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1 Introduction

Suppose that integers pi1,ps,...,pn are given, where each p; > 2. The purpose of
this thesis is to study geometry and topology of a Fuchsian group H(pi,...,pn).
called a Hecke group, and its certain extension H*(p1,...,pn), called an extended
Hecke group. As an abstract group, H(pi,...,pn) is isomorphic to [[*{=,Z,,, and
H*(p1,...,pn) is isomorphic to Dy, *z, - - - *z, Dy, (amalgamated over Z>’s generated
by reflections), where throughout the paper [[*denotes a free product of groups, each
Zp, is a finite cyclic group of order p;, and each Dy, is a dihedral group of order 2p;.
cf. §2.

Let I' be a subgroup of finite index in H(p1,...,pn). Then H2/T is a Riemann
surface. Let g and t be the genus and the number of cusps of H2/I" respectively,
and let my,....mg be the branching numbers of the branch points on H?/T'. The
signature of ' is (g; my, ..., mg;t).

It follows from Kurosh’s theorem that a subgroup of a Hecke group [[*/=;Zp, is
isomorphic to F x (H‘leZml.), where F is a free group, and each m; divides some
pi, for j=1,..., k. A group []*/=,Z,, may not always contain a subgroup of a given
type. For instance, Zy * Zy * Zs * Z> does not embed in Z3 * Zg as a subgroup of
index 2. Indeed, it is easy to see that there is a unique normal subgroup of index 2

in Z3 # Zg, and it is isomorphic to Z3 * Z3 * Z3.
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Millington investigated the existence of subgroups with given signatures in the
Modular group which is isomorphic to Z; * Z3. We state Millington’s theorem as

follows.

Theorem 1.1 Letd, ky, ks, g,t be nonnegative integers, and t,d > 1. If the Riemann-

Hurwitz relation
d=3k; + 4ko + 129 + 6t — 12

holds, the Modular group contains a subgroup with a signature (g;2,...,2, 3,...,3;t)
Nttt maied

k1 k2
of indez d.

This result was partially extended. A group [' can be embedded as a subgroup
of index d in Z,, * Zp,, where p;,p; are distinct primes iff the Euler characteristic
condition is satisfied, i.e. x(I') = dx(Zp, * Zp,) (6. Theorem 5.1], where x is the Euler
characteristic of a group in the sense of Wall, cf. [15]. Notice that this extension
is partial since we do not know whether the group can be realized as a Fuchsian
group with a prescribed signature, subject to Euler characteristic (that is the same as
Riemann-Hurwitz) condition. However when pi,...,p, are not distinct primes, the
Riemann-Hurwitz condition is not sufficient to embed a group as a subgroup of finite
index in [[*72 Zp,.

In [6], Kulkarni derived a further necessary condition, the diophantine condition,

and showed that this condition together with the Riemann-Hurwitz condition are also

[V
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sufficient to embed a group Fr * [[*,Zm in [1*{=;Zp, as a subgroup of finite index,
where henceforth F, denotes a free group of rank r. We describe this theorem as

follows.

Theorem 1.2 Let k,r be nonnegative integers. Let [ = [[*[=,Z,,, and & = F, =
H'i-;lZmi, where each m; divides some pj. Then ® can be realized as a subgroup of
[ of indez d if and only if the following conditions are satisfied:

(i) (the Riemann-Hurwitz condition)

k n
Z-,,l—u—(k+r)+1=d(2i.—n+1)

i=1 i=1 £

(ii) (the diophantine condition)

Let mg = 1, and let my, ..., ms be the mazimal set of distinct m;., where each mj,

_ _ 0 ifm; fpi A
1 < j <s, occurs b; times. Set €;; = , 03 = %sgj. Then the system

1 if mj|p;

n .
Zi:l €ijTi; = bj, = 1,...,8
Z}=05ijxij=d, i=1,...,n

has a solution for x;j in nonnegative integers.
Moreover Kulkarni extended Millington’s theorem to Z,, * Zp,.

Theorem 1.3 Let k, g,t,r be nonnegative integers, wheret > 1, r =29+t — 1. Let
=2, 2y, and ® = F; * l'[’f=1Zm, where each m; divides p; or ps. Then ® can

3
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be realized as a subgroup of I’ of index d and with a signature (g;my, ..., mg;t) if and
only if the following conditions are satisfied:

(i) (the Riemann-Hurwitz condition)

3
1 1 1
Y ——(k+r)+1=d(—+=-1)
=1 M Pr P2
(i) (the diophantine condition)
Let mg = 1, and let my,...,ms be the mazimal set of distinct m;, where each m;,
0 ifm; foi .
1 < j < s, occurs bj times. Set g5 = , 6 = %Eij. Then the system
1 if mjlpi

€115 + €25T25 =b;, j=1,...,8
Z;__:O Jij:l:ij =d, 1=1,2

has a solution for x;; in nonnegative integers.

A motivation of this thesis was to study realizability of signatures by subgroups
of finite index in H(p,...,pn) considered as a Fuchsian group.

A noncocompact Fuchsian group I is a free product of cyclic groups. A sys-
tem of generators for I is said to be independent if the group is a free product of
cyclic subgroups generated by elements in the generating system. This notion due
to Rademacher, cf. [12]. A fundamental domain P for T is called an admissible
fundamental domain for I if the side pairings of P is an independent system of gen-

erators for [, cf. [7]. A fundamental domain is in general not admissible. Indeed, the

4
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usual fundamental domain for the Modular group and the well-known fundamental
domain constructed by Fricke for congruence subgroups are not admissible. In §2, we
introduce a special kind of Poincaré polygon, called a Hecke polygon, which is an
admissible fundamental domain for the group generated by the side pairings of it.
There is a correspondence between Hecke polygons and subgroups of finite index
in H(p1,--..,pn)- Each subgroup of finite index in H(py,...,pn) admits an admissible
fundamental domain which is a Hecke polygon. From this result, new proofs of
Theorems 1.2 and 1.3 are given by constructing a Hecke polygon. Meanwhile the
diophantine condition (which is the same as the integrality condition) is interpreted
geometrically as the relationship between the index of a subgroup and the number
of Q;-polygons of a Hecke polygon, cf. §3. In our set-up Theorem 1.2 is restated as

follows.

Theorem 1.4 Let ko = 0,k),...,kq, v be nonnegative integers, where k; < ki+, for

1=0,...,n—1. LetT = Fr*['[*;-;l['[’fikj_lHZi, where m;|p;, i = kj1+1,....k;j,

j=1,....n. Then I’ can be embedded in H(py,...,pn) as a subgroup of indezx d if

and only if the following conditions hold:

(i) (the Riemann-Hurwitz condition)

n k] . n
>y ﬁ-—(kn+r)+1=d(z—lj—n+l)

j=li=kj 1 +1 J j=1 Pj

(i) (the integrality condition)
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The numbers sy,..-,sn satisfying
kj
sip; + Z m; =d, i=1....n

i=kj_1+1

are nonnegative integers.

In particular, if py, ..., pn are distinct primes, the integrality condition reduces to
d > kj, j =1,....n, where k; is the number of copies of Z,;’s in I' (see Corollary
5.2).

In §4, we study a special kind of a NEC (non-euclidean crystallographic) group
H*(p1,..., Pn) in which H(p1,-.., pn) is a subgroup of index 2.

The algebraic structure of a NEC group with noncompact quotient space was
determined by Macbeath and Hoare [9]. It follows that each subgroup of finite index
in Dy, #z,- - %2, Dy, is isomorphic to Fr#[[", Zm *[1"i(Dxz;, *2, - - -*2, Dz, ) *IT7; £,

where each m divides some p;, each z;; divides some p;, and each E; has a presentation

We extend Theorem 1.4 in the case of subgroups of finite index in H*(p1,.-., pn). In
this case, the necessary and sufficient conditions are still called the Riemann-Hurwitz
and diophantine conditions (see Theorem 4.2). When py, ..., p, are distinct primes,

the diophantine condition can be stated in a more concise way (see Theorem 5.1).
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Singerman [14] gave a permutation-theoretic approach to the realizability problem
for signatures of subgroups of finitely generated Fuchsian groups. A generalization
to NEC (non-euclidean crystallographic) groups was done by Hoare [4]. Singerman’s

theorem is as follows.

Theorem 1.5 Suppose that I' has a presentation

m — m
<ahbl:-"7ag7bgy-7717~~'y1'ryf1,---’ft I Ty =--=I.7

= e b 1T
=1

¢
- zj H fi=1>
j=1 k=1
with a signature (g;my,...,mr;t). Then T’ contains a subgroup ® of index d with
a signature (h;n11,m12, .-y Ripyy - - -1 Nl 2, - - -, rp,; ) if and only if there ezists a
finite permutation group G transitive on d points, and an epimorphism 6 : I — G
satisfying the following conditions:

(i) The permutation 6(z;) has precisely p; disjoint cycles of lengths 71"_;11- L Ry

(ii) If we denote the number of cycles in the permutation 6(f) by 6(f), then s =

Z§=l 6(f1)'

In §6, we show how to associate a system of permutations to a Hecke polygon
such that the signature of the group generated by the side pairings of this polygon
can be determined from the action of those permutations. The permutations which

we construct (in the special case of Hecke groups) are of a different nature from the
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ones in Singerman’s theorem. In particular, we use the permutations to construct the
appropriate Hecke polygon, and in fact get an explicit geometric realization of the
corresponding surface.

It is of interest to note that the Riemann-Hurwitz and diophantine conditions
are not sufficient for the existence of a subgroup with a prescribed signature in
H(p1,.--,pn) if n > 3. An obvious additional necessary end-condition for the ex-
istence of a subgroup I' of index d in a group is that the number ¢ of cusps of the
quotient space H?/T is at most d. This condition does not follow from the Riemann-
Hurwitz or diophantine condition, cf. Example in §7. The realizability porblem for
the existence of a subgroup of H(py,-..,pn) With a given signature for any possible
t < d is still open. Indeed even for torsion free subgroups, this problem appears to
be difficult. Curiously, in the cocompact case for the torsion free subgroups, only
Riemann-Hurwitz condition is sufficient, cf. [2]. In our case, the result in [2] implies
that if n > 3 and ¢|d, there exists a torsion free subgroup of index d whose corre-
sponding surface has ¢ cusps, ¢f. Theorem 7.2. Here we use a different approach
and consider the realizability of torsion free subgroups with ¢ < d. Special cases are
dissussed in §7. Some further cases for groups with torsions in the cocompact case
are dealt in (3].

There is a close relation between the Hurwitz problem on realizability of a branched

covering of a sphere and the problem of the existence of a subgroup of finite index in

8
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H(p1,---,pn) [5]- Given asubgroup I of index d in H(py, - . -, pn), let nr : H2 — H2/T

.....

be the natural projection. Then nr and myp,, . p,) induce a branched covering

6 : H2/T — H2/H(py,...,pn) of degree d of a punctured sphere H2/H(p;....,pn).
In particular, if n > 5 and all the p;’s are > 3 (resp. p1 =pn = 2, p2 = Pp1 =
p), the covering space H?/T of genus g with ¢ cusps of a once-punctured sphere

H?/H(p1,-.-,pn), branched at {zi,...,zx} toorder {p1,...,P1,---+Pn,---,Pn} (resp.

{2,...,2,p..., p}), can be realized for any t < d, cf. Corollary 7.4 and Corollary 7.6.

2 Hecke Polygons

Let p1,p2, ..., Pn, be integers, where each p; > 2. Foreach j =1,...,n—1,let C; bea
circle |z~a;| = §;, wherea; € R, aj < aj41, and 6]2-+6]?+1 < (aj—aj+1)2 < (6j+6j+1)2.

Then Cj intersects only with C;_; and Cj41, for j =2,...,n — 2. Suppose that C;_;

T

iy —— - 92
pj,for] 2,...,n—2. Let

and Cj intersect at a point b; € H? with an angle
by =a;—6)cos PLI and b, = a1 +6,_1 cos -f;. Let D* be the hyperbolic polygon with
vertices at by, ..., z,, and 00. An extended generalized Hecke group H*(p1,--..Pn)
is a discrete group generated by the reflections in the edges of D*. The stabilizers
of each vertex b; and each edge of D* are D, and Z; respectively, where Z>'s are

reflections of the dihedral groups Dy,, i.e. the elements in the nonidentity coset of

the rotation group Zp,. Therefore H*(p1, . ..,pa) is isomorphic to Dp, *z,---*2, Dp,.
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Figure 1: a fundamental polygon D* for H*(p1, p2,p3)

Let H(py,.--,pn) be the subgroup of H*(pi,...,pn), called a generalized Hecke
group, which consists of all orientation-preserving transformations in H*(p;,...,pn).
Then H(p, ..., pn) is isomorphic to [1*7_; Zp,-

We will need the following definitions. The elements of the H*(pi,p2,...,Pn)
- orbits of b; and oc are called the bj-vertices and the cusps respectively, where
j =1,...,n. Suppose that the hyperbolic line through a; and oo intersects with C;
at a point ¢j, for j = 1,...,n — 1, (see Figure 1). The elements of H*(py,-...pn) -
orbits of ¢;'s are called the cj-vertices. The elements of H*(p;,...,pn) - orbits of the
edges joining c¢; to oo are called the cj-edges. The elements of H*(py, ..., pn) - orbits
of the edges joining b; to oo are called bj-edges. The elements of H*(py,...,pa) -
orbits of the edges joining b; to c¢; and ¢; to bjy; respectively, for j = 1,...,n, are

called ej-edges and fj-edges respectively. Each of the e;- and fj-edges has finite

length, and each of bj-edges has infinite length. The hyperbolic line joining a; to oo

10

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 2: a fundamental polygon for H(p;, p2, P3)

consists of two cj-edges, for j = 1,...,n — L. Its H*(p1, ..., pn) translates are called
the cj-lines.

The H*(p1, - . - , pn) translates of the polygon with vertices at {b;, ¢;, 00}, {c1. b2, ca.
o}, ..., {cn-2,bn-1,cn-1,00} and {ca—1, by, 0o} respectively are called the Q23-polygo-
ns. The H(p1, .. ., pn) translates of the polygon with vertices at {b;, a1, o0}, {a1. b2. a2,
oc}, .- {@n-2,bn-1,an-1,00} and {an—1, by, 0} respectively are called the Q2;-polygo-
ns. If each p; is greater than 2, then ;- and Q,-polygons are triangles, and the rest
of Q;-polygons are 2j-gons respectively.

Let A} and [l; be triangles with vertices at {b;, cj, o0} and {c¢;, bj+1,c} respec-
tively, where j = 1,...,n—1. Forj=1,...,n—1,let A; = A7 Uaj(A;) and Aj =
[&; U O'j(.A;), where ¢; is a reflection in a circle Cj.

A usual construction of a fundamental domain for H(p,...,pr) would be D* U

o(D*), where o is a reflection in an edge of D*. But we find it more convenient to

11
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take D = }‘;f(Aj U Aj) as a fundamental domain, (see Figure 2).
A Hecke polygon is defined to be a convex polygon P with boundary which is a
finite union of c;-lines and b;-edges satisfying the following conditions:
Si. Each ¢j-line in 9P is paired to another c;-line in P such that one of them is

a side of an Q;-polygon in P, and the other is a side of an €;+;-polygon in P.

S>. The bj-edges in 0P come in pairs. The edges of each pair meet at a bj-vertex

with an interior angle -2%’"-, where k | p;, and are identified.
S3. ay,...,a,~1, and co are among the vertices of P.

The main point about Hecke polygons is the following theorem.

Theorem 2.1 Let P be a Hecke polygon, and let T p be the subgroup of H(p1,....pn)
generated by the side pairing transformations of P. Then P is an admissible funda-
mental domain for [p. Conversely, every subgroup of finite indez in H(py,....pn)

admits an admissible fundamental domain which is a Hecke polygon.

Proof. The argument is similar to the one in Theorem 3.3 [7]. Suppose that P
is a Hecke polygon and that I'p is the subgroup of H(pi,...,pn) generated by the
side pairing transformations of P. It follows from the Poincaré polygon theorem [10,
§IV.H.] that the set S of the side pairing transformations is an independent set of

generators of [p, that is T'p = [["jcg < f >. So the fundamental polygon P is an

12
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admissible fundamental domain for I'p.

Conversely, suppose that ' is a subgroup of finite index in H(py,...,pn)- Let
T* be the tessellation of H? whose tiles are H*(p,,...,p.) translates of D*. Let
¢ : H2 — H?/T be the canonical projection. Since I' preserves 7*, we have an
induced tessellation 7;* of H2/T'. The p-images of cj-vertices, bj-vertices, c;-edges,
bj-edges, e;- and fj-edges will again be called cj-vertices, bj-vertices, cj-edges, bj-
edges, e;- and f;-edges respectively in H?/T. Let £ be the union of ej- and f;-edges
in H2/T'. Consider £ as a graph whose vertices are the cj-vertices and b;-vertices in
H?2/T, and whose edges are the e;- and fj-edges in H2/I. Note that each cj-vertex
is of valence 2, and each b;-vertex is of valence 1 or k (resp. 2 or 2k), where k | p;, if
j=ln(resp. j=2,...,n—1).

Since the union of ej- and fj-edges in H? is connected, so is £. Let T be a
maximal tree in £. Let A be the union of all the cj-edges in H?/T at the cj-vertices
of valence 1 and all bj-edges at the b;-vertices of valence k and 2k, where k|p;, k # p;,
in T. Develop H?/T into a polygon P in H? by cutting A such that ay,...,an-1,
and oo are among the vertices of P. For each cj-vertex u and each bj-vertex v in
A, there are a pair of ¢;-lines and a pair of b;j-edges incident to u and v respectively.
Correspondingly we obtain a pair of ¢;-lines (resp. b;-edges) on @P which are paired.

Hence P is a Hecke polygon which is a fundamental domain for I'. Q.E.D.

13
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Figure 3: a 5-gon centered at e¥ fora group H*(6, 3)

3 A New Proof of an Extension of Kurosh’s Theorem

We now give a new proof of an extension of Kurosh'’s theorem to the groups H(py, .. ..
Pn).- We mean by a (k + 2)-gon (resp. 2k + 2-gon) centered at a bj-vertex a (k + 2)-
gon (resp. (2k 4 2)-gon) consisting of k ;-polygons with a common b;-vertex which
attach to each other along the bj-edges, where k | pj, j =1,n (resp. 7 =2,....n—1),

provided that p,, p, # 2, (see Figure 3).

Proof of Theorem 1.4. Suppose that I' is a subgroup of index d in H(pi,...,pn)-
Let P be the Hecke polygon for ', and let s; be the number of ideal p;-gons or 2p;-
gons centered at bj-vertices in P. Then s;p; + Zik;k,-_l +1™Mi is the total number of
Q;-polygons in P, for j = 1,...,n. Hence the conditions (i) and (ii) follow directly
from the application of Gauss-Bonnet Theorem and the geometric interpretation to
the Hecke polygon P.

Conversely, suppose that conditions (i) and (ii) hold. Substituting s; +Zfi_kj_l 41 %‘

14
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for ;f—';,j: 1,...,nin eq. (i), we have

r=(n-1)d—-kn-ZsJ-+1.

j=l1

Without loss of generality, we may assume that s; > s, and s; > 2sp, — 1, for all
Jj # 1,n. We shall find a Hecke polygon P for I which consists of s; ideal p;-gons or
2pj-gons (an ideal polygon in H? is a hyperbolic polygon with vertices at the circle at
infinity R U {oo}), and the (m; + 2)-gon or (2m; + 2)-gon centered at a bj-vertex, for
i=kj_1+1,...,kj, and j = 1,...,n, such that a subgroup of H(ps, . .-, pn) generated
by the side pairing transformations of P is I.

Start with an ideal p;-gon Q; centered at b;. Then attach an ideal 2ps-gon to
Q) along the c;-line through oo and obtain a new polygon Q,. Next attach an
ideal 2p3-gon to Q2 along the co-line through oo. Continuously in this way, after
2(n ~1)s, —n + 2 steps, we obtain a polygon Py whose boundary consists of c¢;-liness
and which contains s, Q;-polygons, s, ,-polygons, and (2s, ~ 1) 2;-polygons, for
j=2%...,n—1

Now there are s| — s, ideal p,-gons, s; —2s,+1 ideal 2p;-gons, for j = 2,....n—1,
and the (m; +2)-gon or (2m; + 2)-gon centered at a b;-vertex, for i = kj_1+1,....kj,
j=1,...,n, to be attached. For each j =1,...,n ~ 1, the number of c;-lines on the

boundary of those polygons and Py that are sides of 2;-polygons or €2;-polygons is

15
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k; ,

sn(pj —2) + 1+ (sj = sa)p1 + 2ile,_ 41 ™is ji=1ln
k; .

(2sn — 1)(Pj ~-1)+ (sj —2s5p + l)Pj + Zi;kj_ﬁ.l mi;, j#1ln

d—2s,+1, j=1,n

d—-2sp,+1, j#1Ln.

\

Hence, after attaching those s; — s, + Z?___’zl(sj =28y + 1) + X 5<1(kj — ki) =

kn + 3721 55 — 2(n — 1)sp +n ~ 2 polygons to Fy, we have

(n-1)(d—~2sn+1) = [kn + Xjo1 5§ — 2(n ~ 1)sn +n — 2

= (n-1)d~ky—Yjy5i+1

= r
pairs of cj-lines, and each pair consists of a side of an 2j-polygon and a side of
an Q;j-polygon on the boundary. Therefore we obtain a convex polygon P whose
boundary is the union of k; — k;_) pairs of bj-edges making an interior angle -:’—'f;f-,
where i = kj_ +1,...,kj, 7 =1,...,n, and r pairs of cj-lines.

Each pair of bj-edges of an interior angle 21:;;3 are identified. Each pair of 2r

cj-lines are identified. Now P becomes a Hecke polygon. Then a subgroup of

H(p1,.-.,pn) generated by the side pairing transformations of P is isomorphic to

L. Q.E.D.

16
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For the case n = 2 in Theorem 1.4, one can pair the r pairs of c;-lines on 9P as
in the proof with the desired patterns. We state this result as a corollary of Theorem

1.4.

Corollary 3.1 Let kg = 0,k;, ko, g, t. 7 be nonnegative integers, where ky < ko, t > 1,
andr = 2g+t—1. Let[ = F,.*[I 1['1 1_L] +127; » wheremilp;, i = kj1+1.... . k;.

= 1,2. Then I' can be embedded in 'H(pl,pg) as a subgroup of index d and with
a signature (g; 'r%’ cees -"%:—l— H';l&‘“- -B— ;t) if and only if the following conditions

hold:

(i) (the Riemann-Hurwitz condition)

2 kj

mi 1 1
2 E — (ko +1)V+1=d(—+— -1
py 2 t) (Pl P2 )

J=Lizk; 41 Pi

(ii) (the integrality condition)

The numbers sy, so satisfying

k;
SJPJ+ Z mizdv .7:172
i=k; . +1
are nonnegative integers.
4 Subgroups of Finite Index in H*(p;,...,pn)

In this section we determine the necessary and sufficient conditions for existence of a

subgroup of finite index of a given type in H*(pi1,...,Pn)-

17
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Figure 4: The marked point is an elliptic fixed point if it is in the interior, and is a

center of a rotation which is a product of two reflections if it is on the boundary.

Suppose that I'* is a subgroup of finite index in H*(py,...,pn) and contains a
reflection. Then Sp- = H?/T* is a (possibly nonorientable) surface with boundary.
(see Figure 4). The boundary dSp- is formed by the projection of the fixed lines of
reflections in I'*. Also, Sr- contains a corner when the fixed lines of two reflections
in '™ intersect. Each component C of dSr- is the projection of a simple curve c
in H? which is either a finite union of e;- and fj-edges or the union of two of the
bj-edges and a finite number of the e;- and f;-edges, where any two consecutive edges
intersect at a b;-vertex v, and make an angle %, where k | p;. If v is a center of a
rotation which is the product of two reflections in I'*, the stabilizer of v is isomorphic
to a dihedral group D 2

We now generalize the construction of Hecke polygons for the case H(p1,...,pn)

to H*(Pl, s sPn)-

18
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Definition. A Hecke polygon in H*(pi,....pn) is a convex hyperbolic polygon
P* of finite area containing a@; and oc as vertices such that each component of dP*
is of one of the following forms:

(i) a ¢j-line

(ii) a pair of bj-edges making an interior angle 2—;‘?, where k | p;

(ili) a simple curve which is the union of two of the b;j-edges and a finite number
of the e;- and f;-edges
satisfying the following conditions:

Si. Each cj-line which is a side of an Q;-polygon in P* is paired to another c;-line
which is a side of an Q;-polygon in P* with an orientation-preserving or reversing
transformation in H*(p1,...,pn)-

S5. The bj-edges of each pair as in (ii) are paired with a transformation in
H(p1,---20n)-

S3. Each of the e;- and fj-edges as in (iii) is paired to itself with a reflection in
H*(p1s---, Pa)-

Si- Each of the bj-edges as in (iii) is paired to itself with a reflection or to the

other bj-edge on the same component of P with an orientation-preserving transfor-

mation in H*(p1,.-..Pn)-

19
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Note that the group H*(p1,...,pn) may contain a subgroup with a fundamental
domain whose boundary has only one component, and contains only one cusp oo as
a vertex. Such a fundamental domain is not a Hecke polygon. In this case, this
subgroup is isomorphic to D, *z, - - - *z, Dm,, where each m; divides some p; and

Zy's are generated by reflections.

Theorem 4.1 Let P* be a Hecke polygon, and let T p- be the subgroup of H*(p, ... .Dn)
generated by the side pairing transformations of P*. Then P* is a fundamental do-
main for Lp-, and ['p- is a subgroup of finite index in H*(py,...,Pn) which is iso-
morphic to a free product of the groups Z, Z;, and Dy, *z, - - - ¥z, D, ., wherer, and
each m; divide some p;. Conversely, every subgroup of finite indez in H*(p1,-..,pPn)

but # D, *z, - - - ¥z, Dm,, where each m; divides some p;, admits a Hecke polygon.

Proof. The proof is similar to that of Theorem 2.1. The first assertion follows from
the Poincaré polygon theorem.

Suppose that I is a subgroup of finite index in H*(p1,...,pn). Let £* be the union
of ej- and fj-edges in H?/T. Let T™ be the maximal tree in £* which contains the e;-
and fj-edges in boundary of H2/T'. Now as in the argument of Theorem 2.1, cut H?/T
open into a space which is isometric to a simply connected convex hyperbolic poly-

gon P and then obtain a Hecke polygon which is a fundamental domain for . Q.E.D.
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We take a positive orientation on H? to be the usual counterclockwise orientation
on H2. Suppose that P* is a Hecke polygon for ['*. Let C be a boundary component
of Sp- = H?/T* which is the projection of a simple curve C on dP*. Suppose that
{wy,wa, ..., wi} is a set of the bj-vertices on Cin positive order on 8P* such that w;
and wy. are on the infinite edges. Note that for each j, no two b;-vertices are adjacent
along C. Let w : H?2 — H? be the projection map. Suppose that the corresponding
stabilizer of w; is Dm,. If m(w1) # m(wk), the ordered set (my, ma,...,mg) is called
a boundary cycle on C for P*. If n(w;) = w(wg), the ordered set (my, ma, ..., my) is
called a closed boundary cycle on C for P*. Each m; is called a branching number
on the boundary. If w; is a bj-vertex, the integer -r’-,’{; is the number of Qj-polygons in
P* with a vertex at w;.

Suppose that (¥&,£ . ., f’:) is a boundary cycle of I'*, where z; | y; and y; €

FARAF TR

['* we have the following results.

(1) y1. 9% € {pP1:Pa}-

(ii) If £ = 1, then z, is an even number, and if £ > 1, then z; and z; are odd
numbers.

(iii) If z; is an odd number, then yi_), = pj-1, Yir1 = Pj+1, OF Yi=1 = Pj+l1,
Yi+1l = Pj-1-

(iv) If z; is an even number, then y;_1 = yit1 = pj-1, OF Yi~1 = Yi+1 = Pj+1-

21
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The above results (i)-(iv) are also true for a close boundary cycle (£ =, Iz, R, %‘:)

except (i) which now becomes y; = yx € {p1,Pn}-

Suppose that

F=F+[I", IH’;—kQ_ Zﬂﬂ- * H""’JI"“ 1(Dyij1 *2z, -+ - *z, Dyi]"iz' ) * [Tiche 1 Ei

Tij1 :iJﬂij
is a subgroup of index d in H*(p1,.-.,pn), where E; has a presentation

Yila, il

< firVils - - - 1 Viag |(Vin fitia ST T 500 = 0F = 03| = (vavie1) ™0

l=2,...,a; — 1>,

Tijilyiji: Yijt € {p1....,pa}, forall 45,1, and (zi11 + Zira )yinn, fori=ho+ 1,.... h.

Suppose that P is a fundamental polygon for ' which is a Hecke polygon. Let

o= (YL Vigz Yizayy = - , .
Bi; = (J:.,1 Tz Toa ), fori=1,...,h, and § = 1,...,u;. For each i,j, we

will construct a polygon R;; whose boundary contains a corresponding boundary

2o} Start with

component for Bj;. For instance, assume that Bj; = (£ o qu T

an (zij1 + 2)-gon Q) centered at a bj-vertex w; such that the e;- and f)-edge and
the cj-edge on 9Q) are in positive order. Attach a (2z;; + 2)-gon Q3 centered at a
be-vertex wo to Q) along a cj-edge such that the vertices @, and s are on 3(Q1UQ2)

in positive order. Continuously in this way, we obtain a polygon R;; such that the

22
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- - - - - . I
vertices wij, W1, W2 ..., Way» w;; are on OR;; in positive order, where w;; and W;;

ij
are the cusps on the b;-edge through @, and the bo-edge through wy,,; respectively.
Note that JR;; contains cj-lines through w;; and w . Hence we can think of P as
a polygon P — UL, UL, Ry; attached to R;; along the c;-line through wi; or uJlJ

i=1,...,hj=1,...,u.

Let ko = 0. Apply Gauss-Bonnet Theorem to P. It follows that

n ke . h  u
SO oc-ne) = 3 Y Ty g3y,

2 a=1 Pe a=1li=ke_1+1 Pa 5.0 2y‘J’ “i=1j=1
L
-2-2 i +71)+h—ho+1.
On the other hand, for each a@ = 1,...,n, since the number of Q2}-polygons is

equal to d, there exists a nonnegative integer s, such that

ko h u;
25aPat+ Y. 2mit ). Y. > zj=d

i=kg-1+1 i=lj=1lle®;;(a)
where ®;5(a) = {{| yijt = Pa: 1 <1 < 0j5}.
Conversely all the above equalities are also sufficient for a subgroup to exist in

H*(p1;....pn). We will use the previous notations to describe and prove this result.

Theorem 4.2 Let kg = 0,ky,-..,kn, ho, h,7 be nonnegative integers, where k; <

kiv1, fori=1,...,n, and hg < h. Suppose that

23
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k h
F = F,- * n‘;';:lnti;ka_lzrg'% * Htiil *u; l(l )y. L ¥Z7, 00 *Zz Dytjai ) H‘l—ho+l
1

Fij l rij“ij

where E; has a presentation

Yila; 9 vl
< firUils - -y Viag [(Vit fiviay, fT1) e = 0 = i, = (vgvisr) T,

1=2,...,ai1 — 1>,

Tijtl¥Yijt; Yijt € {P1s---,Pn}, for all 4, 4,1, and (zi11 + Tita,, )|Yi11, fori=ho+1,.... h.

Then T can be embedded in H*(p1,...,Pn) as a subgroup of indez d if and only if the

following conditions are satisfied:

(i) (the Riemann-Hurwitz condition)

u; Qij

(S Loniy = 5 5 B SSa s S,

a—lz—ka 41 P i iS1is 2wt 2350

+= Zu,+r)+h ho + 1.

1—1

(ii) (the integrality condition)

The numbers s, ..., s, satisfying

ko
250Pa + Z 2m,+zz Z ziji=d, a=1,...,n,

i=kq-1+1 1=1j=1le€d;;(a)

are nonnegative integers.

24
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Proof. The proof of the necessity is in the above argument. Conversely, suppose that

(i) and (ii) are satisfied, it follows that

r—-(n—l)-——k --ZZ%———Z& Zsa-{-h ho + 1. (1)

i=1j=1 2 =1

We will construct a Hecke polygon P which consists of s, ideal p,- or 2p,-polygons,
the (mq + 2)- or (2m, + 2)-gons, for i = 1,...,kq, @ = 1,...,n, and the polygons
Rij, fori=1,...,h, j =1,...,u;, such that a subgroup generated by the side pairing
transformations of P is isomorphic to I

Let Py be a polygon in H? whose boundary consists of cj-lines as we constructed
in the proof of Theorem 1.4. Foreacha =1,...,n~2, let u, and u; be the numbers
of polygons among those s; — s, ideal p;-gons and (m; + 2)-gons if & = 1, and the
Sa — 2sn + 1 ideal 2p,-gons and (2m; + 2)-gons if a # 1, which are attached to
Py or any other polygon along the c,-lines and the c,4i-lines respectively, where
i =kg+1,...,kq+1. Call this new polygon P;. We will prove that after attaching
the polygons R;; to P; to obtain a polygon P, the numbers of c,-lines on 9P which
are sides of Q,-polygons and Q.+1-polygons respectively are the same, where a =
1,...,n —1, and there are r pairs of such c;-lines on 9P.

Suppose that for ¢ = 1,...,h, j = 1,...,u;, there exist integers &ija, Tijas:s Mijo:

TijaBar Gijar and Pijagy, Where @ = 1,...,n =1, B1 = 1,...,&ja, B2 = L1,. .- . &ijnijas

25
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and B3 = 1,...,Gije, such that in each boundary cycle B;;, there are §;jo collections

of branching numbers on the boundary of type (I,):

Pa Po+l Pa Pa+1 Pa+1 Po Pa+1 Pa
0, 1 or I, "l 1
1 2 2‘7ijaﬂ"1 2(7,','“5 1 2 20‘,’1’05—1 20’.‘1’00

Nijo collections of branching numbers on the boundary of type (Il,):

Pa Poa+l Pa+1 Po
b 1Tty 7 b
L' b Lariian~1 2105

and (jjo collections of branching numbers on the boundary of type (IIl,):

Pa+1 Pa Pa Pa+1
b} AR | r -
h by lsz’jaﬂ -1 l2PijaB

Since each boundary cycle except types (II;) and (III,_;) starts and ends up with
branching numbers on the boundary of types (I,) or (I,~;), we have the following

equation:

ui g -
u; = Z[E(Eijl + &ijn-1) + Mij1 + Gijn—-1], i=1,...,h. (2)
i=1

Note that foreach a = 1,...,n—1, 1, l2sijag; l2rijes, and l2pijes are odd numbers,
and any other la,...,l25ijag-1 (OF lorijag—1; OF lopijas—1) are even numbers. Also, the
number of the branching numbers Tz%ﬁ? or B3l as in type (Io) and 252, l—fﬁ% as
in type (Il,) is equal to the number of the same branching numbers as in type (In+1)

and (IIo+1). Then we have

26
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ija + 2Gija = Sija+1 + 2Mijar1, a=1,...,n =2, (3)

and
n—1 &ija Nija Cija n-2
aij = Z Z 201508 + Z (21ijap — 1) + Z(Qpijaﬁ -1~ Z(fija + 2Gija)
a=1 ﬁ—' B= a=1
= 2 Z(z Oijag + Z Tijap + Z Pz]aﬁ) Z(&Ja + Nija + 3(;]0)
+&ijn-1 + 2ijn-1, (4)

wherei=1,...,h, 7 =1,...,u;.
To compute the numbers of c;-lines, let (a) and 6(a) be the numbers of c,-lines

on JP and JR;j, for i = 1,...,h, j = 1,...,u;, which are sides of {5-polygons and

Qq+1-polygons respectively, where o = 1,...,n — 1. First, we have
& ’ Ziji
(1) = (sip+Y mi—25a+1)=(s1=8a)—ki—p—p+y Y ==
i=1 ij led,(1)
- Z Z #(ziji is even) — —Z Z # (x5 is odd)
i.j ledij(1) 1] ledyy(1)
k1
Tijt
= (sp1+y mi—2p+1)~(s1—8a) ki —m—p +Y. Y. 12]
i=1 1.y leq’u(l)
&ijn ijl Cij1
- Z[Z(Uulﬁ - 1 + Z(quﬂ 2) + Z Pz]lB ] -= Z &ij1 + 27]1’]’1)
i.j B=l1 ij
27
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d /
= 52t 1-(s1—sa)—k1—pi—p YO oijig+d_mis
ij B 8

4

1
+> pij1p) + Z(-z'&jl + 71 + Gij1)s
B iJj

and
&2 ' Tijl
6(1) = (s2p2+ Z m; —2sp +1) — (51~ 8a) — k1 — p1 —#1""2 Z >
i=k+1 iy [G‘[’.‘j(2)
. 1 .
- Z Z #(zij is even) — 5 Z Z #(zij is odd)
i ledy(2) T id le®y;(2)
k2 Ti:
' l
= (sop2t Y, Mi=2pt D)~ (s1=s)—ki—p—m+), >
i=ky+1 Lj led;(2)
§ij1 Nij1 Cij1
- 0ij18 — ij18 — ij18
[>_( D+ (r D+ (p 2)]
ij B=1 B=1 B=1
1
—3 Z(fijl + 2Gij1)
i.j

d ,
= 3-2n+1-(s1—sn)—hk1 —m - =2 O g+ Y s
ij B 3

<

1

+ Z pijig) + Z(Efijl + Mij1 + Gij)
3 125]

= g(1).

Similarly, fora =2,...,n -2,

d s 4
E(a) = 5—2sn+1"(SQ—23n+1—ﬂQ—l)_(ka_ka_l—#a_l)—ua—“a
1
=Y (O_cijas + D Tijas + D _ Pijes) + Z(Efija + Nija + Gija)
ij B B8 8 ij
28
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and

d .
sn—1) = 5-2sn+1=(sn-1 -2 +1~pm-1) - (kn-1 = kn-2 — ptn_1)

—~(kn = kn-1) = (X dijn_18+ Y _ Tijn—18+ Y Pijn-15)
ij 3 8 B
1
+ Z(§€ijn-1 + Nijn~1 + Gijn—1)
]
= 6(n—1).

This implies that after attaching those polygons R;;, fori=1,...,h, j =1,...,u;,
to P;, which is called a polygon P, the numbers of c,-lines on JP which are sides of
Q-polygons and sides of Q44 ;-polygons respectively, where a = 1,...,n ~ 1, are the

same.

On the other hand, from egs. (1), (2), (3), and (4), it follows that

n—1 n—-1 ho
Z e(a) = Z 6(a) = r+Zui.
a=1 a=1 =1

This proves that on JP, there are 7 — (h — hg) pairs of c;-lines, and each pair of
them are sides of an 2,-polygon and an ,.1-polygon. Therefore we obtain a convex

polygon P whose boundary is the union of k; — k;j_1 pairs of bj-edges making an

29
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interior angle 2—’;‘;_*1, where i = kj_1 +1,...,kj, j = 1,....n, r pairs of c¢;-lines, and
the e;- and f;-edges on R;; corresponding to B;;.

Each pair of those cj-lines are identified, and each pair of b;-edges of an interior
angle 24:;_‘1‘- are identified. For ¢ = 1,...,h, each of an e;-edge and an f;-edge on
R;; NOP is identified to itself with a reflection. Each bj-edge on R;; NOP is identified
to iteself with a reflection if ¢ = 1,..., ko, and is identified to the other b;-edge on
R;j N 0P with an orientation-preserving transformation if ¢ = hg + 1,..., h. Now P

becomes a Hecke polygon. Hence a subgroup generated by the side pairings of P is

isomorphic to . Q.E.D.

5 Special Cases
Theorem 5.1 Suppose that py,....p, are distinct primes. Let

= =h U *
I'=F«]] Z=1£Z o ¥k ZpQZ*H i1 ;=I(Dﬁll *¥Zy " *2Zs Dyi:a.-l )« 1 i=h0+1Eiv

Ty .
~ i1 :'J“tj

ka

where each E; has a presentation as in Theorem {.2. Then I' can be embedded in
H*(p1.--.,pn) as a subgroup of finite indezx d if and only if the Riemann-Hurwitz

condition holds, 1i.e.

S
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h u; Gy

)LD 3D P IE- <Z/~+ LS

K)
a—lpa i=1j=11=1 “Yiil  a=1 243

i

d, 1
—(Z ——-n+1)
2 a=1 Pa
1 : h—ho+1 5
+§Z;u1+r)+ ~ho+1, (5)
1=
and for eacha=1,...,n, d -2k, — Z?___I Z}‘f__l Zlep”_ (a) Tijt 5 @ nonnegative even

integer, where ®ij(a) = {l | yijt = P, 1 <1 < aj5}.

Proof. It is sufficient to prove that the integrality condition follows from the two
conditions in the theorem. Let 8 € {1,...,n}. Multiplying [[a-, pa to eq. (5), we

have

([Tpa)d=2k5 -3 > i) Hp)n—ld d2—+2§: B

a#8 ij ledy;(B) azPa appPe

'*'Z Z Tiji (QZA +Zau+zu,+2r)+2(h ho) + 2].

i g, (8) Y9t
Note that the right hand side of this equation is a nonnegative even integer divisible
by ps. Hence there is a nonnegative integer sg such that
2sgpg + 2kg + Z Z i = d.
i~j ‘bij (ﬁ)

Q.E.D.

31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In particular, if I’ as in Theorem 5.1 contains only orientation-preserving trans-
formations, then h = 0 and the index d is an even number. Therefore we have the
following corollary.

Corollary 5.2 Suppose that p1,...,pn be distinct primes. Let
C=F. « [I‘;-‘zl(ij *-xZy).
N,
kJ
Then T’ can be embedded in H(p,...,pn) as a subgroup of finite indez d if and only
if the Riemann-Hurwitz condition d(3 ], El,"- -n+1)=3"%, % - i ki+r)+1

holds, and d > kj, for j =1,...,n.

6 Hecke Polygons with Associated Permutations

We will show how to associate a collection of permutations to a Hecke polygon.
Suppose that ' is a subgroup of index d in H(py,....pn). By Theorem 2.1, T
has a fundamental domain P which is a Hecke polygon. Suppose that P consists of
s; ideal pj-gons or 2pj-gons Qj1, ..., @js;, which are a union of p; Q;-polygons, and
the m; + 2-gon or 2m; + 2-gon Qj; centered at a bj-vertex, which is a union of m;
Qj-polygons, for i =s; +1,...,s; +kj —kj_1,7=1,...,n.
We assign an element in {1,...,d} to each of Q;-polygons in P for each j as

follows (also see Figure 5). For j = 1,...,n, let A; be a function of a collection M;
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QIK { 2. 2 4 AC
"
¢ 3 4 |3
¢ a b e L a e

Figure 5: for the case of H(4,2,4), a Hecke polygon P = Q1; U Q21 U Q22U Q3 with
the indicated side pairings, where A;(Q11) = (1 2 3 4), A2(Q21) = (1 3), A2(Q22) =

(24), A3(Qa1) = (1432).

of ;-polygons onto {1,...,d} such that

(1) A;j(R1) # Aj(Ry), for any two elements Ry, Ry € M;

(2) Aj(R1) = Aj(Ry), if Ry € Mj, Ry € M, and they have an identified c;-line.

Write all the elements of A;(Qji) in counterclockwise order, say {l1,....l-}. An
element ({1,...,l.) of a symmetric group Sy is called a permutation associated to Q;.
Let a; be a product of the permutations associated to Qji, i = 1,...,s5 + k;j — kj-1,
j = 1,...,n. Note that a; is a product of disjoint s; p;-cycles and m;-cycles, ¢ =
kji-1 +1,...,k;. Then {ay,...,an} is called a system of permutations associated
to P or I" with respect to p;'s and m;’s.

In fact, the group < ai,...,a, > acts transitively on {1,...,d}. For, if two

elements a, b of {1,...,d} are in disjoint cycles of a;, say a € A1 (Q11). b € A1(Q12),
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since there is a path of e;- and fj-edges, for some j = ji, ..., jr, which connects the
by-vertex in @, to the bj)-vertex in Q9. Then a gets mapped to b through some
powers of ay,aj,,. .., ;. ,a) respectively. Hence any Hecke polygon gives us a group
of permutations in Sy acting transitively on {1,...,d}.

On the other hand, we will show that the number of cusps on P/T is the number of
disjoint cycles of ¢ = @, - - - a1. If z is cusp on P/, then there is a sequence of c;-lines
and b;j-edges around z as follows. Start with a c;-line or an b,-edge L; on 9P through
z on an ;-polygon R;. Suppose that A;(R;) = 1. Then there is an edge M) next
to L, counterclockwise, where M; is on an )-polygon Rs, possibly R; = Ra, with
A1(R2) = ay(1). Let Lz be an edge of Rs which contains a cusp equivalent to z and
Ly # L;. Then there is an edge M> next to Lo counterclockwise, where M> is on an
Qs-polygon R3 with Ao(R3) = a1(1). Again there is an edge L3 on an Q3-polygon Ry
next to M, which contains a cusp equivalent to z with A3(Ry) = asa1(1). Continuing
this way, we generate a sequence of edges { L, M1,..., Ln, My} each of which contains
a cusp equivalent to z, and a sequence of Q;-polygons {Ry, Ra, ..., Rop—1, Ron} such
that A;(Rej-1) = aj-1---a1(l), Aj(Ry;) = aj---ai(l), where j = 1,...,n. and
ag = identity.

Next there are an Q,_j-polygon Ran+1, an Q,_2-polygon Ront+2, ..., an Q-
polygon Rg,-o attached to M, cyclically, where Ay(Ron+3) = -+ = An~1(R2n+1) =

An(Ran). If Ap(Ron) # 1, then repeat the same argument for an edge on an ;-
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x

Figure 6: The subgroup generated by the side pairings of this Hecke polygon is of

index 4 in H(3,2,4).

polygon R3,-; with A;(R3n—1) = An(Ron). This will stop at the [-th step when
A (Romm) = 1, see Figure 6.

From the above observation, we see that the number of cusps on P/T is exactly
the number of disjoint cycles of o.

Conversely, given p;'s and m;’s satisfying the conditioons (i) and (ii) in Theorem
1.4, let a; be a permutation of disjoint s; pj-cycles and m;-cycles, ¢ = kj_1+1,...,k;,
j =1,...,n. Suppose that < ai,...,a, > is acting transitively on {1,....d}, and
0 = an ---a; has t cycles. We will construct a Hecke polygon P such that a group
generated by the side pairings of P has a signature (g; %, ceey —"ll’:—"; t).

For each j, let Qji, be an ideal p;-gon or an 2pj-gon, for i = 1,...,s;, and an
m; + 2-gon or a 2m; + 2-gon, for i = s; + 1,...,55 + kj — kj_1. If (i1,...,¢%) is

a cycle of o, assign those elements i, ..., cyclically in counterclockwise order to
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)j-polygons of some @;; in which the number of ;-polygons is 7. Then this Q;; with
those assigned numbers is called a polygon associated to (iy,...,1%r).
Since < aj,...,an > is acting transitively on {1,...,d}, let a,b be any two

elements of {1,...,d}, there are some permutations, say, aj,...,aq such that
aff - -a'll(a) = b,

for some powers [y,...,l;. Then there is a cycle §; in «;, for each j =1,....q, such
that B¢ --- B (a) = b. Let zj = B/ ---B(a), j = L....,q. Then z = 8{'(a) € B1,
22 € Ba, ..., b=2z4 € Bg.

Suppose that @, is a polygon associated to 3;, j = 1,...,¢. Then there are an ;-
polygon R; C Q1 and an {24 ;-polygon R;- C Qj+11 with A;(R;) = Aj+1(R;~) = ¢j,
for j = 1,...,q. Hence Qj411 can be attached to Qj; along the c;-lines which are
sides of R; and R;-, Jj = 1,...,q. Call this polygon Py. Suppose that Qi2,....Qq.
Qg+11, - - ., Qn1 are the polygons whose associated permutations containing b. Let W
be an Q;-polygon contained in Qj; with A;(W;) = b, for j = 1,...,q, when 7 = 2,
and for j =g+ 1,...,n, when i = 1. Now attach Qi2,...,Qq2, Qg+11,---.@n1 to Py
along the c;-lines which are sides of Wy, ..., W,. Call this polygon P;. Similarly, the
Qji's whose associated permutations containing a can be attached to P;. Call this
polygon P,. Hence all the polygons Qji's whose associated permutations containing

a and b are attached together.
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Since any element in {1,...,d} is mapped to a under some permutation in <
@1,-..,0n >, all the rest of the Q;i's can be attached to P, in the same way as above.
Call this polygon P. The boundary of P consists of cj-lines and pairs of b;-edges
making an angle 3’—;‘-;3

Before the Q;;'s are attached to each other, there are d c;-lines on Qj;’s and Qj+ti
respectively. When any two of the @;;'s are attached along a c;-line, we lose one c;-line
from each of Qji’s and Q;4+11’s- Hence the numbers of c;-lines on P which are sides
of Q;-polygons and ;. ;-polygons respectively are the same. Therefore, to find the
number of c;-lines on dP, it is sufficient to count the number of ¢;-lines on P which
are sides of Q;-polygons, where j = 1,...,n ~ 1. There are (n — 1)d c;-lines on Qj;’s.
j =1,...,n~1, altogether. Then after attaching those 3 7., sj + 37, (kj — kj-1)
polygons Q;i’s, there are

n
r=(n—1)d—Zsj-kn+1
j=1
c;-lines on P which are sides {);-polygons, j =1,...,n—~ 1.

Now pair a cj-line of an Q;-polygon U; on 9P to a c;-line of an 2;4-polygon

Ujs1 on OP with Aj(U;) = Aj+1(Ujs1). Any two bj-edges on 9P making an interior

angle 2—’,’,‘-;1 are identified. Then P together with those side pairings becomes a Hecke

polygon.

Moreover, if T is a subgroup of H(py, - .., pn) generated by the side pairings of P,
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by using the previous argument, the number of cusps of the surface H?/T is ¢, and
[ has a signature (g; %{, -P:—; t), where r = 2g + t — 1. Therefore we proved the

v m

following theorem.

Theorem 6.1 Let kg =0, ky,...,kn,g,t, v be nonnegative integers, where k; < kiy1,
fori=1,...,n—-1,t>1 andr =2g+t~—1. Let m; be positive integers, where
milpj, i = kj_1+1,...,kj, 5=1,...,n, Then H(p1,...,pn) contains a subgroup of
indez d with a signature (g; Z-, ..., -ﬁ;‘—n; t) if and only if

(i) The numbers T, p;’s m;’s and s;’s satisfy the Riemann-Hurwitz and integrality
conditions as in Theorem 1.4.

(if) For j =1,...,n, there ezists a permutation «; in Sq such that

(a) a; is a product of disjoint pj-cycles (in all sj of them) and m;-cycles, i =
kj—1+1,...,kj.

(b) The group < ai,...,an > acts transitively on {1,...,d}.

(¢) The permutation o = a, ---a; has t disjoint cycles.

7 Branched Coverings of Punctured Spheres

In this section we will construct branched coverings of a punctured sphere H?/H(p;,
..-,Pn) by applying Theorem 6.1 or using a Hecke polygon.

First note that the Riemann-Hurwitz and integrality conditions are not sufficient
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Figure 7: The c;-lines marked by a on JP are identified.

for the existence of a subgroup with a given signature if n > 3, (see the following

example).

Example. Consider a torsion free subgroup isomorphic to F7 of index 6 with a
signature (0;8) in H(2,3,6). Here, x(F7) = —6 and x(#(2,3,6)) = —1. Integrality
conditions are also satisfied. However, by Proposition 7.1 below F; cannot be regarded
as a subgroup of H(2, 3,6) with a signature (0; 8).

Note that F7 can be regarded as a subgroup in H(2,3,6) with a signature (1;6).
or (2;4), or (3;2). Indeed, take two ideal hexagons @, Q2 which consist of six (23-
polygons respectively and one ideal hexagon R which consists of six Q3-polygons.
Glue those hexagons together along the co-lines through oo to get a polygon P as in
Figure 7. Let the ¢;-lines through oo on dP be identified. Then the side pairings of

P
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abeded b7 fgelg e f gt
abedeb'd"! fgetgTte f gt

abedeb™'d L fgc~lfle g7t
correspond to subgroups with signatures (1;6), (2;4) and (3;2) respectively.

Proposition 7.1 Suppose that I’ is a subgroup of indez d in H(pi,....pn) whose

number of cusps is t. Then we have a partition d = ¥"'_, di. In particular t < d.

Proof. The surface H?/T is a branched cover of degree d of the once-punctured sphere
H2/H(p,-..,pn)- Let {#1,...,%:} and z be the cusps in H?/T and H2/H(p1, - .. .pn)
respectively. Compactify H2/T' and H?/H(pi,...,pn) by filling with cusps respec-
tively. The original branched covering is extended to the one of degree d between the
compactified surfaces. Then there are ¢ points {Z),...,Z:} in the fiber of z. Let ; be
a simple closed curve around #;. It projects in H2/H(py, .- ..Pn) as a (not necessarily
simple) closed curve «; around z. Let d; be the winding number of «; around z. Then

d=Y!_,d;. In particular ¢t < d. Q.E.D.

The result in [2] implies that in our case, if n > 3 and t|d, then t can be realized

as the number of cusps of a subgroup of index d.
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Theorem 7.2 Suppose that n > 3, d = A lem(p1, -- ., pn) and tld. Then there exists
a torsion free subgroup of indez d with a signature (g;t) in H(p1,...,pn) if 29+t—-2=

dln~1-57, L),

Proof. Let d = kt, and let E,Vi,...,V 4, be integers satisfying £ = (n + 1)d,
pjV; =d, where j = 1,...,n+1, and ppy1 = k. Then $72/ V; ~E+2d =2 - 2g.
From Theorem 1.3 in [2], there is a tessellation of a surface M of genus g into 2d
(n+ 1)-gons with E edges and Z;‘:ll V; vertices, V; of valence 2p; (j =1,...,n+1),
such that each face has vertices of valence 2p,, ..., 2pn+1, up to cyclic order. Remove
the vertices of valence 2k from M to obtain a topological surface X of genus g with
t cusps. Then X is a branched cover of a once-punctured sphere S with n branch
points Pi,..., P, with branching numbers py, ..., pn.

Let 7 : X — S be the corresponding projection map. If ms : H> — S is the
universal branched covering with branching numbers p;, ..., py. the covering group of
7s : H2 — S is isomorphic to H(p1, . .., pn). Then wg factors through H2 =¥ X 5 §S.
The set m~!(P;) are precisely the V; vertices of the tessellation of X lying over P;.
The condition p;V; = d ensures that H? % X is an unbranched covering. This
corresponds to a torsion free subgroup I of the covering group of 75 : H> — S. To

realize I’ as a subgroup of the Fuchsian group H(pi,--.,Pn), We proceed as follows.

First add a vertex to each compact edge of X as a "midpoint”. Next on each face
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of X, add all noncompact edges through a cusp and any other vertices respectively.
Now each face has n + 1 triangles. Let T be one of these triangles. Replace T by
one of the triangles A}’s and A}’s, called T, as in §2. On the interior of T, we have
a well-defined hyperbolic metric. These T’s can be glued along edges by uniquely
defined isometries. So at the end, we get a complete Riemannian metric of constant
curvature —1 on X. This extends uniquely to a universal covering H?> — X which
is an isometry on each component of the inverse image on each face. Therefore X is
homeomorphic to H? /T, for some torsion free subgroup I of index d in H(pi, ..., pn)-
Q.E.D.

We now discuss some special cases for the realizability of signatures by subgroups

of finite index in H(2,p,...,p,2), H(p1,...,Pn); (p; = 3, n 2 5), and H(2,3,5).
N e’

n

Theorem 7.3 Let g and t > 1 be nonnegative integers. Suppose that p and d are
positive integers, where p > 2 and d is divisible by lem(2,p). Then H(2,p,....p.2)
N, e
n

contains a torsion free subgroup of index d with a signature (g;t) iff 29+t = (1 -

%)nd-}-? and t < d.

Proof. The if part follows from the Riemann-Hurwitz condition. We will prove the
only if part by constructing a Hecke polygon.
First, take % ideal 2p-gons centered at bj-vertices, for each j = 1,...,n respec-

tively. Now glue those ideal polygons together along the c;-lines through oc to obtain
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a polygon P. Then we can identify the c;-lines on P with the desired pattern to

have a surface of genus g with ¢ cusps. Q.E.D.

Corollary 7.4 LetT be a torsion free subgroup of index d in H(2,p,...,p,2), where
N, e’
n
p > 2 and d is divisible by lcm(2,p). Then the surface H?/T' of genus g with t
cusps is a branched cover of degree d of the once-punctured sphere H?/H(2,p,...,p,2)
branched at all bj-vertices to order {2,...,2, p,....,p} iff 29+t =(1~ Lnd +2 and
e e e P

d nd/p
t<d.

Theorem 7.5 Suppose that n > 5, p; > 3, (j = 1,...,n), and d is divisible by
lem(py,...,pn). Let g,t > 1 be nonnegative integers, and let d = kjp;, for j =
1,....,n. Then H(p:,...,pn) contains a torsion free subgroup of indezx d with a sig-

nature (g;t) iff 29 +t=(n—-1)d -7 kj +2 andt < d.

Proof. The only if part follows directly from (i) and (ii) in Theorem 6.1.

Suppose that 2g+¢ = (n—1)d—377_, k; +2 and t < d. To find a subgroup with
a signature (g;t) is amount to choosing an appropriate a; in Sy, j = 1,...,n, such
that a, - - - a; has disjoint £ cycles.

The case of d = 4 is clear. Suppose that d # 4. Let 7 = {4,,...,An+1} be a
collection of partitions of d, where 4; = [pj,...,p;], for j = 1,...,n, and An41 =
n,..., 1,\2_,_.\./._,_2), where m > 0. The total branching [3] is v(F) = L7, (p;~1)k; +m.

m
Sincen > 5 and p; > 3, for j = 1,...,n, it follows that
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1 2
v(F)-3d-1) = (n—3—z;)d+m+3 2 (3n—3)d+m+320.
s=1P3
By Theorem 5.4 in (3], F is realized as the branch data of a connected branched
covering of a closed sphere S2. Hence, by Lemma 2.1 in [3], for j = 1,...,n, there

exists a;j in Sy which is a product of k disjoint p-cycles such that a)---an has m

2-cycles, and < ay,...,a, > acts transitively on {1,...,d}. Q.E.D.

Corollary 7.6 Suppose that n > 5, p; 2 3, (j = 1,...,n), and d is divisible by
lem(py,...,pn). Let d = kjpj, for j =1,...,n. Let T be a torsion free subgroup of
indez d in H(p1,...,pn). Then the surface H?/T of genus g with t cusps is a branched
cover of degree d of the once-punctured sphere H2/H(p,,...,pn), branched at all b;-
vertices to order {p1,...,p1,-..,Pns---,Pn} f 29+t =(n—-1)d— 37 k; +2 and

ki kn
t<d.

Lemma 7.7 Suppose that d is a positive integer divisible by 30. Then there are
permutations «, B in Sq which are a product of d/2 disjoint 2-cycles and a product of
d/3 disjoint 3-cycles respectively such that a8 has d/5 5-cycles if d = 0 mod 60 and
has 12k + 4 5-cycles and one 10-cycles if d = 60k + 30. In particular, a, 3 can be

chosen so that < a, 3 > acts transitively on {1,...,d}, when d = 30,60.

Proof. Let
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o = (2029) (11 26) (8 17) (30 5) (27 28) (23 25) (3 24) (21 22)
(18 19) (14 16) (2 15) (12 13) (9 10) (6 7) (1 4)

B (123) (456) --- (25 26 27) (28 29 30).

Then < e, > acts transitively on {1,...,30} and

1By = (1151296) (2242118 14) (34 30 27 23) (5 7 17 19 29)

(8 10 26 28 20 22 25 11 13 16).

Let

& = (3860) (47 59) (56 58) (32 57) (53 55) (26 54) (50 52) (20 51)
(48 49) (44 46) (17 45) (41 43) (11 42) (39 40) (35 37) (8 36)
(33 34) (29 31) (30 5) (27 28) (23 25) (3 24) (21 22) (18 19)
(14 16) (2 15) (12 13) (9 10) (6 7) (1 4)

B = (123)(456)--- (5556 57) (58 59 60).

Then < &l,ﬁ-l > acts transitively on {1,...,60} and
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a8t = (1151296) (22421 18 14) (3 4 30 27 23) (5 7 36 33 29)
(8 10 42 39 35) (11 13 16 45 41) (17 19 51 48 44) (20 22 25 54 50)

(26 28 31 57 53) (38 40 43 46 59) (47 49 52 55 58) (32 34 37 60 56).

If d = 60k, we can choose permutations &Q,Bg € S120,. .-Gk, Bk € Seor as con-
structed for &; and B such that d]-,ﬁj fix elements 1,...,60(5 — 1), and &J-Bj is a
product of disjoint twelve 5-cycles, for j =2,..., k. Let a = ay---a, 8 = 5-1 - B
Then af has 12k 5-cycles.

Similarly, if d = 60k + 30, choose permutations a2, 32 € Sao,...,0k+1,Bk+1 €
Seok+30 such that aj, G5 fix 1,...,60(5 — 2) + 30, and «;83; is a product of disjoint

twelve 5-cycles, for j = 2,...,k+ 1. Let @« = a1 ak+1, B8 = B1---Brs1- Then af

has 12k + 4 5-cycles and one 10-cycle. Q.E.D.

Theorem 7.8 Let d,g,t > 1 be nonnegative integers and 30|d. Then H(2,3.5) con-
tains a subgroup of index d with a signature (g;t) iff29+t = g—gd+ 2, where g > 0 if

d =0 mod 60, and g > 1 if d = 30 mod 60.

Proof. The result follows from Lemma 7.7. It remains to show that if d = 60k + 30,
then g > 1. Suppose that g = 0. If d = 90, the ¢t = 89 — 2g. Suppose that { = 89

is realizable. Then a collection F = {[5,...,5],[5,...,5,10],[1,...,1,2]} of partitions
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of 90 is realizable. The total branching v(F) = 146 < 2(90 — 1) which contradicts to
Lemma 2.1 in [3]. So g > 1 when d = 90. Let d = 60k + 30. Then ¢ = 58k + 31 — 2g.

It follows that g > 1, otherwise F is realizable. Q.E.D.

Corollary 7.9 Suppose that T is a torsion free subgroup of indez d in H(2,3,5),
where 30|d. Then the surface H?/T' of genus g with t cusps is a branched cover of
degree d of the once-punctured sphere H2/HM(2,3,5), branched at all bj-vertices to
order {uuw} iff2g+t = %%d-i-?, where g > 0 if d = 0 mod 60,

df2 d/3 d/s
and g > 1 if d = 30 mod 60.
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