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1 Introduction

Suppose that integers pi,P 2 , ...,P n  are given, where each pj > 2. The purpose of 

this thesis is to study geometry and topology of a Fuchsian group K (pi, . . .  ,pn), 

called a Hecke group, and its certain extension K *(pi,. . .  ,pn), called an extended 

Hecke group. As an abstract group, H (pi, . . .  ,pn) is isomorphic to Y V i = i Z Pi, and 

H *(pi,. . . ,  pn) is isomorphic to D Pl *z2 • • • *z2 D Pn (amalgamated over Z<i s generated 

by reflections), where throughout the paper n*denotes a free product of groups, each 

ZPj is a finite cyclic group of order pj, and each DPj is a dihedral group of order 2pj, 

cf. §2 .

Let T be a subgroup of finite index in H (p i, . . .  ,pn). Then H2/T  is a Riemann 

surface. Let g and t be the genus and the number of cusps of H2/T respectively, 

and let m i , . . . ,  m/t be the branching numbers of the branch points on H2/T. The 

signature of T is (g: m \ , m*,; t).

It follows from Kurosh’s theorem that a subgroup of a Hecke group nT = i is 

isomorphic to F * where F  is a free group, and each nr, divides some

Pi ,  for j  =  1 , . . . ,  k. A group n*il=iZPi may not always contain a subgroup of a given 

type. For instance, Z2  * Z -2 * Z2 * Zo does not embed in Z3 * Zg as a subgroup of 

index 2. Indeed, it is easy to see that there is a unique normal subgroup of index 2  

in Z3 * Ze, and it is isomorphic to Z3 * Z3 * Z3.

1
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Millington investigated the existence of subgroups with given signatures in the 

Modular group which is isomorphic to Z% * Z%. We state Millington’s theorem as 

follows.

T heorem  1.1 Let d, ki, k2 , g, t be nonnegative integers, and t, d > 1. I f  the Riemann- 

Hururitz relation

d — 3fci +  4fc2 -t* 12g -F 6t — 12 

holds, the Modular group contains a subgroup with a signature (g-,2 , . . .  ,2, 3 , . . . .  3;t)
kl 1:2

of index d.

This result was partially extended. A group T can be embedded as a subgroup 

of index d in ZPl * Zp2, where pi,P2 are distinct primes iff the Euler characteristic 

condition is satisfied, i.e. x(F) =  dx{ZPl * Z » )  [6 , Theorem 5.1], where x  is the Euler 

characteristic of a group in the sense of Wall, cf. [15]. Notice that this extension 

is partial since we do not know whether the group can be realized as a Fuchsian 

group with a prescribed signature, subject to Euler characteristic (that is the same as 

Riemann-Hurwitz) condition. However when p i , . . . , p n are not distinct primes, the 

Riemann-Hurwitz condition is not sufficient to embed a group as a subgroup of finite 

index in n * ”=i z Pi.

In [6 ], Kulkami derived a further necessary condition, the diophantine condition, 

and showed that this condition together with the Riemann-Hurwitz condition are also

2
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sufficient to embed a group Fr * YVmZm in m = i  z *  as a subgroup of finite index, 

where henceforth Fr denotes a free group of rank r. We describe this theorem as 

follows.

Theorem  1.2 Let k, r be nonnegative integers. Let T =  n*r=i^p. > an^ $  — Fr * 

where each mi divides some pj. Then $  can be realized as a subgroup of 

T of index d i f  and only i f  the following conditions are satisfied:

(i) (the Riemann-Hurwitz condition)

i=i ^  «=iPi

(ii) (the diophantine condition)

Let mo =  1, and let m i , . . .  ,m s be the maximal set of distinct mi, where each m j,

0  i f  m j fpi
I < j  < s, occurs bj times. Set Eij — , S i j  = Then the system

1 i f  m j \pi

E tU  EijXi j  =  bj, j  =  1 , . . . ,  s 

y ij—n bijXij — d, i — 1 , . . . .  n 

has a solution for Xij in nonnegative integers.

Moreover Kulkarni extended Millington’s theorem to ZPl * Zp^.

Theorem 1.3 Let k,g, t ,r  be nonnegative integers, where t > 1, r = 2g + t — I. Let 

T =  ZPl * Zp2 , and $  =  Fr * where each mj divides p\ or P2- Then $  can
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be realized as a subgroup ofT  of index d and with a signature (g ; m i, , m k; t) i f  and 

only if  the following conditions are satisfied:

(i) (the Riemann-Hurwitz condition)

5 3    (fc +  r) +  1 =  d(—  +  ——  1)
Pi P2

(ii) (the diophantine condition)

Let mo =  1, and let m  i , . . . ,  m s be the maximal set o f distinct m i, where each m j.

0  if  m j fpi
! < ; < « ,  occurs bj times. Set Eij = , 5 i j  =  JX-Eij .  Then the system  

1 ifm j\pi

- \ jx ij +  ^2jx 2j — bj, j  — 1 , - • •, s

y'.j—n bijXij — d, i — 1 , 2

has a solution for Xij in nonnegative integers.

A motivation of this thesis was to study realizability of signatures by subgroups 

of finite index in ft{pu  . . .  ,pn) considered as a Fuchsian group.

A noncocompact Fuchsian group T is a free product of cyclic groups. A sys­

tem of generators for T is said to be independent if the group is a free product of 

cyclic subgroups generated by elements in the generating system. This notion due 

to Rademacher, cf. [12]. A fundamental domain P  for T is called an admissible

fundamental domain for T if the side pairings of P  is an independent system of gen­

erators for T, cf. [7]. A fundamental domain is in general not admissible. Indeed, the
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usual fundamental domain for the Modular group and the well-known fundamental 

domain constructed by Fricke for congruence subgroups are not admissible. In §2 , we 

introduce a special kind of Poincare polygon, called a Hecke polygon, which is an 

admissible fundamental domain for the group generated by the side pairings of it.

There is a correspondence between Hecke polygons and subgroups of finite index 

in 7i{pi, . . .  ,pn)- Each subgroup of finite index in H (pi, . . .  ,pn) admits an admissible 

fundamental domain which is a Hecke polygon. From this result, new proofs of 

Theorems 1.2 and 1.3 are given by constructing a Hecke polygon. Meanwhile the 

diophantine condition (which is the same as the integrality condition) is interpreted 

geometrically as the relationship between the index of a subgroup and the number 

of fl,-polygons of a Hecke polygon, cf. §3. In our set-up Theorem 1.2 is restated as 

follows.

T heorem  1.4 Let ko =  0, k \ , . . . ,  kn, r be nonnegative integers, where k{ < ki+i, for 

i =  0 , . . . , n  —1 . Let T =  iv*n*y=iITfifc _ +i Z pj_, where mi\pj, i = k j- i  + 1 ,. . .  ,k j,j~l mi

j  = 1, . . .  ,n. Then F can be embedded in T i(p \,.. - ,pn) as a subgroup of index d if  

and only if the following conditions hold:

(i) (the Riemann-Hurwitz condition)

H  ~ ~ ( fc" +  r ) +  1 =  c/E ~ ~ n +  1)

(ii) (the integrality condition)

5

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The numbers s^ .. . .  ,s n satisfying

sjPj + ^ 2  m i= d ,  j' =  l, . . . , n
i=fcj_l + l

are nonnegative integers.

In particular, if p i , . . .  ,pn are distinct primes, the integrality condition reduces to 

d > kj, j  =  1 , . . . ,  n, where kj is the number of copies of Zp,'* in T (see Corollary 

5.2).

In §4, we study a special kind of a NEC (non-euclidean crystallographic) group 

. . . .  pn) in which H ( p i , . . . ,  pn) is a subgroup of index 2 .

The algebraic structure of a NEC group with noncompact quotient space was 

determined by Macbeath and Hoare [9]. It follows that each subgroup of finite index 

in DPl *z2 ■ ■ '*z2'D Pn is isomorphic to Fr *n*m 2 m *n*t(Dril *z2 • • •♦ZjDx*. )*YT jE j, 

where each m divides some pj, each Xij divides some pi, and each Ej has a presentation

^  Uj• • Q jsj  l^jiyj^jsjyj ~  Qji ~ ~  Qji+i =  ( p j i ^ j i + i ) =  E  I =  2 , . . . ,  Sj l > .

We extend Theorem 1.4 in the case of subgroups of finite index in ft* (p i,. ■., pn)- In 

this case, the necessary and sufficient conditions are still called the Riemann-Hurwitz 

and diophantine conditions (see Theorem 4.2). When p i , . . .  ,pn are distinct primes, 

the diophantine condition can be stated in a more concise way (see Theorem 5.1).

6
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Singerman [14] gave a permutation-theoretic approach to the realizability problem 

for signatures of subgroups of finitely generated Fuchsian groups. A generalization 

to NEC (non-euclidean crystallographic) groups was done by Hoare [4]. Singerman :s 

theorem is as follows.

Theorem 1.5 Suppose that T has a presentation

<  Ol> b l , . ■. ,  Ogi bg, X i ,  • - - j X r , f l ,  • • - , f t  | ' Xr

= i j K i  n  xj  n / - i >
i= 1 j = l  k =  1

with a signature (g; m i , . . . .  m r \ t). Then F contains a subgroup $  of index d with 

a signature (h ;n u ,n i 2 , . . .  ,n ipi, • - - ,u r i . n^2 , . .  -^nrp^s) if  and only i f  there exists a 

finite permutation group G transitive on d points, and an epimorphism 0 : T —► G 

satisfying the following conditions:

(i) The permutation 6 { x j )  has precisely p j  disjoint cycles of lengths . . . .

(ii) If we denote the number of cycles in the permutation 6(f) by 8 (f) , then s =

E L i s(f i ) .

In §6 , we show how to associate a system of permutations to a Hecke polygon 

such that the signature of the group generated by the side pairings of this polygon 

can be determined from the action of those permutations. The permutations which 

we construct (in the special case of Hecke groups) are of a different nature from the
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ones in Singerman’s theorem. In particular, we use the permutations to construct the 

appropriate Hecke polygon, and in fact get an explicit geometric realization of the 

corresponding surface.

It is of interest to note that the Riemann-Hurwitz and diophantine conditions 

are not sufficient for the existence of a subgroup with a prescribed signature in 

H(p\ , . . .  ,pn) if n > 3. An obvious additional necessary end-condition for the ex­

istence of a subgroup T of index d in a group is that the number t of cusps of the 

quotient space H2/r is at most d. This condition does not follow from the Riemann- 

Hurwitz or diophantine condition, cf. Example in §7. The realizability porblem for 

the existence of a subgroup of 7i{pi,. ■ ■ ,pn) with a given signature for any possible 

t < d is still open. Indeed even for torsion free subgroups, this problem appears to 

be difficult. Curiously, in the cocompact case for the torsion free subgroups, only 

Riemann-Hurwitz condition is sufficient, cf. [2]. In our case, the result in [2] implies 

that if n > 3 and t\d, there exists a torsion free subgroup of index d whose corre­

sponding surface has t cusps, cf. Theorem 7.2. Here we use a different approach 

and consider the realizability of torsion free subgroups with t < d. Special cases are 

dissussed in §7. Some further cases for groups with torsions in the cocompact case 

are dealt in [3].

There is a close relation between the Hurwitz problem on realizability of a branched 

covering of a sphere and the problem of the existence of a subgroup of finite index in

8
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H{p\ , . . .  ,pn) [5]. Given a subgroup T of index d .. - ,pn), let 7rr : H 2 —*• H 2/T

be the natural projection. Then 7rp and 7TW(pi Pnj induce a branched covering

<f> : H 2/ r  —1> H 2 /?f(pi , .. - ,pn) of degree d of a punctured sphere H 2/H {pi, . . .  ,pn)- 

In particular, if n > 5 and all the pj's are > 3 (resp. p\ =  p„ =  2, p2 =  pn- i  =  

p), the covering space H 2/T of genus g with t cusps of a once-punctured sphere 

H 2/H (p i , .. - ,pn), branched at { z i , . . . ,  x fc} to order {pi,. . . , p i , . . . , p„ , . . . , p„} (resp. 

{2, . . . ,  2, p . . . ,  p}), can be realized for any t < d, cf. Corollary 7.4 and Corollary 7.6.

2 Hecke Polygons

Let pi, p2 , . . . ,  pn, be integers, where each pj > 2. For each j  =  1 , . . . .  n — 1, let Cj be a 

circle \z—a.j\ =  Sj, where aj € R , a.j < a.j+1, and 6j+6j+l < (aj—aj+i)2 < (6j+6j+i)2. 

Then Cj intersects only with Cj_i and Cj+i, for j  =  2 , . . . ,  n — 2 . Suppose that C j-i  

and Cj intersect at a point bj € H 2 with an angle j~, for j  =  2 , . . . , n  — 2. Let 

b\ = a\ — 6\ cos — and bn =  an_i +<5n- i  cos Let V * be the hyperbolic polygon with

vertices at 6 i , . . . ,  Zn, and oo. An extended generalized Hecke group Ti.*(p\,. ■. ,pn) 

is a discrete group generated by the reflections in the edges of V*. The stabilizers 

of each vertex bj and each edge of V* are DPj and Z<i respectively, where Zo's are 

reflections of the dihedral groups DPj, i.e. the elements in the nonidentity coset of 

the rotation group ZPj. Therefore H*(pi, . . .  ,pn) is isomorphic to DPl *z2 ’ " * z 2 D Pn.

9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



a
1

a
2

Figure 1: a fundamental polygon 25* for 7"f*(pi,P2 ,P3 )

Let H (p \,. . .  ,pn) be the subgroup of H*(pi, . .  . ,p n), called a generalized. Hecke 

group, which consists of all orientation-preserving transformations in 22* (pi , . . . ,  pn). 

Then H (p i , . . .  ,pn) is isomorphic to H *j-iZ Pj.

We will need the following definitions. The elements of the 7i*(pi,p2 , . -. , p n ) 

- orbits of bj and oc are called the b j - v e r t i c e s  and the c u s p s  respectively, where 

j  =  1 , . . . ,n. Suppose that the hyperbolic line through aj and oo intersects with Cj  

at a point cy, for j  =  1, . . . ,  n — 1 , (see Figure 1). The elements of - .. ,pn) -

orbits of Cj's are called the Cj-ver t ices .  The elements of . . .  ,pn) - orbits of the

edges joining cy to oo are called the Cj-edges.  The elements of T C { p \ , . . .  ,pn) - orbits 

of the edges joining bj to oo sire called bj -edge s .  The elements of .. - , p n) -

orbits of the edges joining bj to cy and cy to 6y+i respectively, for j  =  1 , . . . ,  n,  are 

called ey-edges and f j - e d g e s  respectively. Each of the ey- and /y-edges has finite 

length, and each of 6y-edges has infinite length. The hyperbolic fine joining ay to oo

10
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a
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a
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Figure 2: a fundamental polygon for 'H(pi,P2 ,Pz)

consists of two Cj-edges, for j  = 1 , . . . .  n — 1. Its 7Y’ (p i, . . . ,pn) translates are called 

the Cj-lines.

The W*(pi,. . . ,pn) translates of the polygon with vertices at {6 j,ci,oo}, {cx,bo, C2 , 

oo},....  {cn_2 ,l>n-i-Cn-i,oo} and {c„_i,6n,oo} respectively are called the ^-polygo­

ns. The W(pi, . . .  ,pn) translates of the polygon with vertices at {bi, aj., oo}, {ai, 62^ 2? 

oc}, ...,  (an_2 , 6n_i,an-i ,  0 0 } and {an_i, 6n, 0 0 } respectively are called the Qj-polygo- 

ns. If each pj is greater than 2, then fli- and Qn-polygons are triangles, and the rest 

of fij-polygons are 2j'-gons respectively.

Let A} and A* be triangles with vertices at {bj.Cj.oo} and {cj,bj+1, 0c} respec­

tively, where j  =  1 , . . . ,  n — 1. For j  = 1 , . . . ,  n — 1, let Aj  =  A} U aj(A*) and A j = 

A* U crj(Aj). where aj is a reflection in a circle Cj.

A usual construction of a fundamental domain for 'H{p\. • ■. ,pn) would be V* U 

cr(P*), where a  is a reflection in an edge of T>*. But we find it more convenient to

11
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take V  =  U j~ l(A j U A, ) as a fundamental domain, (see Figure 2).

A Hecke polygon is defined to be a convex polygon P  with boundary which is a 

finite union of Cj-lines and bj-edges satisfying the following conditions:

51. Each Cj-line in dP  is paired to another Cj-line in dP  such that one of them is 

a side of an Qj-polygon in P , and the other is a side of an f2J+i-polygon in P.

5 2 . The 6j-edges in dP  come in pairs. The edges of each pair meet at a bj-vertex 

with an interior angle where k \ pj, and are identified.

5 3 . a i , . . . ,  On-i, and 0 0  are among the vertices of P.

The main point about Hecke polygons is the following theorem.

T h eo rem  2.1 Let P be a Hecke polygon, and let Tp be the subgroup o fH {p \,. . .  ,p n) 

generated by the side pairing transformations of P . Then P is an admissible funda­

mental domain for  Tp. Conversely, every subgroup of finite index in Tt(pi, . . .  ,pn) 

admits an admissible fundamental domain which is a Hecke polygon.

Proof. The argument is similar to the one in Theorem 3.3 [7]. Suppose that P 

is a Hecke polygon and that Tp is the subgroup of Ti{pi,. . .  ,pn) generated by the 

side pairing transformations of P. It follows from the Poincare polygon theorem [10, 

§IV.H.] that the set S  of the side pairing transformations is an independent set of 

generators of Tp, that is Tp =  FT/eS <  /  >- So the fundamental polygon P  is an

12
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admissible fundamental domain for Tp.

Conversely, suppose that T is a subgroup of finite index in H {pi,. . . ,  pn). Let 

T* be the tessellation of H2 whose tiles are H*(pi, . .. ,pn) translates of V*. Let 

tp : H 2 —► H2/r  be the canonical projection. Since T preserves T*, we have an 

induced tessellation of H2/r . The ^-images of Cj-vertices, vert ices, Cj-edges, 

6j-edges, ej- and fj-edges will again be called Cj-vertices, 6y-vertices, cy-edges, bj- 

edges, ej- and fj-ed  ges respectively in H 2 /T . Let £  be the union of ej- and fj-e  dges 

in H 2 /T . Consider £  as a graph whose vertices are the Cj-vertices and 6y-vertices in 

H 2 /T , and whose edges are the ej- and ./j-edges in H 2/F . Note that each cy-vertex 

is of valence 2 , and each frj-vertex is of valence 1 or k (resp. 2 or 2k), where k | pj, if 

j  =  1 , n  (resp. j  = 2 , . . . ,  n — 1).

Since the union of ej- and fj-e  dges in H2 is connected, so is £. Let T  be a 

maximal tree in £. Let A  be the union of all the Cj-edges in H2/T at the c_,-vert ices 

of valence 1 and all 6j-edges at the 6j-vertices of valence k and 2k, where k\pj, k j^Pj, 

in T. Develop H2/T into a polygon P  in H2 by cutting A  such that o i , . . . ,  an-i ,  

and oo are among the vertices of P. For each Cj-vertex u and each ^-vertex v in 

A, there are a pair of Cj-lines and a pair of 6j-edges incident to u and v respectively. 

Correspondingly we obtain a pair of Cj-lines (resp. bj-edges) on dP  which are paired. 

Hence P  is a Hecke polygon which is a fundamental domain for F. Q .E.D .

13
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Figure 3: a 5-gon centered at e s for a group H*(6 . 3)

3 A N ew  Proof of an Extension o f Kurosh’s Theorem

We now give a new proof of an extension of Kurosh's theorem to the groups H (p i,----

p n). We mean by a (k + 2)-gon (resp. 2k +  2-gon) centered at a b j -vertex a (k + 2)- 

gon (resp. (2k -F 2 )-gon) consisting of k fiy-polygons with a common 6_,-vertex which 

attach to each other along the 6j -edges, where k  | p j ,  j  =  1, n (resp. j  =  2 , . . . ,  n — 1). 

provided that p i , p n ^  2. (see Figure 3).

Proof o f Theorem  1.4. Suppose that T is a subgroup of index d  in H( p i , . . .  , pn )- 

Let P  be the Hecke polygon for F, and let Sj be the number of ideal pj-gons or 2p j -  

gons centered at 6 -,-vertices in P. Then SjPj +  J2iLkj  t+ i  *s ^ e  total number of 

flj-polygons in P, for j  =  1 , . . .  ,n. Hence the conditions (i) and (ii) follow directly 

from the application of Gauss-Bonnet Theorem and the geometric interpretation to 

the Hecke polygon P.

Conversely, suppose that conditions (i) and (ii) hold. Substituting +1

14
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for j  =  1 , . . . ,  n in eq. (i), we have

n
r =  (n — l)rf — kn — ^  sy 4- 1.

j=\

Without loss of generality, we may assume that s \>  sn and Sj > 2sn — 1, for all 

j  £  1 , n. We shall find a Hecke polygon P  for T which consists of Sj ideal pj-gons or 

2pj-gons (an ideal polygon in H 2 is a hyperbolic polygon with vertices at the circle at 

infinity R U  {oo}), and the (mj -+- 2 )-gon or (2 m, -t- 2 )-gon centered at a bj-vertex, for 

i = kj- 1  + 1 , . . . ,  kj, and j  =  1 ,...  ,n, such that a subgroup of K { p \ , . . . . pn) generated 

by the side pairing transformations of P  is T.

Start with an ideal pi-gon Q\ centered at b\. Then attach an ideal 2p)-gon to 

Q i along the ci-line through oo and obtain a new polygon Q2 . Next attach an 

ideal 2p3-gon to Qo along the C2-line through 0 0 . Continuously in this way, after 

2(n — l)s„ — n -t- 2 steps, we obtain a polygon Pq whose boundary consists of Cj-liness 

and which contains sn fli-polygons, sn Qn-polygons, and (2 sn — 1 ) t l j-polygons, for 

j  = 2 , . . . , n  — 1 .

Now there are s 1 — sn ideal pi-gons, Sj — 2sn +1 ideal 2p_,-gons, for j  =  2, —  n — 1. 

and the (mt- -t-2 )-gon or (2 m,- +  2 )-gon centered at a 6_,-vertex, for i =  k j - 1 + 1 , . . . ,  kj, 

j  = 1. . . . .  n. to be attached. For each j ' =  1 , . . . ,  n — 1, the number of c,-lines on the 

boundary of those polygons and Pq that are sides of flj-polygons or f2J+i-polygons is

15
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S n i p ]  -  2) +  1 +  (S j  -  S„)pi +  Z i L k j ^ + l  m i i  J =  1. n

(2sn -  1 ) ( p j  -  1) +  (S j  -  2s„ +  l)pj +  £ * i fc +1 mi, j Y l . n
>

d — 2sn +  1, j  =  l ,n  

d — 2sn +  1 , j ^ l , n .

Hence, after attaching those si — sn +  ~  2sn +  1) -+- £ j = i(fcj — k j - 1) =

kn +  Sj — 2 (n — l)sn +  n — 2 polygons to Po, we have

(n -  1 ){d -  2s„ +  1) -  [A:n +  £ " =l Sj -  2(n -  l)sn -F n -  2]

=  (n -  l)d  -  A:n -  £ ”=1 Sj + 1 

=  r

pairs of cj-lines, and each pair consists of a side of an Qj-polygon and a side of 

an flj+ i-polygon on the boundary. Therefore we obtain a convex polygon P  whose 

boundary is the union of kj — k j- i  pairs of tj-edges making an interior angle 

where i =  k j- \  + 1 , . . . ,  kj, j  =  1 , . . . ,  n, and r  pairs of cj-lines.

Each pair of bj-edges of an interior angle are identified. Each pair of 2 r  

Cj-lines are identified. Now P  becomes a Hecke polygon. Then a subgroup of 

H (p \,. . .  ,pn) generated by the side pairing transformations of P  is isomorphic to

r. Q.E.D.

16
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For the case n =  2 in Theorem 1.4, one can pair the r  pairs of Cj-lines on dP  as 

in the proof with the desired patterns. We state this result as a corollary of Theorem 

1.4.

Corollary 3.1 Let ko =  0, k\, k2 ,g, t, r be nonnegative integers, where ki < k2 , t > 1. 

andr = 2g+t—l. LetF  =  Fr*\\*2i= iY¥kiLk pj_, where mi\pj, i =  k j - i + l , .. . .k j ,
3 mi

j  =  1,2. Then T can be embedded in H (p\,p 2 ) as a subgroup of index d and with 

a signature (g; . . . ,  ■r̂ ~l , • • •, t) if  and only if  the following conditions

hold:

(i) (the Riemann-Hurwitz condition)

T .  — - ( k 2 + r) + l = d(—  + — - l )
Pi P2

(ii) ( the integrality condition)

The numbers Sy, so satisfying

kj
sfPj  +  51 m i ~  d, j  =  1,2

are nonnegative integers.

4 Subgroups o f Finite Index in . . . . p n )

In this section we determine the necessary and sufficient conditions for existence of a 

subgroup of finite index of a given type in TC{p\,. . .  ,pn).

17
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Figure 4: The marked point is an elliptic fixed point if it is in the interior, and is a 

center of a rotation which is a product of two reflections if it is on the boundary.

Suppose that T* is a subgroup of finite index in H*(pi, . . .  ,p„) and contains a 

reflection. Then S r • =  H 2/T* is a (possibly nonorientable) surface with boundary, 

(see Figure 4). The boundary dSf~ is formed by the projection of the fixed lines of 

reflections in T*. Also, d S f  contains a corner when the fixed lines of two reflections 

in T* intersect. Each component C  of OS?- is the projection of a simple curve C 

in H 2 which is either a finite union of e_,- and /j-edges or the union of two of the 

6j-edges and a finite number of the ej- and fj-edges, where any two consecutive edges 

intersect at a bj-vertex v, and make an angle where k \ pj. If v is a center of a 

rotation which is the product of two reflections in T*, the stabilizer of v is isomorphic 

to a dihedral group D ^ .
k

We now generalize the construction of Hecke polygons for the case H (pi, . . .  ,pn) 

to H * (p i,....p n).

18
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D efinition. A Hecke polygon in  H*{p\,. . .  ,pn) is a convex hyperbolic polygon 

P* of finite area containing a\ and oo as vertices such that each component of dP* 

is of one of the following forms:

(i) a c_,-line

(ii) a pair of ftj-edges making an interior angle where k  | pj

(iii) a simple curve which is the union of two of the bj-edges and a finite number 

of the &j- and f j -edges

satisfying the following conditions:

Sf. Each Cj-line which is a side of an fij-polygon in P* is paired to another c,-line 

which is a side of an Qj-polygon in P ' with an orientation-preserving or reversing 

transformation in H*(pi, . ■. ,pn)-

5 2 . The -edges of each pair as in (ii) are paired with a transformation in 

'kl(Pli • • ■ 1 Pn)•

5 3 .  Each of the ej- and /j-edges as in (iii) is paired to itself with a reflection in 

W*(pi,.. . ,  Pn)-

54 . Each of the bj-edges as in (iii) is paired to itself with a reflection or to the 

other bj-edge on the same component of dP  with an orientation-preserving transfor­

mation in f i* (p i,. . .  ,pn).

19
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Note that the group H *(pi,. . .  ,pn) may contain a subgroup with a fundamental 

domain whose boundary has only one component, and contains only one cusp oo as 

a vertex. Such a fundamental domain is not a Hecke polygon. In this case, this 

subgroup is isomorphic to Dmi *z2 * • • *z2 Dmfc- where each mt- divides some pj and 

Z zs  are generated by reflections.

Theorem 4.1 Let P '  be a Hecke polygon, and let Tp- be the subgroup o fH '{p \ , . . . .  pn) 

generated by the side pairing transformations of P*. Then P* is a fundamental do­

main for Tp-, and Tp- is a subgroup of finite index in 7 i '(p i , . . .  ,p„) which is iso­

morphic to a free product of the groups Z, ZT, and D mi *z2 • • • *z2 Dm*: where r, and 

each mi divide some pj. Conversely, every subgroup of finite index in W*(pi,. . .  ,p n) 

but ^  D m, *z2 •' ’ *z2 D mfci where each mi divides some pj, admits a Hecke polygon.

Proof. The proof is similar to that of Theorem 2.1. The first assertion follows from 

the Poincare polygon theorem.

Suppose that T is a subgroup of finite index in W*(pi, • -., pn)- Let S '  be the union 

of ej- and /j-edges in H 2 /T. Let T* be the maximal tree in S ' which contains the ej- 

and fj-edges in boundary of H 2/T . Now as in the argument of Theorem 2.1, cut H 2/T 

open into a space which is isometric to a simply connected convex hyperbolic poly­

gon P  and then obtain a Hecke polygon which is a fundamental domain for T. Q .E .D .

20
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We take a positive orientation on H2 to be the usual counterclockwise orientation 

on H2. Suppose that P* is a Hecke polygon for F*. Let C  be a boundary component 

of Si" =  H 2 / r *  which is the projection of a simple curve C  on dP*. Suppose that 

{wi,W 2 , ...,W k}  is a set of the bj-vertices on C  in positive order on d P ' such that w\ 

and Wk are on the infinite edges. Note that for each j ,  no two ^-vertices are adjacent 

along C. Let it : H 2 —* H2 be the projection map. Suppose that the corresponding 

stabilizer of Wj is D mj. If 7r(ioi) ^  r(wk), the ordered set (m i,m 2 , ■ ■■,mk) is called 

a boundary cycle on C  for P*. If r(w i) =  n(wk), the ordered set (mi, m2 , . . . .  m/t) is 

called a closed boundary cycle on C  for P*. Each m; is called a branching number 

on the boundary. If W{ is a h,-vertex, the integer is the number of Q*-polygons in 

P* with a vertex at Wi.

Suppose th a t ^|> • • • > ^ )  *s a boundary cycle of T*, where Xi \ yi and yi 6  

{ p i,. . .  ,pn}. Let yi =  pj, for some j .  Then from the property of a Hecke polygon for 

r* we have the following results.

(i) yi,Vk €  {pi;p„}-

(ii) If k =  1, then xi is an even number, and if fc > 1, then x\ and Xk are odd 

numbers.

(iii) If xi is an odd number, then y,_i =  pj_i, yi+i = pj+i, or y i-i  =  pj+i, 

Vi+l =  Pj —1-

(iv) If Xi is an even number, then yt-i = yi+i = P j-i, or y,_ 1 =  yi+i =  Pj+i-
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The above results (i)-(iv) are also true for a close boundary cycle . . . ,

except (i) which now becomes j/i =  yk 6  {pi,pn}- 

Suppose that

r  =  Fr * * n * ^ i n ’“= i ( D ^  * * 2 • • • * * 2 d ^ )  * r r i U o ^
ry» *U.ii

is a subgroup of index d in 7-f*(pi,. . . ,pn), where Ei has a presentation

joll
< ■ . ^V taaH vnfiV ia iJ i  =  v l  =  vfl+l = (vUVU+l)

I =  2 , . . . ,  aji — 1 >.

Xiji\yiji, Viji € {p i,. . .  ,p„}, for all i, j, I, and (ziU +  a:«iaa )|yiix, for i =  hQ + 1 , . . . .  h.

Suppose that P  is a fundamental polygon for T which is a Hecke polygon. Let 

Bij =  for i =  1, and j  =  1 ,...,u ,- . For each u j ,  we'Ijjl Xtj2 ja±j

will construct a polygon Rij whose boundary contains a corresponding boundary 

component for Bij. For instance, assume that Bij =  3̂ ,  • • •, Start with

an (xiji + 2)-gon Q\ centered at a 61-vertex tui such that the ej- and /i-edge and 

the cj-edge on dQ 1 are in positive order. Attach a (2Xij +  2 )-gon Q2  centered at a 

62-vertex W2  to Q\ along a Cj-edge such that the vertices w\ and W2  are on diQiUQo) 

in positive order. Continuously in this way, we obtain a polygon Rij such that the

2 2
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vertices w^, w\, u>2 , • - W2 ai] •. w\j are on dRij in positive order, where Wij and w[j 

are the cusps on the 6 1-edge through v)i and the 62-edge through u>2 atJ respectively. 

Note that dRij contains cy-lines through and w[j. Hence we can think of P  as 

a polygon P  — U*=1  U“l.l Rij attached to Rij along the c^-line through or w\j,

i  =  l , . . . , h ,  j  =  l , . . . , U i .

Let ko =  0. Apply Gauss-Bonnet Theorem to P. It follows that

n 1 n Tr.   1 ft u»

5< E r -B+I> “ £  E
“  q = 1  P a  a = l i = f c a _ !  +  l  P a  i , j , i  y l l l “  i = l  j  =  L

1 ^
-F— 53 Ui + r) + h — ho + 1 .

1 :=L

On the other hand, for each a  =  l , . . . , n ,  since the number of ft*-polygons is 

equal to d, there exists a nonnegative integer sa such that

fco /l Uj
2 SQpa +  5 3  iTTli +  5 3  Y !  XW - d

i=A.'a - l  +  l  i = l  j = U 6 < t i j ( Q )

where $ y (a ) =  { / 1 Viji =  pQ, 1 < I < fly}.

Conversely all the above equalities are also sufficient for a subgroup to exist in 

. . . ,  pn). We will use the previous notations to describe and prove this result.

T heorem  4.2 Let ko = 0 ,k i , . . . , k n,ho ,h ,r  be nonnegative integers, where ki < 

ki+i, for i — 1 , . . . ,  n, and ho < h. Suppose that

23
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r  =  Fr * ^  • • • * *  ) * n ’U + i S . ,
m t  • • -

where Ei has a presentation

xoi

<  / i i  v il? • • • j uiaji K ^ i l / t ^ ia i i / i  ) lU 110,1 — v iI — v il+ l  — (v ilv i l+ l ) I , l <)

Z =  2 , . . . ,  ati -  1 >,

XijilViji, Uiji 6  {pi,. . .  ,p„}, /o r all i , j , l ,  and (xm  +  xiiail)l2«u, for i =  h0  + 1 , . . . .  h. 

Then T can be embedded in 7t*(p\ . . . . .  pn) as a subgroup of index d i f  and only if the 

following conditions are satisfied:

(i) ( the Riemann-Hurwitz condition)

, n ,  n ka h Ui <*ij 1 h. Ui
l ( E ± . n + 1 )  .  E  E  +
"" Q = l ”a Q= 1 i~ka _i + l i = l j = l / = l  i=l 7=1

1 '

5 ^  Ui + r) + h — Zio +  1 - 
2 »=i

(fi) (the integrality condition)

77ie numbers s i , . . . , s n satisfying

fca h Ui
2sqPq +  2 m ,+ E E  5Z X ijl= d , a =  1 ,. . . , n.

i=fcQ_i+l  *=U=U€<frij(a)

are nonnegative integers.

24
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Proof. The proof of the necessity is in the above argument. Conversely, suppose that

(i) and (ii) are satisfied, it follows that

T =  fa -  ~  kn ~  \  5Z aii  “  I ~  S  Sa +  h ~  h° +  L W
2  t=l J = 1 i=l Q=1

We will construct a Hecke polygon P  which consists of sQ ideal pa- or 2pa-polygons, 

the (mQ +  2)- or (2 m a 4- 2)-gons, for i =  l , . . . ,k n ,  a  =  1 , . . . ,  n, and the polygons 

Rij, for i = =  1 , . . . ,  Ui, such that a subgroup generated by the side pairing

transformations of P  is isomorphic to E\

Let Pa be a polygon in H 2 whose boundary consists of Cj-lines as we constructed 

in the proof of Theorem 1.4. For each a  =  1 , . . . ,  n — 2, let pQ and be the numbers 

of polygons among those si — sn ideal pi-gons and (m,- +  2 )-gons if a = 1 , and the 

sa — 2 sn +  1 ideal 2pQ-gons and (2 mi +  2 )-gons if a  £  1 , which are attached to 

Pq or any other polygon along the ca-lines and the cQ+i-lines respectively, where 

i =  ka +  1 , . . . ,  ka+1- Call this new polygon Pi. We will prove that after attaching 

the polygons Rij to Pi to obtain a polygon P , the numbers of ca-lines on dP  which 

are sides of QQ-polygons and fia+i-polygons respectively are the same, where a  =

1 , . . . ,  n — 1, and there are r  pairs of such Cj-lines on dP.

Suppose that for i =  1 , . . . ,  h, j  =  1 , . . . ,  ut-, there exist integers ^ JQ, (Tija0 i , Vija: 

~ija£hi CijQj &nd PijaQzi where Q: =  1 , . . ., fl 1 , /?1 =  1 , . . . , £ija , 0 2  =  1 ; • • • ; ̂ ijriija ;
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and /?3 =  1, . .  .,Q ja, such, that in each boundary cycle Bij, there are collections 

of branching numbers on the boundary of type (Ia ):

Pa Pa+ 1 Pa Pa+1 Pa+ 1 Pa Pa+l Paor
h  ’ h  ’ h<rija0- i  ’ h<rija0 h  ’ h  ’ ’ ^ CT,jal3- i  ’ 2̂<xlJQ/3

77jJQ collections of branching numbers on the boundary of type (IIQ):

Pa Pa+1 Pa+1  Pa

and Qja collections of branching numbers on the boundary of type (IIIQ)-

Pa+1 Pa Pa Pa+1

h ' h  ’ ’ ’ k PijaB- i  h P i j a 3

Since each boundary cycle except types (Hi) and (IIIn_i) starts and ends up with 

branching numbers on the boundary of types (Ii) or (In-i)? we have the following 

equation:

1
ui =  (£»jl "b £ijn-l) "b Pijl "b Qjn— l]i i — 1 , ■ - ■, h. (2 )

J= 1 *

Note that for each a  =  1 , . . . .  n — 1 .1\, haijatf, hrijaffi and hpijaff are odd numbers, 

and any other h , ■ hoijaff-1 (or hrijaff-1; or hpijaff-i) are even numbers. Also, the 

number of the branching numbers or as in type (IQ) and as

in type (IIQ) is equal to the number of the same branching numbers as in type (Ia+i) 

and (IIQ+i). Then we have
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£ ija  "I" 2 Q j a  — £ i j a + l  "h ^V ija + lt a  — 1, . . . .  71 2, (3 )

and

71—1 £ija tfija Cija 71—2
aij = 53f̂ Erf <2(TijQ0 -f- Y .& n ia t ~ 1) d- ^2 (2pija0 ~~ 1)] ~ 53 (Zijct + -Cija)

a = l  3=1  0=1 0=1 a = l
n —1 n —1

=  2 ^  ( ^ 3  °"i-?Q3 5  ' Tija0  d- 5 3  Pij& 0 ) — 5 3  *̂JQ 3Ctja)
q=1 0 0  0  a = l

"F£ijn— 1 "I" 2£tjTi—1> (4 )

where i =  1, . . . ,  h, j  =  1, . . . ,  U{.

To compute the numbers of Cj-lines, let c(a) and 5(a) be the numbers of cQ-lines 

on dP  and dRij, for i =  1 , . . . ,  h, j  =  1 ,. . . ,  U{, which are sides of f2Q-polygons and 

fiQ+[-polygons respectively, where a  =  1 ,. . . ,  n — 1. First, we have

fcl x  7
:(1) =  (SiPi +  53 m i -  2Sn +  1) -  (S[ -  S„) -  fc[ -  P! -  p'[ -f- V ]

i= i i) 2

~53 53 # (xw is even) -  \  53 53 odd)
‘•J /€4>0 ( 1) i.j

fcl ' Xi I= (sipi +  5 3  mi -  2 sn + 1 ) -  (s[ -  sn) -  fc[ -  p i -  p i -t- 5 3  5 3  "o"
i = l  i.j i € ^ i j ( l )

~  ~  ! )  +  5 3 ( r i i i 0  “  2 )  +  5 3 ( P t j i 0  -  ! ) ]  -  2 5 3 +  2 P i j i )
i.j  [3=1 3 = 1  3=1 id

2 7
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— ^  2 s„ + 1  (si sn) k\ hi Hi 5   ̂am p  +  5 3  Tqiff
i j  0  3

+  +  E ^ y '1 + ^ij'1 +  ^ijl^
0

and

k2  «y

*2 , X ' I
6{  1) =  ( s 2P2 +  5 3  " ii -  2s„ +  1) -  (Si -  sn) -  h  -  H i  ~  H i  +  5 3  5 3  " f"

i= fci +  l  i . j  le4>i]{2)

-5 3  53 #(xw is even) ~ ^ 53 53 is odd)
i d  l e * i}(2) ~ id  le^ i j{2 )

<•'2 # ^
=  (S2P2 +  53 w»« ~  2a« +  1) -  ( s i  -  s„ ) -  fcl -  ^1 -  H i  +  53 53 ~ 2 ~

1 = ^ + 1  i . j  le<Pij(2)

- E E ( ^ i W  ~  *) +  E ( n j i 0  -  1 ) +  ^2(Pijip  -  2 )]
i d  0=1 0=1 0=1

=  ^  -  2s„ +  1 -  (si -  s„) -  fcl -  Hi -  Pi ~  B E  &ij\3 + 53 Tiji- 0

id 0

+ 53  Pijw ) +  E ^ y '1 +  Vv1 +

= e(l).

Similarly, for a  =  2 , . . . ,  n — 2,

£■(“ ) =  £ -  25n +  1 -  (sQ - 2 s n + 1 -  Ha-l) ~  (ka ~  kQ- i  ~ Ha-l) ~  0 a ~  Ha

—E ( E  °y  °0 ^  E  TijQ0 + E  Pd°0) E (  ~2 îja +  Vija "F Qja)
id 0  0  0  id
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=  6(a),

and

e ( n  — 1 ) =  | -2s„ + 1 -  ( S n - t  -2s„ +  1 -  (fc„-i -  fcn- 2  ~ M n - l )

~(kn ~  kn -l) ~  Gjjn-IQ +  Tijn— 1 0  +  Pijn—IQ)
i.j 13 0 0

"F *F V i j n — 1 "+■ C i jn - l )
i.j

=  6 ( n  — 1).

This implies that after attaching those polygons P y , for i =  1 , . . . ,  /i, j  = I , . . . ,  U{. 

to Pj, which is called a polygon P . the numbers of cQ-lines on dP  which are sides of 

flQ-polygons and sides of fiQ+i-polygons respectively, where a  =  1 , . . . ,  n — 1, are the 

same.

On the other hand, from eqs. (1), (2), (3), and (4), it follows that

n —1 n —1 ho

J 2  £(Q) = S  5(q) = r + £ Ui-
a = l  q= 1 t= l

This proves that on dP, there are r — (h — ho) pairs of Cj-lines, and each pair of 

them are sides of an QQ-polygon and an fiQ+i-polygon. Therefore we obtain a convex 

polygon P  whose boundary is the union of kj — k j - i  pairs of 6j-edges making an

29
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interior angle , where i =  k j - i  +  1 , . . . ,  kj, j  =  1 , . . . .  n, r pairs of Cj-lines, and 

the e-j- and f j -edges on Rij corresponding to B^.

Each pair of those c,-lines are identified, and each pair of bj-edges of an interior 

angle are identified. For i =  1 , . . . ,  h, each of an e_,-edge and an fj-edge on 

Rij fl dP  is identified to itself with a reflection. Each bj-edge on Rij fl dP  is identified 

to iteself with a reflection if i =  1 , . .  .,ho, and is identified to the other bj-e dge on 

Rij fl dP  with an orientation-preserving transformation if i = ho +  1 , . . . ,  h. Now P  

becomes a Hecke polygon. Hence a subgroup generated by the side pairings of P  is 

isomorphic to I \  Q .E.D .

5 Special Cases

T heorem  5.1 Suppose that p i , . . .  ,pn are distinct primes. Let

r =  p r * m = i ( z Pa * - • - * z pj  * rrJUo+i^
* r    ^Ka

where each Ei has a presentation as in Theorem ^.2. Then T can be embedded in 

. . .  ,pn) as a subgroup of finite index d if and only if the Riemann-Hurwitz 

condition holds, i.e.
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and for each a  =  1, . . . ,  n, d — 2 kQ — Zy=i Y^ie^.^a) x iji is a nonnegative even 

integer, where $y  (a) =  {I \ yiji =  pa , 1 <  / < ay}.

Proof. It is sufficient to prove that the integrality condition follows from the two 

conditions in the theorem. Let (5 6  { l , . . . , n } .  Multiplying r ia = iPa to eq. (5), we 

have

( I I Y xni) = (Ilp°)[(n- l)d- dY~~+2Y~'
a^(3 i.j /6<&ij(/3) Q=1 a#/3 ”Q a. ^ 0  ”a

+  y :  ^  ^  — (2  fcQ +  y"^ay + -F 2 r) +  2 (/t — ho) +  2 ].
i.j 1<Z$,]{I3) ^lji a i.j i

Note that the right hand side of this equation is a nonnegative even integer divisible 

by pp. Hence there is a nonnegative integer sp such that

2 sppp + 2 kp + Y l  Y 1  x 'il ~  d- 
i j

Q.E.D .
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In particular, if T as in Theorem 5.1 contains only orientation-preserving trans­

formations. then h = 0 and the index d is an even number. Therefore we have the 

following corollary.

C orollary 5.2 Suppose that p \ , . . .  ,pn be distinct primes. Let

T = Fr * W U { Z P j* - * Z Vi).
  „ '

Then T can be embedded in 7 i(p \,. ■. ,pn) as a. subgroup of finite index d if  and only 

if the Riemann-Hurwitz condition </(££= i — n +  1) =  ^  — (Hy=i +  r) +  1

holds, and d >  kj, for j  = 1 , . . . ,  n.

6 Hecke Polygons w ith  A ssociated Perm utations

We will show how to associate a collection of permutations to a Hecke polygon.

Suppose that T is a subgroup of index d in TC (pi,...,pn). By Theorem 2.1. T 

has a fundamental domain P  which is a Hecke polygon. Suppose that P  consists of 

sj ideal pj-gons or 2pj-gons Q j\ , . ■ ■, QjSj, which are a union of pj fl^-polygons, and 

the m; -I- 2 -gon or 2 mi -I- 2 -gon Qji centered at a 6j-vertex, which is a union of m, 

flj-polygons. for i = Sj -f-1 , . . . ,  Sj +  kj — fcy_i, j  = 1 . . . . ,  n.

We assign an element in {1 , . . . ,d }  to each of Qj-polygons in P  for each j  as 

follows (also see Figure 5). For j  = 1 , . . . .  n, let Aj be a function of a collection M.j
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Figure 5: for the case of H{4 ,2 ,4), a Hecke polygon P  =  Q u U Q21 U Q 22  U Q z \  with 

the indicated side pairings, where Ai(Qn) =  (1 2 3 4), A 2 {Q2 i) — (1 3), A2 (Q22) =  

(2 4), A3 (Q3 i) =  (1 4 3 2).

of ^-polygons onto {1 , . . . ,  d} such that

(1 ) A j(R i) 7  ̂Aj(/?2), for any two elements Ri, R 2  6  M j

(2) A j(R i)  =  A j(R 2), if Ri € M j, Ro 6  M j+ 1, and they have an identified Cj-line. 

Write all the elements of Aj(Qji) in counterclockwise order, say An

element (l\ , . . . ,  lr) of a symmetric group Sd is called a permutation associated to Qj,. 

Let ctj be a product of the permutations associated to Qji, i =  1 , . . . ,  Sj +  kj — k j - x, 

j  =  l , . . . , n .  Note that q j is a product of disjoint Sj pj-cycles and mj-cyeles, i = 

k j- i  +  1 , . . . ,  kj. Then { a i , . . . ,  a n} is called a system o f  permutations associated 

to P  or T with respect to p /s  and m fs .

In fact, the group < a i , . . . , a n > acts trzmsitively on { l , . . . , d } .  For, if two 

elements a, 6 of {1 , . . . ,  d} are in disjoint cycles of a i ,  say a 6  Ai(Qn),  b 6  A\{Q \2 ),
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since there is a path of ey- and f j  -edges, for some j  =  j i , . . . ,  j r , which connects the 

61-vertex in Q\\ to the 61-vertex in Q n -  Then a gets mapped to b through some 

powers of o i, Qy,, . . . ,  a Jr, a i  respectively. Hence any Hecke polygon gives us a group 

of permutations in Sd acting transitively on {1 , . . .  ,d}.

On the other hand, we will show that the number of cusps on P /T  is the number of 

disjoint cycles of cr =  o n - • • Oi. If x is cusp on P/T , then there is a sequence of c,-lines 

and bj-edges around x  as follows. Start with a ci-line or an 61-edge L i on dP  through 

x  on an Qi-polygon R \. Suppose that Ai(Pi)  =  1 . Then there is an edge M\ next 

to L\ counterclockwise, where M\ is on an fli-polygon P 2 , possibly P i =  P 2 , with 

Ai(/?2) =  ori(1 ). Let L -2 be an edge of Ro which contains a cusp equivalent to x  and 

L2  7̂  L\. Then there is an edge M 2  next to L 2  counterclockwise, where M 2  is on an 

flo-polygon Rz with A 2 {Rz) =  oi(l) .  Again there is an edge L% on an f^-polygon R 4  

next to M 2  which contains a cusp equivalent to x  with Az^R^) = 0 2 0 1 (1 ). Continuing 

this way, we generate a sequence of edges {Li, M i , . . . ,  Ln, Mn} each of which contains 

a cusp equivalent to x , and a sequence of fij-polygons {Pi, R 2 , . . . ,  P 2n-i- P-2 n} such 

that A j(R 2j - 1) =  otj—i • • • o i( l ) ,  Aj{R 2j)  = Qj---oi(l) ,  where j  = 1 , . . . , n .  and 

Oo = identity.

Next there are an n n_i-polygon P 2n+i, an n„_2-polygon P 2n+2 ; . . - . a n  Q2- 

polygon Rzn- 2  attached to Mn cyclically, where A 2 {R2 n+3 ) =  ••• =  An_ i (P 2n+i) =  

An(P 2n)- If A„(Pon) #  1 , then repeat the same argument for an edge on an Qi-
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ot

Figure 6 : The subgroup generated by the side pairings of this Hecke polygon is of 

index 4 in H(3 ,2,4).

polygon i?3n -i with Ai(i?3„_i) =  A n(R 2 n)- This will stop at the Z-th step when 

MniRiln) =  1. see Figure 6 .

From the above observation, we see that the number of cusps on P/V  is exactly 

the number of disjoint cycles of cr.

Conversely, given p /s  and m^s satisfying the conditioons (i) and (ii) in Theorem 

1.4, let a j  be a permutation of disjoint Sj pj-cycles and mj-cycles, i =  kj- 1  + l , . . . , k j ,  

j  =  1 , . . . , n. Suppose that < a i , . . .  ,a n > is acting transitively on {1 , . . . , d}. and 

cr =  a n ■ ■ - a i  has t cycles. We will construct a Hecke polygon P  such that a group 

generated by the side pairings of P  has a signature (g; . . . ,  t).

For each j , let Qji, be an ideal pj-gon or an 2p_,-gon, for i =  l , . . . , S j ,  and an 

m,- +  2-gon or a 2mi +  2-gon, for i =  sj + 1 , . . . ,  sj +  kj — k j - 1 . If ( i i , . . . ,  ir ) is 

a cycle of Qj, assign those elements z'i,. - -, ir cyclically in counterclockwise order to
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Qj-polygons of some Qji in which the number of fij-polygons is r. Then this Qji with 

those assigned numbers is called a polygon associated to (t'i,. . . ,  ir).

Since < q x , . . . , q „  >  is acting transitively on {1 . . . . .  d}. let a, b be any two 

elements of {1 , . . . , d}, there are some permutations, say. a i , . . . ,  a q such that

•••Q/ll (a) =  b,

for some powers l \ , . . . ,  lq. Then there is a cycle pj in aj, for each j  = I . . . . .  q. such 

that / #  ■■•p[l {a) =  b. Let zj =  p1/  ■ ■ - f t (a ) ,  j  = l . . . . , q .  Then z t = ^ ‘(a) 6  Pi,

z2 € p2i • • •• b = Zq € Pq.

Suppose that Qji is a polygon associated to Pj. j  =  1, . . . ,  q. Then there are an Q; - 

polygon Rj C Qji and an Slj+i-polygon f?'- C Qj+n with Aj{Rj) =  Aj+i(Rj) =  Cj, 

for j  =  1 . . . . .  <7. Hence Qj+11 can be attached to Qji along the Cj-lines which are 

sides of Rj and Rj. j  =  I , . . .  ,q. Call this polygon Pq. Suppose that Q 1 2 , ■■■ • Qq2 - 

Qq+ii, • • • > Qni axe the polygons whose associated permutations containing b. Let W3 

be an Q^-polygon contained in Qji with Aj(W j) =  6 . for j  =  1 . . . . .  <7. when i =  2. 

and for =  q + 1 , . . . ,  n. when i =  1 . Now attach Q 1 2 , • • -,  Qq2 . Qq+1 1 , • • • ; Qni to Pq 

along the c^-lines which are sides of W i, . . . ,  Wn. Call this polygon Pi- Similarly, the 

Qji's whose associated permutations containing a can be attached to Pi. Call this 

polygon P-2 - Hence all the polygons Qji s whose associated permutations containing 

a and b are attached together.
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Since any element in { l , . . . ,d }  is mapped to a under some permutation in < 

ax, . . . ,  an >, all the rest of the Qji's can be attached to P2  in the same way as above. 

Call this polygon P. The boundary of P  consists of Cj-lines and pairs of 6j-edges 

making an angle 2̂ t-7r.

Before the Qji 's are attached to each other, there are d Cj-lines on Qji's and Qj+u 

respectively. When any two of the Qji's are attached along a Cj-line, we lose one Cj-line 

from each of Qji's and Q j+ n ’s. Hence the numbers of Cj-lines on dP  which are sides 

of Qj-polygons and f2J+x-polygons respectively are the same. Therefore, to find the 

number of Cj-lines on dP, it is sufficient to count the number of Cj-lines on dP  which 

are sides of fly-polygons, where j  — 1 , . . . ,  n  — 1. There are (n — l)d  Cj-lines on Qji's. 

j  = 1 , . . . ,  n — 1, altogether. Then after attaching those £ j= i  sj  +  12j=i(kj ~~ k j- i)  

polygons Qji's, there are

n
r — (n — 1 )d — Sj — kn +  1 

j = 1

Cj-lines on dP  which are sides fij-polygons, j  =  1 , . . . ,  n — 1.

Now pair a cy-line of an flj-polygon Uj on dP  to a Cj-line of an QJ+x-polygon 

Uj+i on dP  with A j(U j) =  Aj+i(Uj+i). Any two -edges on dP  making an interior 

angle ■1̂ 1? are identified. Then P  together with those side pairings becomes a Hecke 

polygon.

Moreover, if T is a subgroup of H(p 1, . . .  ,pn) generated by the side pairings of P.
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by using the previous argument, the number of cusps of the surface H2/r  is t, and 

T has a signature (g ; . . . ,  t ), where r = 2g + 1 — 1. Therefore we proved the

following theorem.

T heorem  6 . 1  Let ko =  0, k \ , . . . ,  kn, g, t, r be nonnegative integers, where ki < ki+i, 

for i =  1 , . . . ,  n — 1, t > \, and r  =  2g + 1 — 1. Let mi be positive integers, where 

mi\pj, i =  k j- i  4- 1 , ,  kj, j  =  1 , . . . ,  n, Then H{p\ , . . .  ,pn) contains a subgroup of 

index d with a signature (g; . . . ,  t) if  and only i f

(i) The numbers r, p j ’s m i’s and s j ’s satisfy the Riemann-Hurvritz and integrality 

conditions as in Theorem 1.4-

(ii) For j  =  1 , . . . ,  n, there exists a permutation a j in Sd such that

(a) otj is a product of disjoint pj-cycles (in all sj o f them) and mi-cycles, i = 

kj—id* 1 , . . . ,  k j .

(b) The group < Q i, . . . ,  a n >  acts transitively on ( 1 , . . . ,  d}.

(c) The permutation a = an has t disjoint cycles.

7 Branched Coverings o f Punctured Spheres

In this section we will construct branched coverings of a punctured sphere H2/?i(pi, 

.. . ,p n) by applying Theorem 6.1 or using a Hecke polygon.

First note that the Riemann-Hurwitz and integrality conditions are not sufficient
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Figure 7: The ci-lines marked by a on dP are identified.

for the existence of a subgroup with a given signature if n > 3, (see the following 

example).

E xam ple. Consider a torsion free subgroup isomorphic to Fj of index 6  with a 

signature (0;8 ) in H(2,3,6). Here, x(-fV) =  —6  x(^(2;3 ,6)) =  —1. Integrality

conditions are also satisfied. However, by Proposition 7.1 below F- cannot be regarded 

as a subgroup of 7i(2,3,6) with a signature (0;8).

Note that Fj can be regarded as a subgroup in H{2,3,6) with a signature (1:6), 

or (2:4), or (3; 2). Indeed, take two ideal hexagons Qi, which consist of six flo- 

polygons respectively and one ideal hexagon R  which consists of six fi3-polygons. 

Glue those hexagons together along the C2-lines through oc to get a polygon P  as in 

Figure 7. Let the Ci-lines through oo on dP  be identified. Then the side pairings of 

P
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abcdedT1 b~ 1 fgc~ ig~le~lf ~ la~l 

abcdeb~ld~l fg c~ lg~le~l 

abcdeb~ld~l fg c~ l f ~ le~lg~la~l

correspond to subgroups with signatures (1;6), (2:4) and (3; 2) respectively.

P roposition  7.1 Suppose that V is a subgroup of index d in TL{p\.. . .  ,pn) whose 

number of cusps is t. Then we have a partition d = di- In particular t < d.

Proof. The surface H  2/T is a branched cover of degree d of the once-punctured sphere 

H 2/H (p i, . . .  ,Pn)- Let {x i , . . . ,  x£} and x be the cusps in H 2/T  and H 2 /H ( p i , . . .  ,pn) 

respectively. Compactify H 2/T  and H 2/'H{pi, . . .  ,pn) by filling with cusps respec­

tively. The original branched covering is extended to the one of degree d between the 

compactified surfaces. Then there are t points ( x i , . . .  ,£ t}  in the fiber of x. Let 7 , be 

a simple closed curve around X j.  It projects in H 2/H (p i, . . .  ,pn) as a (not necessarily 

simple) closed curve 7 ,- around x. Let d{ be the winding number of 7 ; around x. Then 

d = 2 i= i dj. In particular t < d . Q .E.D .

The result in [2] implies that in our case, if n > 3 and t\d, then t can be realized 

as the number of cusps of a subgroup of index d.
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T heorem  7.2 Suppose that n > 3. d =  A lcm{jp\ , . . .  ,pn) and. t\d. Then there exists 

a torsion free subgroup of index d with a signature (g; t) in H (pi, . . .  ,pn) i f2 g + t—2 =

Proof. Let d =  Art, and let E, Vi, . . . ,  V'n+i be integers satisfying E  =  (n +  l)d, 

PjV} =  d, where j  = 1 , . . . ,  n +  1. and pn+i =  k. Then E^=i Vj — E  + 2d = 2 — 2g. 

From Theorem 1.3 in [2], there is a tessellation of a surface M  of genus g into 2d 

(n +  l)-gons with E  edges and Yi vertices, Vj of valence 2pj (j  =  1 , . . . .  n +  1), 

such that each face has vertices of valence 2pi, . . . ,  2pn+i, up to cyclic order. Remove 

the vertices of valence 2k from M  to obtain a topological surface X  of genus g with 

t cusps. Then X  is a branched cover of a once-punctured sphere S  with n branch 

points P i , . . . .  Pn with branching numbers p i , . . . , pn .

Let 7r : X  —► S  be the corresponding projection map. If its • H 2 —► S  is the 

universed branched covering with branching numbers p i , . . .  ,pn, the covering group of 

xs  ■ H 2 —* S  is isomorphic to H (pi. .. - ,pn)- Then x s  factors through H 2 X  S. 

The set 7r_ l (P,-) are precisely the Vj vertices of the tessellation of X  lying over Pj. 

The condition pjVj = d ensures that H 2 ^  X  is an unbranched covering. This 

corresponds to a torsion free subgroup T of the covering group of x$ : H 2 —*• 5. To 

realize T as a subgroup of the Fuchsian  group 7d(pi,. . .  ,pn)-. we proceed as follows.

First add a vertex to each compact edge of X  as a ” midpoint” . Next on each face
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of X ,  add all noncompact edges through a cusp and any other vertices respectively. 

Now each face has n  -F 1 triangles. Let T  be one of these triangles. Replace T  by 

one of the triangles A*'s and A ’’s, called T, as in §2. On the interior of T, we have 

a well-defined hyperbolic metric. These T 's can be glued along edges by uniquely 

defined isometries. So at the end, we get a complete Riemannian metric of constant 

curvature -1  on X .  This extends uniquely to a universal covering H2 -+ X  which 

is an isometry on each component of the inverse image on each face. Therefore X  is 

homeomorphic to H2/r , for some torsion free subgroup T of index d in H ( p i , . . . ,p n).

Q .E.D .

We now discuss some special cases for the realizability of signatures by subgroups 

of finite index in H (2,p , . . .  ,p, 2), 7i(pi, ■ ■ . ,Pn), iPj > 3, n > 5), and H{2,3,5).
n

T heorem  7.3 Let g and t > 1 be nonnegative integers. Suppose that p and d are 

positive integers, where p > 2 and d is divisible by lcm(2,p). Then H(2, p . . . . .  p. 2)
n

contains a torsion free subgroup of index d with a signature (g :t) iff 2g -F t = (1  — 

~)nd -1- 2  and t < d .

Proof. The if part follows from the Riemann-Hurwitz condition. We will prove the 

only if part by constructing a Hecke polygon.

First, take ideal 2p-gons centered at 6j-vertices, for each j  =  l , . . . , n  respec­

tively. Now glue those ideal polygons together along the Cj-lines through oc to obtain
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a polygon P. Then we can identify the Cj-lines on dP  with the desired pattern to 

have a surface of genus g with t cusps. Q .E .D .

C orollary 7.4 Let T be a torsion free subgroup of index d in H(2. p , . . . ,p,2), where
n

p > 2 and d is divisible by lcm(2,p). Then the surface H 2/ r  of genus g with t 

cusps is a branched cover of degree d of the once-punctured sphere H 2/H (2 ,p , . . .  ,p, 2 ) 

branched at all bj-vertices to order {2, . . . ,  2 , p , . . . ,  p} iff2g  + t = (l — k)nd -f 2  and
d n d / p

t < d.

T heorem  7.5 Suppose that n > 5, pj >  3, ( j  =  1, . . . , n ) ,  and d is divisible by 

I cm (p i,. . . ,  pn). Let g ,t > 1 be nonnegative integers, and let d =  kjpj, for j  =

1 , . . . .  n. Then 'H{p\ , . . .  ,pn) contains a torsion free subgroup of index d with a sig­

nature (g; t) iff2g  + t= -(n  — l )d — £y= i kj +  2  and t < d.

Proof. The only if part follows directly from (i) and (ii) in Theorem 6.1.

Suppose that 2g + t = (n — l)d — kj +  2 and t < d . To find a subgroup with 

a signature (g; t) is amount to choosing an appropriate ctj in Sj, j  = 1, . . . ,  n, such 

that an ■ ■ -a-i has disjoint t  cycles.

The case of d =  4 is clear. Suppose that d ^  4. Let T  =  {Ai, . . . ,  An+i} be a 

collection of partitions of d, where Aj =  [ p j , , pj], for j  = 1, . . .  ,n. and An+i =  

[1,... ,  1,2,. , 2j, where m > 0. The total branching [3] is v(T )  =  '£!j=\(.Pj~l)kj + tu.
m

Since n > 5 and pj > 3, for j  =  1 , . . . ,  n, it follows that
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n 1 2  
v(F) — 3(d — 1) =  (n — 3 — —)d +  m +  3 >  ( - n  — 3)d +  m  +  3 > 0.

3

By Theorem 5.4 in [3], T  is realized as the branch data of a connected branched 

covering of a closed sphere S 2. Hence, by Lemma 2.1 in [3], for j  =  1 , . . . ,  n, there 

exists otj in S j which is a product of k disjoint p-cycles such that a i  • • -a n has m  

2-cycles, and < q i, . . . ,  a n > acts transitively on {1, . . . ,  d}. Q .E.D .

C orollary  7.6 Suppose that n > 5, pj > 3, (j =  1 , . . . , n ) ,  and d is divisible by 

lcm {p \,...,p n). Let d =  kjpj, for j  =  1, . . . , n .  Let T be a torsion free subgroup of 

index d in 7f(pi,. . .  ,pn)- Then the surface H 2/T  of genus g with t cusps is a branched 

cover of degree d of the once-punctured sphere H 2/7 i{p i, . . .  ,pn), branched at all bj- 

vertices to order {pi , . . .  , p i , . . .  ,p„ , . . .  ,pn} iff2g + t = (n — l )d — kj + 2 and
kl kn

t < d.

Lem m a 7.7 Suppose that d is a positive integer divisible by 30. Then there are 

permutations a, 0 in S j which are a product of d/2 disjoint 2-cycles and a product of 

d/3 disjoint 3-cycles respectively such that a/3 has d/5 5-cycles i f  d = 0 mod 60 and 

has 12k + 4 5-cycles and one 10-cycles if d =  60fc +  30. In particular, a, ,8 can be 

chosen so that < a, 0  > acts transitively on {1 , . . . ,  d}, when d =  30,60.

Proof. Let
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Oi =  (20 29) (11 26) (8  17) (30 5) (27 28) (23 25) (3 24) (21 22)

(18 19) (14 16) (2 15) (12 13) (9 10) (6  7) (1 4)

0i =  (1 2 3) (4 5 6 ) • • • (25 26 27) (28 29 30).

Then < a.\,0\ > acts transitively on {1 , . . . ,  30} and

axpx =  (1 15 12 9 6 ) (2 24 21 18 14) (3 4 30 27 23) (5 7 17 19 29) 

(8  10 26 28 20 22 25 11 13 16).

Let

a i  =  (38 60) (47 59) (56 58) (32 57) (53 55) (26 54) (50 52) (20 51)

(48 49) (44 46) (17 45) (41 43) (11 42) (39 40) (35 37) (8  36)

(33 34) (29 31) (30 5) (27 28) (23 25) (3 24) (21 22) (18 19) 

(14 16) (2 15) (12 13) (9 10) (6  7) (1 4)

0i =  (1 2 3) (4 5 6 ) • • • (55 56 57) (58 59 60).

Then <  a \,0 \  > acts transitively on {1, . . . ,  60} and
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a i0 i =  (1 15 12 9 6 ) (2 24 21 18 14) (3 4 30 27 23) (5 7 36 33 29)

(8  10 42 39 35) (11 13 16 45 41) (17 19 51 48 44) (20 22 25 54 50)

(26 28 31 57 53) (38 40 43 46 59) (47 49 52 55 58) (32 34 37 60 56).

If d = 60k, we can choose permutations <2 2 , /3o € Si20> • • • Pk 6  Seok as con­

structed for d i and (3\ such that d j,0 j  fix elements 1, . . . ,6 0 ( j  — 1). and djfij is a 

product of disjoint twelve 5-cycles, for j  =  2 , . . . ,  k. Let a  =  d i • • • dfc, 0 = 0i ■ ■ ■ 0k- 

Then a/3 has 12k  5-cycles.

Similarly, if d = 60fc -h 30, choose permutations 0 2 , 0 2  € Sgo,. . .  ,ack+i, 0k+i 6  

Seok+ 3 0  such that ctj,0j fix 1 , . . . ,  60(j -  2) +  30, and a.j0j is a product of disjoint 

twelve 5-cycles, for j  = 2 , . . . ,  k +  1. Let a  =  a i  • • • ajt+i, 0  =  0i ■ ■ ■ 0k+i- Then a/3 

has 12A: -I- 4 5-cycles and one 10-cycle. Q .E .D .

T heo rem  7.8 Let d, g, t > 1 be nonnegative integers and 30|d. Then Tt{2,3,5) con­

tains a subgroup of index d uiith a signature (g; t) iff2g + t=  +  2 , where g > 0  if 

d — 0 mod 60, and g > 1 i f  d = 30 mod 60.

Proof. The result follows from Lemma 7.7. It remains to show that if d =  60A: -I- 30, 

then g > 1. Suppose that g =  0. If d =  90, the i = 89 — 2g. Suppose tha t t = 89 

is realizable. Then a collection P  =  {[5,.. . , 5], [5, .. .,  5,10], [1, . . . ,  1,2]} of partitions
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of 90 is realizable. The total branching v(J-) =  146 < 2(90 — 1) which contradicts to 

Lemma 2.1 in [3]. So g > 1 when d =  90. Let d =  60A: +  30. Then t =  58A: +  31 — 2g. 

It follows that g > 1 , otherwise T  is realizable. Q .E .D .

C orollary  7.9 Suppose that T is a torsion free subgroup of index d in 2,3,5), 

where 30|d. Then the surface H 2/T  of genus g with t cusps is a branched cover of 

degree d of the once-punctured sphere H 2 /7£(2,3,5), branched at all bj-vertices to 

order ( 2 , . . . ,  2 3 , . . . ,  3 5 , . . . ,  5} i f f2g + t = |§d  +  2, where g > 0 if d =  0 mod 60.
d / 2  d / 3  d /5

and g > l i f d  = 30 mod 60.
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