidity.
3.Student centered ‘activity directed, towarde eysterhaticv inquiry intcissues

of mathematical structure and validity. -
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4. Systematic inquiry organlzed around rnvestrgatron of “big” mathematical
rdeas (Schlfter 1995; Schrfter & Fosnot 1993, p. 18)
The model addresses what a reconstructed view of teaching practice looks
. like. Case study analySis led»the» researchersto create,"‘ a developmental logic to
the process of teacher change” (Schrfter 1995 p.18). The model can 1) assrst
researchers and staff developers in recognrzrng possrble content-related Issues
in the process of teacher transformatlon and 2) can serve as a framework for
~ interpreting teach_er Change. The re‘searchersst_‘ress that their »model is not a
traditional stage model with an invariant set of steps; ratherthey, view the model
as a qualrtatrve organrzatlon of understanding”, which can vary from teacher to
teacher. | | |
Franke et. al. (1997) proposed another ‘developmental model for
discusSlng teacher change. Their model summarizes patterns of changes in
beliefs, classroom practice, and knowledge based on observing and analyzing
participating teacher lnvolvement with CGI (COgnitively Guided Instruction)
project. The initial CGI project, over the course .of four years, was a collection of
workshops desflgned to assist teachers in understanding their student’s thinking. -
Classroom observations and after class' discussions with project staff helped
teachers notice how _they‘ thought about their stUdents’ thinking about
mathematics problems. These diScUssions were supported by opportunities to
plan lessons wlth teachers and project staff,and thenpilot these lessons with

students.
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Data collected from teacher obseryatlons and discussions from workshops
led to the documentation of levels of change in beliefs and in practice. Change
wasv examined in21 teachevrs over a four-year perlod. The levels evolved through
a constant recodin’g and 'revisi'ng' of Categories. The researChers looked for
emerging patterns rather than counting instances of specific types of teacher

- . behaviors or, teacher statements Teacher knowledge was not assessed explrcrtly
but connected to asse’ssmg.beli_efs and practice.

‘ ‘There‘searchers pr_esented afour leyel model, with the highest, the fourth
| level having two sUblevels.'Level ,1' teachers’ beliefs and practices were that
_students can only learn mathematics if they are taught |t For/ th‘em, student

: knowledger'Was not incorporated into their teaching practice and students were .
not encouraged to_devise their own strategies for solving problems. A level 2
teacher recognized that students do bring their own knowledge of mathematics
into 'mathematics classrooms. l-lowever_, these teachers were not co.nsistent in
their teaching practice for understanding and incorporating student’s ideas. Level

| 3 teachers ‘believed that students could ‘so’lve problems without a teacher giving
them the strategy first. They paid attention to their students thinking and looked

_ for ways to rncorporate these ideas |nto their teaching practice. A level 3 teacher,

' v‘ however, did not reCOgnize the “implications” of students’ statements. Level 4A
teachers stressed student thinking as'the or_ganizing influence for their

: instructional de'_cisio'ns.. Yet t'hese tevachers‘ were not consistent in their attempts

~ atbasing their practice on the knowledge of student’s thinking. Level 4B teachers

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



“Knowing How and Knowing Why 60

wére cdnsistent about basing fheir practice on ‘_stﬁldent’s knowledge. They
b_élievéd thatundefstandinQ indi'vid;Jal student’s thinking was the most important
' inﬂu'enéej fcjr instructional decisions. CGl researchers conbluded that a change in
beliefs wé_sfessenfiai in order to support a change in,claSsroom practice. .
, Whilé th‘é studies-on téacher c‘hahge previously described focus on macro
' i;ssu'es regardihg .teachér vkn'owle'dge,‘a‘hd practice, fh‘e wak of Leinhardt (1993, '
2001) énd "mo'r'e rrecently, Sheri_n ;(2002) focus irffdn/ con'tentvéarticulars to explain
plroces.s',es'of teacriler'charllge. Shérin (2002) observed the process of change in
, | cdhtent knoWIedge for tWo teachers who agreed to use a new linear functions
curriculUrﬁ in their CIaSSes. Shéri'n expécted to observe changes in what she
" termed ‘“canteﬁt knoWiedge 'cofaneXes” defined as composite structures within
~,teachers’. knoWIedge with tightvintércohnections among the components” (p.125).
These cognitive structures contained content knowledge forms: SMK and PCK.
The hew curriculum for téaching linear function emphasized connections
among representations, building conée_ptual} understanding of slope and
inte‘r(‘:ept,/ and real world‘cont'extsifOr investigating linear functions. The new
| c'urriéulum‘\)vas \)éry différent from the preyidus texts used by the teachers that - -
v Stressediprocedures fdr sol‘ving Iinéar equations.
Two experiencéq teachers Voluhteered to participate in the 6-week.u/nit.
‘ }Eﬁach'teaqher Waél'inter\}iewed three tirh'es before the start of the project in order
> ;  tdundé@taﬁd their current knowledgé of linear equations and their ideas for

teaching _thé 'tdpic; The linear functions unit was in 5 classes and each class was
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vide;)taped fbr eachr day of thveaunit. T_h‘ere Were two éameras in each clasé, one

| onthe teacher and 'thel other én the students. The researChér créated written
'Obsérvations,»from the Videotapesf focUsing on places where the teachers’ SMK
and or PCK were evident. ’Obsefvations investigated the following 'r'esearch

l 'quéstions: How did they dfscuss the im’portant‘corncepts of the topié? How did

- they présénﬁ tﬁe méferials? I'-'lc‘)'w‘d‘id they respond to studgnt questions an'd

o réspénsés’?Th’e teachers ‘alsé,watche"d excerpts of videotapes of their
41’(:vla‘ss'roorrils together. They discussed the mathematics in the Iéséons. These
interactions Wefé élsoVidéotapéd.
erom the dkata sources, the reseafcher created three cétegories-of

interactio.ns betwéén the teachers’ content knOWIedge and how they used that
| _knowledge in implemenﬁng this new curriculum. These categories, transform,
‘ad‘apt, and negotiaté, “represent ther different ways that teachers apply théir
content knqwledge és they attempt to use different méterials” (p-129). In
transform momenté, teachers changed the lesson from its original purpose and -
did not change their‘ éonfent knowledge.‘The téachers cbntinued to implemént
familiar routines_for:the co‘ntént of fhe lesson. In adapt momeﬁts; teachers
changed’their content kanledge, not}because of the curriculum but because of
students’ comments énd ideas. In negotiate moments, teachers developed new
content knbwledge and made chénges in the Iessoh by using new strategies for

instruction. Teachers, in negotiate moments, were in the process of negotiating
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how they viewed 'the Iesscn, the students, and their knowledge about linear
functions. o
‘Each of the 17 observed lessons was coded for‘evidences of
.transformation adaptaticn and negotiaticn. Transformation occurred in 53% of
the Iessons adaptatlons in 82% of the lessons, and negotiatlon instances in 29%
# of the lessons. Teachers changing the ways in which they taught and understood
-the content were expected to be those who were rethlnklng their SMK and PCK
in ,relation to;the domain, the Iesscn, and to students’ understandings.
| . These examples of teacher change have important implications for |
~teaching 'praCtice.‘Two studies examined overall chang‘e in practice and beliefs
and one (Sherin, 2002) was a microanalysis of teacher change. The models
contribute to an understanding cf the changes in SMK and PCK.
Teacher as student
In an earlier section, the work of‘Schifter was discussed in relation to
research approaches fcr examining teachers’ underStandings of}dividing with |
\ fractio‘ns. In this secticn the Summer Math Course developed by Schifter &
Simon (1992) and expanded in further research by Schifter & Fosnot (1993) and
~ Schifter (1995, 1997) is discussed. Again, findings from these models are
- included because teachers in the study have attended similar programs. In the
~ Summer Math courses, project staff“designed activities to stimulate thi}nking ‘
. about the “b_’igideas” in the mathematics curriculum and to h_elp teachers to

N develop possible alternative methods for inStruction on a topic. Activity tcpics
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inéluded wholernum‘ber, integer, fraction, decimal, exponents, area, and
'/peﬁmeter operations. Resear¢heré were particularly interested in those teachers
' | wth were transitiohing from é’ﬁe level of knowledge to tﬁe next as their learning
- was supported through the péniéipatioh in the project. |
The idea of thre prqject Was to en_able'ma_thematiCs teachers to learn
mathematics ‘while they taught it. The developmental‘modél Qahqe out of the
“many case studies éf teachers participating in the project. One case, Linda
(Schifter & Fbsnot, 1993) illuétrated:the impact of pérticipation in kPD projécts..
‘Lihda was a middle school mathematics teacher who had taught the procedures
‘of mathefnatics but did not understand the connections between brocedures. and
representations. Through the workshop activities, discuSsions, and readings,
Linda brought what she learned to her classroom and began the procéss of
“exploring mathematical relationships, co_njeéturing, géneralizing... As she
evaluated different ways of making rﬁeaning, she was éble‘to pose to her
studehts deep questions about the nature of mathémaﬁcs" (p.81). For the
teachers involved rin'the project, transition e{nd chénge occurred through
understanding the mathematics they taught. This learning helped thé,rﬁ rethink
“and r’econétruCt the types of pedagogical choices th‘ey‘ made, particularly
| representations’ or models. |
| Researchérs were also able to evaluate teachér deVeIopment by
| obsefving‘how teachers changed in their thinking about theirown aﬁd their

“students’ representations and strategies on alternative methods to solutions. Of -
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the many examples of teacher developrnent three qualitatlve changes occurred.
_First, learning to use diagrams in activities increased awareness of making
mathematlcal sense of the mathematlcs problem Second cases of other
*. teachers were presented Thlrd consrderlng student confusron as helpful
_‘ mformatlon allowed teachers to rethlnk therr own understandlngs about
mathematics. | |
The Summer Math project supported teachers whose knowledge of
rnathematlcs was not initially deep. Through therin-servic‘e actlvities, these
teachers were able to develop better understanding of the meanings behind |
mathematical procedures. |
Using research to effect teacher change
Teacher change prograrns such asCognltively‘Guided Instruction (CGl)
incorporated knowledge about student’s thinking about mathematics as a meansv
for initiating change in teacher thinking and understanding. The professional
development programs of CGl have been documented extensively (Carpenter et
al, 1 996;Fennema et al.-, 1993;.Fennerna' et al., 1996; Fennerna & Franke, 1‘992;
~Franke et al;, 2001). Using research-based knowledge of student development of
rnathematical understanding' and 'strategies teachers in the CGl programs
reflected on thelr own practlce and mtegrated their own knowledge with research
knowledge in workshop sessrons The CGI prOJect worked with elementary
‘'school teachers, and mtrodu_ced teachers to research findings about students’

mathematical thinking in order to facilitate teaoherldeveloprnent'of pedagogical
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strategies for understanding operations_sueh as -addition and subtraction. An
experimental study from CGl (Carpenter et aI:, 1989) and foilew up s’tudy'(Franke
et al, 200i) with these_teachers four years after the end_ of the project are
d}iscussed in this seetion,inciuding their implications for teacher development. A -
detailed analysis of the experimental study can be found in Peterson, Fennema,
& Carpenter (1989), prese'nting 'significant correlationvs between teacner
knewledge ot student strategies-and» Student achievement. |
| ‘ ’Cognitiv‘ely’Guided Instruction’s research fecus‘Was to bridge the gaps

between teacher classreom :practiee and research on 1) cniidren’s det/elopment‘-
of strategy use; and 2) the types and developmental difficulty of mathematics

~ word problems. The‘researCh question of interest in the study by Carpenter et al

- (1989) was: Does previding explicit knowledge from stibject specific research on
student’s thinking influence teaching practiee and stLident achievement?

ResearChers presented teachers possible different addition and

' subtraetion models/strategies their stu.dents may'use depending on the type of
word pr,dblem (Carpenter et al, 1989).‘By introducing the developmental research
en‘both the stru_cture iOf mathematical word problems and solutien strategies,
teachers had a framework on which to base both assessment of stlidents and

instructional deeisi}ons. The continual focus on assessment of student’s
knO\ivIedge as the primary m’eans to inform pedagogical deCisions is a

characteristic'distingruishingy CGl from other teacher development programs.
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Forty ffrst grade teache‘r»s were rendomly assigned to either a confrol or
experfmental‘groUp. T.he exeerimental group partieipated in a month long
workshop:to etudy 'videefapes presenting ‘the development of student problem

_ selving sfrategy thi'nk'ing aboeteddition and subtraction concepts‘ in the centext’~of
-solvir_lg word problems. Thevidebtapes iand workshop dichssions were _waye to
as‘sist’ teachers 'in‘developiﬁg a conceptual fraheWork for problem typ.e'si and
strategies used by etudents. Instruction would then be based on >individual '

-student’s develepment of mathematical knoWledge. The twenty other first grade |
teachers were\assigned to a control groep. They patrticipated in WOrkshops '
focused on_problem siolv‘ing‘only. After the worksheps, all forty teachere were

- observed during'mathematics instruetion.

At the end of the year, ‘teache'rs Were asked how individual students would
solve specific eroblems. Teachers’ predictions were matched with students’
mmmmmeﬂwmMMMwwMMwwam%wmd@m%m%mmdmm:
student performance. Students in the forty classrooms had completed a pretest
‘achieverﬁent measqre in the beginning of the year and the same measu—re as ’a
posttest at the end of the year. Students Were also interviewed as they sel\'/e_d‘
various" additi,en and subtraction preblerﬁs, Videotavp‘es of students’ problehi‘ _
solving strategies Were documented and instructional materials were reviewed.
Detailed classroorﬁ observation proeedures, Wefe created in which é eameling of
behavior and activities of methemat}cercentent, svetting, and strategy urs'e were

coded.
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Results indieated that teacher participation in the CGl group 'did make a
difference. Significanf differences between.the two grdups Of, te‘ache}rs were fodnd
on: fime_engaged in addition and subtraction activitieé, teacherrknowledge of

. ‘st.udent stfateg’ies for nurnber fafcts‘ and proble_m‘solying, teacher beliefs about -
~ ma'th_ématics,and student achievement (controlling for prior mathematics
'achievemen'tv).

- In a follow up study with 22 teachers involved inthe CGI experimental
program from 1991 to 1993, Franke et. al (2001) examined the charactefistics'of :
the teachers post prefessional~deveIOpment. Each teach_er was interviewed and

| 20 of the tea}chers’ clas}srooms were _observed.FOr‘ classreom observations,
interactions between student and teacher were coded accdrding te: 1) the types
of problems the teacher posed; 2)vtheastrategies students used to solve the
problems; 3) teacher facilitation of student?s sharing strategies; and 4) teacher’s
input when student’s strategies for solution were incomplete or incorrect. The

~ interview duestions focuséd on-teacher’s use of student thinking and thein own
seIf-perceptiOns regarding' change in their knowledge and practice. Thete‘achers '
first discussed the I_esson the}researcher had observed and wh"y 'she had chosen
the problems she 'c}hose and what was important to’point out ahdut the strategies

| the students used to solve the problems. The interview also lncluded questlons
on how and why the teacher had changed smce the end of their part|C|pat|on |n
‘the 1993 CGl program and the type of current support for thelr mathematics

, teachlng in thelr current schools
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‘The re'sea‘lrchers i}derilitified instancés of “sélf sustaining generaﬁvé change""
in teachers who reported teaching in schbols where the majority of teachersv a[so
. participated/'in PD prog’rafns. Support betWeen teachers includ.ed planning
tbgeth’er, talking to their col|eagues, and mofal support. As important, :teachers
“who focused on ﬁnderstanding sfu’dent’s rﬁathemétical ‘tr‘linking saw the process
as an opporfunity td become _Iéa’rhers thgmselves. Thé reSeérchers propose that |
'it is teécher engagement with student thinkihg and ongoing collegiéﬂ support that
.is mqst related tqrv‘develop'ing deep knowledge in teachers. o
Teacher change through participation in communities of practice
Stein and Brown’s (1997) reséarch approach to assessing ‘teacher change
examined not individual teachers but*inatherhatiCs departments in s;hools. The
research interést was to examine the impact of a community of practice ,apvproac’h
to teaching mathematics o}r a “transformation of participation in the practices of a
cdmmunity”-(p. 155). This research was carried out fn a Iarge-sdale reform
project, Quantitative Understanding: Amplifyi'ngnStudent Achiévement and
Reasoning (QUASAR) (Silver & Stein, 1996). |
| QUASAR Was a teaching reform project based in middle schobls with
' eéonqmica"y diéadvantaged stﬁdents. At each QUASAR school, the
mathematif:s‘ faculty as well as administrators and Iobal mathematics éducators‘
, ered together. Teacher change was _deﬁnéd és a'_collabbrative proceés with 

ingipalsistrict supervisors, and local mathematics educators

wbrking tow_ardgthe goal of reforming mathematics teaching practice. The
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researchers conceptualized teacher development as a sociocuitural o
phenomeno’n;‘focusing on the changes thjat'occur asa result of participation in
forms of group practice,not at the Ievel of the individual teacher or thev individual
’student ‘Participation in practice included 1) the group’s selection of curricuium
materials; 2) agreement on ways for assessrng students 3) piannlng Iessons
~and 4) working with other teachers and administrators, The researchers observed '
and documented changes in patterns of participation by teachers in QUASAR
sites, particularly those who were new teachers to the schools.
. Two of the five QUASAR sites are described in detail, Riverside Middle
School and Norton Middle School (Stein & Brown, 1997). Mathematicsteachers
at Riverside worked inside and outside their clasvsrooms to improve thei.r
/ mathematics prOgram. They shared a set of beliefs encouraging the importance
of discussion in their ‘mathematic classroom and the importance of s.tudent'
understanding. New mathematics teachers coming into the department were
included as participating members of the mathematical community of the school.
Riverside mathematics teachers regularly worked wi_th 'each other and the new
teachers said that thes_e interactions were very important tor their development. |
vThere was-also coliaborative work on the products created byRiverside teachers.
~ Products included system}s for portfolios, commUnication with parents, and
~ presentations of their. mathematics program atvlocalgland national meetings. Such

* factors created a community of practice at Riverside that the researchers felt
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placed teachers in the school’s Amathematics }department in alignment with
N'C_TM’s (1991) recommendations forreform in teaching practice.
"In oontras,t with the Riverside .SCHOOI; the Norton Middle School teacvhers
did not develop. retormf goals, as had the"Riverside teaohers. The researchers
identified possiblereasons for this difference. One import_an‘t' factor was the.
impact of the “ohains ‘of' assistance” (p-1 7_3)1at Riverside, sdppOrt given to
teachers by their»principals and.district supervisbrs. Principals and sUpervisors
provided ‘opportu‘nities for teaohersvto interact with each Other and support s'uoh
activities consistently and freque'ntly. Norton school did not have such assistance -
in place to support teachers. |
Norton’s participation in the OUASAR project did not Iead to}the formation
‘ofa reform community of mathvematics teachers because principals and
supervisors for the school did not support the change due to pressures from" the
distriot. Initiaily, Norton’s district supervisors and. principal ag_reed to the projeot
‘goal of reforming the school’s mathematics program. Yet, the district supervisors
continued to hold principals and teachers 'acoountable tOr student performance
- on standardized tests. As a result, the 'principal and teachers at Norton found that
the two goals, reforming their instructional program and complying with district
| requirements on assessments,l iivere.incompatible. For example, the school had
agreed to set up a common planning time Where teaohers would work together in
deveioping Iessons and sharing/gr0uping ideas_related to practioe. The teachers,

however, did not meet regularly. When planning time did occur, teachers did not
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share and develcptlesscn plans for tne 'rnathernatics curriculum. In the third year
of the project,’ hcwever, Nor_ton ‘teachers began to rnake progress in assisting

~ each c,ther_during tne" planning times.A One reasen to ac_cotint for this change was
the district’s adoption of a currivculur'n ccmplernenting NCTM'’s goals rather than
the pre\rious_ assessment focrjsed curriCUIUm‘. 'Nortcn’s barriers to.organizational‘
change a's crea'ted‘ by the district’s requirements had discouraged a -comm.un‘it'y\ of
practice approach to reforrning,in's_trgction in the 'schocl. The 'roiles of participation |
did not"impr0ve for the Norton,teachers:as it had for the Riverside teachers.

N :'.I'he three’prcjects discussed in this section are quite different from each
other in terms of focus for change. A difference between CGl and Summer Math,
for example,_is the role of the teacher. in each. In the Summer Math'workshops,

_ the teacher was a iearner and confronted his Or her own knowledge and its
limitations in activity sessions and reflections. These served as be'ginnings to

' recogniZe larger mathematical ideas in the curricul‘um.‘. In the CGl project,

- teachers had access tc models of student develdpmental progression of
solijtions for additicn a'nd_subtraction nrobiems and how understanding the
categories of problem type and problem sol‘.\/ing strategies could be used to
develop instructio;n and curriculum.AHere_, the teachers’ initial knowledge of
s,Ubtraction and additidn \‘Nas nct' a'ssessed vdirectly. Instead, teachers’
understandingsof’subject rnatter developed as a resuit of understanding'
std_dents’ soluticn strategies of different types of ma’thematical' problems. The

" third project included in the section, QUASAR, examined teacher change from a
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,participafion in a community of praCtice'approéch,and.idéntiﬁed change as an’ |
organizational shift of “aSéistan_ce and COIIaboratio‘h” rather than an individual
teacher shift. | | | |
An important si,milé_r}it»,y between thése three major teacher development
g proj'ecfs- ére.the ~experiencéé of teac‘hers,i in grbup's, discussing mathematics and |
.Strategies_for Ie.érnir.l'g ~.mathé,m‘atics és key to sust‘aiyning change beyond the
course of the PD prOgram. In the present s‘tudy,vte‘a_che,rs, in the follow up
" v-infe’rview questipns,"are aSked abo’ut‘their own formal and informal experiences
of P'D'a_s well as t‘héi»r oWn “comrﬁunitiéé of practice”. The follow up questions aré
'designéd'to’ capture ,t‘eacher's’vawareness of connections between their own
, ‘pfaCtice and kdeIedge development to their schools, coIIeaQues, and PD
'expeﬁenées.
~ Study: Purpose
Th‘efpujrpose‘o_f this study is to describe the mathematical content
knowledge: | subject matter (SMK) and pedagogical content (PCK) knowledge of
‘ fraCtioné an'd dfvision \)\(ith fractiohs fqr two '\seleéted groups of middle school
| mathematrics feécher’s, e_ighf teachers in transition (IT) and six teachers with deep
o knowledg‘e:(DK). All therr mathematics teac’her's have been involved with
:'profe's;siqrial:_de_veldp_mént (PD) prog_rams_for at Iéést tWo yéars. Téacher d'eeri)
_ knowledge‘ofl the fOpic area isr,definedvas well devéloped,iorgahized, and
connected as{elvide'nt thrdugh mijltiple re'preéentétions (i.e., ;m'odels) and multi’p‘le

translations (i.e., ,sdlutions‘); for the concept and connections between the
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~ concept, represehtations, translatione and related “big ideas” (Fosnot & Dolk,
2002) in the mathematicsf curricul,u.m'.-
: Each teacher Was intefviewed"individually on the problem tasks, concept
" map, and follow up questlons AII teachers had f|lled out a pre mterwew set of
i V; questlons detalllng thelr educatlonal background years of teachmg types of
mathematl_cs courses taught, PD experlences, and had read and sugned the
< conseht form (.see' Aopendix A) prior to the interview appointment.
- During the intert/iev\(, teacherswere’vpresented five tasks and follow uo
questions in ar standardized format.‘ The'taske are contextualized as teaching
' sitoations. The first two elicit representations (i.e., models). These first two tasks
of lasks .1 and_2 are |n number sentence forms.- Teachers were asked first to
- solve the number sentence and then represent it in a story. The standardized
prompt for the firsttask was:
| Division by fractions is often confusing for students. People have
different approaches to solving problems involving division with

“fractions.
1) How would you solve a problem like this one‘?

3 . 1
lmag’ine that you are teachihg division with fractions. To make this
meaningful for students, many teachers try to relate mathematics to

-other things. Sometimes they try to come up with real worid

_S|tuat|ons or story problems to show the appllcatlon of some
partlcular plece of content.

2) What would you say would be a good story or model for:

1——:——-

. 2 '
-3) If teacher gives a story, ask Why do you think this is a good example?

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Knowing How and Knowing Why 74

4) It teacher cannot come up with a story, ask, why do you think it is
- difficult to come up with a story for the problem situation?

'I,"hfe,se’cond_ task included the same questions as task 1 but the number

" séntence was changed to: %+1-i-ﬁ
’The;thi}rd’and fourth interView tasks elicited translations (i.e., solutions). - |

~They were bfesented in word problem forms. The third task’s prompt was:

‘Students must often solve word problems involving division with
fractions. People have different approaches to solving such word
problems.
1) How onId you solve this one:

Wally has 6 yards of matenal It takes 2 =ofa yard to make his
.scarves. How many scarves can he make'? '

2) Would a word problem like this help students learn about division
- with fractions?
3) This is only one way/ one method. What other ways can you
think of to solve this problem?
. The fourth interview task, also in word problem form, was created to

capture a context that would fit task 3’s inverse, %+6%.

'_I',h}e first four interview tasks are intrbdeced to teachers as problems -
| cOnte\xtl.JvaIized in instruction.
| The fifth ‘intervi}ew task was a talk aloud about the concepts teachers would
: s‘,‘tress as essential ‘fer students to understand fractions (Appendix H). For the
eixth and final part of the ihterview, each ’teaeher was asked to discuss tﬁeir
' experienees in'ﬂdevelopihg their math -kn}owledge and practiee. The questions

were:
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1) Please tell me about a specific career experience that you see as critical
in your dedication and motivation to keep developing your mathematical
knowledge and teaching practice?

~ 2) With whom-do you discuss a) your teaching practice and
~b) mathematics topics

3) If a teacher gives a name, X, ask, “Is X in your school?” If not how do
you know X?

a) In talking to X about your teachlng practlce canv you glve me an
.example of a recent conversation?.
b) In talking with X about mathematical topics, can you glve me an
example of a recent conversation?
- The set of questions chosen and created for the‘in'terview' tasks were
| designed_ to closely é‘xami‘ne teacher subject matter (SMK) and pedagogical
cdntent knowlsdge (PCK) for dividing,,wit'h frastions as well as finding out about:
't,eacher_ invblvement and perceptions about professional develbpment (PD) |
| expérienses. |
Guiding hypotheses and research questions
A set of hypotheses and researchv questions guide this study:
Hypothesis 1: There will be,differenc::es'between DK (deep knowledge) and IT (in
tfansition) feachers on their SMK and PCK for dividing with fractiovns._SMK and‘
P.C_K were ahalyzéd as types and fréquencies of representations and translations
on d‘ivision tasks (i.e., tasks 1 through 3). |
| Q1. What types snd how many,representations (i.e., models) of division "
- with fractions do deep knowledge (DK) and in transition (IT) teachers
presént in 't‘aSks}1 and 2?7 o
Q2. Whaf types arnd how many translations (j.e., solution methods) do DK

and IT teachers present in task 3?
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Hypothesis 2:There will be 'differences between DKand IT rnathematics
teachers on their connected kvnowledge of th‘e fraction concept. SMK and PCK
vwere analyzed as types and frequenoies of conceptsand relationships (i.e.links)
. onthe conoept vnv1ap activity. |
‘Q3. ‘What types of f_raction concepts and how many levels of connections
do teachers Ih:ave on the concept map activiti(? | -
Hypothesis 3: IT teachers will attribdte failure to oreate ,representations in tasks 1
and21to a Iack of their mathematioai knowledge. B
- Q4. What types of reasons do I'i' teachers give when they fail to represent ‘
the problems in tasks 1'and 2 (see Appendixes D-F) in representational or
story word forms?
Hypothesis 4: There will be fewer representations on interview task 2 on IT and
DK teachers’ representations and translations.r
Q5. Do types and numbers of representations and translations differ when
DK and IT teachers solve ‘problem 2 (i.e., when the divisor fraction is
larger than the dividend), i/vhen cornpared tooerformance on division with
traction problems such as tasks 17 |
Hypothesis 5: IT teachers vi/ill exhibit variable patterns in the use of their
knowI‘edge across tasks, whereas DK teaoherswill be consistent.
Q6: Do DK and I‘T teachers’ response patterns across tasks differ?
- Study methods, ‘procedures, results, and conclusions are disoiissed in the

.~ following sections.
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CHAPTER 3-
* Methodology

This section inc‘Iudes- de_taivls on stﬁdy_participahts,’materials, pfocedures,
and techniquesr énd categories_ used for data codi'ng and an‘alysis.‘ |
Participaﬁts:- Recruitment and Inforfﬁéd Consent |

| The DK and 1T teachers ffom the pilpt study had been active in formal (i.e.,r
curriculum and institute style Workshops) and informal (i.e., in school discussions
with colleagues) PD activfties, In order to find the specif‘ié‘teachers for the |
dissertation sample, it wasexpécte}d(they’ would aI so have had si\milar
professional developmentr (PD) experiences.

In order to recruit teachers fo_f the study, referral specialists were
contacted. The specialists were mathematics education faculty (N=1) and staff
develdpers (N=3) with links to New York City schools and in-service middle
school teachers. These teacher education aﬁd professional development
specialists were shown all of the interview tasks (Appendix D-H) as well as the
types 6f expectéd models, translations, and kﬁowledge connections expecfed for
the tasks in the preliminary ;‘teac:‘her criterié ’designation” table (Table 2).
| Table 2 served to id.enti}fy the knowledge base for the spécialists to use in
recommendihg teachers with whom th_ey had worked. Table 2 was created from
the ‘reéponses of an-expert teacher'who participated in the pilot study and from

related research examining teachers’ models and representations of division and
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fractions. This kndwledge criteria table served as an initial guide to identify

possible participants as “_expert” teachers.

Table 2

Preliminary Guide for‘D'eep Knowledge Teaéher Designation: SMK and PCK )
.Tasks1 & 2: .~ Tasks 3 & 4: Concept map: Task 2 & 4:
Types df_ |  Typesof. ~ Connections Impact of reversal
pedagogical models translationsor- - among " problem

~and representations - solution methods mathematical
o | ideas related to
the concept of
fraction

1) Quotitive models 1)Estima'_tion - 1) Part to whole, 1) On

. ] - ratio, quotient, ‘representations -
2) Partitive models  2) Partitive - operator, - o
- ‘measure, ~ 2) On translations
3) Product/factor 3) Quotitive absolutefrelative ' o
models ' : f 3) Recognizing the
: ~ 4) Reference  2) Types of - reference unit
4) Variety of topics unit : : models (i.e., '
for pedagogical ' . linear,
models (i.e., time, 5) Common - measurement, set,
work, cooking, denominator = . part/whole,
construction forms) : comparisons)
5) Multiple models o 3) Connection

between whole
number division
and division with
fractions

4) Connection of
multiplication to
division

-5) Connections to
rational number

~ ideas (percent,
decimal forms)
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The recruitment specialists referred thirty teache'rs.‘ Letters were sentto -
the entire group and fourteen middle school teachers agreed to partrcrpate in the
b study At the time of the mtervrew alI partlcrpants were mlddle school
' mathematics teachers and current or former partrcrpants in PD programs such as
Math in T he City, Su‘rn}'rne_r Math at Mt. Holyoke, or MSz. TWere taught in public
‘ ~ schools and 2 taught in the same pr_ivate school.
| The participating teachers were'sent 1) the cover letter/ consentletter :
’ (Appendlx A) explaining the study and their rights as participants ; and 2) the pre
| mtervrew questions on their years teaching educational background and
professional development experiences (Appendix B). Interview appointment
dates were set. Responses to pre interview: questions and the consent forms
were completed prior to the interview date. The interviews took place after school
at locations convenient for the teacher.
Materials |
Materials included‘ pre interview questions, dividing with fractions tasks
(i e., tasks in number sentence and word problem forms), concept map actrvrty
and follow up questrons on professronal development (PD) experiences. The -
materials were chosen (i.e., Task/ Task1) and created (i.e., Tasks/ Tasks 2-5)
- because of their relevance to teaching the topic, their representatit/eness of the
. types of dividing with f_ractions situations teachers face,‘ and they were structured

to provide a view into teachers’ knowle,dge (Kennedy et al, 1993). The
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professional devevlopment questrons were adapted from a 1991 teacher Su_rvey
(McLaughlin & Talbert, 2001 ): |
Pre-/nterwew
The first materlal source, pre |nterV|ew questions (Appendlx B), prowded
'~ information on individuall teachers’ past experrences in teachrng mathematlcs as :
well as thelr educatlonal and PD backgrounds Questrons included: 1) years
, ~teach|ng math 2) hrghest degree obtamed 3) undergraduate degree major, 4)
the /number and type of mathematics courses they currently teach and have
- taught, ‘and 5) description pf their experiences in sustained PD experiences. -
Dividing With fract)'ons.i fasks : |
~ The contexts.in each of the four divisidn tasks were hypothetical. Previous
‘research using‘ similar tasks and their correspo'nding questions show that
‘problem solving tasks can reveal what a teacher knows about the concept (e.g.,
multiple representations, translations, and connections between concept to
related mathematiCal‘ ideas) when asked to tal_kyaloud their understanding as
contextualiz»e‘d»}in a teaching situation. -
| The format of the first twp }division questions A'(i.e.,'questi'ons asked wirhin‘ -
tasks for prompting the partiCipant) rrvere,'originally created vfer the elementary
‘mathematics portion of the Teacher Education'and Learning to Teach (TELT) 7
Study (Kennedy et al., 1993) ‘and Ball’s (1988) dissertation. The third inierview
‘task was similar to:th‘ose used by Schifter (1995, 1997) in the Summer Math -

~ project. The interview task ‘questipne‘fOr Task 3 were designed around what the
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TELT creators called the common tasks of teachrng” (Kennedy, et. al, 1993, p
17) and were similar to the ones asked in the first two. The teachers when
presented with the interview tasks, were asked what they would do or say if the :
same situation came up in thelr own teachrng o |
Prompts for division tasks | |

’Task 1and 2’s qués'tiOns are‘contextualized to prOmpt teachers to discuss
“how they would teach the following‘ hypothetical situation to their class. The
prornpts for the problem sitUations in Task 1 were:

| Divisionby fractions is often confosing for students. People have
different approaches to solvmg problems: |nvo|vmg d|V|S|on with
fractions.

a) How wou|d you solve a prob|em like thrs one?

I—T—

b) Imagine that you are teachlng division with fractrons To make
this meaningful for students, many. teachers try to relate ,
mathematics to other things. Sometimes they try to come up with
real world situations or story problems to show the application of
some particular piece of content.

What would you say would be a good story or model for:

1——.——

c1) If teacher gives a story, ask: Why do you thrnk th|s is a good
example?

c2) If teacher cannot come up with a story, ask, why do you think it
is difficult to come up with a story for the problem situation?

These questions, used in both task 1 and 2, reveal teachers’
understa"n‘dings of the subject matter how they would represent that
understandmg in a story form, and it the teacher could not create a story, why

thrs \Q@s drffrcu|t to do. Task 2 was created as an extensron of task 1. The
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interview questions for it were the same but the number sentence was the

| "inverse‘of TaSKl, 1%-:— % The purpose of task 2 %+1% was to examine What_

would happen to teacher knowledge when the fractional divisor Was larger than
 the dividend. o | | | |

For these the first tWo tasks; teaohers were as_ked how .they would solve
the given problems and'then' how‘they’ could apply the problem to a “real world” |
srtuatron These questions were expected to reveal how teachers themselves
| understand the subject matter and how they would communrcate and use that
“knowledge in their teachlngl.

In the third task, the prOble.m'was given in word problem _form and
teachers solved and talked aloud different solution methods (i.e., translations).
Task 3 questions were contextualized in the different methods teachers could
-Qenerate for solutions and the .teach'ing value of usin‘g word problems in

~ instruction. The prom'pt for this taSk was: |
| _ 'Students must often solve word problems |nvolv|ng division with
fractions. People have different approaches to solvrng such word

problems a) How would you solve this one:

Wally has 6 yards of material. It takes = of a yard to make hrs
_scarves. How many scarves can he make’?

b) Would a word problem like thls help students learn about lelSIOl’l
~'with fractions?
c) This is only one way/ one method What other ways can you
think of to‘solve this problem?
The prompt questions in task 3'were created to extend knowledge of the

" multiple translations teachers would offer invsolving the given word problem. Task
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4 (i.e., inverse of Task 3 in word problem form) is not included here. 'It was |
_ exclu‘d‘edfrom the 'énalysis due‘ to its ir_lcdr}rect}co.nst‘ruction (see Discussion |
section)_»A.copy of itis included in'Appehdix G o
| -Tabl’é 3 sﬁmmarizes the sthree p,roblerh sqlvihg tasks‘f(i.é.,'division wifh’ |
/ fréCtion tasks) and offers the‘ !e'vels of analysés for which task was examined:
Téble,s - | |

Problem Types in Tasks and Level of Anialysis

- Task Problem type Problem prompt - - = Level of analysis
1 v '13;1 ' ‘ Teacher: a) solves b) creates * . a) Solution(s)
4 2 stories/ representations for .~ b) Multiple models

problem. . ‘ c) Explanations
: : d) Representations

2 - 1;1 3 * Teacher: a) solves b) creates a) Solution(s)
' 2 4 ~ stories/ representations for - b) Multiple models

problem. ' c) Explanations
: d) Representations

3 - Word problém for Teacher: a) translates b) uses  a) Translations of story
6 2 K § ' multiple methods. problem into solutions
36 ’ : b) Multiple methods

| Iﬁ terr_né of,sOIutionS for the pfoblem solviﬁg tasks (’i.e.", division 'tasks),
-there are mulytip_lé‘ways of‘trénslating and representing éach type of problem
regardle’ss' df pres‘erited form. .Examihinlg teachers’,}understandi'ngs and use of
multiple methodsv'forr t'r,an‘slatio‘ns-(task 3). énd multi_ple models'for rep_resentaﬁOnS
- (tasks'1 and 2) aré similar to pr'evioﬁsr reseérchers’\analyses of the links between
multiple 'representations', translatiOns, a_nd _co'n_’nections with a deep

understanding of the subject matter and,ways to teach it (Ball & Bass, 2001).
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Concept map
~ Forthe concebt ﬁiap,'teachers taI}kred‘ out"lqud at/,)olut the essential ideés_they
would stress for unde}rstaﬁdi_ng‘ fracﬁc}ms,.} The rainnaIe for-using a “concept map”
was to écCes_s teacher_k'nc)wledge ,o’f' the tqpic using cher approaches andto
bfidge.speCific,inStrqctionél contexv‘ts_ (ije.? tasks 1-3) with a tradiﬁo'n‘al
%sésénﬂe'ﬁt tool, tﬁé c_:'ohcep_t m‘ap, to examiﬁé t_eacher kﬁowledge (Osmundson,
Ch'unig,v Hérl;"& Klein; 1999)‘. Thé CO.ncépt' ihap prompt was,(Appendix H)ﬁ Pleaée
: 'draw out your “concept ‘mép” of ypur}kr‘iOWIédge' 6f the topic fraction. A “cdncept
map” can look like a road map or .Iiké;a web 'of connections. Include in your map
- the conhectéd' ideas of’ the different paﬂ_é of the fraction topic that you belie.ve are
important for students to know. Additionalquéétions asked: 1) What do you
think are the cohneétiohs 'amon‘g fractions and other related méthematical topics?
_ Specificall(y, division‘of'fractions‘?: ;,é‘nd 2) how do you think about fractions in
relatio_n to: hultiplicaﬁon, decimalé, rétioé, whole numbers, and proportions
InfOrnﬁétiOn from this activity w_ouid édd to understanding the structure of
j teachers’ _sUbject maﬁer ahd pedagogical content‘ knowleydge» for the fraction |
topic. | |
| \The process used to éréate the chcept rhaps Wa_s adapfed from Leinhardt
vand»Smitﬁ (1985). T\heyvanallyzed videofapéd observations of mathematics
‘class:rodms and transcripts to creaté “semahtic nets” to capture the thinking of
- the feachers aé theyfaught_divis_idn 'with‘. fractions. The concepts teachers

. presented in the instruction wéré displayed as “node’s” and relationships as links
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| betwee.n ;che nodes: For-tﬁis ‘st‘udy,i’ téécher think alouds for the concept map
pfom'pt were t‘rénSéfibed- ahd maps wefe'creétedfdr each teacher using a similar .
‘tecvhnique. |
| - Follow up interyiew
'v,FoHoQ»v_up ‘ihtér\)liewi(erstions» (Appendix ) were asked aﬁer fhe “concept
f'map” aéti'vity (Appéndii .H)."Fo||ow ljp dués’tiohs asked teachers to: 1) relate a
spécific career 'experievnce'critical. to fﬁej_r dédication and motivation to continue to
, dévelop their knowledge and‘ practice; énd 2) identify sbécific opportunities they |
- used to dié¢uss teaching practice and mafh khowledge, Vas for exarﬁple, recent
__conversations at séhool with colleagues. |
The foll'ow up qures,tion's were adapted from MclLaughlin and Talbert’s |
(2001) 1991 Teacher Quesﬁonnaire. The teécher questionnaire is a survey
' inStrurhent asking teabhers' about their work within the co‘ntexrts of institutional
ve.r‘i\vi_ronvments., social sYStems, and adminiStfativé' contexts. It was expected that
teachér responses to the follow up questions would suggest the impact of
. Worksh‘ops, reforfn style cu'rri‘éula, and s'tr‘uctures. within schools (i.e., planning
Iéééohs; départrﬁént fneetian) on their dev_elopment of subject matter knowledge
. and teaching practice.
- Procedures
. Institutional Réview Board '(I‘RB) applications from NYC Board of
Education and CUNY’S GradUate: Center were completed and permiséion to

conduct research was granted.
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- Teachérs whov‘vagr"eeld‘ to par,ti.cipate were sent consent letters, cover -
| ’Ietters (Appelndix A)“,a\and thé pre interQie_w questions (Appendix B) Interview
défeé' and IoCatioﬁé were set. Teaéheré returned signed consent forms and
| cqm'pl'etéd pre intervievs} quésﬁonnaires before the start of the interview.
| interviews were conducted in_d‘ividually,v lasted approxi_fnétely forty-five to }ninety -
N minutés, .and'wer‘e audib ta‘ped. T_o/ens’ure consistency and comparability of the
interviewé the protocol was fblloWéd verbatim fo_vr/e-ac‘h' infcerview. The
' Is»tahdardiéed intervieW-protbcol including consent forms, ‘pre inferView quéstions,
iﬁtervieWer and inftérviewee versions of each task, and the follow up QUestiQns
are Ipcétéd in Appendixes AI |
Each teacher vyés given a pagé wit_h the task problem typed on the page
(i.e., the interviewee yersion) and each interview task was presented one at a
time by the interviewer. Each fask had its own spe‘cific‘standardized set of .
questions to be asked orally (as ;reviewe‘d in the materials section). After the
.,pr‘oblem solving _tasks (i.e., division and concept map tasks), each teacher waé
| asked the same post inferview questions.
| Think aloud procedure |
A “think aloud” procedufé was the primary method of this study. The think
alddd |s an established method for"examining features of expert/novice thinking,.
| teaching, ah}dllerar‘ning (Ericéspn & Simoh, 1'993). Teachers verbalized their |

knowledge for solving d,iVision.withffraction. problems, knowledge of the fraction
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- topic, and answered.foilow up questions regardihg their professional
de_veloprhent experiences. )
( At the'start of the interview, teachers were read a set of standardized
. mstructions for the dIVISIOn tasks and for the eoncept map activity to encourage
- fthem to taik aloud their thoughts on how they would think about and approach
| each task. These ihstruction‘s were:
| "i’-hahk yeu very much for participating in today’s i_nterviev‘v.} lam
trying tollearn about hova you think about teachingfractions and
| division' with fraetions. I will preserit _you with four different tasks.
Eaeh task has a seties of questions that | would like for you to
' answer. i’wiII ask yod the questions orally. For each task, I'm just
as interested in how you think about things that pu'zz_le you as | am
- in Iearning exactly what you'd do. For each one, I'd inke to knew
what you think you would do or say and why that’s what you’d do.

‘The tasks were presented in order, one at a time. For the division tasks,
f'teachers were asked to imagine themseives in instructional situations in which |
»the'y would be faced with each task. They “thought out loud” as they generated
| representations (Tasks 1 and 2) or translated solution me‘th.ods (Tasks 3 and 4).
In the think alouds for the concept map actiwty teachers were asked to state the

ideas in their talk alouds about the concepts they believed were important for
students to know fractions. |

| am also interested in how you would “map out” your kn’owiedge of -
- fractions. I would like for you to talk aloud a map of this knowledge.
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It can be a web of words or a f}|ow chart of words that captures the
different parts of this topic that you believe are lmportant fora
‘ student to know about fractions.
You may want to list all the ideas that ycu think are important for a
student to know in order to understand fractions. Talk aloud how
those words related to each other as ideas and the links between
| the ideas.
For the follow up questions, teachers discussed tne influences in
' participating in professiona| devélcpment inside and qutsi'de of their schools an:d
| ctJrrent conversations they‘were having which inﬂuenced their knowledge and
- nractice. Teachers’ r}esconses to the set of interview tasks were audiotaped a.nd
transcribed for analysis. | |
Data Analysis
Data sources for analysis included: 1) tnewritten responses to pre interview
q‘uestions; 2) transcripts of responses to division of fraction tasks; 3) transcripts
for the concept maps; and 4) transcripts of crel responses from the post interview .
questions. |
Hypotheses 1 through 5 and research questions 1 through 6 were analyzed
using the categories from the final deep knoWIedge teacher designation criteria
: table (Table 4). This final table includes more Categories-than the prcvisional
table (see :I'able 2), which was used to identify teachers to interview.
» Incorporeting emerging categories into analysis is a dominant feature of a
“constant comparative” approach to data analysis. The conStant comparative

-approach to data analysis allows fle'xibility in cornbining existing (i.e., provisional
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categories) witii emerging new categories from thé transcripts.‘Giase'r and
Strauss (1967) in first pres‘enting this approach to .analysis methods, stress_ed the
‘approach as an opportunity to code and anélyze at the same time.

/Theinitial ‘provisional _t;ategories we:re'lised in examining arid coding the
teadher trénsCripts for each of the diVi}s:iOn and ,coiicépt"rhap protc)cols. This
'analysis was iooking for differences a_nd similarities 'bret_\’/veen the provisional
criteria and teacher responsés. The prdyisionai model was'then adjusted to
include the new, emerging categories fdr'teabhers’ content knowledge: subject

matter (SMK) and pedagogical content knowledge (PCK) featurés for the tasks.
Table 4 presents the final category designation model used to identify deep
knowledge (DK) and in transition (ImM) teachers on the divisiqn and concept map
tasks. The new categories used in transcript anaiysi’s are identified by italics in
Table 4. SMK and PCK are not separated since they both contribute to teachers’
content knoWiedge. The final guide in Table 4 was used in the transcript analyses

for the fourteen teachers.
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_Final Guide for Deep Knowledge Teacher Deslghation: SMK and PCK

 Tasks1 & 2:

- Types of pedagogical
models and '
representations

Task 3:

- Types of

translations or
solution ' methods

Concept map:

Connéctiohs among -
mathematical ideas

~ related to the concept

of fraction

Task 2:

Impact of reversal
problem

1) Quotitive models

2) Partitive models

3) Product/factor models
4) Variety of topics for
pedagogical models .
(i.e., time, work, cooking,
construction forms)

5) Multiple models

6) Stress context

7) Stress reference unit

1) Quotitive

- 2) Partitive

3) Reference unit

4) Common
denominator

5) Graphic
franslation

6) Connect fo
students’ strategies

7)Algorithm
(includes invert and
muiltiply, repeated

" subftraction,

repeated addition)

1) Part to whole, ratio,"

quatient, operator,
measure,

- absolute/relative

2) Types of models

(i.e., linear, :
measurement, set,.

partiwhole,

comparisons)

3) Connection
between whole
number division and
division with fractions

4) Connection of
multiplication to
division

5) Connections to
rational number idea,s

(percent, decimal
- forms)

'6) Fraction concept
as set of processes
versus as set of
objects

. 1) On representations

2) On translations

3) Recognizing reference
unit

Each of the division with fraction tasks and concept map responses was

examined separately, one at a time, using qualitative analysis (i.e., case

- samples) and-quantitative analysis (i.e., frequencies, t tests, means, standard

deviations) methods. The number of models/ representations, translations,

 solutions, and knowledge connections were counted and the two groups — in
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transition (IT) and deep knowledge (DK)_ teachers compared on these categories
for each task. To test hypotheses related to the division‘ \rvith fraction tasks 1, 2, -
and 3 (i.e., Hypotheses 1., 3, and 4), frequencies of the types of representations,
translations, ‘and‘ COnneotion oategones between the two teacher groups Were .
.counted. Means:, standard deviations and tte“st r/alues were calculated to
compa.re the groUps, for Hypotheses 1 throogh 4.‘ Sample variances between'
groups were‘nsed‘toanaly'ze Hypothesis 5.
Divrsion tasks |
» Hypotheses 1, 3, and 4 examine differences on the three division tasks, |

tasks 1 through 3. Task 4 was dropped frorn the analysis beoause its inaccurate
construction did not lead teachers to create various representations and :
translations. |

Hypothesis 1: There will be differences betWeen DK (deep knowledge) and IT
(in transition) teachers on their SMK and PCK for dividing with fractions. SMK
and ‘PCK are defined as types and frequencies‘ of representations and
translations on tasks 1 through 3.

The first hypothesis tests possible oifferences in the number and types-of}

V-represe‘ntations (li.e.‘, models) and translations (i.e., solutions) petween the DK

and IT groups for the first three tasks. - |

Hypothesis 3: IT teachers wilt attribute failure to cr_eate representations in

tasks 1 and 2 to a lack of tneir mathematical knowledge.
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The third hypothesis tests the types of reasons that IT teachers may give for
o .31 g 1 3
not representing the number sentences: IZ+§ on Task 1 and §+IZ on Task 2.

Hypofhesis ‘4‘::Th"eré will be a‘fewér re‘presentations on interview task 2-on IT
‘and DK -te‘a-cHers’ representations and’ ;translatiohs. . |
| The foUrth hypothesis' éuggests that theré rhay be an oV'eraII decfease ih the
number of represéntétvionvs for both groups when the divisor 'fraction‘ is Iérgér than
| 'th}évdividend asin %—1% on Tésk 2.

In the three di‘vision‘ tasks, each teacher’s transcript fér the task was
.anélyzéd for: 1) types ‘Qf A‘specl:ific modéls (i.e., quotitive, partitivé, product/ factor);
.'2) types of translatién or solqtion methods; 3) topic variety in story
rep'resentation;' 4) stressing referénce unit (i.e., whét does'answer represent); 5)
StreSsing context; 6) graphic translations; 7) different aI‘gorithm approaches; .and
8) connectioh to 'studre‘nt strategies. These aré the categories répresented in |
Table 4.
Concept map concepts |
Hypothesisvz.' Theré will be differences between DK ahd IT mathématiés
\ teache’rs on tﬁeir yéonnected knowledge of the fraction,conce‘pt. |
The second hypbfhesié tests for differences —bet\)veén' IT and DK teachers
in‘the number and types of 'c‘:oncepts‘ and links (i.e., :reI,a’ti'onships)‘ between

co'nCepts on the coriStructed concept maps, Task 5.
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The aﬁalyses of the concept map task included counting thé number of
links (i.e., felationships) and number of cohcebts teachers gave _ir/i'ktheir think
anuds‘oh the ffactioh concept\. The process for coding and analysis was adarpte‘d .

~ from a study by Leihhardt and Smith ‘(1985); The reséarchersv héd .cfeated ‘

’ serﬁanﬁc nété’from theif obsérvations and transcripts of lesson videétépes bn the
teéchirig of divisioh .wi}thv fractiohs? Concept maps for thé presént study were from
the audio and "Written trahscripts frorﬁ t'eachers.c‘m ‘Taskv :5, counting conéepfs andi-

links between the concepts. The m‘a'ps we’re-vcons:_tructed using a program called

Cmap Tools (http://cmap.ihmc.ué/). It was assumed that a Well-developed
'l‘<n'owledge structuré Wouldbé 6né with many links amon‘g Conéepts.

Each teachef’s transcript was reviewed multiple .fimes in order to create a
concept map. Each cohcept map idea (i.e., concept) was countéd as well as the
n,urmbé'r' of levels (i.'e., connections), and the number of connections between
ideas. |

The analysis for the concépt 'maps included frequency of: 1) éxampkés ofthe
méthematicél concept of fraction és a series of processes versus objects (i.e.,

: does 'thé teacher givé examples qf fraction models and repres,entétibns or doéé‘
fh_e teacher present fractions as discrete obje/ctsv, such as in naming parts or |
operaﬁons)j 2) links between conéepts; ‘ahd 3) concepts (e.g;,.’ fractions as

_',co.m"parisons, as brOportions). Tapes were reviewednseveral firhes fo capture a‘ny o

“missed details.
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Variability in re'sponses
, Hypo'thesis 5T teachers will exhibit ;kériable\patterns in the usé of théir
knowledge across tasks, wh'ere;as :DK teac_herS will be corlls_'isten,t.
The fifth hypothesis éssesses whether DK teéchers are ~rﬁore similér to
}each' cher- in terms ()f éonéistenbies ivn translatiéns »and representatibns, for the
division tasks. The sample variances for the two grO'Upé wfévre combaréd.'

Professional devélopmeht questions -

Responses to the fdllow up questions W¢re alsb audio taped and transcfibed.
Thesé_ questions; requeéted eXampies of ‘activit‘iés’r relatiﬁg to feachers’ o
prdfessional developmeﬁt.’ Of partiéulaf interest were_tea'ch‘er discussions of
influential: 1) PD workshops; 2) in school conversations with peéré (ie.,

. 'co.nversatiOns' about subject matter and practice); and 3) reform type curricula.
Teacher Category Designation
.. As the final teacher category désignation table Was developéd ‘(see Table 4),
teachers were coded as deep khoWIedge Y(DK) and in transition (IT) teachers.
This process invdlved sevérai stageé. After reviewing each transérip‘t, .
| 'partici;‘)ants wefye‘ ‘identifiedr as DKor IT ih terms of,in’terviéw fit Witﬁ the final
designation criteria from Tabl»e 4. The brocess of confirrhation took three Cycles
- of close review; and requiréd cohfirming which c’riterié were met and not met. : :
'Six teachers qualified as deep‘kno,WIedge (D‘K) ahd éight as in transition -
' ,(I'D teaChers‘; ;I'he SiX DK teachéré’ res'pdﬁses included and e)?éeed_ed the -

features initially predicted they wouldy contain from th_e'préliminary deep
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knowledge ‘catego'_riés (Table 2) and felated rvesearch' on teaching and

~ mathematics knowlédge.

Regardless bf t_hé 'task, thé IT teachers were hot novices. They weré able

to gyeneraté models) \r‘ep;eser;ta_tion?s’ ‘arm‘d solutions for di{/iéion taské. Novi'c'e

| teaChéfs in other stu‘diésrfdid nOt'generaté ahy'repr_esentations and gave “thih” or
}lirhit,ed responses tq_similér' ta.ské (Tirosh, 2000; Ball, 1988; Ma, i999). This waS
not the case fbf thé IT teachers”.' HoWéver, the ’f_r_eque'ncy and qUaI‘ityv of
'représéntat’ions anthrkans|ations of fché IT tea;:hers were not as r‘navny or as
thorough as those of the déep knowledge (DK) te'aéhefs. DK teachers wére

~ expected to consisténtly have more representation8; tran$|ations, and
conneCtions in their conteﬁt knlOWIedg.e (i.e., SMK a.nd PCK) on fractions and
division with fractions than the IT teachers. The group comparisons, reported in

the Reéul_ts, Chapter 4, are based on these expectations. |
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CHAPTER 4
Results

This chapter is organized with results from analyses of the: 1)
demographics from pre-interview questions; 2) research questions and
hypotheses; and 3) follow up questions for each teacher group.
Demographic characteristics

Participating teachers (N=14, 8 female, 6 male) had a variety of academic
experiences in their undergraduate and graduate years including civil
engineering, applied linguistics, liberal arts, and mathematics education. They
were current public middle school math teachers, teaching 6™ through 8" grade
arithmetic and middle school pre algebra in New York City schools. Two of the 14
were math coaches at the time of the interview. Ten of the fourteen (71%)
teachers had master’s degrees in education; four (28%) had masters in
mathematics education. The teachers’ undergraduate degrees were in:
communications, government, linguistics, psychology, biology, international
relations, civil engineering, sociology, computer science, electrical engineering,
science, finance, and business.

Al of them had experiences in two forms of professional development
(PD): curricula training with reform texts and/or participation in institutes. Sixty
percent (N=8) of the teachers were using reform curriculum in their classes at the
time of the interview. Examples of these reform texts are the Connected

Mathematics Project (CMP), TERC: Investigations in Data, Number, and Space,
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and Math in Context (MiC). Each program conducted extensive out of school
professional development activities to assist teachers in using the texts.

Other PD programs did not revolve around set curricula but were designed
as institutes for teachers to attend during or after the school year. Fifty percent
(N=7) of the teachers had attended PD institutes/ workshops, such as MS?, Math
in the City, or Summer Math. These were conducted as group experiences in
which teachers become students and were challenged to examine their thinking

- about mathematical content concepts while becoming aware of students’
strategies for problem solving for specific mathematics topics. Two of the
teachers were using reform curricula and had attended workshop style teacher
projects. The majority of the teachers interviewed worked at schools where there
were informal (60%) (i.e., conversations with other teachers) and formal (71%)
(i.e., weekly math department meetings) and continuing PD experiences as well.

Table 5 summarizes the participating teachers’ 1) years in mathematics
teaching and 2) educational backgrounds. Six DK teachers (4 male, 2 female)
and eight IT teachers (2 male, 6 female) were identified from the interviews.
Means and standard deviations for years of teaching are given as well as the

percent of master degrees in education for each group.
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Table 5
Educational Background and Average Years Teaching Mathematics
Teacher Group Years teaching Percent of Master Degrees in
Education
Mean SD
Deep Knowledge (DK) 5.67 1.45 50%
In Transition (IT) 15.00 4.0 87%

DK= 6 teachers, IT= 8 teachers

Teaching experience
The average (mean) years teaching for the 14 teachers was 11 years (SD=

9.9) with a minimum of 2 and a maximum of 33 years. For the 8 IT teachers, the
mean years for mathematics teaching were 15 years (SD=4.0) versus 5.7
(SD=1.45) years for the 6 DK teachers. Half of the DK teachers had master
degrees in education as compared to 87% of the IT teachers. The IT teachers
Masters were in elementary education (N=4), mathematics education (N=2),
reading (N=1) and ESL (N=1). DK teachers with masters were in elementary
education (N=1) and in mathematics education (N=2).All had been involved with
either institute or curricula forms of professional development.
Performance on Division and Concept map Tasks

In this section, results for each hypothesis connected to the division tasks
and their corresponding research questions are presented. As stated earlier, task
4 was dropped from analysis because the word problem, as created, did not
make it possible for teachers to create representations and translations. This task

is in Appendix G.
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The research questions are used to assess the frequency of 1) multiple
representations; 2) multiple solutions; 3) connections; 4) the challenge to
represent on Task 2; and 5) patterns of response for the two groups on division
tasks 1, 2 and 3. Content knowledge is defined here as: subject matter (SMK)
and pedagogical content (PCK) knowledge. The wording of the directions for the
task tasks resulted in teacher responses that integrated SMK and PCK. That is,
their responses were focused on how the subject matter was presented and
made comprehensive to students. While subject matter knowledge can be
identified, it was not separate from pedagogical thinking about it. This content

- knowledge, SMK and PCK, was operationally defined in the frequencies of
representations, translations, and connections of division of fractions by teachers
on the problem solving tasks and concept maps. The second hypothesis tests for
differences between IT and DK teachers in the number and types of concepts
and links (i.e., relationships or connections) between concepts on the constructed
concept maps, Task 5.

Hypothesis 1: Solutions and Representations for Tasks 1 and 2

Hypothesis 1: There will be differences between DK (deep knowledge) and IT
(in transition) teachers on their content knowledge for dividing with fractions. The
content knowledge variables, SMK and PCK, for Hypothesis 1 are defined as
types and frequencies of representations and translations on tasks 1 through 3

as specified in the teacher category table (see Table 4).
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Research question 1 focused on the frequency and type of

representations (i.e., models) and translations (i.e., solutions) teachers

constructed for division task 1: I% +% and division on task 2: %+ 1%.

Question 1: What types and how many representations of division with
fractions do deep knowledge (DK) and in transition (IT) teachers present in tasks
1 and 27

The number and types of models (i.e., representations) and translations
(i.e., solutions) for each teacher in the first two tasks were counted. Different
types of representations and translations were identified, counted and averaged
for each group. The results are presented in Tables 6 (Task 1), 7 (Task 2), and 8
(Task 1 and 2 combined). In each table, the means, standard deviations, t test
results, degrees of freedom, and p values for each category of representation or

translation for Task1, 2, and a combination of the two are given.
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Table 6

Solutions and Representations for Task 1:1 % = é: DK and IT Teachers’ Means,

Standard Deviations, t Values

Solutions and Representations  Deep Knowledge In Transition t df p
Mean SD Mean SD

Quotitive models 233 (1.21) 1.13 (.99) 206 12 .06
Partitive models 1.17 (.75) .00 4.45 12 .00**
Product / Factor models .50 (.84) .00 1.71 12 11
Multiple models (combination) 3.83 (2.31) 1.25 (.89) 291 12 .ot*
Algorithm 67 (52 88 (35 .90 12 .39
Context 1.00 (.00) 50 (.B3) 227 12 .04*
Unit 67 (.52 .00 3.70 12 .00*

DK teachers= 6, IT teachers = 8** = Significance at p < .01, * =Significance at p < .05, * = Algorithm
category includes use of invert/multiply, common denominator, distribution, and conversion approaches to
solving the first part of the two tasks.

All of the teachers solved the number sentence problem correctly for the

answer, 3 %.. When asked to create a story that would fit the problem situation:

1-3— S % DK teachers were different only in the number of partitive stories they

created. Groups were similar in the mean number of quotitive and product factor
models they created and neither group was more likely than the other to use

algorithm methods as their primary source for solution. DK teachers created
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more contextualized stories (i.e., used multiple models) than IT teachers. They
were also more likely to discuss the importance of considering what the answer,
32, would mean in reference to whatever was the whole unit in the story they
created. They also stressed how the context they created in the stories would be
important for how the student would then think about solving the problem.

Table 7 includes results from task 2. In task 2, the order of the first

problem was reversed to §+ 13—. This problem was included to examine what

would happen to the types and frequencies of stories (i.e., representations) and
contexts teachers would give in the first problem if the numbers were now
reversed, complicating the initial task. The divisor as the larger number becomes
much more challenging to represent because it is 1) a larger number than the

dividend and 2) a mixed number.
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Table 7

Solutions and Representations for Task 2: %+ I%: DK and IT Teachers’ Means,

Standard Deviations, t Values

Solutions and Representations  Deep Knowledge In Transition t df p
Mean SD Mean SD
Quotitive models 1.00 (.00) A3 (.35) 6.00 12 .00**
Partitive models 117  (.75) .00 4.45 12 .00**
Product / Factor models A7 (41) .25 (.46) .35 12 73
Multiple models (combination) 217  (41) .13 (.35) 10.01 12 .00**
Algorithm? 1.00 (.00) .88 (.35) .86 12 A1
Context 1.00  (.00) A3 (.35) 6.00 12 .00
Unit 1.00  (.00) 13 (.35) 370 12 .00*

DK teachers= 6, IT teachers= 8** = Significance at p < .01, * =Significance at p < .05, A = Algorithm
category includes use of invert/multiply, common denominator, distribution, and conversion approaches to
solving the first part of the two tasks.

On this division task, both DK and {T teachers created far fewer stories
than in the first task. DK teachers did construct more stories than IT teachers,
specifically more quotitive and product/ factor types for this challenging problem.

They also, as was the case in the first task, stressed the contexts of the problem

situations and what the answer% would now refer to, —i— s of I% (i.e., the

reference unit) more than the IT teachers did for this task.
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Table 8 presents the means, standard deviations, t test values for the
combined data of tasks 1 and 2. Across the first two division tasks, DK teachers
created more models, particularly quotitive and partitive ones, and stressed
context and unit issues in creating stories and considering the meaning of
answers as compared to the IT teachers.

Table 8

Solutions and Representations for Tasks 1 and 2: DK and IT Teachers’ Means,
Standard Deviations, t Values

Solutions and Models Deep Knowledge  In Transition t df p
Mean SD Mean SD
Quotitive models 3.33 (1.21) 1.25 (.89) 373 12 .01+
Partitive models 2.33 (1.50) .00 445 12 .00**
Product / Factor models .67 (1.03) 25 (46) 1.02 12 .33
Multiple models (combination)  6.00 (2.60) 1.37 (92) 470 12 .01
Algorithm” 1.67 (.52) 1.75 (46) 312 12 .76
Context 2.00 (.00) 63 (52) 6.4 12 .00**
Unit 1.67 (.52) A3 (36) 665 12 .00**

N= 6 DK teachers, 8 IT teachers

** = Significance at p < .01, * =Significance at p < .05, * = Algorithm category includes use of
invert/multiply, common denominator, distribution, and conversion approaches to solving the first part of the
two tasks.

Cases: Story samples from task 1
When asked for a “real world example”, teachers produced the following

types of models or representations: quotitive (measurement/ grouping), partitive,
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and product and factor models. Examples of the different types of interpretations

for 2 divided by —;— can be:
1) Quotitive (Measurement/grouping) model: Find how many %s there are in 2.
2) Partitive: Find a number such that % ofiitis 2.

3) Product and Factor: Find a factor that multiplied by % will be 2.

Each of these interpretations yield the same result, in this case, 4, but they
are very different in the types of story contexts that would be created to capture
the quotitive, partitive, and productfactor idea.

Each DK teacher presented at least two different stories for the number

sentence, 1% —% One DK teacher,T6, created two stories for the first problem.

The first was partitive representation and the second, a quotitive one:
1) 1 think you could also think of it as now it takes 1 and 3 quarters
to do this job. That's half of what it used to take. How long did the
job used to take?

2) You have a half bag of potatoes and in total you have 1 and 3
fourths of these things, how many —;— bags can you fit these 1%Ibs.

into? (T6)

In the first example, the teacher constructs a partitive context. In this

situation, the goal is to find a number such that one half of3% is the dividend,
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1%. The second example is a grouping example. The goal is to find the number

of bags of potatoes that can be made from a total of 1 and % Ibs of potatoes.
Here, the whole is —;— and the answer related to the number of -;— s (wholes) in the

amount 1%. In each case, the answer is 3—;—, but each story is different in its

meaning because of the representational contexts are different in each.

Many of the IT teachers were also able to create stories. Teacher 14
explains on the solution part of division task 1 how she would solve it. First she
gives the invert and multiply algorithm and then says:

Another way to think about it is like thinking about what would

happen when we have 1 divided by 2. How many times or how

many % are in 1%5? | guess | could find how many halves are
there (starts counting). So this is one % two%, three—;—s and then a

half of the % is left. So this would be 3 whole% s and then% of a

half. That makes sense. | went to whole number division first cause
| wanted to get at the idea that what division is about. (T14)
Interestingly, this same teacher when asked for a representation/ story on

the second part of the problem said:
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I never really thought about it. Let’s think when would you want to

find out how many halves you have, um, | am not sure. Like %

dollars, but that doesn’t work, | am stuck. | don't know. In real life,
we don’t really work with halves, you know. We divide by two but
we don’t really divide by halves. It depends on what we are dividing

by (T14).

T14 does not connect her own conceptual understanding of thinking about

the unit of halves and counting how many halves are in 1%3 (i.e., in the solution

part of her answer) as an opportunity to construct a story. She has knowledge for
the model but doesn’t realize she has and so does not transfer her knowledge to
a pedagogical story situation.

Other IT teachers were able to create stories, particularly for task 1:
1§divided byl.
4 2
1) | can understand this division with fraction problem as you have
this much of something and you want to know how many half cups

you can get out of it. (T9)

2) You have one and three quarter liters of lemonade, how many

half liters can you give away? Now that works since you can have—;—

1
of —. (T11
2( )
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In each, the teacher creates context using a quotitive model. One half represents
the whole unit of reference in each of these situations.

The majority of the DK teachers stated that the story they would create for
tasks 1 and 2 had a lot to do with what their answer would mean (i.e., context).
An illustration of this point:

Well there are a few actually. It depends on how | want kids to think

about it to accurately solve the problem. Each way | think is going

to yield different strategies in the ways that kids solve the problem.

(T5)

The DK teachers and some of the IT teachers recognized that the answer,

3%, drove the context in which the problem would have to be set up. A DK

teacher, T1’s response illustrates this point:
You have 1 and three quarters of pizza pies and you want to give
everyone a half a slice, how many people can you serve? No, that's
not right.

And corrects with this example:
Well if you had one hour and three quarters, um and you had half
hour appointments, how many half hour appointments can you

have? (T1)
In the second example, T1 uses a quotitive model. The answer 3 —;- refers

to the number of half hour appointments that could be made within the span of 1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Knowing How and Knowing Why 109

and three quarters of an hour. She realizes the first example is incorrect because

the answer, 3% would not fit a sharing story between people. She is aware of

more appropriate contexts, such as work, time, building, or set examples.
Cases: Story samples from task 2
On task 2, both DK and IT teachers were challenged to come up with a

real world story for the problem with a fractional divisor that was larger than the

dividend, %H%. DK teachers created the following stories:

1) If 1and 3/4s pound of flour is a dollar, how much is a half-pound
of flour?
2) Or I make 1.75 an hour, how long does it take me to make 50

cents? (T5)
3) Here’s % an hour and that’s 1 and three fourths of what it used to
take. So what did it used to take? (T6)

4) What piece of 1%3 is % ? This is a part to whole relationship.

Two sevenths of 1%is % (T7)

In these stories, the DK teachers attempt to solve the challenge of having
a fractional divisor that is larger than the dividend. The types of stories they
create resemble partitive models, in which the goal is to find the whole that 1 and
three fourths is part of. In such cases, none of the teachers used a quotitive

model.
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Hypothesis 1: Task 3 Solutions

The second question connected to Hypothesis 1 was to examine the
number and types of translations teachers would generate when the division was
in a word problem form, not a number sentence form.

Question 2. What types and how many translations (i.e., multiple

solutions) do DK and IT teachers present in task 37 In task 3, the word problem

was: Wally has 6% yards of material. It takes % of a yard to make his scarves.

How many scarves can he make? The word problem contextualized the division
story and did not require teachers 1o create one of their own.

Table 9 presents the resuits for the third task and presents the mean
number, standard deviation, t test results, degrees of freedom, and p values for
each category of translation for task.

Table 9

Task 3: From Representations to Translations: DK and IT Teachers’ Means,
Standard Deviations, t Values

Translations Deep In Transition t df p
Knowledge
Mean SD Mean SD
Invert and multiply 50 (.55) 25 (.46) .90 9.79 .389
Unit of reference .83 (.41) 25 (.46) 2.45 11.59 .029*
Connect to student strategies .50 (.55) A3 (.35H) 1.56 12 145
Quotitive 1.00 (.00) 1.00 (.00)
Partitive | a7 .00 117 12 .264
Graphic translation .83 (.41) .87 (.35) .20 9.9 .846

Note: N= 6 DK teachers, 8 IT teachers, *= Significance level p < .05
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The word problem in task 3 was already in representational form and there
were no differences between the two groups on performance in creating
translations. In their responses all correctly solved the problem, teachers
discussed the importance of drawing out the problem situation (e.g., bars for
partitioning) and were equally as likely to use the traditional invert and multiply
algorithm. DK teachers were different only in terms of being more likely to use a
common unit translation to solve the word problem (i.e., emphasizing the unit, 1/6
in solving the story).

Cases: Translation samples from task 3

The story problem was given in a quotitive/ measurement representation

(i.e., how many scarves of % yard length can be made from fabric of 6 —j— yard

length?)
Examples of DK and IT teachers’ responses are:
1) There’s the create the improper fraction and invert and multiply.
There’s the quoatitive situation, | could create a common
denominator and just focus on the numerator. Let kids approach it
in different ways so that they can approach it in ways to make

sense to them. Try to make connections to kids strategies, why they

work and make sense. How many —Z— s arein 6%3? It is division but

why is it division? (DK 5)
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2) This is a word problem. | would want to think of it in éths. | would

want to look at it visually. Would want my class to do this visually

and chart our work. Pictures can then support our work. | could start

chopping %ths, this is one —z-ths, this is another, and | would keep

going until | used up the fabric. (IT 9)

3) So, in my mind, if you put a word next to your answer like 5

scarves and you have a piece left over, well what are you trying to

find, is it a fraction of a scarf or is it a fraction of a yard. The answer

relates to the number of scarves, the piece left over is a part of the

scarf (DK 3).

These teachers emphasized a focus on: 1) students’ strategies for
solution; 2) graphic representation for the story; and 3) understanding the
meaning of the answer.

Hypothesis 2: Concept map connections and links

Hypothesis 2: There will be differences between DK and IT mathematics
teachers on their connected knowledge of the fraction concept.

The second hypothesis tests for differences between IT and DK teachers
in the number and types of concepts and links (i.e., relationships or connections)
between concepts on the constructed concept maps, Task 5.

Hypothesis 2 focused the analysis of the concept map to the 1) number of

concepts and 2) number of links between concepts (i.e., connections) as
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indicator of a deep understanding of the topic. The analyses that were made for
the final guide (Table 4) resulted in two other concepts: process type and object
type. Thus, in addition to assessing the frequency of concepts as well as links
between concepts, the maps were analyzed on the number of statements made
by the teachers that focused on processes for connecting fraction
representations. Process type concepts include discussion of: 1) fraction
relationships; 2) types of models; 3) unit of reference as implied by problem
construction; 4) comparison types of relationships; 5) context; and 6) connection
to landmark fractions.

Maps were also analyzed on the number of object type characteristics of
the fraction topic. Object characteristics included discussion of: 1) naming
denéminator and numerator; 2) naming operations--add, multiply, divide, and
subtract; 3) naming percents and decimals; and 4) naming fractions as “pieces.”
In summary, the concept maps were anélyzed for number and types of concepts,
links (i.e., connections), process type, and object type.

The connections (i.e., number of links) between concepts on teachers’
concept maps were not significantly different for the two groups. DK teachers, on
average, had 17.33 (SD=5.78) relationships (i.e., links) on their concept maps.
For IT teachers there were 14.37 relationship connections (SD=3.85) with no
difference between groups t=1.152, df=12, p>.27. Chi square analysis for
possible differences between groups on the representation of the fraction

concept as a process showed no significant differences between the two groups
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in terms of presenting more process (i.e., relationships, model types, etc.) type

concepts, x*= 2.73, df= 1, p <. 098. The chi square to test whether either group

was more likely to present object type of concepts (i.e., naming the parts of
fraction, naming operations, etc.) did show differences between groups, x? =
6.52, df= 1, p< .011. In transition (IT) teachers were more likely than deep
knowledge (DK) teachers to identify more object type concepts when asked what
ideas students should know in order to understand fractions.

Cases: Constructed maps of DK and IT teachers

Concept maps for all teachers are given in Appendix J. Four specific
cases are presented here. These cases were chosen for their contrasting
features. The first is a DK teacher’s comprehensive view of the fraction concept
with the emphasis on fractions as a web of connected models and
representations. The second is a concept map of an IT teacher who has acquired
the terminology of the subject matter knowledge. However, this teacher’s
performance on the division tasks indicates the qualities of “in transition.” That is,
the teacher on the division tasks 1 and 2 did not have the types and numbers of
representations and translations the DK teachers had.

The third map is that of an IT teacher who stressed object (i.e. object
features) of fractions rather than the process types for fractions (see p. 112). The
fourth map is from the field study and is that of one of the novice teachers
interviewed. This map is included in order to contrast the likely differences

between a novice teacher, in transition teachers and deep knowledge teachers.
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DK teacher, T5

The map below was constructed from the transcript of T5, a DK teacher.
Throughout his transcript, the “ big idea” from his map was to view fractions as
links of various models, contexts and comparisons. This teacher discussed all
the major types of models: area, quotitive, grouping, partitive, linear, and
equivalency. He also identified the importance of strategies for comparing

fractions such as landmark fractions (e.g., comparison to “friendly” fractions such

as . and% ) , and the missing piece strategy (e.g., in comparing two

11
2’ 4
fractions, consider how far away each is from 1, the larger the missing piece from

one, the smaller the original fraction for comparison).

(Fractions as Relationships]
- - _ . in canbe____
[Relatxonshtps as models J (Relationships as Comparisons)

senbe / area
with
ratxo in thc cxamplc

\ wtlh

a< percent equlvalent using using decimal
C } / m w - equwalents
;,, linear usin

/ ‘" @ i piechart model ] i doubhng ,

artmve common denommato
equwalency _ [notanon relatuonshlps L J
models dwndlng one piece

ln recogmzmg Lstrateg!es for comparl@
d:wsmn B
groupmg model
shanng model
in the ldeas of

Iandmarklumt fracuons]

(relatlon to numerator and denomlnator) )
discrete model in forms as USu-<\
(doubhng to get to the whole equwalent] (common denominator}

fractioning

as in

- N g
&nlssmg piece strategyJI

Figure 1.Concept map of DK Teacher, T5
An IT teacher, T9
The second concept map was constructed from the transcript of an IT

teacher. As with the DK teacher, there are a number of concepts and numerous
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links between concepts. On the division tasks tasks, 1-3, this teacher did not
create many representations and translations but her concept map contains as

many links as the DK teachers.

I,LFraclions as Relations’nips}

reflected in ‘ reflected in _

cefiacted in [pedagogical strategiesJ
iy
( - \___’__,_,_,_-—————-"“’J'L'n taught with \ AN
big ldeas l B includes
P _{(contexts)

n

N / / A i for conrecting visuat models
a3 t * { standardizin § A
parts of whole | ./ measurement equivalence [\useful for™ : 9 estimation
! (big ideas and contexts) \

exampies : \\
/ [wholel unit relatioi/ship} / \ @ gecimals } retative to
[ { )
relative relationships ; | pe mode!s} bar models @ \

\ operatiens as

in cases of
Z

" : - ! landmarks and unit fractions\
notation relationships J
clock models
7 et relationships

size as

{reamonship of numerator ton parts of fraction

denominator

Figure 2.Concept map of IT Teacher, T9.

This teacher’s performance on the division tasks was more like that of an
IT teacher 9 (i.e., fewer representations and translations). The concept map,
however, is thorough and contains more examples of connected representations
and models than are usual for the IT teachers in the study.

IT teacher, T14

The concept map below is that of an IT teacher who stressed forms of
fractions (i.e., decimals, percents) more than models and representations of

fractions.
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LRepresentanons of fractlons]

[Pedagogical strategies]

can be expressed in

include learning the mode!s m
~
Qperations partmve
such as /

/
often taught in for \
/ (partl whole concept]
decnmals
equtvalency
7 [ T
i collection of objects
freates / Mixed ﬁ%m%

connects to

/
(limitations fo sense making}

comparisons
place value proportions

Figure 3.Conceépt map of IT Teacher, T14

The teacher discusses the different types of representations from fractions
as well as naming operations and fraction types ( i.e., decimals, mixed number,
and place value).

Novice teacher

The fourth concept map is that of a novice teacher concept map from the
field study. The map has very few concepts and fewer connections between
them. Here, it is clear that the teacher views the fraction concept as a set of
discrete objects. This map was included to place in transition knowledge as
separate from novice knowledge of the fraction. It clearly illustrates the
differences in knowledge between a teacher in transition to deep knowledge and

a novice teacher with far less detailed knowledge about the concept.
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Fractions
in

~ B
asin as
e in W

{ numerator/denominator}

2 < i { T
! multiply/divide/ | T | dividing a/b= }
add/subtract / multiplying a. 1/b )

[common denominator)

Figure 4.Concept map of Novice Teacher
In summary, IT and DK teachers’ concept maps were similar in the

number of concepts and in the number of links (i.e., connections) between
concepts. IT teachers were more likely to present object type forms of fractions
than DK teachers who stressed the process forms of fractions (i.e., relationships
and connected models) for students to understand fractions. The remaining 6
concept maps (in Appendix J) of IT teachers show examples of their knowledge
development of fractions.

Teachers discussed the importance of students having a variety of models
for understanding fractions.

I think the most important thing is that students have a bunch

of different models of what a fraction is before they do any

operations with them. To understand fractions in a variety of

contexts like parts of a whole, splitting the whole, or ascertain

subsets of a set, understanding distance models, number line

models, and partitive models (DK teacher 6).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Knowing How and Knowing Why 119

DK teacher 13 emphasized the importance of students developing
connections between pictures, words, numbers, and manipulatives in their
experiences with fractions.

What's important for students is to help them develop links
between the pictures, the numbers, the words, and the

manipulatives. Students will link the picture to the words to the

manipulatives, to the number sentences and different number

sentences to each other (DK teacher 13).

In their think alouds, the DK teachers related features for understanding
fractions as relationships and the importance of contextualizing fractions as
points of comparison. They also stressed strategies for understanding
equivalency and having different instructional experiences (i.e., visual,
numerical) of fraction problems.

Hypothesis 3:Types of reasons given for representation challenges

Hypothesis 3: IT teachers will attribute failure to create representations in
tasks 1 and 2 to a lack of their mathematical knowledge. Research Question 4-
What types of reasons do IT teachers give when they fail to represent the
problems in tasks 1 and 2 in representational or story word forms?

The reasons for not being able to create a story for these two division
tasks were expected to include: 1) teacher acknowledges limitations in content

knowledge; 2) teacher believes that any story for the number sentence would be
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unrealistic; 3) teacher cites lack of models in current curricula with similar

situations.

Five of the 8 IT teachers created stories for task 1, 1%+%, and one also

created a story for task 2, %+1%. For task 1,those who did not create stories

believed that no real situations or support curricula existed to create an
e 3 1
application for 1Z Y For example:

Reason 2 (above): In real life we don’'t work with halves, we divide

by two but we don’t divide by halves (T14).

Reason 3 (above): We have kids say that when we divide by % we

are not dividing by 2 but we are multiplying by 2. Dividing by % is

not used very often. That’s why | am having a hard time coming up

with a story (76).

On task 2, 7 of the 8 IT teachers did not create representations. Of those,
45% of their reasons were on lack of such problems in the curricula they work
with and 55% said they couldn’t envision a story situation for such a problem.
Examples of each type of reason are:

Reason 2) This one’s very hard to come up with as a story. It

doesn’t exist in the world unless it’s like —;— divided by 2.You will find

these as computational problems not as story problems (T7).
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Reason 3) | have never thought about how to put a problem like this
into words, because usually the bigger fraction comes first. When it
comes to story models in the 8" grade curriculum, | haven'’t seen
these types of story problems. lt is difficult to put this into a word
problem format (T11).

One of the IT teachers who did not create a story for the division tasks
acknowledged that representations may exist but that her current content
knowledge may be the reason for not being able to construct a story.

| am sure a real life story does exist. | know there are real life

concrete examples for this problem. | just don’t know any. One of

the things that professional development programs are getting me

to think about are real life examples (T2).

This teacher was aware that story situations existed and was developing the
knowledge to do so from her PD experiences.

Hypothesis 4 and Question 5: Dividing by the larger fraction

Hypothesis 4: There will be less representations for division task 2: %+ 1%

on IT and DK teachers’ representations and translations. To answer question 5,
the average (i.e., mean) number and types of representations were compared for
the groups on task 2 and also compared to representations for task 1. This was
an opportdnity to examine the difficulty of challenging the IT and DK teachers to

create a problem, that of the larger fraction in the divisor role.
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It is assumed that the switching of numbers, making the divisor the larger
fraction than the dividend, would increase the complexity and be difficult for both
groups of teachers. It was hypothesized that deep knowledge teachers might be
more likely to represent and translate when this situation occurred but they would
be challenged as well. Within each group of teachers, types and frequencies of
representations (models and translations) are expected to be fewer for task 2
than for task 1.

The average (i.e., mean) number and types of representations within the
groups for task 2 were compared to those for task 1.Table 10 presents the mean
differences for IT and DK groups on division task 1 performance versus division
task 2. Performance is defined as the variable: multiple models. This variable is
the sum of the models each group presented per task. Means and standard
deviations for each group are given.

Table 10

Means and Standard Deviations for DK and IT Teachers on Multiple Models in
Division Task 1 and Task 2

Teacher Multiple Models, Task 1 Multiple Models, Task 2

Mean SD Mean SD
Deep Knowledge 3.83 (2.32) 2.17 (.41)
In Transition 1.21 (.89) A3 (.35)

Each group’s average number of models decreased from task 1 to task 2,
when the challenge of creating the representation increased. There were no

differences between groups on the decrease in models in task 1, x°= 6.51, df= 6,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Knowing How and Knowing Why 123

p< .34. Groups were different in their constructions of models for task 2, x°= 14.0
df=3, p< .00.

Hypothesis 5: Variability in responses

Hypothesis 5. IT teachers will exhibit variable patterns in the use of their
knowledge across tasks, whereas DK teachers will be consistent. Question 6:
Do DK and IT teachers’ response patterns across tasks differ? This hypothesis
examined whether DK teachers are more similar to each other in terms of
consistencies in translations and representations for the division tasks. The
sample variances for the two groups were compared. Each teacher’s
representations and translations were counted for each group. These were
summed and the sample variance was calculated. The sample variance for the
DK group was s*= 10.7, SD=3.27 versus the IT group’s sample variance was s°=
.70, SD= .83. The IT teachers on average had 2.1 representations and
translations (out of 9 possible) across tasks 1, 2, and 3. The DK teachers had a
range of 5 to 9 representations and translations (out of 9 possible). They gave on
average, 4.5 representations and translations across tasks 1, 2, and 3. The IT
teachers were more similar to each other than the DK teachers. DK teachers had
a wider range in the numbers of representations and translations they created
than the IT teachers, contrary to the initial statement of Hypothesis 5. In response
to Question 6, the analyses indicate that there is a difference in response
patterns across the three tasks. These analyses are considered further in the

discussion chapter.
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Professional Development Questions

At the end of the interview, teachers were asked: to discuss 1) a particular
moment or teaching experience that had an impact on the development of their
mathematics knowledge and teaching; 2) with whom they currently have math
conversations; and 3) how such discussions have affected their knowledge and
practice. These follow up questions were created in order to elicit and document
teachers’ perceptions and experiences in learning the mathematical content,
perhaps in new ways and in experiences with others. Teachers’ mathematics
knowledge may have been shaped by different combinations of sustained
professional development experiences and involvement in training experiences
with math curricula.

Teachers’ transcripts were reviewed for examples and citations related to
1) PD workshops; 2) in school conversations with peers (i.e., conversations about
practice); and 3) reform style curricula. These examples were assessed in
relation to their development of subject matter and pedagogical content
knowledge. Nine of the teachers (out of the 14) stressed the importance of the
PD workshops; 86% (N=11) discussed the value of working together and
communicating in content related conversations in their schools in the continual
search for “ better ways to teach”; and 78% emphasized the importance of using
reform style curricula in their classrooms, with the resulting focus away from

“traditional” texts to lessons focused on investigations.
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Percentage of responses for the DK and IT groups for the three
categories: workshops, conversations about practice, and reform curricula are

presented in Table 11.

Table 11

Percentage of responses for DK and IT teachers on Professional Development
Influences
Teacher Workshops Conversations Reform curricula

about practice

Deep 66.7% 100% 100%
Knowledge

In Transition 62.5% 75% 62.5%

DK teachers=6, IT teachers=8

Chi square to test differences between groups on discussing workshops
was not significant x°= .03 df= 1, p< .87. Chi square testing differences between
groups on discussing conversations about practice was not significant, x°= 1.75
df=1, p< .19 and neither was chi square to test discussions about the impact of
reform curricula, x°= 2.86 df= 1, p< .09.There were no differences between
groups on the frequency of DK and IT teachers’ verbalizations on professional
development influences that contributed to changing their knowledge and
teaching.

For the teachers, conversations with their peers at school were very
important. Through the conversations, they were able to “do” math with their
colleagues, examine students’ work, share and argue about the mathematics
they were teaching. For others, their experiences in institute style workshops

were key in helping to shape their content knowledge and practice, allowing them
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to experience the mathematics they taught from the larger, big idea approach. IT
and DK teachers discussed their in-school communities for teaching math and
emphasized the experiences of workshops and reform curricula as factors

contributing to their knowledge and practice.

I am currently teaching this investigation seminar, | am hunting for
new material all the time. | have become a math person through
experiences where | keep wanting to know more about
mathematics. | have really open, thoughtful colleagues. We talk
about teaching math a lot. (T1, DK)

| was never interested in math until | became a math teacher.
Having the opportunity to work with professional development
instructors was fantastic. 1 like the standard that they set. | saw it as

a vision of how | wanted to teach math. (T14, IT)
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CHAPTER 5
Discussion

This chapter contains: 1) a summary of study results; 2) a proposed
content knowledge model of subject matter (SMK) and pedagogical content
(PCK) knowledge features for dividing with fractions; 3) study strengths; 4) study
limitations; 5) conceptual understandings for dividing with fractions; 6) ideas for
future directions; and 7) conclusions.

in this study, teaching practice and content knowledge were described in
middle school teachers’ own words as they related their understanding of how
they would solve, represent, and translate the difficult to teach and difficult to
learn topic, division with fractions. Participating teachers provided examples and
insights on deep knowledge (DK) and in transition (IT) teachers’ content and
pedagogical knowledge of the topic.

Years of Teaching and Performance

The participating middle school mathematics teachers had a variety of
undergraduate and graduate experiences and were either currently or had been
involved intensively with professional development experiences. These were
institute style workshops or trainings in using reform curricula and texts for middle
school mathematics. IT teachers were more likely than the DK teachers to hold
master’s degrees in education, but this may have to do with the difference in
years of teaching for the two groups. DK teachers, on average, had been

teaching about 6 years (SD=1.45) whereas the [T teachers had, on average, 15
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years (SD=4.0) of teaching experience. The IT teachers, with more years
experience, were more likely to have completed their master degrees.

In educational research, expertise in teaching has often been defined as
years of teaching. In this study, teachers with fewer years of teaching were more
expert in their performances on division of fraction tasks and more expert in the
quality and frequency of representations, translations, and connections even
though they had considerably less years of teaching experience.

Summary of Representations, Translations, and Connections

A summary of the types of representations, translations, and connections
deep knowledge and in transition teachers verbalized on think aloud tasks are
provided along with a proposed model for considering teacher knowledge of and
teaching for division with fractions (Table 4).

Across the division tasks, tasks 1 through 3, teachers’ responses were
examined for occurrences of specific types of representations and translations
such as partitive, quotitive, and product factor models and methods. Teachers’
descriptions of context and unit of reference were also analyzed. On the concept
map tasks, the constructed maps of the teachers were analyzed for the
frequency of fraction concepts and links between concepts the teachers
verbalized and whether these concepts related more to the processes of
understanding fractions (i.e., models) or to object like features of the concept

(i.e., naming operations, and parts of a fraction).
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On divisicn task 1, DK teachers created more partitive contexts and, on
average, presented 3.83 models versus 1.25 models of IT teachers in the
number sentence as a story form. The IT teachers did create stories to match the
meaning of the number sentence. DK teachers also constructed a greater variety
of stories for division task 1 and were more likely to include all three types of
possible models such as partitive, quotitive, and product/factor. Trend in the
direction for significance with quotitive models was also observed.

On division task 2, both groups of teachers average number of
representations decreased from division task 1. As stated earlier, division task 2
was difficult to conceptualize as representations since the divisor, a mixed
number, was larger than the dividend. On this task, DK teachers created 2.17
stories (SD=. 41) versus, on average, less than one story for each IT teacher
(i.e., M= .17, SD=.35). Task 2 was an “inversion” of division task 1 and was
created to assess a further layer of DK teacher knowledge, particularly with
challenging division with fraction problems. DK teachers continued to represent
more types and varieties of models.

Throughout both division tasks (i.e., tasks 1 and 2), DK teachers also
pointed out the contexts for the stories they created. IT teachers were not as
likely to stress context or unit in the first two division number sentence problems,
Tasks 1 and 2.

There were fewer differences on representations and translations between

the two groups on Task 3. Since the problem was given in word problem form, it
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was not surprising that both groups of teachers performed equally well in making
translations (i.e., solutions). The problem was contextualized into a story format
and both groups of teachers were comfortable in creating methods for solution.
Interestingly, all of the teachers drew the division situation (i.e., made a visual
model) in the story, but none did so when the division with fraction problem was
in number sentence forms as in tasks 1 and 2.

This stress on creating a visual model in order to solve the problem may
come from the influence of constructivist principles in learning and teaching

mathematics. That is, through the process of working out visual models, students

can discover the answer 3 % by first organizing the calculation visually.

Concept maps were constructed from teachers’ verbalizations. Analyzing
the concept map included counting: 1) the number of concepts; 2) the number of
links (i.e., relationships) between concepts; 3) number of process types of
fraction relationships; and 4) number of object types of fraction versus the object
features of the topic. Both groups of teachers were very knowledgeable about
fraction concepts and the connections between concepts. They emphasized the
importance of students understanding representations of fractions. The only
difference between the two groups was that IT teachers were more likely to
stress the object components of fractions more than DK teachers. This may also
be a sign of the development of the knowledge base for the teachers. That is, as
teachers develop their SMK and PCK for the topic, they will be less likely to rely

on the surface features of the concept of fraction.
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Proposed SMK and PCK Features for Dividing with Fractions

Subject matter and pedagogical knowledge features for dividing with
fractions are studied together. The teachers’ responses revealed what they knew
about the topic (i.e., SMK) and how they would teach what they knew (i.e., PCK).
These two features of content knowledge are not separated since the prompts in
the interview tasks were contextualized in possible teaching situations. From the
division and concept map tasks, a model of deep knowledge understanding for
dividing with fractions is prbposed as including the foIIow;ng subject matter and
pedagogical content knowledge features: 1) multiple representations; 2) varied
représentations; 3) multiple translations; 4) emphasis on context; 5) emphasis on
reference unit; and 6) fractions as sets of connected representations. The six DK
teachers in the study sample exhibited these features and the 8 IT teachers, from
their transcripts, are moving towards this knowledge base.
Teacher Reasons for not Creating Representations

In transition teachers were expected to attribute failure for creating models
in tasks 1 and 2 to their mathematical knowledge. This expectation was not
supported. One IT teacher did mention her awareness of models existing that
she was beginning to understand, but the majority stressed that stories for such
problems did not 'h;e.lve real applications or were not in the present curriculum.
Interestingly, in task 3, they were given a problem in which the division was in

story form and all teachers were able to translate the solution correctly. When

asked to construct a story for the number sentence in tasks 1 and 2, the IT
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teachers who were not able to do so, were more likely to state the “un realness”
of the situation. This outcome was surprising. Since the IT teachers had
extensive involvement with professional development situations, it was expected
that they would connect their developing state of content knowledge as the
reason why they were not able to create stories to represent the number
sentence situation.
Connections to Conceptual Meaning of Division

An example of the levels of knowledge DK teachers were building on is
the case of T5. In his response to how he would solve task 1, he connects the
conceptual idea of division to the calculation. His response to the “how would you
solve part” of problem 1 is:

Well it depends, really. If it’s there like this and not given a context,
I'm not given a chance to think about it in any kind of way.

You know so, there’s always a few ways, | can invert and multiply
or

I can think of how many one-halves are in 1 and three quarters. So
| can think about it like that.

Or, | can think of what is %of 3 and—;—. (T5)

He stresses the importance of context as the main issue in creating a
calculation and then offers algorithm, quotitive, and product and factors
approaches. He blends representation and calculation. This shows a well-
connected understanding of the meaning of division to the problem situation,

regardless of the types of numbers involved. Each teacher group was able to use
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the algorithm correctly, but both groups emphasized the importance of
understanding the concept of division in the problem above procedural accuracy
in “doing” the algorithm correctly.

Study Strengths

The strengths of the study include: 1) sampling focus; 2) microanalysis of
topic; 3) use of interview protocol; and 4) “think aloud” analysis.

The purposive sampling technique was important for locating specific
groups of teachers, those whose thinking aligns with Ma’s (1999) experts and
those who are changing their thinking and action similarly to the scores of
elementary and middle school teachers involved in curriculum and teacher
change efforts at institutes, workshops, and within their schools (Ball & Bass,
2000; NCTM, 2000)

Another strength of the study is its microanalysis of one idea, division, with
one type of number, fraction divided by fraction. Within fractions, division is
implied within each rational number given its form, and when fractions are being
divided by fractions, the model of division is amplified. The specific examination
of the topic provides rich samples of what teacher understanding for the subject
may be.

Research on knowledge of fractions and teaching fractions has often been
examined separately. Researchers have examined student methods for
understanding fractions (Mack, 1993; 2001). Others have described the

mathematical structural components of fractions (Behr et al, 1992) and described

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Knowing How and Knowing Why 134

pedagogical issues (Lampert, 1990; Schifter, 1997) in teaching fractions. The
study protocol brings together these different threads of research and examines
the two components, mathematical structure and mathe‘matics pedagogy for
dividing with fractions, at the same time. The interview questions used in the
study suggests the importance of using assessments that allow teachers to solve
open ended problems in a variety of ways within possible teaching situations
(Shulman, 1989).

Many studies have used a think aloud procedure, “a powerful tool for
understanding the nature of thought” (Wineburg, 1990, p. 75). Think alouds are
opportunities to capture the process of thought and give researchers a view into
the compléx parts of thinking about a topic. Using a similar method was a
strength of this study, because of the riéh amount of data availa.ble from talk
éloud verbalizations (Ericsson & Simon, 1993).

Given that “rational numbers provide the first number system in which all
the operations of arithmetic are possible” (National Research Council, 2001, p.
415), investigating how middle.s’cr:ool teachers understand them is important.
Researchers agree successful problem solving with rational numbers involves
understanding thorougﬁly their different representations, translations, and
connections. Teachers must have a déep and developed understanding of this
type of number. Professionél development opportunities, formal and informal, are

places where teachers can re-learn and re-discover the various identities of

rational numbers. Through workshops, conversations about practice, and use of
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reform curricula, teachers develop a “repertoire of pedagogical techniques and
the ability to use those techniques to accomplish iesson goals” (National
Research Council, 2001,p.429)
Study Limitations

There were several limitations to this study. The first, the sample size of
14, is too small to consider the possible meaning of these “findings” beyond the
scope of the teachers interviewed. Even though the sample in this study is small
and chosen pu_rpdééfully, there is no assumption that the sample or “results” are
representative of all American or New York middle school math teachers. That
was never the purpose of this study. It was to describe and understand, for these
teachers, their kﬁowledge about a focused, circumscribed topic, which math
researchers and curric':ulum"developers have all stated is one of the most difficult
topics in mathematics to learn conceptually. In retrospect, another major

limitation was the faulty construction of task 4. In this division task, a word

problem was created to represent the situation, —Z— divided by 6%—3, as a parallel to

task 2 in relation to task 1.

The word problem in Task 4, as written, confused teachers. Word
problems where the divisor was larger than the dividend are not frequently used
in curricula. Because the problem was difficult to begin with, none of the teachers
connected the numbers to task 3 and said that the answer must be the inverse of
the task 3. In reviewing other research, | later found an article (Ott, Snook, &

Gibson, 1991) discussing partitive division. If the problem had been written as a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Knowing How and Knowing Why 136

partitive question it might have been more appropriate for the revised Task 4to
 be: I %of a yard of material has to be broken up to 6%3 sets, how much material

would go'iﬁ each set? This structure ’of t‘hev problem might have assisted in
‘teachers’ solutions.
 The bodingv of the-trans_Cr.ip\ts had only one rater and this may héve been a
~ potential area éf biaé. For future résearch assessing the knowledgé categories,
multiplé raters rhay be used.

Another limitation is that the study focused on teachers’ knowledge and
did'not examine teacher beliefs regarding their students or the content. The
questions in the interview pronﬂpfs were focused on how teachers thought about

: divisioﬁ‘with fractioﬁs and _how they would teach the topfc rather than asking
them to state conceptions about theivr teaching or how students learn.
Future Directions - |

The study"s focus waé to ekpand and confirm the research on analyzing
mathematics teacher knowledgé fof dividing with fractions. Futuré directions for
related research may include using cont_extualized problem solving }tasks to
evaluate mathematics teachers’ knowledge for other important topics in the

~ middle school and high‘ school curriculum, to continue to build further content

. knowlédge models for thovse, topics. More micro analytical stud‘iesr, particularly
with teaChefs transitioning in their knowledge bases may inform these future

o fknowledge médels. Speciﬁc-‘problem solvingrtasks assessing the details for the

: typ,es ofnﬁodels, translati'onys, and connections offered in the teacher category
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table (see table 4) may also be oseful. Systematic investigations on the influence
-+ of problem situations (i.e._, nUm_bers sentence versus worci problem forms) on
representations, translations, and connections would also enhance content‘
- i(nowl‘edge 'niode'ls. :
'InCOrporating think aloud training for- participating teachers before the -
interview would'be nelpful to heip}teaChers make their thinking transparent.
Specific training in t.hink aloud application may also give teachers the_‘:
opportunity to construct their own co'n‘cept maps and those results Would be | ‘
interesting to compare to the researcher developed maps from interview
\ transcripts.v
Developing a longitudinal design to follow the IT teachers in the study
would also benefit our understanding of how to improve and expand the types of
professional develo’pment experiences teachers join.
| Ciassroom observatiOns of the teachers interviewed would add another
layer of understanding of thought in action for dividing with fractions. Content
knowledge mod‘els can then inform further collaborations in studying how
-teachers think about what hey teach and how they teach wnat they know.
Conc/usions' |
The goal of the study, in its inception, had been to examine how cognitive
»f_representations (i.e.', models, translations, and connections) of understanding

subject matter are manifested in teachers’ explanations in division with fraction
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problem solving situations for two important groups of teachers, experts and
those in transition to expertise via professional development opportunities.

In a recent interview for tHe Eisenhower National Clearinghouse for
Mathematics and Science Education (Herrera, 2002), Liping Ma, a senior scholar
at the Carnegie Endowment for the Advancement of Teaching, discussed her
conc’erri about the current state of American teachers’ substantive knowledge on
the difficult to teach mathematic topics their grade work covered. “Teachers
themselves should ask "Why?" all the time. When they teach multiplication to
thei‘r students, they can think about why it works. Then they will learn elementary
math in a deeper way through their own teaching of it” (p. 5). Teachers in this
study, DK and IT, ask themselves fhese questions as evident through their use
and constructions of muﬁiple models, tran’slatié;w.s, and connectioﬁs.

In Ma’s 1999 book, Knowing and Teaching Elementary Mathematics, a
sentence in the conclusion was noted:“ It does not seem an accident that not one
of a group of above average US teachers displayed a profound understanding of
élementary mathematics. While we want to work on improving students’
mathematics education, we also need to improve their teachers’ knowledge of
school mathematics” (p.144).

This study does not disagree with Ma’s claim of the need to improve
teacher’s knowledge of the content they teach. But it does suggest that within our

schools, there are instances of teachers whose knowledge and pedagogy are
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responses to the post interview questions (Appendix 1). They were positively
affected by the implementations of reform-based curricula and workshops in their
schools, out-of-school institutes, and workshops they attended to build their
knowledge. One IT teacher’s involvement in projects echoes many of the other
teachers’ experiences. In discussing a set of institutes and workshops she had
been a part of for the past three years she stated:

It was the first time | had been introduced to a way of learning math

that was very different from my own experiences in school. The

program was aiming for depth in understanding and | enjoyed “re

learning” middle school math as | prepared my lessons. | saw the

need to teach for understanding when | saw the kinds of errors my

students made. | learned to grapple with problems in workshops

and spent time in groups analyzing and extending them. We were

engaged in exploring and making connections. In these seminars, |

experienced the learning of math in fresh and exciting ways and

realized that this is how | want my students to learn math (1T14)

This teacher recognized the value and importance of rediscovering the
complexities of understanding middle school mathematics and through her own
grappling with subject matter in an effort to understand the content, she
articulated the ways in which she wants her students to learn, thorough

connections, extensions, and deep understanding.
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DK teachers also were influenced by their participation in reform based
curriculum workshops. DK teacher 3 focused on bringing inquiry based learning
into his classroom from the ideas shared and problems tacklied in the summer
institute he attended:

At the workshops, we would spend time working on really rich

problems and then talk about the different math topics contained

within that topic. So it helped shift from “what is the problem” to

what is the math topic and one problem could be used 25 different

ways and your job was to find the ideas you wanted out of it and

focus your class. Another important experience was observing over

time a teacher who has taught CMP math for 6 years and it was a

wow experience, this is what it's supposed to look like, having kids

know what the big math ideas were and keeping track of them. (DK,

T3)

The teachers interviewed have and are developing deep understandings,
making meaning through a mathematical framework. in their PD experiences all
of the teachers were able to re learn mathematics by modeling situations and
constructing solutions. Through these opportunities their visions of mathematics
pedagogy shifts. The DK teachers | interviewed were once in transition. They
have had more experiences and are committed to push their understanding,
content knowledge, and teaching practice and have been supported by their

schools and colleagues in the process.
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The transformation in teaching from in transition to deep knowledge
requires the ongoing development of a knowledge base of developed subject
matter and pedagogical content features of the topics, fractions and division with
fractions, as evidenced by: 1) multiple representations; 2) varied representations;
3) multiple translations; 4) emphasis on context; 5) emphasis on reference unit;
and 6) recognizing fractions as sets of representations. These features
complemented and extended what is currently discussed as features of
accomplished thinking in the domain (Ball & Bass, 2000; Leinhardt, 2001). The
knowledge base for this difficult topic, division with fractions, requires the teacher
to be well versed in translating, representing, and connecting models, context,
and related processes for dividing with fractions. The development of this
knowledge base most likely requires ongoing, consistent, and systematic
opportunities for teachers to be participants of formal and informal professional
development experiences, conversations about practice, and instruction and
training with mathematics reform curricula.

The teachers, in their think alouds, showed their mathematical thinking as
layered sets of cognitions directly related to their subject matter knowledge and
pedagogical content knowledge for the topic. The knowledge features were not
sets of facts or procedures but woven relationships between subject matter and
pedagogical features. Teachers’ knowledge of mathematics may be changing, as
teachers’ understandings of the mathematics they teach improves. Teachers are

the primary communicators of content and, as such, teacher knowledge
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developments hold promise for how students can then think, reason, and

understand the mathematics of the middie school curriculum.
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"Appendix A

Consent Letter from Participating Teachers

£h [ Pregram in Sducandeal Psychclogy

I Gradiate Schasl aod Viamslty Center
Trep Citg \itonusty of How Yot

BB Bk

Ky ver, MF NG 0O0

w HEHTHES o DEET

Coascat Form

My nunc is Yascmin Jones arid 1am student in the Educational Psychology Fh.ID. Program at the
Graduate Center of the City University of New York (CUNY), and Principal tnvestigator of this project -
: . entided, Krvnwing How ard Knowing Why! Examining teachers understandings of division with fractions
- o This is & rescarch study of middic school math teachers’ knowledge. The study will comtnbute to curvent
educational research on teaching middle school mathematics topics such as division with fractions. |
would like pormission to intervicw vou and audmlxpc your explanatjons s you solve mathematcal
peoblems imvolving fractions,

This interview will take from 45 to 60 minutes. With your perrussion, [ would Hke to tape this intcrvicw
% 1 can record the details accurately. The tapes will enly be heard by me. All information gathered will
e ket stricthy confideatial and will be $tored in a Jocked file cabiact 1o which cnly 1 and my advisor will
have access. Al any time, you can refuse to answer any questions of end lhls intervicw without any
COnSoqUERCE.

There are oo foresocable risks to pcmicipaling in this intervicw. The benefis of your participation include
coniribution to rescarch aimed at understanding how teachers teach mathematics. There will be
approximately-24 teachers taking part in this study.

[ may publish rcsults of the study, but names of peopls or any identifying charactenistics will not be usod
in any of the whlwanons If you would like 2 copy of the study, pluasc provide me with your address and
1 wil! scad you a copy in the future.

If you have any questions about this rescarch, vou can contact me at 212 397 81 or

vjonos@ertytech cuny .odu, or my advisor, Prot. Carol Titde at (212) 817 8288 o¢ crittlouge cuny edu, I

you hiave questioas about your nglx(x ax o participant i this study, you can contact Hilry Fisher at

Sponsorcd Rescarch, The Graduate Center/City University of | Ncw York, (212) §17-7523,
@ge.cuny . ode.

Thank you for your pam'cipnuion in the study. 1 will give you & copy of this form to take with you.
1€ you agee (o be interviewed, pleasc sign below:

{ agres to have this intsrvicw taped {circls oncl.

Yes No
Participant signature Date . Investigator's signature Date
AR L et T et ad)

Bortgs 18 LT e { o
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Appendix A
Cover Letter to Participating Teachers

. Date :

- Dear participating teacher ,
Thank you very much for agreelng to part|C|pate in this study l'am
interested in examining teacher thinking on an important toplc in anthmetlc,'
fractions. Your participation in the interview will help me to Qnderetand how

teachers think about this topic.

Prior to our interview, Vplease read and sign the enclosed consent form. In
addition to the consent form, please answer the pre interView guestions. The first
“set of ,questions focus on yeur teach'ing experience in mathematics (i.e'., math
courses you have taught, grade levels, and content of those courses). The.
second part of the pre interview questions asks you about your experiences in
professional development programs aimed at i‘m’plementing reform-based
curricula in classrooms. Please feel free to write as much as you would like. You

may include your response on the back of the pre interview questions form.

Your responses to the pre interview questions and the interview questions
will be kept confidential. | will never use your name in any written or oral reports
of the study. | will assngn a numeric code toeach part|C|pating teacher as a way
of protectmg identities. Once again, | greatly appremate your involvement in this

project. Your ideas will help me to understand teacher knowledge
Sincerely,

Yasemin Jones
718.260.5680
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Appendix B
Pre Interview Questions
Please answer the following questions and read and sign the consent form prior to our
interview. o o . . . Code
‘number _____ . _

Name o - . Date

Years teaching math |
Highest degree obtained and specialty
Undergraduate degree major

Indicate the number of mathematics courses currently teaching, the corresponding grade
level, and the name of the classes

Math course name Grade level : Course content

Please identify other types of math courses you have taught

Math course name Grade level " Course content

" ‘Have you ever or are you currently participating in a sustained set of experiences to
deepen your knowledge of mathematics and teaching practice? For example, you may
have participated in professional development projects such as training to implement
CMP , MiC, Everyday Math, or other curriculum based programs in your classrooms. If
yes, list the projects (include length of involvement) and please turn this page over

. and briefly describe your experience in these projects.
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Appendix C

' Standardi‘zed Protocol for Interviews

: AII-vinte‘rviewsv begin with theee instructions.
| Thank j/ou- very-much for pé’rticipatiﬁg in tbday’s 'intervfew. I am trying to
learn abOut how you think aboet teaching fractions end di&ision _with fractions. |
~will preseni ybu with’five: differenftasks. Each task has a series of questions that
I would like for you to answer. | will ask you the questiOné orally. For each task, |
- I'm just as interested in hew yoe think about things that puzzle you as | am in
~ learning exactb/ what you'd do. | Fer eaeh one, I'd like to know what you think you
would do or say and why that’s what you'd do. |
Each teachef was given a page with the task problem typed on the page. Each
problem was presented one at a time.
Each task had its own specif.ic _standardized set of questions to be asked orally. |
After the problem solving tasks, each teacher was asked the same post interview
questions. |
At thefvend of the interview,'the feacher was thanked and asked if he/she would

 like an abstract of the completed study.
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"Appendix D

Task 1: From Number Sentence to Representation

Interviewer version

*| Division' by fractlons is often confusmg for students. People have different -
approaches to solving problems involving dIVIS|0n with fractions. a) How would
| you solve a problem like this one? :

12—:-?

'b) Imagine that you are teaching division with fractions. To make this meaningful
for students, many teachers try to relate mathematics to other things. Sometimes
they try to come up with real world situations or story problems to show the
application of some particular piece of content.

What would you say would be a good story or model for :

3 1
12+3

- ¢1) If teacher gives a story, ask: W’hy do you think this is a good example ?

_ c2) If teacher cannot come up with a story, ask, why do you think it is difficult to
‘| come up with a story for the problem situation?
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Appendix D
Task 1
| Task 1: From Number Sentence to Representation

Interviewee version

~'a) How would you solve a problem like this one?

3 1
13+7

b) What would you say would be a good story or model for :

3 1
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Appendix E
Task 2: From Number Senténce to Representation with Reversal

Interviewer version

a) How would you solve a problem like this one?

1.43
274

b) Imagine that you are teaching division with fractions. To make this
meaningful for students, many teachers try to relate mathematics to other things.
Sometimes they try to come up with real world situations or story problems to
show the application of some particular piece of content.

‘What would you say would be a good story or model for :

.43
2 4

c1) If teacher gives a story, ask: What kind of student(s) did you have in mind
when you came up with this example'? Why do you think this was a good
example for them?

c2) If teacher cannot come up with a story, ask, why do you think it is dlfflCUIt to
come up with a story for the problem situation?
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Appendix E
Task 2: From Number Sentence to Representation with Reversal

Interviewee version

-a) How would you solve a problem like this one?

1.3
2'14

b) What would you say would be a good story or model for :

1.13
,2.14
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Appendix F
' Task 3: From Representation to Translation

Interviewer version

Students must often solve word problems involving division with fractions.
People have different approaches to solving such word problems. a) How would
you solve this one : :

Wally has 6 yards of material. It takes 2 = ofa yard to make his scarves. How
many scarves can he make?

a) Would a word problem like this help students learn about division with
fractions?

b) This is only one way/ one method. What other ways can you think of to solve
this problem?
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~Appendix F
Task 3: From Represéhtation to Translation

Interviewee version
How would you solve this one:

~ Wally has 63 yards of material. It takes 2 of a yard to make his scarves. How
many scarves can he make? ' |
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Appendix G
Task 4: From Representation to Transiation with Reversal

Interviewer Version

a) How would you solve this one:

WaIIyIVreaIizes that %of a yard of material is left over. He has promised to give 6

people equal shares and bne person —i— of a share of the material. How much

material would each person receive?

b) Would a word problem like this help students learn about division with
fractions? ,

c¢) This is only one way/ one method. What other ways are there to solve this
problem? ‘
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Appendix G
 Task 4: Fr_oh Representation to Translation with Reversal
Interviewee Version

How would you solve this one:

Wally realizes‘that % of a yard of material is left over. He has promised to give 6

: 'pepple equal shares ah_d one person % of a share of the material. How much

material would each person receive?
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Append|x H
Task 5: Concept map

Interviewer version

_ I am also mterested in how you would “map out” your knowledge of fractions. I

v 1 would like for you to talk aloud a map of this knowledge .It can be a. web of words
- | oraflow chart of words that captures the different parts of this topic that you ‘
believe are important for a student to know about fractions. :

You may want to list all the ideas that you think are important for a student to
know in order to understand fractions. Talk aloud how those words related to
1 each other as ideas and the links between the ideas.

What do you think are‘t_he connections among fractions and other related
mathematical topics? Specifically, division of fractions?

How do you think about fractions in relation to: multiplication, decimals, ratios,
whole numbers, and proportions
What do you think are the connections among fractuons and other related

mathematical topics? Specifically, division of fractions?:

How do you think about fractlons in relation to: multlpllcatuon decimals, ratlos
' whole numbers, and proportlons :
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Appendix H
Task 5: Concept map
- Interviewee version
Please talk aloud your “concept map” of your knowledge of the\fopic
fraction. A “cbncept map” can look like a road map or like a web of

connections. Include in your map the connected ideas of the different parts

~ of the fraction topic that you believe are important for students to know.
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- Appendix |

Post Interview Questions

Thank you very much for all your heIp These last quest|ons will help me to
understand about your contlnumg development asa mathemaﬂcs teacher.

1) Please tell me about a specmc career expenence that you see as critical
in  your dedication and motivation to keep developlng your

a. - mathematical knowledge :

b. and teachlng practice?

2) With whom do you dlscuss a) your teaching practice and b) -
mathematlcal toplcs

If a teacher gives a name, X, ask, “Is Xin 3}0ur school?” If not how do you

know X?
a) In talking to X about your teaching practice, can you glve me an

example of a recent conversation?
b) In talking with X about mathematical topics, can you give me an

example of a recent conversation? -

Thank you very much for this opportunity torinterview you today.
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Appendix J

Concept mapslf}rom Deep Kn’oWI‘edge and In Trans‘ition ‘Teachers

T1: DK

Equivalency
situations

Fraction relationships }-—— eyoressedin ——

in contexts with

types of . understanqu
( developmg big idea vocabu!ary ’ -
/ -———i . parts of wholes \

(rel’atedvrational numbers] _ / ‘
/ \ : in examples with / \

in
su/ch as suchas as reflected in \

proper fractions | _ | o | | (combining fractions]

/ — | mixed numbers

intheformsof / ' (reference of the whole as unitj
" inthe forms
{dﬁcimals and pér’cen,ts]
: (decimals and percents}
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T2: IT Teacher

Fractions

as.
- ® - taught with

/.arealso/' r’asv | \
(o] /: il =
dw:suon { pleces| "

Dart/whole \ R

/ , used,,, ‘ . dlfferennatmg the *how" in the operations

‘ can befoundin \
decnmals etesto—— percen l f°bab’"t)’] '

Iess than whole, more than whoIeJ

Pedagogical strategies
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T3: IT teacher

Fractions

________.—-—-.as

deCIma'S/

@ in order to .
m 75 \ | computatlon ]

[mixed numbers)

used" thh

part!whole .
[develop number sense] \@ultlphcatlonj )

lelSth

-(addition‘l subtraction) \
I group/share |

using

/

[common denominators)
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T4 1T Teacher

(Fractions as Relationshi;;

N . ' . [n\
understanding fractions |~

as numbers standing for v

- experienced thrbugh

T

connections to

E diffferen‘t idegs '\

| tounderstand

in

| partiwhole |
relationships

- the whole
| referring to?

(to different converSation;) {decimals/perc ent;]

: / ~ | measurement
‘ - ~ | - contexts

what is

 [on)

using "hands on"
examples to

l add/subtract ' ‘ multiply/divide l
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T5: DK Teacher

[

| Fractions as Refationships

/,-in

(Re[at_ionships as models] ,

-

n be
Y

(@)

in the ideas of

l partitive ‘

' equivalenc
models ||

t-asa

o )
N

in the example

N\
as\ R — plechart model

{notanon relatuonsmps

sharing model

in recogmzmg

grouping mode\
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