
INFORMATION TO USERS

This material was produced from a microfilm copy of the original document. While 
the most advanced technological means to photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the original 
submitted.

The following explanation of techniques is provided to help you understand 
markings or patterns which may appear on this reproduction.

1.The sign or "target" for pages apparently lacking from the document 
photographed is "Missing Page(s)". If it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru an image and duplicating adjacent 
pages to insure you complete continuity.

2. When an image on the film is obliterated with a large round black mark, it 
is an indication that the photographer suspected that the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the page in the adjacent frame.

3. When a map, drawing or chart, etc., was part of the material being 
photographed the photographer followed a definite method in 
"sectioning" the material. It is customary to begin photoing at the upper 
left hand comer of a large sheet and to continue photoing from left to 
right in equal sections with a small overlap. If necessary, sectioning is 
continued again — beginning below the first row and continuing on until 
complete.

4. The majority of users indicate that the textual content is of greatest value, 
however, a somewhat higher quality reproduction could be made from 
"photographs" if essential to the understanding of the dissertation. Silver 
prints of "photographs" may be ordered at additional charge by writing 
the Order Department, giving the catalog number, title, author and 
specific pages you wish reproduced.

5. PLEASE NOTE: Some pages may have indistinct print. Filmed as 
received.

University Microfilms International
300 North Zeeb Road
Ann Arbor, Michigan 48106 USA

St. John's Road, Tyler’s Green
High Wycombe, Bucks, England HP10 8HR



77-14,587
CHA, Seung Kack, 1940- THE STATIC AND DYNAMIC MEAN SCATTERING 

CROSS-SECTIONS FROM ROUGH SURFACES.
City University of New York, Ph.D., 1977 Engineering, electronics and electrical

Xerox University Microfilms, Ann Arbor, Michigan 48106



THE STATIC AND DYNAMIC MEAN SCATTERING 
CROSS-SECTIONS FROM ROUGH SURFACES

by

SEUNG KACK CHA

A dissertation submitted to the Graduate 
Faculty in Engineering in partial fulfill­
ment of the requirements for the degree 
of Doctor of Philosophy, The City 
University of New York

1977



This manuscript has been read and accepted for the Graduate 
Faculty in Engineering in satisfaction of the dissertation 
requirement for the degree of Doctor of Philosophy.

f l a g  h i
date

i / r r /  77
date

Paul Karmel

Chan Mau— Xchea,

Supervisory Committee

Chairman ofjExamming Committee

Executive OffK^er

The City University of New York



TABLE OF CONTENTS
ACKNOWLEDGEMENT.  .............................................iv
ABSTRACT........................................................... V
CHAPTER

I . INTRODUCTION
1.1 Background.........................................   1
1.2 Physical Optics Approximation...................... 4
1.3 Statistical Averages of the Scattered Field........6
1.4 Scope of the Dissertation........................... 8

II. MEAN BACKSCATTERING CROSS SECTION OF AN IDEALLY 
CONDUCTING ROUGH SURFACE FOR ARBITRARY ANGLES OF 
INCIDENCE
2.1 Introduction  ................   10
2.2 The Rough Surface Backscattering Model...........15
2.3 The Evaluation of the Mean Backscattering Cross 

Section............................................... 22
2.4 Summary............................................... 30

III. THE SCATTERIGN FROM DYNAMIC ROUGH SURFACE
3 .1 Introduction.  .......................................31
3.2 Scattering by a Time Varying Rough Surface....... 34
3.3 The Incoherent Autocorrelation Function..........39
3.4 Temporal Frequency Spectrum  .................51
3 . 5 Summary...................     57

IV. DOPPLER SPECTRA OF A MOVING SOURCE-OBSERVER TRAVELLING 
ABOVE A STATIONARY ROUGH SURFACE
4.1 Introduction......................................... 59
4.2 Model of the Doppler Return........................61
4.3 The Evaluation of the Mean Doppler Spectrum 67
4.4 Summary............................................... 81

V. RECOMMENDATIONS OF THE FURTHER STUDIES................83
TABLE

3.1 The Normalized Mean Scattering Cross Section for 
Various Cases......   85

3.2 The Normalized Mean Scattering Cross Section for 
Cross Wind..........  86

4-1 Spectral Magnitude Coefficients A j ................87

ii



FIGURE
2.1 The Coordinate of Rough Surface Backscattering...88
2.2 The Total and Quasi-coherent MBC,DBS, IMBC and and 

Transition Refion with Various of
2 .6 Parameters..............       89
3.1 The Coordinate of Rough Surface Bidirectional 

Scattering..........    94
3.2 The Comparision between First and Second Order 

Temporal Correlation Founctions and Kinsman's
data................................................  95

3.3 The Partial MSC ...................................... 96
3 .7
3.8 The Partial TPS...................................... 101

t

3 .10
4.1 The Coordinate of Rough Surface Scattering by 

Moving Source......................................... 104
4.2 The Coordinate of Three............................105
4.3 The Dominant Spectral Shape..............   106
4.4
4.5 The Magnitude Coefficients of MDPS..................108
4.9
1.1 The Coordinate Transformation........   113
1.2 The Interval Transformation...................... ..114

APPENDIX
A. The Transformation of I into Cylindrical 

Coordinate........ ^ .................................. 115
B. The Evaluation of J ................................. 118
C. The Evaluation of Q * ( t ).......    120
D. The Evaluation of Second Order NAC and T P S .......125
E. The Transform of the Spectrum  132
F. Reduction of a Quardruple to a Double Intergral..137
G. The Evaluaions of the Coefficients A j ............ 140

REFERENCE
I ........................................................149
II ........................   .   152
III .....................................  155
IV ........................................................157
V ....................................... 158
Vita........................................................160

iii



Acknowledgement

The author is indebted to Professor G.Eichmann 
for the encouragement and guidance in the completion of this 
study.



Abstract
The static and dynamic mean scattering 

cross-sections from rough surfaces
by

Seung Rack Cha

Advisor: Professor George Eichmann
This dissertation investigates the phenomena 

of scattering from rough surfaces. Three scattering problems 
are considered; backscattering from an isotropic rough surface, 
scattering near grazing angle from a moving ocean surface and 
Doppler scattering from a stationary surface by moving source- 
observer. The rough surface is assumed to be a real, isotropic 
Gaussian surface height random process with Gaussian surface 
height and Gaussian-travelling wave-like surface height 
correlation function for the static and dynamic rough surfaces, 
respectively. The surface is considered to be an ideal conductor. 
The static and dynamic ensemble averaged mean scattering cross 
sections and ensemble and time averaged temporal frequency 
spectra are evaluated. The ensemble averages are obtained for 
arbitrary Gaussian surface height realizations. The results 
show good agreement with measred data.
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CHAPTER I INTRODUCTION

I .1 Background

The problem of scattering from rough surfaces 
arises in the many areas; electromagnetic and acoustic wave 
propagations, optical scattering, radar and communication etc. 
Literature on experimental studies on rough surface scattering 
is abundantly available. Data has been collected on various 
rough surfaces i.e. land, sea, planetaries and man-made 
laboratory rough surfaces etc .̂ 5 2 . The data are usually 
presented in terms of the scattering cross section. The 
scattering cross section gives information on the nature of 
the scattering surface and it is a function of the angles of 
wave incidence and the wave scattered.

The first theoretical investigation on the
scattering from static rough surfaces was introduced by

5 . 6Rayleigh followed by Rice . Their approach is based on the
perturbations of the rough surface and is now known as small

7surface perturbation method. Shortly after Rice, Isacovitch 
introduced a new approach called the physucal optics 
approximation. In this approximation the scattering field is 
obtained from an image current that is induced by the incident 
field. The result of small surface perturbation analysis is 
generally regarded as a better interpretation of the physical 
data for relatively low degree of surface roughness while the



result of the physical optics approximation is generally
regarded as a better interpretation of the scattering data
for fairly rough surfaces. The surface roughness depends on
the wavelength of the source. For large frequency, a small
change of the surface dimension will cause a large phase shift
of the incident field yielding a large effect on the scattered
field. Further, the physical optics, results agree with the data
for near normal angle of wave incidence while the perturbation
approach predicts the data for near grazing angle of incidence

2even when the surface is very rough . Neither theories explain
the data for all angle of wave incidence.

A number of modifications, especially to the
physical optics approximation, has been introduced in order
to improve the validity of the model. These are non-Gaussian
correlation functions® , composite statistical s u r f a c e ^ ’̂  ,

12 13shadowing correction to the effective scattering surface ’ ’
14 • • 15 16, non-Gaussian joint distribution functions ’ and

17multiple scattering by the use of the ray double bounce etc.
For the dynamic rough surface scattering,

and the scattering by static rough surface due to a moving
source-observer, both the Doppler power spectrum and dynamic

19-24scattering cross section is measured . The Doppler power
spectrum yeilds information on either the relative rough
surface movements or the relative source movements. The
theoretical investigation on the Doppler power spectrum are

73 74presented by various authors using physical optics * and
21 25-29perturbation-geometrical optics ’



In this thesis the physical optics approximation 
together with ensemble averaging over a number of surface 
realizations is used io predict the mean square fields. In the 
next two sections, the pertinent facts on the physical optics 
approximation and the statistical averaging is discussed.

3



1.2 Physical Optics Approximation(PO)

This approach is based on approximating 
boundary conditions for the scattered wave equation by a 
magnetic image current. This approach has various names i.e. 
Kirchhoff boundary condition, image current theory, local 
tangent approximation and physical optics approximation. PO 
assumes that the field is negligible in the shadow surface 
region and the scattered field on the illuminated surface is 
twice induced current. By this approximation, the scalar 
scattered far field can be written, by the use of the 
Kirchhoff-Helmholtz integral^ as

• j h R  i p  .
E = £ dSo (1'2-1)

o
where R p are Fresnel reflection coefficients which depend on 
the polarization and angles of wave incidence and electrical 
properties of the illuminating surface and

?!= JSi" Ks (1.2-2)

£ 2= ^i+ (1.2-3)

with k^ and ks are incident and scattered wave propagation 
vectors. R is a distance from origin to the observation point, 
r is the local surface radius vector

r = xax + yay + *>(x,y)az (1.2-4)

where 5(x,y) is a local surface height measured from x-y 

plane which is the mean plane and a_n is the local surface



unit normal vector and SQ is the illuminated scattering area.
The scattered scalar far field E is a spherical wave with an
amplitude that is proportional to the transform of the
effective optical surface current distribution on the
scattering surface. The vector form of the Kirchhoff-

30Helmholtz integral is known as Stratton-Chu integral
. . . . . 31However modified Stratton-Chu integral, the Silver integral ,

is frequently used. The vector scattered field due to the
32Silver integral has a cross-polarized field term . For

backscattering from ideal conductor this term disappears. In
fact all integral expressions, the Kirchhoff-Helmholtz, the 

. 33Silver and Kodis reduce to an same form for backscattering
23from an ideal conducting surface. Parkins also derived 

identical form for backscattering from time dependent scalar 
Kirchhoff integral for his acoustic wave scattering investiga­
tion from rigid rough boundary.
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1.3 Statistical Averaging of the Scattered Fields

To evaluate the PO intgral the functional
representation of the rough surface and its directional partial
derivatives must be available. The rough surfaces are described
by their statistical properties. In this dissertation the
surface is assumed to be a Gaussian stochastic surface height
process. The scattering field is also a stochastic process
since the field is a function of the random surface and its
partial derivatives. Since the data is given in terms of the
scattering cross section which is proportional to the first
two statistical moments of the scattered field it is necessary

34to know the detailed statistics of the surface. Hoffman has 
evaluated the moments of the field, which are moments of 
Wiener integrals, using the Karhunen-Loeve expansion theorem. 
This theorem states that the random process ^(r) has an 
orthogonal expansion in the interval L

infeL (1.2-5)

where zm 's are uncorrelated, orthogonal random variables

(1.2-6)

and

iri €L
J* q (r)q*(r) dr = 6t m ^n mn (1.2-7)

if and only if and are e;‘-9'envalues and
eigenfunctions of the integral equation



where RCr^,^) is the autocorrelation function of £(r). This 
theorem decomposes the random process into an infinite set of 
random variables Zm and an infinite set of deterministic 
function qm (r). The various partial derivatives as well as 
integral are now specified in terms of known, i.e. deterministic 
functions. The indicated integrations and differentiations can 
now be formally performed. For a Gaussian process, with 
arbitrary correlation function, the resulting integrals can then 
formally be evaluated. The results of this manipulations are 
available in Hoffman's original paper.

7



1.4 Scope of the Dissertation

Based on the conditions of the source radiation 
and the rough surface with respect to the temporal variation, 
the three scattering models are formulated. These are

A. The scattering observation by a fixed source-observer 
from a static rough surface.

B. The scattering observation by a fixed source and observer 
from a dynamic rough surface.

C . The scattering observation by a moving source-observer 
from a static rough surface.

Thefield scattering is based on a physical optics approximation 
and the rough surface is assumed to be a real, isotropic Gaussian 
process with normalized Gaussian correlation function. These 
assumptions permit the complete evaluations of the physical 
optics intergral.

In the first model, the topic of Chapter II, the 
mean backscattering cross section is evaluated. The main 
contribution of this investigation is the numerical evaluations 
of the diffuse, non-coherent mean backscattering cross section 
valid for all angles of wave incidence, for both smooth and 
rough surface and for wide range of the source frequency.

In the second model, the topic of Chapter III, 
the temporal frequency spectrum is evaluated in terms of partial 

Doppler frequency spectrum. The scattered field is calculated

8



32based on an extended Parkins model while the surface is an
isotropic, Gaussian random process with correlated function

24suggested by M e d w m  and Clay . The results give complete 
information of the partial mean scattering cross section, partial 
Doppler spectral components with Doppler frequency shifts and 
spreads which are equivalent to the higher order Bragg resonant 
components. The partial components are a function of the angles 
of wave incidence near grazing angle of indicence and scattering 
the source frequency, surface roughness and the velocity and 
direction of the moving surface. Finally, a second order surface 
correlation function is proposed and analyzed. This second order 
model better predicts the measured data if the source wavelength 
is shorter than 20 m.

In the last model, the topic of Chapter IV, the 
mean Doppler spectrum is evaluated. The return field from the 
rough surface, which is assumed to be a real, isotropic Gaussian 
process, becomes not only temporal non-stationary but also non­
isotropic character due to the source velocity. The non- 
stationary and non-isotropic characters of the PO integrand are 
main contributions to the mean Doppler spectral spread, while the 
stationary character determines the magnitude coefficients of 
the spectrum. The Doppler spectrum spread is due to the surface 
roughness and the direction cosine of the source velocity.

In the final Chapter, the results are summerized 
and some additional work is suggested.

9



CHAPTERU MEAN BACKSCATTERING CROSS SECTION OF AN IDEALLY 
CONDUCTING ROUGH SURFACE FOR ARBITRARY ANGLE OF INCIDENCE

2-1 Introduction
When a plane wave impinges on an ideal, flat 

conductor the wave reflects according to Snell's law in a 
single direction. Backscattering is therefore only possible 
for normal angle of incidence. However, when the reflecting 
surface is rough the wave reflects in various directions and 
backscattering is possible for all angles of incidence. The 
terms specular and non-specular scatterings have been coined 
to denote those angular scattering components that are due to 
reflection from the mean surface which is assumed to be flat, 
according to geometrical optics and angular directions away 
from geometrical optical direction. The subject of this paper 
is the computation of the non-specular angular scattering.

There are a number of statistical parameters that 
characterize a rough surface. Two such parameters are length 
parameters; the height variance and the height correlation 
length. The variance describes the degree of the surface height 
roughness while the correlation length yields information on 
horizontal "periodicity". Since the measured data, on the 
reflection of electromagnetic waves from rough surface, is 
usually presented in terms of normalized mean backscattering 
cross section (MBC), the evaluation of the statistical second 
order moment of the field which is proportional to the MBC will 
be performed. For the purpose of physical interpretation it is 
convenient to divide the MBC near normal angle of incidence

10



into two component; a quasi-coherent and a diffuse component.
The quasi-coherent component is dominant normalized
geometrical optic MBC and the diffuse component is the additional
contribution to the dominant quasi-coherent MBC. Near grazing
angle of incidence it is convenient to decompose the MBC into
a coherent and an incoherent component. The coherent component
is due to the coherent field contribution while the incoherent
component is the additional effect on the MBC.

Data on MBC's are available for a variety of
5-7physical surface, such as backscattering from terrains ,

9-11reflection from planetary surface , such as Mars and Venus,
12 13and reflections from optical surfaces ’ . There are two

electromagnetic models that allow the calculation of the MBC;
a physical optics and a surface perturbation model. Further
each model requires additional assumptions on the nature of the
surface statistics for the MBC calculation. In the physical
optics model the current on the surface of the scatterer is
approximated by an image current attained using a local
infinite tangent plane approximation. The early statistical
models assume a Gaussian statistical surface height distribution
with height correlation function that is also of Gaussian form.

2This approach, first introduced by Isacovitch , has been reviewed
3 4 33in early as well as a number of recent publications ’

Although this model correctly predicts specular backscattering
for diffuse scattering there are discrepancies between the

4 7 33measured data and the theoretical predictions ’ ’ . A  Number 
of modification's have been introduced to the height correlation

11



function in order to be able to predict the diffuse scattering.
One approach uses an exponential correlation function. The
improvement here is due to the longer correlation lengh of
exponential damping as compared to the Gaussian correlation 

24 25function ’ . It has been pointed out, however, that an
exponential surface height correlation function can not

7 32represent a physical surface * . To correct this deficiency
a number of authors suggested to use a combination of correlation
functions, a Gaussian correlation function for short correlation
distances and an exponential correlation function for long

7 24 3 6correlation distances * * . I n  the same spirit, composite
statistical surface model has been discussed for a single

14 15physical surface ’ . In this model two or more independent
statistical surface height variables are specified. A large-scale
surface height variable produces a strong quasi-coherent
backscattering with small additional diffuse backscattering
while small-scale surface height variable produces a diffuse
backscattering that adds to the diffuse scattering produced by
the large-scale surface height variable. Physically, the
large-scale surface height variable represents gross feature
of the surface like mountains or large ocean waves, while
small-scale surface height variable represents detailed
features of surfaces, like gravel, stones or ocean ripples.
It is possible to postulate two independent statistical
variables one which is the surface height and the other is the 

25surface slope . Since the slope and the height of the. surface 
represent the same physical surface, correction terms, called



shadowing functions that reduce the effective scattering area
for a wave with a given oblique angle of incidence, are needed.
For a normal angle of incidence the effective area is the physical
scattering area, however, for oblique angle of incidence the area
is rediced. This area reduction increases the effective scattering
cross section leading to an increased diffuse scattering
component. A number of shadowing functions are available^
It is also possible to introduce non-Gaussian joint distribution 

25 26functions ’ . However, such distribution function lead to
mathematical difficulties and complicate physical interpretations
of the results. It is also possible to improve the physical
optics approximation. These improvements depend on the

1 3introduction of either an edge effect * or the inclusion of
21 22additional slope dependent terms ’

g
The surface perturbation model analyzed by Rice

, . . 29was originally developed by Rayleigh for an acoustical surface
scattering. In this method the equation representing the surface
is expanded in a spatial harmonic Fourier series with ramdom
amplitude Fourier coefficients. These coefficients characterize
the roughness of the surface. In the Rayleigh method, the
scattering field is decomposed into a spatial harmonic series
with unknown reflection coefficients for each rectangular
component of the field. Using the divergence equation and
boundary conditions and the spatial harmonic series for
statistical surface in a small slope approximation, the
averaged reflection coefficients are evaluated.

In this paper, the electromagnetic backscattered

13



field is evaluated using the physical optics approximation with 
statistical surface realizations that are sample functions of a 
Gaussian process . A Gaussian random height process is equivalent 
to a very large number of joint height probability distribution 
function. The resulting integral expression for backscattered 
field is a Wiener integral. The mean and mean square field have 
been formally evaluated by Hoffman^. Using some o f  expressions 
derived by Hoffman, we evaluated the MBC for isotropic surface 
realizations for all angles of wave incidence,

In section two, we define of electromagnetic 
scattering model and the parameters of the rough surface. The 
evaluation of the MBC for all angles of wave incidence is done 
in section three. Finally, in section four we summerize the 
results.

14



2.2 The Rough Surface Backscattering Model

It is known that the backscattering electromagnetic
field due to a plane wave incident on an arbitrary condcting
surface can be cast in an integral form. This integral can be
obtained either by proceeding from the Kirchhoff-Helmholtz 

3integral , which is a mathematical statement of the Huygens'
principle, or by postulating an optical surface current induced

37by the incident field ,.or by starting diretly from the free
28space dyadic Green function . The result of any these caculations 

for the backscattered electric far-field amplitude due an unit 
amplitude plane wave incidence is

E(P) = - m T "  * <*i' V  £dS0 (2.2-1)
o

where k = trf/c is the free space wave number with ^ as the radian 
frequency of the source and c is the velocity of the light in 
free space. In Eq.(2.2-1), R is a distance from the origin to 
the point of observation P, r is the local surface radius vector

r = x ax + y ay + £(x,y) az (2.2-2)

an is the local surface normal unit vector

ii(XzZla + . a
an = -t— --- ^  JZ-----------=2} (2.2-3 )

^  -  < §> 2+ <!f>23z

k^ is the incident wave number vector

15



k. = k sinueosva + sinu sinv a - cos u a (2.2-4)— i —x —y — z
with u and v as the angles of elevation and azimuth of the
incident plane wave, and SQ is the effective illuminated area
(See Fig.2-1). It is assumed the field is time harmonic of the
form exp(-jtft) where j=(-l)2. By projecting the optical
differential surface area dSQ on the x-y plane, the backscattered
field Eq.(2.2-1) is

- i k e J ,k R  r
E(p ) = 2 TT R  J f ' ~dx dy (2.2-5)o

with
-F = (k. • a )/k(a * a ) = sinu cosv ̂ ---+ sinu sinv -— + cosu (2.2-6)— i —n — z — n o x 6 y
and S the effective illuminated area on the x-y plane. Eq.(2.2-5)
is the final form of the backscattered electric field suitable
for statistical computations.

The backscattered EM field is a random process since
it is dependent on the surface height ^(x,y) which is itself a
random process, The random surface height £>(x,y) is assumed to be
a real Gaussian random process of two independent variables x and
y. The process £(x,y) is characterized by its mean value< ̂ (x,y)>

2 2=o, that is the z = o is the mean plane, variance d = < ^  (x,y)> ,
independent of the location of the surface, and surface height 
correlation function C(x,x',y>y’) =<^(x,y) ^(x' ,y') > /d2 
where< ..^ is the ensemble average of the process. The surface 
height correlation function C(x,x',y,yr) is assumed to be 

radially isotropic, that is, 2?(x,y) is a wide-sense stationary

16



Gaussian process with correlation function dependent on the
2 2radial variable t1=[(x-x') + (y-y') only. Our interest is in 

the mean magnitude square of the electric field since it is the 
quantity that is proportional to the MBC. Eq.(2.2-6), the mean 
magnitude square of the electric field is

<EE*>= I e-j Ckx (x-x')+ky (y-y')]ds ds, {2 .2-1 )

where
2 • 2 I = cos u M^ + sinu cosu(cosv M£+ sinv ) + sin u sinv cosv

2 2 2(M4 + M^) + sin u(cos v M^+ sin v VLj)

A - ( —^-)2 1 2rrR
and M = < ,ej2k cosu[^(x,y) - ^(x* ,y* )]>

. a£ v j2k cosu[^(x,y) - £(2
2 =< 1 5x + 3x' } 6

M  _< ( «L£ , <l£ ) j2K cosu[^(x,y) -
3 3y 9y'

m  _< . §&. eJ2k cosu[^(x,y) - ^x'.y')]4 ax dy'
M _< a£ a£ e.j2k cosu C?(x,y) - ^(x',y
5 ay ax'

M  -< j2k cosu[^(x,y) - ?(x' ,y
“ $x ax' e

M -< ^  COSU [?(x,y) - £(x' ,y' )].
1 ay ay'

The M functions are known from the work of Hoffman1 on scattering
of EM waves from a rough surface. For a random, stationary 
Gaussian surface, Hoffman was able to formally evaluate the M 
functions using the Karhunen-Loeve expansion theorem. The result 
of this calculation is

(2.2-8

(2.2-9)
(2.2-10)

1_1 V (2 .2-11)

'y ')]> (2.2-12)

1> (2.2-13)

I> (2.2-14)

l> (2.2-15)

1>. (2.2-16)

17



M 1= exp£-p2(l-C)} (2.2-17)

m 2= - !§•> Mi (2-2-18)

M 3= - § • >  M1 <2’2-19)
2.2 / 3 C 23C 3C \ -K, 0 o r̂\\

M 4= + P a r  > M1 2-20J
?2/ S C 2SC SC \ it (o o o-i \

5= < 3 ^ 3 ?  + p 3 ^ 8 ?  ’ M1 (2.2-21)

2/ 3 C 23C 3C  ̂ 0
M6= C (t e 3 ^  + P H  IS* > M1 (2.2-22)

22 ' S C 2SC SC \ / o o oo \H7 = « lw r  "l (2.2-23)

where
p =2kcjcosu (2.2-24)

For additional details the calculation can he found in the 
Ref.l. Knowing that integrand of E q . (2.2-7) is function of 
(x-x') and (y-y') only, the integral can be simplified by the 
coordinate transformation

x = x-x' (2.2-25)

y = y-y' (2.2-26)

The result of this transformation is
OO , — —

<EE*> = ASj\f T1T 2l(x,y)e_:|2(kxX+kyy)dxdy (2.2-27)
— 00

where and T 2 are the aperture functions which for rectangular 
effective are of illumination are

_ r1— I x | / 2X |x|= 2X , .
T1 - l 0 |x|= 2X (2.2-28)

18



_ fl-|yl/2Y 
12” l0 = 2Y (2.2-29)

where 2X and 2Y are the lengths and S is the effective area as 
4XY. The function l(x,y)takes on significant values near the 
origin of x and y due to the exponential damping of the 
correlation coefficient C(x,y). Thus area effects are negligible 
when the aperture dimension is large compared to the correlation 
distance L, and therefore we approximate the integral

00 , . — — - 
<EE*> =AS,f,fl(x,y)e~J2 ^kxX+ky^ dxdy (2.2-30)

— OO

Because the surface statistics is isotropic, the correlation 
function depends on the radial distance t only, where t and w 
are the cylindrical coordinate variables

t 2 = x 2 + y2 (2.2-31)

w = tan "^x/y (2.2-32)

We next transform the integral E q.(2.2-30) into the new coordinate 
system. The phase term in the integrand is

J = e-jqtsin(W+v) (2.2-33)
w

where
q = 2ksinu (2.2-34)

In Appendix A, the M functions are transformed to radial 
coordinate system resulting the following transformed M functions

M.1= exp [ - p2[l-C(t)]} (2.2-35)
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(iPM2=-j2c)psinw^: M 1 (2.2-36)

r)PM3=-j2tfpcoswg: M (2.2-37)

M4= M5=-ig^2sin2w L M (2.2-38)

M6= Jgtf2{L1cos2w - L 2} H± (2.2-39)

M?= igc;2[-L1sin2w - L 2} m  (2.2-40)

where
T - 1 dC 2,dCv2 (? ,1,2= j. 2 t dt (dt> (2.2-41)at

The integral Eq.(2.2-30) can be now written in cylindrical 
coordinates as

00 2tt ■ • / %
<EE*> = ASi J* l(t,w) e“JqtSin Ŵ +V^tdwdt (2.2-42)0 o

The quantity of interest is the MBC

3 = lim[4-rrR2<EE*>/|E. | 2] (2.2-43)
R -o o  1

nwhere |E^| is magnitude square of the amplitude of the incident 
electric field. In the next section the mean magnitude square 
of the scattered field will be evaluated for an surface whose 
correlation function of the height is isotropic Gaussian function 
with correlation distance L

C(t) = exp(-t2/L2) (2.2-44)

It is known that the Gaussian correlation function leads to a 
reasonable representation of variety of physical surfaces. The 
random surface is characterized by two lengths, the vertical
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and horizontal roughness parameter d and L respectively. It will be 
convenient to deal with normalized parameters

d = 2d/L (2.2-45)

SL = Kd = 2rrd/X (2.2-46J

where d is the normalized roughness called rms slope and a 
is the Rayleigh parameter and X is the wavelength of the source.
We also find it convenient to introduce a normalized MBC

d° = 5/S (2.2-47)

where S is the scattering area. The degree of the surface rough­
ness is characterized by the Rayleigh parameter which for a rough 
surface is

I >1

and for a smooth surface it is

Z <1
Obviously X should be small for physical optics approximations 
to be valid
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2.3 The Evaluation of the Mean Backscattering Cross Section(MBC)

To evaluate the MBC we note, from E qs.(2.2-42)- 
(2.2-47), that the angle and radial integrations separate. 
Separating the t and w integrals, we have

2°° 9 o 9
d°= 2^Sdt t exp p '[(cos u—|cj I^sin u)/ Jwdw

2rdC- jdpsin2u^-/ sin(w+v) Jwdw (2.3-1)
1 2 2 2rf 2 2tT j - |d L {sin usin2vJ'sin2wJwdw - cos ucos2vJ’cos2wJwdw}]
I o . o
! The w-integrations are now identified as special cases of the

. . 35Richard-Wolf identities
2tta cos, . -j r c o s ( w - v ) , -\n_ _ , ,cos, . i sin w dw=(-j) 2tr JR (r)sin(nY) (2.3-2)

where Jn (r) are the Bessel function of the first kind of order n.
From Eq.(2.3-2) we find for the three cases of the w-integration
in Eq.(2.3-1), noting J defined in Eq.(2.2-33)w

2tt
J* J d w  = 2TT J (qt) (2.3-3)
Q W O

2rr
J1 sin(v+w)J dw = — j2tt J. (qt) (2.3-4)\J j.o
2tt

S sin(2w) Jwdw = +cos(2v) 2tt J 2 (qt) (2-3"5)o

Using E q s .(2.3-3)-(2.3-5), Eq.(2.3-1) simplifies as
OO 2

d0=k2,fdt te ^ ^  C ^[(cos2u-|d2L 2sin2u)Jo (qt)-dpsin2u^i^(qt)

+ |d2L 1sin2u J2(qt)] (2.3-6)

As expected d° does not depend on the azimuthal angle of
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incidence. To complete the radial integration, It is necessary 
to approximate the term exp^-p (1-C)]. There are two cases of 
major interest, the case when the direction of wave incidence 
is near normal and near grazing angles.

First we will consider the near normal angle of 
incidence. For a rough surface the correlation length is small 
and the correlation function has appreciable values only for t 
close zero. Therefore we expand the Gaussian surface height 
correlation function in a Taylor series about the origin and 
truncate this series after the first two terms

-p2(l-C)^ -(pt/L)2 (2.3-7)
C  a/ C

L ±k (1+p2 ) ( 2t/L2) 2- (l+2p2) ( 2t2A 3 ) 2+( l+3p2 ) 2 (t3/L4 ) 2 .3-8 )

L 9~-4/L2+ (2+p2 )(2t/L2)2- (3+4p2)2(t2/L3 )2+(^+p2)(2t3/ 4)2 
2 (2.3-9)

Substituting L 1 ~ and the approximation for the exponential J- 9 z
term into Eq. (2.3-6), cj° becomes

d°= k2[cos2u IQ0+ sin2u{2cjpL-2I1;L-2(jpL-4I3l+cjpL"6I5;L3 (2.3-10) 

+ sin2u{2d2L -2Inn-2d2L_4(2+p2)I„n d2L _6(3+4p2 )I00 ^  v ^  '"20" ~ tr /-40

+ 2d8L“8I60+2d2L"4I22-2d2L"6 (l+2p2)I42+d2L"8 (l+3p2)I62}]

where I are mn
00 1 +-2I = s tm J (bt) e a dt (2.3-11)mn no

31The integrals of Eq.(2.3-12) are Weber exponential integrals 
of first kind and derivatives with respect to a. The Weber
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integrals are

I = J9 tm+1J (bt)e_at dt = bm (2a)“ m̂+1^e“ ^b //4a  ̂ (2.3-12)mm 0 m 7o
Substituting Eq.(2.3-12) and appropriate derivatives in Eq.(2. 
3-10), we have

go (u, ♦ * - ^ ( u )  + + - J 2>3_i

where
gQ (u)= GQ (u)[l+2tan u+tan u + * • ( 2 . 3 - 1 4 )  

g 1 (u)= Gq (u) tan2usec2u[]a(!)-t-a^tan2u+a^tan4u-f-• ■ • ] (2.3-15)

g 2 (u)= Go (u)tan2usec4uCb(!)+b^tan2u+b^tan4u+'• (2.3-16)

g^(u)= Go (u)tan2usec^u^c^+c^tan2u+c^tan4u +*• ( 2 . 3 - 1 7 )

and
2

G (u) = exp(-— rtan2u ) (2.3-18)
° 4 d z

The coefficients in E q s .(2.3-14)-(2.3-17) are

â =: d2/L2 -1, a^=L2/8d2-7/8, a£=L2/8cj2 (2.3-19)

b ' =15/26+3L2/26cj2 , b 1,=3L4/26d4+L2/26d?bl=L6/26d6-19L4/211c/4 
° 1 J (2.3-20)

c (!)=cj2/24L 2-2"7 c ^=L2/26cj2+5/3-24 , c£=L2/210b 2 (2.3-21)

Using the normalized length parameters defined in Eqs.(2.2-45)
and (2.2-46), we have final form for MBC

,o ,o - 2 ,o —4,0 — 6_,o / „ ,
d = dg + X ^!+ £ 42+ I c»3+ * ’ ' (2.3-22)

where
2

d°= dn2 e-  ̂ [l+2tan2u+tan4u + ’••] (2.3-23)
2^



2 2 4 d°= Bsec u[[aQ+a1tan u+a2tan u+. (2.3-24)

cj 2= Bsec‘̂ u[bQ+b1tan^u+b2tan^u+. (2.3-25)

d°= Bsec u^CQ+c^tan u+C2tan u+. (2.3-26)

and
tanu

5 = a (2.3-27)
n

B = 6 2e-8 2 (2.3-28)

with normalized coefficients as

a0=^cfn-1 a1=l/2«2+l/24tf2 a2=1/2dn (2.3-29)

b =3/24d^+15/26 b =3/22d4+l/24d^ (J n i n n V 1/dn (2.3-30)

c0=c/2/26-i/27 c1=l/24d^+5/3 • 29 c 2=1/28t4 (2.3-31)

The MBC near normal angle of incidence is an asymptotic 
series in term of the Rayleigh parameter z • The first term 
cj° is the geometric MBC while the additional terms are the 
high frequency correction to the geometric MBC. The geometric 
MBC can be separated into two terms

d° = d° + b° (2.3-32)g go gl

with

and

1 _K2
d° — 7T e (2.3-33)go ,2 2^ d cos u n

2
cf°1= ^ 2  e_6 [tan2u + tan u +...] (2.3-34)
9 dn

where we have been used the identity



The first term is the quasi-coherent MBC 21,22,30 ■while the
second term represents the additional geometrical backscattering. 
The additional geometrical terms and high frequency corrections 
are the diffuse backscattering terms(DBS). In Figure 2.2-2.6 
we plot the DBS contribution to the MBC vor f equal to 1.5 and 
various values of d^. Of course, the DBS is zero for normal angle 
of incidence.

of incidence. For grazing angle of incidence the approximation 
of E g.(2.3-7) is not effective because p = 2fcosu is nearly zero. 
For small values of p, the approximation is

e-p (1-C) _ e-p ^  + p2c j (2.3-36)

Eq.(2.3-36) is reasonable approximation for all angles of wave 
incidence for a smooth surface because p is small since the 
Rayleigh parameter Z is small. We find it convenient to separate 
to the mean square field into a coherent and an incoherent 
scattering component^

where <E><E > is the coherent and the covariance of E . is the 
incoherent part of the mean square field.

From Eq.(2.2-5), we have for the coherent
normalized MBC

We now consider scattering near grazing angle

<EE*> = <E><E*> + covar{E} (2.3-37)
*

(2.3-38)

where
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±j2kcosu ?(x,y)> _ e~hp2 (2.3-39)M = <e o
2and |E | is the coherent pattern function for a flat surface.

The coherent pattern function for a rectangular illuminated area 
is the square of the sampling function. The sampling function 
argument depends on the patch length. M q is a coherence factor 
(coherent reflectance) that smears the coherent pattern function1" 
The coherent MBC is large near normal angle of wave incidence and 
small near grazing angle of wave incidence.

The incoherent normalized MBC is obtained by- 
subtracting from the total MBC the coherent MBC. Performing the 
subtraction, the result in cylindrical coordinates is

.2 °°2tt 9 2
d? = SS (1-cos ue p )J t dtdw (2.3-40)m e  2tt oq w

The angular integrals are identical to the angular integrals 
obtained for near normal angle of incidence(See E q . (2.3-6)) and 
therefore

OO 2
d°nc= k 2/ e-p t[p2Ccos2uJQ (qt) + (l+p2C)[-^d2L sin2uJQ (qt) 

o
d P  9 9-dpsin2u^-J1 (qt) + ^d sin u L J 2 (qt)}]]dt (2.3-41)

Using the exact expressions for L. „
± 9 z

4t2 2L 1= ~ ( l + p zC)C (2.3-42)
^ L

24 4+- 2
L =- 2= + (1+p C )C (2.3-42)
Z L L

the incoherent MBC becomes 
2

d?nc= Jc2e-p [2dpL_2sin2uI211+ 2d2L~2sin2uI110+ 2d2L-4sin2uI3l0 

+ p 2{cos2uI q + 2dpL 2sin2ul221+ 2d2L 2sin2uI12Q



+4d2L 4sin2u(-I32Q+ I322)}+ p42d2L 4sin2u(-I330+I332)]
(2.3-43)

where are the integrals

W ' ?  e-(nt2/L2) Jx (qt) dt (2.3-44)
o

The integral of Eq.(2.3-44) can be evaluated using the Weber 
integrals of Eq.(2.3-12). Substituting Weber integrals and its 
derivatives into Eq.(2.3-43), we obtained the incoherent MBC as

2
d?nc=2L2k4d2e~p C (d' lx+d '3 2 ) W4+ d2k 2d ’2W 8+ d4h4d'3W 12]

(2.3-45)
where

Wn = exp[ - (2kLs inu) 2/n] (2.3-46)

and the coefficients are
4d ' cos u (2 .3-47)
. 2  2 . 4  d'12= 2 s m  ucos u + s m  u (2.3-48)
. 2  4 . 4  2 d'2 = 2 s m  ucos u + s m  u cos u (2.3-49)

4 4 4 , 3  d'3 = 2 s m  ucos u/3 (2.3-50)

Using the normalized length parameters defined in Eqs . (2.2-46)
and (2.2-47), the final result for the incoherent MBC becomes

,o 8 r- .4 4 ,, , . — _ „6 6 , TT „8 8 8 , TT -i 0\ = —  JJL cos u(d +d )W +X cos ud„W +Z cos ucos ud~Wq+...J x nc i z i _L x ̂ x ^ ^ j y o —) r-. \0 I Z .0-51 ) n '

where
W -W e_p2 - p~4X 2(cos 2u+s in2u/id2) i n - 11

(2.3-51)

dH =  1 (2.3-52)
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d12= tan^u (2 + tan^u) (2.3-53)

= tan3ucos3u(2 + tan3u) (2.3-54)

d3 = 24tan4u/33 (2.3-55)

The incoherent MBC near grazing angle of incidence is a power
series in the Rayleigh parameter Z . The dominant term in the

4series is proportional to I which is Rayleigh scatteremg.
A term similar to the dominant term of Eq.(2.3-51) has been

23obtained by both surface perturbation and physical optics 
calculation . In Fig.2.2-2.5, we plot the incoherent MBC(IMBC)
with identical values of parameters of the MBC plots in order to
compare with. For the convenience we plot d 3cf° in the decibel 
scale. We determine the transition region graphically. In Fig. 
2.6, we plot the IMBC with respect to the Rayleigh parameter. 
These results show that physical optics does predict 
correctly the shape of MBC for all values of wave incidence.
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2.4 Summary

Based on a physical optics current approximation, the MBC 
for an ideally conducting real, stationary, isotrppic Gaussian 
surface height process has been evaluated. In the physical optics 
approximation the backscattered field is a function of both the 
surface height and its derivative, the surface slope process.
The results of the calculations show that for near normal angle 
of incidence the MBC can be expressed as an asymptotic series 
while near grazing angle of incidence as a power series in the 
Rayleigh parameter Z • The leading term of the asymptotic series 
is the quasi-coherent MBC that has been obtained by both

2 3simplified physical optics and geometric optical computation ’ ’

4 21 . . .’ . The additional terms m  the asymptotic series, denoted as
DBS, are due to the slope dependency for the backscattering
integral. The DBS is zero for normal angle of incidence. The
leading term near grazing angle of incidence is proportional

4 . .to Z that is typical for Rayleigh scattering. This result has
23 27 34been obtained by surface perturbational calculations ’ *

Again, the higher order terms are due to the slope dependency 
for backscattering integral. As expected, because of the assimed 
isotropic surface statistic, the MBC does not depend on the 
azimuthal angle of wave incidence.
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CHAPTER III SCATTERING FROM DYNAMIC ROUGH SURFACE

3.1 Introduction
A great many experiments have been performed in 

the investigation of acoustic and electromagnetic scattering 
from both static and dynamic rough surfaces. A.great wealth data 
for a wide variety of surfaces are available in both early"*" and

2 T ij,in recent publications. Theoretical approaches for the
interpretation of the mean scattering cross section, the usual
result of the measured data, use either a physical"*"’-̂ or

7 6geometrical1 optics or a small surface slope perturbation theory.
Crombie^’'*"0 has measured the temporal frequency characteristics
of scattering from an ocean surface using a very long wavelength
radar of 20 m. The observed Doppler spectrum was a nominal
Doppler frequency of .5 Hz shifted away from the source frequency
and Doppler spectral spread of .03 Hz. Since then a large number
of Dopller spectral measurements have been reported using

1 1 —1 ftdifferent radar frequency and illumination
The measured Doppler frequency shift can be predicted 

by assuming the sea wave trains contributing the most to the 
frequency shift are those that are travelling toward or away from 
a stationary observer. The Doppler frequency shift can be' then 
calculated from a gravity wave dispersion equation. The result 
for this computation can be identified as an equivalent Bragg 
condition. However at a high frequency the measured data of the 
shift deviated from the one predicted by first order Bragg 
scattering. A correction to the Doppler shift in terms of the 
ratio of surface tension to water density was suggested by Wright"!-"*"
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12Bass introduced a second correction term that is due to wind
drift velocity and the angle between wind direction and wave
incidence vector. Instead of predicting the Doppler shift alone 

19 12Barrick 7 and Bass used the geometrical optics-perturbation
analysis to predict the magnitude of the Doppler spectrum. This
analysis is called first order theory since it predicts the first
order spectral peaks only. To predict higher order spectral
components, which appeared in the measured data above ^ MHz,

IZl i 7Hasselman ’ 'introduced a second order theory. Here it is assumed 
that an interaction between incident wave and two water waves 
occurs. As a result of this interaction,four spectral components 
are produced. The two additional components satisfy a second 
order Bragg condition. Further multiple interactions are needed 
if higher order Bragg conditions are necessary. The geometrical 
optics-perturbation analysis requires separate consideration for 
calculation of the amplitude and Doppler shift of the spectrum. A
physical optics approach, using the Pierson-Neumann's simplified

22 2*) ocean surface directional spectrum was introduced by Parkins .
However Parkins considered the coherent Doppler spectrum only.
The coherent Doppler spectra yield good results for near normal
angle of wave incidence. However, near grazing angle of wave
incidence, non-coherent scattering is important leading to

2 3Plateau phenomena ’J.
In this paper the autocorrelation function and the 

Doppler power spectrum is calculated for a time-varying rough 
surface. The scattered field is calculated by a physical optics 
current approximation. The scattering surface is modeled as a
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three dimensional, two spatial and one temporal, a Gaussian, 
stationary height process with zero mean and variance. The 
surface height correlation function is a Gaussian envelope.
travelling wave function in the temporal and spatial variables.

. 21This type of correlation function was suggested by Clay-Medwm 
as a good experimental fit to his as well as Kinsman's measured 
data2-̂ .

In section two, the scattered field from a time- 
varying Gaussian surface height process is developed. In section 
three, the normalized incoherent autocorrelation function is 
derived. The results are presented in terms of normalized 
surface roughness parameters. In section four, the normalized 
temporal frequency spectrum is obtained. The first order spectrum 
predicts third order Doppler frequency shifts. In addition, by 
correcting the surface height correlation, second order Doppler 
frequency shifts and spreads are predicted. In the last section 
a summary is presented.
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3.2 Scattering by a Time-Varying Rough Surface
It is known that the solution of a time dependent 

scalar wave equation can be cast an integral form

where £, is the scattered field at the observation point P(R) far
from the surface at a distance R, n is the local surface normal,

■ •
c is the velocity of wave propagation, & =  is the total
field at the surface and the square bracket denotes time reta­
rdation as [ £ ]= (x,y,z,t-R/c) and S" is the scattering area.
Using the frozen surface hypothesis and the local tangent

20approximation, Parkins derived the scattered field from rough
surface for a time harmonic plane wave incidence withradian
frequency id and th wave number k= r f / c  c c

(t,R)= s F e ^ - ’- ^ d x d y  (3-2-2)
S

where S" projected to the mean plane so that S is the effective 
scattering area on the mean plane ad r is a surface radial vector

r = xa +ya + $(x,y,t)a (3.2-3)x y a

The function F and K are
F=cosu + sinu cosv^ + sinusinv ^  (3.2-^)

K=ki " ks (3-2-5)

with k. and k are the incident and scattered wave number vectors — 1 — s



where u,v,u and v are the elevation and azimuth angles of wave s s
incidence and scattering, respectively. We note that F is only
function of the angles of wave incidence and directional surface .
slopes. All geometrical parameters are depicted in Fig.3*l* The
field £(t,R) can he interpreted either as a acoustic field i.e.
pressure, sonic and ultrasonic field or as a linearly polarized
electromagnetic field.

The scattering field is a random process since it
depends on the surface height z = £(x,y,t) which is itself a
random process. The random surface height is assumed to be a real
Gaussian stationary process of three independent variables x,y
and t. The process £(x,t,y) is characterized by its mean value

2 2< ?(x,y,t)>=0, which is the x-y plane, the variance ^ =<% (x,y,t)> 
which is independent of the temporal and spatial location of the 
surface due to the assumed stationarity, and the surface height 
normalized correlation function C(x,y, )=d-2< ^(x,y,t)^(x' y'jt^ 
where <*°°> stands for an ensemble average. The normalized
correlation function C is a function of temporal and spatial ,
separations as x=x-x', y=y-y' andt=t-t'. For wind driven sea
surface C can be expressed as a modulated travelling wave as

21 22proposed by Clay-Medwin based on their as well as Kinsmans J

experimental investigations
2 -2 -2

C = exp£- ^ -xg Y- } cos(fxx + fyjr- ^ dx) (3*2-7)

where T is temporal correlation duration and L is spatial
correlation distance, and wave is travelling in an arbitrary
direction with phase velocity J~f2+f2 where f and f are

cl x y  x y
directional ocean wave numbers as f =fcosa, f =fsina.y x



Since the most of the experimental data are given 
in terms of the mean scattering cross section and/or the power 
spectrum, the second order statistical moment, the autocorrelation 
function of the scattered field is of interest. The auto­
correlation function of the scattered field is

Q(tt )= < &(t,R) 6 (t+t,R)> (3-2-8)

where the asterisk denotes the complex conjugate of the field.
oh.This function is also known as self-coherence function of the 

field at point P(R). Substituting Eq.(3.2-2) into Eq.(3«2-8) and 
interchanging the integrations and averaging, we have

Q( t )=Ae"^cIJ,gJ‘s, I e“^ Kx^x“x )+Ky (y-y ^dxdx'dydy' (3.2-9)

L=k2/(2TfR)2
rectangular components of the vector K and
where A=k /(2ttR) and K and K are the scalar coefficients of thex y

I=c os2uM^+sinuc osu{c osvMg+sinvM^} (3»2-10)
+sin2u{sinvcosv(M^+M^)+cos2vM^+sin2vM^}

O
The M's, defined below have been evaluated by Hoffman for real, 
stationary Gaussian surface height process

Mx= < X > = expC-p2(l-C)} (3.2-11)

M 2= <(§! + M1 (3.2-12)

M3= <(tf + M1 (3.2-13)

M<T t f x >  ■ + p2 It i ’)Ml (3‘2-l4)
m5= <H'lfX> " ^ S t ^ S y  + P2 §$■§§> M1 (3.2-15)

M^ < | l | . x> =  ‘% ! ^  + P2 ! £ & >  **, (3.2-16)

M7= < l | | . - - 2^  + P2 | f t f ^ l  (3-2-17)



where
x = e-JKz[ ?(x,y,t)- S(x\y',t')] (3 .2-18)

P =K a (3-2-19)
<ct

We note that the autocorrelation function Q.(x) is time- 
stationary if the surface height correlation function is temporal 
stationary. For the evaluation of the autocorrelation function, 
we separate coherent and incoherent components as

Q( T ) = Qc(T ) + Q-j-CT ) (3.2-20)

where the coherent component is

Q0 (t  ) = < & > <  6*> (3.2-21)

and the incoherent component is

Q].(t  ) = covar[[&] (3.2-21)

From Eq.(3.2-8), the coherent autocorrelation function is

Q ( T ) = A e ' ^ c 1 cos2u |E2 | (3-2-22)
G U L

where
Mq= .< e"^Kz ^ x,y,t)> = exp{-p2/2} (3-2-23)

is the characteristic function and

E = f e " ^ Kxx+Kyy^dx dy (3.2-2^)c S
The magnitude square of E is the coherent pattern function forG
a flat surface. This functin is dependent on illumination. For 
a rectangular patch it is a squared sampling function while

pfor a circular patch it is an Airy Disc pattern. The term MQ is 
a surface roughness factor( or coherent power factor) which 
smears the coherent pattern function. It is unity for specular
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scattering and it is near zero for backscattering. A great deal 
of measured data has obtained from source radiating near grazing 
angle of incidence1^’ Near grazing angle of incidence, 
thethe coherent power reflectance is near zero and therefore the 
incoherent component is dominant term in the total autocorrelation 
function.
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3*3 The Incoherent Autocorrelation Function
The incoherent component of the autocorrelation 

function can be obtained by subtracting the coherent component 
from the total autocorrelation function

QT ( "C )=Ae“  ̂ c J* J1 [I-cos2ue”p ]e_^ Kx^x_x )+Ky(y-y ^dxdx'dydy'
x S S' (3 .3-1)

where S and S' are identical illumination areas. This integral 
is two dimensional Fourier transform with respect to (x-x') and 
(y-y')> Since the integrand is a function of (x-x') and (y-y') 
only, the integral can be simplified by using reasonable 
approximation as in the Chapter II

QI( T )=ASe“^ c T^|Tf[l-cos2ue"p2] e~^ zKtcos ( Q~0 K ) zd0dz (3.3-2)
where

and

K2 = K2+ K2, 0k= tan_1(Kx / Ky) (3*3-3)

z2 = (x-x')2 + (y-y')2, 0 = tan 1 j"_-x , j- (3*3-^)

The quantity, I, in the integrand, using Eq.(3-3“^)» is in the
new cylindrical coordinates

d2 . g-sin u
2 2

I = e"p ^1”G^Ccos2u- ^-sin2u L,-jdpsin2u[sin(v+0 )|̂ -+c o s (y +0 )-|w]
2

+ ■^-sin2unsin2v(-sin20L-^-2cos29L^) +cos2v(cos20L1-2sin20L^) ]}
(3.3-5)

where

h , 2= + p2 « ! f > 2 * zV ! § ) 23 <3 -3 -6 )

= H l f e  - I2H  + f2|f 0 .3 .7 )

Since p2 is small near grazing angle of incidence the term
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exp£-p2(l-C)3 can be approximated as

expC-p2 (l-C)} £ exp{-p23(l+p2C ) (3*3-8)

Using this approximation in the integrand leads to a cancellation
O  o

of the term exp{-p^}cos u, and the integrand containes term up to 
C3. Letting

J exp[-p2}= I-cos2uexp{-p2} (3*3~9)

we have for J(See Appendix B)

J=ONio+ ON01+ C2N20+ C2N02+ OCNu + C ^ H -  C2CN21+

with
2 2

N-, =p2cos2u + jwpsin2u sin(v+0)^§ + ■—-sin2u[72 +fn-"^rrlIl-cos2(v+0)]}
10 L (3.3-H)2

Noi=jdpsin2u(fxSinv+fycosv)-^-sin2u^| f2 (3,3-12)
2 2 ^

N-q= jdp3sin2u(fxcosv+fy.sinv)^2^zsin2u f2 (3*3-13)

N2o=P2(Ni o -c °s2u ) (3*3-1^)

N02=-p2b2sin2uff/2 (3 * 3-15)

N21=-p2cf22z2sin2u fg/L^ (3,3-16)

N-̂ 2=-p^c>2sin2u f ±/ 2  (3*3-17)

N^Q=-p^d22z2sin.2u[[l-cos2 (v+6)3/ (3.3-18)

where

fn=(f2 + f2) + 2f f sin2v + (f2-f2)cos2v (3*3-19)-L x y a y a y

fo=sin0(f -f sin2v-f cos2v)+cos0(f -f sin2v+f cos2v) x  y  x  y  x  y

=sin0 VJ + cosO V2 (3*3-20)
and

2 2
5 = exp{- sin{z(f sin0 + f cos0)-<^3 (3*3“21)ip/C j C  x y a
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The integral for the incoherent autocorrelation function is
2 • , 00 2 t t  . t ,  / q  \

QT (v )=ASe"P S S Je"JzKtcOS( V  zd9dz (3-3-22)1 o o
For algebraic convenience, we decompose C and C into forward and 
backward travelling waves as

(q ) = ( i5) (C+1=F C_1) §° (3-3-23)

where we have used the identities

' !(a) = i(eja+ (3-3-2^)s m (
cos

and Cq is spatial and temporal envelope function as

C* =exp{-n(4 + S§)} (3.3-2 5)2 2 ‘ T L
and C+1 is phasors

C±m=expC-jmC±^'c +z (fxSin6+fyCOs0)]} (3-3-26)
Similarly, we decompose the set £CmC i n t o  the travelling 
waves

c2= ic2 + ic2 (c+2+ c"2) (3-3-27)

c2= ic2 - ic2 (c+2+ c-2) (3*3-28)

c5=-jic2(c+2- c-2) (3-3-29)

°3= s c?(c+3- c“3+ 3C+1+ 3c"1) (3.3-30)

C2C=-j^c3(C+3_ C“3+ c+l_ c-l) (3.3-31)

CC2=^c 3(_c +3_ c-3+ 0+1+ c-l) (3.3-32)
and substituting Eqs.(3-3“23) through (3-3_32) into J and



n  4rnfactoring the same order of C Q and C -  , we have

J=*02(N20H- N02) + |0+1CJ(N10T 3H01 )+ iO±202(N20- JNU )

NizT 3Nzi)+ c & ( f t 3 0 -  N12T jN21)] (3-3-33)

Separating Qj(x ) as

8 l < T >=»Si < 4 ‘ x > (3-3-3^)

where

Q± =ASe-PZ-j'ioTJ'”j’2,rj l e - :izICtcos(0-!4K)z dzde (3-3-35)mn w w m>n ^ ^ 'mn o o  mn

with

J02=i°o(N 20+ N 02> (3‘3'36)

df1=iO±1C^(N10+ jN01) (3.3-36)

4 2=ic±2o2(N20- N02± ON^) (3-3-3?)

j 1 3 =5 c ± 1c ! <3N 3 0 +  n 1 2 “  3n 21> (3.3-38)

j|3=|c ±3C^(N30- N12? jN21) (3.3-39)

The term JQ2 has no phasor and therefore QQ2 is the component of 
the incoherent autocorrelation function due to a quasi-static 
surface. The integrations Qmn with respect to z and 0 are 
similar. Next the integration QQ2 is carried out in detail. The 
evaluations of the rests a^e done in Appendix C. We will
first integrate the angular variable and then the radial variable. 
Defining the angular integrals

(|“) = / ^ ( m e )  e - j ^ ^ ' V d e  (3.3-lto)
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we rewrite Qq2( t )
2 00

Q02(t )=ASe“p "3® c V  dz£z (dpC0sinu/L)2(l-2z2/L2)

- j dp (pC0z/L) 2sin2u( sinv^t cosv ̂ ) + 2z-̂  (dpC Qsinu/L2)2 •

(-sin2v't2 + c o s 2 v $ 2 ) } (3*3-41)
1*5The angular integrals are Richard and Wolf integrals J

where J„(x) is the Bessel function of the first kind of order m. m
In particular

$0= 2TrJo(Ktz) (3.3-43)

(f J L < V ® V  i 3 - 3 - m

(|)z=-2* (3-3-^5)

Substituting Eqs.(3*3-43)-(3*3-45) into Q02> we have
2 • 2 t2

Q02=2TrASe-p -^14jC-T ,2C (dpsinu/L)2 (W2-L_2W2 ) +dp^L_2sin2usin(v+0K ) 

•W2 -2(dpsinu/L2)2cos2(v+0K )W2} (3*3-46)

where are the radial integrals as
OO

w£= J zm+1Jm (Ktz)expC-nz2/L2}dz (3*3-4?)

and are the derivatives with respective to (-n/L2). The 
integrand of the radial integral is real as expected with real 

and defined by Eq.(3*3-3)* The integral ffjjj are of the 
first kind Weber exponential integrals as



Wm = ^ [ 2 ( n L " 2)]"(m+1)exp[-L2K^(2n)"2] (3.3-48)

In particular
u 2 = L2^.exp[-L2K2/8] (3-3-49)

M1 = Li,'Kt/l6.exp[-L2K2/8] (3-3-50)

M 2 = L6K2iT3*exp[-L2K2/8] (3-3-51)

and

M2 ’ = L\l-L2K2/8]/8 *exp[-L2K2/8] (3-3~52)

Substituting into Qq£* we have
2 2 2

q0 2 (t } = 2ttAS exPt-P2" H x " f r  “ ^ ^ H ( d p L K . tsinu)2/25

+Pp3L2K .sin2usin(v+0v )/2^-(PpLK.sinu)2cos2(v+0^)/ 23}t K t K (3.3-53)

This step completes the evaluation of Qq £(x )• As expected,
Qq2 is independent of the surface wave number f and the radial 
frequency

Prom Appendix C

Q^n ( r ) = 2ttAS expC-p2-ni2T""2-j td 1 +jimtdT} *G*n (3-3-54)

where
G*i=exp{-L2K^2/4}£ (pLcosu) 2/4±cfpL2 sin2u (fysinv+fxc osv) /2 

+f^ (PLsinu) 2/8+( PLK^sinu) 2/2^+o'pL2K^sin2usin(v+0^//̂
± -&( PLsinu) 2K^1.(Ylsin0*K+V2cos0*K) - («3LK̂ 1_)2cos2(v+0^K )}

(3-3-55)

G22=exp^"L2K2t//8^ (Î psinU^2(K2t+^l^fll± ^p3:L2sin2u f̂xsinv+fvcosv)/4 
+Pp3L2K^tsin2usin (v+02 K ) ±  ( °PL) 2K^tsin2u (V1 sin^2K+Y2C 0 S^2K^ Z1 ̂
-( opLK^sinu2_3)2cos2(v+02K) 3 (3-3—56)
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G^3 =exp{-L2IC[2/l2}{- (ĉ p2Lf1sinu)2/3,2-5+(tfp2LK^i.sinu)2/3225 

±( cfP2Lsinu) 2K^t/322^ (VjSintf iK+V2cos0*K)

-(cfp2LK^tsinu)2cos2(v±0^K)/322^} (3 > 3 - 5 7 )

and
G33=exp{-L2K32/12}{(op2Lsinu)2 f-L/ 3 •25+(op2LK3tsinu)Z/ y >?P

±( oi)2LKJ^sinu)2(V-̂ sin$5J^+Y2cos03K) - (dp2K3 .̂sinuL) 2cos2(v+03K)/322^
(3.3-58)

where

=(KX? mfx)2+ (Ky ¥ mfy)2 (3-3-59)

0mK = tan~^(Kx+mfx)/(Ky+mfy)} (3*3-60)

The results will now he expressed in terms of 
normalized quantities which are functions of normalized 
parameters. Let the normalized autocorrelation function(NAC),
Q ( tt ) he defined as

q(T) = ^ P ^ q(tJ) (3.3-61)

For reasonable surface realizations, NAC is related to the mean 
scattering cross section(MSC) as

Q T O  = W( x )• 5 (3.3-62)
where W( x ) is a function of the temporal variable and 5 is
the MSC. The MSC is a function of the following three normalized
parameters

X = led (3*3-63)
*n = d /L  (3*3-64)
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f = f A  = (f2 + f2) * A  (3-3-65)A O'
where X is the Rayleigh, dn is the rms surface slope or 
normalized roughness parameters and f is the normalized sea wave 
number parameter. Using the normalization condition defined by 
Eq.(3*3-61) and the dimensionless surface parameters, Eqs(3*3- 
63)-(3.3-65)» we have for the total NAC

O T T T  = e " ^ c x dQ + J2i expt-j^t T j m ^ x  - nt2/?2)’^  (3.3-66)

where 3c and 0̂  are coherent and partial incoherent MSC 
respectively. The normalized coherent MSC is

3 = cos2u exp(-p2)IE 12 (3.3-67)

and the normalized partial incoherent MSCs are

5mn= k2exp(-p2) 0^  (3-3-68)

where

3O2=g1 (2){t^p2R2sin2u/2^+,e^[p3K;.t;sin2usin(v+0K )/2i*'

-2~^p2K2sin2ucos2(v+0^)]} (3 >3-69)

d^=g^ (1) ̂ {■5p2cosu+'5p2K^^sin2usin(v+0^)+'if1sin2u+K£^.sin2u/8 

±'ipfsin2ucos(v-a)±-5fK^^sin2u(V1sin0ĵ +V'2cos0^) 
C£2sin2ucos2(v+0^.

c C = g Z ( 2 ) ̂ C 2 “'7p2Kr2sin2u+2“^p“^Kr+sin2usin(v+0?K.)

-KT+sin2ucos2(v+0tir)} (3*3-70)

j22~&2 kc,j ^  v IK

±2-2p^f sin2ucos (v-a) +2~i*'p2f1sin2u -2~^p2K^2sin2ucos2(v+0^K )

±2'1,'p2fK|tsin2u(?lSin0|K+?2oos0|K;)3 (3-3-71)
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o^^=g^(3)^®C2_^3""2£i|'K^^sin2u±2"i,'3_2pi,,fK^^sin2u(ViSin0^K+^2COS^lK^
- 2 " % “1pi|'f1sin2u-2"-53 “2p^K*2sin2ucos2 (v+0^)} (3 • 3-72)

ĉ 3=g*;p ) X 8C2~ S ~ 1p4fiSin2u - 2"53"3pi|'K̂ 2sin2ucos2(v+0^K )

+2-% -2p^K^.tsin2u ±2-ij'3""^P^fK^^sin2'u(V1sin0^K+V2cos0^K ) 3
(3-3-73)

with
_+2 ___ pK~,=(sinu cosv -sinu cosv+msim) (3*3-7*0in x s s

—  2 + (sinu sinv -sinusinv + mcosa)

<trv = tan1 Kx+ mfx ,, ,
m K  K  + m l (3-3-75)y y

p = cosu+ cosu (3-3-76)s
f1= 1 + cos2(v-a) (3-3-77)

(h) = c ° > )¥c o > +2v) (3-3-78)
2

gm (n)= tfn2 exp{-t2 (p2+ ^ 2A n d 2)} (3-3-79)

We note that K^= This step completes the evaluation of the
NAC. We will next discuss a few special cases of our general 
MSC results.

For quasi-specular scattering,

u=us, V v g (3-3-80)

In this case we assume that the transmitter and receiver are 
nearly identical in heights. Therefore, angularly dependent
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parameters are
p = 2 cosu (3 o 3-81)

with
__l_2 p    *Krf= {sinu(cosv-cosv )+ msin a} + tsinu(sinv-sinv )+ mcos a}' Tnt s s (3.3_82)

<a* ^ a n '1 ai.™ i°°sa:c°sy:g)5 g a r a  (3 .3-83)mK sinu(sinv-smv )+ mcosa J J Js

K2= K 2 s i n 2u[l-cos(v-vs)] (3.3-8*0

The coherent component 3c is

3  = cos2u expC-(Xp)2} (3*3-85)

independent of the azimuth angle. The partial MSC's for quasi
specular scattering are listed in Table 3*1*

Quasi-specular scattering is identical to specular 
scattering if the azimuthal angle of incident and scattered wave 
vectors are identical,i.e.

v = vs (3*3-86)
with u=us* The parameters, in this case are

p =2cosu (3*3-87)

(30-88)

li° 0  (3-3-89)

The coherent specular MSC is identical to the quasi-specular 
MSC since it is not a function of v. The results for the 
specular partial MSC's are listed in Table 3*1*

In the backscattering case

^8



(3.3-90)

This statement is equivalent to

u = ugl v = vg + tt/ 2 (3.3-91)

The parameters now become

p = 2cosu (3.3-92)

K^2=(2sinucosv + msina)2+ (2sinusinv+ mcosa)2 (3 • 3_93)

_,± _j.__.-l 2sinucosv + msina „ rti. \
mK- 2sinusinv + mcosa ” (3-3-9*0

for m^O, and

Kt=Kot=2sinu (3-3-95)

0K=0oK=rf/2 " V (3.3-96)
for m=0. Further we note that

cos(v+0k) = (-l} (3.3-97)
The coherent backscattering MSC for grazing angle of incidence 
is small since the coherent pattern function is small. The result 
for partial backscattering MSC's are listed in Table 3*1.

When the incident wave illuminates the moving 
ocean surface in the cross wind direction i.e. the incident wave 
vector k^ and the direction of the sea wave propagation are 
perpendicular, there are no resonance sea wave effects in the

£
scattered field if observation is in the cross wind direction ’
11,14-,16 - j, .• I n  this case

v + a = rr/2 (3.3“98)

The MSC's for the cross wind direction are listed in Table 3*2
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for quasi-specular, specular and backscattering angles of wave 
incidence. For quasi-specular wave incidence it is shown that 
the result depends on sea wave number f while for the specular 
and backscattering MSC the sea wave number f drops out.

In Fig.3-3 through Fig.3>7* the partial MSC's for 
various values of parameters are plotted.
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3.^ Temporal Frequency Spectrum
The Fourier transform of the autocorrelation 

function for the scattering field is the temporal power 
spectrum

S(-u) = J Q(t ) e ^ d x  (3 .4-1)

Since the NAC is separable

Q ( x ) = d W ( x  ) (3-^-2)

where W( X ) is an envelope function. We define the normalized 
temporal power spectrum(TPS) as

S(w ) = 3  W(w) (3.^-3)

where
OO

W( tv ) - ^  S w(x ) ê "u3”c dx (3 .^-^)-OO

where € is the time correlation frequency. Defining the 
normalized radian frequency parameters as

a  = (3.4-5)

io-d=-^/€ (3.^-6)

^ C= V 6 (3 . ^ -7 )

Where -to-, and are normalized spectral, Doppler and 
source radian frequencies. We have as the final result for the 
TPS

s <*> (3-4-8>
with



where sre partial spectral envelope functions

e’”S T ";i(M'Wo',',nwci)l:dT=^expi:-(w-5-0+m5-d)2/n] (3.4-10)

The index in and n represent the order of normalized Doppler 
frequency shifts and normalized Doppler frequency spreads, 
respectively. The coherent spectral component W (-w ) can be 
found by letting the correlation time to be infinite. Using 
the identity

6(x) = lim exp(-x2/€2) (3.^-11)
6-0 v

where 6(x) is the Dirac delta function, we have

nr ) — lim ) — ,/rf 6 (ter - -otc ) (3.^-12)
€ -o

Eqs.(3*^-8),(3*^-9) and (3*^-12) are the final results for the
TPS. The TPS has seven spectral peaks corresponding to a
surface with up to third order of Bragg scattering. The partial
MSC's are the magnitude coeffients for the spectral components.

20The coherent spectral component is a discrete line . For the 
quasi-static spectral component S ^  has a spread but no Doppler 
shift. This component is due to the slope dependent terms in the 
scattering integral. The quasi-static component appears in the 
measured data of Crombie and it has been described as an 
undesirable land echo. The partial terms S^1 are the first order 
spectral components and they have hightest spectral peaks and the
narrowest spectral spreads. The partial MSC have been found

12 19 +previously The partial terms S-^ are Correction factors
to the first order spectral peaks and widths. The partial terms
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st0 and sto have second and third order spectral peaks and areC.'C jj

equivalent to higher Bragg effects. In Fig. 3*8 and Fig.3»9» 
we plot TPS for various values of parameters.

The results thus obtained indicate that the spectral 
peaks of the echo are aligned with the Doppler frequencies ±m d 
that include zero order shift m=0. Also the spectral peaks of the 
up-Doppler and the down-Doppler are asymmetrical0 This result 
shows good agreement with early very low radar frequency sea 
echo measurements^’̂ . However, recent measurements, using higher 
radar frequencies1-̂ ShOW that the peaks shift away from the
nominal Doppler frequencies and the skewness of the spectra 
markedly increases. An explanation for this effect, refered to 
as a second order theory12,li*'’1 ,̂ considers a non-linear wave 
interaction between two water waves travelling in the same 
direction to form an additional Doppler shift in the TPS. The 
additional wave is an evanescent wave that can neither take 
energy nor can it propagate independently of the first order 
water wave.

To predict the additional Doppler shift from a 
physical optics point of view we must modify the surface height 
correlation function. Kinsmann’s experimental record on sea 
surface height correlation function2^ (See Fig.3*2) shows a 
deviation from Eq.(3*2-7) in the second temporal cycle. To correct 
this deficiency we now introduce a second order sea surface height 
correlation function

C0=C cos{zf (sinasinG+cosacos©)-kt t}cos{zf (sinocsinO+cosacosO)-nr/c}tL O S S © 6
(3.1J--12)



which gives a better fit to the experimental data for fe <£fs 

and w  <to-_. Using the trigonometric identity6 S
2cosoccosP = cos(a+3) + cos(a-P) (3 • ̂+—13)

the second order correlation function can be represented as two 
interacting surface waves

C2= C^cosa + cosb) (3.4-14)

where

(?■) = z(f ± f ) (cosacosO+sinasinO)-(■«'iw ) (3*4-15)D S G S 6

C* = Cq/2 (3*4-16)

The two waves have different phase velocities of propagations. 
Using the second order correlation function, we next evaluate 
the NAC and TPS. By expanding the correlation function into a 
series of travelling waves and identifying the appropriate 
surface number and surface wave Doppler frequency components,
TPS and NAC can be cast in a series of partial TPS and NAC form. 
The result of the NAC(Details of calculation are in Appendix D) 
is

Q(r ) = e " H T dQ +hJn e_jV  +(h^s+l^e)-nx2/T2 ^  (3.zj._1?)

where

°002 = 5 ^02^ =*s^ (3*4-18)

^1±11= ^ l l ^ ^ s ’̂ l t ^ t l ’̂ lf^ltl^ (3-4-19)

°102 “ ^ 2 .2  ̂ ^=^s ’̂ 2t=^10 1 02K=01O^ (3*4-20)

°2±22= ^ 2 (f=?s’ E2t=S2±2,02K=02±2) (3*4-21)
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where

0±12 " * ^ 0 2 ® t" S ± l ’ 0 K~ 0O±1
—  +
^±13 fe°i3^ S ’ S t  S±l' 0ik" 0i±i

S ±13 = f e ° 3 3 ^ =?s ,S3 t = S ± l ’ 03K= 03±1

S ± 3 3  S ’ S t  S ± 3 *  03K 03±3

S ± 3 3  15*13^  S ’ S t  K3±3’ S k  0ld

S l l  +

(3 .4 -2 2 )  

(3 -4 -23 )  

(3 .4 -2 4 )  

(3 .4 -2 5 )  

(3 .4 -2 6 )

(3 .4 -2 7 )

4 t l =
-1 , (3 .4 -2 8 )

and K = K/k where subscript x and y denote components of the 
rectangular coordinate.

The normalized TPS is
- ±  . ±S ( w ) =  | W +  h fn  ^ ln W ^ l n (w ’w 0 ,wd ) ( 3 . ^ -2 9 )

where

S l n =^ “ exp^” -^c+h^ s+1S ^  */n 3
-  2 (3 -4 -30 )

The partial spectral envelope functions W ^ n have the indices hln, 
h and 1 are nominal Doppler shifts and n is the Doppler spread 
index parameter. By choosing h and 1 for various values of vrs
and "w f the nominal Doppler shift moves away from the shift 
obtained in thefirst order model. The skewness of the Doppler 
spread is due to the interaction of the new additional spectral
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component. If we let m: 
to the first order TPS

:h and 1=0 then the second order TPS reduces 
obtained previously.
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3*5 Summary
A general scalar model of wave scattering from 

statistically rough spatial-temporal stationary surfaces has been 
shown to give good results for both the MSC and temporal frequency 
characteristics of the returns. Unlike previous models which 
require independent considerations of the Bragg scatter for the 
Doppler shift using geometrical optics and sea wave angular 
spectrum for the magnitude of the MSC using small surface slope 
p e r t u r b a t i o n 1 2 ’ 1 ^ ’ 1 ^  this model uses physical optics which 
requires the knowledge of a temporal-spatial surface correlation 
function. The temporal-spatial surface height correlation function 
is a gross resultant of the interaction of gravity, wind and 
ocean wave velocity and it is a accurately measured quantity. 
Because of nonlinear dependence of the scattered return on the 
surface height correlation function, the spectra contain higher 
order Bragg resonance terms. Also physical optics analysis not 
only predicts the correct partial side-spectral components but 
also small interaction components as well

At large sea wave number height order MSCs increase 
leading to increased non-coherent effects. These effects cause 
the observed Plateau phenomena. The asymmetry in the equal order 
spectral magnitudes are due to magnitude and direction of the 
wind and the direction of the incident wave. The dynamic model 
also predicts a quasi-static spectral component, a component 
that has a spectral spread but no source radian frequency shift. 
This component appears in reported data® ’10 ’̂ ’l® has been 
denoted as a land echo. In general higher order spectra has wider 
spreads with lower peak values.
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To predict second order effects of the Doppler
spectral data, which spectral peaks shift away from the nominal
Doppler frequencies and Doppler peak - skew from the symmetry, we
introduced a second order surface height correlation function

21 22based on the reported data ' The second order surface 
correlation function is decomposed into two ocean surface waves 
and these waves produce a number of higher order spectral and 
corrected primary components which contribute each primary 
spectral component skewness. The quasi-static component, as 
compared with first order model, decreases to half of the first 
order peak. The second order model is applicable if illuminating 
source is higher than ^ MHz because high frequency forms typical 
Rayleigh parameter for small vertical roughness parameter. In 
Fig.3.5 we plot a typical first and second order TPS’s together 
with identical values of the common parameters.
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CHAPTER IY DOPPLER SPECTRA OF A MOVING SOURCE-OBSERVER
TRAVELLING ABOVE A STATIONARY ROUGH SURFACE

4.1 Introduction

An accurate description of scattering mechanism from 
rough sutface due to a radiating moving source observer has 
practical interest. Aircraft-satellite altimetry and commnication, 
airborne radar Doppler velocity measuring system, terrain 
imaging and target surveillance radar etc. require extensive 
informations of Doppler frequency characteristics of the 
scattering from rough surfaces. Doppler return power frequency 
spectrum may be characterized by Doppler frequency shift and 
spread of the backscattered radiation due to a relative velocity 
between moving source and stationary rough surface.. The first

“j p ODoppler return power spectral calculation from rough surface ’ 
have been limitted to a ray optics computation from fixed mean
surfaces. The computations neglected the effect of the surface
roughness. The effect of the Doppler spectral spread due to a
surface roughness was considered recently Sohel approaches
the problem by using a physical optics approximation. However in
his model the spectral spread was due to the intensity
distribution of the incident beam while spectral spread
broadens when surface becomes smooth. Berger's model^ which is
based on geometrical optics, assimes a Gaussian random delay
due to a range fluctuation devated from equal range speckle
points in the scattering ray tube. He then assumes that the
Gaussian delay is due to a Gaussian surface height distribution.

For the Doppler return of our study we will use
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physical optics scattering model with source radiation that is 
due to a monochromatic i.e. linearly polarized time harmonic, 
plane wave. The surface is a height Gaussian random process 
independent of time. The static surface assumption allows us 
to consider the Doppler spectral characteristics of the moving 
source observer. The object of the study is to obtain the mean 
Doppler power spectrum as a function of the rough surface 
parameters, the direction and polarization of the incident 
radiation, the speed and direction of the source velocity.
In section two, the field scattered from a static Gaussian 
surface height process due to a moving source is developed.
In section three, the normalized mean Doppler spectrum(NMDS) is 
derived. The results are presented in terms of normalized 
surface roughness parameters. In the last section, the summary 
of the results and NMDS plots for various parameters are 
presented.
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4.2 Model of the Doppler Return

It is known that the scattered linearly polarized 
electromagnetic field due to a time harmonic plane wave incident 
on an arbitrary surface can be obtained from the Kirchhoff- 
Helmholtz integral^

£(t,R) = ^ --------—  / F e J(-l — dS (4.2-1)
4ttR So

where k= w  /c is the free space wave number with xj as the radian c c
frequency of the source and c is the velocity of the light in 
free space. In Eq.(4.2-1), R is the distance from origin to the 
observation point, P(R), r is the local radius vector

r = xa + ya + ^(x,y)a (4.2-2)
j\. y  z

and
F = (RpP;L - P2) • an (4.2-3)

where a is the local surface normal unit vector —n
- chj>. _

a = - (4.2-4)
"n I (||) +  < t f > 2 + l ^

Rp is the Fresnel reflection coefficient which depends on the
polarization and the material property of the surface, P 0 are_L >z

h , 2 = ^ i T l£s <4 '2-5 ’
where

u . v . u . v . u .
-i s= ktsin(u 1)cos(v 1)ax+sin(u 1)sin(v1)a +cos( 1)a }(4.2-6)

’ s s s s ^ s
are incident and scattered wave vectors, respectively. The angles
u., and v., are the angles of elevation and azimuth of incident l ’s i 's a
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and scattered waves, respectively. By projecting the differential 
surface area dSQ on the x-y plane, the scattered wave of Eq.(4.2- 

1)
. j(kR-wt) _

6 (t,R) = -------£—  J1 F e J-1 - dxdy (4.2-7)
4-rrR S n

where

(KpPj.- Pj) •(- l l ^ -  ifgyt — Z> <4 '2-8 >

We note that the field reradiated from a static rough surface due 
to a time harmonic plane wave incidence is a time harmonic 
spherical wave with amplitude by surface current transform

We are interested in that part of the scattered
field that is scattered back to a moving source-observer. Let 
the velocity vector of the source

V = V(sinacosga + sinasinga +cosaa ) (4.2-9)x. y z
where a and (3 are the. elevation angle and azimuthal angle of
the velocity vector. The time it takes the signal to propagate
from the source to the observer at the surface and back to the
moving source(See Fig.4.1)

^(t> = ?  + < S e >2 - (4.2-10)

where 2R is the approximate propagation distance. From Fig.
4.2 we note that the scattered wave vector k can be written— s

Tr-f-= - Ki + IT V (4.2-11)

The second term represents an effective bidirectional scattering. 
However when the source is stationary, i.e. V=0, the scattering
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is backscattering. Substituting Eqs.(4.2-10) and (4.2-11) into 
E q.(4.2-7), we have

&(t,R) = --- — J* F e~J'*2- i ~ R ^  ‘-dxdy (4.2-12)
4ttR S n

where 2
0 (t) = wct - Vt + igt2 (4.2-13)

The second and third terms of Eq.(4.2-13) are first and second
order geometric optical Doppler shifts. The quadradic phase

2 3 8 9term 2ttV A R  is known as the linear FM rate ’ ’ and it re­
presents a complex modulation term. We will omit this term 
because it is independent of the surface roughness. Our final 
model of the Doppler scattered return field suitable for 
statistical computation is

5(t,R) = (4.2-14)
s

where is an apparent source radian frequency as

w 0= -Wc - Ki-Y (4.2-15)

First, we will consider the case where the incident plane 
wave is horizontally polarized and the surface is an ideally 
conductor, then the Fresnel reflection coefficient reduces to 
R^r: -1 and F becomesr

a? . aS xF =-2k(cosu.+ sxnu. cosv.r-^ + smu.sinv.^- ) n l l ldx l idy ' (4,2-16)

since the factor (R.J?..- P0) is -2k. and F denotes the caser J. Z 1 n
of the horizontal polarization. The scattered return for the
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horizontal polarization is therefore

£(t,R)= Ae S F e ^ 2-i R '-dxdy (4.2-17)
S

where F and A are

F = -F /2k n (4.2-18)

(4.2-19)
2ttR

When the incident plane wave is vertically polarized, the 
Fresnel reflection coefficient reduces for an ideally conductor 
Rp = 1, then the factor (RpP^- F^) becomes -2kg . Using the 
E q . (4.2-11), we have

for the vertical polarization.
The field £(t,R) is a random process since it

depends on the surface height ^(x,y) which is itself a random
process. The random process ^(x,y) is assumed to be a real
Gaissian random process of two independent variables x and y.
The process is characterized by its mean value which is zero,

2 2 .and correlation function d C where d is variance and C is 
normalized correlation function. The process is assumed to be 
isotropic, that is, it is a mean square stationary Gaussian 

process with contant variance and normalized correlation function 

dependent on the radial variable z only where

£f(t,R) = &(c,R) + £(t,R) (4 .2-20)

where

and &(t,R) is the horizontally polarized scattered return 
field. Thus is a correction term to the horizontal scattering



z2 = (x-x*)2+ (y-v')2 (4.2-22)
We shall use a normalized Gaussian correlation function

-z2/L2C = e /1j (4.2-23)
where L is the correlation distance.

Our ultimate interest is in the spectral re­
presentation of the field. For stationary process, the power 
spectrum is Fourier transform of the autocorrelation function 
of the return signal. However, in our case the second order 
moment of the scattered field Qft^,^) is nonstationary where

Q(t1 ,t2)=< £(t^,R) 6*(t2 ,R)> (4.2-24)

This Q(t^,t2 ) is also known as a self-coherence function of the
17field at point P(R) . For a nonstationary process, the time

7averaged spectrum is appropriate , where averaged spectrum 
W(xr) is the Fourier transform of the time averaged second 
order moment

OO
R g(t )=S Q(t1 ,t2) dt (4.2-25)

— OO 

OO
W ( w  ) = X R,.( x )e dx (4.2-26)O

—00

where t2= t±+ x • The averaged spectrum W(-ur ) can also be found
J

from bifrequency spectrum of Q(t1 ,t2) as

» ( w , D(t1 .t2) . - J * i V ^ t2(lti4t2
(4.2-27)

We will evaluate the mean spectrum W ( w  ) by the use of Eq.(4. 

2-27).
It is convenient to work with the following
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normalized variables and let the normalized mean Doppler 
spectrum(NMDS) be

W (w ) £ W ( w  ) (4.2-28)n o
and let normalized surface roughness parameters be

I = kb , bn= d/L (4.2-29)

with normalized frequencies

w  = = —  -5,,= —  (4.2-30)•wf c w  , d nrf

where = V/R is a velocity-range radian frequency, and tfn and 
I are the rms surface slope and Rayleigh parameter, respectively 
while wr, -w and are the normalized transform, source and
Doppler radian frequency parameters, respectively.
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4.3 The Evaluation of the Mean Doppler Spectrum(MDS)

The ensemble averaged scattering intensity

Q(t1}t2 )» from Eq.(4 .2-17) is

Q(t.,t,> = a V 1w o ‘W /  J- H e- M c o s v(x-x')+sinv<y-y)}
S s '- jttC t, (V x+V y)+t0 (V x'+V y')}. j | j -t | (a *3 t \.e JR L l v x  yjr 2 x y dxdx'dydy' (4.3-1)

where we dropped the subscript i from the angles of wave 

incidence and

q=2ksinu (4.3-2)
2 2 H = cos uM^+sinucosu(cosvM2+sinvM2 )+sin u{%sin2v(M^+M^)

+cos^vMg+sin^vM^} (4.3-3)

The ensemble averaged quantities, the M  functions, for the Gauss
Gaussian random process can be evaluated by using the method

15of the Karhunen expansion as

M 1=<X>=expC -3§ (pqv ) 2 (t^+t^-^C^t2) +p2qv ( 1 -C) (t1+t2 ) -p2 (1-C )}
(4.3—4 )

M =<(^- + ii. ) x > =  jrS-q )3Mi (4.3-5)2 5x 3x' ' ^L3x 3x' ^ v v 23x 3x' 1 -1 1

=<(a£ + a£ ) x > =  . r a c _ a c  f ac ac -jM (4 .3-6 )
3 ay a y ,; J°PLay By' qy  23y 13 y' 1

2,
M =<—  —  X > = ^2[a^^C ,+p2 (l-t q )(l-t_q )”  (4.3-7)jyL/1 dx d v' L3x3y' ^ P v '  ' 2^v'3x 3y'J 1V  ax 3y'A oxay

^ a m  a <r> . vi o  ^M,5=<l l ' l y X > “ c,2[3 M 7 + P 2(1-tl<>v)(1-t2qv )l i 1li ]Ml (4'3-8)

•X > =  c,2[s M ^ +P2(l-tlqv )(1-t2qv )l^ (4-3‘9)
a^ 3ff

^ a l  a? _ ,2r a 2 
6 a x a x

-<ay a y ,X> tf2̂ a|ayT+P2 (l-tiqv)(l-t2qv )|§ !§.^M1 (4,3 10)
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where

X = e-j2kcosu[(l-t1qv ) ?(x,y)-(l-t2qv )^(x',y*)] (4 .3 -1 1 )

p = 2kbcosu (4.3-12)
V i^r^cosu

qv= 2Rcosu = 2cosu (4.3-13)

2 . . . .and d and C are the variance and normalized correlation function
of the surface height process ?(x,y). Substituting these M 
functions into H and grouping them in terms of the order of 
t^ and we have

H = M1 ( HQ+ t2H 2+t1t2H3 ) (4.3-14)

where
2 S C B C  d C SC 2 2H q =cos u-jigdpsin2u[cosv(^-^, )+sinv(^-^, )]+d sin u[^sin2v.

a2c a2c 2 ac ac 23 c ac. 2 , a2c 2ac ac
'^ax3y,+ Sx'Sy 3x 3 y ^  3x'3y^+COS v ^SxSx,+^ 3x 3x' ̂

+ S i n 2 v ^ + P 2| f § * ^  (4 ‘3 " l 5 >

H.!=-j ^ P sin2uqv[cosv|^f +sinv|^, ] (4.3-16)
.22.2 ri . 0 ,ac ac ac ac. 2 ac ac . 2 ac ac-,-CJ p sin uqv[>2s i n 2 v ( ^ — +E , ^ ) +cos v ^  ^ +s m  v ^  ^  

H 2= -j^dpsin2uqv[cosv“  +sinv|^ ] (4.3-17)

,22.2 n • o ac ac ac. 2 ac ac . 2 ac ac-,
-d p s m  uqv[isin2v(a-  ^ + ^ . ^ ) + cos v^ a ^ +sin va? 3 ^

and
2 2 . 2  2, - ,ac ac ac ac. 2 ac ac . 2 ac ac n

3= P Sln U(̂ v[ 3x3y^ 5 ^ )+cos v5x a*+sin

Corresponding to the Ih, we will separate Q(t1 ,t2) and the
corresponding bifrequency spectrum into four terms as
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(4.3-19)

[ (^,^ 2 )= E ^ l  ,_w2^+ E (wl ^ )+ S ^ l ’lP (4.3-20)

where

[^(^j •w2 ) =-jg^ P̂ _ (*^1 > ) (4.3-21)

£ < - W =  ( V W  (4.3-22)
.2

[^(^,•^2 )= r3^Wl ,Ar2^ (4.3-23)

with

[”i~^^l,w2^ — *f̂ l * 7*52 "̂̂ i ̂ 1  ’ ̂*2 ̂  (4.3 24)

and Eq.(4.3-24) denotes double Fourier transform. Each partial 
bifrequency spectrum [" (̂w , w^) has six integrations, four 
geometric and two transform integrations. When we perform any 
of six integrations, the new integral will have a singularity 
which then requires the integration of a singular integral in 
the next step. We remove this singularity by changing the 
transform integrals into a different form. The final result 
will be the MDS

3
W ( v  )= R w , w ) =nS 0 Wrn(^r ) (4.3-25)

where W^ are the partial MDS. The partial bifrequency spectrum 

E^W 1 ,W2^ transformed(See Appendix E) into

-  if (tit 4.TiT H s  -rr1  ) j.-nr ̂  ^I7=A 2x;P .e-sS<Pqv ) (Si+s2 )-Jt(w i+wo)(sl-«v)+(W2+,?.)(s2-<>v' ds ds 
^  (4.3-26)
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where and s 2 are dummy integration variables and are 
geometrical integrals

P.W\r H.e-CP2<3vsls2-jC2Rx(sl+S2)(x+X')+M y(Sl+S2)(y+y’):).
1 SS' 1

>e-j(y-y’){|^y(q^+i2S1-Jgs2 )+qsinv} _

.e-j(x-x,)C^c(q;:l+%s1-%s2 )+qcosv}(;|xdxldydy, (4.3-27)

The other partial spectra differ from , w2) in the geometric
integrals and derivatives with respect to radian transform 
frequencies. We will evaluate each of the partial spectra by 
first integrating geometrical integrals, and then by 
integrating with respect to dummy variables.

The integrals P^ can be factored as(See AppendixE)

Pi= B.Ti (4.3-28)

and changed to cylindrical coordinates as 
ci 2rr *

B =SS e":’h 2Z2COs(e2"0V )z9de„dz„ (4.3-29)oo z z z

Ti=7xH"e-Cp2qvsis2-jAtzisin(ei+0A)-jhizicos(ei-'4v)z1de1dZl 
00 (4.3-30)

by using cylindrical variables

z^,2=(x+x' )2+(y+y' )2 , ei ̂ t a n ^ x + x 1 )/(y+y') (4.3-31)

where index 1 is for the minus sign and 2 for the plus sign with

hl ’2 = ^vt (s1+ s2 ^ 2R (4.3-32)

V t = Vx + Vy ’ 0v=tan_1Vx/V =^-(3 (4.3-33)
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A 2 = A 2 + A 2 , 0A = tan 1A /A (4.3-34)t x y A y x
where

Vy= + ^ “ (v) (4.3-35)

The envelope functions of the integrand are also transformed in
the new coordinates

2 2 2 dC 2 2Hq=cos u—^c> I^sin u-jdpsin2u^ sin(01+v)+^<j l^sin ucos2(01 +v)
1 (4.3-36)

where L 9 are given Eq.(2.2-41) and 
-L f Z

dC . /n s ^2 2 ,dC x2 . 2■ ”  ' ~ ~ ■ — U|_i - ccj
(4.3-37)

Hl+ H 2=-Jgcfpsin2uqv^  sin(0 1+v)+d p ) sin u[l-cos2 (0;L+v)]

=  H 12

U3=-hd2P 2qJ(^| )2sin2u[ 1-cos2(01+v)] (4.3-38)

Since the envelope are damping within the integration intervals
of the integrations, the intervals are extended to infinity.
The integral B is an Airy function

a J (h9a)
B =2rrj1 z2 Jo (h2z2 )dz2=S xh “—  (4.3-39)

2 .where S=2'n,a is an effective scattering area.
We first consider the calculation of the dominant 

bifrequency spectrum ‘which in turn requires T . For
the evaluation of T , we expand one of the phase term into 
infinite series

e":ihlzlcos(0l“0V )=S(-j)n€nJn (h1z1 )cosn(01-?5v ) (4.3-40)

= I cosn(91- 0y)
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where €nis the Neumann constant which is unity for n=0 and 2
for all non-zero n and Jn (x) is the nth order Bessel function
of the first kind. Substituting Eq.(4.3-40) into Eq.(4.3-30),
T can be written o

T = J* dz. z,e ^vSlS 2 l£ (cos2u-^d2L„sin2u)f> o i l  2 oo

-jdpsin2u^ $ 1-^d2L1sin2u(sin2v§2-cos2v3?g)£) (4.3-41)

where ^ are the angular variable integrations
r 2tt
O y 1 f 2 y o

sin(6 +v)
sin201
00320^^

cosn(01+v)e JA tz1sin(01+0A ) de (4 .3 -4 2 )

16These angular integrals are evaluated by the Richard-Wolf 
identities given by Eq.(2.3-2). The results for the  ̂

integrals are

3>0= (-j)n22TrJn (Atz1 )cosn(Tf/2-^v -0A ) (4,3-43)

5 1=rrcosv[ cosn0v £ Ds (n +1) -Ds (n-1)} +s inn0y£ -Dc (n+1) +Dc (n-1)} ]
rrs inv[ s inn0y £ Dc (n+1) +Dc (n-1)} +s inn0y£ Dg (n+1) +Ds (n-1)}]

(4.3-44)

^ 2,3 =Tfsin(n0V *^±Dc (n+2) +DC (n"2 ) ]+Tfcos (n0V ^ Ds (n+2 )±Ds (n"2 ̂
(4.3-45)

where
Dln£m) = (-j)n+m J(Afcz ) g?®(n+m)(J$Tr-0A ) (4.3-46)

* n+m
We note that the integrand of Tq is an infinite series of 
I-§X. This infinite series can be reduced to finite form by 
the use of Graf's generalized Neumann addition theorem^ which 
for Z>z
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where

ejnVJ' (r) = 2 J(Z)J(z)ew  (4.3-47)rr ' n m+n m

r2 = Z 2+z2-2Zzcosp, (4.3-48)

and „ . n-1 zsinu (4.3-49)v _ tan z_zcos^

For example I c|5 becomes

i $0=2„L ( - j ) 2nS nJn (hlZl) Jn(AtZl) cos (h«-0v-0A )

=2tf JQ (dz1 ) (4.3-50)

where
d 2± A 2 + h 2+2Ath 1sin(0v+0A ) (4.3-51)

Similarly

I$1=(-j)2TfCOs(0A-v-V ) J1(dz1) (4.3-52)

I§>2 3=d:2TfCOs2(0A-v-v ) J2(dz1) (4.3-53)

with
V = tan_1[ h 1cos(0A +0v ) A A t-h1sin(0A +0v ) (4.3-54)

This step completes the angular variable integration of Tq . 
Substituting I ^ into Eq.(4.3-41), we have

oo 2 2
To=2n\f dz^z^e-^  qVsls2[[ (cos2u-^d2L 2sin2u) JQ (dz^) 

o
-igdp^ sin2ucos(0A -v-v )J1 (dz1 )-igcf2L 1sin2ucos2 (0A -v-V)J2 (dz1 )3

(4.3-55)
_Cn2Cf2s sThe term e F 4V 1 2 is unity everywhere except near z ^ O .  

therefore we approximate 

2 2
e~Cp qVsls2 = 1-Cp2q 2s1s 2 (4.3-56)
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The Gaussian correlation function leads to L „ as in the1 9 Z
Eqs.(2.3-42) and (2.3-43). Substituting these L- 0 into Eq.(4.3_L j Z
-55) we have

Tq= 2rf(T^ - v2q^sxs2 T 2) (4.3-57)

where

Tj=cos2uI100-2d2L “2sin2u (-Il l 0 + L ~ 2l3 io+p2lj"2l3 20 *
—2+dpL sin2ucos(0A -v-vJI222

-2cf2L-4sin2ucos2(0A-v-v ) (I312+p2][322 ̂ (4.3-58 )

To=cos2uI110-2a2L'2sln2u(-I120+L'2l320+P2L'2l330)
—2+dpL sin2ucos(0A -v-v)l2 2j

-2d2L-4sin2ucos2(0A -v-v)(l322+p2l332^ (4.3-59)

with
oo 2 /T 2

d i<dzl>dzl (4.3-60)o
The integrals ^nmi are identified as the Weber integrals1^(See

1 2Eq. (2.3-12)). Substituting into Tq ’ , we have

T^=yt6(d)+g1^L2£ d 2d2sin2u(1-cos2y)+dpdsin2ucosY}

+g22"5d2p 2L 2d2sin2u(1-c o s 2y ) (4.3-61)

T2=g-%L2cos2u+g92-5L2£12d2sin2u+d2d2sin2u(1-c o s 2y )O -L ^
+2dpdsin2ucosY} (4.3-62)

where

Y = 0A -v-v 4.3-63)

This step completes the geometrical integrations.
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The partial bifrequency spectrum

r=2TfA2Se":i(x0’l“W2 )//qV //ds ds ^ ( a l ^ )  (T^-p2q2s s T2 ).
ah2

,e-^P2q v (sl+S2 )_J ^  (T,ri"'Ur2 )(si"S2 ) + (Wl+W2+2'o)(sl+S2 )^ (4>3_64)

Since the integrand is function of s.j±s2 , we now introduce new 
dummy variables

(£) = Sl± s2 (4.3-65)

Using Eq. (4.3-65), "[̂  is

j^=2TrA2Se“J,(TV V /qV /}dtdt “ ^ - ^ [ T Q + i s p 2qv(t2+X2 )T2].
-00 u

^e~^p^qy(t2+x2 )-jigE  ̂ +('nr2+W2+2'C' t ) (4.3-66)

where we used the fact that

s2 + s2 = hit2 + x 2) (4.3-67)

Sls2 = ig(t2 - x 2 ) (4,3-68)

with
•uru = kaV^_/2R (4,3-69)

We note that in the expression for bifrequency and nr2 
appear in the exponent only. Derivatives with respect to ^  

and t>r2 yielding I^2 and lT̂ , are equivalent to taking moments 
with respect to t.̂  and t2 as



^ = A 2J’7 d s 1dS2P3^ r e-!sP M ( sl+s2 ) - ^ ( V ’'o><sl-i;>
-CO 1 2

+(w2+Wo)(s2-i-)] (4>3^71)
av

By letting w =  ta1= in the bifrequency spectrum, we have for 
the dominant partial mean Doppler spectrum(MDS)

9  ° °  ^  1 i  ̂   ̂ 9  9  9  9W (tJ) =2ttA Sj*J1 [ T - ^ p 2q^(t2-l2 )].
-00 u

>e-!5p2q | ( t 2+ x2 )-j(W o + W )td1.dl; (4.3-72)

We will first evaluate the t-integration and then we will perform 
T-integration. Let the t-integral be denoted as

00 J (zj- t ) 1 2 2, 2 . / \,
j ^ t n  - V f "  '6 ^  0 d t  (4.3-73)

n -o o  u

we Have

W 0 (W )=2 A ^ d T  e ^ p 2 %  2[(rJ+>5p2q 2 2T 2 > jQ -!2p2q f T 2 ^ ( 4 . 3 - 7 4 )
—00

The integral Jncan not £>e evaluated in a closed form. Therefore
we first expand the circular sampling function Jl^x^x in an
. .. . 10infinite series

J, ("w t) , .,in 0
- i ^ r -  = g  w u t} ( 4 -3 -75)

By the use of Eq,(4.3-75), j is

. = s ( g u .)..2m—  j?(_jt )2me-!3p2q|t2-jWtt dt 
0 m 2-ml (m+l)I‘~

(kTcr ^2m ,2m
= m 2iITm+l)! ~ 2 i T (:ic) (4 -3~76>
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j = I e-^P2^ 2- ^  a t exp[-(-^)2] (4.3-77)
c _oo pqv p v

and "v is shifted transform radian frequency variable as

u, = u +  m (4.3-78)t ' o

Using the identity1'*'
2 ,n 2

e x H (x) = (-l)n -— (e“x ) (4.3-79)
n  dxn

where H^(x) are the Hermite polynomials of order n, the final
results of the i are0

j = % j • E -r-7 r-ry (̂r— ^ ) 2m H„ (if. ) (4.3-80)Jo Jc m ml(m+l)! 2pqv 2m t'

where
•Wt = ^ t/pqv (4.3-81)

Since H (tr.) are even function of -ur. for even n, therefore j *C. "C. o
is also symmetric with respect to w t . Similarly

1

^2=~ % 2q̂ . m m!-(m+l)r(2pqv ) ^ m  (4.3-82)

Substituting j and j  ̂ into Eq.(4.3-74), we have
/Jfu v2m

W D Ur) =tra2S : c2 [ H 2m(K l(0) * H v 2 ^ Y ?0 < 2 >)^ H 2m+2K 2 (0)]
(4.3-83)

1 2where K * (n), the T-integrations, are 
i

n o  00 n o  i 2 2 2
K1 ?Z (n)W’'CnT. • e qv ’c dx (4.3-84)

1 -00 1

The magnitude coefficients of the partial spectral components.
Using the similar calculations for the other
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partial MDS(See Appendix E), and the normalization condition 
defined by Eq.(4.2-28), we have for the NMDS

W (wt ) = (A +A ) A » f e ) +A ^  ) +A V ( w  ) (4.3-85)
n,2m n,2m+2 n,2m+4

where AjS'Our.j.) are spectral shape functions
» / a, x2m. 2 9 (zjtana)

n,2m+j=e t / U d J  cosa|) iriTTm+TT! ’ H 2m+j (4.3-86)

where
-£rt -=(w - tor - "W^J/JZcosa (4.3-87)

and magnitude coefficients of the spectra are listed in Table
4.1 in the order of the Rayleigh parameter i . This step completes 
the evaluation of the NMDS.

The NMDS consists of two parts, a spectral shape 
function defined by Hermite polynomials and the magnitude of 
the spectrum defined by the coefficients Aj. The spectral center 
frequency shift is due to the angles of the wave incidence and 
source velocity vector. The spectral spread is due to the 
Rayleigh parameter and the vertical component of the source 
velocity. The higher components contribute the spectral skewness 
away from the dominant spectral shape. The higher order spectral 
components are generated by the effective patch length a, which 
is associated with the elevation angle of the moving spurce, a 
result due to the expansion of the circular sampling function 
(See Eq.(4.3-75)). For a small value of a sina, the NMDS becomes

* n ‘ u f l 55STW A2H2+A3H43 <4’3-88>
because the circular sampling function is unity. When the



elevation angle of the source velocity vector approaches rf/2 
and/or the Rayleigh parameter becomes zero, Wn reduces to a 
discrete spectrum. The first case represents a moving source 
travelling parallel to the mean surface while the second 
represents scattering from ideal flat surface. When the source 
moves in the vertical direction the patch effect disappears.
When the source moves in the horizon al direction the full patch 
length contributes to the Doppler spectral spread. Actually for 
near horizontal direction of flight the circular sampling function 
series expansion of the NMDS is inappropriate. For large value 
of a with close to tt/2 of angle a, the integral j can be 
approximated as

-  B- J V  dt = 1 [1 _ ( w / u  ,2^(4.3-891
jO TO- t Wu  ̂ t U J

- o °  u

with J2 and j^ as zero. Therefore very large a, corresponding 
to large value w  , the surface roughness contribution is negligible 
and the mean spectrum is discrete.

The magnitude coefficients Aj are dependent on 
the values u, v, a and p as well as on the normalized roughness 
parameters I and The expressions and ^ are exponential
damping functions of the Rayleigh parameter A . When the source 
illuminates the rough surface at the normal angle of incidence 
i.e. the case when u =0 all coefficient A^ are zero except

_4 p 2A q = 2dne * (4.3-90)

= ( W s d / l e - 4 ^ 4*n cos*a-Bin*a>/2 4 4 » & ]  (4.3_91)
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independent o-f v and £5 . First term is due to the coherent 
reflectance, which is proportional to the surface roughness, 
while other terms are flight correction terms. For an incident 
one dimensional slanted wave, the case where

v = p (4.3-92)

the coefficient A c a n  be simplified because many of the
parameters reduce to simple forms such as a^=l, ^ = 0 .

An=l and <j> becomes v. Consequently, the new parameters are m m Jr.l

At = 2(tanacosu + sinu) (4.3-93)

G^ = exp£-4£2(cosu + sinu/tana,)2} (4.3-94)

and all the factors (1 - cos a^) are multiplied by zero.
The coefficients Aj are

Ao = 2 dnGo (4.3-95)
-2 -32 2 2 A 3 A_ cos ucos g / s m  g t . s m 2ucosg,sing cos u t »

1 “ 03 r-2 1 +~5 .4 x 2 ) + 06 r 2 1 A, + 7 .4 K 2 )
2 51 2 tfn 51 2 62 t 2 dn 2

(4.3-96)
The NMDS is zero for grazing angle of incidence. Finally we note 
that as expected, the NMDS is predominantly of Gaussian shape"1'’ 
3,13,14, jn Fig.4-3,4 we plot the NMDS for various values of 

scattering parameters.
Due the correction field 5° of Eq,(4.2-21), the 

vertically polarized scattered field has more spectral spread 
because of the higher order moments generated by the t-dependencies 

in the integrand. However, the basic nature of the spectral spread 

is similar to the horizontal polarization except for small 
additional terms in the magnitude coefficients A ^ .
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4.4 Summary

A model of the mean Doppler frequency spectrum from rough 
surfaces by a moving source illumination has been formulated and 
analyzed using a physical optics approximation. The results 
provide a theorectical framework for studying experimental 
clutter data by moving source observer with regard to the surface 
roughness contribution to the mean Doppler spectral spread. The 
Doppler autocorrelation return function from rough surface is 
non-stationary. Mean Doppler spectrum has calculated for the 
horizontal polarization. The normalized mean Doppler spectrum 
(NMDS) is a function of Rayleigh, normalized surface roughness 
parameters and four angles, two elevations and two azimuthal 
angles of wave incident and source velocity vector.

The NMDS, consists of a spectral and magnitude coefficient 
parts, is characterized by a Doppler frequency shift from the 
source line spectrum. The spectral spread, generated by the 
nonstationary character of the scattered field, is due to the 
source motion and therefore a stationary source observer sees 
only line spectrum regardless surface roughness. The dominant 
NMDS is Gaussian like shape broadened from a line by the surface 
roughness and the directional cosine of the source velocity 
vector. The spectral broadening is proportional to the surface 
roughness and vertical velocity component. However, if the 
source moves parallel to the mean surface level, the spectrum
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is a line spectrum even though the surface is rough. The magnitude 
coefficients of the spectrum consists of two parts, a coherent 
and an incoherent reflectance. When surface is ideally flat, 
the coefficient due the coherent reflectance is zero, and the 
incoherent magnitude coefficient is the dominant term. This term 
is dependent on the all geometrical parameters. The all coefficients 
are zero for grazing angle of wave incidence. Finally we also 
noted that the NMDS depends on the scattering area. For wide 
beam, the peak of the spectrum is increasing while the spread 
is decreasing. This result correctly predicts the frequency 
characteristics of the Doppler return from rough surface by a 
moving source.
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CHAPTER V RECOMMENDATION FOR FURTHER STUDIES

The direction of our investigations on the 
rough surface scattering has been being correct interpretations 
of the measured data, in terms of static and dynamic scattering 
cross section and Doppler temporal frequency spectra. However 
the obtained results can be used directly and indirectly to 
the various experimental and theoretical applications in various 
topics which suggested in recent studies. Some of these are;
surface roughness determination by measuring scattering cross

1-A *5 6section , field coherence from'rough surface^’ , mobile radio
7 8reception , speckle pattern analysis, effect and application ,

Qreduction of speckle size7, rough surface scattering channel
and diversity"^’ the improvements of holographic image

12 12construction by the use of diffusers ’ J , holographic coupler
by use of random surface"^, hologram information capacity^ and 

1 17effect ’ ' by the film granular noises, guidance of surface
-i O

wave by multilayer coating with irregularity , random mode
locking1 ,̂ measurements of the moving surface velocity by the

20 21use of surface irregularities ' , the depolarization effects
22 21by the surface roughness * J and the change of interaction

between incident light and surface plasma oscillation by the 
oh.roughness etc. Most of these topics are recent experimental 

investigations and are analytically incomplete. To be completed 
additional investigations are necessary i.e. the scattering
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from dielectric rough surface, the forward and bidirectional 
scattering from layered medium with irregular interfaces and 
cross polarization effect by the rough surface. Further 
theoretical work could also be directed toward the temporal 
spatial'physical optics approximation which carries more 
parameters than physical optics approximation. For an example, 
target detection in the clutter, clutter and temporal noise 
interaction, moving radar signal and noise ratio by the clutter 
troperspheric, ionospheric layer and mobile radio diversity 
channel etc. are of interest and temporal physical optics 
approximation analysis is appropriate, although toobtain the 
general random boundary condition or probability density . 
functionals would be complecated task.
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Figure 3-1 .The coordinate of rough surface backseattering.
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Figure 2-2. The total, quasicoherent MBC and DBS for near 

normal angle of incidence and IMBC for near 
grazing angle of incidence with transition 
region with values of £=1.5 and ^n=<5*
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Figure 2-3. The total, quasicoherent MBC and DBS for near 
normal angle of incidence and IMBC for near 
grazing angle of incidence with transition
region with values off=1.5 and tf =.8.
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angle of incidence with transition region with
values of f=1.5 and n=1.2.

92



AjIMBC for ^n_l» 
B;IMBC for c?n=2/6

-10

-20

-30

DB

-50
5 1 1.5 2.52. 30

i(Rayleigh)

Figure 2-6. The MBC for fixed and varied ̂  n for near grazing 
angle of incidence, -with u=1.4.
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a; Kinsman's data
b* Second order temporal correlation coefficient (T=6., W  = /. 89, ̂  =. 1)

s e
c; Clay-Medwin's correlation coefficient ( T=4. ,W,= /. 89)

-1

Figure 3 -2. The comparison between first and second order
temporal correlation functions and Kinsman's data.
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Figure 3-3. The partial MSCs for values a = .2, v=.2, v =.2,b
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Figure 3-4. The partial MSCs for values a =.5, v=.2, v =1.76,A
rf =.6, £=1., u =1.5 and f=.0l. un s
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Figure 3-5. The partial MSCs for values a = l .57,v=vs =o ., 
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Figure 3-6. The partial MSCs for values a =.5, u =1.4,u=1.3,s
v„=0., v = .2, d = .8 and Z=2 ..& n
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Figure 3-7. The partial MSCs for values CL =.5, u=1.3, u 
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Figure 3-9. The partial TPS for values a=.2, u=1.2, u =1.5,o
<j u =.6, v=.2, vs=1.76, Z =1. f =.01 and n=.olw^.
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Figure i+- 1 The coordinate of rough surface scattering by 
moving source.
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Figure k~2. The coordinate of three units vectors.
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Figure 4-3. The dominant spectral shape with various values
of the elevation angles of source velocity and i =2..
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Figure 4-4. The dominant spectral shape with various values 
if the Rayleigh parameter and u=l..
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B;coherent coefficient A..
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Figure 4-5. The magnitude coefficients of the Doppler spectrum
with values of u^=.6 , v^= .2 , P=o., i = .8 and <jn=.6 .
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Figure 4-6. The magnitude cofficients of the Doppler spectrum
with values of u. = .6, v. = .2, $=0., Jt = . 8 and dl i n
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Figure 4-7. The magnitude coefficients of the Doppler spectrum
■with values of a =1.5, v^=.2, £=0. , i= . 8 and cf
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Figure 4-8. The magnitude coefficients of the Doppler spectrum
with values of ot=1.5, v. = .2, P=0., %=.8 and d =.6.i n
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Figure 4-9. The magnitude coefficients of the Doppler spectrum
with values of u^=.3, <X=1.4, v^=.2, £=0. and c?n=.6.
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Figure.1-1.. The coordinate transformation.
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Appendix A
The Transformation of I into Cylindrical Coordinates 

The surface height correlation function for a 
stationary process is a function of displacement only

c^cU-x' ,y-y')=<£(x,y) ̂ (x' ,y' )> (A-l)
Introducing new variables, in cylindrical coordinates,

t=[(x-x')2+(y-y’)2]2 (A-2)

w=tan-1(^p-) (A-3 )
the surface height correlation function simplifies. Since the 
M functions involve partial differentiations with respect to 
x,x',y and y', we need the chain rule for the partial 
derivatives

3 _ 31 3__ + 3w 3_ 
3x 3x 3t 3x 3w (A-if)
3 _3t 3 , 3w 3 
3x' 3x'3t 3x'3w (A-5)
3 _ 3t 3_ , 3w 3 
3y 3y 3t 3y 3w (A-6)
3 _31 3 . 3w 3_ 
3y'~3y'3t 3y'3w (A-7)

2) and (A-3), we have
3 _ . 3 cosw 3
ax Slnw at + t aw (A-8)
3 . 3 cosw 3 
ax' * at” t aw (A- 9)

I =oos„ I I3y 31 t 3w (A-1Q )
3 3 jsinw 3 
3y* _cosw at t 3w (A-ll)

where we used



3w 3 w  sinw , _ xay-By'- t lA-ibj
Similarly we have

2 2 2 2 . 2 .  2 a . 2 a cos w a . Sin2w _a  s m 2 w  a  _ cos w a
ax3x'- i n w *1 .2 .2 - . 2 t ataw + ,2 Sw t atat t aw t (A_16)

5 ̂ __ 2 b ̂  s i n w  3 ̂  sin2w 5 ̂  _ sin2w a___ sin^w &
3 y3 y ' - CO \ . 2  .2 2 + t 3 t3 w .2 3 w t atSt t aw t (A_17)

a 2 sin2w a 2 sin2w a 2 cos 2w a 2 cos2w a
3x3y' 2 >..2 0. 2 -.2 t 3 t3 w .2 3 wat 2t a w t

sin2w a  _ a 2 (A-18)+ 2t at ax'ay
Substituting E q s .(A-8)-(A-ll) and E qs.(A-15)-(A-18) into M 
functions, we have

M1= e“p2(1_C) (A-19)

M 2=-jdp(2sinw|^ + 2cgSW |^) M x (A-20)

M3=-j(?p(2cosw|^ - |£) M1 (A-21)

_ 2r sin2w 3 2C sin2w a 2C _ cos2w a 2C cos2w a C
M4=tf L- 2 at2 + ^ 2  ^ 2  - t ataw + t2 Sw

sin2w ac 2r sin2w/3Cx2 sin2W/3CN2 cos2w 3C ac-i-i w+ ~ 2t ~  at +p C T“(rt) + ~ t at â -l Mi
= M5 (A-22)

v 2r_/Sin2Wx a 2C _ cos2w a 2C _ sin2w a 2C , sin2w aC
M_  ̂ cos w - , . 2  , 2 - v 2  t a t a w - .2 3w/ o l. t a w t

/Cos^wxiac 2r ...,_2 /SCv2 sin W/BC^ 2^-sin2w3C 3Ct-u,-‘sinVtat + p t'003 w(at> - T 2 - W  + t at at^Mi
(A-23)

_2_ 
tj

Substituting Eqs.(A-19) through (A-25) into I, we have

I=e-p ^1_C^[cos2u-JgL2d2sin2u - jdpsin2u[sin(w+v)|^+£2slw±v)a^  ̂

+kd 2s in2u[ s in2v (-s in2wL1 - 2cos 2wL3 ) +cos 2v (cos 2wL1 - 2s in2wL3 )}



where
T 3 2C _ 1 3 2C T 1 3C 2rrfiCx2r l rSC,2n f.L1,2=\T2 + 7 2 ^ 2  + t at + P [-(at) + t W  J (A"25)o t t o w

' _ i 5 2c _ i_ ic 2 i ac ac
3- t 3t3w 2̂ 3w + P t 3t 3w (A-26)

For the isotropic surface the correlation function depends on 

the radial distance t only and is independent on the direction w. 

Therefore all partial differentiations with respect to w are 

zero and we have I for the isotropic surface 

2
I=e p ^  C ^Ccos2u-Jgcj2L 2sin2u-jdpsin2usin(w+v)

2 2
+%d L^sin ucos2(v+w)] (A-27)

where Lg becomes zero and ^ are 

3 2C _ l 3C ^2/SC. 21,2" 2 t at + p ât̂   ̂ 28^o t
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Appendix B 
The Evaluation of J

The normalized surface correlation function is given 
(See Eq. (3 . 2 - 7 ))

C =Co ( t .z ) . [cos zff^sine+f^cos eJ-w^t ] (B-l)

where C is o

Co=exPt-“ 2 - T 2 } (B' 2)T L
The partial derivatives are

C - (fxsine + fycose). C (B_3)
whe.re

C= CQsin[ z(fxsine + f cos g)- (B-4)

and

|^= -z(ff cose - f sine) . C (B 5)o y x y

= - C  7 2  4 ( f x + f y ) + f x f y S i n 2 0 - | < 4 - f y > c o s 2 0 - 7 5 ] CoZ 1j L
4 z__________________ _+-r(f sine-f C O S 0 ) . C  (B-6)T ̂  X

a C 2 r - l (  r - 2  c 2  ,  -  -  . -  1,_2 _2 X ~  -

2=_Z ^2*fx +fy )-fx fysin20+2^fx_fy^cos29],Cae
-z(f cose-f sine).0 (B-7)x y

and

â c a c r \.J2 2̂--z[y(f - f  )s in2e=f f cos2 q ].Caeaz azae L2  ̂ x y' 0 x y

4 '*U x
2z2

-(1— ~7~ ).(f cos0-fysin0). C (-8)
L
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Substituting Eqs.(B-3) -(B-8 ) into E qs.(A-27),(A-28), we have
2

L 1=-[2f f sin20^(f^-f^)cos20-^.C=^|(fxsin0 +fycose )C 
~ L ‘ L?r-4'7 O _ ? 9 _ 9 A n _+p [ ^ c z+2f f sin20C + (fz-fz)cos20Cz+^f(f sir$ +f cosg ) .CC t * y i x y

2 (B—9)
L 2= - [ ^ = ( f2+f2)-4S3 3.C+^|(Pxsi« tf^cose ) .C

Li ry li J_J
2r4z ~2 / _2 -2x^2 4 z /jr . _  _ _  . ̂  (B-10)+P [— 4 .C +(fx+fy )C +—  (fxsiin0 +fycos0 )CC

and

L 3 =-[|(f^-fy )sin20+fxfycos20].C+^|cfxcose-fysine)C
L

+p2[^f (f cos 0 -f s in0 )C . C +{ f f cos 2 0 (f 2-f 2) s in2 0 } C 2] 
i/ x y x y  2 x y  (B-ll)

Subsituting these L -indentities into the approximate integrand 
J defined by Eq.(3.3~33) and factoring the orders of travelling 
waves and the envelope of the surface correlation function, we 
have

j=CN10+ CN01+ CCN11+ C 2N2q+ C 2No2+ C3N30+ C 2CN21+ CC 2N 12 

= 2mn Jr" .mil (B-12)

where N.̂. are given by Eqs. (3. 3 - n  ) through (3.3-18 ) anc  ̂ ĵ"n
are

co
J02= ~  N̂ 20+ N02^ (B-13)

^ 1 =  ^ " l O ^ O l *  <B~14>
J. c
22 4 CX Z (N2o- N02+ jN11) (B-15)

+ +
^13= ~  C_ ^3N30+ N12"̂ -̂ N 21 ̂ (B-16)

C 3
j ± 3 = g2  C± 3 (N30- N 12+ j N 2 1 ) (B-17)
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Appendix C
+

The Evaluation of )

The partial incoherent autocovariance functions
+
Cgr) are from Eq,.(3.3-3S)

i z  (C-l)

where indices m and n are the orders of travelling wave and
envelope of the surface correlation function respectively«>
We factored out the x-dependencies from geometrical interations
for the partial incoherent autocovariance functions as 

_l_ 2 4-
^ n(x)=AS exp{-p2-jxacx-^|-+imzJdx 3 . ^  (C-2)

where
2

•Cn (fxsine-+f cos 9) - j zKtcos (e -0fc) }f (Npq) zdQ dz
^ 2 • 

=^j2rrexp{-s |~jzK^tcos(e-0ink)}f(Np(1)z dzde (C-3)

with

+ , K +mf
V mk = tan' O i T  (C_5)X X

using J-q * we have
± lr®, r z2i rr 2 2 .tf2 . 2 A  , - *Ms2\+1-n =o j dz.z.expt— ~}o£Lcos up +=— s m  u(— «+f-i---

o l L L+ + +—  O  rr M  —

•sin2u(f sinv+fxcosv)35Qj+jtfpsin2u— ^(cosvijj+sinvS^i)
2 + ± 2 ^ 2 +1 j4rsinZu^|( ^ j ) sinZu-!2If(oos2v ^ 1-sin2vJ.“1)3

± ±L L (C-6)
where 6. and (L. are angular intergrals xm ^xm
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X ±  + ±
f 2 iik~ p 2 W c o s / - jzK“ . cos( 0-0mV) « + .rt_ +
<1* ^ s i n m k d0=2.r(-j) V K ^ z)si£(Wmk)

(0-7)
The special cases are

$om =2ItJ, X t z> (C-8)

6 ra) =-j21t (C-?)
**lin

( ! f ) =-2It J2(4 *) s ^ 24 > (C"10)
T2m

Substituting Eqs.(c-8)-(C-10) into xii- we have

1^1 ||dz* z • exp{ -^} . 2 { [cos2up2itfpsin2u(fxsinv+fycosv)
2 4-

+X s i n2u (—2 +fq--^Tf) JQ(Kltz)+ ^ ^ s i n2u sin(v+0£:k)
L L L

28 ± ± „.2
L2sin2u. (Y1sin0lk+V2cos95iic) z J1 (K1^_z)-^rj;sin2u-

± ? ± L 
• cos2(v+0lk) z ^2^ i t z^  (C-ll)

where

f, =(f2+f2)+2f f sin2v+(f2-f2)cos2v (C-12)j. x y x y a y

V1 ,2=fx ,y"fy ,xsin2v x ,yc 0 3 2v (C'13}

^ll =^C [cos2p 2±qpsin2u(fxsinv+fy cosv)+|-'sm 2 u L̂2+fl^ ^,Noll

-gSin u.-^CNq^) + l ^2 sin2u sin(v+0 ^ k )±-^2 sin2u .
2 -4- *4-

. (V1 s in 0i]?;+v2c 0 s ̂ lk ̂ ~^n!j:sin2uc o s 2 (v+0Jk )1 Ng-Q^ (C -1^ )L
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+ oh.where are the Weber integrals
a

NZ m A  ̂ a expC-B|^}J^tz)dZ^ B : . e K p C - (̂ > t) -} (0-15)
' g)

(Nq^^)' is derivative with +rei=fjDect to (L~2 )

T2J-l -f- 4.
Substituting appropriate anc* Eq.(C-l6) into I^i» we

have
K” 2 2 2

I?, =2Tf0exp£-( )2} ° { - ^ - c o n 2u ± ^ - s i n 2 u (f sinv±f cosv)
±1. <L Hr c* X y

2 2 2 2 +2 2 + b L f . ^  L K"J , CpL KT, +
+— jj;-- sin u+ g sin u. (l-cos2(v+0k))+ jj; sin2usin(v±0^k )

b2!2!^
± jf~-^sin2u(VjSin0^ + Y 2COS0^:jc)} (C-17)

Similarly we evaluate the angular integrations of I22

using the Richard- Wolf indentities

2 2 2 o 2
I22==n!p^o3 dz.z.expC-^g} .£[^-sin2u(^2+(2f )- ^ ± b p s i n 2u(fxsinv

L L I  jjt

2 2
+f cosv)]J0(K2i_z)-^cjpsin2u.^sin(v+02 .̂± ̂ -sin2u ^ - ( V ^ s i ^ ^

L L

2 2
+v2cos(4& ^ Jl (K2k z ) J —  sln2u-2|oos2 (v-*?lfk )J2(K|K z)}.L

and the Weber integrals the radial integration of I22 ulSsi8 )
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+0*fc)z2J2(K*t z)} (C-22)

and

, /v± .2 -̂t2 „ 2 k Z  ±2
i  (K q j.L )  c/ p  L  f- , p Q p  L  . 2

I -^trexpC— f £-— } • C---- ?— sin,. u±  -------   sxn u
33 3-2^ o3?53^2-

4-t2t,± 2 ^ t2^±2 
sin*p^L^Ko^ p -f ± v d P L *̂5+
sin u(Vsin03K +V2oos03 k ) ^ p ^ s i n ^ c o s t v  +0 ±k )}

(0-23)
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Appendix D
The Evaluations of Second Order NAC and TPS for

The second order surface correlation function is

C2 = C02(Cosa+cosb) (D-l)

where

<=02= T- =*exrt ~ Z  J (D-2)
<b> =ZC (fs x * f e x > sin0 = <f s y * f e y }0080] ^ ™  ) (“ * 3 ’

The partial derivatives of C2 are
cP 2 P <7 4-
V i =‘72C2-(fsxsin9+fsyoos0 )52‘Cfexsln0+feyoos9 )52

where

dC
S2=Co2(sina±sinb) (D-5)

^ 0̂ =-z(fsxcos0-fsysine )C2-z(fexcos9-feysin9 JSg (D-6)
2 2

(fsxsine+fSyc0s9)2-(fexsine+fejr00s)2]C2

(fsxsin0+fsysin0 )52+(fexsin0+feyoos0 )62 3
+2(fsxsin0+fsyoos9)(fexsin0+feyoose,e2 (D-7)

-2[(fsxo°se-fsySine)0++(fexoose-feysin9)Ci ] 

:sysine)2c2+(fexooS^-fey-z\(fsxcose-f sine )2C2+(fexcos&-f sine )2C"](D-8)

where

Cg =C02(cosa-cosb) (D-9)
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Also
^2q 2

8 i a l t e l =-(1- p - ) C ( fSxoos9-fSysine)52+(fexoose-feysine,ei:l

"zC(fsxcose"fsysin0)(fsxsin0+fsycos0)C2

+(fexcos0-feysin0)(fexsin9+feycose)C2

+2(fsxcos0_fsysin0^ fexco^":f,eysin0^C2^ (D-10)
using the inequality f >>f_, we may neglect f dependenciesS 0 ©
in Eqs.(D-4) through (D-10) in all hut the phase of the second
order correlation function C^

_  , 

r - % o “(fovsin0+foircose)cl (D-ll)3 z T 2 2 ' sx sy ' 2

sy
9C2= L +--§0-=-z(fgxcos0-f sin0)C2 (D-12)
32Co .2 2 2 2
dz2 L2 sx sy sx sy 2,1 sx sy

d2C
-^|2^ - |i!f (fsxsin9+fsyoos0)52 ( D ' 1 3 )

:(f2+f2 )-f f sin29+|(f2 -f2 )c-s20]C,2 L2 v sx sy7 sx sy ' sx sy' J 2

a2c

-z(fsxc°s&- gy sin0 JCg (D-1^0

)<fSxoos9-fSysine)52 

-z[i(fgx-fsy )sin2e+fSxfsy.c°sS9].C2 (D-15)

Thenfore, the approximated integrand Jg can he written in the 
same form as the first order model, see Eq.(B-12),
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Decomposing the second order surface correlation function into  

tra v e llin g  waves, we have

° 2 = ^ f t  CI + °a+ V  Cb> <D' 16)

where

C*. =e_ EK™g+ % )  + z^ fsx+fex^sin0+^fsy'l‘fey^cos0^
Si

0* =e-jn zC(fsx-fex)Sine+(fsy-fey)0ose) J(D-1 8)

Similarly

5+= - j ^ (  ca- ca+ °a - <E' 19)

4 < 2 ^ <  C>  Cs+ Ce+ Ca2+ C;2+ ° T + <tfXD-20)

5f=cl z ^  < *  - °s - < ca2+ c;2+ < 2+ °b2>
r p (D-21)

C2<?2=-J-r< - c p - j ^ 2 (  0 « -  c;2+ Cb+2-C-2) (D-22)

C 2 = % ° a 3+ c;3+ ° ? + +3cL , b +3Cia,l,+3Ca,2b+3Cl 2 b

+3CL , - b  +3C2a,-b + < - 2 b + °a ,-2b+<  +9Ca +?cb +9ab]
(D-23)

C2C' 2 ^ - 0 ^  -0^3 -C+3 -o '3 3 0 ^ i5 3C-aib- 3C ^ 2b-3C ;i2b

• ^ la . -b ^ ia . -b  +Ca,-2b',Cl - 2 b +3 <  +3 ° ;  ^  +30":
(D-2^)

C P h ° - ¥  ^  - ° ; 3 < 3- S 3 +3°2a,b -3Cia,b +3°a,.2b - ^ . Z b

* & , - b  '°2 a ,-b  +C-a,2b +3Cb “3 < I

where (D-25)
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Cfa qb=e+5n C pa+<lb:1 (D'26)
c± ■ =eT'i C(3XJs+Iê  -z£(3fsxsine+3fsJrcos0)+(fexsine+feycos)}] 
2a,b (D-27)

C* =e+3 L(3ws-We) -z£(3fsxsin0+3fsyoose)-(fexSine+feyoos)}]
Si f D

(D-28)
c- =e+j [(ws+3%) -z£(fsxsine+fgycos0)+(3fexsine+3feycos) iJ 
2a, , -b

(D-29)
0* ,ee+j -z£(fsxsin«+fs cosS)-(3fexsine+3f oos)}]

"“3 ,9 <d D

(D-30)

Substituting Eqs.(D-l6)-(D~30) into J2 > we have

32=¥ < ° t « ;t)N1 0 « ¥ ( Ca+Cb)+Co2<N2o+No2)'£r C±(N2o-No2)
c c2 c2 c±2 c±2
H S(?i:No2-m 2o)+- r ( ca2+cf ) ( K 2o-No2) , H r < c ; H  H r )Nn

^ ( C ± 3i C « +352a, b+3C* 2b+3°2a, 4 3C -a, 2b+90a+9°b > K 3 o

^ ^ H 3"3(4 . « 3̂ .2b,fcL , - b ^ a >2b3^  ^b >N21 
A 2<-c?-<^3-3<4t.b-3^.2b"cla.-^a.2b+ Ca+3°S)N12
c2 c c
Tf£ (N2o+No2)-b7fC± (Ni0T 3Kol)0-§O± (Nlo

C2 Q 2 Q 2
V<°S<"2o-»o2 ̂ Nll)-VCe<Nb2+K2o)-,T§Ca2<N2o-No2 =S»11>
o2 o3 c3

-ilfCb2 (N20-N02 ^ Nl l > t 5 Ca (3N3o+N12 ̂ N 21)+CTCb(3N3o+N12 jl«21)

^ Cta.l,(H3o-"l2 ̂ " 2 l ) n K . 2 b ("3o-I,12 -b <N3£l2^21>
3q3 c3 q3
n ?  -a,2b(N35N12 flM2l)-ferC±3(N3o-Bl#  3N2l)tlf0±3(H3o-N12T W 21)
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=&iiki ~&n (Npq)Coe
nQ+j[(hWQ+̂ roo) - z £ (hfsx+Xfex)sine+(hfo,r+£fQJ c o s 0}]

-+and appropriate Ĵ ]_n a r e  

joo2=ir(N2o+No2)
+

3"ol)

5l02=S 2cs (N2o-No 2 q5Nll>

3tl2=52<)t tN2o-No 2 S 1,ll)

3i22=ifCa2(N2o-N c 2 ’3 % l )

5t22=TlCf ( N20-N0 2 :i:jNll)
c3

J113=3^Ca ̂ 3N3 o +N12 ̂  N21 ̂
C3

^ 3 ^ b (3N3°+Ni2 ,:iM21)
3c3

3C3
^313=W 2Ca , 2b ̂N3 o"N1 2 N21 ̂ 

33C“
J* ' =— -C* (N +N +jN )
133 6 k 2a,-b 3o 12 21

3C3
^ 3 3 -a,2b N̂30+N12^ N21  ̂

C
^333=S^Ca^^N3o "N12+^N21^

G3
J333=i§CB3 ̂N3 o_N12+^N21^

sy ey' 
D-31)

D-32)

D-33)

D-34)

D-35)

D-36)

D-37)

D-38)

D-39)

D-^0)

D-*H)

T>~kZ)

D-^3)

D-44)

D - k 5 )

D - k 6 )
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where
i

< 1= syTlf ay) ̂
+ _-, K +hf +lf

0hL -tan K +hf +lf (D-48)y sy ey
Since J, n are the same as of the first order 5 , we canhln mn
identify the results without integration. The second order 

NAC is
n 2̂Q(T)=expC-j^-c-§5c+gn expC^Ch^+l-we) (D-49)

where partial MSC1s are

5oo2=H > 2<f=fs>

*[±ii=^ I i ( f=fs’ KIt=KI ±i/lt=9i±i> (D-51)

5102 =®522 f̂=fs’ K2t=Klo ,02t^lo^ (D-52)

52±22=^ 22 f̂=:f2’ K2t==K2±2 ’ 0 2t ^ 2±2  ̂ (D"53)

^ l + ^ ^ ^ ^ ^ s ’ Klt=Kl±l,0lt_0l±l^ (0-5^)

^ ± 1 3 ^ ^ 3 3 ^ ^ s' K3t=K3 ± l / l t ^ 3 ± l ^  (B "55)

53±33=fe533^f=fs» K3t=K3±3>0 3t=03±3^ (°-56)

5ol2 ^ o 2 f̂=fs, V ^ l A ^ o l *  (D- ^ }
The term ^1+33 can not be identified with the first order model 
because of the absence of the sum N^Q+ N12+ jN21' since 'fche
difference in the first order is only -N-^ we may correct
the sign of corresponding terms and we have

sin u(l+sin2v) ] (D-58)
bn ^
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Therfore we have

51±33=!U)513 (f=fsfK3t= l±3f03t=0l±3,"0 ^ 8  ̂  ̂ (D-59)

j
[

i
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Appendix E 
The Transfor of the spectrum "[̂ (wl ,w2)

The partial bifrequency spectrum ds

("̂ 1»"̂ 2) =lAl2^flxdx'dydy1 .HQ.expC-p2(l-G) -jq cosv(x-x') 

+sinv(y-y')} .1^ (E-l)

where 1^ is integrations with respect to t^ and t2 as
a) (Plv’̂ 9 9 9It= J1/expC--- 2—  (t1+t2-2Cfc1t2)+pqv (l-C) (t2+t1 )-jw0(t1-t2)
-00

- 'ti vxx+vyy )" ̂2 (V 1 +Vyy ,^ " ^ XJl’fcl"t̂ t2 ^ ^ d’fcld1:2
(E-2)

after integrating t2 variable, we have
2

It=_£expC- \ + P C<ly (l-C)t1-j(-w-0+w1 )t1-jf(x,y)t1

+[p2q2Ct1-Pp2qv (l-C)+j (w+*£+f (x * ,y» f  ]/2p2q p d t r V §

9  , (pqv)‘ 2

iy
where (E-3)

f(x,y)=|(Vxx+Vyy) (E-*0

f(x',y,)=|(Vxx'+yyy') (E-5)

Integrating with respect to t^, we habe

J LIt=(2Tr)2exp{-p2(l-C)-^-(z1-z2)} .P(zlfz2) (E-6)

where

<7.. = w _  + t a  - f 4 ^ v  •3T+\ yz1=w1+Ta-f|(Vxx+V v) (E-v)

z2=tJ2+ %*fF^Vxx,’FVyy' ̂ Ê-8^
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and
z?+Zo-2Cz-, z~

P (Zn i Zp)  p-p , xexp{ - - ■ -p ? } (E-9)
eTfp^qVl-C 2p^qfr(l-Cr)

Using the identity
V  lv

1 p°p (P^y)P(zl ’z2)=̂ 2  ^ expt r  (s1+s2)+j(s1z1+s2z2)}ds1ds2

and substituting I^into Eq.(E-l), ^

we have the partial bifrequency spectrum ,
t—" o ® (pqv) i
fo(wlfw2 )=lAl _^d S;Lds2expC 2

+(W2+ M ) ( s 2-i)]}.P0 (E-ll)
V

where
k y  g  —  g

P o ^ x d x M y d y *  .H0exp{-Cp2qyS1s2-j (x-x*) [-^(^-^ 2)+qcosv]
kV.r -i s-, -s9 kV V

-j C y - y ' I ^ C —  •*— 2— )+qsinv]-j[2p-(s1+s2) (x+x')
kVv V
+2r“(s,+S;, ) (y+y*)]} (E-12)

where we used the relationship

s-jX+SgX'^C(s^Sg) (x-x' J+Csji+Sg) (x+x*)] (E-13)

Similarly, we have higher order partial bifrequency spectra
t—> o® a o
'i2('wi' W2)=1A1 [P1 (-j5lr)+I’2(3ai-)]expC- ~ T ~  (s' +Sl 1■L 2

- J C C V V  ( V f y )]dsi ds2 (E -l^ )

and
00 ~,2 . „ (pqv)2t— o v.jjqv'

I ^ ( ^ , u ^ ) - 1 A 1  ) e x p {  g ^s i + s 2 ^

- j [ ( V Wo)'Sl - ^ + ^ 2 + W o H  V ^ )]]* i aS2 ( E - 1 5 )
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where P]_>P2 and ^3 are geome'fcric integrals as in Eq.(E-12)
except and instead of HQ as

Pl2=]B. (-Ti2)* Bo2ff(-T:[2+p2qyS1s2T22) (E-l6)

P3 =B.T3= B.2Tf(T3-p2q2s1s2T2) (E-l?)

and
4q2

"Tl2=~ 5 sin2up2qv ^~I3 (3) 0“cosyI3 (2)2^
+— 2-sin2ucosyI2 ̂ 1^ (E-18)
z h z4  2 2T3 - T p ^ s i n ^ f - I  (2)o-cos2YI3 (2)2) (E-l9)

Jj J J

By the use of the Weber integrals, we have 

-T^^i^dpqyl^sin2!! • dcosy+Sg--^ dp2q L2sin2u d2(1-cosy)+00•
V (E-20)

-T12=S2 ̂ P q VL2sin2u. dcos^+S^ 3d2p2qyL2sin2u-d2 (l-cos2T) + * •
2”3 (E-21)

and

T2=So‘ -7-or2p2qvL2sinu2d2 (l-cos2y ) (E-22)
J J 2f

The partial differentiations with respect to the two radian 

frequencies and 2̂ to the integrands lead

" 2 => M — b r )2-(|)2 (E-25)' q^ 2 2
Therefore the higher order partial mean bifrequency spectral

components are

W., ? =2TrlAl2S / £  ^ -U xpC - (^p£) 2 (t2 + x 2 )-j-ar t} (£. + x ) . T ^ ? 12 -00 2 T qv
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(pqv)2 o o o +— ~ — (x2-t2)T22] dt dx (E-26)

W3=2rrlAl2S ^ ^ ~ ^ -  expC - ( ^ ) 2 (t2+t2) - j wj.t} [ (^+| )*

-(|- )2].[T3+ - ^ v L ( T2_t2)T3 dtdx (E-2?)

Using the expression for j , the t-integration, we have

W12=2„lAl2s£dt e x p { - ( ^ }  C (f-+,) -2^ 2]J0

+ ' * 1 2 z tE-28) 

W3=2TrlAl2Sld1:.eXp C - ( ^ ) 2^ - £ ( ^ +i)2' C ^ + t2T2]oo

+ [ 4 ^ + ^  ]j43 ( E - 2 9 )

where ^  : 2m
■i -  CD ^ P q V ^  (T? o n )

1,2
By using the x-integrations jK(n) , and factoring the order

i
of Hermite polynomials, we have

/ vu \ 2m
p 2pqv rW12 =2iriAi s 30(*t).g m) (m+l ). [BxH2m (wP +B21W * t > ;l

/ \2m (E-31)
p 2pqvW3 =2itlAl S 0c(5t).S (Wt)

+ClSm+2 <5t)+C3>W*1:>3 (E-32)
where
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and

? 1 1 p 2 P q-y 2
B-i =T—K (o) + K (1) + p qvK (2)+ (3) (E-33)
1 qV 12 12 V 12 ■ 12

T 2 2
B„-=—=-K (o) + |K (1) (E-3^)
^ qV 12 12

1 1 1 2 2 ^ ^
C =-^K(o)+^-K(1)+4K(2)+ K(2)+p2qvK(3)-<— s1 K(4) (E-35)

-1- qy^ ^ qy ^ ^ j  3 3
, 1 1 1 n 1 

Cp~ p ?K (o)+|K(2)+ K(3)4 k (̂ ) (E-36)
¥ q y 3 3 qV 3 3

t 2 (E-37)
c2~ ? T  K <°)3 8p2q 2 3
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Appendix F
Reduction of a Quadruple to a Double Integral.

Considering an integral with finite integration
interval with 2L as 

L
I =J‘J,f(x=x,)dxdx' (F-l)

■i

where the integrand is a function of the skew coordinate 

variables only. Introducing the new variables

xi = H r 1  (F'2)
x2 = (P-3)

where Eq.s.(F-2) and (F-3) are abtained by finding the point p(x,x') 

in the new coordinate system (See Fig. 1. F-l).

Considering the integration intervals in the new coordinate

system, which is a rhombus, we have (See Fig. 1 . F-?)
0 */2L+x? V2L V2L“Xp

I = C Jldxp S *  dXn + S dx? / dXn ] f(V2X,)g(-^)
-V2L --/2L-x2 o * ~JzL+x2

(F-4)

Letting

x2= -V2X2=X-X' (F-5)

X2= V2X1=X+X' (f-6)

we may rewrite the integral I as
2L 2L-1X j

I = S . r g(X2) S 2 f(Xi) dXi dX2 (F-7)-2L o
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Unless one knows the explicit expressions of the function
f (X-̂ ), and S'CXg). Eq.(F-7) is a final transformed form in
the new skewed coordinate system. For example, if f(X^) is
unity, the integral I of Eq.(F-7) can be more simplified as
integrating I with respect to x-̂

2L
I = S (2L-1x2 1) g(X2) dx2 (F-8)

—2L
oo

= S C^X2) (2L-lX2l)g(X2) dX2 (F-9)
-QO

where GT(X2) is a gate function as
.1 s X2<2L

(X2)= 0 s X2>2L (F-10)
This result can be extended for a mul dimensional integrals
i . e

L
J= SS^S g(x-x') (y-y' )f (x+x\y-ty') dxdx'dydy' (F-ll)

2L 2L-lx* 1 2L-ly* 1
= SJ;Lg(x2 , y2) I I

where

y-̂  y+y' (F-12)

y2= y-y' (f -13)

For the case of f(x^,y^) unity, J becomes 
oo

J= XJ1 GT (x2)GT(y2) (2L- lx2 L) (2L-ly2'L )g(x2,y2)dx2dy2 
-oo (F-lMWhen the following condition is satisfied

g(x2,y2) = 0 , for Ix2J.,ly2l>;> T (F-15)
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where

T «  L (F-16)

The integral J is further simplified as

J= JjT ^L2 g (x2,y2)dx2 dy2 (F-17)
-GO

If

f C x i . y - f )  = e ” ^ ^ 1* ^ 1  ̂ ( F - 1 8 )

with the condition of Eq.(F-15)i we approximate
oo 2L . / , \

g ^ 2 ’̂ 2^d^2d^2 ^  e-  ̂̂ xl’̂ rl' dx.j_dy.j_ (F-19)-2L
Using cykindrical coordinate variable, we have

J= S'2g(t2,w2)t2dw2dt2 ;/e-jtl'sinwl+ooswl)t1dx1dt1
00 00

where

t2W~x|~ + y| (F-20)
£

w9=.tan1 —  (F-21)
 y?

ti=7y^ + x£ (F-22)
X

w^= taii1 (F-23)
yi

with A is approximate circular interval
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Appendix G
The Evalution of the Coefficient A;.-

tJ

The coefficient Aj are determined by the t-integrations
of K^’fn)

1,2 oo 112 pqv r,
K. (n) = S r T. (x) exp£- (■x— x) } d (G-l)1 —00 1

1.2where T^ are given by Eqs.(^.3-61)* (^•3~62), (E-20)-(E-23)

The coefficient A- are given asJ

Aq =s/:frk27n£LdxexpC-(^^)2}S(di) (G-2)
00 *3 2 p

A-j_ =̂ /wk2£ dzexp[-(^^z)}(a10+a11r+a12V H-a^x3) (G-3)
" pqv 9 9

A2 :̂ l ^ / 00d-cexpC-(-2—rp} (a20T+a21TT) (G-4-)

A j ='/nrK^t£ d-cexpC-C-^-tfja^QT2 (G-5).
where

2

=Si. £^2^"sin2u d2 (1-cosy) + ^^sin2udcosy}

sin2-u d2(l-cosy)} (G-6)

a‘,‘,=T12+q T3=s2,qY^ET sin2u dc0SY jP '5 '™sin2u d2(l-cos2y);}
d-2 t,2w 2t2

lll_x1 2 ,qv J-3“02 ,'iY l* 2*t - 2

+S^.qy£p2<d2L2sin2u d2(l-cos2y)} (G-7)
-2^ 2 0 2 ’? „2 o p_2T2

a, ?= . V T +fT +p"T = S q  cos u12 2 o 3 3 1 ? ^
+S2 i*12£— xP2q2L2sin2u d2(l-cis2y)+£& ^ s i n 2u dcosy }

V 2° 25
If. 2 2 2 2

+S„.q2p-4-| sin u d (l-cos2y)} (G-8)
3 Y 273

1^0



2 o 3^t 2p qv 2 2 o p rfL
Ti2=S2 qY  j~sin2u dcosy

1), 2 2
+S3qy d2(l-cos2Y) (G-9)

d2L2
apn=^ - ^ T 2 + — ~ - ?ri=S?C— =- sin2u d2(l-cos2v) o q Xd J *

2 2 2 2 
+^p L̂-sin2upcosY]+S^{P g- ■ sin2u d2(l-cos2Y) .

+^ r -sin2u dcosY} (G-10)
2
2 ^ l2 D2d2L221=iT12= ^2qv — Ej-sin2u dcosy +S^qvP,2- ■ sin u(1-cos2y)a

J v2fc 3-
(G-ll)

and
2 2

a,n=— ̂ -5 - T?=So-^o sin2u d2 (1-cosy) (G-12)
3 8p2q2 3 3 2533

where d and v are function of r .

d2= A2+B^ +B2t2 (G-13)

V =B3t (G-1*0

where
kA+.'V.

Bi=  sin^-t-^) (G-15)
R
kV. 0

B2=(S r 5 ( G ' 1 6 )

kV.
Bo= cos({zifl+0 ) (G-l?)"3 2RAt / V

We integrate A Qof Eq.(G-2) hy using the identity

SCax+b)= (G-18)u J ^

and the approximation
d- Af( l A  x ) (G-19)■t 2

2At
lAl



Result is

31

■ 2.2 L2a 5 L2Bn

A0=*yrf k27rfL |-g£ expC-C*-^)2. ( B1 ). } (G-20)

Letting

where
5 L2B9 A v

S ^ I K - 8* !»*>.■ (G'22>
and decomposing

2eos[h(yA-v-v]=e3h(VA'V'V) ^ - ^ ( v ^ v - v )  (G-23)

we have A^q which is the integration due to a]_oof Eq.(G-3)

Al O ^ 2^ 2si"2uCA?(K01 0 ^ NO,0)-r(N012^2(YA'V)+*' 

^ ”o22e;i2 (YA_v)+*)+Bi (”1 1 0 ^ 1 2 0  > ; r ( Mn 2 a2 (YA'v) ̂
+2.1M ' p ( Y a _v ) -f-*\ +-p> (m  +2n e^2 ^ A -V^+*o 122 2 210 o 220 2 UN212 A

+8N222e'i2 <YA'V) +* )-1+SE2 sin2u^At <Nolle' <YA"V) +*) 
4 ^ ( N 111e3(YA-v)+*)]) (G-2H.)

with
W  _ JJ”1N„„h=4 TnexpC - S212- (e—  jhB, )x }dT: (0-25)
OO L2B-

W _*°c " m L
and * stands for the complex conjugate •

The integral NQmh

N ■= D.-fi- (G-26)omh mh c om
with (L2%  )2

t, - ™ r  T " " * 1 3 . m=l,2,3 (G-27)Dmh-expi_5L_g J s h=1>2
m

1^2



and Nr)m̂  can be evaluated by sucessive differentiations with 
r  2  L 2 %respect -S* and-(-^--jhB^).

The results are

N _ fi ,L\
lmh 5 (̂ r i'3hB3 ,Iw  ( G - 2 8 )2 &  to

L2Bi „

fi r ( k T ^ 1̂ )  i
N2mhTcy[1+-̂ § ^  1 A, h (0-29)

m

2 l 2Bx . 2

N3m h l 3* ^ ^  1 D>»h (t}-3°)

%  (g-31)

However, by adding the corresponding complex conjugate terms,

all expressions are real.

'V)+Nomh e - ^ ^ A - ) = 2 . ^ c o S (G-32)

| h=h(v -v-L Y3 > (0-33)
m A 8mSm

j/^2
B"° =ei5W  ( 2 ' 3 5 )m
h   r if?!.! ( 0 - 3 6 )

where

with

V  =exPt--£l2}m

1^3



Similary

Nimh ejh(YA"v)+*=-2-^|-[^ioos^+hB3 sin (0-37)
26m

. g2 2 2

N2mhe3h(YA~V)-|-fe2^ (1'l'(itm)g‘'2 3 )c°Simni' om

I1B3

^m
Z ~ ^ ~ s^n^m^,Bmh (G-38)

2
N pjh(YA-v) r* L B1 L6B3 l 2b 2 2
Bmh A +*=_2^Hc rf?-i — (___ ____ I— = 5 ^

46* U 3n 5r l ^ I  (4mP ^

2h2B2L2B, h 3hB,I,\2
d --- )} C OS $+C 3hBo*t— ^"5m m 3 2.(5m)26^

( G - 3 9 )
25m

6 ± ^ ~ - ~ 6 h 2b1; l2bi ^  , /J. 6 A ^ 2
N4m h ^ h(YA-V)- = ^  K 3 ^ ------- + ̂ ...T T  3}

m m 2 3T 2n L B-, q L B,
..Th irE -fc?-“B3 Tfir'hB3>3T . rh , .-C0SV *  72--- 2 H----1 774 J sin£mj. Dmh

m m (G-40)

Subsituting Eqs.(G-26) through Eq.(G-40) into Eq.(G-24), 

we have

* 1 0 = ^  a - c o s i ^ ) ( A2- ^ +2f | ^ )
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r2.2B2B3. . t2 .2,lZb1B2B3 B1B3 , d v j ? r . .■cos% Al_bt+sin5i Al <753---- ~2 )}£U| <C 0 j O |
2 2

. £ ^ 0 0 3 ^ . - ^ 0 0 3 5 ^ -
2 At61 2At61

L2B B tAr2„ 
,Tfk , 3 .2.2 . 2 r/, t2.2x /. 2 1, 2 ,  *
46 7 ~d2 0 -nj5L d sln u C d - c o s S g V  (At - ^ +^ 2+28"62 }

B q Bq O O L Bn Br>Bo Bn Bq o q
— H[pc0s‘ioA? + ( ^  ) sin$|a|} ] (G-4l)

6,2 6* ^

l2aI

where

dmo~Bmo ,exPt Zĵ r} (G-^2)

similarly we have A^

A = 1 * 1 ,  j % _  ° w  - 2 rn t 2 - 2 h  l V i  ^  B2 l6b3b1A11 62d2(f 2 6 2- 2 5  sin u£(l-c03i2A2 )( 2 3  B;l 2?5| - -p^|

2 2 2 362 2 2 2 62

,qV p2 0L2  . _ . - 1  1  / B1 ,l2b1 B1B3 A tl2l ,^62- 25” sln2u£oosS2A2 (2A +-g-2 ’ 2V  >
2 u 2 o 2A 2 o 2" 2

, . t-1,1/L B1B3 a „ \}"11 Tfk2. p^VT^? . 2 r,, r2.2w  At^ls
+ s i n $ 2 A2 ( A 2 t 3 o" 3o 2 3S i n  u l v1 -cos§„ A j  (----5— =4-

2  6 2 A t 3  2 6 3 2 . 3 2.3

L^B? L2BnB, L6B̂ b, « 0 L6B?B0B0 2BTB^
+\ +- 5 ^ - - T - 2' - ^ ^ s 4 h3 { ' 2 2??2^3 2 S3 2 3 S3 263 63

. 2 2 2 l2b1E3 2B2B3 2B2B3 LM B2B3, ln , j x
+sm % A 3 -(-2B3A t+ + 2 '  5 A  5 -1 (G_43)

2 .3S3 S^ 6 ^ 2 3S3

1^5



2^2 L^B
A 2 2 2562

1
1 2  6 -^ 1 0 )]+26: 1

h, o
■j r j[V̂  3T)2cT2 . 2 n ]L B1

Ply^2 262 * 2 * °?c22
.TT )

2 6:
.2,2,2

I* sin^u{ (1-cosIpAo) (A^+
26 g 2

3B2 3 A i B 2 LwBjB,
2+~ X T ' ' ip 3 ^

A 2 & 2 3 L 2 B2, I ^ B ^

26! WTz2 6 2 2
3B, 3 ^ B ,  l V b ,  0 , 2A?B2 L2B2B2 B?L2B2 12B-.B2
•b— z.+----------  =kr=-)+COS$ A - ( ----—i f ----=V-2+ M 1.,. .■.,»«?■-  Z±- J.9 T A A   ̂ =r^?T^/TLU£3$ 9 /X9* V 9 ^ 3 ^ A 6 o Ti26 2U62 

2-r,2

e2,,2'v >2 2 2^6

2B pB p  3 L * B ? B „B o  Q Q L 2A2 B .B q 3 B qB .  L ^ B q 2 B .B ^  3 L '% B 0 B q*-3f| ^P)H-sin3f Â. (— H - 3— V -  7 I" V -" V '
6 0  2J6o 2 ^ 6 0  6 n 2 ^6 ^ 6 0 26o

2 6!

iA b ^b ,
2

,3 ^2,

L?B?B9B. L2B-,B,b5 V J ^ t 2 1 1  9 •
h q A  ^ T “^ H— 3 ^ ^ s i n 2 u t c o s £ 2Ai. (A2^ - y - p

) A °  o ^ °  26 2r 2 6

A 2 2 L ^ A 2
2 5,
2 2 3ITB^

26
T6 A ^ 2 ^ 2  -,-2^2

2^A t62 2^At62 2 At62 2^A t62
£Af:L%B
236|

2. 2V z
2At62

4  3  3
L0B-| Bq B-i Bq

h P A F ^ ) ]
2 At62 At62

2 2. 2^2 t 2t,2 t 2„2- t v I • n Ar*'2T2 9 9 9 9 ^  ^ -h ^ l  ^  B-, L  B*._;_TTK J p a ll _-..2„ __ t2 ,2s t n 2, t 1 ___±  1
^ T  30 , 26|‘ 33 (1-o»sI3A3) (A 253262-2362 - p ^ T -

^ V ^ B  A f e  2A2B2 L2B2B2 L2B2B2 I2B2B2
ot2 «6,CA * 1 1 - A * ^ 0 S^ A 3 ^ “ ,2 020,A Q ~*2 " 7^263 2;3^ 2 v 3  &3 27363 2..36~ 6.

2 B , b !J; p 9 L 2 A 5 B .B p  3 B n Bp L ^ B ? B q 2B-,b 3  L 2 B ,B  B



Therefore A=A10 +A]_i+A12 and us^ng normalized parameter, we have

Al + i h u  ) (g-<+5)
Similarly

A i = G i'O  Ayl +  ̂ Alj + (G-46)

A } 3, fiatf ^,| + 2  A 3,1 + ^ 5,3) ( G - W

with
H ‘ r r-Xi Aa SiftCUL bt

a ;,. « & « £ +
—  — a * (*■

A;j=tes* M M | „ f e + ̂ ^
( Gr 3^)

^ ya a - -1 $

(G-48) 

(G - ^ 9 )

CG-51)

(G-52)

(G-53)

^ »*t 02ĉosu cjso(y>Vuoi. v 3 cogot ou , i&Sksi&Aiki')
£  5x £  St ^  9? 5x

A m =(l - t o M ) - ̂ \ Ke^
af§v ••• JP f2l ' A Afĉ .Sf

t  3Jja bj , - jft&ufo. iSL&Sk&Aitf
*fc *■ ■ ^  ■ * * * £

^ i-tr ig A S J S ^ ^ ^ te & tf+ ^ e B u A k — OO t

+ <d^A* K.C«ws»&Llh9£ _ St ̂  y^bi-4- fr ̂  fofo^ 0
^  * *  u  K ^  . ‘ * * * * *

A1 . / vsP a1 ,. a&ŝ a ji' -
^ l s j  # i + z + '

+$V*£/£ GôUSmau bf / aftrtsfo ..atoftsMhftib, OSoK̂ frbK
(0-55)

(0-57)** »lrT  *J '

1^7



V -  £Ŝ f-U - (0-58)

A ^ = 0 - c . € X ) 5 i ^ . . ^ | rH ^ , - MCu(Al+ccS5;A1l- ^ | | )  ( 0 _ 5 9 )

A s. Sniot Li
H3,« **■ g* (G-60)

A3,3= C i - ^ A | ) ^ H i + ^ ^ ) t e » 4 “u . w u A t̂ ^ )M ^ .  (G.6l)
It V 5

and

T̂o ~ \ ~ ^ [cb^uSt'aul + Gettf SiWu CoS Ĉ -vr) ]j  ̂G-62)

Q , =  c ^ c f y - p )  

b, = Sim C<PA~£)

<?£ 1 (G-63)

(G-64)

(G-65)

= 4-C CtoacjtcoscL̂ i-Sin̂ w. +iUM-(i $iWu.Gos(p-v-)] (G-66)

^w-" 4  J (G-6?)

^ = k c ^ - iS & ) ( G - 6 8 )

eT ^  5  w d  ( G ’ 6 9 )

1^8
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