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Abstract
The static and dynamic mean scattering
cross-sections from rough surfaces
by

Seung Kack Cha

Advisor: Professor George Eichmann

This dissertation investigates the phenomena
of scattering from rough surfaces. Three scattering problems
are considered; backscattering from an isotropic rough surface,
scattering near grazing angle from a moving ocean surface and
Doppler scattering from a stationary surface by moving sSource-
observer. The rough surface is assumed to be a real, isotropic
Gaussian surface height random process with Gaussian surface
height and Gaussian-~travelling wave-like surface height
correlation function for the static and dynamic rough surfaces,
respectively. The surface is considered to be an ideal conductor.
The static and dynamic ensemble averaged mean scattering cross
sections and ensemble and time averaged temporal frequency
spectra are evaluated. The ensemble averages are obtained for
arbitrary Gaussian surface height realizations. The results

show good agreement with measred data.



CHAPTER I INTRODUCTION
1.1 Background

The problem of scattering from rough surfaces
arises in the many areas; electromagnetic and acoustic wave
propagations, optical scattering, radar and communication etc.
Literature on experimental studies on rough surface scattering
is abundantly available. Data has been collected on various
rough surfaces i.e. land, sea, planetaries and man-made
laboratory rough surfaces etc.1’2’3’4. The data are usually
presented in terms of the scattering cross section. The
scattering cross section gives information on the nature of
_the scattering surface and it is a function of the angles of
wave incidence and the wave scattered.

The first theoretical investigation on the
scattering from static rough surfaces was introduced by
Rayleigh5 followed by Ribe6. Their approach is based on the
perturbations of the rough surface and is now known as small
surface perturbation method. Shortly after Rice, Isacovitch7
introduced a new approach called the physucal optics
approximation. In this approximation the scattéring field is
obtained from an image current that is induced by the incident
field. The result of small surface perturbation analysis is
generally regarded as a better interpretation of the physical

data for relatively low degree of surface roughness while the



result of the physical optics approximation is generally
‘regarded as a better interpretation of the scattering data
for fairly rough surfaces. The surface roughness depends on
the wavelength of the source. For large frequency, a small
change of the surface dimension will cause a large phase shift
of the incident field yielding a large effect on the scattered
field. Further, the physical optics results agree with the data
for near normal angle of wave incidence while the perturbation
approach predicts the data for near grazing angle of incidence
even when the surface is very roughz. Neither theories explain
the data for all angle of wave incidence.

A number of modifications, especially to the
physical optics approximation, has been introduced in order
to lmprove the validity of the model. These are non-Gaussian

correlation functions8’9, composite statistical surfacelo’ll,

shadowing correction to the effective scattering surface12’13’

14 15,16

, non-Gaussian joint distribution functions and

17

multiple scattering by the use of the ray double bounce etc.

For the dynamic rough surface scattering,
and the scattering by static rough surface due to a moving

source-observer, both the Doppler power spectrum and dynamic

19-24

scattering cross section 1s measured The Doppler power

spectrum yeilds information on either the relative rough
surface movements or the relative source movements. The

theoretical investigation on the Doppler power spectrum are

presented by various authors using physical Optic523’24 and

perturbation-geometrical optics21’25—29.

2



In this thesis the physical optics approximation
together with ensemble averaging over a number of surface
realizations is used to predict the mean square fields. In the
next two sections, the pertinent facts on the physical optics

approximation and the statistical averaging is discussed.



1.2 Physical Optics Approximation(PO)

This approach is based on approximating
boundary conditions for the scattered wave equation by a
magnetic image current. This approach has various names i.e.
Kirchhoff boundary condition, image current theory, local
tangent approximation and physical optics approximation. PO
assumes that the field is negligible in the shadow surface
region and the scattered field on the illuminated surface is
twice induced current. By this approximation, the scalar
scattered far field can be written, by the use of the
Kirchhoff-Helmholtz integrall as

IR ip
E =R fS(RFgl‘ By)ra e sl

O

‘r
ds, (1.2-1)

where RF are Fresnel reflection coefficients which depend on
the polarization and angles of wave incidence and electrical

properties of the illuminating surface and
P.= K.- Kk (1.2-2)

P.= K.+ kK (1.2-3)

with k, and k  are incident and scattered wave propagation
vectors. R is a distance from origin.to the observation point,

r is the local surface radius vector

r=xa, +ya, + hx¥)a, (1.2-4)

where 5(x,y) is a local surface height measured from x-y

plane which is the mean plane and a, is the local surface

n



unit normal vector and S is the illuminated scattering area.
The scattered scalar far field E is a spherical wave with an
amplitude that is proportional to the transform of the
effective optical surface current distribution on the
scattering surface. The vector form of the Kirchhoff-
Helmholtz integral is known as Stratton-Chu integralBO.
However modified Stratton-Chu integral, the Silver integral31,
is frequently used. The vector scattered field due to the
Silver integral has a cross-polarized field term32. For
backscattering from ideal conductor this term disappears. In
fact all integral expressions, the Kirchhoff-Helmholtz, the
Silver and Kodis33 reduce to an same form for backscattering
from an ideal conducting surface. Parkins23 also derived
identical form for backscattering from time dependent scalar

Kirchhoff integral for his acoustic wave sScattering investiga-

tion from rigid rough boundary.



1.3 Statistical Averaging of the Scattered Fields

To evaluate the PO intgral the functional
representation of the rough surface and its directional partial
derivatives must be available. The rough surfaces are described
by their statistical properties. In this dissertation the
surface is assumed to be a Gaussian stochastic surface height
process. The scattering field is also a stochastic process
since the field is a function of the random surface and its
partial derivatives. Since the data is given in terms of the
scattering cross section which is proportional to the first
two statistical moments of the scattered field it is necessary
to know the detailed statistics of the surface. Hoffman34 has
evaluated the moments of the field, which are moments of
Wiener integrals, using the Karhunen-Loeve expansion theorem.
This theorem states that the random process %(r) has an

orthogonal expansion in the interval L

5r) =2 Az a (r) 1L (1.2-5)

where zm's are uncorrelated, orthogonal random variables

%
<Zm;n> = 6mn (1.2-6)

and

;{1 ELqm(r)q;(r) dr = & (1.2-7)

if and only if lkmg and qm(r) are the eigenvalues and
eigenfunctions of the integral equation

I ELR(rl,rz)qm(rz) ar, =1 H{qu(rl) (1.2-8)
irl

6



where R(rl,rz) is the autocorrelation function of g(r). This
theorem decomposes the random process into an infinite set of
random variables Zp and an infinite se£ of deterministic
function qm(r). The various partial derivatives as well as
integral are now specified in terms of known, i.e. deterministic
functions. The indicated integrations and differentiations can
now be formally performed. For a Gaussian process, with
arbitrary correlation function, the resulting integrals can then
formally be evaluated. The results of this manipulations are

available in Hoffman's original paper.



1.4 Scope of the Dissertation

Based on the conditions of the source radiation
and the rough surface with respect to the temporal variation,
the three scattering models are formulated. These are

A. The scattering observation by a fixed source-observer
from a static rough surface.
B. The scattering observation by a fixed source and observer
from a dynamic rough surface.
C. The scattering observation by a moving source-observer
from a static rough surface.
Thefield scattering is based on a physical optics approximation
and the rough surface is assumed to be a real, isotropic Gaussian
process with normalized Gaussian correlation function. These
assumptions permit the complete evaluations of the physical
optics intergral.

In the first model, the topic of Chapter II, the
mean backscattering cross section is evaluated. The main
contribution of this investigation is the numerical evaluations
of the diffuse, non-coherent mean backscattering cross section
valid for all angles of wave incidence, for both smooth and
rough surface and fbr wide range of the source frequency.

In the second model, the topic of Chapter III,

the temporal frequency spectrum is evaluated in terms of partial

Doppler frequency spectrum. The scattered field is calculated



based on an extended Parkins32 model while the surface is an
isotropic, Gaussian random process with correlated function

suggested by Medwin and Clay24.

The results give complete
information of the partial mean scattering cross sectidn, partial
Doppler spectral components with Doppler frequency shifts and
spreads which are equivalent to the higher order Bragg resonant
components. The partial components are-a function of the angles
of wave incidence near grazing angle of indicence and scattering
the source frequency, surface roughness and the velocity and
direction of the moving surface. Finally,.a second order surface
correlation function is proposed and analyzed. This second order
model better predicts the measured data if the source wavelength
is shorter than 20 m.

In the last model, the topic of Chapter IV, the
mean Doppler spectrum is evaluated. The return field from the
rough surface, which is assumed to be a real, isotropic Gaussian
process, becomes not only temporal non-stationary but also non-
isotropic character due to the source velocity. The non-
stationary and non-isotropic characters of the PO integrand are
main contributions to the mean Doppler spectral spread, while the
stationary character determines the magnitude coefficients of
the spectrum. The Doppler spectrum spread is due to the surface
roughness and the direction cosine of the source velocity.

In the final Chapter, the results are summerized

and some additional work is suggested.



CHAPTER IT MEAN BACKSCATTERING CROSS SECTION OF AN IDEALLY

CONDUCTING ROUGH SURFACE FOR ARBITRARY ANGLE OF INCIDENCE

2.1 Introduction

When a plane wave impinges on an ideal, flat
conductor the wave reflects according to Snell's law in a
single direction. Backscattering is therefore only possible
for normal angle of incidence. However, when the reflecting
surface is rough the wave reflects in various directions and
backscattering is possible for all angles of incidence. The
terms specular and non-specular scatterings have been coined
to denote those angular scattering components that are due to
reflection from the mean surface which is assumed to be flat,
according to geometrical optics and angular directions away
from geometrical optical direction. The subject of this paper
is the computation of the non-specular angular scattering;

There are a number of sStatistical parameters that
characterize a rough surface. Two such parameters are length
parameters; the height variance and the height correlation
length. The variance describes the degree of the surface height
roughness while the correlation length yields information on
horizontal "periodicity". Since the measured data, on the
reflection of electromagnetic waves from rough surface, is
usually presented in terms of normalized mean backscattering
cross section (MBC), the evaluation of the statistical second
order moment of the field which is proportional to the MBC will
be performed. For the purpose of physical interpretation it is

convenient to divide the MBC near normal angle of incidence

10



into two component; a quasi-coherent and a diffuse component.

The quasi-coherent component is dominant normalized

geometrical optic MBC and the diffuse component is the additional
contribution to the dominant quasi-coherent MBC. Near grazing
angle of incidence it is convenient to decompose the MBC into

a coherent and an incoherent component. The coherent component

is due to the coherent field contribution while the incdherent
component is the additional effect on the MBC.

Data on MBC's are available for a variety of

physical surface, such as backscattering from terrains5_7,
reflection from planetary Surfaceg_ll, such as Mars and Venus,
12,13

and reflections from optical surfaces There are two
electromagnetic models that allow the calculation of the MBC;

a physical optics and a surface perturbation model. Further

each model requires additional assumptions on the nature of the
surface statistics for the MBC calculation. In the physical
optics model the current on the surface of the scatterer is
approximated by an image current abtained using a local

infinite tangent plane approximation. The early statistical
models assume a Gaussian statistical surface height distribution
with height correlation function that is also of Gaussian form.
This approach, first introduced by Isacovitchz, has been reviewed
in early3 as well as a number of recent publications4’33.
Although this model correctly predicts specular backscattering
for diffuse scattering there are discrepancies between the

4,7,33

measured data and the theoretical predictions . A Number

of modification's have been introduced to the height correlation

11



function in order to be able to predict the diffuse scattering.
One approacﬁ uses an exponential correlation function. The
improvement here is due to the longer correlation lengh of
exponential damping as compared to the Gaussian correlation

24,25

function . It has been pointed out, however, that an

exponential surface height correlation function can not

7’32. To correct this deficiency

represent a physical surface
a number of authors suggested to use a comkination of correlation
functions, a Gaussian correlation function for short correlation
distances and an exponential correlation function for long

724,36

correlation distances . In the same spirit, composite

statistical surface model has been discussed for a single

14’15. In this model two or more independent

physical surface
statistical surface height variables are specified. A large-scale
surface height variable produces a strong quasi-coherent
backscattering with small additional diffuse backscattering
while small-scale surface height variable produceg€ a diffuse
backscattering that adds to the diffuse scattering produced by
the large-scale surface height variable. Physically, the
large-scale surface height ¥ariable represents gross feature

of the surface 1like mountains or large ocean waves, while
small-scale surface height variable represents detailed

features of surfaces, like gravel, stones or ocean ripples.

It is possible to postulate two independent statistical

variables one which is the surface height and the other is the

surface slope25. Since the slope and the height of the surface

represent the same physical surface, correction terms, called

12



shadowing functions that reduce the effective scattering area

for a wave with a given oblique angle of incidence, are needed.
For a normal angle of incidence the effective area is the physical
‘'scattering area, however, for oblique angle of incidence the area
is rediced. This area reduction increases the effective scattering
cross section leading to an increased diffuse scattering
component. A number of shadowing functions are available16-20.

It is also possible to introduce non-Gaussian joint distribution
function825’26. However, such distribution function lead to
mathematical difficulties and complicate physical interpretations
of the results. It is also possible to improve the physical
optics approximation. These improvements depend on the

1,3

intraduction of either an edge effect or the inclusion of

additional slope depéndent term821’22.
The surface perturbation model analyzed by Rice8

9 .
2 for an acoustical surface

was originally developed by Rayleigh
scattering. In this method the equation representing the surface
is expanded in a spatial harmonic Fourier series with ramdom
amplitude Fourier coefficients. These coefficients characterize
" the roughness of the surface. In the Rayleigh method, the
scattering field is decomposed into a spatial harmonic series
with unknown reflection coefficients for each rectangular
component of the field. Using the divergence equation and
boundary conditions and the spatial harmonic series for
statistical surface in a small slope approximation, the

averaged reflection coefficients are evaluated.

In this paper, the electromagnetic backscattered

13



field is evaluated using the physical optics approximation with
statistical surface realizations that are sample functions of a
Gaussian process. A Gaussian random height process is equivalent
to a very large number of joint height probability distribution
function. The resulting integral expression for backscattered
field is a Wiener integral. The mean and mean square field have
been formally evaluated by Hoffmanl. Using some o.f expressions
derived by Hoffman, we evaluated the MBC for isotropic surface
realizations for all angles ofvane incidence,

In section two, we define of electromagnetic
scattering model and the parameters of the rough surface. The
evaluation of the MBC for all angles of wave incidence is done
in section three. Finally, in section four we summerize the

results.

14



2.2 The Rough Surface Backscattering Model

It is known that the backscattering electromagnetic
field due to a plane wave incident on an arbitrary condcting
surface can be cast in an integral form. This integral can be
obtained either by proceeding from the Kirchhoff-Helmholtz
integra13, which is a mathematical statement of the Huygens'
principle, or by postulating an optical surface current induced
by the incident field37,_or by starting diretly from the free
space dyadic Green function28. The result of any these caculations
for the backscattered electric far-field amplitude due an unit
amplitude plane wave incidence is

13 j]{R 2 .
_ooJe- . _32]_<' r -
B(R) = Jo— v (e oay) eI Fas (2.2-1)

o
where k = W/c is the free space wave number with ¥ as the radian
frequency of the source and c is the velocity of the light in
free space. In Eg.(2.2-1), R is a distance from the origin to
the point of observation P, r is the local surface radius vector

r=xa_+Yya_+ g(x,y) a, (2.2-2)

a, is the local surface normal unit vector

o

d g(x,xka . ag(x,ﬂ
oV

a, = -[-2X "Zf ;Y —Z) (2.2-3)
1+ &2 @2

ks is the incident wave number vector

15



k. =k sinu cos va + sinu sinv a,~ cosua, (2.2-4)

with u and v as the angles of elevation and azimuth of the
incident plane wave, and Solislthe effective 1lluminated area
(See Fig.2-1). It is assumed the field is time harmonic of the
form exp(-jwt) where j:(—l)%. By projecting the optical
differential surface area dSO on the x-y plane, the backscattered

field Eq.(2.2-1) is

—jkeJkR

E(P) = 2T R SS F e_-]zl-gi ' ']’:'-'dX dy’ (2-2—5)

with

. 0 , . 3
) = sinu cosv —gv*'51nu sinv —+ cosu (2.2-6)

-F = (Ei' Qn)/k(éz' a IxX dY

n
and S the effective illuminated area on the x-y plane. Eq.(2.2-5)
is the final form of the backscattered electric field suitable
for statistical computations.

The backscattered EM field is a random process since
it is dependent on the surface height ;(x,y) which is itself a
random process, The randém sﬁrface height E(X,y) is assumed to be
a real Gaussian random process of two independent variables X and
y. The process %(x,y) is characterized by its mean value < 5(x,y P>
=0, that is the z = o is the mean plane, variance(izz?:gz(x,y)> ,
independent of the location of the surface, and surface height
correlation function C(x,x',y,v") =<1€(x,y) g(x',y')>/o‘2
where . ..~ 1is the ensemble average of the process. The surface
height correlation function C(x,x',y,y‘) is assumed to be

radially isotropic, that is, &£(x,y) is a wide-sense stationary

16



Gaussian process with correlation function dependent on the

. , 2 s . .
radial variable tl=[(x—x') + (v-y')“]? only. Our interest is in
the mean magnitude square of the electric field since it is the
quantity that is proportional to the MBC. Eq.{2.2-6), the mean

magnitude square of the electric field is

* - : - - [}
<EE>= 2l [, I e Lk (=t )k (v-¥ ") Jgg ggo (2.2-7)
where
I = coszu Ml + sinu cosu(cosv M2+ sSinv M3) + sinzu sinv cosv
(M,+ M) + Sinzu(coszv M+ sinzv ) (2.2-8
4t Mg 6 M, :
K (2
A = ( PR (2.2-9)
and M, =<..J2K cosul%(x,y) - g(X',y')]> (2.2-10)

( 3% + 3 )y eJ2k cosu[5(x,y) - B(x',y')] (2.2-11)
2 =<\ §x * 3x’ : >

M, =< ( 3h 3% ) ej2k'coéu[$(x,y) - g(X',y')]> (2.2-12)

3 3y T 3y
M, =< g% g%T oJ2k cosul 5(x,y) - ﬁ(x',y')]> (2.2-13)
M. < 2235 i cosul $(x,y) - B(x',y")], (2.2-14)
5 ay ax!
M. =< ab 3% o2k cosul 5(x,v) - Lx',y") ]y (2.2-15)
6 7 9% ox'
o 3535 _j2k cosulL(x,y) - B(x',y)] (2.2-16)
My = oy oy’ )

The M functions are known from the work of Hoffmanl on scattering
of EM waves from a rough surface. For a random, stationary
Gaussian surface, Hoffman was able to formally evaluate the M
functions using the Karhunen-lLoeve expansion theorem. The result

of this calculation is

17



M, = exp{—pz(l—c)} (2.2-17)

1
: 3C _ -
M= —Jdp(ax BX') My (2.2-18)
- _4 °oC _ oC -
M3_ ~Jdp(ay ay,) Ml (2.2-19)
2
2, 3 C 23C aC . .
My= 0" (5gy7 * P ax 3% 3y ) My (2.2-20)
2
_ 2,.3%C 23C 3C _
M5_ o1 (ax'ay + PS5, 3y ) Ml (2.2-21)
2
_ 2,8 23C aC _
M6' o (axax' + P ax ax') Ml (2.2-22)
M= 62(—939— 28C 2C (2.2-23)
7" 3yay! + P 3y oy" 1 '
where
p =2Kkdcosu (2.2-24)

For additional details the calculation can be found in the
Ref.l. Knowing that integrand of Eq.(2.2-7) is function of
(x-x') and (y-y') only, the integral can be simplified by the

coordinate transformation

X = X-x' (2.2-25)

7 = y-y° (2.2-26)

The result of this transformation is

* 0 - — =1 X 7Y - -
<EE > = aSff T,T,I(X,¥)e J2 (K x4k ¥) 24y (2.2-27)
—o0
where T1 and T2 are the aperture functions which for rectangular
effective are of illumination are
N {1—|i|/2x
-0

X
1 % (2.2-28)



T, {é'|§‘/ZY %%{: % (2.2-29)
where 2X and 2Y are the lengths and S is the effective area as
4XY. The function I(X,y)takes on significant values near the
origin of x and y due to the exponential damping of the
correlation coefficient C(xX,y). Thus area effects are negligible
when the aperture dimension is large compared to the correlation
distance L, and therefore we approximate the integral
<EE*>=A5?}1(i,?)e“jZ(kx§+ky§)did§ (2.2-30)
—c0
Because the surface statistics is isotropic, the correlation

function depends on the radial distance t only, where t and w

are the cylindrical coordinate variables
tT =x" +y (2.2-31)

w = tan"1%/¥ (2.2-32)

We next transform the integral Eq.(2.2-30) into the new coordinate

system. The phase term in the integrand is

I, = o~ Jatsin(w+v) (2.2-33)

where

2ksinu (2.2-34)

aq

In Appendix A, the M functions are transformed to radial

coordinate system resulting the following transformed M functions

M1= exp{-pz[l—c(t)]} ‘ (2.2-35)
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M. =-j20psinval M (2.2-36)

2= at ™
M3=-j26pcosw%% Ml (2.2-37)
My= Mo=-bg’sin2v LM, (2.2-38)
M, = %dszlCOSZW - L} M (2.2-39)
M= o -L sin2v - L)} M, (2.2-40)

where
Ly 5= if% 184§D’ (2.2-41)

The integral Eq.(2.2-30) can be now written in cylindrical
coordinates as

27

* e0 —sgtsin( )
<EE > = A%J [ I(t,w) e Jdtsiniw+v
o .

The quantity of interest is the MBC

— *
§ = lin[ 4wR’<EE">/|E,|?] (2.2-43)
R~co

where IEiI2 is magnitude square of the amplitude of the incident
electric field. In the next section the mean magnitude square

of the scattered field will be evaluated for an surface whose
correlation function of the height is isotropic Gaussian function

with correlation distance L

c(t) = exp(—tz/Lz) (2.2-44)

It is known that the Gaussian correlation function leads to a
reasonable representation of variety of physical surfaces. The

random surface is characterized by two lengths, the vertical

20



and horigzontal roughness parameter d and L respectively. It will

convenient to deal with normalized parameters

dn = 20/L (2.2-45)

g = kKd = 2nd /A (2.2-46)

where g, is the normalized roughness called rms slope and £
is the Rayleigh parameter and )\ is the wavelength of the source.

We also find it convenient to introduce a normalized MBC
O -—
G- =6/S (2.2-47)

where S is the scattering area. The degree of the surface rough-

be

ness is characterized by the Rayleigh parameter which for a rough

surface 1is
2 >1

and for a smooth surface it is
L <1
Obviously A should be small for physical optics approximations

to be vélid
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2.3 The Evaluation of the Mean Backscattering Cross Section(MBC)

To evaluate the MBC we note, from Egs.(2.2-42)-
(2.2-47), that the angle and radial integrations separate.

Separating the t and w integrals, we have

2oo 2 2
%= Idt t exp P (l—c)[(coszu—%dszsinzu)f Jdw
o)
&
- Jgp81n2u ‘fSLn(w+v)J dw (2.3-1)
> 5 21 5 21
- ig Ll{sin usin2vfsin2wJ dw - cos ucostjcosZwadw}]
o _ o

The w-integrations are now identified as special cases of the

Richard-Wolf identities35
‘%Trcos(nw)e-jrcos(w—y)dw_(_.)nZTT I (r)cos(n ) (2.3-2)
o Sin ={=] n sin'™ *

where Jn(r) are the Bessel function of the first kind of order n.
From Eq.(2.3-2) we find for the three cases of the w-integration
in Eq.(2.3-1), noting Jw defined in Eq.(2.2-33)

27

g dew = 2 Jo(qt) (2.3-3)
27

J sin(v+w)Jde
o

27

cos -sin
£ < n(2W) J dw +COS(2v) 21 J2(qt) (2.3-5)

H

-j2m Jl(qt) (2.3-4)

1l

Using Egs.(2.3-3)-(2.3-5), Eqg.(2.3-1) simplifies as

20 2

°_x“fdt te P “(1- ) (cos
O

u-ldzL281n u)J (qt)—dp81n2u l%(qt)

+ %GZLlsinalJéqt)] (2.3-6)

As expected ¢° does not depend on the azimuthal angle of
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incidence. To complete the radial integration, It is necessary
to approximate the term exp[—pz(l—c)]. There are two cases of

ma jor interest, the case when the direction of wave incidence

is near normal and near grazing angles.

First we will consider the near normal angle of
incidence. For a rough surface the correlation length is small
and the correla£ion function has appreciable values only for t
close zero. Therefore we expand the Gaussian surface height
correlation function in a Taylor series about the origin and

truncate this series after the first two terms
2 2
o~P7(1-C) - (pt/L) (2.3-7)

L (1+p2)(2t/L2)2-(l+2p2)(2t2/L3)2+(1+3p2)2(t3/L42§.3—8)

2

L r-4/L24+(24p2) (2t/02) 22 (344p2) 2(£2/1°) 24 (24p?) (263 /. 4)
2 3 L (2.3-9)

Substituting L and the approximation for the exponential

1,2
term into Eq.(2.3-6), c° becomes

o 2 2 . -2 -4 -6
¢ = k“[cos“u I ot sin2u{ 26pL I,,-20pL "I, +0pL 151} (2.3-10)

0

. 2 2. -2 2. -4 2 2. -6 2
+ sin"u{20°L “I4j5-20"L (2+p7)I,4 oL " (344p7) I,

8. -8 L 2.-4 2. -6 2 2. -8 2
+ 20 L I6O+26 L 122—26 L “(1+2p )142+d L “(1+43p )162}]
where Imn are
oo 2
_ m+1 -at
I = i t Jn(bt) e dat (2.3-11)
31

The integrals of Eq.(2.3-12) are Weber exponential integrals

of first kind and derivatives with respect to a. The Weber
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integrals are

. —atzdt ) bm(Za)—(m+l)e—(b2/4a) (2.3-12)

m+l
o t Jm(bt)e

0O =8

Substituting Eq.(2.3-12) and appropriate derivatives in Eq.(2.

3-10), we have

do——LE[ g (u) + —2=g, (u) + —¥L—g (W) + —=——g. (u) done]
462" ° 2g2 L ktg?2 165673 (2.3-13)
where
go(u)z Go(u)[1+2tan2u+tan4u+---] (2.3-14)
2 2 2 4
gl(u)= Go(u)tan usec u[a6+aitan u+astan Ut » o | (2.3-15)
2 4 ’ L L 2 L 4
gz(u)z Go(u)tan usec u[b0+b1tan u+bitan Uk v o | (2.3-16)
2 6 2 4
g,(u)= G (u)tan“usec u[cp+c!tan“u+cttan u+* ] (2.3-17)
3 o) 0'""1 2
and
L2 2
Go(u) = exp(———itan u) (2.3-18)
ag

The coefficients in Egs.(2.3-14)-(2.3-17) are

al= %2 -1, ai=L2/862—7/8, ay=L 2 1852 (2.3-19)

bé=15/26+3L2/2662, br =314 /2%6%41.2 /2042 2py=1°/2% 6_1014 p1144
(2.3-20)

el =0 2 ;5412 -7 ci=L2/2662+5/3'2 , CyeL 2 /51052 (2.3-21)

Using the normalized length parameters defined in Egs.(2.2-45)

and (2.2-46), we have final form for MBC

‘o) ‘o] -2.,0 -4 -6 ,0
d = dg+ L 91+ 2 dz+ g dg+re (2.3-22)
Where
2
d;: 6;2 [1+2tan2u+tan4u+"'] (2.3-23)
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di: Bseczu[ao+altan2u+a2tan4u+.-.] ' (2.3-24)
d%: Bsec4u[b0+b1tan2u+b2tan4u+...] (2.3-25)
d§= Bsec6u[c0+cltan2u+c2tan4u+...] (2.3-26)
and
tanu
6 = S (2.3-27)
n
2 52 (2.3-28)
B = 6% T

with normalized coefficients as

2 4 2 _ 2 _

ay=40, -1 _1/2d +1/2 a2_1/2o'n (2.3-29)
) 2

3/2 o} +15/2 b1=3/2 d +1/2 b.=1/0 : (2.3-30)
n 2 n

co=dﬁ/26—l/27 cl=1/24d§+5/3-29 _1/28 4 (2.3-31)

The MBC near normal angle of incidence is an asymptotic
series in term of the Rayleigh parameter . The first term
dg is the geometric MBC while the additional terms are the
high frequency correction to the geometric MBC. The geometric

MBC can be separated into two terms

o) e} o}
= d d .3-3
dg go+ ql (2 2)
with
o) 1 —62
d o= 3 5 © (2.3-33)
g g_cos"u
and
0 1 —62 2 4q
dglz = e [tan“u + tan'u +...] (2.3-34)
e}
n

where we have been used the identity

14 tanzu = Seczu (2.3-35)
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21,22,30 while the

The first term is the quaéi—coherent MBC
second term represents the additional geometrical backscattering.
The additional geometrical terms and high frequency corrections
are the diffuse backscattering terms(DBS). In Figure 2.2-2.6
we plot the DBS contribution to the MBC vor § equal to 1.5 and
various values of dn' Of course, the DBS is zero for normal angle
of incidence.

We now consider scattering near grazing angle
of incidence. For grazing angle of incidence the approximation

of Eq.(2.3-7) is not effective because p = 24cosu is nearly zero.

For small values of p, the approximation is

2 2
e P7(1-C) _ Py . pec) (2.3-36)

Eq.(2.3-36) is reasonable approximation for all angles of waﬁe
incidence for a smooth surface because p is small since the
Rayleigh parameter £ is small. We find it convenient to separate
to the mean square field into a coherent and an incoherent

scattering component3
* *
<EE > = <E><E > + covar{E} (2.3-37)

*
where <E><E > is the coherent and the covariance of E. is the
incoherent part of the mean square field.
From Eq.(2.2-5), we have for the coherent

normalized MBC
o) 2 2. 2 2
Ooon= €O u MK |Ecl (2.3-38)

where
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- <eij2kcosu g(x,y0> _ e—%pz (2.3-39)

M
o

and |EC|2 is the coherent pattern function for a flat surface.
The coherent pattern function for a rectangular illuminated area
is the square of the sampling function. The sampling function
argument depends on the patch length. MO is a coherence factor
(coherent reflectance) that smears the coherent pattern functionl?
The coherent MBC is large near normal angle of wave incidence and
small near grazing angle of wave incidence.

The incoherent normalized MBC 1is obtained by
subtracting from the total MBC the coherent MBC. Performing the

subtraction, the result in cylindrical coordinates is

o K2 o2 2 —p2
O ine™ o JJ (I-cos“ue )Jwt dtdw (2.3-40)
[oTo}
The angular integrals are identical to the angular integrals

obtained for near normal angle of incidence(See Eqg.(2.3-6)) and

therefore
o _ .27 -plc 2. 2 2 2 2
— - _1 d
O e ¥ ] e ¥ t[p“Ccos uJO(qt) + (1+p“C){-%0c L,sin uJo(qt)
. dcC 1,2 4.2
—dp51n2uaEJl(qt) + %d%sin“u LlJZ(qt)}]dt (2.3-41)

Using the exact expressions for L, 5
2

2
L = 2 (14p%)C (2.3-42)
1 4
L
4 4at?, 2
L,=— —5 4+ —/—(1+p“C)C (2.3-42)
2 2 4
L L
the incoherent MBC becomes
2
o _ .2 -p -2, 2 -2 2 2.-4_, 2
0. o= kK'e [ 20pL sin2ul,, + 20°L “sin®ul,, o+ 20°L “sin“ul,, g
+ pz{coszulllo+ deL_Zsin2u1221+ ZGZL-ZsinZuIlZO
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2.-4_. 2 4, 2.-4_ ., 2
+40°L” sin“u(-I5, o+ 1322)}+ p 20°L” "sin u(—I33O+I332)]
(2.3-43)
where Imnz are the integrals
2,2
_®.m _-(nt“/L°) -
Imnz_g t e J,(qgt) dt (2.3-44)

The integral of Eq.(2.3-44) can be evaluated using the Weber
integrals of Eqg.(2.3-12). Substituting Weber integrals and its

derivatives into Eq.(2.3-43), we obtained the incoherent MBC as

2
o _,72,4.2 -p . . = 2.2 = 4 4 =
0 ne=2Lk d“e [(a 11+ 12) W,+ 0°k“a’ Wo+ o7k d'3W12]
(2.3-45)
where
Wn = exp[—(ZkLsinu)2/n] (2.3-46)
and the coefficients are
d'. .= cos4u (2.3-47)
11~
d'lzz 2 sinzucoszu + sin4u (2.3-48)
d'2 =2 sinzucos4u + sin4u coszu (2.3-49)
d'3 = 24sin4ucos4u/33 (2.3-50)

Using the normalized length parameters defined in Egs.(2.2-46)

and (2.2-47), the final result for the incoherent MBC becomes

o _8r,4_ 4 6.6 8 8 8
I = 2[2 cos u(d,,+d; )W, +£ cOS ud W, +f COS ucos ud3W%;.é:gl)
n L]
where
2 L] L]
dllz 1 (2.3-52)
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d12= tanzu(z + tanzu) (2.3-53)

d tanzucoszu(z 4+ tanzu) (2.3-54)

2

N

d 24tan4u/33 (2.3-55)

3
The incoherent MBC near grazing angle of incidence 1s a power
series in the Rayleigh parameter £. The dominant term in the
series is proportional to 24 which is Rayleigh scattereing.

A term similar to the dominant term of Eq.(2.3-51) has been
obtained by both surface perturbation23 and physical optics
calculation3o. In Fig.2.2-2.5, we plot the incoherent MBC(IMBC)
with identical values of parameters of the MBC plots in order to
compare with. For the convenience we plot dido in the decibel
scale. We determine the transition region graphically. In Fig.
2.6, we plot the IMBC with respect to the Rayleigh parameter.

These results show that physical optics does predict

correctly the shape of MBC for all values of wave incidence.
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2.4 Summary

Based on a physical optics current approximation, the MBC
for an ideally conducting real, stationary, isotrppic Gaussian
surface height process has been evalﬁated. In the physical optics
approximation the backscattered field is a function of.both the
surface height and its derivative, the surface slope process.

The results of the calculations show that for near normal angle
of incidence the MBC can be expressed as an asymptotic series
while near grazing angle of incidence as a power series in the
Rayleigh parameter jg. The leading term of the asymptotic series
is the quasi-coherent MBC that has been obtained by both

simplified physical optics and geometric optical computation2’3’

4521 | The additional terms in the asymptotic series, denoted as
DBS, are due to the slope dependency for the backscattering
integral. The DBS is zero for normal angle of incidence. The
leading term near grazing angle of incidence is proportional

to 24 that is typical for Rayleigh scattering. This result has
been obtained by surface perturbational calculation823’27’34.
Again, the higher order terms are due to the slope dependency
for backscattering integral. As expected, because of the assimed

isotropic surface statistic, the MBC does not depend on the

azimuthal angle of wave incidence.
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CHAPTER III SCATTERING FROM DYNAMIC ROUGH SURFACE

3.1 Introduction

A great many experiments have been performed in
the investigation of acoustic and electromagnetic scattering
from both static and dynamic rough surfaces. A great wealth data

1

for a wide variety of surfaces are available in both early™ and

2,3,k

in recent publications. Theoretical approaches for the

interpretation of the mean scattering cross section, the usual

result of the measured data, use either a physicall’5 or

6

geometrical7 optics or a small surface slope perturbation theory.

9,10 has measured the temporal frequency characteristics

Crombie
of scattering from an ocean surface using a very long wavelength
radar of 20 m, The observed Doppler spectrum was a nominal
Doppler frequency of .5 Hz shifted away from the source frequency
and Doppler spectral spread of .03 Hz. Since then a large number
of Dopller spectral measurements have been reported using
different radar frequency and illuminationll_lS.

The measured Doppler frequency shift can be predicted
by assuming the sea wave trains contributing the most to the
frequency shift are those thatare travelling toward or away from
a stationary observer. The Doppler frequency shift can be then
calculated from a gravity wave dispersion equation. The result
for this computation can be identified as an equivalent Bragg
condition. However at a high frequency the measured data of the
shift deviated from the one predicted by first order Bragg
scattering. A correction to the Doppler shift in terms of the

ratio of surface tension to water density was suggested by Wright%l
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12 introduced a second correction term that is due to wind |

Bass
drift velocity and the angle between wind direction and wave
inecidence vector. Instead of predicting the Doppler shift alone

19 12 used the geometrical optics-perturbation

Barrick™” and Bass
analysis to predict the magnitude of the Doppler spectrum. This
analysis is called first order theory since it predicts the first
order spectral peaks only. To predict higher order spectral
components, which appeared in the measured data above 4 MHz,
14,17,

Hasselman introduced a second order theory. Here it is assumed
that an interaction between incident wave and two water waves
occurs. As a -result of this interaction,four spectral components
are produced. The two additional components satisfy a second

order Bragg condition. Further multiple interactions are needed

if higher order Bragg conditions are necessary. The geometrical
optics-perturbation analysis requires separate consideration for
calculatdn of the amplitude and Doppler shift of the spectrum. A
physical optics approach, using the Pierson-Neumann's simplified

22 ywas introduced by Parkinsz§

ocean surface directional spectrum
However Parkins considered the coherent Doppler spectrum only.
The coherent Doppler spectra yield good results for near normal
angle of wave incidence. However, near grazing angle of wave
incidence, non-coherent scattering is important leading to

Plateau phenomenaz’B.

In this paper the autocorrelation function and the
Doppler power spectrum is calculated for a time-varying rough
surface. The scattered field is calculated by a physical optics

current approximation. The scattering surface is modeled as a
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three dimensional, two spatial and one temporal, a Gaussian,
stationary height process with zero mean and Variance; The
surface height correlation function is a Gaussian envelope.
travelling wave function in the temporal and spatial variables.
This type of correlation function was suggested by Clay—Medwin21
as a good experimental fit to his as well as Kinsman's measured
datazj. .

In section two, the scattered field from a time-
varying Gaussian surface height process is developed. In section
three, the normalized incoherent autocorrelation function is
derived. The results are presented in terms of normalized
surface roughness parameters. In section four, the normalized
temporal frequency spectfum is obtained. The first order spectrum
predicts third order Doppler frequency shifts. In addition, by
correcting the surface height correlation, second order Doppler

frequency shifts and spreads are predicted. In the last section

a summary is presented.
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3.2 Scattering by a Time-Varying Rough Surface
It is known that the solution of a time dependent

scalar wave equation can be cast an integral form

£(t,R)= lJ‘ (3B £y 2retylel 2 pl 26 g (3.2-1)

where ¢ is the scattered field at the observation point P(R) far
from the surface at a distance R, n is the local surface normal,
¢ is the velocity of wave propagation, EF= elee is the total
field at the surface and the square bracket denotes time reta-
rdation as [e]™ (x,¥,2,t-R/c) and S" is the scattering area.
Using the frozen surface hypothesis and the local tangent

20

approximation, Parkins derived the scattered field from rough

surface for a time harmonic plane wave incidence withradian
frequency u% and tk wave number k= ﬁ%/c
- JkR+]j

(t!R)= Jke \r F e

-JK+ (%) e
SR < dx dy (3.2-2)

where S" projected to the mean plane so that S is the effective

scattering area on the mean plane ad r is a surface radial vector

r = xa, tya, * Mxy,t)a, (3.2-3)
The function F and K are

F=008114'sin11cosv%%-*sinusinv %% (3.2-4)

Kk, - kg (3.2-5)

with k; and k are the incident and scattered wave number vectors

as
(%;) k{ 31n(us)cos( S)gx+sin(38)sin(§ )gy¥cos(u )a, 1
(3 2-6)
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are the elevation and azimuth angles of wave

and v
where u,v,uS o

incidence and scattering, respectively. We note that F is only
function of the angles of wave incidence and directional surface .
slopes. All geometrical parameters are depicted in Fig.3.l. The
field &(t,R) can be interpreted either as a acoustic field i.e.
pressure, sonic and ultrasonic field or as a linearly polarized
electromagnetic field,

The scattering field is a random process since it
depends on the surface height z = 5(x,y,t) which is itself a
random process. The random surface height is assumed to be a real
Gaussian stationary process of three independent variables x,y
and t. The process %(x,t,y) is characterized by its mean value
< 3(x,y,5)5=0, which is the x-y plane, the variance 62=<£2(x,y,t)>
which is independent of the temporal and spatial location of the
surface due to the assumed stationarity, and the surfacé height
normalized correlation function C(X,y, )=d'2< 5(x,y,8) 5(x" y',t">
where <+.:> gtands for an ensemble average. The normalized
correlation function C is a function of temporal and spatial .
separations as x=x-x', y=y-y' and T=t-t'. For wind driven sea

surface C can be expressed as a modulated travelling wave as

21 23

proposed by Clay-Medwin®~ based on their as well as Kinsmans

experimental investigations

2 -2,-2
= LD X z + f v- -
C = expl - 2 1 cos(f x fyy W4T) (3.2-7)

where T is temporal correlation duration and L is spatial
correlation distance, and wave is travelling in an arbitrary

direction with phase velocity ’w’d/ E§+

2
fy where fx and fy are

directional ocean wave numbers as fy=fcosa, fx=fsina.
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Since the most of the experimental data are given
in terms of the mean scattering cross section and/or the power
spectrum, the second order statistical moment, the autocorrelation
function of the scattered field is of interest. The auto-

correlation function of the scattered field is
3%
Q(t)=< &(%,R) & (t+T,R)> » (3.2-8)

where the asterisk denotes the complex conjugate of the field.
This function is also known as self-coherence functionzu of the
field at point P(R). Substituting Eq.(3.2-2) into Eq.(3.2-8) and

interchanging the integrations and averaging, we have

Q(‘C)=Ae—jﬂ%rfsfs.I[e_j[Kx(X—x')+Ky(y_y.)]dxdx'dydy' (3.2-9)

2

where A=k2/(2wR) and KX and Ky are the scalar coefficients of the

rectangular components of the vector K and

I=cos2uMl+sinucosu{cova2+sinVM } (3.2~10)

+sin2u{sinvcosv(M4+M5)+cosva6+sin2vM7}

The M's, defined below have been evaluated by Hoffman8 for real,

stationary Gaussian surface heightprocess

M= < X > = exp{-p~(1-C)] (3.2-11)
_ @5 ab.  _ . 3C aC
M= <(3% + 32 ¥>=-jop(55-35+) My (3.2-12)
3 . 3G 30
my= <@ + Byp=-jop38-28,) my (3.2-13)
Tt X 2 9C 3¢ .2-1
MLI' <ax a'_y_,X> (W + P 3x ay')Ml (3.2 L)
3b a8 2 ,32C 2 3G 3C
M5= <3§.3-§X> = 0 (axvay + P axiay) Ml (3.2-15)
Mo 3% 3% . _ 2, 2% 2 30 3¢
6 3% ax'%” (axax' TP 3% 3ar) My (3.2-16)
3% 3 2,.2%C_ 4+ 23C aC
M7~ <5§ g?.X> (ayay' P 3y ay') My (3.2-17)



where
X = e_sz[ );(X,yy't)" );(X'-Y',t')] (3.2_18)
p K0 (3.2-19)

We note that the autocorrelation function Q(T) is time-
stationary if the surface height correlation function is temporal
stationary. For the evaluation of the autocorrelation function,

we separate coherent and incoherent components as

Q(T) = o (T) + ap(T) (3.2-20)
where the coherent component is

QC(’C ) = <&E>< &*> (3.2-21)
and the incoherent component is

QI(T') = covar[ & ] (3.2-21)

From Eq.(3.2-8), the coherent autocorrelation function is

2 2

Q.(t) = Ae’j“"c’:'C cos“u M |E2| (3.2-22)
c o} c
where
M= < e—jKZ$(X’y’t)> = exp{-p°/2} (3.2-23)
is the characteristic function and
E, = IS e_J(KXX+Kyy)dx dy (3.2-24)

The magnitude square of Ec is the coherent pattern function for
a flat surface. This functin is dependent on illumination. For
a rectangular patch it is a squared sampling function while
for a circular patch it is an Airy Disc pattern. The term Mg is
a surface roughness factor( or coherent power factor) which

smears the coherent pattern function. It is unity for specular
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scattering and it is near zero for backscattering. A great deal
of measured data has obtained from source radiating near grazing

13'15’17’18. Near grazing angle of incidence,

angle of incidence
thethe coherent power reflectance is near zero and therefore the
incoherent component is dominant term in the total autocorrelation

function.

38



3.3 The Incoherent Autocorrelation Function
The incoherent component of the autocorrelation

function can be obtained by subtracting the coherent component
from the total autocorrelation function

QI('C)=Ae—j c S J [I—coszue“pzje'j[Kx(x'x')+Ky(y_y')]dxdx'dydy'

S s (3.3-1)

where S and S' are identical illumination areas. This integral
ig two dimensional Fourier transform with respect to (x-x') and
(y-y*'). Since the integrand is a function of (x-x') and (y-y')
only, the integral can be simplified by using reasonable

approximation as in the Chapter II

. 0 21¢ . s _
Qp(T)=Ase L YL [I-cos®ue™® ] e JeKicos(0-2¢) qeaz  (3.3-2)

where
k% = k2+ i, d= tanH(K, / K) (3.3-3)
and
2 _ 12 12 - -1 (x-x' a
z% = (x-x")* + (y-y')=, & = tan %gryr% (3.3-4)

The quantity, I, in the integrand, using Eq.(3.3-4), is in the

new cylindrical coordinates

2
I =¢P (l C){cos u- %—81n2u L,- Jdp51n2u[81n(v+6) +cos(v e)lBC
2
+ %?sinzu[sinZV(—sinzeLl—ZCoszeLB)+cost(cos29Ll—ZSin29L3)]}
(3.3-5)
where
2
(PR 2c _lac, . 2 acy2; 1,3 )
Ll,Z‘a ,2 s+ TP {53) *'QCa )%} (3.3-6)
Z a0
2 oC 2
132 1.3C _ p3c acC
L3 z——e—-"za 37 Eza + 7, '—Z' 36 (33"7)

N

Since p“ is small near grazing angle of incidence the term
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exp[—pz(l-C)} can be approximated as
exp(-p?(1-C)} = exp{-p>} (1+p°c) (3.3-8)

Using this approximation in the integrand leads to a cancellation
of the term exp{-pz}coszu, and the integrand containes term up to
c3. Letting
27 2 2
J exp{-p“}= I-cos“uexp{-p“} (3.3-9)

we have for J(See Appendix B)

- ~ 2 =2 - 3 2= =2
J CNlO+ CNOl+ C N20+ C N02+ CCNll+ C N3O+ C CN21+ CC le(3 3-10)
with
N, ~=pZcosu + j sin2usﬂJ(v+9)2§'+gEsin2u{4 +f —422[1—00 2(v+6)]3
107 P JgP %2 TR Selv
L (3.3-11)
N..=jopsin2u(f_sinv+f cosv) cjz'*:'Ln‘zulL"Z f (3.3-12)
017 J°P e y 22 2 °
2.2
R T . _&"p*8z_.. 2 _
N;{=3dp 31n2u(fxcosv+fys1nv) - sin“u f2 (3.3-13)
N,,=p2 (N; g-cosu) (3.3-14)
N02=-pzdzsin2u?l/2 (3.3-15)
N,.=-p2d?2z%sin%u f, /I (3.3-16)
21 2
N12=—pudzsin2u fl/2 (3.3-17)
N30='P4d22z2sin2u[l-0052(V+9)]/ r (3.3-18)
where
£.=(£2 + £2) + 2f_f sin2v + (£2-f2)cos2v (3.3-19)
1 X y Xy X'y '
f2=s1n6(fx—fy31n2v—fxc082v)+cos€(fy—fx31n2v+fycos2v)
=gind vyt cos8 v, (3.3-20)
and
6 {: 'CZ Zz . .
= exp{- pi £§} s1n{z(fX81n94-fycose)-”at} (3.3-21)
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The integral for the incoherent autocorrelation function is
2 . © 21 .
ap(« )=Ase™® "I%GT JJ Je-iEKe0s(0-8y) L4045 (3.3-22)
o)

For algebraic convenience, we decompose C and C into forward and

backward travelling waves as

= 1
(@) = (PreHzeh S (3.3-23)

where we have used the identities

8in(g) = 3(edF o734 () (3.3-24)

and C% is spatial and temporal envelope function as

n /tz Zz |
Cq —exp{-n\Eg + EEQ} (3.3-25)
and Cil is phasors
Cim=exp£—jm[ivﬁr ¥z(fxsin9+fycose)]} (3.3-26)

Similarly, we decompose the set {CmCin} into the travelling

waves
02= 32 + 302(c™2+ ¢7?) | (3.3-27)
G2= %02 - 3cB(c™%+ ¢7?) (3.3-28)
og=-jac2(c*e- ¢2) (3.3-29)
0= £ c2(c*3- 73+ 3¢+ 3¢7h) (3.3-30)
2= k(e ¢+ ¢* oY) (3.3-31)
0G%=303(-c73- ¢34+ ¢+ ¢7h (3.3-32)

and substituting Eqs.(3.3-23) through (3.3-32) into J and
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m

factoring the same order of Cg and CT, we have

+ . =+ - .
J=%C2(N +Ny,) +4C 1 l(N F jNyp)t C 2 2(N - NgoF iNqq)

#eLCT (BN My pF G, )+ 6P (o N, F §N,)] (3.3-33)

Separating QI(t ) as

Qp(T)=% @5 () (3.3-34)
where
Q$n=ASe-p2"j“Etgwgszine_jZKtCOS(e_¢K)z dzdé (3.3-35)
with
T07=3C2 (N + Ny ) (3.3-36)
TR0 (N o F i) (3.3-36)
Tp2780 0g(Npg- Nopt dNpy) (3+3-37)
J§3=%0i102(3N30+ Ny = Np) (3.3-38)
T33750 705 (Nyg- Nypw dNp) (343-39)
The term JO2 has no phasor and therefore Q02 is the component of

the incoherent autocorrelation function due to a quasi-static
surface. The integrations Qin with respect to z and € are

similar. Next the integration QO2 is carried out in detail. The
evaluations of the rests of-Qin are done in Appendix C. We will
first integrate the angular variable and then the radial variable.

Defining the angular integrals

21 :
(21 = 725 (ne) emIKy008 (00 o (3.3-50)
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we rewrite Qoz(t )

2 . [ols]
Qoo (T )=ASe™P _J"dctg d#.z (o’pCosinu/L)z(l—ZZz/Lz) @0

—jdp(pCoz/L)zsinZu(sinv®l+cosv@l)+2z3(deosinu/L2)2-

(—sin2v¢2ﬁ-cos2v@2)} (3.3-41)
The angular integrals are Richard and Wolf integralsl5
(&) —(cper 1 (k,2) %m(ay) (3.3-42)
L ‘m J m't sin ‘7K *

where Jm(x) is the Bessel function of the first kind of order m.

In particular

CPO= 2m J (K, 2) (3.3-43)
(CE )72 (=3) J (K 2) 350 (8g) (3.3-1k)

Substituting Egs.(3.3-43)-(3.3-45) into Qgos We have
p2ejurn 2% 2,02 -2,2" -2
Qp,=2mASe P ~J Wt "7 2{ (gpsinu/L) (NS-L7 NS )+dp3L sin2usin(v+¢K)

'Ni -2(dpsinu/Lz)zcosz(v+¢K)Ng} (3.3-46)

where -Nﬁ are the radial integrals as
W=y 2Ly (K. 2)exp{-nz?/1°} dz (3.3-47)
) mt _

\J
and Ng are the derivatives with respective to (—n/LZ). The
integrand of the radial integral is real as expected with real

K, and ¢, defined by Eg.(3.3-3). The integral Ng are of the

26 as

t
first kind Weber exponential integrals
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= KﬁEZ(nL'z)]_(m+l)expE-L2K%(2n)"2] (3.3-48)

In particular

W2 = 12 iy exel-17K5/8] (3.3-49)

e = L”Kt/lé-exp[-szi/BJ (3.3-50)

w2 = 18k2473. exp[-1%k2/8] (3.3-51)
and

w2' = 1 [1-1%k2/81/8exp[-1%k2/8] (3.3-52)

Substituting Nﬁ into QOZ’ we have

2 2.2
. 2T LK . 2
Qoz(t') = 21wAS exp{—pz—au%t - 2 - 8‘i}{(dpLKt51nu) /25

+dp3L2Ktsin2usin(v+¢K)/24—(dpLKtsinu)2cosz(v+¢K)/%5} )
3.3-53

This step completes the evaluation of Qoz(t )+ As expected,
Q02 is independent of the surface wave number f and the radial
frequency uﬁ.

From Appendix C
— . — -+
Qin(xr) = 21AS exp{-p2-n T 2~Juét Fimwgtl el (3.3-54)

where

Gil =exp{ ~L2K iz/Lln}{(chosu)z/hd-dpL2 sinZu(fysinv+f cosv)/2

+f (dL31nu)2/8+(dLKl sinu)?/2 +dpL2K1ts1n2us1n(v+¢”)/“

t
+ &(dLsinu) 2K (V sing~ +V_cosgr K)-(UL lt) cosz(v+¢lK)}

1K "2
(3.3-55)

GEZ eXP{-LZKiz/S}ﬂIQPsinu)2(Ki2+[g]fl%iUP3LZSin2u(f sinv+fycosv)/h

+dp3L 2ts1n2u81n(v+¢“K)+(0pL) t31n u(Vls1n¢2K+Vzcos¢
—(opLKEt31nu2 32 cosZ(v+¢EK)} (3.3-56)

L4
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TB =éxp{-L /12]{ (op Lfls1nu)2/3 25+(dp LK ltSlnu)2/3225
i(szLsinu) K ,/3%2" (v singd +V cosply)
-(OszK%tsinu)zcosz(vi¢lK)/3 25} (3.3-57)

and

G;B =exp{- 12 K" /12}{(0P Lsinu)*“ l/3 02 +(0p LKBts1nu)2/3325

i(opZLKEtsinu) (Vlsin¢§K+Vzcos¢§K)—(dp thsinuL)Zcosz(v+¢§k)/3225

(3.3-58)
where
2 _ — 2 — 2
Kot —(Kx+ mfx) + (Ky + mfy) (3.3-59)
o= = tan-lKK Fmf_) /(K. Fmf_ )} (3.3-60)
mK X X y y '

The results will now be expressed in terms of
normalized quantities which are functions of normalized
parameters. Let the normalized autocorrelation function(NAC),

Q(T ) be defined as

() = L”’R a(t) (3.3-61)

For reasonable surface realizations, NAC is related to the mean

scattering cross section(MSC) as

Q(t) =w(t) o (3.3-62)

where W(t ) is a function of the temporal variable and J is

the MSC. The MSC is a function of the following three normalized

parameters

4 = kd (3.3-63)

o = d/L (3.3-64)
Ls



= £/k = (£2 + ffr)%/k (3.3-65)
where £ is the Rayleigh, dn is the rms surface slope or
normalized roughness parameters and f is the normalized sea wave
number parameter. Using the normalization condition defined by
Eq.(3.3-61) and the dimensionless surface parameters, Egs(3.3-
63)-(3.3-65), we have for the total NAC

Ql(t) = e~ JuLT 80 +n§16Xp("jw6C$jmwat - ntz/Tz)-8ih (3.3-66)
where BC and an are coherent and partial incoherent MSC
respectively. The normalized coherent MSC is
80 = cos?u exp(-p2)|Ec|2 (3.3-67)

and the normalized partial incoherent MSCs are

5 = k?exp(-p?) oo (3.3-68)
where
g2 gl(z)£24 2K2s1n u/25+£6[p3K 81n2u31n(v+¢K)/2
-2 5p ts1n2ucosz(v+¢K)]} (3.3-69)
dfl 1)24{ cosu+~1~p2 1t51n2u31n(v+¢lﬂ)+4fls1n2u+ 1tsin2u/8
iipf31n2ucos(v a)£5F Kftsin u(vlsin¢fK+Vzcos¢iK)
Kfi 1n2ucosz(v+¢§K)} (3.3-70)
dg (2)£6£2 & 2K“ZSJ.n ut2 5 3K5t31n2usin(v+¢iK)
2 2 6 2712 2

2" pr sin2ucos(v-a) +2

o .2 . -
+2 4p2fK§tsln u(v151n¢§K+V2cos¢§K)} (3.3-71)

Lé

+
P fls1n u -2 K5t81n ucos2(v+¢lK

)



5i3=g1(3)£8{2 53 25 4 %bln uk2 43 zpufK‘ sin u(V s1n¢“ +Vzcos¢§K)
“3 lpuf sinu-2 53 =25 Kl%31n2ucosz(v+¢ )3 (3.3-72)
8§3=g§§3)£8{2 43 lp+f151n u-2 53 3 4 3‘%s:m ucosz(v+¢3K)
+2_53_2§4K§tsin2u +27 3 3 4 31:s:Ln u(Vls1n¢3K+Vzcos¢§K)}
(3.3-73)
with
K¢2=(sinucosv—sinu cosv $msina)2 (3.3-74)
mt s S .
+(sinu sinv —sinussinvs-f_- mcosa.) 2
+ 1K $ mf
¢ ..= tan X
mK Rfﬁf'gr (3.3-75)
y y
p=cosu+t cosu, (3.3-76)
F1= 1 + cos2(v-a) (3.3-77)
V.y - sin,_ \-sin
(vl) = aog (@) Foog(at2v) (3.3-78)
2
g (n)= 7% expl-22(5%+ K52/noZ)) (3.3-79)

We note that Kt= KO

NAC. We will next discuss a few special cases of our general

£ This step completes the evaluation of the

MSC results.

For quasi-specular scattering,

(3.3-80)

u=ug, VEV

s
In this case we assume that the transmitter and receiver are

nearly identical in heights. Therefore, angularly dependent

L7



parameters are

P = 2 cosu (3.3-81)
with
=2 2 2
K= {sinu(cogv- -cosV )F¥ msin a}“+ {sinu(sinv- -sinv )¥ mcos o}
5 (3.3-82)
£ _ -1l sinu(cosv-cosv_ )+ msina _
P van SthEoan 31nv:;+ MC 0Sa. (3.3-83)
% K2t= Zsinzu[l—cos(v—v )] (3.3-84)
s
The coherent component 80 is
- _ 2 -2
g = cos“u exp{-(£p)*“} (3.3-85)

c
independent of the azimuth angle. The partial MSC's for quasi
specular scatfering are listed in Table 3.1.

Quasi-specular scattering is identical to specular
scattering if the azimuthal angle of incident and scattered wave

vectors are identical,i.e.

v = (3.3-86)

S
with U=u The parameters in this case are

D =2cosu (3.3-87)
=t _ = _rl . m#0
Kt~ Knt=lo m§6 . (3.3-88)
* _0 m#0
kLo nzo (3.3-89)

The coherent specular MSC is identical to the quasi-specular
MSC gince it is not a funetion of v. The results for the

specular partial MSC's are listed in Table 3.1.

In the backscattering case

18



=k | (3.3-90)
This statement is equivalent to

v =v, + /2 (3.3-91)

s’ s
The parameters now become

P = 2cosu (3.3-92)

Ki§=(2sinucosvif-msinoc)2+ (ZSinuSinv*chosa)z (3.3-93)

-1 2sinucosv ¥ msino
2sinusinv + mcosa (3.3-94)

+
¢mK—tan

for m#0, and

Kt=Kot=Zsinu (3.3-95)

=0 o =/2 = V (3.3-96)
for m=0. Further we note that

Sih(vipg) = (1) (3.3-97)

The coherent backscattering MSC for grazing angle of incidence
is small since the coherent pattern function is small. The result
for partial backscattering MSC's are listed in Table 3.1,

When the incident wave illuminates the moving
ocean surface in the cross wind direction i.e. the incident wave
vector gi and the direction of the sea wave propagation are
perpendicular, there are no resonance sea wave effects in the

scattered field if observation is in the cross wind directioné’
11,14,16

., In this case

v +a =un/2 (3.3-98)

The MSC's for the cross wind direction are listed in Table 3.2
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for quasi-specular, specular and backscattering angles of wave
incidence. For quasi-specular wave incidence it is shown that
the result depends on sea wave number f while for the specular
and backscattering MSC the sea wave number f drops_out.

In Fig.3.3 through Fig.3.7, the partial MSC's for

various values of parameters are plotted.
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3.4 Temporal Frequency Spectrum
The Fourier transform of the autocorrelation
function for the scattering field is the temporal power

spectrum

s(w) =F a(t) e¥Mac (3.4-1)

Since the NAC is separable

[

Q(t) =g w(t) (3.4-2)

where W(t ) is an envelope function. We define the normalized

temporal power spectrum(TPS) as

S(w) =3 W) (3.4-3)
where
w(w) = £ u(t) eI ac (3.L-1)

where € is the time correlation frequency. Defining the

normalized radian frequency parameters as

T = /e (3.4-5)
wy =1 /€ (3.4-6)
W, =W /€ (3.4-7)

Where 4, &d and,[fyc are normalized spectral, Doppler and

source radian frequencies. We have as the final result for the

TIPS

S(5) = Zst (@,5,,%,) (3.4-8)
with

Spa(@) = Go W Gy ,) (3.4-9)



+
where W;n sre partial spectral envelope functions

+ E *9] - EZ.CZ_ - - e
it oD § o =w Fmug ) prexpl - (- Fnizg)2/n]  (3.4-10)

!

n 00

The index m and n represent the order of normalized Doppler
frequency shifts and normalized Doppler frequency spreads,
respectively. The coherent spectral component Wc(i}) can be
found by letting the correlation time to be infinite. Using

the identity

8 (x) llm ——7— exp(- x2/€ ) (3.4-11)

where 8(x) is the Dirac delta function, we have
Ww) = 11m Wlw) =it 6(w - w,) (3.4-12)

Egs.(3.4-8), (3.4-9) and (3.4-12) are the final results for the
TPS. The TPS has seven spectral peaks corresponding to a

surface with up to third order of Bragg scattering. The partial
MSC's are the magnitude coeffients for the spectral components.
The coherent spectral component is a discrete line 20. For the

quasi-static spectral component S 2 has a spread but no Doppler

0
shift. This component is due to the slope dependent terms in the

scattering integral. The quasi-static component appears in the

9

measured data of Crombie” and it has been described as an
undesirable land echo. The partial terms Sfl are the first order
spectral components and they have hightest spectral peaks and the
narrowest spectral spreads. The partial MSC 6%1 have been found

12,19

+
previously . The partial terms SiB are torrection factors

to the first order spectral peaks and widths. The partial terms
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+ . o
822 and S,

33
equivalent to higher Bragg effects. In Fig. 3.8 and Fig.3.9,

have second and third order spectral peaks and are

we plot TPS for various values of parameters.

The results thus obtained indicate that the spectral
peaks of the echo are aligned with the Doppler frequencies Im q
that include zero order shift m=0. Also the spectral peaks of the
up-Doppler and the down-Doppler are asymmetrical. This result
shows good agreement with early very low radar frequency sea

9’10. However, recent measurements, using higher

13,17,18

echo measurements
radar frequencies show that the peaks shift away from the
nominal Doppler frequencies and the skewness of the spectra
markedly increases. An explanation for this effect, refered to

as a second order theorylz’lu’l9, considers a non-linear wave
interaction between two water waves travelling in the same
direction to form an additional Doppler shift in the TPS. The
additional wave is an evanescent wave that can neither take

energy nor can it propagate independently of the first order
water wave.

To predict the additional Doppler shift from a
physical optics point of view we must modify the surface height
correlation function. Kinsmann's experimental record on sea
surface height correlation function23 (See Fig.3.2) shows a
deviation from Eq.(3.2;7) in the second temporal cycle. To correct

this deficiency we now introduce a second order sea surface height

correlation function

02=Cocos{zfs(sinasin9+cosacose)—u%t}cos{zfe(sinasin0+cosacos0)—wét}

(3.4-12)
53



which gives a better fit to the experimental data for fe<&fs
and W (g e Using the trigonometric identity
2cosocosB = cos(atB) + cos{a-8) (3.4-13)

the second order correlation function can be represented as two

interacting surface waves

Cy= Cé(cosa + cosb) (3.4-14)

where
() = z(f & £,) (cosacosO+sinasin0d)-(w_tw,) (3.4-15)
Cl =¢C./2 (3.4-16)

The two waves have different phase velocities of propagations.
Using the second order correlation function, we next evaluate
the NAC and TPS. By expanding the correlation function into a
series of travelling waves and identifying the appropriate
surface number and surface wave Doppler frequency components,
TPS and NAC can be cast in a series of partial TPS and NAC form.

The result of the NAC(Details of calculation are in Appendix D)

is
3(t) = e Jw,T 30 HE e—jwct ?(hTJS+lwe)-nt2/T2‘ Bh.:fn (3.4-17)
where
8002 = % 302(f=fs) (3.4-18)
TR C Cau M SRR TR (3.4-19)
Tlop = 305, (P, K K o Fomti) (3.4-20)
Biizz= %3§z<f=fs’ K§t=—2i2’¢§K= giz) (3.4-21)



ai(;ilz = % _‘%z(f:fs' K = Korpr @ = %osq) (3.4-22)

—t 1 =t mm ok ot + +

o & (F=F FE.= & t _ E

93213 © %5"’3-3(11"1":5 K54= Kgpp0 935%™ 9549) (3.4-24)

=t - L—+ P =+ = =t g — + _

Se33 7 15033 T g Bgp™ Koiyr I 9ay)  (3:4-25)

-t _ - - = ot —F + o+

dEl:i33 - %ZGEB(f_fS’ KSt_ K§t3’ ¢3K— ¢1i3) (3.4-26)
where

K2, =(k¥hf_F1f_)2 + (KFhf _Fif )2 (3.4-27)

hil S e’'Xx s e’y ]

¢E, = tan”l(KFnE_FLE ) /(KFhf F1T ) y (3.4-28)

and K = K/k where subscript x and y denote components of the
rectangular coordinate.

The normalized TPS is

(%)= %QG)+ hfn aﬁlﬁ Wilnﬁgtﬁc’ad) (3.4-29)
where
W, =L exp{-@-5, 7 _F17.)%/n) (3.4-30)
hln JH' P C s e .

The partial spectral envelope functions Whln have the indices hln,
h and 1 are nominal Doppler shifts and n is the Doppler spread
index parameter. By choosing h and 1 for various values of'ws
and"we, the nominal Doppler shift moves away from the shift
obtained in thefirst order model. The skewness of the Doppler

spread is due to the interaction of the new additional spectral
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component. If we let m=h and 1=0 then the second order TPS reduces

to the first order TPS obtained previously.
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3.5 Summary

A general scalar model of wave scattering from
statistically rough spatial-temporal stationary surfaces has been
shown to give good results for both the MSC and temporal frequency
characteristics of the-returns. Unlike previous models which
require independent considerations of the Bragg scatter for the
Doppler shift using geometrical optics and sea wave angular
spectrum for the magnitude of the MSC using small surface slope
perturbationlz’lu’lg, this model uses physical optics which
requires the knowledge of a temporal-spatial surface correlation
function. The temporal-spatial surface height correlation function
is a gross resultant of the interaction of gravity, wind and
ocean wave velocity and it is a accurately measured quantity.
Because of nonlinear dependence of the scattered return on the
surface height correlation function, the spectra contain higher
order Bragg resonance terms. Also physical optics analysis not
only predicts the correct partial side-spectral components but
also small interaction components as well

At large sea wave number height order MSCs increase
leading to increased non-coherent effects. These effects cause
the observed Plateau2 phenomena. The asymmetry in the equal order
spectral magnitudes are due to magnitude and direction of the
wind and the direction of the incident wave. The dynamic model
also predicts a quasi-static spectral component, a component
that has a spectral spread but no source radian frequency shift.

8’10’17’18.has been

This component appears in reported data
denoted as a land echo. In general higher order spectra has wider

spreads with lower peak values.

57



To predict second order effects of the Doppler
spectral data, which spectral peaks shift away from the nominal
Doppler frequencies and Doppler peak ' skew from the symmetry, we
introduced a second order surface height correlation function
based on the reported data21'23° The second order surface
correlation function is decomposed into two ocean surface waves
and these waves produce a number of higher order spectral and
corrected primary components which contribute each primary
spectral component skewness. The quasi-static component, as
compared with first order model, decreases to half of the first
order peak. The second order model is applicable if illuminating
source is higher than 4 MHz because high frequency forms typical
Rayleigh parameter for small vertical roughness parameter. In
Fig.3.5 we plot a typical first and second order TPS's together

with identical values of the common parameters.
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CHAPTER IV DOPPLER SPECTRA OF A MOVING SOURCE-OBSERVER

TRAVELLING ABOVE A STATIONARY ROUGH SURFACE
4,1 Introduction

An accurate description of scattering mechanism from
rough sutface due to a radiating moving source observer has
practical interest. Aircraft-satellite altimetry and commnication,
airborne radar Doppler velocity measuring system, terrain
imaging and target surveillance radar etc. require extensive
informations of Doppler frequency characteristics of the
scattering from rough surfaces. Doppler return power frequency
spectrum may be characterized by Doppler frequency shift and
spread of the backscattered radiation due to a relative velocity
between moving source and stationary rough surface. The first
Doppler return power spectral calculation from rough surfacel’2’3
have been limitted to a ray optics computation from fixed mean
surfaces. The computations neglected the effect of the surface
roughness. The effect of the Doppler spectral spread due to a
' L

surface roughness was considered recently4’5. Sohel " approaches
the problem by using a physical optics approximation. However in
his model the spectral spread was due to the intensity
distribution of the incident beam while spectral spread

broadens when surface becomes smooth. Berger's model5 which is
based on geometrical optics, assimes a Gaussian random delay

due to a range fluctuation devated from equal range speckle
points in the scattering ray tube. He then assumes that the

Gaussian delay is due to a Gaussian surface height distribution.

For the Doppler return of our study we will use
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physical optics scattering modgl with'source radiation that is
due to a monochromatic i.e. linearly polarized time harmonic,
plane wave. The surface is a height Gaussian random process
independent of time. The static surface assumption allows us
to consider the Doppler spectral characteristics of the moving
gsource observer. The object of the study is to obtain the mean
Doppler power spectrum as a function of the rough surface
parameters, the direction and polarization of the incident
radiation, the speed and direction of the source velocity.

In section two, the field scattered from a static Gaussian
surface height process due to a moving source is developed.

In section three, the normalized mean Doppler spectrum(NMDS) is
derived. The results are presented in terms of normalized
surface roughness parameters. In the last section, the summary
of the results and NMDS plots for various parameters are

presented.
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4,2 Model of the Doppler Return

It is known that the scattered linearly polarized
electromagnetic field due to a time harmonic plane wave incident

on an arbitrary surface can be obtained from the Kirchhoff-

Helmholtz integral6

-'l@J (KR—TD‘Ct)

4R So

g(t;R) = F e"j(gl' l:-)dso (4.2-1)

where k= wb/c is the free space wave number with w, as the radian
frequency of the source and c is the velocity of the 1light in
free space. In Eg.(4.2-1), R is the distance from origin to the

observation point, P(R), r is the local radius vector

L = Xa .+ ya + 3(x,y)§z (4.2-2)

y
and

F a . (4.2-3)

2)' -n

1l

(RF_P.]_ - _.E

where a is the local surface normal unit vector

35 2%
| ox%x T ay?y ~ %y (4.2-4)
SRC SEMCL IR

Rp is the Fresnel reflection coefficient which depends on the

polarization and the material property of the surface, gl , are
3

_121’2= ]_{i-i- ]'ES (4.2—5)
where
94 Vi et i vy
Ei,s= k{51n(us)cos(VS)§X+Sln(uS)81n(vs)gy+cos(us)gz}(4.2—6)

are incident and scattered wave vectors, respectively. The angles
Uy and V.,q are the angles of elevation and azimuth of incident
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and scattered waves, respectively. By projecting the differential

surface area dso on the x-y plane, the scattered wave of Eq.(4.2-

1)
 J(kKR-1w t) _ip .
£(t,R) = 18 S~ Fe IBy* L gxdy (4.2-7)
4%R S
where
25 o3 ‘
Fp= (RgBi- Byl (- 552~ vyt a,) (4.2-8)

We note that the field reradiated from a static rough surface due
to a time harmonic plane wave incidence is a time harmonic
spherical wave with amplitude by surface current transform

We are interested in that part of the scattered
field that is scattered back to a moving source-observer. Let

the velocity vector of the source
V = V(sinacongx+ sinocsinty +cosagz) (4.2-9)

where o and B are the elevation angle and azimuthal angle of
the velocity vector. The time it takes the signal to propagate
from the source to the observer at the surface and back to the

moving source(See Fig.4.1)

R vVt (2 t
t(t) = %— + (igﬁ) - Egﬁki'z (4.2-10)
where 2R is the approximate propagation distance. From Fig.

4.2 we note that the scattered wave vector Es can be written

= - K, + 2=V (4.2-11)

The second term represents an effective bidirectional scattering.

However when the source is stationary, i.e. V=0, the scattering
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is backscattering. Substituting Egs.(4.2-10) and (4.2-11) into

Eq.(4.2-7), we have

. J(KR=g) o _Ek
&(t,R) = LE&—— F e 3(2k RKM) ‘Laxdy (4.2-12)
4R S
where
2

2V

2
— - sl 1

(4.2-13)

The second and third terms of Eg.(4.2-13) are first and second
order geometric optical Doppler shifts. The guadradic phase

3,8,9 and it re-

term ZﬁVZ/XR is known as the linear FM rate
presents a complex modulation term. We will omit this term
because it is indépendent of the surface roughness. Qur final

model of the Doppler scattered return field suitable for

statistical computation is

» ij—jw t + tkv
_ Je o) -j(2k,-=V).r (4.2-14)
E(t,R) = AR JS‘ F e i R dxdy
where‘wb is an apparent source radian frequency as
W= W - k-._\l (4-2—15)

First, we will consider the case where the incident plane
wave 1is horizontally polarized and the surface is an ideally
conductor, then the Fresnel reflection coefficient reduces to
RF= -1 and F becomes

F =-2k(cosu, + sinu.cosv.éi + sinu.sinv.éi )
n i i i i

3% 3y (4.2-16)

since the factor (RgP,- P,) is -2k, and F; denotes the case

of the horizontal polarization. The scattered return for the
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horizontal polarization is therefore

. . tk
e(t,R)= ae 3%t p rm o732 - T V) Laxay  (4.2-17)
S
where F and A are
F = —F;/Zk (4.,2-18)
. kR
A = ke (4.2-19)

21R
When the incident plane wave is vertically polarized, the
Fresnel reflection coefficient reduces for an ideally conductor
RF = 1, then the factor (RFgl—
Eq.(4.2-11), we have

22) becomes -2k_. Using the

&(t,R) = g(t,R) + £ (t,R) (4.2-20)
where
s s tk (4.2-21)
5F(t,R) = Ae Jbbtf %?(y.gn) e J(zgi'f?!)'dedy
S .

and §(t,R) is the horizontally polarized scattered return
field. Thus &° is a correction term to the horizontal scattering
for the vertical polarization.

The field g(t,R) is a random procéss since it
depends on the surface height ¥%(x,y) which is itself a random
process. The random process &4(x,y) is assumed to be a real
Gaissian random process of two independent variables x and y.

The process is characterized by its mean value which is zero,

and correlation function g2c where g2 is variance and C is
normalized correlation function. The process is assumed to be
isotropic, that is, it 'is a mean square stationary Gaussian
process with contant variance and normalized correlation function

dependent on the radial variable z only where
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22 - (x—x')2+ (y—y')2 (4.2-22)
We shall use a normalized Gaussian correlation function
2,2 '
C =e? /L (4.2-23)

where L is the correlation distance.

Our ultimate interest is in the spectral re-
presentation of the fieldﬂ For stationary process, the power
spectrum is Fourier transform of the autocorrelation function
of the return signal. However, in our case the second oxder

moment of the scattered field Q(tl,tz) is nonstationary where
*
Q(ty,t,)=< &(t ,R) & (£,,R)> (4.2-24)

This Q(tl’tz) is also known as a self-coherence function of the
field at point P(R)l7. For a nonstationary process, the time
averaged spectrum is appropriate7, where averaged spectrum
W(w ) is the Fourier transform of the time averaged second
order moment

Re(ct )f{o Q(t;,t,) dt, - (4.2-25)

W(w) = iro R (T ye I¥T e (4.2-26)

where t2= tl+-n. The averaged spectrum W(w ) can also be found

. 7
from bifrequency spectrum of Q(tl,tz) as

o . .
_ -jw, t.+Jjw,t
W(w) = T(w; 75) w1=w2=w'_{of Q(ty,t,)e - 7171772 2dtldtz

(4.2-27)
We will evaluate the mean spectrum W(w ) by the use of Eq.(4.

2-27).

It is convenient to work with the following

65



normalized variables and let the normalized mean Dopbler
spectrum(NMDS) be
4v2

Wn(w) .A:—'S—W('w') (4,.2-28)

and let normalized surface roughness parameters be

£ = ko , dn= ¢/L (4.2-29)

with normalized frequencies

o w - w - o
w o= =, W= — W= — (4.2-30)
e c wf, d u%
where W = V/R is a velocity-range radian frequency, and Sy and

4 are the rms surface slope and Rayleigh parameter, respectively
while '5,'5& and -&d are the normalized transform, source and

Doppler radian frequency :parameters, respectively.
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4,3 The Evaluation of the Mean Doppler Spectrum(MDS)

The ensemble averaged scattering intensity

.k
.e—Jﬁ{tl(vxx+VyY)+t2(Vxx'+VyY')}dxdx'dydy' (4.3-1)

where we dropped the subscript i from the angles of wave
incidence and
g=2ksinu (4.3-2)

H = coszuM +sinucosu(cosvM +sinvM3)+sin2u{%sin2v(M4+M5)

1 2
+cosZVM6+sin2vM7} (4.3-3)

The ensemble averaged quantities, the M functions, for the Gauss
Gaussian random process can be evaluated by using the method

of the Karhunen expansion15 as

Ml=<X>=exp{—B(pqv)z(ti+t§~2Ctlt2)+p2qv(l-c)(t1+t2)zz?§i;§)}
=2+ 3 )x> = 3088 3 mq, (65552, 6 ), (4.3-5)
MBK(% + %')X>= _jdp[%%_é?'_q (tzg_ci“tlg_;' M, (4.3-6)
M4?<§§;E %'X> = dz[ga;;%ﬂpz(l—thv) (l—tzqv)g-f-; %%.]Ml (4.3-7)
M5=<%%'%§ X>= dz[ai?gy+p2(l_thv)(l—thngg'%% ]Ml (4.3-8)
M6=<%§E %i"}p = dz[aiazfc"*pz(l'_thv)(l‘tzqv)g—i %%']Ml (4.3-9)
M= 5y SHe - azfga;;;—.+p2<l-thv><l-t2qv>§§ = Iy (4.3-10)
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where

% o o-d2kcosul (1-t q ) ¥x,¥)-(1-t,q ) H(x",y*)]

(4.3-11)
p = 2kdcosu (4.3-12)
v, W COSU
9= 2Rcosu -~ 2cosu (4.3-13)
and 6% and C are the variance and normalized correlation function

of the surface height process g(x,y). Substituting these M
functions into H and grouping them in terms of the order of

t. and t2, we have

1
H =M ( Hy+ t H, + t2H2+tlt2H3) (4.3-14)
where
2. . oC oC . 3C oC 2 .. 2 .
H,=cos u—J%dp51n2u[cosv(g§—§§,)+81nv(g§—g§,)]+d sin“u[ %sin2v.
( 3%c 3% 2a3cac 2c TN 2c _2c ac )
’ axay'+ XY P 3% ay+p 3X'3y + Sxex' TP 3x 3x!
2
.2 0 °C 20CaC
+s5in V(ayey'+p ayay')] (4.3-15)
1] . ac . ac
Hl=—3%dp81n2uqv[cosv§§,+81nv§§,]’ (4.3-16)
2.2 . 2 Lo 9C oC oC oC 20C3C . 229C 3C
g“p“sin uqv[581n2v(axay,+ax,ay)+cos Vix sxtSin’viy ay]
. . oC .. _oC
H,= —J%dpSanuquCOSV§§ +sinvys ] (4.3-17)
2.2 . 2 Lo 9C oC oC oC 2,8C oC . 29C 3C
d“p“sin“uq [hsin2v(z: ay;‘-ax,ay)+cos Vixex S inTveT Y]
and
_ 2.2, 2 24 9C oC 38C 9C 2.,8C oC . 20C oC
Hy= “p“sin uqv[/zs:LnZV(axa = ax,ay)-;-cos Vi 354Sin ¥2Y3§¥é;

Corresponding to the Hi’ we will separate Q(tl,tz) and the

corresponding bifrequency spectrum into four terms as
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Q(tl’t2)=Q0(tl’t2)+tlQl(tl’t2)+t2Q(tl’t2)+tlt2Q3(tl’tz)

(4.3-19)
[Cwy )= [o Oy o)+ [ (v ) [y 3p)4 GGy 39) (4.3-20)
where
L) ==35t T ) (4.3-21)
R0 )= I 0 ) (4.3-22)
GGy )= a—,;alai@ [ () (4.3-23)
with
D0y sy = Jry »p[ Q4 (£1,,5)] (4.3-24)

and Eqg.(4.3-24) denotes double Fourier transform. Each partial
bifrequency spectrum f;(wi,wé) has six integrations, four
geometric and two transform integrations. When we perform any
of six integrations, the new integral will have a singularity
which then requires the integration of a singular integral in
the next step. We remove this singularity by changing the
transform integrals into a different form. The final result

will be the MDS
3
W(w )= ka;w):mgo Wo(w) (4.3-25)

where Wm are the partial MDS. The partial bifrequency spectrum

E(wl,wé) transformed(See Appendix E) into

© 2,2 2y . 4 1)
I;=A2fIPie‘2(pqv) (sy+83) =30 (wy+e) (5, -G ) +(Wy ) (5 ,-G }dsldsz
e ‘ (4.3-26)
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where s, and s, are dummy integration variables and Pi are
geometrical integrals
- 242 -1 EY ' EX '
P.=lf He Cp a s S,~Jogx(s,+8,) (x4x ' )a5py (s, +8,) (y+7")] |
SS!
» kV "'l .
.e-J(Y-Y')fﬁ—y(qv+%sl—%sz)+q81nv}.

PRS- PES
Lo~ dx g lay sy s ) +acos Vg g vapay . (4.3-27)

The other partial spectra differ from];(wl,wé) in the geometric
integrals and derivatives with respect to radian transform
frequencies, We will evaluate each‘of the partial spectra by
first integrating geometrical integrals, Pi and then by
integrating with respect to dummy variables.

The integrals Pi can be factored as(See AppendixE)

P.= B.T; (4.3-28)

and changed to cylindrical coordinates as

a2 .

B =/ e"thzzcos(ez"¢v)z2deZdz2 (4.3-29)
o0
o 200 2 2 N . i _

T,=J[H,e CpTays,S,-JA z,5in(0, +¢, ) ~Jh, 2 cos (6, ¢v)zldeldzl
oo (4.3-30)

by using cylindrical variables

zi,zz(xﬁxf)2+(y$y')2, el,zztan_l(XFX')/(y$y') (4.3-31)
where index 1 is for the minus sign and 2 for the plus sign with

hl’2 = kVt(sl$sz)/2R (4.3-32)

2 2 2 -1
Vt = VX -+ VY ’ ¢V=tan VX/Vyzﬁﬁ—B (4.3*33)
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2 2 2 -1
At = Ax + Ay, ¢A = tan Ay/Ax (4.3-34)
where
A — }_{YEC_LX o+ CO.S(V) (4 3_35)
x’y” g.. R sin *
v

The envelope functions of the integrand are also transformed in

the new coordinates

2. 1.2 . 2 . ac . L2 .
Hozcos u-30 L281n u JdpSanud2181n(el+v)+4d L151n

2ucosz(el+v)

(4.3-36)
where Ll 5 are given Eq.(2.2-41) and
2
. dac . 2.2 ac 2 . 2
Hy+ H2=—gdp51n2uqvaz 81n(el+v)+d P qv(EE )“sin u[l—cosz(el+v)]
1 1 (4.3-37)

e

Hig

2,22 (dC

212
H3=—%d p gy dzl) sin u[l—cosZ(61+v)] (4.3-38)

Since the envelope Ti are damping within the integration intervals
of the integrations, the intervals are extended to infinity.

The integral B is an Airy function

? Jl(hza)
B =2nJ z, J_(h.z,)dz., =S ——=—— (4.3-39)
o 2 To0'272 2 h2a

2 is an effective scattering area.

where S=21a

We first consider the calculation of the dominant
bifrequency spectrum T;(mi,mb) which in turn requires T,. For
the evaluation of TO, we expand one of the phase term into

infinite series
~jh.z.cos(0,-¢,) «,_:\n _
e 171 17V _ﬁ( 3) Ean(hlzl)cosn(Gl ¢V) (4.3-40)
Y cosn(el— ¢V)
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where Enis the Neumann constant which is unity for n=0 and 2
for all non-zero n and Jn(x) is the nth order Bessel function
of the first kind. Substituting Eq.(4.3-40) into Eq.(4.3-30),

To can be written

o0 2 2
= [ dz.z e CP 4848, f[(coszu—%dzL sinzu)é
o7 5 171 2 o

—JdpSanu——-@ -5 L sin u(81n2v§ —cost@ )] (4.3-41)

where ; are the angular variable integrations

1
AT i _
= sin(6, +v) -jA, z.sin(6, +¢,)
§0,1,2,3’ ﬁ SanOi cosn(6,+v)e “Tt71 17°A’ de (4.3-42)
cosZGl

These angular integrals are evaluated by the Richard-Wolfl6

identities given by Eq.(2.3-2). The results for the

integrals are

3= (-3)"22v3_(A 2z, )cosn(w/2-¢,-¢, ) (4.3-43)

§l=ﬁcosv[cosn¢v {Ds(n+1)—Ds(n—l)}+sinn¢V£—DC(n+1)+DC(n—1)}]

'nsinv[sinn¢V {Dc(n+l)+Dc(n—1)}+sinn¢V{DS(n+1)+DS(n—1)}]

- (4.3-44)
§,,3=Mgin Ny [ED_ (n42) 4D, (n—2):|+'rr =~ (ng,)[D_ (n+2):D_(n-2)]
(4.3-45)

where
D{ngm)=(~3)"*" F(A z,) (77 (nem) Con=g, ) (4.3-46)

n+m
We note that the integrand of To is an infinite series of
T-@i. This infinite series can be reduced to finite form by

the use of Graf's generalized Neumann addition theoremlo which

for 72>z
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ejn”Jh(r) =3 %i%)q}z)ejmu (4.3-47)

where
r2 = ZZ+ZZ—Zchosp . (4.3-48)
and .
v = tan_l zZsinyg (4.3-49)
Z—-zcos|

For example I §_  becomes

I & =20%(-3)"", 3, (h 2,)3, (A 2 )cos (-89, )

=27 Jo(dzl) (4.3-50)

where
2, 2 2 . _

d“= A{ + h +2Ath181n(¢v+¢A) (4,3-51)
Similarly

I@iz(-J)chos(¢A-v—v) Jl(dzl) (4.3-52)

I¢5,3=i2ﬁ0082(¢A—V~v) Jz(dzl) (4.3-53)
with

v = tan 1 h,cos (¢, +6y) LA ~h sin(g,+6,) 3] (4.3-54)

This step completes the angular variable integration of Ty e

Substituting T i into Eq.(4.3-41), we have

2 2
e~ CP qulsZE(coszu—%dszsinzu) Jo(dzl)

o0
TO=2wf dz,z,

o

2ucosZ(¢A-v-\>)J2(dzl):|

—%dp%%lsiﬁZucos(¢A—v-v)Jl(dzl)—%dlesin
(4.3-55)
2 2

The term e_Cp 95152 is unity everywhere except near Zl=0'

therefore we approximate

2 2
e CP qyS 5, _ 1-Cp2q$s1s2 (4.3-56)
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The Gaussian correlation function leads to Ll 5 as in the
¥

Egs.(2.3-42) and (2.3-43), Substituting these L into Eq.(4.3

1,2
-55) we have

1 2 2 2
TO= Zw(To - Pays;s, To) (4.3-57)

where

2.-2 2

.1 2 - -2 "'2 2—
T =COS ul,5p-20"L “sin u(-Illo+L I310+P L I320)

-2,
+0pL s:Ln2ucos(¢A—v-v)I211
2

—262L—4sin2uc082(¢A—v—v)(1312+p 1322) (4.3-58)
2 2 2. =2_.. 2 -2 2.-2
T =Cos ul,,-26"L “sin u(—1120+L I350+P L 1330)
+dpL'zsin2ucos(¢A—v—v)I221
2-4 () 2 2
-20“L “sin uC082(¢A—V—V)(I322+p 1332) (4.3-59)
with
00 2 2
m_-nz5/L
Imni=£zle 1 Ji(dzl)dzl (4.3-60)

The integrals Thmi are identified as the Weber integralslo(See

" L3 L 1’2
Eqg.(2.3-12)). Substituting I, g into T ’%, we have

Té:JFé(d)+gl%L2{ddeSiHZU(1—COSZY)+dpdsin2ucosy}

+922_562p2L2d28in2u(1—c082y) (4.3-61)
Ti:gl%choszu+g22—5L2{12623in2u+62d25in2u(l—cos2y)
+20pdsin2ucosy} (4.3~62)
where

This step completes the geometrical integrations,
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The partial bifrequency spectrum ];(wl,wé) is

_ornlge~ (W -1,)/q 2
[;_ZwA Se v ffds L o-P ays,s Td)'

52
2
“Lp qV(Sl+S2) Jé[( HQ)(81'82)+(wi+vﬁ+2v5)(Sl+82)](4_3_64)

Since the integrand is function of s,£8,, we now introduce new

dummy variables

T
(L) =8 s, (4.3-65)
Using Eq.(4.3-65), T; is
J hﬁ t)
T“—ZwA Se” j(w wé)/qv ffdtdt 1 [T +5P qv(t2+12)T T
00
"zp qV(t +T )= 340 ('bJ' —TD’ ) +("wl+w2+2m' )t] (4.3-66)
where we used the fact that
si + sg - L(£2 4 T2) (4.3-67)
5.8, = L(£2 - t2) (4.3-68)
with
w, = kth/ZR (4,3-69)

We note that in the expression for T; bifrequency w, and w,
appear in the exponent only. Derivatives with respect to wy

and w, yvielding 112 and T;, are equivalent to taking moments

with respect to t1 and t2 as

2w,

00 2 . -1
2 . d .3 —4pZgi(siys 5)=3L (w v ) (s-ay7)
[ =A%lSds. ds (P, j P e 2P ay (s] 170’ 1Ty
1277 o012 1wy .

-1
+(W W) (5,-q57) ] (4.3-70)

75



00 2 -
_p2 32 p%qP(s24s?)-iL(w +W)(s— )
E_A_;ro,rds ds,Pas 5 e viS1Te2 1 Ty

1
+(w2+wo)(sz—a;)] (4.3-71)

By letting w= W= Wy in the bifrequency spectrum, we have for
the dominant partial mean Doppler spectrum(MDS)
Jq tw t)

W, (w)=2mA S.FI [T.'zp qv(tz-tz)]
u

We will first evaluate the t-integration and then we will perform

T-integration. Let the t-integral be denoted as

0o J (w t) 1.2 2,2 .
i =" 2.7 Gyt - jrg )ty (4.3-73)
—00 u

we Have

2 2
1,2 2 252 2 2,2
W (w)=2 A Sf,fd'c eI Ay [(T i ay “To) g7 Ay Jp(4.3-74)

-0

The integral jncan not be evaluated in a closed form. Therefore

we first expand the circular sampling function Jl(X}x in an
infinite series10
J. (w. t) m
1'u _ (-1) 1 2m -
vt - % 2-mL(m+1)!(€IJut) (4.3-75)

By the use of Eq.(4.3-75), jo is

2m 2 2 2 .
i= T G-l R TR S e A

o~ Mo ml (mel) b

7T el g2m (i) (4.3-76)
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2 2,2

0 —1 _
ji=J e b gyt w t dtmgl: exp[(———)zj (4.3-77)
and W, is shifted transform radian frequency variable as
wt =W+ wo | (4.3-78)
3 ', L) ll
Using the identity
2 n 2
TH (x) = (-1 (™) (4.3-79)

ax™
where Hh(x) are the Hermite polynomials of order n, the final
results of the jo are

¥ 1 ( Wy y2m
cm mi(ms+l)! 2pdy 2m

v _ ]7 ) hpnd -
o= %] (i, ) (4.3-80)

where

Wy = W./Pdy (4.3-81)

Since H 05£) are even function of-ﬁh for even n, therefore jo
n

is also symmetric with respect to-&E. Similarly

r jC 1 wu 2
—_— 1 _
$= %5257 & Wlme)T Zpay) Pam (4.3-82)

Substituting jo and j2 into Eq.(4.3-74), we have

(—2 Wy )2m
2
W (w)=ra28] 5 — eV ry (KL(0)+3p? 2822y )bl K2(0)]
o\W/= Joft mb-(m+1)?! 2m +3D Avto 2 ome2"0
(4.3—83)
where Kl’z(n), the T-integrations, are
i
00 2 2 2
Kliz(n)zf'chli’z. AP ay T ¢ (4.3-84)
v e]

The magnitude coefficients of the partial spectral components.

Using the similar calculations for the other
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partial MDS(See Appendix E), and the normalization condition

defined by Eq.(4.2-28), we have for the NMDS

@)= (o2 )T a2, WG ) (4.3-85)

where 45(6{) are spectral shape functions

a 2m
AT _(g5tana)
J‘\"))J.'1,2m+j—e t/(zdnlcosab %'m!(m+1)!'H2m+j (4.3-86)
where
-w£~=6w - W wa)/zcosa (4.3-87)

and magnitude coefficients of the spectra are listed in Table
4,1 in the order of the Rayleigh parameter L. This step completes
the evaluation of the NMDS,

The NMDS consists of two parts, a spectral shape
function defined by Hermite polynomials and the magnitude of
the spectrum defined by the coefficients AjJ The spectral center
frequency shift is due to the angles of the wave incidence and
source velocity vector. The spectral spread is due to the
Rayvleigh parameter and the vertical component of the source
velocity. The higher components contribute the spectral skewness
away from the dominant spectral shape. The higher order spectral
components are generated by the effective patch length a, which
is associated with the elevation angle of the moving spurce, a
result due to the expansion of the circular sampling function

(See Eq.(4.3-75)). For a small value of 3 sing, the NMDS becomes

-2
-t
Wn'deICOSQI7{A0+A1+A2H2+A3H4} (4.3-88)

because the circular sampling function is unity. When the
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elevation angle of the source velocity vector approaches /2
and/or the Rayleigh parameter becomes zero, Wn reduces to a
discrete spectrum. The first case represents a moving sSource
travelling parallel to the mean surface while the second
represents scattering from ideal flat surface. When the source
moves in the vertical direction the patch effect disappears.
When the source moves in the horizon al direction the full patch
length contributes to the Doppler spectral spread. Actually for
near horizontal direction of flight the circular sampling function
series expansion of the NMDS is inappropriate. For large value
of a with close to /2 of angle o, the integral jn can be

approximated as

J, () “IWE g o <k [1 '(“E/mu)zj%(4'3—89)

0
o= { Twr o © W

with j2 and j4 as zero. Therefore very large a, corresponding
to large value W, the surface roughness contribution is negligible
and the mean spectrum is discrete.

The magnitude coeffiqients Aj are dependent on
the values u, v, o and B as well as on the normalized roughness
parameters £ and G The expressions Gi and ; are exponential
damping functions of the Rayleigh parameter £. When the source

illuminates the rough surface at the normal angle of incidence

i.e. the case when u=0 all coefficient Aj are zero except

A = Zdne_4£ (4.3-90)

20,2 2 . 2,44
_2)8_42.K4dn cos“a-sin“a) /2 dnCOé&] (4.3-91)

79



independent of v and B. First term is due to the coherent
reflectance, which is proportional to the surface roughness,
while other terms are flight correction terms. For an incident

one dimensional slanted wave, the case where
VvV = B (4.3—.'92)
the coefficient Aj can be simplified because many of the

parameters reduce to simple forms such as a1=1, bl=0'

@E:O, AE:l and ¢A becomes v. Consequently, the new parameters are

2{(tanocosu + sinu) (4.3-93)

1
n

G,
1

exp{—4£2(cosu + sinu/tana)z} (4.3-94)

and all the factors (1 - cos @; A;) are multiplied by =zero.

The coefficients Aj are

A, = 26,6, (4.3-95)
-2 _3
coszucosza sinza At sin2ucosaq ,sing cos3uAt

A, = = (14 ) (=4 )
1 23 62 25d4 82 26 52 At 2764 52
1 n "1 2 n "2

(4.3-96)

The NMDS is zero for grazing angle of incidence. Finally we note
that as expected, . the NMDS is predominantly of Gaussian shapel’
3’13’14. In Fig.4-3,4 we plot the NMDS for various values of
scattering parameters.

Due the correction field EF of Eq,(4.2-21), the
vertically polarized scattered field has more spectral spread
because of the higher order moments generated by the t-dependencies
in the integrand. However, the basic nature of the spectral spread

is similar to the horizontal polarization except for small

additional terms in the magnitude coefficients Aj'
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4.4 Summary

A model of the mean Doppler frequency spectrum from rough
surfaces by a moving source illumination has been formulated and
anhalyzed using a physical optics approximation. The results
provide a theorectical framework for studying experimental
clutter data by moving source observer with regard to the surface
roughness contribution to the mean Doppler spectral spread. The
Doppler autocorrelation return function from rough surface is
non-stationary. Mean Doppler spectrum has calculated for the
horizontal polarization. The normalized mean Doppler spectrum
(NMDS) is a function of Rayleigh, normalized surface roughness
parameters and four angles, two elevations and two azimuthal
angles of wave incident and source velocity vector.

The NMDS, consists of a spectral and magnitude coefficient
parts, is characterized by a Doppler frequency shift from the
source line spectrum. The spectral spread, geqerated by the
nonstationary character of the scattered field, is due to the
source motion and therefore a stationary source observer sees
only line spectrum regardless surface roughness. The dominant
NMDS is Gaussian like shape broadened from a line by the surface
roughness and the directional cosine of the source velocity
vector. The spectral broadening is proportional to the surface
roughness and vertical velocity component. However, if the

source moves parallel to the mean surface level, the spectrum

81



is a line spectrum even though the surface is rough. The magnitude
coefficients of the spectrum consists of two parts, a coherent

and an incoherent reflectance. When surface is ideally flat,

the coefficient due the coherent reflectance is zero, and the
incoherent magnitude coefficient is the dominant term. This term
is dependent on the all geometrical parameters. The all coefficients
are zero for grazing angle of wave incidence. Finally we also |
noted that the NMDS depends on the scattering area. For wide

beam, the peak of the spectrum is increasing while the spread

is decreasing. This result correctly predicts the frequency
characteristics of the Doppler return from rough surface by a

moving source.
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CHAPTER V RECOMMENDATION FOR FURTHER STUDIES

The direction of our investigations on the
rough surface scattering has been being correct interpretations
of the measured data, in terms of static and dynamic scattering
cross section and Doppler temporal frequency spectra. However
the obtained results can be used directly and indirectly to
the various experimental and theoretical applications in various
topics which suggested in recent studies. Some of these are;

surface roughness determination by measuring scattering cross
1-4 5,6

section y field coherence from rough surface , mobile radio

reception7, speckle pattern analysis, effect and applicationB,
9

reduction of speckle size”, rough surface scattering channel

10,11

and diversity , the improvements of holographic image

construction by the use of diffuserslz’lB, holographic coupler

15

by use of random surfacelq, hologram information capacity and

effect16’17 by the film granular noises, guidance of surface
wave by multilayer coating with irregularitle, random mode

lockingl9, measurements of the moving surface velocity by the

20,21

use of surface irregularities , the depolarization effects

22,23

by the surface roughness and the change of interaction

between incident light and surface plasma oscillation by the
roughnesszu etc. Most of these topics are recent experimental
investigations and are analytically incomplete. To be completed

additional investigations are necessary i.e. the scattering
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from dielectric rough surface, the forward and bidirectional
scattering from layered medium with irregular interfaces and
cross polarization effect by the rough surface. Further
theoretical work could also be directed toward the temporal
spatial ‘physical optics aﬁproximation which carries more
parameters than physical optics approximation. For an example,
target detection in the clutter, clutter and temporal noise
interaction, moving radar signal and noise ratio by the clutter
troperspheric, ionospheric layer and mobile radio diversity
channel etc. are of intérest and temporal physical optics
approximation analysis is appropriate, although toobtain the
general random boundary condition or probability density .

functionals would be complecated task.
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Figure 21..The coordinate of rough surface backseattering.
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Figure 2-2. The total, quasicoherent MBC and DBS for near
normal angle of incidence and IMBC for near
grazing angle of incidence with transition

region with values of £1.5 and dn=.5.
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Figure 2-3. The total, quasicoherent MBC and DBS for near
normal angle of incidence and IMBC for near

grazing angle of incidence with transition

region with values off=1.5 and dn
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Figure 2-4. The total, quasicoherent MBC and DBS for near
normal angle of incidence and IMBC for near

grazing angle of incidence with transition

region with values of 2=1.5 and dn=l.
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angle of incidence with transition region with
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Figure 2-6. The MBC for fixed and varied O _ for near grazing

n

angle of incidence, with u=1.4.
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Figure 3-l. The coordinate of rough surface bidirectional

scattering.
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a; Kinsman's data

b+ Second order temporal correlation coefficient (T=6. w = /.89 “7 =,1)

¢; Clay-Medwin's correlation coefficient (T=4.,0= /. 89)

C) )

Figure 3 -2, The comparison between first and second order

temporal correlation functions and Kinsman's data.
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Figure 3-3. The partial MSCs for values g=.2, v=.2, Vg=-2,

dn=.6, £=1., us=l.5 and f:.OlA.
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Figure 3-4. The partial MSCs for values @ =.5, v=.2, VS=1.76,
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Figure 3-7. The partial MSCs for values Q4 =,5, u=1.3, uS=1.4,

VS=O- ’ dn=21 B:l. and f:nlo
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Figure 3-8. The partial TPS for values Q =.5, u=1.2, ug=1.4,

V=.2, VS=0., 4=.25, 0’n=.5, f=.1 and n=.01lwg.
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Figure 3-9. The partial TPS for values 0O=.2, u=l.2, uS=1.5,

dn=l6, V=-2’ VS=1'76, 2:1. f=-Ol and n:volev
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Figure L-1 The coordinate of rough surface scattering by

moving source,

1ok



Figure 4=2 The coordinate of three units vectors.
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Figure 4-3. The dominant spectral shape with various values

of the elevation angles of source velocity and £ =2..

106



1 N
N .
AN o
\.\ \_\ \,\ \,\ v
e .
\A .\B \\C \ D
LY
\ AN N
B

Figure 4-4. The dominant spectral shape with various values

if the Rayleigh parameter and u=l..
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Figure 4-5. The magnitude coefficients of the Doppler spectrum

with values of ui=.6, V= .2, B=0., £=.8 and g,=-6.
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B;coherent coefficient AO
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Figure 4-6. The magnitude cofficients of the Doppler spectrum

with values of ui=.6, vi=.2, B=0., £=.8 and dn=.6.

109



10. ‘A;lncoherent coefficient Al

Bs;coherent coefficient Ao

o\
I // \

0 .5 T 75
ui(radian)

Figure 4-7. The magnitude coefficients of the Doppler spectrum

with values of ¢ =1.5, v;=.2, 0., 4=.8 and g =-6.
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Figure 4-8. The magnitude coefficients of the Doppler spectrum

with values of @=1.5, vi=.2, B=0., £=.8 and dn=.6.

111



W /|

/// \ Ajincoherent coefficient Al

Bijcoherent coefficient AO

£(Rayleigh)

Figure 4-9. The magnitude coefficients of the Doppler spectrum
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Figurel~-1.. The coordinate transformation.
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Appendix A
The Transformation of I into Cylindrical Coordinates

The surface height correlation function for a

stationary process is a function of displacement only

“C(x-x',y-y") =<5z, ) H(x",y")> A-1
Introducing new variables, in cylindrical coordinates,
‘ L
t=[(x-x") 2+ (y-y") 2T (A-2)
-1, x-x'
=t e -
w=tan (y—y ) (A-3)

the surface height correlation function simplifies. Since the
M functions involve partial differentiations with respect to

x,x',y and y', we need the chain rule for the partial

derivatives
SRSt S (8-3)
8 .3t 3 32w 3 (A-7)

a—yl yv % 'a_y"vm

From Egs.(A-2) and (A-3), we have

%§=sinw %¥ + E%ﬁﬂ %W (A-8)
%§.=—sinw %%- °9§W %W (A-9)
§§=cosw %¥-§i%ﬂ %W (A-10)
§§,=-cosw g%fg%nﬂ %W (A-11)
where we used
%§=- %%7 =sinw (A-12)
%¥=_ %ﬁ'_cqfw (A-13)
%§=-—%$,=cosw (A-14)
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AW OW sinw

Y3y = € (A-15)
Similarly we have
62 51n2w 32 coszw az;_ sin2w 82 sin2w 3 _ coszw 9
dXOX' 5t2 £2 342 t dvow T 2 3w t ot
(A-16)
32 cos 2y 3% sin’w 32 + sin2w 32 _ sin2w o _ sin’w 3
Yoy 27 .2 2 t odtow 2 aw t ot
3t” t° aw t (A-17)

3 2 _sin2w QE sinZw QE _ cos2w 22 +cosZW 3

oxXoy" 2 at2 2t2 aWZ t otow t2 ow
sin2w 3 _ 32 (A-18)

T2 3t T ax'oy
Substituting Egs.(A-8)-(A-11) and Egs.(A-15)-(A-18) into M

functions, we have

2
M = e P (1-C) (A-19)
oC 2008w ac
M,=- jop(2si nwsE + g ) M, (A-20)
3C 2sinw aC
3_ -jop(2cosw: St £ aw) Ml (A-21)
2w 3 2C in2w 3 2C 52 3
g [_ 81n W 4 SinZw _ cos2w C + cosZw aC
4 -2 at2 2t2 aw2 t otow t2 d
sin2w 8C | 2¢ sin2w,8C,2, 8in2w,3C,2 cos2w 3C 3CH~
2t 3t {- 2 ( t) 2 by ) Tt t w}—] My
2t
= Mg (A-22)
(M6)_62[_(Singw) 3°C _ cos?w 3°C T sin2w 3 °C + Sin2w 3C
M7. cos“w at2 t2 awz t otow t2 W
2 2
coS 13 C 2 3C,2 sin“w,0C,2.sin2wdC acC
_(sinz )tat + p“{-cos W( ) 2 (aw TTF ot ow }]M

t (A-23)

Substituting Egs.(A-19) through (A-25) into I, we have

_ 2
1=e"P (1C)[ cog 2u—l/szdzs in2y .~ Jops in2u{sin(w+V)§—%+99§—élﬂ)§.9, ]
W

2sinzu{sin2v(—sin2le—2c082WL3)+cost(cosZle—-ZsinZWL3)}]

(A-24)

+30
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2 2
3% _ 1 3% _— 1 ac 2- AC 2. 1,3C,2
L, =2 F 18 C g o, @82 18C)2 (A-25)
1,2 St tzaw t o ot t'ow
L..L 3% 1 3c 213cac A
3¢ Stow 23w TP T3t Svw (A-26)

For the isotropic surface the correlation function depends on
the radial distance t only and is independent on the direction w.
Therefore all partial differentiations with respect -to w are

zero and we have I for the isotropic surface

2 .
T=e"P (1_C)[coszu—%dZLZSinzu-jdpsin2usin(w+v) %%
1,2 .2
+%0 “L,sin ucos2(v+w) | (A-27)
where L., becomes zero and L are
3 1,2 .
L, -22Cz13C, 20C)2 (A-28)
1,27 3¢ t ot TP \§%
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Appendix B

The Evaluation of J

The normalized surface correlation function is given

(See Eq.(3,2-17))
C =CO(T.z).[cos z(fX81n0+fxqose)—wdz]

where Co is

{ b —ZE}
C _=zexpi{-— —
e} T2 L2

The partial derivatives are

oC_ 2z _ : G
= LZ. C (fX51ne + fycose). C
whe.re
C: C081n[ z(fX81ne + fycose)— nhtj
and
. _ , ~
Y z(chose fyslne) . C
2 2
3 C [ 2 1,.2 .2 ' 1,.2 .2 4z
— =—L S5 w5 (£ +f0)+f £ sin2e-5(f -f )cos2e-—5C
aZZ L2 27Xy X'y 2'x Ty L2
4z . =
+L2(fX81ne—fycose).C
2
a°C__ 20i,.2 .2 o 1.2 2
" =—z [Z(fx+fy ) fxfys1n29+2(fx-fy)c0829].C
—z(fxcose-fyslne).c
and
—QEQ—QEQ——— Li(fz—fz)sinz =f f cos2 C
3032 azdp R2\Tx Ty 0=txly 0]

2
2 _

—(l——f—).(chose—fysine). c
L
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Substituting Egs.(B-3) -(B-8) into Egs.(A-27),(A-28), we have

2
4z : =
——[Zf fys1n2e 2(f -£5 2y cos29 —4§.C_ 5 (£, i +£,C080 )C

L L
2[ c?42f fys1n29C+(f ~£3 )cos?@ 4—;(f simg +fycose) .cC
(B-9)
2 4z dz . o t
L2=—[—Z=(fx+f )- 4].C+ (F Slna+fycose).c
L 5 L L
-;-pz[4Z .C +(f +f )C + (f sirp +fycose el (B-10)
L
and
l 2 2 . 22 ] =g
L3_—[2(fx—f )Sln29+fxfycosze].C+£§Cfxcose—fys1ne)c
2l:zz(f cosb-f_sind)C. C+{f f cosZe+——(f -f )811'129} C ]
Y Xy (B=11)

Subsituting these L -indentities into the approximate integrand
J defined by Eqg.(3.3-33) and factoring the orders of travelling

waves and the envelope of the surface correlation function, we

have
F=CN, -+ CN..+ CCN. .+ C°N, 4+ C2N_ .4 C°N, -+ C2CN..+ CC2N
=CNj g+ CNg; 11 20 02 30 21 12
=% ok
mn Jr?m : (B-12)
. =t
where Nij are given by Egs.(3.3-11 ) through (3.3-18 ) and Jr;n
are
_c
Jop= 3~ (Nygt Npj) | (B-13)
c
—t o+ .
Jiq= 22C (Ny g¥3Np, ) (B-14)
3= ‘o +2
22 T A, - Ny, FiN ;) (B-15)
+ c
Tr.= 2 (N, 4 N, T
137 7 30t NpotiN,, ) (B-16)
7t S; 3N, - N, FiN,.)
- J33= 7 \N345— Ny, FINyy (B-17)



Appendix C
+
The Evaluation of q&T)

The partial incoherent autocovariance functions

+
q&;) are from Eq.(3.3-35%)
%l(t)‘ASe ’jnﬁtfiz?&%: oe—jZKtcos(e—¢k)zd9 dz (C-1)
00

where indices m and n are the orders of travelling wave and
envelope of the surface correlation function respectively,
We factored out the tT-dependencies from geometrical interations

for the partial incoherent autocovariance functions as

—

+ 2 .
%H§t)=AS exp{—pz—jvﬁt-ﬁg—qgmwat }.%ﬂl (c-2)
where

21 2?2
¥m1"?} exp{-———igmz(f sing+f_cos?®) - Jthcos( -¢k)}f(N )zde dz

00 12 » Y
@ 2 .
j;tg eXP{-E‘z""JZKthOS(6—¢mk):}f(Npq)Z dzde (c-3)
with
= = (K Fnf,_ )2+ Fut, )2 (C-1)
%ﬁ: K f y
+ Fm
PP -1 '"'x .
¢ = tan T 2 (C-5)
mk+ Kx+mfx

using _11, we have

* 2,9 bz?
H_=§‘S dz. z.exp{~£—} . {[cos®up +——Sln u(——+fl———§)idp-

12 L
. . x . 2% . +
~31n2u(fy31nv+f cosv)3§Qﬁ3«p31n2u—§(oosvinf31nv§ll)
2 + - 2
g~ . 2 Uz c© .. 2 42 -
f37?31n —E(Vf%_ é l)+3r gin (cost&%l s1n2v@21)}
+ + (c-6)

where éim and sz are angular intergrals
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§ m 2Mcos -jzK . cos(0- ¢ )
( )= (20)e J Kﬁt mk : Ny + cOos, .t
£m g sin dé=2m(-j3) Jz(KﬁtZS~n(£¢ k)
. (C-7)
The specilal cases are
£ _ + _
om —ZHJO(KEtZ) (C-8)
(§1m> =-jamn Jf - z)"°5(¢i ) (c-9)
Jet J(\Kpe2) gin Pk
LIflm
§2m cos £
) ==2T J (Kmt Sin (29 k) (C-10)
QZm
Substituting Egs.(c-8)-(C-10) into I;;» we have
+ 2
Ill =24 ?ﬁz Z - exp{-——j 2 {[bos up iuP81n2u(f 31nv+fycosv)
+‘£ 2 + 20D
2 sin u(; +fl_—_E) J (Kltz)+ L251n2u 51n(v+¢lk)
20?
£ 5 . 2 * + 202 . 2
I”sin u.(Vlsin¢1k+V2cos¢Ik)].z Jl(KltZ)-—5531n u.
+ +
+ 5 +
rcos2(vté, ) 259, (K, ,2)} (C-11)
where
202 o 2 .2 )
fl~(fx+fy)+2fx:cys1n2v+(fX fy)COSZV (c-12)
Vl’2=fx,y-fy’X51n2v *fx’yCOSZV (c-13)
T 2 2 o2sin 2u (%= ]N
11 =n{ [cos“p iupsinZu(fxsinv+§ycosv)+—— 11

LZ l

2, 20,4 (v F )14 [2ep + . 202 2

e UeTTANG11 2 sin2u sin(vi 7, )¢5 sin®u.
L L 1k L2

+ + 2 + o F
v(Vlsin¢lk+Vzcos¢lk)-ginsinzucosz(v+¢lkXLN21l} (C-14)
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24

where I mn 2re the Weber integrals
N" e£ 2L xp[ nz” }JEKmt «mtz+l.exp{— Km (C-15)
n
(N ll)' is derivative with +re@ ect to (L 2 )
b (X~ L) (L + )2
(N“ T - [l; ) .exp{ I } (C-16)
oll d(l ) oll I

12 +
Substituting approprlate Il and Eq.(C-16) into Iy, we

have

+
KT, L 2.2 2
IIl~2ﬂuexp{-(—;%—)2}°{EEL—ConzuigE%—sinZu(fxsinvifycosv)

dszfl G212 K] 2 op L2K

+——E———81n u+———g———31n u, (1- cosz(v+¢k»+———5———81n2u81n(v-¢lk)

dzLZK"

ﬁ——jr-——81n u(V181n¢lk+Vzcos¢lk)} (C-17)

+
Similarly we evaluate the angular integrations of I55 by

using the Richard- Wolf indentities

=1E-fu)dz.z.exp{- } {[d =sin uéi +(2f ) EE9+cfps:Ln2u(f sinv
L

. 2
-+ +
+fycosv)]Jo(K5tz)+Edpsin2u.i—§-sin(v+¢§'&i-—g——sin2 827 (Vlsrn¢+

+Vééos¢§k)]Jl(K§k z)-%— sinu. §ﬁeosz (v ¢2k)J (K 2K zﬁ.

and the Weber integrals the radial integralion of I, uégﬁés
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+¢:3bk)zzJ2(K§t z)}

and
s 2 2. 4 2 L 2 42
+ (K5, L) c”p L™F dZLK
I =2mvexpi %g }.{ B 1sin?uia¥g——~;f sin?u
33 3.2 3325
L2 *+ 242Ki2

-+
. ) + L
*———jg—EE sin u(Vs1n¢3K +V2°°S¢3k)"——‘?'§3—

P LKy, o + 'L
372
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. 2 P
sin“ucos(v + 3k)}

(C-23)



Appendix D

The Evaluations of Second Order NAC and TPS for

The second order surface correlation function is

C, = Cq,(Cosatcosb) (D-1)
where
C 2 2
— =1 X_ _Z_ -
Coz™ 7 720X~ 5 75 } (D-2)
™ L
ay s =
(p)=of (fgyrf ) sim =(f +f  Jcoss]~(wg+uy) (D-3)
The partial derivatives of C2 are
£2 2 : . m
az——E%CZ (fSX31ne+f ycose) (f 31ne+feycose)c2 (D-4)
where
52=Coz(sinatsinb) (D-5)
aC
ae %(f 088 -f y81ne)02—z(f cosb - y81n9)02 (D-6)
3 Gz 2+Qﬁ— sine+fsycose) —(fexsine'*-feycos)zjc2
) - . ==
+£§[(fsx81n6+fsy81n6)Cz+(feXSln6+feyCOSG)Cz ]
t2(f  sine+f  cose) (£, sino+f  cose)C, (D-7)
2
Gy \ I o yA-
692—— ~z [(fg cosb—fsysme)02+(fex0059'fey31n9)Cz ]
2 2 | i) 2o (o
-7 [(fsxcose'fsy81n9) C,*+(f,, cose feySlne) C,](D-8)
where

Cr “Cyo(cosa-cosb)
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Also

2%, 5°C, 25° oAt o
3736 30% (L 12 )E(fsxcose‘fSySIHG)02+(fexcose—fey31ne)02]

-z[:(fsxcose—fS 51n6)(fSX51n9+fSycos9)02

J
+ _ . . M _—
(fexcose ﬁey31n9)(fexsz.ne'*-feycose)c2

(D-10)

+2(fsxcose—fS s1n6)(fexcoé%fe s1n6)02]

y y
using the inequality f>>f,, we may neglect fo dependencies

in Egs.(D-4) through (D-10) in all but the phase of the second

order correlation function C2

aC

—._2.:_?£ - ] S -
5 —LZCZ (fSX81n6+fSycose)C2 (D-11)
9Co= oyt
—g§=-z(fsxcose—fsy51ne)Cz (D-12)
2%, , .2 2 2 2
azz=-[£2 +§(fsx+fsy)+fsxfsy31n26-§(fsx-fsy)cosze
bz®- bz : o
-Lz ]Q?—§(fSX31n6+fSycose)Cz (D-13)
3202 1 2,02 . 1402 '2
v Z=-A4 (2452 ) -2, £ sin20+3 (52 -2 )e-s20]C,
—
—z(fsxcoser £y sine)C2 (D-14)
2
9°C
2. 22 . =T
5750 -(1 2 )(fsxcose—fsys:l.ne)c2
~a[%(£2_-£2 )sin26+f__f_ co0s207.C (D-15)
2V sx sy sX sy~ *v2

Therfore, the approximated integrand 32 can be written in the

same form as the first order model, see Eq.(B-12),
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Decomposing the second order surface correlation function into

travelling waves, we have

c + -+

02 - _
C 2 ( Cot C o+ Gyt Cb) (D-16)

2

where

Cz —emin B(w ter) 3 z{(fsx+fex)sin9+(fsy+fey)cose} 1(p-17)

C; = B(wé—ng)i z{ (f )sin® +(fS -f_)coso} 1(D-18)

sx Tex v tey
Similarly
¢
Gt=- —52( - oo+ c - ¢7) (D-19)
02 cé
2.2 4. - Co2, 42, -2, 42, 2
C2_002+_§—( Cs+ Cgt Co* Ce)$_5—( Ca + Cy + Cb + Cb )(D-20)
c
422 Coz -+ v 02, A2, -2, 42, -2
Co Coz+—§—( Cet Cg - Cg Cs) ( C o+ C 7 Cy ™ Cy )
C 2 + Con, 42 -2, 42 -2 (b-21)
C2 2~— —=( Cs - C ) J—Ef( Ca - Ca + Cb ~-C b) (D-22)
3
3& +3 —3 +3 "3 + - + -
Co=—g L0 7+ C 7+ CpP+ CpF #3C,, 14305, 13C, op*3C, o
-+ - P - “+ - oy -
t3Coa,-b ™3C2a,-v T Ca,-2p* Ca,-2p79Cs 190y 19C, 39047
(D~-23)
5% 13 =3 g3 _ood
CoC,o=5= ~—§4L- Ca” ~Cq” Cp” Gy 302& 53C2a,b 3Ca 2b=3C4, 2b
+ - + - T
+C2a,-b+02a,-b +Ca,-2b+Ca,-2b+3Ca +3Ca +3Cb -‘-BC’D:|
(D-24)
c38;= 22 [eF3 —c23 +03-¢73 +3¢] C5. o +3C0 . ~3C
obo=-0—g= L0y~ ~Cy7 10y7-Cy” 13C,, ) ~3Coq 1 304,20 ~3Ca, 21
+ - + - + - +
*Coa, b Coa,-p Coa,op Coa,2p¥305-3C; *3C, -3C ]
where (D-25)
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o . Fin [ patab] (D-26)

C%a.b_prqE(Bﬁ%+ug) —z{(BfSXsine+3fSycoSe)+(fexsin9+feycos)}]
| (D-27)
6r e [(0U9) ~al (3T, eint43 0080~ (2,804 yo0s) 1]
+ = . ot 6) 4 ( ~ (D-28) .
CZa,—’ge_J [(wgr3) ~z{{fysinott g cos ) (3£ ysine+3f  cos)
£ _Fj r(w-3uw) -z{(f_sin®+f cos®)~(3f _si 5 $0729)
C_a,2b¢" (V%707 {{(fgysinFL  cos 3% xSino+3f  cos
(D-30)

Substituting Egs.(D-16)~-(D-30) into 32, we have

c, Cop ot C
+, ok 2 02 *
T3 (Ca*Cb) 10W 7 2 E(05105) 102, (N ) +3 C™(Npg=Nyp)
2 t2 2

c
02 02 x 2 02, ,"a b
PG N oW, ) Py (C *C ) (Np-Noo) J—5=(Cyt—s ~3=)Ngy

c3
32, 3, 3.k + + &
g (CL7 10y 30, +3Ca 2b+3cza 305, 2 TICE TN,

03

o2 63,053 e x £ ot
*33 (C37Cy +3Cza b3ca 2b+Cza, 570 4, 2030, *Th Ny
c2

£3_#3 . * + +
+52(-057-c; 3C2a b 3Ca 2b+02a, +C~a op™ Ca +3C b N1

y u
“E”(N20+Noz)+7rc & 90, >+‘EC (Ny 057
c? c2 . c2 .,

0/, X —— [0 o X .
+§—(CS(N20~N02-ﬂNll)—7T e(N02+N20) 6% (NZO-NOZ:aNll)

2 +2 3 3

O x
MgCh ¢ Ny +3EC (3N5,#N; 5 FNy;) +ZECb(3N30+N12 JNp1)

3 3 3
3C = 300 + . 30o + ; —
+_3EC23 p (Vg Ny BNy )10y oy (N3 Ny p BN ) hgCh, |y (No 3 BN, )
3 3 3
30 C C
5% +a 21 (Ng3Nyp BNy ) e (N5 =Ny 5F 3p1 ) Ty H20™2 (N34 -Ng 5F 3Ny )
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n+3[(hw+zw) -7 hf +2f ino+
C {( )51n9 (hfsy+£fey)cose}]

“Ezn%m “Rorf MVpg
(D-31)
and appropriatecgiln are
- 0
Jo027F (Nzo™Mo2) (D~32)
5 ‘COC"(N FIN )
111 % “a't10 “Yo1 (D-33)
=t Yo%t .
Jiil_ﬁ—cé(Nld*JNol) (D-34)
Cz
J—oz_B"C (Nyy=Ngp TN ) (D-35)
2
=+t _Co i .
J6127F Co(NpoNop #Nyq) (D-36)
2
3T : o2 (., ~N
222 7 20" No2 M 1) . (D-37)
B _
222 3cb 02 Fil;) (D-38)
sk ¢l .
31137g0C (3N 1y, 7l ) (D-39)
o3
= ot .
l-lB?ECb(BN30+Ni2+JN21) (D-40)
. 302,
J§1 8L CZa b(N3o N12+JN21) _ (D-41)
. 302,
I31578% Ca 21 (N0 N o FilNop ) (D-42)
7= ~—3C20+ (
=0~ N +N FiN _
133 64_ 2a,~b 3o 12J 21) (D-43)
—+ 3C +
133" 57; 200,20 (N3*1p¥ilNp) (D-Lk)
£ *3
J533“6E° (Ngo~Np ¥, ) (D-45)
= '0 + _
J333:‘6'5063 (N3N pFiNp;) (D-46)
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where

1
2

+ _ . r = 2
Kﬁl—Exgghfsx+1fexf#(Ky+hfsy+1fey) ] (D-47)
- y sy ey

Since Jhln are the same as of the first order Jmn’ we can
identify the results without integration. The second order
NAC is

Q(7)=exp {~jwgdd o+ exp {5 (bg +1we) ——z}a (D-49)

where partial MSC's are

900220, (=1 ) (D-50)
B 4017390 (£=F, Ky K] 1, P =) (D-51)
Foz Hpa (171, KpyKi, 951 1,) (D-52)
Spip0 5050 (FT50 K3y Kiup, 95,2 5,) (D-53)
afi13=%33§3(f Y Klt_Kl PIvPIa) (D-5%)
85419718035 (E=Egr Koy=Koyy 97,92,) (D-55)
T34337T6033 (TTar K33, ;t 329 (B-56)
3512 =%8§2(f=fs, Kt"KSi # bo1) (D-57)

+
The term 6i+33 can not be identified with the Ifirst order model
because of the absence of the sum N30+ le+ jNZl' Since the
difference in the first order is only -N;, we may correct

the sign of corresponding terms and we have

0(4 )'"zfpnfé sin u(l+sin2v)] (D-58)
on" 2

130



Therfore we have

- _3 =% -

131

(D-59)



Appendix E
The Transfor of the spectrum T;(wi,wé)

The partial bifrequency spectrum [—(mi ,wz) is

fﬂ( “lAl éédxdx dydy' .H, .exp{-p (l G)-jq cosv(x-x"
+sinv(y-y')3} Iy (E-1)
where I, is integratigns with respect to t; and t, as
Ig= gfexpf __'E‘;_VZ (£2465-2.Cty )4y (1-C) (%8 ) - 31, (5 -5)
—j%[tlvxxwyy) by (Ve x 'V, y ") -5 (31 -5 %,) Tl dt,
after integrating t2 variable, we have (£-2)
(pqv)2

I = & expf -

+p%qcty +p 2ay(1-C)+j (& +13+£ (x',y ') 1/2p%q5}at, . «[1;12

'tl+p Ay (1- C)tl J(’LJ T )tl if(x, Y)t

where (E- 3)
f x,y)=%(vxx+vyy) (E-4)
f(x',y')—-‘kﬁ(vxx"l'vyy') (E-5)

Integrating with respect to tl, we habe

1= (2n) Pexp{ -7 (1-0) - (2)-2,)} (27, 2)) (E-6)
where

zf“’:ﬁ’"’o"“%(Vx"J’VyY) (E-7)

7 =t A (VX THV_y ) (E-8)

2 2 OoR'X y
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and

22
P(zq,2,5)= 2 sexpl - 1 2222CZ1 £ (E-9)
21p? 2 J1-C 2p%q2 (1-¢%)
Using the identity
(pay)?
P(z4"2,) ( QﬁexP{""“ (s9%5,)+i (512, *5,2,) s, ds,
(E-10)

and substituting Itlnto Eq. (E-1),
we have the partial bifrequency spectgum, f;(w ,wéL
T;(”i'u%)zlAlz-éﬁdsldszexpf‘SE%MZ (Sl+32)'j[@”1+“5)(sl‘é%)
Hp ) (3,501 7, (E-11)

where

2 2 kVy 1 8175
PO=££dxdx'dydy'.Hoexp{—Cp qulsz—j(x—x')[—ﬁ—(——+——§-)+qcosv]

Ay
kV S. -8 kv
-j(y—y'X—ﬁy(;L +—l§-§)+qsinv]-j[§§5(sl+sz)(x+x')
Ay
kV .
2Ry( +g, ) (y+y*) 13 (E-12)
where we used the rélationship
slx+82x'=%[(sl-sz)(x-x')+(sl+s2)(x+x')] (E-13)
Similarly, we have higher order partial bifrequency spectra
ay)?
[, () ) =101 20L [P, (- aaw >+P2<Jﬁ->]exp£- 2V (s, 8 )

~JL(w+w) (s ———)+CW'F 7) (s

)34 (E-14)
a2 s,ds,

S2 Qy

and

(pay)®
Yexp{ - pq (syts, )

[} o) =112 ey

aw-a%

—JE(U&+ﬁf)(S ——)+(nf+ o) (877 —-)]}h 198, (E-15)
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where P,,P, and P, are the geometric integrals as in Eq.(E-12)

3
except Hl,H2 and HB instead of H, as
- 1 2.2 2
— = 2.2
Py =B.Ty= B.2Tr(T ~p“qysy s,T ) (E-17)

and
hg?
-le———Es1n up qV (- IB(%)O-COSYIB(g)Z)

oy

+h—§—81n2ucosy12(l)l (E-18)
26724’ as
TB ———ﬁf——31n u( 13( Yo cosZyIB( )2) (E-19)

By the use of the Weber integrals, we have

1 2 1

_ 2
-1 =51 0Pay L

sin2u - dcosy+S 2

u d? (1-cosy ). -
('E 20)
u-d? (1-cos2Y)+...

(E-21)

ap~q L sin
v

2 1 Y 2 2 2
le SZ-—;dquL sin2u-dcos +S3 > 336 P qVL sin

and

Pe=g. - L szq L sinu2d2(1—0082y) (BE-22)
373 ff v

The partial differentiations with respect to the two radian

frequencies w; and ¥, to the integrands lead

. 9 2
(mj +id—) =2 g (E-24)
awl aw' Ay
2
) 1 ,< Tty 2
o > (o)) (E-25)
amianb V 2 2

Therefore the higher order partial mean bifrequency spectral

components are

W t) Pa
W, =2n1a125[[ L0 gypf - ( V)?'(tzﬂz) ~jup (& +).
12 .t V 12
u
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2

(pas,)
+—£§V (T -tz)szj dt dt (E-26)
Jq (w t)
3*2TrlA12SJ‘J;-—————- exp{ - ( ZV) (t2+T%) - ju t3[ ( E% 5 )
2
t Y2,k _?EM)_@ —tz)T dtdT (E-27)

Using the expression for j ., the t-integration, we have
' 2

} 2apr Pdy, 22, 2 (Pay)™ 5 2 -
Wy ,=2m1Al 8f.dt exp{-(—=) }-{(a;+f) [T12+——7?- leon
2
(pay) )
2 v 2
+(a;+3) > leon} (E-28)
‘ 2
(pgy)~ 2
bq 1.t 2 VY 2
Wy=211A1L S‘L',d'c.exp{ (—5)%e AR +“) [T P T TB:'Jo
(pay) 2 2 (pay)?
V l. <t 2 : 2 \ :
L eI¥ T v -
H g qV"‘z)Z 1,13, 0405 = 15,1 (8-29)
where ( Wy, - )2m
J., (u) 2pq (u)
. c''t Vv .H t
= o RECTIRE 2m+4 (E-30)
L z(pqv)u o m! (m+l)
' ' 1,2
By using the T-integrations ,KQn) , and factoring the order
i
of Hermite polynomials, we have
Wy 2m
) (o) - )
le =2n1Al S 3 ('OJ‘) —TW Bl om (‘LJ) B HZ +2(w )]
(it )2m (E-31)
2 Pdy %
W3 —Z'I‘rlAl S J (nr) % WECIHZITI t)
CBnee (%) *0qHon, (5;) ] (B-32)

where

135



and

B

_2
1aq

V

1
12

1
12

2 2
B,=—1K (0) + 3K (1)

C

2 q

=Lk

\

1 qy2

12

3

12

(o)+——K(l)+%K

qV3

1
§2)+ K(2)+P qVK(3)+——g— K(4

2
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p’qy
=2 (o) + K (1) + p°qy l§2)+ —

2

2
K (3)
12

2 2

(E-33)

(E~34)

(E-35)

(E-36)

(E-37)



Appendix F

Considering an integral with finite integration

interval with 2L as

L
I =f/f(x=x")dxdx" (F-1)

where the integrand is a function of the skew coordinate

variables only. Introducing the new variables

le = zfggzl (F-2)
%, = E—Jg—ﬁ (F-3)

where Egs.(F-2) and (F-3) are abtained by finding the point p(x,x)
in the new coordinate system (See Fig.1.F-1).
Considering the integration intervals in the new coordinate

system, which is a rhombus, we have (See Fig. 1. [-3)

0 V2L+x, 2L N2L-x
Y LRI ER A I SR R CE S
L-xo 0 R x2
(F-4)
Letting
X,= —V2X,=x-X" (F-5)
%= Jﬁl=x+x' (F-6)
we may rewrite the integral I as
2L 2L-1221 = - -
=, &x2) [ £(X1) dX1 dXz (F-7)
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Unless one knows the explicit expressions of the function

f(il), and<g(iz), Eq.(F-7) is a final transformed form in
the new skewed coordinate system. For example, if f(Xjy) is
unity, the integral I of Eq.(F-7) can be more simplified as

integrating I with respect to il

2L
T=J (EnR)) sl ak, (F-8)
8 m - - - -
=_£) G(X,;) (2L-1X,1)g(X,) dX, (F-9)
where GT(XZ) is a gate function as
1l X2§2L
Gp(Xp)=t, %,>2L (F-10)

This result can be extended for a mul dimensional integrals

i.e
L _
J= ff{f g(x-x") (y-y")f(x*+x"*,yty') dxdx'dydy’ (F-11)
°L _ _  2L-1x,1 2L-ly,1 _ _  _ _
= [Lelx,, ¥,) i £ (%, )d%, £5; . dX,dF,
where
y1= yty' (F-12)
y.= y-y' | (F-13)

For the case of f(il,il) unity, J becomes

@
= IJ p(%,)Cp(F,) (2L 1%,1) (2L-15,1)8 (%, F,) 45,45,
-®

When the following condition is satisfied (F-14)

g(x,,¥,) =0 yfor 1x,l,1y,1>> T (F-15)
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where
T << I, (F-16)

The integral J is further simplified as

J= f? 4L g (xz,yz)dx dy2 (F-17)
-®
If
£(x,,5,) = eI 1) (F-18)
with the condition of Eq.(F-15), we approximate
@ 2L .
J _.&f g(x,,¥,)dx,dy, {JZ“L e Y17 dx,dyy (F-19)
Using cykindrical coordinate variable, we have
@ 27
_ Jt (sinw +coswy )
J= .gJ; g(tz,w )tyaw,dt, IJ‘ 1 tqdxqdty

where

e, B2 + 52 (F-20)

X

W= tafit =2 (F-21)
y

tl=Jy§ + f? (F-22)
X

wy= tant = (P-23)
"1

with A 1s approximate circular interval

139



Appendix G
The Evalution of the Coefficient Ai

The coefficient Aj are determined by the t-integrations
’%n
1, >
K; (n) = f T T (t) exp{ - (g——t) }d (G-1)

1,2
where T,  are given by Eqs.(4.3-61), (4.3-62), (E-20)-(E-23)

The coefficient Aj are given asg

o0 pa
a, ~KA/GLLatexpl - (—0) 23 (d) (¢-2)
00 4., 2
A, =fmed] avexpl-(Bsl) Hayptay +a12‘32+a13t3) (G-3)
A, =Jﬁk?[mdtexp£—(—§lﬂﬁ}(a20t+a2112) | (G-4)
e ba
Ag =KL dtexpi—(—gyfﬁa3012 (G-5)
where
1, 2,1 1 1
=P b= +———T
“10 qv21§ dy2"3 2
=Sy {d L 81n2u'd2(l-cosy)+ gpLsinZudcosy}
2
8, {3L3g—51n u d?(1- cosy )} (G-6)
5 _
A Pegl1l | 2
ll_TlZ T3 Sz.qvfg-5—51n2u dcosy+—zg——-81n ud (l cos2y)}
+83 qvfp_ d L s:anu d (l cos2y )} (G-7)
pzd 2 e %ip_ ZQZLZ
aq,= Vo +§T T3 lqV L cos u
+Sg,q-£l6p2d2Lzsin2u dz(l-ci52y)+&bgggin2u dcosy }
2
4 2L 2 2
+83.qVﬁL2§§ sin u @ (l-cos2y)} (G-8)
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‘ P qu 2 2 deLz_
alB—-—§— 12 S2 dy ——53—81n2u dcosy
4 2.2
+S.9 RO Lain?y d2(1—0032y) (G~9)
37V jff
2-2
d~L .
2, 1.2 1 l . 2 2
a,n =515 =T =S f sin“u d“(1l-cos2y)
2072 02q 127 L@zq 2T3 23
gpLe.. : 20
+—§——31n2upcosiESB{E—Eg—— sin®u  d (1-cos2y)
2 .
+§2%—sin2u dcosy} (G-10)
2
2 2 2 2 2
opL p c”L _
a5y 2T12 SN 5 sin2u dcos{+53qV 5 33 sin u(l-cos2y)
(G-11)
and
2.2
a30=——%—§— T S3 d5L3 sinfu a° (1-cosy) (G-12)
8p~ay 273
where d and y are function of T .
2_ 2 _
q“= At+Bf +B,T (G-13)
y = G-14
BT ( )
where
Pl (G-15)
By - 51n(¢A+g&) -15
kV
_ BV 2 _
=577 (G-16)
kVt (@-17)
B3~ Eﬁﬂ; COS(¢A+¢V) -17
We integrate A of Eq.(G-2) by using the identity
, b
- Staxtb)= oo b(x+2) (G-18)
and the approximation
- B
a= A, (1--L <) (G-19)
247
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Result is

” 2A, v it 2
A = KSYL Fg—'expﬁ (———) (7B] 1) (G-20)
Letting
' 2,2 2
2 L~A L™B
— 4”4 _ t 1 2 _2
Sm~eXP£-LEﬁ_}_eXP{' Tm " Tm om T }; (G-21)
where
2 Q-
L°B,  Daj
§ o= (gt ) (G-22)
and decomposing
| (Yv-v)  _. - -
Zcos[h(yA—v-V] —edh A +o=dn(¥y=v-v) (G-23)

we have A,, which is the integration due to a;,of Eq.(G-3)

2 A . 1
. 2 (v, -
107 pq 2 Slnzu[Az(Nom*%Noao)‘E%(NomeJ WA s
302 JZ(YA_V)+*)+B (N110+%N120) (Nllzgz(YA_V)+*'
j2(vy-v) ) 32(v -V}
*3N122 IZUAT) )13, (N1 g 8550 -5 (a1 00 o
1“%2222 JZSYA—V)+*)]+gE§ Sinzu[At(NolleJ(YA-v)+*)
*EK%(Nlllej(YA_v)+*>]} (G-24)
with
128
nmh‘._l;o'c exp{ - 827 -(E——— jhB4)z}de (¢-25)

and ¥ stands for the complex comugate.

The integral Nomh

= ﬁ _
Nomn™ Pmn e (G-26)
2
with (L %-_th )2
D =expl 2 3 } . ﬁ=i:§.3 (G-27)
m
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and Nnmh can be evaluated by sucessive differentiations with

128
2 1 .
respect —Sm and"(_ﬁﬁ—'JhB3)'

The results are

L B
Ny o™ ZJ;B( ~JhBg )D
2
2
oo rﬁT—SfBB) .
2mh483L aé 1 %mh
(LZB s, 2
N ( Tm 9
b 4 £~ jng) [3+ = o,
V3mn 7, go B 28 m
2 2
Ji é@fﬁ“'JhB F F—jr—'JhB )4
Niymn™ I 55[ 82 82 J Dk,

(G-28)

(G-29)

. (G=30)

(G-31)

However, by adding the corresponding complex conjugate terms,

all expressions are resl.

N edhlyy Vi * e‘jh(YA'V)=z.i:§
where
pe. . LBiB
& =h(y -v-——"F—)
S n

with

omh omh 08 §m mh

(G-32)

(G-33)

(G-34)

(3-35)

(G-36)



Similary

Ny, e odhly,- V)+*— 2;[:_[_E——cos§m+hB 31n§£h] D (G-37)
262 '
2 4
By L
| 14 —hZB
W, e PV e 63 [ (1+ m)g )cosg
nBy EEE;
| ™ . zh =
m
N ednlyy-v Ji 18y 1 LéB% I°By 252
3mh +*“ 2 5 [{3 T 2((4 )3 T 3
2,22 b2
2n“BSL°B 3hBsLy

1 h
Ylco +{3hB,+
m ©o9%n 3 2. (4m)%2

(hB )3 o _
——gg-r%—}sin §1];11]'Dmh (G-39)

6——-f— 6n%E2 %8, ), 4y L Bl 5
N4 Jh(YA V)+*__2L [{3_1‘ (Ll'm)2 3 (T—) +(hB3) . %1%3
L5

mh®

453
m m 2 3
n u( bl 1y3pp. -4 (hB )3,
RT B3 T ) ThBs Y o
cos§m+ Ly,
m %m

"lnéh] mh
(G-40)

Subsituting Egs.(G-26) through Eq.(G-40) into Eq.(G-24),
we have

2 22 1282 1°B%B,
N\ J T g™ . 2 2,2 1. 2
Aqg o1 d,, L5 sin®u (l-cos§li\1)(A 852 26{ 3 4)
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2

B.B L B,B,B B
-cos§%/\§ 2 +31n§§/\§( 2 i 23_ 53 )}*dpLZL,SJ.nZu
8, 6, .
2 2
LB B. B
{Atcoséﬁl % -—[,;—l-cos§l/\l —1-331n§1/\%}]',
ZAtGl
1’8 B s2p
2.2 2 1 2 2
1,“0“sin u{(l cos§ (AS- 4 )
5, dz0° L'j_ z/\z t7 2" 552 58,2
q L B.B,B, B-B
—Eicos;ﬁ AS 123 1 3)sm§§ A2} ] (G-41)
oMt 2354 52 2
2 2
where
o™ Dmo +expl - hm } (G-42)
similarly we have Aln
2.2 4.3 6,3
2 q 2 2.2 AT*B L'B LBB L°B’B
k v p~G~L 2 2.2 t 1. 1
A, =1 g sin“uf{ (1-cosd2A%) ( tB. + )
11 52 26:252 25 22 23 1 276 4 g 2ll g
2 ??
2B. B, 3L*B L 2 3 L B B,.B
+cos§§/\§,( ]é 3+ 122 3)+s1n§2/\2( 2]33!\2 3% -*-—EEBZ BZBB 172 1%}
| 6y 283 27352 276,
2 2
B I™B B.B AL
1 l 3 tT 1
L-r 31n2u{cos§ A ( + )
2‘52 e ZAt 2%52n 2%l 2
2 2 2
L?B%B A28,
+Sln§2/\2(—r———"A )}j+1Tk d ['ﬁln u£(l-cos§3 §)( '2——+
2 65A 26320,. 273
b3 G 6,3 2
L B L BlBZ_L B 2 I BleB2 ZBIB3
Bl z 2 3% %+cos§3 3( > )
273 2 53 2 253 53
2,2 2 h_2
L”BIB, 2B,B 2B B, L 'BIB,B
2 2 1" 2 1-2
rsind A . (~2B, A+ 322 =3 3)}ZI (G-43)
33 374 2 352 L 2 5. 4
305 by 83 2736,
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L_2
q 2 2 L'B 2 Q2 .22 L'B
—ﬁ E—g-—coszu(l+ l):l-'-"Tﬁ d —X—. g—sinzu(l-h—;—%

2

o] 2+2
+V L

28

°3D26
o

2
.2 P e
sin u{(l-cos§2A2)(Atf " ]

2

3B, 318%p. 1.88%B 2A%B% 128282 pB21°B 12B.B%

2 18, L"ByBy 2.2 £o3,1 5 118 H,B5

+ 4 + )-i-cosé f\ . (..____ g -+

82 205% 51550 2 2 23 oZs2 S
2 2 2 2 2 2 2

b 2.2 2
L23233 3L BleB

1
2
2
2

2,2 L 3 3 2
L AtBlBB 3B,B, L 'BfB, 2B B3{3L BleB3

h—S—rm 3y +sind2 A2, ( 223 1901 —
' 52 2352 % 2253 52 276g sg 262

6.3 2 3 a
B3B8, L 313253)}¢ V2pIoL?

2956 250 26 25
229 222 2
128282 1,28%B A L%iB 3B. B
13,7 7173 .11, °3 1°2
PR pa A N N

. 3 2
27A 6, 27AL0, 5 2R 65

e uds
31n2u{cos§2Al.(AtA 752 - .2

2 2

2
3

2'
2 2 2
3L2B§ 153 2

NS (R

50 82 29
2 At62 27A, 68

LUBBB B ;3
el

27A0, At62

2.2.2 2.2 2.2
2 g2 Lb2.2 124%p2 128 1282
’lTk d . V °p dgL sinzu (1—00852/\2) (A2+ -t l l

64 730 26% 37 373 253Za§ 236§ 2333ag

L2 8Ll 252 72402p2 12p_2Rp8 2
202 Bk I8 oS e (T x:
3 228 2370 3 B3 2490 3

=+

L 2,2 43 3 .2
2B2B 2.2 L AtBlB3 331?3 L Bl§3¢2BlB3¢L BleB3
5“;32?51n§sAs°( 232 ol R

3 %3 3 3073 3
6B

2635

3B.B. 1°B.B.B2
18 182
2~ 120 (G-b)

3 3% .
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Therefore A=A10 +A1]_+A12 and using normalized parameter, we have

A DG TR ¢ LA <AL (aou5)

A= G;‘(FA',-' + 0 f, +12A (G-46)
A3= Ga([' A5,| + QAa,; t Q3A3,3) (G-47)

Similarly

with

A'___coSEE a&mum¢§b|
PO N (G-148)
An- casfhcosa Siat “[(i ~co A mot;;\; £ g as"”“"Q'l"]
(G-49)
A!.s m,ugoszﬁlMgAta| +S|murfl wgé’/\?;).m:_ﬁtﬂ_ﬁil ﬁ_\;% ﬂlb: 2—/\ iliLch:l
W"' 4 2° | Ed v 232
' (G-50)
> 35Ul siag 0% CaSotSivt 0
Ao ";E“Sﬂ#‘% RS 7’7&4’“"@'@————%' -y
50, NS smfuﬁchcosuus«w. +scosnt &, 3coghuciaiabyy (¢-51)
I8 Ly A 3 i 5
~{i_ 2 M2 -
A= (-esd AZ)SL“_H-( ' SAL__ELQi 'bs‘mh)fc 55;,1;1:5_%“___
3Gk bt Shdt 3 4 e Bmaﬁtwa s =241 3Ghain Gint Ay
REA SRR ki S S o
s 2
A,f(l-(:osffﬁ)—-—l(ucm +A +cosuAth)-\- cos§ iﬁ%:_i‘%g‘h (6-53)
2 5:; 3 *
x AT h;__iﬁlL_h—q-_&_Qd_ﬂ:ﬁLQﬂ)
i
+gm§/\,°_«wﬂ_&( &-;—?&-;s} e
3 a2 ofu gl‘gﬁamscﬁﬁ M G-54
AL_,: casg;a/\; RN +§m§5/\'3cos a“u::_[t (G-54)
it bt . COSH a&;sgwagb __Q_S;M_iﬁ
Al,\ c“&g,A%Q@%&éwmﬁbl( * [ ;f ' 2> 3t 5% ) (G-55)
45 Cos‘us;ug b‘.( LUSK St acos‘us.@g,h oS gl ]
LM 53 Ry Abre 'f*ﬁh)
=(1~cosBA3) uw‘u _,Aggggsma,h. 2,2 (Fushluelimals (G-56)
An %5 %“ewhq‘ Saw? S“)H'og 3 2 obadad;

A 35 A gy B s bR .‘%“ﬁ A3 (6-57)
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and

A} Sm_mh_{g M&'A‘ Qé‘ugmu w.u Shia B

e e E
3
A_,,.,- (1~ CosEAt )3 H-Jl;-"-;é-‘d—)-rcom Smu(ﬂg\'COQQ 'A ‘A‘*‘%%’ (G-59)
A =- Siadit Slaitd G by
3l o5 33y 5F (G~60)

y 2 AR
s (-eo B ML st st B (o)

Go = exr{-lz[&s’d*cotzot Gincut + Cstol Slman Cos C(3~u-> ]} . (G-62)
- _0* 32 -7+'M4—QTL= S_.u:—Sl\ﬂedQ.\a
Q= cos CP-p)
bl = S(‘M (‘@A_ﬁ) (G_65) .
A‘: = 4.[ Clond cosw F + 31 ofu +Tardt Slaou eos('e-\r)] (G-66)
S Sl 2
Jus 43:@‘ +%§1)
h st Qb
S R (5-60)

v 2 ) .
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