INFORMATION TO USERS

This manuscript has been reproduced from the microfim master. UMI films
the text directly from the original or copy submitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

in the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Aiso, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize matenials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand comer and continuing
from left to right in equal sections with small overlaps.

ProQuest Information and Learning
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA
800-521-0600

®

UMI

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



INFINITE WORDS AND LENGTH FUNCTIONS
by

DENIS SERBIN

A dissertation submitted to the Graduate Faculty in Mathematics
in partial fulfillment of the requirements for the degree of Doctor of
Philosophy. The City University of New York

2003

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 3103168

®

UMI

UMI Microform 3103168
Copyright 2003 by ProQuest Information and Learning Company.

All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company
300 North Zeeb Road
P.O. Box 1346
Ann Arbor, Ml 48106-1346

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ii

This manuscript has been read and accepted for the Graduate Faculty in Mathematics
in satisfaction of the dissertation requirement for the degree of Doctor of Philosophy.

9[- [icen MK <o 'W/f’.é%/(%/OV

Date Chair of Examining Committee

Qrialos /ﬂvm%z ﬁn@;@

Date Executive Offtter

A \Q\r\on s¢. \Va H}’LM 2

jc scp\« p:c-kbc’r}

_Bob G‘L_Q'rmu«

Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



il

Abstract

INFINITE WORDS AND LENGTH FUNCTIONS

by

Denis Serbin

Advisor: Alexei Miasnikov

Let F = F(X) be a free group with basis X" and Z[t] be a ring of polvnomials
in variable # with integer coefficients. The main result of the first part of this thesis
is the representation of elements of Lvudon’s free Z[H-group F#* by infinite words
defined as sequences w : [1. f,.] — X = over closed intervals {1. f,]. f.. > 0. in the
additive group Z[t]". viewed as an ordered abelian group. This representation pro-
vides a natural regular free Lyvndon length function w — f,. on F™% with values in
Z{t]*. The second part of the thesis is concerned with applications of the construc-
tion above to finitelv generated subgroups of FZ*. Finitely generated subgroups
of FZ are associated with combinatorial objects called (Z[t]. .X)-graphs study of
which solves somne algorithmic problemns for these subgroups such as the membership

problem. the conjugacy problem etc.
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1 Main results

Let &G be a group and A be an ordered abelian group. Then a function  : ¢ — A

is called a (Lyndon) length function on G it the following conditions hold

(LY VoeeG: l{r)y>=0and [(1)=0:
(LYY reG: I(r)y=1r""):
(L3)y Yr.yz:eG: dir.y)>d(r.z) —dr.z) =d(y. )
(Lr) + Uy = U y)).

where d(r.y) = %

A length function [ 0 G — A is called free. if it satisfies
(LYVreG: r#1—1Ur)>Ir)

and reqular, if it satisfies

(L) Vroye (G.3u.ry.yy €G

r=uor, & y=uoy & l(u)=dir. y).

Let A be a discretely ordered abelian group and A~ = {a € A | a > 0}. Let

N={rji€l}beaset. X-' ={r7' i€} and \* = N X" An A-word ix

a function of the tvpe
w:{ly.a] — XN7*,

where a € A° and 14 is the minimal positive element of A. The element o is called

the length |w] of .
An A-word w is reduced if w(3 + 14) # w(.3)7" for each 1, < 3 < |uw] and

R(A. X) denotes the set of all reduced A-words. Let CDR(A. X) denote the set of

elements « from R(A..X) which admit c¢velic decomposition (precise definitions can

be found in Section 8).
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It must be noted that the idea of A-words was introduced originally in [7].

The following theorem provides a basis for all further results,

Theorem 1 (Miasnikov, Remeslennikov, Serbin) The function

L:CDR(A.XN)— A

defined as L(w) = |w| satesfies all the aroms of a free Lyndon length function.

This implies that every group embeddable into CDR(A. X)) has a free Lvndon
length function with values in A.

Let F = F(X) be a free non-abelian group with basis X', Let Z[t] be a ring
of integer polvnomials in variable t and Z[t]~ be its additive group. viewed as an
ordered abelian group. In [31) R.Lyvndon defined and studied a free Z[#H-gronp F=
which admits exponents in the ring Z[t].

Using techniques of infinite words we construct an embedding (by no means

unique) of FZ! into the set of infinite words.

Theorem 2 (Miasnikov, Remeslennikov, Serbin) There crists an embedding
o: F* — CDR(Z[}*. X).

Moreover. the free Lyndon length function induced on F=* from CDR(Z[t]”. X) s

reqular.

The following result is a corollary of the theorem above and the fact proved in
[26] (see Section 5.2). that the coordinuie groups of irreducible algebraic sets over

F are precisely the finitely generated subgroups of F#!'

Corollary 1 (Miasnikov, Remeslennikov, Serbin) Every coordinate group of

an vreductble algebraic set over a free group F = F(X) has a free Lyndon length
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function with values tn a free abelian group Z" of fimite rink weth the lenicographee

order.

The result above was proved originally in [39]. [10] using different approach.

Note. that the regularity of a length function is not inherited by subgroups of
the ambient group.

The second part of the thesis investigates properties of finitely generared sub-
groups of F7' using special objects called U-folded (Z[t]. X')-graphs.

[ is called a (Z[t]. X)-graph. if it is a combinatorial graph such that everv edge
in it has a direction and is labeled by a letter from the alphabet { XU X "'} u{u™ |
ue U.a € Z[t]"}. where [ is some special subset of F=1

We define the language of U weth respect to its vertex  to be:

L(C.r)y = {pu(p)|pis areduced path in T from ¢ to e}

where g(p) is a label of a path p viewed as a reduced Z[t] = -word.
The following theorem is the most important result in the second part of the

thesis.

Theorem 3 (Miasnikov. Remeslennikov. Serbin) Let H bhe a finitely gene rated
subgroup of F™='. Then there ertsts a U-folded (Z[t]. X)-graph T and a verter ¢ of
[ such that L(T'.v)y = H.

Using the apparatus of (Z[t]. .X)-graphs it is possible to solve many algorithmic

problems in F~'.

Theorem 4 (Miasnikov, Remeslennikov, Serbin) The group F~' has a solr-
able generalized word problem. That is. there exists an algorithm which. qiven fimitely
many standard decompositions of elements g. hy

..... hi from F= decides whether

or not g belongs to the subgroup H = (h,. . ... h,) of F&t,
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Theorem 5 (Miasnikov. Remeslennikov. Serbin) There erists an algorithm
which. queen finitely many standard decornposttions of €lements hy. . ... heogro. ... G
from F=Y. finds generators of mtersectton H O K. where H = {h,

(gr..... Gm)-

Theorem 6 (Miasnikov, Remeslennikov, Serbin) Any finitely generated sub-
group of FZU has a solvable conjugacy problem. That 1s. there erists an algorithm

which., queen standard decompositions of elements g. f

M

H = (h..... hi). decrdes
whether or not g ts congugate to f i H. and of yes. generates an element ¢ € H

such that ¢ 'ge = f.

This thesis is based on the preprints [41] and [42]. The results presented in the
first part of the thesis. in particular Theorem 1. Theoremn 2 and Corollary 1. were

announced in several conference talks.
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2 Ordered abelian groups

In this section some well-known results on ordered abelian groups are collected. For

proofs and details we refer to the books [16] and [29].

Definition 1 A set A equipped with addition + and a partial order < s called a

partially ordered abelian group if:
(1) (A +) s an abelian group:
(2) (A.<) s a partially ordered set:

() Vab.c€ A: a<b — a+c<b+rc.

If the partial ordering is a linear (total) ordering then A is called an ordered
abelian group

If Ais an ordered abelian group then the set of all non-negative elements
AT ={a€e Au >0}

forms a semigroup. such that 4 N —-A" =0 and AU -4 = A Converselv. if P

is a subsemigroup of A such that PU -P = d and P —P = 0 then the relation
a>bsa-be P

turns A into an ordered abelian group. We call P the positive cone of the ordered
abelian group .
An abelian group A is called orderable if there exists a linear order < on A,
satisfving the condition (3) above. In general. the ordering on 4 is not unique.
Observe. that every ordered abelian group is torsion-free. since if 0 < a € A then

0 < na for any positive integer n. It is easy to see that the reverse is also true. that
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is. a torsion-free abelian group is orderable. Indeed. by the compactness theorem for
first-order logic. a group is orderable if and only if every finitely generated subgroup
of it is orderable. Hence it suffices to show that finite direct sums of copies of the
infinite cvelic group Z are orderable. This is easyv. one of the possible orderings is
the lexicographical order described below.

Let A and B be ordered abelian groups. Then the direct sum A - B is orderable

with respect to the rght lericographie order. defined as follows:

(y. b)) < (as.by) & by < bs or by = by and ay, < a,.

Similarlv. one can define the right lexicographic order on finite direct sums of
ordered abelian groups or even on infinite direct sums if the set of indices is linearly
ordered. Indeed. let [ be a linearly ordered set of indices and ,.7 € [. be a set
of ordered abelian groups. Then the rght lericographic order on the direct sumn
A, = o4, is defined by the following condition: an element a = (a,),-; € A/ is
positive if and only if its greatest non-zero component is positive. It follows that
the right lexicographic order on A; extends the order on cach group A,. viewed as
a subgroup under the canonical emnbedding.

For example. let Z[t]* be the additive group of the polynomial ring Z[t]. Recall.

e

that as a group Z[#]* is the infinite direct sum

Z[t]' = '-i‘nx:o t")

of copies of Z. Hence. Z[t]* has the right lexicographic order induced by this direct
decomposition.
Observe. that the construction above allows one to introduce a right lexicographic

order on any torsion-free abelian group A. Indeed. there exists an embedding (by

N 3

no means unigue) of 4 into a divisible abelian group Az = A =z Q. where 3 is
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the additive group of rational numbers. Clearly. Az is a direct s of copies of .
Az =28, Since the set of indices [ can be linearly ordered (assuming the axiom
of choice) the group Az is orderable. ax well as its subgroup A, The induced order
on A is also called lexicographic.

If A8 already ordered then the right lexicographic order on A in general. does
not extend the order on A. Now we introduce an order on Az that extends the
existing order on . Notice. that elements in A7 can be described as tractions =

m’

where a € A and m € Z.m > 0. Then the relation

a )
=< — = ma<kbh

k m

gives rise to an order on Ag which extends rhe order on A under the embedding

a — 7. We will refer to this order as to a fraction order.

Definition 2 An ordered abelian group A s called archimedean of. qieen a h € A

with b #£ 0. there exists n € Z such that a < nb.

Theorem 7 [9/ An ordered abelian group A s archimedean iof and only of there

ertsts an embedding of ordered abelian groups A — K.

Obviously. if the set of indices [ has at least two elements then the direct sum
A, with the right lexicographic order is non-archimedean. Oun the other hand. if A
is archimedean ordered abelian group then the fraction order on its Z-completion
Az is also archimedean.

There is one simple fact we can note about the subgroups of &

da.

Lemma 1 /9] Let A he a subgroup of the additive group of R. Then either A s

cyclic. or it 15 dense in R.

For elements a.b of an ordered group A the closed segment [a. b] is defined by

[ab)={ce Ala <c<b}
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A subxet C C A is called conver. if for everv a. b € C the set C contains [a.b|.

A l !
In particular. a subgroup B of A is convex if [0. b] C B for every positive h € B. In
this event. the quotient 4/ B is an ordered abelian group with respect to the order

induced from A.

Lemma 2 The sct of conver subgroups of an ordered abelian group s Uncarly or-

dered by tnelusion.

Proof. Suppose A; and A, are convex subgroups. and it is possible to find
a € A\ Ao and b€ Ay \ Ay Replacing a. b by —a. —b as necessarv. we can assume
that « > 0.6 > 0. Also. ecithera < borb<a. If0<a<h then a € A since A, is
convex - contradiction. Similarly, if 0 << a. we obtain the contradiction b € ..

»

O

Thus. we call lincarly ordered set of all convex subgroups of A the complete
cham of conver subgroups in A, In particular. if A is finitely generated then irs
complete chain of convex subgroups is finite. The following result shows that this

chain completely deterinines the order on . as well as the structure of A.

Theorem 8 Let A be a finutely generated ordered abelian group and O = Ay < A, <
... < A, = A be the complete chain of conver subgroups of A. Then A, /A,y s
archunedean (with respect to the immduced order) and A s isomorphic (as an ordered

group) to the direct sum

A /A o A/

with the right lexicographic order.

Proof. Observe first. that the canonical epimorphisin A, — A,/4,_, is an order

epimmorphism. so if A,/4,_; is non-archimedean then the chain is not complete.
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Secotdly. every convex subgroup is pure. hence

-“‘::-'lx—l‘:_'(-‘://-‘ln—l)- (1)

To finish the proof by induction on n one has to show that A, is order isomorphic
to A, ;-5 (A/A, ) with the right lexicographic order. To see this let C' be a direct
complement of A, ., in A. Then A = A,,_; - C and the C is order isomorphic to
A/An  (viao A — A/A, ). Now. gy +0; < as+exin A (wherea, € A, .0, € ()
if and onlyv if ¢y < o (applving o) or else ¢y = ¢, and then ayp < .. as required.
U

An ordered abelian group A is called diseretely ordered if A7 has o minimal
non-trivial element (we denote it by 1,). In this event. for anv @ £ A the following
hold:

Lya+1y=nun{b|b>a}

2Ya — Ly = mar{b|bh < a}.
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3 Free constructions and normal forms

Free constructions of groups are very immportant tools for building new groups and
thev lie at the basis of Combinatorial Group Theorv. Below the basic definitions
and properties of different free constructions are given. For more details see [35].

(33

3.1 Free products

Let -1 and B be groups with presentations A = (ay..... [ ric.o0 and B = (byo.. .|
s1....) respectively, where the sets of generators {ap. ...} and {h. ...} are disjoint.

The free product. A = B. of the groups A and B is the group with the presentation

The groups A and B are called factors of A = B.

Lemma 3 [33] The free product A= B s unequely determmed by the groups -\ and
B. Also. Ax B s generated by subqroups A and B which are 1somorphie to A and

B respectively. and such that AN B = 1.

For the proof of the lemma above we refer to [33]. We onlv note that in this
proof subgroups A and B are generated in A = B by a;.... and hy.... respectively
and this provides natural isomorphisms 4 ~ A and B ~ B. So. we can identifv A

with A. B with B. and view A and B as subgroups of A = B.

Definition 3 A reduced sequence (or normal forin) s a sequence gy. .. .. Gn.n > 0.
of elements of A x B such that each g, # 1. each g, s in one of the factors. A or B.
and successwe g,.g,., are not in the same factor. (We allow n =0 for the empty

sequence ).
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Theorem 9 [13/ (Th: Normal Form Theorem for Free Products)
Let GG be a free product of groups A and B. Then the following cquivalent state -

ments hold 1 (.

(1) Ifw =gy ---qgn.n >0, where g,.. ... O ts @ reduced sequence. then w £ 1 n
G.

(2) Each element w of G can be umquely erpressed as a product w = gy---q,.
where gy ... gn 15 a reduced sequence.

The Normal Forin Theorem allows one to define a length for elements of free
products. If an element w = gy---g, of (¢ = A x B is such that ¢, .. g is @

reduced <sequence. then the length of w. denoted |, is detined to be n.

3.2 Free Products with Amalgamation

Let G = /lry.... o) and H = (... 1 si....) be groups. Let 4 < (7 and
B < H be such that there exists an isomorphism o : A — B. Then the free product
of G and H. amalgamating the subgroups A and B hy the 1somorphism o is the

group

That is. one can view G * 4. H as the quotient of the free product of G and H by
the norinal subgroup generated by {a o{a) ! | a € A} and further we will be using

the following notation

GraegH=(G+H|a=o0(a).a € A).

The free product with amalgamation depends on G. H. A. B and the isomorphism o.
The groups GG and H are called the factors of the free product with amalgamation.

while A and B = o(A4) are called the amalgamated subgroups.
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Definition 4 A sequence .. ... cn.n 20, of elements of G« H s called reduced f
(1] each ¢, 15 1n one of the factors G or H:
(2) successive ¢,.c, .y come from different factors:
(3) tfn>1 then noc,1s in A or B:
(4) tfn=1 then ¢y # 1.

[t is clear that every element of G * 4. g H can be presented as the product of the
elements in a reduced sequence. but products which come from ditferent reduced
sequences cat represent the same element.

Oune can introduce unique normal forms in the following wayv. Choose a set of
representatives of the right cosets of A in G and a set of representatives of the right
cosets of B in H. We assume 1 to be the representative of A in ¢ and B in H.

Further we assume chosen representatives to be fixed.
Definition 5 A normal form s a sequence cy.cy. .. .. Cr. where n > 0. such that
(1) Cy € A

(2) each c,.i > 0 s a non-trunal representative either of a coset of A in G or of

a coset of B in H:
(1) successive ¢,.c,o1.1 > 0 come from different factors.
Observe that normal forms depend on the choice of representatives.

Theorem 10 [13/. [35] (Normal Form Theoremn for Free Products unth Amalgama-
tion)

(I) If cy..... cp.n > 1 s a reduced sequence then the product ¢p---cp # 1 0
G 4= H. In particular. G and H are embedded in G « - H by the maps g —

g.ge G and h — h.h e H.
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13
(I1) Every element w of G *y—p H has a un:que representation as w = ¢y« -0,

n>0.where cy.cy.. ... o ts a normal form.

The length for elements in G x - H is defined as follows. By the Normal Forimn
Theorem for Free Products with Amalgamation anv w € G+ -y H can be presented
as a unique product w = ¢y n > 00 where cgoey. .. ¢, is a normal form. Then.

the length of w. denoted Jwl. is defined to be n.

3.3 HNN-extensions

We start with HNN-extensions which were introduced by G.Higman, G.H. Neumann.
and H.Ncumann in 1949 (see [133)).
Let GG be a group. and let A and B be subgroups of ¢ isomorphic under o @ 4 —

B. The HNN ertension of G relative to A, B and o is the group
=Gt at = ola).a € A).

The group G is called the hase of G°. t s called the stable letter. and A and B

are called the associated subgroups.

Definition 6 A scquence gy . #''.qgy. .. .. togu (n >0, where g, € G.oreyp € {1 =1},
s said to be reduced of there 1s no consecutive subsequence t='. g, t with g, = A or

t.g, t™" with g, € B.
The following important result was proved by J.L.Britton in 1963.

Lemma 4 [33]/ (Britton’s Lemma)

If the sequence go. t''. qy. .. .. tn. g, where g, € G.e, € {1.—1}. 15 reduced and

n> 1. then got'tg,---t"g, # 1 in G*.

We call the product of the elements in a reduced sequence a reduced word.
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Observe that reduced words obtained from different reduced sequences mav rep-
resent the same element in °. However. one can introduce unique normal forms in
the following wav.

Choose a set of representatives of the right cosets of A in G. and a set of rep-
resentatives of the right cosets of B in ¢¢. We assuime | to be the representative of

both A and B. Further we assumne chosen representatives to be fixed.

Definition 7 A normal form s a sequence gy. t''.qy. . ... t' g, where n > 0.g, €
G.e, € {l.—1}. such that

(1) gy ts an arbitrary element of G.

(1) 1f e, = —1. then g, 1s a representative of a coset of A n G.

(111) 1if €, = L. then g, 1s a representatice of a coset of B in G, and

(10) there s no consecutive subsequence t°. 1.t~ where e € {1. -1},

The Normal Forin Theorem for HNN-extensions follows from Britton’s Lemma

and original result of Higman. Neumann and Newmann proved in {13].

Theorem 11 [33] (The Normal Form Theorem for HNN-ertensions)

Let G = {(G.t |t tat = o(a).a € A) be an HNN-ertension. Then

(I) The group (i s embedded in G* by the map g — . If got' gy ---t'"g, = 1 1
G . where n > 1.9, € Goe, € {1.—1}. then go.t''gy..... £ gn 15 not reduced.

(1) Every element u of G* has a unique representation as w = got'tgy ---t'"q,.

where n > 0.9, € G.¢e, € {1. =1} and go. t'* . gy. .. .. t'n. g, s a normal form.

We assign a length to each element z of G* as follows. Let « be any reduced word
which represents = in G*. If w = got'gy---t"g..n > 0.qg, € G.¢, € {1. —1}. the
length of z. written }z|. is the number n of occurrences of t=! in u. The correctness

of this definition follows from the lemma tolow.
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Lemma 5 /323 Let u = got''gy---t'"g, and v = hot™thy - <t h,, be reduced words.
where g, h, € G.e,.6, € {L.=1}.n.m > 0 and suppose u = v 0 G*. Thenm = n

and e, =, 1 =1..... n.

3.4 Centralizer extensions

The following particular case of free product with amalgamation plays a very nn-
portant role in all further considerations.
Let G be a group. The centralizer of an element » € G in G is denoted by Ce ().
If ¢ = (X | R)is a presentation of GG. ¥ is a set of words in X and t is a
new letter (not in .X). then by (G.t | [Y.#] = 1) we denote the group with the

presentation (N # | Ro{y. tyeyvy).

Definition 8 The group G(v.t) = (G .t | [C;(ert) = 1Y os called the direct of rank

1 ertension of the contralizer of the element .

[t is casy to see that G(e.t) can be obrained from G by an HNN-extension with

respect to the identity isomorphisim Ce () — Ce(0):

Gle.t)y =(G.t|t7at =a.a € Ci(r)).

or as a free product with amalgamation

(G * (C(v) x ()| Cu(r) = o(Ce: (1))

with amalgamation by the canonical monowmorphism o @ Ce () — C(r) x (t).

Definition 9 Let GG. H be groups. C(v) = C the centralizer of an element v from
G. then the group
Ge.H)y=(G.H|[C.H} =1)
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s obtaned from G by direct ertension of the centralizer of v by the group H.

The group G(r. H) has the following decomposition as a free product with amal-
gamation:

(G* (Cury x HY | Cote) = o(Cu(e)).

Further we refer to G(r. H) as an extension of centralizer of ¢ in G.

Observe that due to the definition above the centralizer of ¢ in G(e. H) becomes
C'(,'(l') X H

The construction of centralizer extension was introduced in [38] in the course
of investigating exponential groups. [t turns out that this construction is very

important in algebraic geometry over groups.
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4 Actions on \-trees and length functions

Here we present some important results from the theory of A-trees and length func-
tions.

The theory of \-trees has its origins in two papers. by L Chiswell [9] in 1976
and by JLTits [51] in 1977, Chiswell's paper contains a construction of an R-tree
starting from a Lyvndon length function on a group. an idea considered earlier by
Lvndon [32].

The theory was further developed in an important paper by Alperin and Bass [1]
where authors state a fundamental problem in the theory of A-trees. Find the group
theoretic information carried by a \-tree action. analogous to that presented in (50
for the case \ = Z. due to Bass and Serre. This problem ix still far from solved and
in general is intractable. However. some aspects of the theory of group actions on
ordinary trees can be generalized to group actions (isometries) on A-trees. One wav
to proceed is to put restrictions on the action. another one is to put restrictions on

A

4.1 \-trees and actions

Definition 10 Let X be a non-empty set. X\ an ordered abelian group. A N-metrie
on XN s amappingp: XN x X — \ such that for all r.y. € X:

(1) plr.y) =2 0.

(2)ptr.y) =0 of and only of r = y.

(3) pler.y) = ply.r).

(4)plr.y) < plr.z)+ ply.2).

So a \-metric space is a pair (X, p). where X' is a non-empty set and p is a \-
metric on X. If (X.p) and (X'.p") are N-metric spaces. an rsometry from (XX, p) to

(X p) is a mapping f: N — X' such that p(r.y) = p'(f(r). f(y)) forall r.y € X.
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A segment in a A-metric space is the image of an isometry a @ [a.bly — X for
some a.b € \ and [a.b]y is a segment in \. The endpoints of the segment are
ala). a(h).

We call a \-metric space (X p) geodesic if for all r.y € X. there is a segment in
X with endpoints .y and (\X. p) is geodesically bnearif for all r.y € X there is a
unique segment in X whose set of endpoints is {r. y}.

It is not hard to see. for example. that (. p) is a geodesically linear \-metric
space. where p(a.b) = |a — bl. and the segment with endpoints a b is {a. bl .

Let (X.p) be a \-etric space. Choose a point ¢ € X, and for r y € X. define
t /
(r-y),. = 3([)(_1'. vy +=ply.e) —plr.oy)).

Observe. that in general (r-y),. € L\

The following sitnple result follows immediately

Lemma 6 10/ If (X.p) 1s a N-metric space then the following are equivalent:
(1) for some v € X and all r.y € N (r-y). € .\

(w) forall v.r.ye X. (r-y). € .\.

We now give Gromov's definition of a hvperbolic space (see (171, which is ap-

plicable to anv metric space,

Definition 11 Let 0 € \ with 0 > 0. Then (X p) s d-hyperbolic with respect to v

iof. forall r.y.z € X.
(r-y)e = min{(r-z)..(z-y)} =0

Lemma 7 [10] If (X.p) s d-hyperbolic with respect to v, and t s any other point

of X. then (\X.p) s 20-hyperbolic with respect to t.
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Definition 12 1 \-tree s a \-metric space (N.p) such that:

(1) (X.p) 15 geodesie,

(2) if two seqments of (X.p) intersect im a single pont. which s an endpont of
both. then their union s a segment.

(3) the intersection of two seqgments with a common endpoint 1s also a seqment.

Example 1 \ together with the usual metric pla.b) = |a—bl 1s a N-tree. Morcorer,

any conver set of X\ 1s a \-tree.

Example 2 A Z-metric space (X.p) 1s a Z-tree of and only of there 1s a simplicral

tree U such that X = V() and p s the path metric of T

Observe that in general a \-tree can not be viewed as a simplicial tree with the
path metric like in Example 2. Even in the case when A = X one can have <ome

trickyv \-trees. which are not trees in the usual sense.

Example 3 Here s an example of an R-tree. Let Y = 25 he the plane. but with

metrie p defined hy

byl + ol + Jry — a2 of oy # 12
pllrioy). (raoys)) =

Ly — | of ry =1
That 1s. to measure the distance between two points not on the same vertical line.
we take their projections onto the horizontal arvs. and add ther distances to the se
projections and the dustance between the projections (distance in the wsual Euclidean

Sense ).

Lemma 8 [10] Let (X.p) be N-tree. Then (X, p) ts 0-hype rholie. and for allr.y. v €

<

X we have (r-y), € \.

For all the details. results and discussions about \-metric spaces. trees and

hvperbolic metric spaces we refer to [17]. [10].
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Eventually, we sav that group (i acts on a \-tree X if any element g € G defines
an isometry g0 \' — X,
Nore, that every group has a trivial action on a \-tree. thar is. all irs elements

act as identity,

Definition 13 Let a group G act as 1sometries on a \-tree X. g € G s called
elliptic «of «t has a fired point. g € G 15 called an inversion «f 1t does not hare a
fired pomt. but g* does. If g s not eliptic and not an mversion then i s called

hvperbolic.

A group G acts freely and without inversions on a \-tree X if for all 1 # g € G
g acts as a hyvperbolic isometry. [n this case we also sav that G is \-free.

The case of free actions on \-trees is simmpler than the general case and many
interesting results were obtained in this direction.

The next two theorems are general results in the theory of groups acting freelyv
on A-trees. The second one is very important because it provides some kind of

induction. which can be used when dealing with an arbitrary ordered abelian group

AV

Theorem 12 [21] If {G, | i € [} s a collection of \-free groups then the free

product * -G, 15 \-free.

Theorem 13 [2] Let a group G act freely and without mversions on a \-tree. where
N =2Z x \g. Then there ts a graph of groups (L. Y ") such that:

1) G =m(l.Y"):

2} for every verter r* € Y *. a verter group I' ;- acts freely and without mrverstons
on a \y-tree:

3) for every edge e € Y * unth an endpownt r* an edge group U, 1s erther marimal

abelian subgroup in I ;. or is trivial and T ;. is not abelian:
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4iafeveses € Y are edges with an endpomnt r° then U, T, . are not all
conjugate in ..

Conversely. from the cristence of a graph (U Y ") satisfying conditions 1) 4 ) a1t
follows that G acts freely and without nversions on a Zo x \y-tree in the following

cases: YU us a tree. N\g C Q and either \g = Q or Y " 15 findte.

Another wav of developing the theorv of actions on \-trees is to put restrictions
on \.
In the case when \ = Z the following result is a consequence of the Bass-Serre

Theoryv.

Theorem 14 [50/ A group G acts frecly and without inversions on a Z-tree af and

only if GG s a free group.

In fact. it is easyv to <ee. without recourse to the general theorv. that a free group
acts freely on its Cavley graph with respect to a basis. which is a siimplicial tree,
giving a free action without inversion on the corresponding Z-tree.

The next results deal with free actions on R-trees.

At first. a classical result due to Harrison [211.

Theorem 15 [21/ Let G he a group acting freely and without meerstons on an =-
tree X. and suppose g.h € G \ {1}. Then ‘g . h) s cither frec of rank two or

ahelian.

A joint effort of several researchers culminated in a description of finitely gener-
ated groups with real-valued free length function ([36]. [43]. [18]. [19]. {8]) which is

now known as Rips™ Theorem.

Theorem 16 [I8/ (Rips™ Theoremn)
Let G be a fintely generated group acting freely and without mmversions on an

R-tree. Then G can be written as a free product GG = Gy = --- = (i, for some
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integer n > 1. where each G, s eather a fimitcly generated free abelian group or the

fundamental group of a closed surface.

4.2 Lyndon length functions

Let &G be a group and A be an ordered abelian group. Then a function /: ¢ — A

is called a (Lyndon) length function on G if the following conditions hold:

(LYVYoreG: l(r)=0and {1} =0:
(LY VYreG: l(r)=Ur"):
(L3)YVoryzeG: dir.y) >dr.z) —dr.z)=d(y.z).

where d(r. y) = %([(J') + Uy = L~ ty)).

To detine d(.r.y) precisely we assume that A is embedded in its divisible com-

pletion A <= Q with the fraction order (which extends the order on ). On the

oy

other hand. one can formulate the axiom (L3) using the function o’ (r.y) = 2d(r. y)
instead of d(r.y).
[t is not difficult to derive the following two properties (L) and (L5) from the

axioms above:

(LYY VryeG: llry) < l(r) +{y):

(L5) Vr.y € G: 0<d(r.y) < min{l(r).l(y)}.

A length function [ : G — A is called free. if it satisties
(L6) VreG: r# 11— >1(r)

Let G be a group acting as isotnetries on a \-tree (\X.p) and let r € X. Then

defining [.(g) = p(.r.gr) gives a Lyndon length function on G.
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Of a special importance to us is the following result due to Chiswell {9]. where it
is proved that a free action of G on a \-tree corresponds to the existence of a free

lenegth function on ¢ which takes values in \.

Theorem 17 [9/ Let G be a group and 1 : G — N a Lyndon length function satis-

fyrng the following condition:

Yg.he G: dlg.h)e \.

Then there are a N-tree (N.p). an action of G on X and a point r € X such that

I =1,.

Lyvndon himself proved that groups with free length functions with values in 7
are just subgroups of free groups with the induced length functions [32] (compare
with the corresponding consequence of a Bass-Serre Theory).

In Section 9 we prove the following result.

Theorem 18 Let A he a discretely ordered abelian group and X be a set. Then the
function L : CDR(A. X)) — A defined as L(w) = |w| satisfies all the arioms (L1) -

(L6). whenever corresponding products of elements i these artoms are defined.

This implies that every group embeddable into CDR(A..X) has a free length
function with values in 4. Moreover. in the special case when A = Z[t]~. ~ome
subgroups of CDR(A. X). in particular. the free Z[t]-group F=!. have free length
functions which are easilv computable and satisfv the following extra axiom (L7).

For elements r..... I, € G we writer = ryo---or, ifr =uory--r, and
() =l(r))+---+{r,).

The length function | : G — A is called regular if it satisfies the following,

reqularty axiom:
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(LYY Vr.ye G.Zu.ry.y, € G

r=uor & y=uoy & lu)=dlr.y).

The element « in (L7) is called the common m:tial segment of r and y.
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5 Elements of Algebraic Geometry over Groups

The classical algebraic geometry. having started as the theorv of curves. now is
closely linked to the ideal theorv of finitelv generated polvnomial algebras over
fields. In [5] foundations of algebraic geomnetry over groups were introduced and
developed then in a series of papers (see for example [33].[15].[26].[27].[28]). [n this
section we present some basic notions of this theory and show how thesis results are

related to it

5.1 (-groups and basic definitions

Let &G be a fixed group. A group H is called a G-group if it contains G as a
distinguished subgroup. The class of G-groups forms a category. Morphisms of this
category are homomorphisms of G-groups which are identical on G thar is.if M. H,
are G-groups then o - Hy — Hy is a G-homomorphism if o(g) = g for all g € GG. By
Hom;(H. K) we denote the set of all (-homomorphisms from H into K.

The free object in the category of G-groups ix the free product G« F(.X'). where
F(X) is a free group on some alphabet X', This group is called a free G-group with
basis X', and we denote it by GLX].

A G-group H is termed finitely generated G-group if there exists a finite subset
B C H such that the set GU B generates H. We refer to [5] for general discussion
of G-groups.

Let G be generated by a finite set B and let X = {r)...... ro}. IfS C GLX! then
S =1 is called a system of equations over ;. As an element of the free product the
left side of every equation in § = 1 can be written as a product of some elements
from N U X~ which are called rarables and some elements from B. which are
called constants.

The set G" = {(g;..... gn) | g € G} is called affine n-space over .
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A solution of the svstem S(X') = 1 ever a group G is an element (g,... .. gn) € G"
such that after replacement of each r, by g, the left hand side of everv equation in
S = | turns into the trivial element in G. Equivalentlyv. a solution of the svstem
S = 1 over (¢ can be described as a G-homomorphism o @ G[X] — ( such that
o(S) = 1. Denote by Gs the quotient group G[X]/ncl(S) of G[.X] by the normal
closure nel(S) of S in G[.X]. Then every solution of S(.X') = 1 in (& gives rise to a
G-homomorphism Gs — G. By V(S) we denote the set of all solutions in ¢ of the
svstetn S = 1. it is called the algebrawc set defined by S. V(S uniquely corresponds

to the normal subgroup

R(S) = {T(r) € GIX]|¥g€G" (S(y) =1 —Tiy) =1}

of the group G[X]. Notice that if V;(S) = @ then R(S) = GIX. The subgroup

R(S) contains S, and is called the radical of S. The quotient group

Grisy = GIX]/R(S)

is the coordinate group of the algebraic set 1,(S)

5.2 Discrimination and big powers

Let H and A be G-groups. We sav that a familv of G-homomorphisms F C
Hom (H. K) separates (discrimmates) H into K if for everv non-trivial element
h € H (everv finite set of non-trivial elements Hy C H) there exists o € F such
that h® # 1 (h? # 1 for everv h € Hy). In this case we sav that H is G-separated
(G-diserimmated) by K. Usually we simmply sav H is separated (diserimimnated) by
K. without mentioning G or also H is residually (fully residually) K. In the event
when A is a free group we say that H is residually (fully residually) free.

The following method of discrimination. which is called hrg powers method was
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introduced in [33]. For all the details about BP-groups we refer to [38] and [21].
Let GG be a group. We sav that a tuple u = (u,..... up) € G* has commutation

if [1,., 4] = 1 for some 7 € [1. & — 1]. Otherwise we call u commutation-free.

Definition 14 A group (& satisfies the big powers condition (BP) (or called a BP-
group). 1f for any commutation-free tuple w = (1. .. .. ug) of elements from G othere

crists an nteger n(uw) (a boundary of separation for w) such that

ny 1T
uyt et F#1

for any imtegers ay... .. e > nn).

The class of BP-groups is quite extensive. Obviouslv, a subgroup of a BP-
group is a BP-group: a gronp discriminated by a BP-group is a BP-group ([3x):
every torsion-free hvperbolic group is a BP-group ([24]). It follows that every freelv
discritminated group is a BP-group.

Another important class of groups is defined as follows.  We call a group
a CSA-group if every maximal abelian subgroup M of G is malnormal. that is.
M7 M =1 for anv g € M. The class os CSA-groups includes all abelian groups.
all torsion-free hvperbolic groups ([33]). all groups acting freely on A-trees ([2]). and
many one-relator groups ([13]).

Let G be a non-abelian CSA-group and u € GG not a proper power. Recall the
definition of a centralizer extension of the centralizer Ce; (1) by a letter ¢ from Section
3:

Glu.t) =(G.t] g' = g.g € C(r)).

kextends to a G-

[t is not hard to see that for any integer A the map t — u
homomorphism oy : Glu. t) — G.

The result below is the essence of the big powers method of discrimination.
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Theorem 19 [38/ Let G be a non abelian CSA- BP-group and let Gu.t) be a cen-
tralizer ertension of the centralizer of not a proper power u by t. Then the family

of G-homomorphisms F = {0k | k is an integer} deseriminates Glu. t) into G.

If GG is a non-abelian CSA- BP-group and X is a finite set. then the group G\ is
G-embeddable into G(u. t) for any proper power u € G. It follows from the theorem
above that ([ X] is G-discriminated by G.

Let GG be a non-abelian CSA- BP-group and

(;ZG'()<G[<"'<(;,,

be a chain of extensions of centralizers G,y = G, (u,. t,). Then every n-tuple of
integers p = (py..... pn) gives rise to a G-homomorphism v, @ ¢, — G which is

the composition of homomorphisms ©,, : ¢, — G described above. A set P of
n-tuples of integers is called unbounded if for everv integer d there exists a tuple
p=_p..... pn) € P with p, > d for each ¢. It follows from the theorem above that
for every unbounded set of tuples P the set of G-homomorphisms Wp = {v, | p € P}
G-discriminates G, into (. Similar results hold for infinite chains of extensions of
centralizers (see [33] and [4]).

it!

5.3 Lyndon'’s free Zt|-group F~

Here we introduce the central object of investigation in this thesis. For all the details
we refer to [31]. [37]. [38] and [6]
Let A be an associative unitary ring. A group G is termed an A-group if it comes

equipped with a function (erponentiation) G x A — G-

(g.) — g"
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satisfving the following conditions for arbitrarv g. h € G and . .3 € A:
(ED) g' =g, ¢ ' =g"g7 g* = (g%

(E2) g7'h"g = (g thg)™

(E3) if g and A commute. then (gh)” = ¢g"h".

A homomorphism o : ¢ — H between two A-groups is termed A-homomorphism
if o(g™) = o(g)” for every g € G and o € A, It is not hard to prove (see. {37] or
[33]) that for every group G there exists an A-group H (which is unique up to an
A-automorphism) and a homomorphism g 0 ¢ — H such that for every A-group A
and every Achomomorphism 8 © G — K. there exists a unique A-homomorphism
o H — K such that og = 4. We denote H by GV and call it A-completion
of G. In particular. there exists a Z{t-completion F™% of a free gronp F. It was
introchuced by R. Lyvndon in [31] who used ditferent methods. and it is called now
Lyvndon’s free Z[tH-group.

[n [38] an effective construction of F71 in terms of extensions of centralizers was
given. For a group G choose a set S = {(C, |1 € I} of representatives of conjugacy
classes of proper cvelie centralizers in (. that is. every proper cvelic centralizer in
G is conjugate to one from S. and no two centralizers from S are conjugate. Then

the HNN-extension

H={(G.s5, iel.jeN) | s, u]=[,5x=1(n,eC.icl. j kel

where N stands for the set of positive natural numbers. is terined an ertenswon of
all cyclic centralizers in G. Let F be a free non-abelian group. \We obtain the group

FZ% as union of the following infinite chain of groups:

F=Go<G{<...<Gn...<....
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where G, ., is obtained from G, by extension of all cvelie centralizers in G,

5.4 Freely discriminated groups and F~"

Now. we are finallv ready to introduce the connection between algebraic geometry
over groups and the results of the thesis. This connection lies in the following

theorems.

-1 7

Theorem 20 [3/./25] Let F be a free non-abelian group. Then a finitely generated
F-group G 1s the coordinate group of a non-empty ureducible algebraie set over F

of and only +f G s freely F-discrimanated by F.

Theorem 21 [26] Let F be a free non-abelian group. Then a fimitely generated F-
group G s the coordinate group of a non-empty wrcducible alge braire set over Fof

and only of G 1s F-embeddable mto Lyndon’s free Z[t)-group F=.

The last theoremn implies that finitely generated freelyv discriminated groups are
finitelv presented.

Now it is clear why it is important to study finitely generated subgroups of F=t
- this studyv gives answers to many questions in algebraic geometry over free groups.
One way of investigating properties of finitely generated subgroups of F=" is the use
of classical methods of combinatorial group theoryv: free constructions. Bass-Serre
theorv. JS.J-decompositions. etc. In the present thesis we suggest another wayv. We
represent elements of the group FZ by infinite words in the alphabet X'=!. These

words are functions of the type
w1 fo] — X=N
where f,. > 0. f,. € Z[t]" and [1. f.| = {g € Z{t]* | | < g < f,.} is a closed interval

in Z{t]*. the additive eroup of Z[t]. viewed as an abelian ordered group with respect
o L]
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to the right lexicographical order <. The function L : w — f,. gives rise te a regular
free Lvndon length function on F= with values in Z[t]~.

Once the representation of elements of F" by infinite words is established. a
host of problems about FZ* can be solved pretty much in the same wav as for
the standard free group F. replacing the standard length function by the one con-
stricted above. In particular. we associate finitely generated subgroups of F=* with
special combinatorial objects called (Z[t]. X)-graphs. and then using combinato-
rial techniques we investigate properties of (Z[t]. X\')-graphs which reveal underlving
properties of finitely generated subgroups of F=t

The results presented in this thesis have many interesting applications. In par-
ticular. one of the applications stems from the regularitv of the length function L.
The regularity condition is crucial for Nielsen cancellation method. which is the base
for Makanin technique for solving equations over £ (see [34]). It turns out. that if
G is a coordinate group of an irreducible algebraic set over F with & computable
resular free Lyndon length function { © ¢ — Z7" then a Makanin's tvpe argument
can be applied for solving equations over (¢ (see [28]). This playvs an important part
in proving decidability of the elementary theories of free groups.

Observe. that one can derive from the description of F=" in [38] and the results
of H.Bass ([2]) that F= acts freelv on a A-tree. where \ is a free abelian grounp of
countable rank with the lexicographic order. This implies. that F=%, indeed. has a
free Lvndon length function with values in Z[t]~. but the method does not provide
any information whether this length is regular. or computable.

Our method for constructing free length functions on groups is quite general
and can be applied to a wide class of groups. It is based on the study of infinite
A-words in an alphabet X*. where A is a discretely ordered abelian group. An
A-word is a function w : [l.a] — X *. where 1 is the minimal positive element

of A and [l.a] is a closed segment in A. One can consider a set R(A..X) of all
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reduced A-words which comes equipped with the natural partial multiplication and
length function «w — o,.. For a given group G everv embedding of & into (4. X)
provides iinmediately a natural free length function on & inherited from R(A. X)), It
turned out (quite unexpectedly) that Stalling’s pregroups supply the most adequate

technique to study R(A.X).
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6 Stallings’ pregroups and their universal groups

For detailed discussions and results on prees and pregroups we refer to [3]. [22]. [30].
[44]. [45] and [16].

Let P be a pree. that s, let P be a non-empty set with a partial operation
m: D — P.where D C P x P. (We sav pq is defined if (p.q) € D and we will
usually denote m(p. q) by pg). The term “pree” was introduced by Lipschutz in {301

Baer [3] defined a pregroup P as a pree satisfving certain axioms and Stallings.
who invented the name pregroup. proved additional properties of pregroups in [45)
and [16]. These results were extended by Rimlinger in [41].

Further we use the definition of a pregroup P and its universal group U(P) given
by Stallings.

A pregroup P s a set P.owith a distinguished element e equipped with a partial
multiplication. that is a function m : D — P.m o (r.y) — ry. where D < P < P
and an inversion. that is a function P — P. r — o' satisfving the following,

AXIOHIS:

(P1) for all v € P ue and eu are defined and ue = e = u:

(P2) for all w € P. u'u and wu™! are defined and «u='u = nu=! = ¢

(P3) for all u.e € P. tf ueis detined. then so is ™ 'u ' and (we) ' =7 'a ™t
(P4) for all u.v.u € P.if ur and vw are defined. then (ue)w is detined if and only

if u(vw) is defined. in which case

(e u = u(ew):

(P5) for all u.v.w.z € P if ur.cw. and wz are all defined then either wew or cuws

is defined.
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It was noticed (see [20]) that (P3) follows from (P1). (P2). and (P4). hence can
be omitted.

Stallings defined the unwversal group U(P) of a pregroup (P. D) to be the free
group on the set P modulo the relations {ry =z | r.y.z € Pand = = m(r.m}.

LU (P) can be characterized by a universal property. At first. amap o : P — Q of
pregroups is a morphwsm if for any r.y € P whenever ry is defined in P, o(r)oty)
is defined in Q and equal to o(ry).

Now the group U'(P) can be characterized by the following universal property:
there is a morphism of pregroups A\ : P — U(P). such rhat. for anv morphism o :
P — G of P into a group G. there is a unique group homomorphism ¢ : U(P) — G
for which «'A = o. This shows that () is a group with a generating set [ and a
set of relations ry = z. where r.y € P. ry is defined in P. and equal to z.

There exists an explicit construction of U'() due to Stallings [46]. Namely.
a finite sequence (uy..... iy,) of elements from P is called a reduced P-sequence
if for anv 1 < i < n — 1 the product w,u, ., is not defined in 2. The group
U(P) can be described as the set of equivalence classes on the set of all reduced -
sequences modulo equivalence relation ~. where (wu;..... uy) ~ (ty..... ty,) if and
onlv if i = n and there exist elements a,..... tl,—; € P such that ¢, = u;‘u:,u, for
1 < i< n(here ag = a,, = 1). The multiplication on U'(F) is given by concatenation
of representatives and reduction of the resulting sequence.

If G is isomorphic to U'(P). we say that G has a pregroup structure (P.D).
Stallings showed in [45] that free products with amalgamation and HNN-extensions
have pregroup structures. Later. Rimlinger in [44] proved tore general results - if
G is a fundamental group of a graph of groups satisfving some particular conditions
then there exists a pregroup structure for G.

Observe that a pregroup P provides a verv economic way to describe normal

forms of elements of U'(P).
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Pregroups are used in this thesis as a convenient language to describe various
presentations of groups by infinite words. In Section 8.2 we prove that the set
R(A. X)) with the partial multiplication = and the inversion 7' satisfies the axioms
(P1) - (P4). In general. R(A. X)) does not satistv (P3). but some subsets of it. which

plav an iimportant role in our constructions. do.
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7 X-graphs

Finallv. to complete preliminary material we present basic notions from the theory
of Stallings foldings of X-graphs introduced in [23]. This material will be used in
the second part of the thesis.

The theory of X-graphs is based on the fact that a free group £ can be identified
with the fundamental group of a topological graph (which we mayv think of as a 1-
complex). Then anv subgroup of F corresponds to a covering map from another
graph to the original graph. The topological viewpoint was studied in detail by
J.Stallings in [47]. In this work J.Stallings introduced an extremely useful notion of
a folding of graphs. The ideas of Stallings have found manyv interesting, applications.

see. for example. [12]. [17]. [43]. [49].

Definition 15 (X -graph) Let X = {r,...... v} be a finite alphabet. By an X-
labeled dirccted graph U (or X -graph) we mean the following:

[ s a combinatorial graph where cvery edge ¢ has an arrow (direction) and s
labeled by a letter from X. denoted p(e).

For each edge ¢ of T we denote the orgin of € by o(e) and the termunus of ¢ by

t(e).

We can make [ into an oriented graph labeled by the alphabet XUX ' Namely.

-1

for each edge ¢ of T' we introduce a formal inverse ¢ ~' of ¢ with label u(e)~! and

the endpoints defined as o(e™!) = t(e). t(e~!') = o(e¢). The arrow on ¢ "' points from

Pweset (¢ )"t =¢.

the terminus of ¢ to the origin of €. For the new edges ¢~
The usual notion of a path in I can be introduced. Namelv. a path p in [is a
sequence of edges p = eq..... er where each e, is an edge of I' and the origin of each

e, (for i > 1) is the terminus of ¢,_;. Such a path p has a naturally defined label

p(p) = qeley) ... p(ex). Thus p(p) is a word in the alphabet X U X -1
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Figure 1: Folded and non-folded graphs. The labeling alphabet is X = {a.h.¢}.

Definition 16 (Folded graphs) Let U be an X -graph. We say that T s tolded «f for
cach verter v of U and each letter a € X there s at most one cdge an U with origin

v and label a and there 1s at most one edge with terminus ¢ and label a.

The graph shown in Figure 1(a) is folded and the graph shown in Figure Lib)
is not folded. Note that ' is folded if and only if for each vertex ¢ of ' and each
£ € X UX!there is at most one edge in T with origin ¢ and label r.

Oue can introduce the following operation on X -graphs - suppose I' is an X -graph
and e, e, are edges of I with common origin and the same label r € XU X! then
folding T at e,. ¢y means identifving e; and e, into a single new edge labeled r. The
resulting graph carries a natural structure of an X -graph (see Figure 2). For a more
precise definition we refer to [23].

The following theorem follows directly from the results presented in [23] and is

one of the most important in the theoryv of X'-graphs.

Theorem 22 [23] Let I' he any finite X -graph. Then there exists a folded X -graph

A which can be obtained from U by finitely many foldings.

Definition 17 (Language recognized by an X -graph) Let T be an X -graph and let

v be a verter of [. We define the language of I with respect to v to be:

L(T.e) = {u(p)|pis a reduced path in ' from ¢ to ¢}
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Figure 2: Folding of labeled graphs

The next result connects languages of \-graphs with finitely generated <ib-

groups of F(.X).

Proposition 1 /23] Let [ be an X -graph and let v be a base-verter of U Then the
set

L={w|weL{l.v)}
ts a subgroup of F(X).
The converse is also true.

Theorem 23 [23/ Let H be a finutely generated subgroup of F(X). Then there

exists a fintte X-graph U and a verter v of I such that:

1. the graph T s folded and connected:

2. the language of T s equal to H. that 1s L(I'.¢) = H.

Moreover. the graph I' above is unique up to morphwsms o f X-graphs. hence we

denote it I'(H).
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The correspondence between finitelv generated subgroups of F(X') and X-graphs
gives a new method of investigating properties of subgroups of free groups. In
particular, manv algorithic problemns for them can be solved more easily than by
using classical methods of combinatorial group theory.

In the second part of the thesis we combine the techniques of infinite words
introduced in the first part (Sections 8 13) and methods of X'-graphs to solve algo-
rithmic problems for F= and its finitely generated subgroups. For this purpose we
adjust the definition of N-graph and introduce new combinatorial objects denoted
(Z[t]. X)-graphs edges of which can be labeled not only by letrers from X'*! bur

also by infinite words of some particular tvpe.
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8 A-words

8.1 Definitions

Let A be a discretely ordered abelian group and let A = {a € A |a > 0}. By 1,4
we denote the minimal positive element of A. Recall that if «. b € A then the closed

segment {a. b] is defined as

[abl={re Aja<r<h}

Every closed segment [a.b] is a convex subset of A. For a function f : B — " by
dom( f) we denote the domain B of f.

Let N ={r li€l}beaset. Put X-'={r7 7€ band X5 = XY UN"" As

usual we define an involution ' on X* by ()" ' = r~tVand (r " H !

= .r.

Definition 18 An A-word s a function of the type

w:llyal — X7

where a € A*. The element «v 1s called the length w| of u.

By (A, X)) we denote the set of all A-words. Observe. that Ju] = 0 if and only
if the domain of w is empty ([1.4.0] = @). i.e. the function w is empty. We denote
this function by z. Also. we say that an element w € W (A, .X) has a finute length if
|wl € Z.

Concatenation uv of two words u. v € W (4. X) is an A-word of length |uj + |¢]
and such that:

u(a) if 14 <a<|u

(uv)(a) =
vla = |ul)  if Ju] < a < |uf + ||
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In particular. = = uz = u for anv « € W (4. X). For anv A-word w we define an
I ) .

meerse w b as an A-word of the length juwf and such that

w (3 = wilw] =1y — 37" (3 [Lalw]]).

An A-word w is reduced if w(3 + 14) # w( )7 for each 14, < 3 < ). We
denote by R(A. X)) the set of all reduced A-words. Clearlv. - € R(A.X).

Of course. concatenation e of two reduced words . may not be reduced. We
write « o ¢ instead of ue in the case when we is reduced. ie. u(|ul) # (1l )"

Obviously, o satisties the following cancellation conditions:

Ifoy=Jro:=>y=23:  Yyor=:or=—y==:

8.2 Multiplication

[n this subsection we introduce a (partial) multiplication on R(4..X) and show that
it satisfies the axioms (P1) - (P4) of pregroups.
For nu € W (A X)) and 3 € dom(u) by uy = u |; we denote the restriction of u

on [Ly.9]. If u is reduced and 3 € dom(u) then

M= uy0IL;.

for some uniguely defined i3 (namely. |23 = Ju}l — .3 and a;3(~) = u(.3 + ~) for each
~ € [La.lul = 3)).

An element ¢ € R(A.X) is called the (longest) common mitial segment of A-
words u and ¢ if

H=cou., v=cor

for some (uniquely defined) A-words . ¢ such that a(l,) # ¢(1l4). We denote such
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¢ as e(u. ). Notice that. there are words u. ¢ for which the common initial segment
c(u. ) does not exist. It is not hard to see that ¢(u. ) exists if and onlv it the

following element from A is detined:

0 if u(ly) # vlly)
du.rv) = max{.7 | uy = vy} if such .7 exists
unde fined otherwise

In this case
"('L l') =u lt)'(u.r): r lti(u.r) .

Clearly. if the length of » is finite then d(u. ) and o(e. u) are defined for every

r € R(ALN).
Definition 19 A pair of reduced A-words (u. ) 1s called reqular of e(u='.e) s de-

fined. In this event

nwo! =(;'(u‘l.l')oft. v=rclu v

for some umquely defined @ and . Put

wxkv =11 ‘'or.

The product * is a partial binary operation on R(X. A).

Example 4 Let A = Z° unth the nght lexicographic order (in thes case Ly = (1.0)).

Put

I f 3=1(s.0)and s > 1
w(.?) =
rbof 3= (s.1) and s <0

Then
w1y (0.1)] — X*
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15 a reduced A-word. Clearly. w™' = w so w «w = z. In particular. R(A. X} has

2-torsion with respect to x.

One has to be careful with “infinite cancellations™. We are going to use sorne-
times term cancellation™ in the following precise meaning. If v = uzz"'e. where

w.ow. e are A-words. then we sav that u has cancellation (or reduction) zz ' and

ur is obtained from w by cancelling (or reducing) zz 7.

The main result of this section is rhe following theorem.

Theorem 24 Let A be a discretely ordered abelian group and X he a sct. Then
the set of reduced A-words R(A. X)) with the partial binary opcration = satisfie s the

artoms (1) - (P4) of a pregroup.

Proof. The axioms (PL). (P2). and (P3) follow itmnediately from definitions.

Let u.eow be reduced A-words such that the products w « e v« uare defined.
Suppose that one of the products (e ) «wou = (¢ xw), sav (= )« w,is detined
(the other case is similar). We need to show that the product u o« (¢« ) is also
defined and the equality

(uxeyxu = ux(v=u). (2)

holds. To this end we consider several cases.

Ci). Let ue = uoe. Since ¢ = w is defined we have

U=y oty. = 1'_," O, Uy R U =1 O MY 3)

for some (perhaps. trivial) ¢, 9. w0 € R(A. X))

a) Let vy # z. In this case

1

(u*xv)xw = (uor o) = (v ouy) =uoryow,.
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On the other hand.

wx (Ux ) = u * ((1'1 o) * (l'_;l oury)) = ux(ryous) =ucryouw,.

<o it is defined and (2) holds.

b) Let ¢y = =. Then w = 7! o uy and in this case

!

(wx)y*xw ={usv)«x{(r""ouwy) =1+,
which i defined. On the other hand.
— ) . -1 — .
wx(vxw)=ux(r=0( ouM)) = u KU,

which is also defined and equal to (1« ) « u.

('2). Let = ¢~1 In this case

(uxv)yxw=(r"txryxu =w.

On the other hand. in notations from (3). we have

wx(vrxw)=v ' x(vxw)= (v, cvyt) * ((ryory) = (r;'o wa)) =

= (lf._,~l o l’l_]) x () oua) = l'.-,_[ ouy =,

hence it is defined and (2) holds.
Now we are ready to prove the general case.
C3)Let u=u;0 u._Il. = s 01 for some (perhaps trivial) elements ;. u,. vy €

u, o vy and the triple u,. vs. w satisfies all conditions of C1)

R(A.X). Then uxv =
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(observe. that v * w is defined since ¢ * w is detined). Hence.
(1) =00 = (U %) = =ty * {1 * 10},

On the other hand (using C1) and C2)).

;1

\ — ' . (
uw (exu)y = (1, ou._,’) ¥ ((aoty) = uw) = (1, ou,_,‘) * (1 % (1)« u))

- : 2
y * (:L_,l x (1L * (0 * ll'))) = uyp * (o xu) = (U «r)xuw.

as desired. This proves the theorem.
i
A subset (< R(A. X)) is called a subgroup of R(AX )it G is a group with respect
to «. We say that a subset Y C R(A.X) generates a subgroup 1Y) in R(AC XY if tor

anv finite sequence of elements g ... .. yn € Y0 the product yy « ..« gy, is detined.

Example 5 Let A he a direct sum of copres of Z awith the right lericographee order.
Then the set of all elements of fimite length in R(A. X)) forms a subgroup which s

womorphie to a free group with basits X

8.3 Standard Exponentiation, roots, and conjugation

In this section we study properties of the “standard exponentiation”™ (bv integers)

in R(A..X). roots of elements. and conjugation.
Observe. that there are elements w € R(A..X) for which even the square u =

is not defined. We have to exclude such elements from our considerations related to

exponentiation. Put

E.R(A.XN) = {w € R(A. X) | uw* is defined for everv & < ri}.
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ExR(A.X) =[)E.R(A.N).

n
Then the set E. R(A. X)) is closed under the “standard™ exponentiarion by element
from Z. Notice. that ELR(A. X)) is preciselv the set of elements from R(A. X))
for which the notion of order is defined. The following definitions provide some
tools to classify orders of elements from ELR(A X)), An element » € R(A X)) ix
termed eycheally reduced if v(14)70 # e(je]). We sav that an element ¢ € R(ALX)
admits a cyche decomposition if ¢ = ¢V ouwo e, where c.u € R(AX) and u is
cvelically reduced. Observe that a evelie decomposition is unique (whenever exists).
Denote by CR(A.X) the et of all cvelically reduced words in R(A..X) and by
CDR(A. X)) the set of all words from R(A..X) which admit a cvelie decomposition.
Obviouslv. CDR(A.XN) € ELR(A.X). Not all elements in E R(AL X)) admit evelic
decomposition. for instance. the element w of order 2 trom Example | in Section
8.2 does not.  We will show below that such elements are the onlyv elements in

ER(A.X) which do not admit cvelic decornposition. Put
LRANXN)={weRAN)|w*xuw=:}

Clearlyv. ToR(A.X) C EXR(A. X).

Lemma 9 Let A be a discretely ordered abelian group and X bhe a set. Then:
1) EsR(A.N)=CDR(A.XN)UT,R(A.X):
2) ExXR(A.X) = E;R(A.X):
2) every element from CDR(A. X)) has infinite order.

Proof. Let v € E;R(A.X). v # z. Then v = vy0¢ = ¢! oy for some vy, vs.c €
R(A..X) such that vy x5 = vy oy,
1

If [ro) > |e| then to = vyoc.s0o v =c¢ toryoc and vy + vy = 130 3. In this case

3 is evelically reduced and ¢ € CDR(A. X).
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If |ra] < || then ¢ = ¢ o . therefore

U'=1070¢) 00 = l\_,’l o r"l ot

which implies ¢y = ¢" and hence ¢ =z l.e.. v € TR(A.X). Now 1) tollows.

To see 2) observe that ELR(A.X) C ELR(AX) and. as we have mentioned
above. CDR(A.NHVUTYR(A. X)) C ELR(A.X). Now 2) follows from 1).

Ifr =clouocand = # u € CR(A. X). then ¥ = ¢ 'ourorand |u*| = kul > 0.
It follows that [¢*] > |u*] > 0. hence ¢ # z. This proves 3). and the lenuna.

O

Since the set ToR(A..X) is not very interesting from the exponentiation view-

point. in what follows we bound our considerations to the set CDR(A. ).

Let ¢ € CDR(A. X)) we say that © € CDR(A.XN) is a hk-root of v if ¢ = u*,

Lemma 10 Let A be a discretely ordered abelian group. N be a sct and let &
CDR(A.X). Then

1) If for a grren k. v has a k-root. then this h-root 15 unique.

2) If A =Z[t]|" then there are only fimtely many natural numbers k such that v

has a k-root.

Proof. Let v € CDR(A.X) and ¢ = ¢ ! o o ¢ be its evelie decomposition. It is
easy to see that if ¢ has a A-root u then u = ¢! o uy o e, where uy is a h-root of
w. Converse is also true. that is there exists a A-root of u then after conjugating it
by ¢ we get a k-root for ¢. Thus. without loss of generality we can assume ¢ to be
cvclically reduced.

1) Let & be a fixed natural numnber. Since anv root u of ¢ is an element of

CDR(A. X). which is the restriction of v on the segment [1,.|r]/k]. we have the

uniqueness of roots automatically.
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2) The necessarv condition for the existence of a A-root for ¢ is the divisibility
of [e] by & in Z[t]*.

Recall. that as a group Z[t]* is the infinite direct sum

Z{t)” = %)

of copies of Z. Hence. there exists a natural number n such that jej € @0 (#).
Now. o] = (hg..... hn). h, € Z and || can be divided by some natural A it and
oulv if all A, can be divided bv this A. Since any integer can be divided only by
Hnitelv many natural numbers. then the set D, = {m € N | mn divides h,} is finite
for 1 € [0.n]. Then let D = {m € N | mn divides |¢|}. This set is also tinite because
D= ﬂ."fu D,.
O
Let u.r € CDR(A. X)) we sav that u is a conjugate of ¢ it there exists e € R(A.X)
such that the products ¢ Ve e exeoand (o7« )« e are defined and « = ¢V« e v e
We sav that u is a cyclic permutation of v if v = vy oy and u = 1y oy for some
elements . 5 € R(A. X)) (observe that there can be infinitely many different cvelie

permutations of a given v).
Lemma 11 The follouwing hold:

1) the set CDR(A.X) s closed under conjugation by elements from R(A.X)

(t.e.. any conjugate of an element from CDR(A. X)) belongs to CDR(A. X):

2) tfu and v are conjugate and cyclically reduced then ju| = |v| and of g~ ' xuxg = v

for some g such that |g| < |u| then w15 a cyclic permutation of v.

Proof. 1) Let vt = c 'louoc € CDR(A.X) and d € R(A..X). We assume that

d~' % v and v = d are both defined. Then ¢ *d and so d~! * ¢~ ! are also defined and

d Vs (¢ 'ouoc)ysd=(cxd) " xu=*(cxd).
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In other words we can assume from the beginning that ¢ is cvelically reduced. So.
assume ¢ = = and = u. Since ¢ is cvelically reduced then either d =t x o = d7 1 o r
or ir*=d = rod. Assume the latter.

a) ¢ does not cancel completely in 7' * (¢ od). Then ¢ = vyo vy d = vy o d,

1

and d™ '« (rod) = d{' orsor;od,. where vy 01 is cvelically reduced as a cvelic

permutation of .

b) ¢ cancels completely in d ! « (v od). Then o and ¢ o d have common initial
segment w so that = wods.vod = wody and w = vody # 7. Thus we have
d=dyod.d=rvodsod, It follows that |d;| > |d,] and moreover o, is a terminal

seament of . Hence. oy = d, oy and we have

d '« (vod) = r/._Tl o, =(l._fl odyods.

Since dy is evelically reduced we obtained a cvelie decomposition of o =1« (1o o).

So. in both cases we showed that d '« (rod) e COR(A.X).

-1 1 -1

2) Suppose g7 xu*xg = ¢ for some g. Then either g 7' xu =g 'ouoruxg = 1oy

hecause u is cyvclically reduced. Assume the latter. Moreover. g 7! cancels completely

in ¢!

* (u o g) because ¢ is cvclically reduced. so we have |¢of = [g '« (12 g)| =
el + gl = 19~ = lul.

If |g] < {u|then u=gou. but v = uy 0og. 5o uis a cvelic permutation of ¢
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9 A free Lyndon length function on CDR(A. X)

The main result of this section is the following theorem.

Theorem 25 Let A be a discretely ordered abelian group and X be a set. Then the
function L : CDR(A.X) — A defined as L(w) = |\w| satisfies all the arioms (L1)
- (L6) of a Lyndon length function whenever corresponding products of elements in

these axrioms are defined.

Proof. Axioms (L1) and (L2) follow immediately from the definition of the
length |u} of an element from CDR(A. X). To prove (L3) recall the definition of

the function d(u. r) from Subsection 8.2

0 if ll(l,\) # l'(l'\)
Mu.r) = mar{3|uy; =y} if such .3 exists
unde fined otherwise

By definition o(u. ') measures the length of the longest common initial segment of

1

u and . It was shown that the product « ™! * ¢ is defined if and onlv if o(u. ) is

defined. in which case

ou. )y = =(|u| + o] = Ju"t = e]) = d(u. v).

B

o) —

Now the axiom (L3) easily holds whenever the products u= '« c.u= V. eV ruw

are defined.
(L4) and (L5) follow from (L1) - (L3). The axiom (L6) follows from the existence
of the cvclic decomposition. This proves the theorem.

a

Corollary 2 Let A be a discretely ordered abelian group and X be a set. Then any

subgroup G of CDR(A. X)) has a free Lyndon length function with values in A - the
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restriction Lie; on G of the standard length function L on CDR(A. X).

The following straightforward result shows that one can extend length functions

to unions of chains of groups.

Lemma 12 Let

(GU.I()) < ((rvl.ll) < ... < (G”.[,,)...

he a cham of groups with (reqular) length functions l, : G, — A such thatl, | =1,
forall i. Then Gy = U3 Gy s a group with a reqular length function U G — Al

where | = UX,l,.
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10 Lyndon’s Exponentiation

In this section we describe a very natural and concrete realization of Lyvndon’s
axiomatic approach to exponentiation by polvnomials with integer coethicients. Let
Z[t]" be the additive group of the polvnomial ring Z[#] viewed as a discrete abelian
group with respect to the lexicographic order described in Section 2. Below we
introduce a Z{t]-exponentiation on CDR(Z[H] . X). Also. from now on. we denote
1;31,10 })_\' l.

The axiom E2) of exponentiation ((g~'hg)* = ¢ 'h?g) allows one to detine ex-
ponentiation via representatives of conjugacy classes (extending the exponentiation
onto the whole conjugacy class by conjugation). To realize this idea we need the

following definition.

Definition 20 Lot S T CDR(Z{]". X). A subset Re 2 CR(Z[™.N) s called
a set of representatives of S oup to conjugacy (RC-set) of Ry satisfies the following

conditions:
1) Rs does not contain proper powers:
2) foranyu.v € Ry u # vt

3) for cach uw € S there enst v € Re.h € Zoe € RZ™..XN). and a cyclic

permutation () of v such that

moreover. such v.c k. x(v) are unique.

[t is easy to see that for anv S C CDR(Z[t]". X) there exists a set Ry C
CR(Z[t]”. X) which satisfies conditions 1) 3) above. We show how one can construct

such a set in several steps.
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Step L. Let wr € S and u = ¢ ! o7 2 ¢ be its cvelic decomposition. Put

R, ={w|uweS}.

Step 2. For anv u € R). there exists a subset S,. C [?; which contains all evelic
permutations of w and all cvelic permutations of ! which are in R, S, is not
empty because it contains w. Thus. choose any element «” in S, and eliminate from
R; all elements in S, \ {w'}. The resulting set is denoted by ;.

Step 3. If wr € Ry has a maximal A-root . that is w = ¢*

then we replace uin
R bv . By Lemnma 10 such ¢ exists and is unigue. Afrer all possible replacements
we obtain Ry,

Clearly. Ry satisties. by the construction. conditions 1) 3) from the definition of
RC-set. so we can set g = Ry,

Observe that for any given S C CDR(Z[t] . .X') an RC-set is not unique. but all
RC-sets for S have the siine cardinality and can be obtained one from another by
taking inverses and cvelic permutations of elements.

Now let S C CDR(Z[t}*.X) and Rgs be a fixed set of representatives for S.
Suppose that for every element u € Rs and every f(t) € Z[H an exponent u/ <
CDR(Z[t}*. X) is defined. Then one can extend this exponentiation uniguely to
the set S as follows.

Let w € S. f(t) € Z[t]. Then by 3) u = ¢ 1o 7(1)* o ¢ for unique ¢+ € Ry k €
Z.c € R(Z[t]". X). and a unique cvelic permutation () = ¢y 2 ey of ¢ = 22 0.
Put

uﬂ” :C—lo(l,'.;l*(L-f”))k*l‘g)O(' (1)

(the product above is defined in R(Z[t]"..X') because of the definition of exponents
and the fact that |es| < {o]).

Now let S = CDR(Z[t]*.X) and R = Ry be a fixed set of representatives
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for S. It follows from the argument above that to define a Z[t]-exponentiation on
CDR(Z[t]". X) it suffices to define Z{t]-exponentiation on Rs. Thus we have a

Z[t]-exponentiation function

crpr  CDR(Z[H™. X)) x Zlt] — CDR(Z[t]". X)

which formally depends on the choice of R. but it will be shown later that in fact

this exponentiation function on CDR(Z[t]*. .X) does not depend on the choice of
RC-xet.

Recall that as a group Z[#]© is a countable direct sum

of copies of the infinite evelic group Z with the right lexicographic order. It is easv

to see that R(Z{t]7. \') is the union of the following chain

RIZ.N)< RZ*X)< ...R(Z". X) < ...

where Z" = -2 (#). For an element « € R(Z[t]". X') the length || is a polvnomial
g(t) € Z[t:

fw] = g(t) = ag + - + a,t™.

where a, > 0. In this event we say that u has height n and write h(w) = n. Clearly.

hiv)=n=uwe RZ".X)- RZ" ' X).

Now we define exponents ¢/ for a given element ¢ € Ry and a polvnomial
ftt)y € Z[t]. In fact. because of the wayv in which we define exponents on Ry we

need to define them for any element of CR(Z{t]~. X) (after the first step below it
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can happen that ' € Rg).

1) Let ¢ € CR(Z[t]7. X)) be not a proper power and || = g(t) = ay + -+ +
apt" . a, > 0. We define ¢f as an element of CR(Z[t] 7. X)) of length {of] = g(#)t.
so. ¢f s a function with the domain [L.g(H)t] and g(t)t = agt + at? + -+ +

Uyt +apt™ toa, > 0.

a) [f a, = 1 then we set

) (), i 3=mgt)+a.m>0.1<a < gt
(7)) =

rla). i 3=qg(tt —mg(t) +a.m > 0.1 < o < g(t).

Observe that the formula above detines ' (.3) for anv .7 which belongs either to
some initial subsegment of [1. g(H)t] of the form [1.mgtH)l where m 2 0 or to
some terminal subsegment of [1. g(1)t] of the form [g(£)t = mgtt). gt where

m - .

-

Now. any .3 € [l.g(t)#] is a polvnomial 3 = r(t) = ri(t) + bt? € Z[t]. where
by > O.deg(ry) < deg(r). and either p<n+lorp=n+1.h, = 1rt <0
In the former case there exists m > 0 such that mg(t) > r(t). so that [1..9] is
an initial subsegment of [1.mg(#)} and 3 € [L.mg(#)]. In the latter case there

exists m > 0 such that g(#)t — mg(t) < r(t). so that [3. g(£)t] is a terminal

subsegment of [g(t)t — mg(t). g(t)t] and 3 € [g(t)t — mg(t). g(t)t].

b) If a,, > 1 then we present [1. g(#)#] as the union of disjoint closed segments

k=0

( U [t + 1. (k + l)f""l]) U [(a, — D"+ 1g(#)t]

t

and define ¢ on these segments as follows.

For any k € [0.a, — 2] and J € [A"' + 1. (b + 1)t"7 1] we set
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(o)., if S=k" " mgt)y +a.m > 0.1 < a < g(t):

i), if 3= (k+ 1" —mgt) +a.m>0.1<a < g(t).

and for .3 € [(a, — D" + 1. g($)t] we set

3 r(a), if 3=(ap—Dt" P+ mg(H) +a.m>0.1 <o < gt):
() =

vla)., if 3=gt)t —mgt)+a.m>0.1<a<glt).

For anv k& € [0.a, — 2]. the first formula above detines ¢/(.3) for anv .3 which
belongs to some initial subsegment of [kt~ + L. (A + 1)#" '] of the form
(At =t ktm=Y +ng(t)] where m 2> 0 or to some terminal subsegment of (A"t 4
1. (A + l)f”"] of the form [(k + D" —ng(ty. (h + 1) "] where > 0. The
second formula given above defines ¢!(.7) for any .7 which belongs to any initial
subsegment of [(a, — l)t"“.g(r)t] of the form [(a, — 1)#" L a, =1yt +myg(t)]
where m > 0 or to any terminal subsegment of [(«,, — L)t~ t g(#)#] of the form
[g()t = mg(t). g(t)t] where m > 0.

In the same wayv as in a) one can show that these formulas define ¢'(.3) for
any 3 € [1.g(t)t].

Now, if r € CR(Z[t]*. X) is such that ¢ = u* for some « € CR(Z[t]". X) then
we set ¢t = (uh)k.

Clearly. '] = g(t)t = |v]t. ¢' starts with ¢ and ends with ¢. In particular.

'€ CR(Z[H ™. X). Tt follows that ¢! * ¢ = ¢! o = vo¢f = v+ ' hence

. - . k . - -
2) Now for r € CR(Z[t]*. X) we define exponents ¢ by induction. Since ' €
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CR(Z[t]". X) one can repeat the construction from 1) and define

3) Now we detine ¢/ where f(#) € Z[t]. by linearitv. e, if f(#) = mo + mt +
.+ mpt* then

tk

I,f(l} = M (l")ml " * (l' )mk.

Observe that the product above is defined becanse of the detinition in 1) and 2).

We have o/ € CRZ[H™. X). e/ = g f(0)] = el f(0] and [0/ 0] = =,

Thus, following the steps 1) 3) above. for anv given ¢ € CR(Z[H]"..X) and
f(ty € Z{t] one can define ¢/ which is again an element of CR(Z{H]™. X)) Also.
it follows from the definition above that if u = ¢* € CRZIH.N) and f(t) € Z[t]
then wf' = (ef')*x,

Then. suppose we have § = CR(Z{t]". X ). f(t) € Z. and u € 5 ix a cvelic
permutation of r € Ry, where Ry is any RC-set for §. Then. at first. we can define
1 according to steps 1) 3) above. but on the other side we can detine /" like in

(4). via its representative . that is

“/m — l,l—l * l,frr) *

where ¢ = vyors. u = vyory. For now it is not clear why definition via representatives
gives the same result as the definition in steps 1) 3). The following lemma clarifies

this matter.

Lemma 13 Let u.vv € CR(Z[t]*.X) be such that ¢ = 1y oty u = vao vy and

f(H) € Z[t]. Then (¢ s el =7 x0/'0 %y,

Proof. The statement is obviously true for any constant f(f) € Z. We prove the
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statement for f(t) = t. We want to show

(toor) = 1'{‘ * (1 00) =0y,

We have [rao ] = {ryoes| and (rooep)(3) = (vyoen) (J+ ey])d € [Lofe)t — [ey]]
When we conjugate (; o ©2)' by r; we cancel the initial segment of () o 1) of
length || and add a terminal segment of length {r(]. s0 we have (150 ) (3 =
(7 e (rp o) w o) (3). 3 € [Left] and (oo e)) = 7 & (1 00) = 0y
Since ' and u' are cvelic permutations of each other and belong to CR(Z[t] . X)
we can apply induction and get the statement for any f(t) € Z[t].
O
So. the lemma above shows that the exponentiation function defined in (1) co-
incides on CR(Z[t]~. X') with the exponentiation finction defined according to steps

1) 3) above.

Lemma 14 Let Ry and Ry be two RC-sets for CDR(Z[t] . X'). Let

erpg, : CDR(Z{t]".X) x Z[t] — CDR(Z[t]*. X)

be the Z[t)-erponentiation function defined i (4). Then

€IDR, = €IPR,

on CDR(Z[t]*. X).

Proof. Let u € R,. Then there exists an element v € R, such that v = vyovry. u =

raovy. If f(t) € Z[t] then by Lemma 13 we have

u_flf) — (U[—l T I'])f“) —_ vl-'l * ’,f(l) * 0.
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Now. let v € CDR(Z{t]”..X) be such that
w=clox(e)¥or

for some cvelie permutation () of ¢. Without loss of generality we can assume

7(r) = u. So we have

crpp(w. f(£) = wl' = lo(uf'")r o

(‘-’.['R_-(”.-f({)) — ”.fff) —_ I‘_I P ("l_l * (,.f(”)k * l.l) S ¢

and from the argument above it follows that carpy (w. f(#)) = crpp, el fii)).

0

The lemmas above make it possible to define ¢/ for any ¢ € CDR(ZH . X))

with a cvelic decomposition ¢ = ¢ P ouocand f(f) € Z[t] as:

R N TEALLIT

This definition is equivalent to the one given in (4) and it does not depend on anv

RC-set at all.

Thus we have defined Z{t]-exponentiation function

erp: CDR(Z[H*.X) x Z|t] — CDR(Z[t]*. X)

on the whole set CDR(Z[t]*..X).

[t can be seen easily from the steps 1) 3) above that the Z[t}-expouentiation
is not unique and its definition can be ditferent. The reason why we have chosen

precisely this one is that the following property holds for it - if 0 € CR(Z[t]". X)

and f(t) € Z[t] then [o/] = |el[ f(#)].
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Lemma 15 Let u.v € CR(Z[t)™. X) and f(t). g(t) € Z[t] be such that uf't = ¢

Then [u. ] s defined and 1s equal to :.

Proof. Since {u.uf') = z and {v.¢9""] = z then [u. 0] = 2 and [eo /"] = =
From the latter equalities we will derive the required statement.

Observe that if |u] = |¢] then it follows automatically that « = =1 Indeed. by
the definition of exponents 1/ and 9" have correspondingly #=! and ¢*! as initial
segments. Since uf'"' = 99 then initial segments of length Ju| in both coincide.

We can assume |u| < || and consider [, 09"} = = (if ju| > |¢| then we consider
[0, /™) = 7 and apply the same arguments). Also. g(t) > 1. otherwise we have
nothing to prove.

Thus we have v« ¢9" = 90 & . Since u and ¢ are cevelically reduced and equal
Z[t] " -words have equal initial and terminal segments of the same length then [u. vl
is defined and we have two cases.

ayuxr=uor.

Thus. automatically we have v *u = vrou

wo r9' and 'Y o u have the same initial segiment of length 2|e]. So ¢ = uor) =

m oy and |ul = |ea]. Comparing terminal seginents of ws 9" and 9" o u of length

m

|| we have u = ry and from v o vy = vy o u it follows that [u. ] =

b) There is a cancellation in u * ¢.

Then. from /') = 9 it foilows that ¢=' = e[ ouw and =0 ¢ = u ' 2 ¢y, Using

the same arguments as in a) we obtain ¢ = u='or; = vjovs. |u| = |ea) and u™! = ¢,

It follows immediately that [u.v] = =

[

Lemma 16 Let u.c € CDR(Z[t]*. X) be such that h(u) = h(v) and [u.v] =

Then [uf'Y . ¢] = = for any f(t) € Z[t] provided [u!". v] 15 defined.

Proof. We can assume that either u or v is cvcelically reduced. This is always

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



61

possible because both elements belong to CDR(Z[H ™. X). Suppose we have ¢! «

== u. where u is cvelically reduced.
a) ful < ||
Since uis evelically reduced either 7'« u = "' o or u « = uor. Assume

the former. Then ¢ has to cancel completely in ¢~ = u = ¢ because this product is
equal to u which is evelically reduced. So ¢ has the forin ¢ = «* o w. where A < 0

i= the smallest possible and w does not have « as an initial segment. We have then
t

r s urxr=w v ucw =t « (nouy)=n.

and w ! cancels completely.  In this case the onlyv possibility is that ] < il

{otherwise we have a contradiction with the choice of &) and [, w] = 7. So now we
reduced evervthing to the case b) because clearly [/ 0¥ = = for anv f(t) € Tl
by u] = e

Wo have r beser = . is evelically reduced., moreover. u is a evelic perutation

of itself that is ¢!« ¢+ = u. Finally. since i/ ¢] ix detined then

et xp = S

follows from Lemma 13.
=

We sumimarize the properties of the exponentiation e.rp in the following theorem.

Theorem 26 The Z[t]-erponentiation function

erp: (u. f(t)) — u/'"

defined in (5) satisfies the following aroms (here u.c € CDR(Z[t]". X). f.g € Z[t]):

Et) u'=u. w9=(uf)9. uw*9=ul*ul.
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provided [u.v] = = and h(u) = h(v). oru=rvow. oru=u" 1 = w? for some

w € CDR(Z[H ™. X)) and . 3 € ZH]:

E3)* if fuv) =z and u = w*. v = w? for some w € CDR(Z[t]*. X). .3 € Z[t]
then

(1 * l')f = uf x

Proof. Let u € CDR(Z[t]7. X) and . .3 € Z[t].
The equalities «' = u and (uf)? = uf¥ follow directly from the definition of

exponentiation. To show E1) we need to prove only that u/ =7 = u/ « u?. Let
iw=c 0o u'for'
be a cvelie decomposition of u. Then
w =c¢'o (u{)k oc. w=clo (u'{)k oc.

Now

w9 =010 (ulfﬂ')k occ=(c"to (u{)“' oc)x(c to (u’l’)k o),

as required.

E2)* If u = w". ¢ = w? for some w € CDR(Z[t]*.X) and .3 € Z[t]. then
result follows from the definition of exponentiation. If [u.¢] = = and h(u) = h(v)
then result follows fromn Lemma 16. If u = ¢ o w then result follows from Lemima
13.

E3)* We have (uxe) = (vt = 0! = v su? = (0™« () = uf«).

O
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11 Extensions of centralizers

Let A be a discretely ordered abelian group. Recall that by CDR(A. X)) we denote
the subset of all A-words « from R(A. X)) which admit cvelic decomposition u =
ctoroc.

Recall that a subset ¢ < R(A.X) is called a subgroup if G is closed under
multiplication # and inversion ~!. [n this section we will prove that for anv subgroup
G < CDR(AX) the extension GG° of all cvelie centralizers of G by free abelian
group of infinite rank has a natural embedding into CDR(A. X)), This is the main

technical result. it provides the induction argument for an embedding of F=" into

CDR(Z[H . X).

11.1 Extending pregroups by non-standard powers

At first we give several detinitions which are important for our further considerations.

Definition 21 Let G be a group with a length function | - G — . We say that &
satisfies the stabilizing condition (S) of for any elements v.ow. g € G such that:

1) u.v are not proper powers.

2)Cilu) ~Cqlr)y =2.

2) eather v s not conjugate to w=t or v = w=! but [_r/. l'] # 1

there crists a natural number r = r(v.w. g) such that for all n.m >t

n—-r

vtguwe™ = "7 o5 eTgue” o5, WL

where 20, < 1(¢). 20, < l{w) and ry = ro,y meansl(ry) > 1{r)+1(y) — .

Let &G be a group. We sav that a tuple v = (u,..... ug) € G* has commutation

if {1, 0,01] = 1 for sote 1 € [1.k — 1]. Otherwise we call u commutation-free.
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Definition 22 A group GG satisfies the big powers condition (BP) (or culled a BP-
group). «f for any commutation-free tuple u = (u,..... ug) of elements from G there

enists an mteger n(u) (a boundary of separation for u) such that

ny oy
it et #1
for any integers ... .. (e 2> nfu).

The notion of big powers condition was introduced in [38] and provides a method
of discrimination for a wide class of groups. We refer to [38] and [24] for details about

BP-groups.

In fact. we are interested in the following weak form of the big powers condition.

Definition 23 1 group (& satisfies the weak big powers condition (WBP) (or called

a WBP-group). if for any commutation-free tuple uw = (uy. .. .. ug) of elements from
G such that

1) u, ts not a proper power.
2) Celu,) = Z.
2) w, 15 not conjugate to u= for anyi € [L.k - 1]

there enists an imteger n(uw) (a boundary of separation for w) such that

n (21
uit-eeupt #1
for any integers cxy. .. .. ax > n(u).

Lemma 17 Let G < CDR(Z[t]*. X) satisfy the stabiizing condition (S). Then G
is a WBP-group.

Proof. We want to prove the stronger statement. from which the \WBP-condition

follows easilv:
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Claim. If u = (1uy..... ux) € G* is a comnmtation-free tuple such that u, is not

=1

conjugate to u!, for any i € [1. & — 1] and centralizers of all u, are cvelic. then there

exist integers n(u). .3 such that for any integers oy .. .. e > nlu)

ny

oy
i,

ny
*...*“k

g -
= (u' xeoxag

3 n [
® ) S5yt F :
where 8 € Z[t] does not depend on any «,.

We use induction on the length of u = (u,..... My ).

a) bk =2

From the stabilizing condition we can find an integer r such that torall nom > r

n m

uy eult ="

o5, (] * ul) 25, ul' ™"

Led

where d,.0, € Z[t] and 20; < [uy]. 20, < jusl. Thus

R T B 1T I VA T B TV I PR
By Corollary 2 the length function on G induced from CDR(Z{t]". X'} is free. <o we
can choose an integer s such that for all nom > s we get |u} 77| + 1ul' 7| > &) + 0,

Now. if we take M = max{s.r} then

\ . -
uy xul = (uj * u:_,’) Cg, 1Y V£ -

for anv integers m.n > M. So in this case n(u) = M. 3 = M. o = 9..

b) Suppose we proved the Claim for all tuples of the length & = p — 1. Consider

w=(uy..... i,). By induction there exist integers V. .3 such that
) p-1 __ Ny A X "lp—l—<il L -
uyt ke w2 = (Ut e gl ) 0g, uy 5
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for anv integers ary.. ... cvyy 2 N. Then
o [RFTIN LT oy - B - 'lp—l‘-’l . ny . . ";)—I‘JI oy,
R R N AT ((ut * ® U, )95, 1,7 y*uy? = (wos u,” b n

3

where we denote u'l” LR R

', bv w. By the stabilizing condition there exists an

integer r such that for all apy = S0, > 1

ny . p _ . . "p-l‘-il -r . r r R ap-r
WPk = (w oy, w,”) ) 94, (“p—l *aL,) O, "0

I

where 3,03 € Z[t] and 28> < Juy_1]. 205 < [u,}. Again using length argnment we

can choose M > max{r. V'} to be such that for all o, = J1.a, > M we have

Ilp_|—,’1 -

]uP_l

e 7] > 0y + Oy
Finallv. take u(n) = M + 3.3 = M and

Tp_1 3 . ,,p,,_j -
po1 *Uy) 05, U # :

(431 . Yp __ ry ...
TR cuy? = ()" « * 11 » »

F

for all vy, .. .. ap > nu).
a
The next result is analogous to one for BP-groups proved in [24].
Lemma 18 Let G be a WBP-group. u = (u,..... i) € G* be a commutation-free

tuple such that u, ts not conjugate to uZ!| for any i € [L.k — 1] and centralizers of

all u, are cyclic. Let h € G. Then there erists a constant n{u/h) such that

uf' cupt #h

for every ay. .. .. oy > n(u/h).
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Proof. Suppose that for anv integer n there exist integers ny..... ne > n such
that

my LMk
i) ut = h.

Observe that the tuple

is commutation-free. all elements in « have cvelie centralizers and any two successive
elements are not conjugate. Let n(uw) be a boundary of separation for .

Then. by our assumption there are ap..... (g > n{u) such that

uyt et = h
Similarly. there ave some J... .. e > nlw) + ap such that
" ," u:‘ =h
So
u'l’l e u;:“ —"“(uk‘_l[ Jrete(urh™ =1

and all the exponents above are greater than n(w) - a contradiction.

Now we prove the main technical result of the first part of the thesis.

Proposition 2 Let G < CDR(Z[t]". .XN) satesfy the stabiizing condihion (S). B be
a subgroup of Z[t]" contarning Z and C C G contain all elements ¢ € G such that
the centralizer C; (1) 1s generated by v 1in G. Let G satisfy the exponentiation arrom

(E2) with respect to B. that s (7' xux o) = e Vs u” * v forall u.v € G and
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a € B. Let R+ be the set of representatives for C' and

P=PG.CB)y={g*u"«h|gheG. uec R-.nc B}

D}»:{(p.([)EPxP[p*qE P}CPXP

Then
1) PC CDR(Z[t]". X):

2)(P.Dp) forms a pregroup.

Remark 1 Here. :n the proof. we call erponents from B —Z infinite and erponents

from Z fimite.

Proof. 1) Take anv g = u” =« h € P. If o is finite then «” € G and g * u™ « h is
defined.
Suppose a is infinite. By the stabilizing condition there exists an integer r such

that for all n > 2r

-2
"oy (u” = h).

grxu"xh=(gxu")o,;u
where 0 € Z[t] 7. 20 < |u|. Let us fix any n > r. Observe that in fact we have

=)
gxu"*xh=(gxu")ou""""o(u" *h)

because u € R € CR(Z[t]".X). Moreover g x u® = h € G. thus g * u”" xh €
CDR(Z{t]".X) and ¢~ o (u; o u* o uy) o ¢ is its cvelic decomposition. where u =

uzou; = uy 0wy k < n — 2r. Therefore.

e Vo(uyou?ous)oer.
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where .3 = a + 4k —n. is a cvelic decomposition of gxu”«h and P € CDR(Z[t]". X).

2) Observe that if r.y € P and ry is defined in P then r = y is defined in
R(Z[#]7. X). Now it follows that axioms (P1) - (P4) hold in P since thev hold in
R(Z[t]". X)) (Theorem 24). To complete the proof it suthces to check that the axiom

(P5) holds in (P. Dp):

(P5) for everv w.vowe.z.€ P it uxve.exw. and u x 2 are all detined then either

wxtx=w or x> is defined in P

. 3 _ .
Observe that if ¢ = ¢| for some .3 € B and ¢; € R then it follows from
Lemma 15 that [e. ] = 2. Since ¢ has cyclic centralizer in G it follows that ¢ = &
which is possible onlv it ¢y = ¢*'. Also. if & € B is infinite then ¢ 2 G for anv
. 1 :
¢ € Re. Otherwise [¢™. ] = 7 and since C(e) is evelie generated by o then o € 2 -
contradiction.
[t is easv to see that any element p € P has manv representations as g « o « b,
where g . h € G.e € Re-.arv € B. Let us fix the representation for evervy p € Pop =
9 V1 I
(8] * -
gp * p” x hy. where g, h, € G.c, € Re-.ovyy € B
Claim. Let p= g, xp” «h,.q = g, *x cq" = h, € . where a,.a, are infinite and
yxq & P. Then e, = =8 and h, * ¢, belongs to the evelic subgroup generated by o,
[ I P q p .l[ . ~ = . Fe

Since p * ¢ € IP then there exists o+ € P such that p* g = r. Therefore.

(gp * 5P % hy) = (g =gt xhy) = g x 7"« h,

or in other words

(gp % 37 % hp) % (gy * 20 x hy) = (h' « ¢
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Thus we have

(gp * (';:" * !/[)‘1) * (g, * hp) * (g * (-:;" * h,,) * (h;l * 0 "k .(/A_'l) = -,

-1
p G o, -1 -1 -1 -1 0 -1y
(32)% *(gpxhy*xge=cyiegr «h, xg ) x(gyehyxgyxhy)«(h " xc " xg ") = -

1 -
Npadp g g chp e -1 e
((;p)’p *(,ql)‘h p *9p *(gp*hp*gq*hq)*(h * ¢ FF

N
r r * Y, )=z

and finally

-1 e R S NS
SpY gy thy ey —agyhoehy eqr ey egy -1 S
((p")" *((q')' Pt (o M)t e e e (g e hy x gk hy e h vt = 2

Since (¢ satisties the exponentiation axiom (E2) we can rewrite the lefr-hand side
of the expression above as
1

-1 S -t PR B 1
Cagrtengte o el Rk teqr Y en st - _
((\;I’p )np & (({;l P *9p ) ty *((' ; ) ety *qq p *Up )"iz * (gp*}l,,*f]q*hq « hr *q;

!

) =<

By the assumption. G satisfies the stabilizing condition. so by Lemma 17, G is

a WBP-group. Hence, by Lemma 18, there exists a natural munber r > 0 such that

-1 R U B _ hlupg=tap=log-t B _ ,
(C‘g” )A*((\:;,, hyleq, )"l*(((.ll)hz hy eq;  sh, " eq, )n*(!]p*hp*!]q*hq“‘ /lrl*(]rl) £z

-1 -1 ~1 -1
o ¢, -h -
for all natural & rm.n > r unless one of the commutators [cp? .cg? ™® "7 |,

O S | -1
ch;te _ B T B e S . ot . .
[ng p s ef? Yhrehy gy ehy ey | is trivial or either 3 is conjugate to
1 -1 g -1 1 - - - -

94 -hp “9p (('; 1 )hzth'l 1'9., l.hp l'.’]p 1

-1 -1 -
«h by . .
CZ" PP or q is conjugate to

But then it also holds for any ap. aq.a; > r. Indeed. we can obtain

-1 -l p=-1_ -1 R A S B |
(95 ) (cgn ket em Y (ot yhetha tran ke s s (g b e g, e hy b gl
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from

i -1

2ol o SR DN BN _ hVeg b eh s bags b0 B
(¢r )..L o ((Ya thpman g2y ((c l)h; hy =g podn ) (.(Ip - hp * (g * hq « hr «g.

P « I
. . ) ltp-—'.fl\' y ~2m -lyar-2n . 1 1 :
~ ! SO ¢ . « ¢ . N | ¢ ¢
by inserting o, v and (¢ ') without cancellation. using the fact that
cp.cq and ¢ are evelically reduced (here we assumne inplicitly all a,.0,. 0, to be
positive. but this does not restrict the arguiment because one can alwavs consider
1

o, instead of ¢, where y € {p.q.r}).

-1 S B -1 -1 Sl

. Gp = - . Gq *hp g . . _ q g ek, ey,

a) Suppose ¢ s conjugate to ¢ 7 " Cthatis. f ol ae)? o« f = T
for some f € G. Then. since ¢p.cq € R it can happen only if ¢, = "q:l and

gq’l * hl';l * q’;‘l « feq, = (:‘7 ke Z.

If hy,*g, € (cp;. then we proved the claim.

It h,«qg, & (cp). then by the stabilizing condition there exists an integer N such
that for all A A = NV we have

vy -k
o «h,.

‘

srp —ky Ky K2 .
Gp = 5" o (e *hp«gqx(p)orl

[t means that in order to maintain

p ( o, . -1 -ery -
(gptrp'*hp)*(gq*(q'*h,,)*(hr y *q,

the following conditions have to be satisfied: ¢, = ¢Z' h, « h;' = % ky € 7 and

p

oy — g is infinite. So we have
Ke g - +ky -1y _ -
(gp*rp”*hp)*(gq*(," z *xgo ) =z,

2

But by our assumption h, * g, € (cp) and by the stabilizing condition the product

above can not be trivial - contradiction.
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-1 -1 -1 .
g, «h . . - ehT e lah ey}
b) If r*,f‘ LTS conjugate to (¢ ‘)"x ha " way chp " eap

; then in the same wav as

above we get ¢, = 2!, Considering

2 oy, -1 -0 -1, _ .
(!]I,*(’I)p*hp)*(-(]q:k(‘q'*h,’)*(hl, 0 Mg ) =

we can conclude from the stabilizing condition thar ecither h, « h7' ¢ () and

I

. - wee have o0 — 21 . -1 _ ko . g
automatically we have ¢, = ¢! hy x g, € {ep). or hg* b = ) and we have

& g~y -k -1y _ -
(gp * P xhy) x(ggx '™ T xg ) = 1

so again this can happen only if ¢, = r,,:‘. hp * g, € (c)).

S R
. . e *h eq, - ehVeg ten  Vag, ! -
¢) Now suppose cither [eg? 72 " (eptyhechaTeae b T ) <

= - or
-1 0= 1 h> 1 . -1 A
i et e 0 ) = 2 [ the former case we obtain
(e ]
—lyheeh ! .
e (e e =
. ) B -l . _
and it follows that (.',f’ = (c;hPethd 50 cq = £t because ¢, ¢, € Re. Moreover.
[h, * hq". ¢,] = 2. s0 we have h, * hq‘l = ¢i'. Therefore

a—0r— -1 .
(_(]', * (-;:P * hp) * (.’Iq * (_‘:;l ar-m gl = s

and using the same argument as above we get ¢, = 7" and hy, = g, belongs to the
i tl 1 reument as above we get Uand / belonegs to th

cyvelie subgroup generated by .
The same observations work in the latter case. that is when

AR
p -9 =

z. Here we get ¢, = ¢! and h, = g, =

p , immediately.

Now we are in the position to complete the proof of 2). We have the following

cases:

1) All elements in the set £ = {a,.a,.q,.a.} are infinite.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



73

Then by the claim ¢, = ¢, = ¢,. = . and h,qg,. h,q,. h,.h. belong to the cvelic
subgroup generated by . In this case vew € P.

2) Precizely one element in E is finite.

Then in the sequence w. e, w. = we have a subsequence a.b.c in which either a. b
or h. e satisfv the condition in 1). In this case obviously abe € P.

3) Precisely two elements in £ are finite.

Then in the sequence u. . w. = we have either a subsequence a b e in which a.h
or b, e satisfv the condition in 1) or a subsequence a.h. ¢ in which exactly b satisties

the condition in 1). In both cases abe € P. This proves the proposition.

11.2 Non-standard extension of centralizers

We continue to use notations from the previous section.

Let G < CDR(Z[H . X)) be a group such that for anv g € (7 its evelically reduced
fortn also belongs to ;. Let A" be a subset of GG containing all elements « € G such
that Ce;(w) =~ Z and let C be some fixed RC-set of A'. Observe that C Z G.

Let's ix G and C for the rest of this subsection.

By Proposition 2 if G satisfies the stabilizing condition (S) and the axiom of

exponentiation (E2) then the subset

P={g+u"+h|lgheGueC.aecZt]"} CCDRZ[t.X)

forms a pregroup with respect to the partial multiplication = restricted to

Dp={(pq)e PxP|pxqe P} C PxP.

Theorem 27 Let G satisfy the stabilizing condition (S) with respect to the length

function induced from CDR(Z[t]*. .X) and ariom (E2). Then the set P generates a
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subgroup (PY in CDR(Z[t]". X)) which 1s isomorphie to U( D).

Remark 2 Recall that U(P) s a umvcersal group of a pregroup P. In the proof we
refer to any tuple y = (yy.. ... yn) € P as a P-sequence and we call y reduced of

Yo € P forie{l.n—1].

Proof. Since all elements of P can be viewed as infinite words. that is. there
exists an embedding ¢ : P — CDR(Z[t]". X). we can define a map o : ['(P) —
CDR(Z[t]7..X) as a unique extension of ¢ (by the categorical property of a universal
agroup of a pregroup). In other words. if we have y € [7( ) which can be viewed as
a P-sequence y = (yy.. ... Yn) € P then

Y =yie o x i
where we identifv y, with its image " in CDR(Z[t] . \).

Claim 1. Let y = (y;..... yn) be an arbitrary P-sequence. Then the product

D __
Y- =N *... %Yy

ix defined in CDR(Z[H ™. X).

We use induction on the length of a y. Observe that we can assume y to be
reduced. because if y,y,., € P. then their product is defined in R(Z{t]. X') and we
can consider a new P-sequence y' = (y;..... Y yetennn yn). Therefore. we have all
«y, infinite (not in Z).

a)hk =2

We have y; = yo = (g * 7' * hy) * (g2 * 3% = hy). Since all ¢, € CR(Z[t]”. X).
using the stabilizing condition we can find a narural number r such that for all

ny.my.m». ns>>r

Yy * Yy = ((]l * (_rlnl ) o (.’!‘1—m1-n1 o (Crln * hl * g * (..')n.-) o (._'-)‘:-nlg—rl_* o ((.f,l: * hg).
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Indeed. cither ¢ # e or ep = 5t [hga. o] # 2. We also use the fact that G is a

group and fnite powers of ¢y. ¢, are elements from G. so the products gy ="' o'«

hy % gy =32 el = hy are defined.
b) Suppose we proved the claim for all Re-sequences of the length n = p — 1.

Consider y = (yy..... yp). By induction yy x ... x y,_ is defined. Morcover. there

exists a natural number ry such that

T *!]p.-l — ((11 *(f'lnl)o('(ln-m‘_"l o({,rlll *hl *!I-_:*"?J)O“-
Np_2 R T Npo =M, gy M-
c(rp*__, thp;_, K Gp1 *Cpl) )O¢p_l o((p_l *h,, 1)

for all m,.n, >rp0 € {l.p - 1.

By induction the product y, -y * y, is also defined and there exists o natural

nuimber r» such that

_ My Ny =M —Npoy Np -1 m Np o —ng, g
Yp-1*Yp = (f/p-l LIPS )o‘p~1 O("p \ *hp—l"‘.’lp*(pp)o'p‘ P (’,,’ “/’p)

for all m,_.n,_y.mp.n, > ra In fact we can choose r, to be such that

>

_np__' _ .n,,-_ ."l,,‘l
(’rp._-g * hp—'.‘) *UYp_1 *Yp = ((p_'_’ * hp ¥ Ypo KOy )

gy — M=y,
el p-i—Mpo1_
Olp—l -

PR Jnp Srp =M, =g np
Cp *hp-—l*gp*(-p )O(-p O(l.p *]Ip).

for all np_o. mp_ np_ymp.ng > ra.

Now. if we take r = max{r;.r2}. then for all m,.n, > r we have

yr*.oxy, = (grecl)ocT T T o (et xhy x gy x Yo

Mp-1 Jm Sp—MMp—n n
co {2y whpy x gy x cpiP) o rT P TP o ()P k).
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which proves Claim 1.
Claim 2. The set P generates a subgroup H = (P) in CDR(Z[t]". \).
Let y = (uy..... yn) and =z = (z1..... ) be two P-sequences. We have to show

that (yz)° = y° = z° that is

Jr* ..ok ynxIp k. xS = (Y ko kyn) x (3 % x )

Since by Claim 1 the left part of the required equality is defined in R(Z[t]~. \).
then by Theorem 24 the right part is also defined and required equality is true.

Finallv for anv P-sequence y = (y,..... yn) its inverse is y ' = (y ... .. l/l")
which is a P-sequence and by Claim 1.y, ' « ...« yl“ is defined in R(Z{t~. X).
Bv previous considerations we have (yy=')° = = = y° = (1) and we can conclude
that 4 = (P) in CDR(Z[t]*. X).

To show that H is isomorpliic to U(P) we follow the constriction of the universal
group U7(P) described above,

Let y = (y1..... Yy, ) be a reduced P-sequence. [t satisties the following condition
foranv 1 <i<n-—1:

1) if n > 1 then all n, are infinite. where y, = g, * ¢7* * h,:

ify, =g xc xh oy = Gt * (‘:’L*l' * h,., then either ¢, # ('i’l or ¢, = rffl
and [, (h, * g,01)] # =

The following claimn follows directly from definitions.

Claim 3. Let r.y be reduced P-sequences. If r ~ y then r° = y°.

Combining Claim 2 and Claim 3 we see¢ that
o:U(P)—H

is a group homomorphism.

Claim 4. o is onto.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



To prove this one needs to show that for every P-sequence y there exists a
reduced P-sequence z such that y ~ z. This is obvious. since if y,y, .y 1s detined in
P then replacing the pair of components y,. i, ., by one component y,y,., we have
a new (shorter) sequence with fewer reductions than it in y. And the result follows
by induction.

Claim 5. o is one-to-one.

Indeed. we need to show that if y. = are reduced P-sequences such that g2 = 2?2

then y ~ z. To this end. we prove first that for anv P-sequence y rhere exists a

unique P-sequence u = (uy.. ... i) such that y ~ v and
w? = o0,
Let y = (yy..... Um) be anv reduced P-sequence. Since g is reduced we have

y=A{gq*xct whygeecelt «hoo . Gon * 0™ by )
where g,.h, € GG and o, € Z[t] are infinite. Thus.
Lo R Ka B . RN
y =f0*(rln*fl*('.! *“'*-{I'”-l*(r:l * Jn-

where fo =g fi=h xg.i€[l.m =1} fin = ho.

Now. using the fact that G satisfies the stabilizing condition we rewrite 4~ in
the unique wav and then find fromm the obtained representation a new reduced P-
sequence u such that u ~ y and u® = y°.

In the same wav as in Claim 1. using the stabilizing condition in GG we can

rewrite y° in the following way

Y> =wooc,' owy 0, 0 -0l O O Wy
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04

k, P -
where wy = fox ' wy, = ch,;" * fopouy =) % f * ({),,l'. ~ =a, —p,— k.o €[L.m].

Observe that this representation of y? is not unique and we proceed as follows.
If wy contains an exponent of ¢; as a terminal segment and w) o ¢5* contains an
exponent of ¢ as an initial segment then we adjoin these exponents to ¢;'. Observe

that these exponents are finite because of the stabilizing condition. Thus we obtain

o
d

DT O Oy OO O Uy,

3

B 7 . ”
Yy =ugocy ou o«

+ . AN .
where ', does not have (-1‘1 as a terminal segment and «”) o ¢, * does not contain

cE as an initial segment. That is. .4, is uniguely defined.
Then. if «”, contains an exponent of ¢, as a terminal sesment and w, o o)

contains an exponent of ¢, as an initial cegment then we adjoin these exponents to

’
d

e, % Again. by the stabilizing condition rhese exponents can be oulv tinite. Thus

we obtain

m

QO Wy OO,

3 ~ 1
2 DUy

Y ' S ’
Y- =wogoc, oupoc

where w’; does not have ¢! as a terminal segment and «”y o ¢ does not contain

1

<

3 as an initial seginent. That is. 4, is also uniquely defined.
\Ve continue in the same wav with ail the other infinite exponents in y~.

Finally we obtain

’ 3 7 3 ’ 3 ’
y>=uwpocrtou'y oy o-rou’ _yoemouty,.

which is a unique representation of y°.
Now. let

’ .3y ! .
u=(wpoc, ou,.c

Observe that u is reduced and u ~ y by the construction.
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To compilete the proof of Claim 5 we take two P-sequences y. = such that y2 =
:?. By previous considerations there are normal P-sequences w. w such that 4 ~
. z ~ w. Due to uniqueness of normal forms and fact that «? = w? we have v = .

This proves the Claim 5 and the Theorem.

B

Remark 3 While proving Claim 5 in the theorem above we showed that for any re -
duced P-sequence y = (yy... .. Ym) one can find the unique P-sequence y' = (/... ..
Y') such that y ~ " and (4 ' )7 = (Y )2 oy )2 L <i<m—1. Weeally a
normal sequence for y.

Observe that from the proof abore and the stabiizing condition ot follows that any
element g € H has a unique representation as an infinete word wheh comes from

the corresponding normal sequence for g in U(P)

— S A S S
!I~!flo(l u_(]-:O(: O'.":‘(m"*qm~l'

where ¢,. g, € G. o,

M

ZIt]T are mfimite. We call such unique representation a
unique reduced form of g.

We will use thes fact in Sectron 14 after we construct an embeddimg of F=' into
mpinite words. Then in Section 15 we summarize different types of representat:on

for elements of F=" and the ways to obtain them.
Now we describe the algebraic structure of the group H = {P).

Definition 24 Let us enumerate all elements of C so that C = {c, | i € [}. Let

S ={s,,liel.jeN}. Then we define

G(C.S) =(G.SHews )l =[50k, =1 i€ l.(j. ke N))

Theorem 28 (P) ~ G(C.S).
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Proof. We define a map o : P — G(C.5). by

Ke) 2 dan An-t ay a0
G ¥ * hz - !]l'”x,'rll"x.n—l S0 h,.
where a = a,t" + (1,,,,1f”'l + -« 4+ af + ay. Since H = Lpr). })_\’ the universal
property o extends to a homomorphism v H — G(C.S) and this homomorphism
is unique.
Claim. o' is bijective.

Take any reduced P-sequence
y=(gqr e «hy goxci?«ho . Gm = O hyy ).

Due to the definition of a reduced sequence and the fact that in anv o, = a,,t" +
ap 7+ ay b+ ag, we have not all ag, equal to zeroo w(y) # 1 by 135]0 Also
since G(C. S) is generated by GUS then o ( P) generates G(C.S) and o is surjective.
O

Observe that any element of G(C'.S) has a representation (not unigne) as an
element of HNN-extension. But also the isomorphism constructed in Theorem 244
tnakes it possible to introduce unique normal forms in the following wayv. Let w €
G(C.S). Then w = y* for some y € U(P) and o : U(P) — G(C.S) is the

isomorphism from Theorem 24. So we have

(trn

y = ((]1 * (‘Tl * /ll._(]-_g * ('g': * h‘.} ----- m * Cpp” * h'")

and
w = glfly'.’f". e grrzfmgm~&-l'
where
a a - (LY Q,, '
f‘ = sz.ertn'"l.lr.ln— ll o "‘1,11(“1 ’ 'dﬂ(l 9. € C"

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7
—

We sav that o is in the normal form if y is a normal P-sequence. Observe that
the normal form for any element from G(C.5) can be computed directly (without
its preimage in U(P)) using the stabilizing condition in the same way as for normal

sequences.
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12 Regular free length functions on extensions of
centralizers

Let G be a subgroup of CDR(Z[t]”. X) such that the length function on G induced
from CDR(Z[t]". X) is regular and we assume that the stabilizing condition (S)
holds in G together with the exponentiation axiom (E2) with respect to Z[t] 7. Let
C and P be defined as in the previous section. Then. as we have shown above.
the universal group U(P). which is isomorphic to the extension of all evelic cen-
tralizers of ¢ by free abelian groups of infinite rank. is naturally embeddable into
CDR(Z[t] 7. X) by means of the map o : U(P) — CDR(Z[t]". X). constructed in
Theorem 27, Hence. there exists a length function on {7( ). which is induced from
CDR(Zt]". X). In this section we show that this length function is regular and
computable.

At first we show how one can compute a length of anv element in ().

Take anv reduced P-sequence y" and let y be a normal sequence such that ¢ ~ i,

Then we set |y} = |y| and define |y| as follows. We have

[
o)
2
~

7
o
=

y = (9o O('?' o gl.r'g

where ¢,.¢, € G and a, € Z[t]” are infinite. We want to express |yl in terms of
g . [e:] and a.

Since y is normal. we have

e

X2
'ogrociiogro---0 ™ O gy

y? =goory

and

1443 n
wl =) " lal + D e

=0 =1
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Finallv. we have

=D lad+D_ lellonl.

=0 1=1

That is. the length of y is the length of its unique reduced form in CDR(Z[#H . X).

Now we can compute the length of elements from G(C. S) in the same wayv using,
the fact that G(C.8S) is isomorphic to U(P). Indeed. we set the length of anv
r € G(C.S) to be the length of its preimage y € () under the isomorphism
between G(C. S) and U( ). Since to compute the length of y we have to obtain the
normal sequence which corresponds to y. it means that we can compute the length
of r via the normal form for r.

Let r € G(C.S)

-
il
(1
=
t:
v
=
to
e

3. hm:mhnu-l-

bin \”-'14! by b

where by = 75" -5 e and 2, € G Suppose

!]lfl.’/.‘f.’!]l! s .’]mfm!/m -1

fen din-1 R ST

where f, = 5" "~ "7 -5V e and g, € GLois the normal form for r. Then we

have the following formula:

m+1 m
lr| = Z lg.| + Z et . a0y ... o, ) led.
=1 t=1

Thus. if we are given anyv reduced P-sequence or HN N-extension representation
of an element from () then we can compute its length effectively.

Now. take two elements r.y € U(P). Then. we have r° = 2 or.y° = 2" o y,.
where {(2') = d(r.y). To prove regularity of length function induced on U(F) from

CDR(Z[t]*. X) we have to show that there exists = € U(P) such that = = 2"

~
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By Remark 3 we have

> =hgocftohyoci:ohyo- -0 oh,,.

where h,.c, € G. o, € Z[t]" and «, are infinite.

!

An initial subword 2’ of r? in general has the following form

"
F=hgo...oc oo ly.
where either A’y = =, | 3] < |ak] and ¢/, is an initial segment of ex.or ¢y = 209 = ay

and A’y is an initial segment of hg. In the former case let = € U7( ) be defined as

’ » .i
= (hyorl  hyodci* .. .. hi 12 o c'y)

and in the latter case we set

z=(hgoct hyocyr ... hi_y oy o h'y).

Observe that in both. =z is indeed a reduced sequence from U(P) because 'y h'y €
G. 3 € Z[t]". Also. it is easy to see that z° = 2'. Hence. U(P) has a regular length

function induced from CDR(Z[H]™. X).
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13 Embedding F?" into CDR(Z[t]". X)

In this section we realize constructively the formal description of F=! suggested
bv Lyvndon [31]. In his initial detinition Lyndon started with a free group F.X)
and went on adding formal exponents from Z[t]. identifving some of these formal
expressions to get a group. We show below that precisely this method can be realized
using infinite Z[¢]* -words.

We start by recalling the description of FZ as the union of some chain of
extensions of centralizers (see Section 5.3). For a group ¢ choose a set § = {(, |
1 € [} of representatives of conjugacy classes of cvelic centralizers in (. e every
cvelie centralizer in G is conjugate to one from S. and no two centralizers from S
are conjugate. Then the HNN-extension

H=(G¢t, ovsh | t,u])={,tx]=1(u,eCor el ) heliy,

| —

ix terimed an ertension of all cyclie centralizers in G (here u, is a generator of 7)),

Let F be a free non-abelian group. We obtain the group F=' as union of the
following infinite chain of groups:
F:("‘l<CI'-_»<...<(I',,...<.... (H)

where G, is obtained from G, by extension of all cvelic centralizers in G ,.

In Subsection 11.2 we showed that if G is a subgroup of CDR(Z[t]*. X') and the
stabilizing condition holds in G together with the exponentiation axiom (E2) then
a group obtained from G by extension of all cvelic centralizers is also a subgroup of
CDR(Z[t]". X). Thus we can use this fact by induction on n in the series above.

To be able to apply the induction we need to show now that the free group F

satisfies the stabilizing condition and the exponentiation axiom (E2) with respect
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to Z[#] .
Lemma 19 A frre group F satisfies the stabihizeng condition (S).
Proof. We start with rhe following known result.

Lemma 20 /47 Let vouw € F be cyclically reduced and not proper powers. If o™

and ™. m.n >0 have common mtial seqment of length e} + L] then v = .

Now we prove the stabilizing condition (S). Observe that we can assume ¢ and

i to be evelically reduced. Indeed. suppose ¢ =c ' oryocow =d ' 5wy >d. then

Torioe)gld touyod)™ = (¢ o vy o cgld Vot = d)

Pgu™ = (e !

so finally we have

tgue™ = et leg(d T e d

and if (S) holds for the triple (¢y. cgd =" ury) then it holds for the tripie (. g.w).

a) Consider the case when ¢ is not conjugate to w>'. Assume that (S) condition
breaks on the triple (¢, g. w). Without loss of generality we can assume that (S) is
not et for a triple (e, ¢g.w) such that g™ = go u™. |g| < |¢].

Now if lg} = |¢] then for sufficientlyv large numbers n.om elemenis 7" ™ have
cominon initial segment of length greater than |¢| + |w|. Therefore. by Lemma 20.
v = uw or v = w'. This is a contradiction with our assumption.

Let |9l < |}, Without loss of generality we can consider the case m.n > ().
1

Then ¢ = ¢y 0 g7! and elements (7' o )" and «™ have common initial segment of

length greater than || + |w| for reasonably large n.m. By Lemma 20. v s g = w.

thus ¢ and w™!

are conjugates - a contradiction.
b) Let 1 # ¢ = w.[g.v] # | and condition (S) breaks on the triple (. g.¢). As

before we can assume g™ = go ™. |g| < |v]. Besides. let the numbers m.n be of
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by

the same sign (for example n.m > 0). In this case ¢ = o g7 ! and for sufficiently
large n.m elements (07 o)™ and ™ have common initial segment of length greater

V=gl thus v = 1 - contradiction.

than 2{rf. By Lemma 20, ¢y 0 g~
If numbers n.m are of opposite signs we have the equality ¢y o g = g o .
Theretore [g. 1] = 1 and the element ¢ is a proper power - contradiction with the

choice of .

(J

Now we check the axiom of exponentiation (E2) for any ¢, in the series (6).

Lemma 21 Any G, 10 the seres (6) satisfies the erponentiation ariom (E2) with

respect to Z[H .

Proof. We show that (u™ e ren)™ = - bee”wuforanv e = G, and o € Zt .
Observe. that for anyv element r € (, its centralizer is either cvelic or 18 isomor-
4 - -
phic to Zjt] -

If {. ] = = then v and ¢ belong to the same centradizer. that is u = u”. ¢ = w”
for some w € G, 1.0, % € Z[t]". So by definition of exponentiation we have (E2) for
the pair (1. r) automatically.

Suppose [n. 1] # z. Because of the definition of exponentiation we can assume ¢

to be evelically reduced. We can also assume that o does not have an initial segment

wy commmmuting with ¢ because in this case by observation above we have

-1

(0w xu)” = (0 b xew ).

e e w = w0

where u = w, o u.
Since ¢ is cvelically reduced we have either u '« r=ulovor e xu = rou

Suppose the latter. Due to assumptions made above ¢ does not cancel completely
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inu 'x(rou). Sowehave u = vyous. v = tyory and u 'x(rou) = 11._._l OO O L.
Notice that 0y is cvelically reduced because ¢ = ¢y 2 ) 1s. Now. by definition of

exponentiation we have

1

(™' we e ) = o {re o) o,

and by Lemma 13 we have

-1 (o] I

woox e e = (uy

t

ovl“l) x(rpor))" () ouy) = u._.’l (o))" w o,

To complete the proof observe that

;e (s o )t w s = 0,

Vo (g o))" 2.
C

Lemma 21 means automatically that F has axiom (E2) and now we have a base
of induction.

Once the base of induction is established. we can apply the results of Subsec-
tion 11.2 to carrv out the embedding of F" into CDR(Z[t]". X). Indeed. we
mav assume by induction that the group G, (from the chain (6)) is embedded inte
CDR(Z{t]~. X) and satisties the stabilizing condition with respect to the length
function induced from CDR(Z[t]*. .X) and also has the exponentiation axiom (E2).
Then by Theorems 27 and 28 the group G,.; is embeddable into CDR(Z{t]~. .X).
To complete the induction step we need ouly to prove that G,., also satisties the
stabilizing condition and the exponentiation axiom (E2). We have (E2) in &,.; by

Lemma 21 so let us prove the stabilizing condition.

Lemma 22 G,., satisfies the stabidizing condition (S) with respect to the length

function induced from CDR(Z[t]*. X).
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Proof. In the proof we need the following result. which is a generalizarion in
some sense of Lemma 20.

Claim. Let . € G, be cvelically reduced with cvelie centralizers and not
proper powers. If ™ and w”.m.n > 0 have common initial segment of length
[e] + |u| then ¢ = w.

k

Without loss of generality we can assume jw| > {e|. Then we have w = % o

wy el > Juyl A 2 1 and ¢ = w0 . Observe also that since A > 1 and w starrs

with the power * then » has ry as an initial segment. On the other hand ¢ has
uy as a terminal segment. So we have ¢ = wy oy = ¢y oy and it follows that
[wy. ] =z and we have [y, r] = = immediately. Then. since w = % = w0 we have
(. w] = 7. 50 thev belong to the same centralizer and by our assumption ¢ and w are

finite powers of the same element. But the only possibility is that ¢ = w - otherwise
a contradiction with assumprions of the Claim.

Now we can conduct exactly the same argument as in Lemimea 19 using the Claim
above instead of Letnima 20 wherever necessary.

=

The induction step is complete and an embedding of F=" into CDR(Z{# . X)

is cousirncted.
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14 Conjugacy and power problems in F Zlt]

In this section we applv techniques of infinite A-words for solving conjugacy and
power problems in F~" .
N . N . - . .
We fix embedding of F-" into CDRIZ[t]". X') constructed in the previous sec-

lod

as infinite Z[H "-words.

i

tion. Now we can view elements from F
I) Conjugacy problem - given two elements f.g € F~' we need to find an
algorithin which decides if there exists r € F7% such that = fr = ¢,
Obviously. it is enough to solve conjugacy problemn for the case when f and ¢

are cyvclically reduced.

Lemma 23 Let f.g € F=' be cycheally reduced and w € F' such that w™' « f «

w=gq. Then |f| = lgl|.

Proof. Since f is evelicallv reduced in w7V e fur we have either e f = wtof
or fxw = fouw. Assume the first. Also since g is evelicallv reduced then u cancels
completely in w=' « fxuw. Then jg| = |w "t fxuw| =|uw]+{fl = lw] =1f].

J
Lemma 24 Let f.g € FH". f # g be cyclically reduced and w € F~" be such that
w=lsx fxw =g. Then uw = wyoh. where [wy. f] = z.|h| < |f] and g 1s a cycle

permutation of f.

Proof. We can present w in the following form «w = wy o h. where wy belongs
to the centralizer of f and h does not contain as an initial segment anyv element
comnmuting with f. Thus we have to show that |h| < |[f| and h™' « f x h = ¢. which
means automaticallv. that ¢ is a cvelic permutation of f.

Suppose on the contrary |hl > | fl. Since f is cvclically reduced we have either

h™ '« f=h"1o for fxh= foh Assume the former. Then we have

v 'sfruw=(h"tof)«h
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and h has to cancel completely in (h='o f) « h. Thus we have that b has f7! as an
initial seement - contradiction. which proves the lemma.
.

From previous lemmas it follows that two evelically reduced elements from F=°
are conjugate if and only if they have the same length and. moreover. thev are cvelic
pertutations of each other. So. to check if two elements from F=" are conjugate
we have to compare their cvelic permutations. But unlike free groups. there are
infinitelv many cvelic permutations of an element in F=1. Thus we have to reduce
the nummber of checks somehow.

Let f.q € F™" be cvelically reduced. Then there exist natural munbers ny.on, >
0 such that fe G, ., but f& G, .andge G,y but g € G,,.

From the proot of Theorem 27 and from Remark 3 it follows that f and ¢ have

unique reduced torms

f=hoel'ofao. ..ol fio.
where f.r, € G, .0, € Z[t]* and
) 3
g=gqioui'ogro...ou ogi,.

where g,.u, € G,,,..3, € Z[t}".
Suppose r; < no. [t is easv to see that since f € (;,,. it can not be some cvelic
1 2 A 2 .
permutation of g because f does not contain infinite exponents of elements from
Go.. Because of the samne reason g can not be conjugate to f if ny > ..
12 o I 2

Thus. if f is conjugate to g then n; = n..

Lemma 25 Let f.g € G,.\. f.9 & G, be cyclically reduced. Suppose f and g hare

unique reduced forms

f=t{"ofio...ov* o fi.
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where fi does not have ¢! as a termunal segment and

1

3 3
g=qrouy'ogro...ou og.y.

Then from f = gt follows that l = k.gy = 1l.g, = f, .0 € 20+ L., =r,.0, =

3,05 € [L.1].

Proof. If u, # vy then from the stabilizing condition g ' « f can not be cancelled
completely. So u; = ¢y and [g;.1y] = 1 which is impossible because otherwise
g1 = uf - contradiction. Thus gy =1

Now we can cancel out initial uf' in f and ¢ if || < 3] or u‘l’l if | 4] < logd.
If v, # .3 in both cases we get a contradiction with the assumption that f and g
are given as unique reduced forms. So oy = 3; and we can proceed by induction on
the number of svllables.

O

Finally. suppose f.g € G, .. f.g € G,, are cvclically reduced and have unigue
reduced forms

f=v"ofio...ovy* o fi.

where f,.v, € G,.o, € Z[t]*. fi does not have ¢! as a terminal segment. and
! 3
g=giou'ogao...ou oqu.,.

where g,.u, € G,..3, € Z[t]". Without loss of generality we can assume such a formn
of f - we can obtain it using cvclic permutations.
If fis a conjugate of g then it is a cvclic permutation of g. But by Lemina 25

this cyelic permutation of g has to be of a particular type

. 3 3 .
g(_,):uj’ogjqo...og“loglonl‘o...ouJ_l oy,
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otherwise it can not be equal to f. There is only a finite number of such permutations
and |g] = [g())| for anv j € [L.1].

To decide if f is conjugate to g we check it f = g(y) for some ; € [L.1].

II) Power problem - given g € F~*. we need to find an algorithin which decides
if there exists a natural number n such that ¢ = f*. f € F~*.

Let g € Gyoy \ (. We can assume ¢ to be evelically reduced. We have a unique
reduced form

3 3
g=g1ouy 0gso...0u 0Qg ..

where g,.u, € G,. .4, € Z[t]” and we have that [ > 1.5, # 0.

Consider the case [ = 1. If gy # | then g isn't a power unless gy is a power of
iy which is impossible. Now let g = uf‘ - if ) is a multiple of some ~ then ¢ is
a power otherwise it is not. So. evervthing reduces in this case to computations in
free abelian group of finite rank. where we can check easily it an element is a proper
power.,

Now suppose [ > 1. We take all divisors of [ - the number of svllables in g,
Theyv form a finite set D. Consider initial subwords s, of ¢ defined as follows: s, :
[l.a,] — X*=. where a, = |g|/d,.d, € D such that we can divide |g] coordinatewise
bv d,. Since D is finite then the number of s, defined above is also finite. For each
s, we check if ¢ = 5, 0--- 05, where the product of s, is taken o, rimes. If it is for
some ¢ then g is a proper power. otherwise it is not. This follows from the tact that
we have a regular length function on F=t

Thus. the procedure described above can effectively determine if anv given ele-

AT . ot
ment from F% is a proper power in F=t,
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15 Reduced forms for elements in FZl!

In this section we summarize the material of Sections 11 14 by recalling the
construction of F=" and wavs of presenting its elements as reduced infinite words.

The corresponding notation is introduced which will be used in the next sections.

15.1 Lyndon’s free Z[t]-group
Recall the construction of FZ! We obtain the group F™" as union of the following
infinite chain of groups:

[::(l'()<('v[<...< l'”...‘:.... ()

where (. is obtained from G, by extension of all cvelie centralizers in G/, In (.
we choose A to be a subset of (7, containing all elements with cvelie centralizers
and U, to be some fixed RC-set of A (see Subsection 11.2). Recall that {7, satisties
the following conditions:

1) U, does not contain proper powers:

2) foranv u.v € U,. u# v~ 4

3) for anv u # v € [, the elements u*!. = are not conjugate:

4) anv u € U, is cvelically reduced.

5) foreach u € K (Ce;, (1) is cyclic) there exist 1 € U,k € Z.c € CDR(Z[t}". X).

and a cvclic permutation 7(¢) of ¢ such that

moreover. such ¢.c. k. 7(v) are unique.
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Eventually. to obtain G,. from G, we extend centralizers of all elements from
[, (thus. all evelie centralizers are extended automatically as well).

Of course. the existence of an embedding of FZ into the set of infinite words im-
plies antomatically the fact that all subgroups of F=* also belong to CDRIZ[t] . X,
that is. their elements can be viewed as infinite words. From now on we assume the
embedding p : F* —~ CDR(Z[t]". X) to be fixed. Moreover. for simplicity we
identifv F=!" with its itnage p(F>1).

We introduce an order on each U,. At first. consider © € U,. There exists an
infinite subset A (') C U, such that for anv « € K, (¢) one has jul = e, In fact
N(u) = KN (v)if u.e € U, and |u| = |r]. Thus there exist elements nj. .. .. [T 3

U, such that
U= R,
!

By Zorn's Lemma we can assume A, (u)). ) € N to be well-ordered nnder some

order >,. Let w. e € U, then

lu| > |}

w > e iff or

Jul = |v] but u >, . where u. v € K, (u}) tor some 1}

Observe that {7, is well-ovdered under > and this order induces an order on

U= U L,

- if u. v € U, then we compare them using the order defined on U, and it w e U ¢ €

U, then u < vif and only if 1 < j.
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Further we will need the definition of abelian height for elements from Z{#] -.

Recall that Z[t]~ is a countable direct sum

Z[t]" = 2ot

of copies of the infinite cvelic group Z with the right lexicographic order. So for

everv element o from Z[t]* there exists a natural number n such that a belongs to

Z" = ().

n 1

Thus. we sav that an abchan height hyy(a) = n it e € 7" 7 70
Cowmpare the definition of abelian height with the detinition of a hewght given in
Section 10. Observe that it w = v € CR(Z[t]7..X) then htw) = h(u)hopion).
Finally. for the text below we make the following important assumption (see
Subsection 15.2 for all the definitions used). Let ¢ < {7, have a u-reduced form
hyow'tohso---ouroh, . where u € U',. Then we asswume this u-form to be evelically
u-reduced. This is possible because elements in any set U, can be chosen up to evelie

permntations and Lemina 23 below ensures the existence of an appropriate one.

15.2 Reduced forms

As usual. we call elements from Z[#]*\Z. nonstandard (infinite) numbers. Also the
following notation will be used - if @ € Z[t]". a > 0 is nonstandard then we write
a >> 1.

Recall that the group FZ! is a union of the infinite chain (7). In fact. to obtain
G,.., from G, we extend centralizers of elements from some special (infinite) set
U, ={u,. u,....} CG, Let I, denote the set of indices 1;.7..... of elements from

L,. Thus. any g € G,.,.9 ¢ G, has the following representation as a reduced infinite
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word:

— (A 3] oy ;
_(]—gloll”: o_(;;,o---oumo_(/,_,l, {

v 4

where np.no. ... me l.gr € G lge-tn] # Loigekar tn,] # Llag] => 1. Observe
that this representation is not unique because it is possible that for each ut o gi has

ubt as a terminal segment and g has uk as an initial segment. <o we can adjoin

[

these finite exponents of wu,, from the left and from the right to u3t to form a new

infinite word representation of the same element g:

3

g=hyouwrohyo- - ouloh.,.
! ! ny 2 ny -1
mnt 1
where e =ap + pe + e gr = hyoull gy = ut ohpyge = w2 b o ulh 1 <

A<l + 1.

Remark 4 [t s not hard to sce that there are infinitely many representations of
g n the form (8) -t as possible not only to perform the transformation described

above. that 1s. to adjorn fimite erponents to each upt from left and right. hut also to

perform inverse transformation. that 1s. to take findte erponents from each wys in

order to obtain infimitely many tuples of interleaving elements fyo.o. .. fiov-

Lemma 26 Let g € G, \G, hare two representations
g=giouj og:o---0 u;‘[' o griy-

where s, € I,.g, € G,.[g,. u,,] # L{gy 1 ] # Loyl >> Ly € [L{] and
g=h,o u;’l‘ ohyo---o0 uf" ohya.

where t, € I, hy € G, [heour ] # Llheoy o un ] # 1|5 >> Lk e[l.m]
Then
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1)1l =m:

2hu,, =u..) € .1

Proof. We have

(23

(g lou o0 "

St

. - 3
togrt)yx(hyo u‘r’l‘ ohyo---ouyohy, y)=:

Since F~" satisfies the stabilizing condition it follows that the equality above can

hold only if w,, = u,, and g;' « h, = uf:. Thus. we have

- - 3 -
(.’/l-ll ou™Mo--rogyt)x ult « (hyo---ouloh, ) =:

~ -

where py is finite. Again. by the stabilizing condition w,, = u,, and g, '«ult«h, = u*

)
3

[a}

and we can cancel (] i

2o g, ") uPt x (hy o k) into a finite exponent uf:
9 2w (hy oo 2

The required result follows by induction.
d
[t follows from the lemma above that in anv representation of ¢ as an intinite
word the number of infinite nonstandard exponents uj* in g (the nunber of svllables

in some sense) is the same. which is equal to /. This observation makes it possible

to introduce a natural characterization of anv representation of g as an l-ruple

{171l 17a)e e e |7l }. where |+] >> 1 and

g=fioutofoo--routo fi (9)

We call such a representation of g. U,-reduced if the ordered [-tuple {|~|.]|~].
oo |7l} 1s maximal with respect to the right lexicographic order among all pos-
sible representations of g.

In the proof of Theorem 27 we introduced unique reduced forms for elements

from FZ. Now. we redefine the procedure for obtaining them and show that in
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fact unique reduced forms defined in the proof of Theorem 27 coincide with -
reduced representations (in the future we will refer to a U,-reduced representation
as a U,-form).

Suppose g € G, )\G, and

g=grou, 0gao---0ouylog ..
From the stabilizing condition (S) it follows that for g, and g, there exist natural

— my ’ -

numbers py and my correspondingly such that gy = hyoull  groul? = u)t o¢’,ou:

A

does not have u:! as an

and hy does not have o}l as a terminal segment. ¢', o u;,

initial segment. Now we present g as

=houtog outo---ouMo
q =1 Up © G2 U, ’ Wy, ©91-1.

where gy = ap +pp + gy = hyoull gaouy = uy og’your. Next we take the
subword of ¢

(a7}

’ ! 2
J =92011,,0430 01U, OYi.|

and perform exactly the same procedure of maximizing ~,. The whole construction
follows by induction on {. After a finite number of steps we get

y=hlou',f“oh._)o---ou',f;ohl-[. (10)

Lemma 27 ) (10) 1s unique:
2) (10) 1s a U,-reduced form for g.

Proof. 1) Follows immediately from the constructiomn.

2) Suppose (10) is not a U -reduced form for g. that is there exists an [-tuple
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{i~1l-1~al. .. ns I=ii} such that {|~ . |~al.. ... I~} > {IAL 1l |31} and

g=fiouy ofro--rouyofiy.

From the inequalitv above it follows that there exists A, € [L.{] such that ~x =
Sl < k< L‘() and “ky ‘1“1)‘

At first we show that by = fi k € [1. kg — 1]. Assume that Ay > 1.

Observe that || < |fi] otherwise hy = fi o uy .[m| > 0.m € Z and .3 is not
maximal - contradiction (here we use the stabilizing condition by which fl“l x h, €

(un)). I [hy] < | fi] then since 3 = = it tollows that b, o w2 contains u,, as an

initial segment - contradiction with the choice of 7. Thus 1| = | fi| and hy = f;.

m

In the same way. using induction one can prove that hy = fi k€ [2. k) = 1.

The simple fact proved above shows that we can assume without loss of generality
that Ay = L. that is. ~; > 9y > 0. Again [hy| < | fi] otherwise we get a contradiction.
As above if (hy] < | fi] then since ) < =y it follows that fy 0 u',,’i contains at least
i, as an initial segment - contradiction with the choice of 3.

Thus we proved that {|.5].[.%2].. ... |3} is the maximal [-tuple with respect to

the right lexicographical order. So the representation (10) is U,-reduced for g.

d
Let g € GG, .1\G,. so it has a representation as an infinite word
g=g1ouy  0ga0--0UNO gy,
where ny.na. . ... n € I.gx € G, gk un, | # 2. [gk=1- un,] # 2. loi| >> 1. Now we fix
some n, from the list w,, . tp,..... un, of elements from U, taken to nonstandard

powers in the representation of g (it follows from Lemma 26 that this list does

not depend on particular representation of g as a reduced word). Consider now a
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representation of g in which we “mark™ only nonstandard exponents of Un,, - that is
t
E! 3
— oh. . P
g=ho W, h,o oupy © hy-y. (11)

where .3, = o, .m, € (L.0.j€l.pl.hy =g o0 gt D=0 Gy Byt = gy 100000
Gie1-Me = Qa1 2 0 gy, ,- 1 < b < po Observe that all g in general. do not
belong to G, any more. We call (11) a up, -representation or uy, -form for g.

One can prove a statement analogous to Lemma 26 for u,, -formns of g and this
means that we can associate with any siuch form a p-tuple {|3,].].%]... .. |.3,1} of

-

elements from Z[#t]. which are exponents from (11).

We call a u,, -form of g. w,, -reduced if the ordered p-ruple {U b .. 3,0}
is maximal with respect to the right lexicographic order among all possible T
representations tor g.

Suppose

A o 5
hyo oy, © fiy o R hp oy (12)

n

is a i, -form for g and g is cvelically reduced. Then obviously

! 3 % 3 .
(hyo Wy, © hyo---0 un:() ohpiy)o(h o Wy © hoo---0 ”n:" ohy,.y) (13

is an

ny,,-form of g°. So. we call (12) cyclically tn,, -reduced i (13) is w,, -reduced.

Lemma 28 Lt
hiouohyo---ouo hpit

be a u-reduced form of g € G, \\G,.u € U,. Then there crists a cyche permutation

of g such that its u-reduced form is cyclically u-reduced.

Proof. The proof is based on the following observation.

Claim. If |«] < |u] then in u® cwonu’. 1.3 > 0...3 € Z then if w o u? has u
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as an initial segment then u”™ o w can not have u as a terminal segment.

Suppose on the contrary that «u = wouy.u = wyousand u = wyow. u = wycuy at

the same time. From these equalities we have that || = Just luyf = lugl {uyf = L.
Since u = woup.u = uyouy and |uy| = il it follows that w = uy. uy = uy. Thus
w = s and « = uy o us = uy 0 uy but this is possible onlv if v, = o’ and u, =~

and so 1 = a’** so the centralizer of 1 in G, is not evelic - contradiction with the
choice of [7,.

Observe also that if @ > 0..3 < 0 then neither w o u? has u as an initial segment
nor 1”2 u has 1! as a terminal segment. Indeed. if for example w2 has v as an
initial segment then v = woup.u™' = uyouy. Thus. u = wowu, = u.;.l s uy ! and
u, = u{l = . u = w - contradiction.

Now we complete the proof of the lemma.  Without loss of generality we can
assime by = 1 and that Apoy does not have u as a terminal segment (using, evelic
permutation we can alwavs obtain these properties). We have two cases

L {hy il 2 [

S 9,

Since u ohyo---ow’ o b,y is u-reduced it follows that w o b, c - o u'r o
hpoyouhohyo---ouroh,. is u-reduced because b,y does not have uas an initial
or terminal segment.

2. |hy ol <

a) If u o h,oy has u as a terminal segment then by the Claim above b,y 2w’
does not have u as an initial segment. Since u? oh,o0---0 u"Pohp. 1 is u-reduced then
the ordered 2p-tuple {|.3;]. 1.3, .. .. 15 15 1Y I 1 1 |35} is maximal with respect
to the right lexicographic order among all possible u-forms of g=. So. u'* oh,o---0
u?? o h,.y is cyclically u-reduced.

b)Ifh, 0 u?t has u as an initial segment then by the Claim u’ o hp<y does not

3 3

have u as a terminal segment. Thus. take a cvelic permutation ¢' = haou™---ou’o

J2

hpeyou? of g so that hyou??---ou’»'obou?="!is a u-reduced form of ¢'. where
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3

w = h,_yoa = aoh. But then (hyou?: - --ou’» 'chou’ ~Vyo(hyou?

2ot lohon

is wu-reduced.

(]

15.3 Standard decomposition of elements in F~"

Let g € F&'". It follows that ¢ € G, ., for some finite n in the series (7). Then g

has a U,-reduced form

e ny oy
q =4 O“rn(n)l O_([QO"'OU"”"“ 3.(/,01~
RT-. . . oo o
where mi(n)m{n).. . ... minh € Liogi € Gl o) #F 2l ottt = 5.

[rg] >> 1. that is ¢ belongs to the extension of centralizers of finitely many elements

Moniny -« - - - Uiy, from O, Now. by induction one has U, _-reduced torm for g,
. Joa 'i‘ L .
Go = Gea 2 O 0o O gy

where m(n — 1),x € [,k € [LL].i € [, + 1]. 134 > Ligx € Gy . One
can get down to a free group F with such a decomposition of g. where step by
step subwords between nonstandard powers of elements from Uy are presented as
Ly_i-forms. & € [1.n].

Observe that. since on each step of this decomposition of g. we have infinite
exponents of only finitely many elements we can form finitely manyv ordered sets
U, (9) = {ttmiyyy-- - Uiy, t C Uy.0 € [Lon] (order on U)(g) is induced from U))
which are unique for g.

Thus one can forin for g the following series:

F < Hm(())l < Hm(())_- <...< Hml())k(m < f[m(l)[ <...< Hm(l)k(,, < ... (l‘l)
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e < Hm(n—l)k(,, < Hm(nn <...< i[rll(ll);.‘,l,'

-1}
where Ho () oo 0. H,. are subgroups of ¢, which do not belong to ¢, and
(n (D kiy o J ~ J

H ., is obtained from H,,,_, by centralizer extension of a single element ),
from H,,, , < G,. We call series (14) an ertension seres for g. (14) obviously
exists and is unique since all U, (g). j € [1. n] are fixed and ordered.

Using extension series above we can decompose g in the following wav. ¢ €
Hoving,,, has a ), -reduced form
3

ohyo---0ou o hyy.

5

hyo Mo n ),

where all b, are wyn,,,, . -reduced forms representing elemeuts from Hony, o
This gives one a decomposition of ¢ related to its extension series. We call this
decomposition a standard decomposition ov standard representation of g. Observe
that for anv g € F#', its standard decomposition can be viewed as a tinite product

biby by where b, € B = {XUX'u{u'|uelU.neZt]"}. Wedenote this

product by g so we have

~ T N 3 .
g = hl“m(n)k(,”hg t “m(nlk‘,,,hl'*l‘

where h, is a tinite product in the alphabet B corresponding to h,. and from now on.
by standard decomposition of an element g we understand not the representation of
g as a reduced infinite word but the finite product g.
3 . . N —
It is easy to notice that in general g, o g» # 91¢.
The standard decomposition for given g allows one to use an induction on the

number of members in the series (14).
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16 Graphs labeled by infinite Z[t]-words

In this section we give the definitions of (Z[t]. X')-graph. its special components and
introduce operations on such graphs which make it possible to transformn them into

sotne suitable form. which has properties. nnportant for the proof of Proposition 1.

16.1 Labeled graphs

In this subsection we introduce definitions. analogous to those given in [24] and cited
in Section 7. Of course. we are not working in a free group anv more. so we have
to adjust these definitions to our case. We use the notation and definitions given in

the previous section.

Definition 25 By an (Z{t]. X)-labeled directed graph (Z[t]. X )-graph) U we mean
the follouing:

1) T 1s a combimatoral graph where cvery edge has a direction and s labeled
ewther by a letter from X or by an ifimte word u™ € F51 u e Ula € Z[t]".n = 0.
denoted p(e).

2) for each edge ¢ of U we denote the orgin of ¢ by o(e) and the termmus of ¢

by t(e).

For each edge ¢ of (Z[t]. X )-graph we introduce a formal inverse ¢ ! of ¢ with

label pi(e)~! and the endpoints defined as o(¢~!) = #(e). t(e~!) = o(c) that is the

1

direction of ¢7! is reversed with respect to the direction of e. For the new edges

e~ ! we set (¢7!')7! = ¢. The new graph. endowed with this additional structure we
denote by I'. In fact in many instances we will abuse notation by disregarding the
difference between I' and T.

Now we have a partition E(f) = E(T')U E(T) and we sav that edges of I are

positively orented in T while their formal inverses ¢ ~! are negatively oriented in T
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Definition 26 A path p in T s a sequence of edgss p = ¢ ---¢. where cach ¢, 1s

an edge of U and the orgen of each ¢, 1s the termuinus of ¢, 4.

Observe that p(p) = p(ey) ... p(ex) is a word in the alphabet { XU X '} u{u |
we U.oeZ[#]*} and we denote by p(p) a reduced infinite word (e ) =« % pi(e g).

We will be using two different notions of the length of a path p = ¢ -- ¢ in I":

1) combinatorul length |p| set equal to &

and

2) word length wl(p) = Zf:l [(p(e,)).

In fact. from these two definitions above arise two possible meanings of irre-
ducible path: the first one - path is irreducible in the combinatorial sense and
another one - path is irreducible if its label viewed as an infinite word in F~7 s

recdluced. Here are formal definitions.

Definition 27 (Reduced path). A path p = cy---cpm a (ZH. X)-graph T s called

reduced 1f e, # (';ll foralll <i< k.

Definition 28 (Labecl reduced path). A path p = ¢ a (Z[t]. X)-graph T s
called label reduced of

1) p s reduced:

2) tf €k ooren,. by < kg s a subpath of p such that p(e,) = u™ . u € o, €
Zit)*. i € [ky k2] and plex,—1) # u’ plex,r) # w’ for any 3 € ZH*. procided
ki — L hky+ 1 €[lA]l. thenao =g, + -+, 0 and pleg, ) *u™ = pileg, 1) o

(¢4

u® u® = p(eg, o) = u" o pleg, ).

16.2 Partial foldings

Here we define partial foldings and partially folded (Z[t]. X')-graphs. Observe that
the definition of a partial folding below is exactly the same as the corresponding

definiiton of a folding in [24].
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Definition 29 Let [ be a finite (Z[t]. X)-graph and let © be a verter of T. The
valence of v denoted val{ev) is the number of all edges tn U which harve v as orgin

or terminus.

Let T be a (Z[t]. X)-graph. Suppose 1 is a vertex of T and fi. fo are two
distinet edges of [ such that ol fi) = o(fa) = vo. il fi) = p(fa) = r € X7 or
p(fL) = plfo) =u u € U .o € Z[t]". Let h, be the positive edge of ' corresponding
to f, (that is h, = f, if f, is positive and h, = £, VA £ is negative).

Let A be a (Z{t]. X)-graph with the following sets of vertices and edges.

V() = (VD) = {t(fu) tf D U ey E(A) = (E(T) = {hy. ha})U {h}.

The endpoints and arrows for the edges of A are defined in the following wav. Let

e € EANe # h then

L. we put ox(e) = op(e ) ifop(e) # H ) and ox(e) = v it op(e) =t ],) for some 1
20 we put fa(e) =tele)if tp(e) #FH L) and fa(e) = v if tp(e) = ¢t f,) for some 1.

For the edge h we put oy(h) = eo.ta(h)y = v if hy = fi.hy = f5 and ox(h) =
. ta(h) = vy otherwise,

We define labels on the edges of A as follows: pus(e) = pp(e) if ¢ # h and
pa(h) = pr(hy) = prhs).

[n other words we obtain N by identification of two edges f; and f in [, In this
situation we say that \ is obtained from [ by a partial folding (or by partial folding
the edges fi and f,).

There can be introduced a notion of a morphism between two (Z[t]. \')-graphs.
That is. if [}.[y are (Z[t]. X)-graphs then a map = : [} — [y is called a mor-

phism of (Z[t]. X')-graphs. if @ sends vertices to vertices. directed edges to directed
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edges. preserves labels of directed edges. and has the property that o(m(e)) =
7T(o(e)). t(=x{e)) = 7(t(e)) for any edge ¢ of ['}.
If o is a partial folding defined above then it is easv to see that © is a morphism

between I and A.

Lemma 29 Let Ty he a (Z[t]. X)-graph obtamed by a partial folding from a graph T,
Let v be a verter of T and vy be the corresponding verter of Uy, Then the following
hold:

1) If T s connected then Ty 1s connected.

2) Let p be the path from ¢ to v in U with label w. Then the edgewise nmage of
p m Ty s a path from vy to vy with label w.

4) If U s a finete (Z{t]. X)-graph. then the number of edges in Uy s one less than
the number of edges wn T, that 1s. any partial folding decreases the number of edyes

in [

Proof. Follows directly from the definition of a partial folding.

O

Definition 30 (Z[t]. X')-graph U s called partially folded if there erst no two edges
ey and ey in T owith p(ey) = p(ey) such that o(e)) = o(ey) or t(ey) = t{ea).

Obviously. T i a partially folded (Z{t]. \')-graph if and only if one can nor

perform any partial folding in I'. Moreover the following proposition is true.

Proposition 3 Let T be a (Z[t]. X)-graph. which has only a finite number of edges.
Then there erists a part:ally folded (Z{t]. X)-graph N. which can be obtamned from T

by a finite number of partial foldings.

Proof. Since I’ has a finite number of edges by Lemuna 29 anv (Z{t]. X')-graph
"} obtained fromn I’ by a partial folding has fewer edges. This provides one with an

inductive argument based on the number of edges in T
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16.3 u-components

In the present subsection we concentrate on some particular subgraphs of (Z[t]. X')-
graphs which consist of edges labeled by exponents of elements from U and are very

important in all further investigations. Let u € [ be fixed.

Definition 31 Let [ be a (Z[t]. X)-graph. vy.vs € V(D) are called u-equivalent and
denoted vy ~, 1o 1f there enists a path p = ¢y --- e n U such that otey) = vy Heg) =

vy and p(r) = ul.a, € Z[H 7. 1 < i < k.

~, is clearly an equivalence relation on vertices of I'. <o if [' is tinite then all its
vertices can be divided into a finite number of pairwise disjoint equivalence classes.
Suppose. € V() is fixed. One can take the subgraph of [' spanned by vertices u-
equivalent to ¢ and remove from it all edges with anv label except for .0 € Z[tH .
The resulting subgraph of I' we denote by Comp, (¢) and call wu-component of ¢, In
other words. the u-component of a vertex ¢ is subgraph of I' all edges of which are

labeled by exponents of w.

Definition 32 Let T he a (Z[t]. X)-graph and ¢ € V(). vq € V(Comp,tr)). We

define a set H,(tvg) associated with vy as

H, (vo) = {p(p) | pis a reduced path in Comp,(r) from vy to e},

Observe that even when p is a reduced path in Comp,(r) its label p(p) = u”

can define an empty infinite word. that is u(p) = =.

Lemma 30 Let T he a (Z[t]. X)-graph and ¢ € V(D). vy € V(Comp, (). Then
1. H,{vy) 1s 1somorphic to a subgroup of Z{t]™ and moreover. of Comp,(v) 15 a

finute graph then H,(vy) s finitely generated:
2. vy € V(Comp,(v)) then Hy(19) =~ H,(v)).
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Proof. 1. Observe that if pis a cvcle in Comp,(v) at vy then pip) = u™. 0 € Z[t]~.
The concatenation pyp» of two cveles in Comp, () at vy is again a evele in Comp, ()
1 A ) 1Y A Pu

at g which mav or may be not reduced. Let p be the reduced cvele obtained from

pip> by making all possible path reductions. Then p(p) = p(py) * pips) = p(ps) =
ml_) € H,(rg) and H,(1q) is closed under multiplication which is commutative.

Finallv. since the inverse path (p;)~! of py is reduced and has label j(py)~ ' it
follows that H,(rg) is closed under taking inverses. Also. since = is a label of an
empty path which is reduced then clearly = € H,(vy).

Thus H,(ry) ts an abelian group.

One can construct a map 8 : H,(ry) — Z[t|". where /—m = ur L e Zitl .
Obviously. # is an isomorphism of H,(ry) and a subgroup of Z[t]". Moreover. if

Comp,(r) is a finite graph then there exists a natural number n such that n >

hap(a). where p(e) = u™ and ¢ ranges through all edges of Comp, (i, Since for
any reduced cvele p = ¢y in Comp,(r) such that ple,) = w0 = {1 A) and

plp) = u™ " "™ = u” one has hg(a) < lnaxf‘:,{h,,,,(u‘)} it follows that (1)) is
a subgroup of Z" which is a subgroup of Z[#t]* of finite rank. Thus H,(vo) is a free
abelian group of rank not greater than n.

2. Since vy ~, vy there exists a path p = fi--- fi in Comp,(c) such that
o(p) = vo.Hp) = vy and wp) =u".~ € Z[t]7. The existence of p provides one with
correspondence between cveles at vy and ¢y - if pp = €;---¢,, is a reduced cyele at
vy then py = fi--- frer - em(fi) 7 o= (f1) 7 is a cvele at 1y and one can obtain a

reduced cvele py at vy by making all possible path reductions in p,. Observe that

w(pa) = p(pr) = pulp) = p(po) * (u(p))~' = ppo). Thus H,(vy) < H,(vy). In the
same wav for anv cvele at rg one can construct a corresponding cvele at y with the

same label. So H,(vy) > H,(ty) and finallv H,(v)) =~ H,(ty) as abelian groups.
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[t follows from Lemma 30 that one can associate a free abelian group of finite

rank with any finite u-component in a (Z[t]. \')-graph [

16.4 u-folded u-components

[n Subsection 16.2 we introduced a notion of partial foldings. but it turns out that
for our further investigations it is not enongh to have only partiallv folded graphs.
In the present subsection we give a definition of {'-foldings. which are operations on
partiallv folded (Z[t]. X)-graphs. Then we show how using these operations one can
transform u-components (« € L) into a particular form which satisfies an important
conditions given in Lemimas 34 and 35.

Let T be a (Z[t]. X)-graph and let « € {7 be fixed throughont this subsection.
Let 0 € V(D). vy € V(Comp,(v)).

Partial folding defined in the previous subsection is a sitnple operation on edges
which have the same labels. but it does not cover the case when we have two edoes
fi. fo € E(Comp,()) such that o fi) = o fa) = vy pulf1) = u™ pulfa) = ulu &

U.a. € Z[t]" . # 3. Since «« # .3 no partial folding can be applied.

Definition 33 (u-folding). Let fy. f» € E(Comp,(t)) be such that o fi) = o(fy) =
vy such that u(fi) = u® u(fa) = w’.n.3 € Z[t]" and suppose |ai > 1310 Without
loss of generality we can asswine both edges to be positicely ormented. that 1s. .4 > 0

(otherwise we can consider f71. i = 1.2 wnstead of f,).

Let T'y be a (Z[t]. X)-graph defined as follows.

V() =V U {e}. E(T) =(E(T) = {H}) u{e e}

We think of T'y as a new (Z[t]. \)-graph obtained from T by diciding the edge f
into two edges ey and e5. The endpoints and arrows for the edges of I'y are defined

i the follouing way. Let ¢ € E(I'y).e # e).€2 then we put op (¢) = or{e) and
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For the edges ey we put op (ey) = op(fi). tpy (o) = vroop () = v e () =

te( ).

Frnally. py (e) = pp(e) tf ¢ #opoex and ppe (o) = pe( o) pp (e2) = "

Thus. wn Ty we have a pawr of edges €. fo with origin vy and the same label w?.
so we can apply a partial folding v to Ty, After the wdentification of ey and f, the
resulting (Z{t]. X)-graph we denote by .

In this situation we say that N 1s obtarned from U by a u-folding (or by u-folding

the edges fy and fo) (see Figure 3).

Figure 3: Possible u-foldings.

Observe that if o = .7 then u-folding defined above is just a partial folding.
From now on by U-foldings we denote the set of all u-foldings. v € U.
Unlike partial foldings. u-foldings do not define morphistns of (Z[t]. X)-graphs

because thev involve the operation of division of an edge. Hence. we introduce
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a notion of generalized morphism between two (Z[t]. X)-graphs. That is. if ['}. T,
are (Z[t]. X)-graphs then a map = : [y — [ is called a genceralized morphism of

(Z[t]. X)-graphs. if 7 sends vertices to vertices. directed edges to reduced paths and

has the property that o(7{(p)) = 7(o(p)). Hx(p)) = T(H(p)). w7 (p)) = pip) for any
reduced path p of I'y.

Let © be a u-folding defined above which is applied to the pair of edges {fi. f2}
in E(Comp,(r)). By definition. o involves as a final stage a partial folding ¢
Then we have o fi) = v(ep)e(en).olc) = v(e)e € E(T).e # fi and olw) =
viw). e € V(). Observe that it follows from the definition of o that o(o(e)) =
ol (e)) = t(ole)) = ofo(e)). Ho(e)) = Huele)) = (He)) = olfe)). plole)) = ple)
for anv ¢ € E([').« # fi and o(o(f1)) = ol () = c(o(eg)) = olol fi)). Hol( i) =

te(en)) = e(Heon = ot i) p(o(f1)) = pu(f1). Henece. it follows that olo(p)) =

olo(p)). Hotp)) = olt(p)). i(o(p)) = plp) for any reduced path pin 'L Observe that
o(p) mav not be reduced.
Thus. we veritied that u-folding is a generalized morphisin of (Z{t]. X')-graphs.

The following result is analogous to Lemina 29 abour partial foldings.

Lemma 31 Let Uy he a (Z[t]. X)-graph obtwned by a u-folding from a (Zt]. X)-
graph T'. Let v be a verter of T and vy be the corresponding verter of Uy, Then the
following hold:

1) If T 1s connected then I'y s connected.

2) Let p be the path from v to v i T such that w(p) = w. Then the image of p

im 'y 15 a path py from vy to vy such that u(p,) = w.

3) If T s a finute (Z[t]. X)-graph. then |V(I'y)| < V(D).

Proof. 1) and 3) follow directly from the definition and 2) follows from the fact

that u-foldings are generalized morphisms.
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[t is easy to see the difference between Lemina 29 and Lemma 31 above. Unlike
partial foldings. u-foldings do not preserve labels of paths just because of the division
of edges involved. but anv path in I' and its iimage in I'y have the the same labels
viewed as reduced infinite words.

The following important result follows directly trom the Lemma 38 which will

be proved in Subsection 17.2 in more general context.

Lemma 32 Let N\ be a (Z[t]. X)-graph obtained by a u-folding o from a graph T.
Let v+ be a verter of [ such that v belongs to some u-component in U. Then o)

belongs to a u-component i N and H, (v) ~ H, (o(r)).

Any finite u-component can be transformed into a single positively ortented path
with associated free abelian group of tinite rank. The next results show how one
can use u-foldings to get such a form of u-components.

At first. recall that in a connected graph a subgraph is said to be a spanning tree
if this subgraph is a tree and it contains all vertices of the original graph. If a graph
T is a tree then for anv two vertices . t5, of T there is a unique reduced path in T
from v, to .

Let T be a (Z[t]. X)-graph and ¢ € V([). We call a path p = ¢;-- ¢4 in
Compy(v) posttuely ormented (negaticely orented) if a, > 0 (o, < 0j.7i € (L4

i

where p(e,) = u™.

Lemma 33 Let T be a finute tree such that all its edges are labeled by u®. o € Z[t]~
and let vg € V(T). Then T can be transformed by finttely many u-foldings into a
tree T’ such that if v'q € V(T') corresponds to vo then for any v € V(T') the unique

reduced path p, from 'y to v s either positicely orented or negatively oriented.

Proof. Since vy can be connected bv a unique reduced path to anv ¢ € V(T)

and T is finite we have a finite number of such paths p..¢ € V(T). In each path
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pr = €1---¢; there can be positive edges. that is. labeled bv u”.a > 0 and also
negative edges. To prove the statement of the lemma we use induction on the
number of vertices in T such that p,. is neither positively nor negatively oriented.
Let B denote the set of such vertices in T

If |Br| = 0 then lemma is already true for 7. Thus we assume the statement to
be true for any tree S with |Bg| =n — 1.

Let |Br| = n and take anv vertex ¢ from By, Then p. = - ¢ is a unique
reduced path such that o(p) = vo. H(p) = cople,) = w0 € [1A]. Without loss of
generality we can assume > 0. Since ¢ € B there exists minimal j € [2.4] such
that a, | > 0.a, < 0. Thus #{¢,) € Br and again. without loss of generality we can

assume ¢ = e ). We have two cases.

(1)()1+"'+(}JH[2!(Y1|
Vo
/ “ &
e, f
€2 v f2
v
—_— hy — h,
€3
f1=h1/x
eq /
v

Figure 4: Case (1). j =4.1 = 2.

There exists maximal ¢ € [1.j — 1] such that o, + -+ + ,_; > |o,| but o, +
-+-4+a,_; < |a,|. Hence. e, can be folded step by step with the negatively oriented

path ¢! - oot = fioo- f, 67! = fos € [l.j — {] as follows.
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p(fo)=u"™-s.s€(l.y—1=1).uth,.,) =u""-17"*%-1 Finally. the sequence of
u-foldings identifies each b, with f, forall s € {1. j—/—1} and &, _, becomes an initial

part of f,_, = e "

We denote this sequence of u-foldings by © and let T' denote
the result of applyving o to T. Observe that after o is applied ¢ = t(¢,) is identified
with a point on edge e,. so o(r) is connected to vy by a unique reduced positively
oriented path. Obviously 77 is also a tree and we have that o(e) € Br. Observe
also that if w € Br then o(u) € Br. Indeed. if a vertex w € T is connected to 1y
by a unique path p,. such that «, € p,. then p,. also contains ¢y ---¢,_y and w € By,

But such vertices are the onlv ones for which a path leading to ¢ is changed under

o. So if u' & Bt then p,. is not atfected by o and o(p,) = p. [t follows that

|Br| < |Brl.
Vo
€y
h3 \"
v
1)) 0
fo=h,
— —
f,=hy
€3

Figure 5: Case (2). y = 3.

(2) oy + -+, < |y

€, can be folded step by step with the negatively oriented path f‘_,-_ll RETRES
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fie- f, _,,('j‘_lq = f..s € [l.J — 1] as follows.

¢, is divided into negative edges hy. .. .. h, by new vertices ... ;-1 so that
olhy)y = ofe,)). tHh) = olh,sy) = vos € [1l.j — . th,)) = tie,)) . pu(h)) = plf) =
n s € (L =1 pth, ) = w77 7™ Finallv, the sequence of u-foldings
identifies each h, with f, for all 5 € [L.) — 1]. We denote this sequence of u-foldings
bv o and let T' denote the result of applving o to T. Then T' is also a tree and
we have that o(r) = o(t(e,)) is connected to o(ry) = vy in T? by a unique reduced
path which consists of a single negative edge h,. So o(r) € By and by the same
argument as in (1) we have that |Bp! < |Brl.

Thus. in both cases we obtained a new tree T’ for which the statement can be

obtained by induction.

As a corollary of the Lemma 33 we get the following important result.

Corollary 3 Let T be a finite tree such that all its edges are labeled by u™. o € Zjt] -
and let vy € V(T). Then T can be transformed into a simple positieely orented path

by finutely many u-foldings.

Proof. By Lemma 33. T can be transforimed by finitelv manv u-foldings into
a tree T7 with o'y € V(T') corresponding to vg. such that for anv ¢ € V(T') the
unique reduced path p, trom ¢’y to ¢ is either positively oriented or negatively
oriented. Now. to complete the proof it is enough to notice that anv two finite siimple
positively oriented paths which have the same origin w can be folded together into
one simple positively oriented path with the saine origin u. So. after finitelv many
n-foldings one transforms T” into two paths leading from ¢’y - one positively oriented
and another one negatively oriented. Their concatenation is a reduced positively

oriented path.

Now. we return to n-components in a (Z[t]. X')-graph I'.
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Lemma 34 Let T he a (Z[t]. X)-graph. v € V() and C = Comp,(¢) be fimte,
Then there erist a (Z[t]. X)-graph N obtamed from [ by firutely many u-foldings
such that ' € V() corresponds to v and C' = Comp, (1"} consists of a simple
positicely orented path P some vertices of which may be connected by single ¢dges

not n .

Proof. Let T be any spanning tree of C'. Then. by Corollary 3 there exists a
finite sequence {o).. ... on} of u-foldings which transforms T into a simple positively
oriented path P+, Observe that some vertices in P+ can be connected by images
of edges from ' = T. Thus. \ is the image of I under {oy... .. On}- -

O

We call €7 from the lemma above a reduced u-component. Since P is a simiple
path there exists a vertex z¢v € V(P ) such that valp  (z+) = | and the only edge
in P which has z¢+ as an origin is positive. We call zc+ a base-point of 7.

Observe that because of arbitrary choice of a spanning tree for ¢ and arbitrary
order of performing sequences of u-foldings it follows that reduced u-component 7
corresponding to C' is not unique.

Let I be anyv (Z[t]. X)-graph. v € V(I') and let C' = Comp,(¢) be finite reduced
u-component. Then there exists a simple positively oriented path P in ¢ which
originates at a base-point z¢- of C'. Since (' is hnite then there are finitely many
edges hy..... hy in C\ Pe. Any h, connects two vertics in - so there exists a unique

reduced path ¢, in P such that o(h,) = o(q,).t(h,) = t(q,). Moreover. l’n’lf[ s a

cvele in C.so p(h) > ulq,) =c€ Hy(zc).
Now. let p = e;---¢, be a reduced path in C. Suppose some of its edges
€ppennnn e -f, € [1.n] belong to C\Pr. Then we construct another path p’ in the

following way: every edge €, is equal to some h,, in the list of edges of C\ P-. so in
we substitute e, by the path ¢, . The resulting path p’ mav be not reduced. so
) . 111 (] [ .

we perform all possible reductions and obtain a reduced path p” all edges of which
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belong to P~ We have o(p”) = o(p).t(p") = t{p). ;u(p") = pu(p)=h.h € H,(z)
because of the definition of the path ¢, for each h, € C'\ P-. Finallv. observe that p”
is uniquely defined for p because it is a reduced subpath of £ ..

Hence. for anv reduced path p in €' there exists a unique reduced subpath ¢ of

—— _l -
P with the same endpoints as p and such that p(p) = gy € H,(z). Further.

we will use the notation ¢ = [p).
The converse is also true. that is. if g is a reduced path in P and ¢ € H,(z.-)
then since anv element from H,(z-) can be realized as a reduced label of some

loop at Hg) in C. there exists a reduced path p in C such that o(p) = o(q). Hp) =

tq). p(p) = plq) = . Observe that ¢ is not unique with respect to permutation of
cveles,

This correspondence above shows that anv finite reduced u-component €7 in a
(Z[t]. X )-graph is characterized completely by the paiv (£ H,(z0)).

[f C' is finite then there exist finitely manv subpaths ... .. q. of Pr- such that
for anv path p in C. [p] = ¢, for some ¢ € [L.s]. Moreover. let P = fi--- f,,.
where o(fi) = z¢. Let vg = zeov, = H(f).0 € [Lom] and let py.py..... Pm be
reduced subpaths of P such that o(p,) = z-.H(p,) = v,.1 € [0.m]. Tt follows that

all p, are positively oriented. Then for every reduced subpath p, , of P such that

olp. ) = . tp,) = v, we have u(p, ;) = pulp,) « p(p,) . By Lemma 30, [z
is finitely generated and is isomorphic to a subgroup of Z".r € N. So if p ix a

reduced path in C' such that o(p) = v,.H{p) = v, then by definition of [p] we have

i(p) and p([p)) = wip,,) = pip,) = ;z(p,)—l are in the same coset in Z" by H,(z).

That is. we can express the label of any reduced path in C' in terms of labels of
p.. ¢ € [0.m] and elements from H,(z¢). We call a set of paths pg.py..... D & set of
path representatives assoctated with C and denote this set by Rep(C'). The following

result holds.

Lemma 35 Let C be « finite reduced u-component in a (Z{t]. X')-graph T'. v € V' (C')
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.. - e .
and let o € Z{t]*. If p(p;) = p(p,) & Hu(zc) for any p,.p, € Rep(C).i #
then euther there erists a umque reduced path p wm Peo such that o(p) = v and

u™ € j(p) = Hy(z¢) or there erwsts no path g i C uith this property.

Proof. Suppose on the contrarv that there exist two reduced paths p.g in [

such that o(p) = v.o(q) = v and u™ = p(p)xhy = plq) = hy. hy. hy, € H,(z). Then

wp) +ulq) = hi'wha € Hu(zc).

On the other hand we have that ¢ = v, H(p) = v,.t(q) = vx.) # k. So we have

w(p) = plp,) e rlpo) i) = plpe) * p(pd) ' So plp) «ilg) | = (plp)) «p(p) ) *

(pe(pr) = gl py) ! )"l = 1ip,) = [L([)k)_l € H,(z) - contradiction.

If C is reduced and Rep(C') satisties the condition from Lemma 35 then we call
C a u-folded u-component.

Let C be a finite reduced u-component in a (Z{t]. X)-graph I' which is not -
folded. That is. there exist two vertices ¢, ¢,.+ < j in P- such that /t—(;,_)*/l—(m ‘ S
H,(z). Consider a graph A which is obtained from [ by identification of vertices
vty in Cinto one new vertex . We call this operation a collapse of v, and r,. The
resulting u-component in N we denote by C7. In fact. a collapse can be obtained
as a finite sequence of u-foldings. Indeed. since m * m—l = h € H,(z-) there
exists a positive loop at ¢, with the label i, This means that if we add a single edge
e to C' so that o(e) = t(e) = v,.u(e) = h then H,(z¢) is not changed. Then we
can apply a sequence of j — i u-foldings to ¢ and the subpath ¢ = ¢, ---¢, of P
connecting ¢, and ¢,. After these u-foldings are implemented. ¢, is identified with
v, because 1(q) = h. Since u-foldings do not change H,(z¢-) in u-components a
collapse of v, and v, is a valid operation. Observe that |V(C)| = |V(C)|+ 1. IfC"is
not reduced so using finitely manyv u-foldings one can reduce it and since u-foldings
do not increase the number of vertices for the resulting reduced u-component € we

have |V(C)| > [V(C")] > |V(C")]. Thus. the following result holds.
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Lemma 36 Let [ be a (Z[t]. X)-graph which has finitely many w-components all of
which are fimite and reduced. Then there ensts a partially folded (Z[t). X')-graph A

which s obtaned from U by finately many u-foldimgs such that all its wu-components
are u-folded.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



17 U-folded (Z[t]. X)-graphs and subgroups of F“!l

In the previous sections we defined all necessary operations on (Z[#. X' )-graphs which
are tools for constructing U-tolded graphs (see Remark 5). In the Proposition 4 we
introduce the procedure which transforms any (Z{t]. X' )-graph into a {-folded one
and also we show the correspondence between finite (Z{t]. \)-graphs and tinitely

-
senerated subgroups of F=

17.1 Languages associated with (Z[t|. X')-graphs

In thix section we adjust the definition of a langnage recognized by a graph from

[24] (Definition 2.7) to (Z[t]. .X)-graphs.

Definition 34 Let I be a (Z[t]. X)-graph and let ¢ be a vcorter of U0 We define the

lanquage of T with respect to v to he
L(T.v) = {u(p)| pis a reduced path in I from ¢ to e}

If w belongs to L(T. ). we will also sometimes sav that w is accepted by (I.e)
(or just by ' if ¢ is fixed).
The following result establishes a connection between (Z[t]. X')-graphs and sub-

groups in FZ4,

Lemma 37 Let I be a finite (Z[t]. X)-graph and let ¢ € V([). Then LT ¢) 15 a

subgroup of FZ.

Proof. Observe. at first. that L(I.v) is a subset of FZ! by definition.

Let g;.g> € L(I'.¢). Then there are reduced paths py and p, from ¢ to ¢ in T
such that u(p,) = gi.i = 1.2.

The concatenation ¢ of p; and ps is a path in I' from ¢ to ¢ such that w(q) =

(pr) * pe(p2). but ¢ may not be reduced . Let p be the reduced path obtained from
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g by making all possible path reductions. This means that the label pip) = plqyg)

and o(p) = H{p) = v. Therefore p(py) = p(p>) = p(p) € L(C. ).
Thus gy * g» € L(T.¢) and L(T.¢) is closed under multiplication = of infinite

words.

[t is easv to see that the inverse path (p)~' of py is reduced and p(p, ') =

pipy) ' = u(pl)‘l‘ This tmplies that L(I. ) is closed under taking inverses. Also.
obviously = € L(T. ¢).
Thus L(C.¢) is a subgroup of F=*,
0
In the previous section we introduced operations on an arbitrary (2. X)-graph
[ (partial foldings and u-foldings. « € {7) and now we prove that thev do not change

the language associated with T

Lemma 38 Let U be a fintte (Z{t]. X)-graph and let ¢ € V(D). Let Ay he a (Z{t] X -
graph obtained from U hy a simgle partial folding and let Ny be a (Z[H. XN )-graph
obtained from U by a single u-folding for some u € U. so that vy € V(A]) and

s € V(L) correspond to v. Then
L(r. l') = L(Al l'l) = L(.Ag.l'-_)).

Proof. At first we prove L(I'.¢) = L(A,.ry). If A} is obtained from I' by
identification of edges e,.e, € f./t(el) = pu(es) = r € X*! then the result follows
from the proof of Lemtna 3.4 in [24]. If ¢;.¢s € [ are labeled by the same expornent
of some u € [ then the partial folding which identifies ¢, and €, is a u-folding
and. thus. in this case. we reduced the proof of L(I". ¢) = L(A,.¢y) to the proof of
L(T.v) = L(Aa. o).

So let us prove L([.v) = L(As. 2).
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Suppose Ay is obtained from I' by folding two edges ¢ ¢, in [ which have the
same initial vertex w and p(ey) = u”. p(ey) = u?. Without loss of generality we
can assiume o > .3 > 0. Then ¢; becomes a path hyhsy in Ay such that p(hy) =

w? (b)) = u” % and hy is identified with ¢, in N, into an edge h.

Suppose p is a reduced path in T from ¢ to . so that p(p)y € L(T'.¢). The

image of p in A\, by Lemma 31 is a path p’ from ry to ¢y such that pu(p) = p(p)).
However. p’ need not be reduced. Namelv. p’ is reduced if and only if p does not

contain any subpaths of the form ¢;'e; or e 'ca. Let p” be the path obtained from

p’ by perforining all possible path reductions in No. Then p(p) = p(p') = p(p”) and
;t(xT') € L(N\,. ). Thus we have shown that L(T. ) C L(T'. ")

Suppose now that p’ is an arbitrary reduced path in N, from ey to rp. We claim
that there is a reduced path p in T from ¢ to ¢ such that p(p) = pu(p/). We will
construct this path explicitly.

(Lya =4

[n this case h, is an empty edge and ). ¢, are identitied with the edge b in N,.

The occurrences of h=! (if any) subdivide p’ into a concatenation of the form:

P' = pofori fi - faPr o1

where f, = h=! and the paths p, do not involve A=

Suppose that for some i we have f, = h. Since p, and p,., do not involve the
edge h. thev can also be considered as paths in ['. Moreover. by the definition of
u-folding. in the graph I the terminal vertex of p, is joined with the initial vertex
of p,., by either the edge e, or ¢,. We denote this edge by d, (so that d, € {r}.€2}).
Note that now p,d,p,.; is a reduced path in I’ with the same label as the path

pzfxpl.~l in A.Z

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



125

Similarly. if for some i we have f, = h™'. we can tind d, € {¢7'.¢5"'} such that
poipoy is a reduced path in [ with the same label as the path p, fip,o) in A,
Then
p = podopy - . - dypi

is a reduced path in T from ¢ to ¢ with the same label as p’. Thus pu(p’) € L(T.r)
and therefore L(N,.00) S L(T. v).

(2)a >3

This is a general case when ¢; becomes a path Ah,y and e, becomes the edge
hin Na. Observe that u(h) = j(ey). pu(hs) = pley) ™« p(ey) and oth) = o(ey) =

o(ey). tHh) = tea).othy) = Hh) = Hea). Hhy) = Hey) in o,

il

Similarly to (1) we subdivide p’ by the occurrences of A =4 and A5 so that

1)’ = pofori fr- - fobk o1

where f, = h*' or f, = hi' and the paths p, do not involve A*1 A5

Anv entry of edge by we substitute by a path r.;,"rl and every entrv of h we

is substituted by ¢ teyand h=! by r._,’l.

substitute by ¢, so that h'!

Suppose that for some i we have f, = h. Since p, and p,., do not involve the edge
h. thev can also be considered as paths in . We have t(p,) = o(k} = o(coj.o(poy) =
t(h) = t(ey). so the substitution A — ¢, is valid. If on the other hand for some §
we have f, = h, then #H(p,) = o(hy) = Hes)oo(p,o) = thy) = Hey) and again
the substitution h, — rx._?‘ﬁ is valid. Finallv. pth) = p(es). pulha) = ples) ™ = puley)
implies that after all possible substitutions in p’ are made. the resulting path p” in [

from ¢ to v and p(p”) = p(p’). but p” may not be reduced. Let p be the path obtained

from p” by perforiing all possible path reductions in I'. Then p(p) = u(p”) = p(p')

and p(p) € L(T.v).
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Hence in both cases (1).(2) above L(Aas.vy) € L(T. ) which completes the proof.
0

If g € FZt then it follows that g € G,. for some finite n in the series (7). Let
F < Huo, < Huoy, <00 < Huoye, < Huony <000 < He,, < (15)

e < flm(n < f{m(n)l < ... < I{rmnlu,,,~

—l’k(n—ll

be an extension series for 9. So g € Hyyny,,,,, and let us denote iy, by . Then

the standard decomposition of ¢ is
g = how?hy o wh .

where b, € Hyyy,,,, -1 and by is a standard decomposition for .0 € [0+ 1], As

we noted in Subsection 15.3. g can be viewed as a finite word in the alphabet
(NXuXNBu{uluel.aeZil}.

Let {'(g) denote a finite subset of U7 such that if g contains v u € U.o € Z{t|~
then u € U(g). Observe that L'(g) has an order induced from U7 so we have U(g) =

{uy.. ... iy, }. where w, < u, if i < j and um = Umin),,,, = 0. So we have

5 = hlu'hhg oo ll"‘h(-l.

m rn

Note that if {'(g) is empty then g € F(X).

Definition 35 Let ' he a (Z[t]. X)-graph and p = ¢, --- ¢, be a reduced path n T.
g 15 as above. We define the property of the label u(p) of p to be equal to g (that
ts. p(p) = g) recursively as follows:

1) If |[U(g)] = 0. that is. g = ry---x, € F(X) then p(p) = g means that k = r

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and p(e,) = r, for every 1 € [1.k]:
21 Assume that the property p(p) = f is defined for any clement f € F=" f
()] < me:

3) If U (g) = m then pu(p) = g means that p can be subdivided into subpaths as

p = [)]{l[}.': . (l[[)l,l.

where d, 15 a path m some up-component of U and p, s a path in T which does not

contain edges labeled by u®. o € Z[t]7. so that u(d,) = wlr.o & (L] and pip,) =

m* m’*

h,.i € (L.l + 1] are already defined by our assumption because [UCh)| < m.o1 £

(1.7 + 1]

It follows immediately that if p(p) = ¢ for some g € F~* then p is label reduced.

Observe that if T is a (Z{t]. X)-graph and ¢ € V() then it follows from Lemma
37 that anv element of L(T.¢) is an intinite word in £~ and thus has a standard
decomposition g but it might be iinpossible to find a label reduced loop p at ¢ in T
such that u(p) = ¢.

The main result of the following subsection is that if ' is finite and has some
particular properties then it is alwavs possible to find such a path p and pis unique in
some sense. Moreover. it will be shown how the required properties can be obtained

in I using partial foldings and u-foldings. « € U.

17.2 U-folded (Z[t]. X)-graphs

All (Z[t]. X)-graphs which appear in considerations below are supposed to be finite.

Let [ be a (Z[t]. X)-graph. Since I is finite. there exist only finitely many edges
with labels u”.nu € U.a € Z[t]*. Thus. there exists a natural number A" > 0 such
that for an edge e in I’ such that p(c) = u”™ it follows that « € U, and j € [0. K]

For each fixed j and u € U, using u-foldings described in the Section 16 one can
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transform all u-components of I' into u-folded components. However. because of the
nature of the sets ). edges of I’ belong to different levels (we introduce the precise
definition of a level below) and U-foldings do not deal with interactions between
these levels. Moreover. u-foldings which are applied to some u-component can
affect up-components. uy € Uyux € Uy 1.5 € {0.K].uy # uy. So. one needs some
definite procedure which “folds™ T level by level.

At first we introduce a notion of a lerel in T

Since TN is finite the set of elements « € U7 such that there exists an edge ¢ in T
labeled by u™. v € Z[#t]™ is finite and ordered with the order induced from . Thus
one can associate with I' an ordered set U(I') = {u,..... unt. N > 000, € Un, < u,
for i < j. Observe that [7() can be emptv, that is. all edges in ' are labeled by

letters from XU XL

Definition 36 Let T be a (Z[t]. X)-graph and let u, € U(T) be fired. Let Tir) he
subgraph of T whech consists only of edges ¢ € E(T) such that either p(e) = € X5
or p(e) = uf. .« € Z{t)* g <. We call Ty an i-level graph of T (hy O-lc vel graph
we understand a subgraph of U which consists only of edges with labels from X1 and

say that T has level n which we denote by (D) of noas the manemal natural number

for which T = [(n).

Observe that ['(n) may not be connected for some ¢ < [(I'). but still one can
apply to I'(n) partial and u-foldings. « € U(T).

Now. the main result of Section 17 about (Z[t]. X')-graphs.

Proposition 4 Let ' be a finite connected (Z[t]. X)-graph. Then there exists a
finute. connected (Z[t]. X)-graph A. which s obtained from U by a fintte sequence
of partial and u-foldings. u € U(T'). such that for any u, € U([). N satisfies the

conditions:

(i) A s partwally folded:
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(ii) all w,-components of N are u,-folded and tsolated. that s, there cxrists no
reduced path p with pip) = 1k k € Z in X(n — 1) such that p connects two diffe rent
un-components of N:

(iii) of C 15 a uy-component of N. ¢ € E(Pc) and ple) = vk b € 2 then
there erists a unique label reduced path p in X(n — 1) such that o(p) = ole) . Hp) =
Heoplp) =iy

(iv) f C s a uy-component of N and ¢ € V(CYNV(A(n = 1)) then there erists a
umque label reduced path p m N(n — 1) such that o(p) = H{p) = v.plp) = o ke
and H,, (¢)0 (1) = (u¥):

(v) of C 15 a uy-component of N and vy. vy € V(C) are connected by a reduced
path pan P then cither p consists only of cdges labeled by fintte crponents of u,, or
there erists no numhber by, € 7 such that /_[([—;) TR H, ()

(vi) for any wy,-component C of X and two of its vertices vyoey ey # 0y whieh are

Jowned by some path p in Powith o(p) = ey Hp) = o there eaists no reduced path rom

. o -1
Nin—1) such thato(r)y = vy t(r)y = o pu(r) = ub b € Z and pip)=p(ry € H, (1))
/ n ! f n 1
(vii) for any uy,-component C' of X tts verter v and a reduced path poan X(n — 1)

such that o(p) = v.u(p) = ub. k € Z ot follows that t(p) € V(C):

(viii)

(a) for any u,-component C of X its verter v and a label reduced path p i X(n —1)

such thato(p) = v.pu(p) = w.w = uloc.d € {1. =1}, there exrests a label reduced
path q = qiqz tn X(n — 1) such that o(q) = v.t(q) = Hya) = Hp).plq) =
@ ) € V(C):

(b) for any u,-component C' of A. its verter v and a label reduced path p in N(n)

such that p = z1z5.0(p) = v.21 € An — 1).pu(z) = wipw(z2) = uroc =
w) ocy. u‘,’; = uy o u.. there erists a label reduced path q = qyqa in A(n — 1)

such that o(q) = v.t{q) = t{q) = t(p). u{q) = a0 Hy) € VIC):
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(c) for any u,-component C of A, tts verter v and a path p in X(n — 1) such that

olp) = coplp) = wy ud = wyouws. wy # 2.8 € {L.—1}. of there erists an edge

¢ in C such that o’y = v.opu(c) = u™.~0 > 0 then there erists a label reduced

path p' i X(n — 1) such that o(p’) = c.pu(p’) = u . Hp') € VICY and p s an

rnital subpath of p':

(ix) for any reduced path p in X with p(p) = w therve erists a unmque labe l reduced
path q such that o(q) = o(p). t{q) = Hp). ;(q) = w:

(x) for the standard decomposition g of any g € F#' and any ¢ € V(N) cither
there exists a wmque label reduced path p i N starting at v such that jip) = g or

for any path q 1 X starting at v it follows that jy(q) # q.

Remark 5 1. We call a (Z[t]. X)-graph which has all the properties (i)-(x) (-
folded.

2.0 In (iii).(iv).(ix) and (X) by uniqueness we understand uniqueness with re-
spect to Poowhere Coas any u-component. w € U(N). that is. a path s umique of we

disreqgard edges in C\Pi-. This s justified i view of Lemma 25,

Proof. The proof is conducted by induction on the level of I'. If /(T = 0. that is
all edges in T are labeled by letters from X U.X ~'. then by Lemina 29 using finitely
many partial foldings one can obtain from [ a partially folded (Z{t]. .X)-graph A
which satisfies all the conditions (i)-(ix) because it does not contain n-components.

Assume that the statement of the theorem holds for any graph of level n — 1.

Let {(T) = n. We construct a (Z[t]. X)-graph A from [ in several steps.

Step 1. For any edge e in I' such that u(¢) = u?.a € Z we add to ' a new path
from o(e) to t(e) labeled by the standard decomposition of . Observe that these
new paths belong to I'(n — 1).

By induction. using partial foldings and ["-foldings one can transformn ['(n — 1)
into some graph Ny(n — 1) which is U-folded. So. I transforms into a new (Z[t]. X)-

graph .
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Cw

Let C'y... .. C'r be the list of all u,-compounents in \,. We can assume that anv
(', either contains at least one edge with the label «?. o] >> 1 or if all its edges
are labeled by finite exponents of wu, then the abelian group associated with €, is
not cvelic generated by a finite exponent of u,,. If some u,-component €', does not
satisfv this condition then we eliminate from C, every edge o p(e) = u) 5 € Z and
substitute it with a path p, labeled by the standard decomposition of ). Since p,
belongs to Ag(n — 1) the number of u,-components reduces.

Consider all vertices in (', which also belong to Ng(n — 1) - these vertices form
a finite set Voand let € V. If H, ()N (uy,) = (X)) k= 0 then we add at ¢ a loop
q labeled by the standard decomposition of «X. so ¢ € No(n = 1).

Let © be a connected component of Ng(r — 1) which contains . Qur assunption

—_—

. + . - - — -~ 2 . . .
in the end of Subsection 15.1 means that wi = uy, w, = u,”. which implies that a path

in O starting at ¢ and labeled by X contains an initial subpath 7, and we can tind

o~

all paths in O starting at ¢ and labeled by u{‘; in the following wav. Since Ny(n — 1)
is ["-folded then either there exists a unique path p; in © such that o(py) = ¢ and
wpr) = uy, (for p(py) = :Ei in the same wayv) or label of no path starting at «
represents u, as an infinite word. Suppose p; exists then again if there exists a
continuation p, of p; such that o(py) = H(py). (p2) = u, then it is unique and we
repeat the process for po. Since V' (Ng(n — 1)) is finite then either this process stops
in a finite number of steps or there exist minimal natural nuimbers Ay and A, such
that t(pg,) = t(pk, «k,) and since No(n — 1) is U-folded then pg, .1 = pg, ok, 1. that
is after a finite number of steps no new path is added and P(C,.¢) = {t(p,).7 € T}
is finite.

By induction hvpothesis L(©. v) is a subgroup of FZt. If k. k> from above exist
then L(©.v) N (u,) = («**) and if uk* ¢ H, (¢) then we add to Cy an edge ¢ such
that o(e) = t(e) = v.u(e) = ur2. so that. H, (v) is changed. Let H be a free abelian

group associated with u,-component Cy U {e}. If H, ()N {(u,) = (u!'). [} > 0 then
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H N () = (1'2) and obviously [} > [,. This means that the process of adjoining

n

new edges to C'; which changes H,, (¢) stops after a finite numnber of steps.

Figure 6: Step 1

If there exists a u,-component C,, such that P(C. )NV (C,,) is not trivial. then
it means that there exists a label reduced path p in Ng(n — 1) with u(p) = u,".r e N
connecting C; and Cp,. So we add an edge e such that o(e) = v. t{e) = t(p). u(r) = uj,
and the number of u,-components in g reduces.

Figure 6 illustrates the process described above.

We perform the procedure described above for all C',.¢ € [1.T] and all ¢ € V(C,).
Observe that T is finite and [V(C,)|.¢ € [1.T] is also finite thus we stop in a finite

number of steps. The resulting graph we denote by A\'g. u,-compounents in Ny
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are not u,-folded in general. so we apply finitelv manv n,-foldings to obtain A"
from 'y in which all wu,-components are wu,-folded. Then it might happen that
ANo(n = 1) is not U-folded. By induction. A’g(n — 1) can be transtormed by finitely
many partial and u,,-foldings for m < n into a graph A, so that N(n — 1) is
U -folded.

Thus one iteration of Step 1 is complete and we can repeat all the procedures
described above for . To show that eventually the process converges we introduce
the following characteristics of a (Z[t]. X')-graph ®.

Let M(P) = Pi(P) + Po(d) + Py(P). where P (P) ix a number of u,-components
in ®. P(P) is a number of vertices in ¢ which belong to u,-compounents. Py(b) =
Z;r:l [,. where T = P (d) and H,, (¢,) N (uy,) = (ul,;).l‘ >0, C,.Cylll Crisa
complete list of u,-components of ®. Observe that M(P) > 0 for anv (Z[t]. X')-graph

iR

Remark 6 Notice that if C 15 a up-component im Ng. when we add a cycle labeled
hy a finmite erponent of u, to C and H, (v,) 0 {u,) = = then Py(U) can mmerease on
the first iteration of Step 1. but on all further iterations it can only decrease becauwse
once the intersection H, (v,) 0 (i1,) becomes nontroral ot can only grow afteruards.
So. there erists a natural number N (o). which depends only on N,y and does not
change awith the repetitions of Step 1. such that starting from N-th tteration Py(T)

always decreases.

Thus we have M(Ng) > M(Ng) > M(QA") > M(A)). where the last two
inequalities follow from Lemma 31. M(J\g) = M(Ag) is possible only if Step 1
did not change \y. that is. no two different u,-components were joined by a path
labeled by uX.k € Z and abelian groups associated with any u,-component in 3,
were not changed. In this case Ao = A|. Otherwise. if M (X)) > M(A'y) then
it implies that M(Ng) > M(JA). so after finitely many iterations of Step 1 the

process stops and we obtain a graph 2, which has properties (i)-(iv). Indeed
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(1): A, is partiallv folded by censtruction.

(ii): if there exists a path p in No(n — 1) with p(p) = v¥ .k € Z which connects
two different u,-components C;. Cy in Xy then. since NXo(n — 1) is -folded by
construction. from the propertv (ix) of Ny(n — 1) it follows that there exists a

: — k
unique label reduced path ¢ such that o(q) = o(p). tq) = Hp).juq) = u, . but
then by our construction. €y and Cy are joined by an edge ¢ with p(e) = uf -
contradiction:

(iii): if C" is a wu,-component of A, then from our construction above it follows

that for anv edge ¢ in P there exists a path p, in No(n — 1) such that o(e) =

o(pa).t(e) = Hpe).pu(p) = p(e). now the property (iii) of N, follows from the
property (ix) of A,(n — 1)

(iv): follows from the construction and the property (ix) of No(n — 1) - in the
same wayv as (iii).

Step 2. Let C' be a u,-component in N, Since C'is u,-folded then by detinition
there exists a positivelv-oriented path - associated with " such that V(') =
Vi(FP). There are only finitelv manyv edges in - which are iabeled by infinite
exponents of u, and let S¢ denote the set of such edges. Let ¢y, 00 € V() be such
that there exists a path p = e,---ex in P o(p) = 1. H{p) = 5 and there exists
J € [L.A] such that ¢, € S¢.

Suppose there exists an integer A, such that 1(p) = wnt? < H, () IEH, ()0
(un) is trivial then A, is unique. When H,_ (v1)N(u,) is not trivial there are infinitely
many numbers r such that ;_(;)_) *u~" € H,, (r1) all of which belong to the coset
uk? « (H,, (¢y) N {u,)) and this ensures that it does not matter which one of them is
chosen. Then we add to C' an edge ¢ such that o(e) = ¢y . #e) = o pu(e) = u,k,” but
eliminate an edge ¢, from Pr. Observe that this operation does not change H, ().

Since anv vertex ¢ in C' can be connected to a base-point of z.- bv a unique

positively oriented label reduced path p, then anv two vertices ¢. > in C' can be
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connected by a path p,., ., which is a terminal subparth of p,. or p,, and every edge
in F- belongs to some path py ., € V(C) 0 = 1.2, So. to minimize the number

of infinite edges in - one has to check only finitelv many paths.

Pc
/_____‘i,,__/\h__.___\
o]
_—__./\___\
v, ~ V2
———— ]
\ 4 2
m u
\\ 7/ un n
S - e
Cc
L
Ua
v, \]
.’\\'/"f’ /
) . m
N p Un

Figure 7: Step 2. o >> 1.

If C" is a n,-component obtained from C' by all possible substitutions described
above then €7 is connected by construction but mav be not u,-folded (see Figure
T

We perform the described procedure for all w,,-components of A, and then using
un-foldings obtain A’ where all u,, components are u,-folded. but it might happen
that N',(n —1) is not U-folded. Thus. by induction we obtain A, such that A", (n —
1) is U-folded. Finally applving Step 1 finitelv many times we obtain A which has
properties (i) - (iv) and one iteration of Step 2 is complete.

Observe that Step 2 does not increase M(N,). so M(Ay) < M(A,).

If Py(b) = Z.P:‘(l'b’ m(C,). where m(C',) is a number of edges labeled by infinite

exponents of u, in P, and C, is a u,-component of ®. Then we have P(N,) >
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Pi(AN5) > Py(A”y) > Pi(A3) because U-foldings do not increase the number of
infinite edges. If Py(A.) = Py(QA’,) then it means that no u,-component was changed
and the process stops. Otherwise Py(2,) > Pi(A') and thus Py{Ns) > Pi(Ay).

After finitely manyv irerations of Step 2 the process stops and we obtain a graph
A which has properties (i)-(v).

Step 3. Let C' be a wu,-component in Ay and vy.00 € V(CYNV(Ay(n = 1))y #
3. Suppose there exists a reduced path rin Ag(n — 1) for which o(r) = . tHir) = )
and p(r) = u!.1 > 0. Since Az(n — 1) has property (ix). we can assume 7 to be
label reduced and pu(r) = ;. Then. there exists a unique label reduced path ¢ in
Ni(n = 1) for which o(q) = 1. Hq) = vy and ulq) = u‘,,k.l > & > 0 and such that for
any two initial subpaths ;. ¢, of ¢ such that pu(q,) = gy = 0k ks e ke

we have t(qy) # H).

Pc
Gﬂ /’.—\\ Jﬂ
r S
- ~
- ~
. ——
Viouy Un ua't V2
) -~ Q> ~@; -2 v
Un E/Hus‘”
!
|
I
|
|
L 4
2
Un
e %/:\’u ...
Viouy Un> uyt V2

Figure 8: Step 3.

Since vy.t» € V(C') then there exists a reduced path p in P such that o(p) =

vy H(p) = va.iu(p) = ul.a € Z[t]*.
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1. It p consists only of edzes labeled by hnite exponents of w«, then from the
properties (iii). (iv) of Ay and from the fact that X5(n — 1) is U-folded it follows
that there exists a unique label reduced path p’ in Az(n — 1) such that o(p’) =
o(p) .t = Hp).u(p') = u,". Hence. olq) = o(p'). tq) = t(p'). If pis positive
then so is p' and we have j(p') = p(q). otherwise we have a contradiction either
with the choice of ¢ or with the fact that Ag(n — 1) is U-folded. Thus. by property

’

(ix) of Az(n — 1) we have q = p'. If p is negative then p’ is also negative and we
have a positively oriented loop in Ng(n — 1) at ¢ which is a concatenation ¢p/ ™' so
wlgp' ™Yy € H,, (1)) otherwise a contradiction with (iv).

7™

2. Suppose p contains an edge labeled by infinite exponent ot u, then pip) «

palqg)y &€ H, (r)) - otherwise we have a contradiction with (v). So we add to

k

C an edge ¢ labeled by uf

such that o(e) = v He) = o (see Ficure 8). After
this operation the new u,-component C” mayv not be u,-tfolded. but rthe munber of
infinite edges in it can be reduced at least by one - an infinite edge which belongs
to p can be deleted now. Thus Py(3) can be reduced by applving Step 2 while
Pi(As). P(Ag). Pi(A;3) do not increase (see Remark 6).

After a finite number of steps one obtains a graph A which satisties conditions
(i)-(vi).

Step 4. Let C' be a u-component in ;. As in Step 1 we find all paths labeled
by u*.m € Z in Aj(n - 1) which originate at vertices in C'. The endpoints of these
paths comprise a finite set B. Now we adjoin to C' all vertices from B which do not
belong to V'(C).

Let ¢, € V(C') and suppose there exists a reduced path r in A{(n — 1) for which
o{ry =ri.Hr) = 1.9 € B.va € V(C) and w(ry = w1 € Z. Since Nj(n — 1) has
property (ix). we can assume r to be label reduced and pu(r) = @,'. Without loss

of generality we can assume [ > 0.

Then. there exists a unique label reduced path p in X;(n — 1) for which o(p) =
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. -~k . ..
v Hpy = o and p(p) = u, L > k> 0 and such that for anv two initial subpaths

pr-po of psuch that pu(py) = w0, p(pa) = 0™y < my < bk we have Hpy) # Hpo).
We have several cases:

I. uf‘; e H, ()

Since Aj(n — 1) satishies the property (iv). that is, there exists a unique label
reduced cvele g at ¢y in Ny(n —1) labeled by H,, ()N {u,). Hence p = ¢ because of
the choice of p and the fact that Nj(n — 1) is [-folded. So ¢y = 5 - contradiction.

2. uf‘; ¢ H, (i)

Let ¢ be anv vertex in V(C') and let ¢, = ¢, ...¢,, be a label reduced subpath
of P such that o(q,.) = v.t(q.) = vy.p{e,) = w0 € [L.m] (q,. exists sinee O s

i, -reduced).

- \F]
gn A
Un
Un
vy U“
n ~
"4
,
K
.
P
Un «
Un Un
--- & S~ » > ®---
vy i \F u-3

Figure 9: Step 4. 1a).

a) Suppose for any ¢ € V(C) we have u(q,.) = u* € H, (vy). Then we add to

C an edge ¢ such that o(e) = vy t(e) = o pi(e) = u® and then applving a single
& 1 2 f n R el =

u,-folding we fold ¢ with ;- and obtained u,-component is u,-folded because of our
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assumption about A. Observe that the number of infinite edges does not increase
and H, (1)) does not change. however the number of vertices in €' increases by
one (see Figure 9). Also. after this operation Ny(n — 1) stavs U-folded - ¢, is not
identified with anyv vertex in A,

b) Suppose there exists ¢ € V(C) such that ;1((7 «ub e H, (r). Then all
edges in ¢, are labeled by finite exponents of u,, - otherwise (' is not minimal with
respect to the number of infinite edges. Since A has properties (iii). (iv) and
Ai(n — 1) is U-tolded it means that p connects two vertices in C and. hence, ¢, € (7
- contradiction.

So. we add to C" all vertices from B in finitely many steps and the same can be
done for all w,-components of A;. This procedure leaves Ny(n — 1) to be U-folded.
but increases M (). After all possible vertices are adjoined to i, -components. the
resulting graph N5 has properties (i)-(vii).

Step 5. Let C be a wu,-component of A0 € V(). Since A5 has all the
properties (i)-(vii) and A;(n—1) is U-folded. there exists no reduced path p starting

at ¢ € V(C) such that g(p) = u>! and t(p) € V(C).

n

(a) Let p be a label reduced path in A5(n ~ 1) such that o(p) = c.pu(p) = w. w =
w? o .9 = 1 (the case when 6 = —1 can be considered in the same wayv as shown
below).

Byv definition. i, is a word in the alphabet {YU N ' u{u™ | ue U(A;5).u<
i, € Z[t]7}. We have

—~—

Uy = hyupt (ho- - uy™ by oy

At first. comparing u(p) and u,,. we prove the following claim.

Claim. Either there exists a label reduced path ¢ = ¢1¢2 in A(n — 1) such

)

that o(q) = v. t{q) = Hp).u(q1) = U, or p = 2125 () = I:lct,,_lI:,--~lz~,,,.;z(:~_)) =
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O . — 4
w,r o hpyociuyy = hyyoyoul.

Let p = d\pyds - - - dyprdi oy where p, is a path in some u,, _y-component of N;{n—
1) and d, is a path in A5(n — 1) which does not contain edges labeled by ) . €
Z[t]". We can assume that there exists no initial subpath ', of d,p, - - - dy.prddy. .y such
that ;T(T’,) = u,fll and there exists no terminal subpath ", of , such that p(d”,) =

=t - otherwise. since As(n — 1) is U-folded. by induction we can assume that #Hd’,)

"

and o(d",) belong to some u,_;-components and there exist edges ¢’.¢” such that

n -

o(e’) = o(d'). tHe') = Hd') u(e') = ufll.()(l") = old",)). tHe") = tHd") u(«") = u:ll.

7

so that we can substitute o',.d”, by €'.¢” correspondingly and consider the path pf

obtained from p by such substitutions. Let m = u',f“l.

Since u, is the standard decomposition of u,. hy does not have u,, | as a terminal
segment. Observe that IMI > |h,| because of the choice of Ay,

a) If [u((—l;)I = |hy| then automatically wldy) = hy. Now. either 3, < o, or
Fy > oy =hoocu' u # s and u, = l;l u',:';,h‘_. - otherwize a contradiction with
the choice of h,.

In the former case. if .3, = o, then we proceed with o,. as before with ;. but
if .7, < . then m contains u,_; as an initial segment and by induction there
exists a path r = ryr, for dy such that o(dy) = o(r). tH(dsy) = Hr). pulr)) = u,_; and
try) = o(ry). tipy) beiong to the same u,_-component D. So. we have cither a

path dp, or a path d,p;r, labeled by hy .

In the latter case. u, = hyoul',0h, and p = =z, where u(z;) = h, and

ny

p(z) =upt johsocu,y = hyou'

b) If |p(d))| > |h| then by the stabilizing condition we should have pu(d,) = h, o

uk_ .k € Z. where the sign of k depends on the sign of n; and we can assume & > 0.

n
In fact. because of our assumption about d, we have & = 1. By induction there exists
a path r = rir, for d; such that o(d;) = o(r). t(dy) = t(r). u(rs) = u,_;. H{ry) = o(rs)

belongs to some u,_,;-component D. Observe that t(r;) and t(d;) belong to the same
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i, _-component D.

We proceed with p;. We have cither 3)+1 < ayor 3141 > aou,oy = hoou' ' #

)
n-1

zand u, = ’;1 u l:-_) - otherwise a contradiction with the choice of h..

[f .3;+1 = oy then we proceed with os. as before with . If .3, +1 < . then ;1_((1_—.)
contains wu, _; as an initial segment and by induction there exists a path " = r';r’,
for d, such that o(dy) = o(r’). t(dy) = Hr').pu(r'y) = up_y and Hr'y) = olr'y) Hpy)

belong to the same 1, _-component D. So. we have either a path rir,p, or a path

g

rirapyr’y labeled by hyul® .

If 3 +1>apm,=hod n#zand u, = hull' |hy then u, = hyoul' | o

hs.p = zyz5. where p(zy) = hy and p(z) = u))t yohyo.
We have considered the first step and now the proof of the Claim follows by

induction on m.

The Claimm above provides us with two possible cases.

1. There exists a label reduced path ¢ = qygo in X(n — 1) such that o(q) =
v oHq) = Hp).oplyy) = ,.

I.1. There exists an edge ¢’ in P such that ofe”) = cop(e’) = u;. = - O

Observe that if H,, ()N {(u,) is not trivial or ~ € Z then by the properties (iii).
(iv). there exists a label reduced path p’ labeled by i, such that t(p) € V(C).
Since As(n — 1) is U-folded we have o = p’ and t(qy) € V(C).

So. assume that H, () N (uy,) is trivial and 5 >> 1.

We divide ¢ bv a new vertex ¢’ into two edges ¢, and ¢’ so that o(¢’)) =
o(e’). te')) = V. o(e'y) = v t(e'y) = ). u(e’)) = wp. pu(€'y) = u,, ' The resulting
u,-component we denote by €’ and now we check that €7 is u,-folded.

Let y be any vertex in V(C) and let ¢, = ¢, ---€,, be a reduced subpath of -
such that o{q,) = y.t(q,) = v.u(e,) = u;r.i € [L.m]. We have two cases.

a) Suppose for anv y € V(C') we have ;z—(qy—) *u, € H,, (v)if ¢, is positively

oriented and pu(q,) = u;' ¢ H, (v) if q, is negatively oriented. Then. it means
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automaticaliv that C7 is u,-folded. Finallyv. we identifv ¢ with f(g;) and denote the

resulting graph by g (see Figure 10). Observe that Ng(n — 1) is {-folded.

(p)
-
o
e
& ----
—
Pc . tp)
-, .
p
Q1 /
Un
v e v €2
i
P t(p)
a1 Q2
v e’ v e

Figure 10: Step 5(a). 1.1

b) Suppose there exists y € V(C') such that m *u, € H, (r)and q, is
positively oriented (the case when m* u' € H, (r) and g, is negatively oriented
is considered in the same way). Then all edges in g, are labeled by finite exponents
of u, - otherwise C is not minimal with respect to the number of infinite edges.
But in this case we have a contradiction with the assumption that H, () N {uw,) is
trivial because m *u, # <.

1.2. There exists no edge ¢’ in P such that o(¢’) = v.pui¢') = u; .~ > 0.

We can assume that H, () N (u,) is trivial. otherwise. hv the property (iv).
there exists a label reduced path p’ labeled by u, such that t(p') € V(C). Since

A5(n — 1) is U-folded we have ¢, = p’ and t(q;) € V(C)
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t(p) t(p)
Un p
v
\_—_\/"_‘—’/
Pc .

up)

Figure 11: Step H(a). 1.2: 1 # O (lefty. I =0 (right)

We add an edge ¢ to X5(n — 1) so that o(e’) = e t(e’) = Hyy ) pile”) = u,,. The
resulting graph we denote by Ay (see Figure 11).

Observe that the resulting u,-component C" = C U {¢'} is u,-folded. otherwise.
by the same argument as in L.1.b} we get a contradiction. Also. it is easy to see
that Ag(n — 1) is U-folded.

o~

2. p=z1z. pqlz) = l:lu:f‘_ll;_,-- chp p(z2) = 1

Qen

!
n-1 ohm——l o, Uy = hm»l ou.

Observe that t(zy) € V(D) for some u, _-component D of A5(n — 1).

We add edges e;. e, vertices ). 5 and a path r to X5(n — 1) so that o(¢) =
t(z1).0(ca) = tley) = vi.tHea) = vacolr) = v t(r) = voopuley) = uy" pulen) =
1. ft(r)y = u,_;. The resulting graph we denote by A’;.

In fact we added to D a path e;e5 and it can happen that DU {€,¢,} is not w, -
folded. Using u,_,-foldings we make D U {e €1} u,_ -folded. The result of these
i, _-foldings we denote by N'g. So. there exists a label reduced path ¢ = q¢2 in

A’ such that o(q) = v.t(q) = Hp). i(q,) = u, we just have to attach t(q;) to V(C)
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Figure 12: Step 5(a). 2.

(see Figure 12). In fact. we are now in the conditions of case 1. and applving the
samne argutnent we obtain a new graph Ag where there exists a label reduced path

q = qiq2 for p in Ng such that o(q) = v.t(q) = tH(p). plqy) = w, and t{qy) € V().

(b) We have p = 225, 2 € As(n — 1).,r:;) = Wyl = W 0. i) = Waoe =
iy ocy. Thatis. t{zy) € V(D). where D is a u,-component of X5(n).

1. There exists an edge ¢’ in Pp such that o(¢’) = H(z)). (') = u; = > 0.

Without loss of generality we can assume =, = ¢’

Observe that if H, (t(z1)) N (u,) is not trivial or ~ € Z then by the properties
(iii). (iv). there exists a label reduced path p’ labeled by «;, such that o(p’) =
t(z1). Hp') € V(D). Obviously pu(z1p') = u, o ¢ and evervthing reduces to the case
(a). After applying arguments of (a) we obtain a new graph Ag in which p satisfies
the property (viii).

So. assume that H, (t(zy)) N (u,) is trivial and ~ >> 1.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



145

We divide ¢’ by a new vertex ¢ into two edges ¢’y and ¢’5 so that o(e'y) =
ole ) ') = oo(!y) = Ol ) = He o pte' ) = w,opule’s) = w7t The resulting
graph we denote by N5, the resulting u,-component we denote by D" and now we
have to check if D' is u,-folded.

Let y be anv vertex in V(D) and let ¢, = ¢, ---¢,, be a reduced subpath ot 7,
such that o(q,) = y. t{q,) = v.pule,) = uyr 1 € [L.m]. We have two cases.

a) Suppose for any y € V(D) we have m xu, € H, (Hz)) if ¢, is pos-
itively oriented and m «ul ¢ H, (=) if q, is negatively oriented.  Then.
it means automaticallv that D’ is u,-folded. We add a path p/ to N5 so that
o(py = Hz)) Hp" ) = op(p’) = uy, (see Figure 13). We denote the resulting graph
by ANy and p(zp") = w, 2 ¢ so evervthing reduces to the case (a). After applving

arguments of (a) we obtain a new graph Ng in which p satisties the property (viii).

tp) \

Figure 13: Step 5(b). L.

h) Suppose there exists y € V(D) such that m x 1, € H, (t(z1)) and g, is
positively oriented (the case when m *u,' € H, (tz)) and g, is negatively
oriented is considered in the same way). Then all edges in ¢, are labeled by finite
exponents of u, - otherwise D is not minimal with respect to the number of infinite
edges. But in this case we have a contradiction with the assumnption that H, (#(z;))N
(1t,) is trivial because m x U, # =,

2. There exists no edge ¢’ in Pp such that o(e’) = t(z). pu(e’) = w).~ > 0.
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We can asswmne that H, _(Hz;)) N (i) is trivial. otherwise. by the property (iv).
there exists a label reduced path p' labeled by u, such that o(p') = t(z)). Hp') €
V(D). Then. p(z1p’) = u, o and evervthing reduces to the case (a).

We add an edge ¢/ a vertex ) and a path r to A5(n — 1) so that o(¢') = olr) =
Hz). ") = Hr) = vy p(e’) = upopi(r) = u,. The resulting graph we denote by
A5,

In fact we add to D an edge ¢’ and it can happen that DU {¢'} is not u,-folded.
Using t,-foldings we make DU {¢'} w,-folded. The result of these u,-foldings we
denote by N'g (see Figure 14). So. there exists a label reduced path ¢ = zr in
Nia(n = 1) such that o(zy) = v t(p') = He') pu(zr) = u, o ¢ and evervthing reduces
to the case (a). After applyving arguments of (a) we obtain a new graph Ay in which

p satisfies the property (viii).

22

p)

o
vy Q
r t(p)

Figure 14: Step 5(b). 2.
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(c) We have o(p) = v.u(p) = wy. v’ = wyows.us # 2.0 € {L.—1}. Without
loss of generality we can assume o = 1.

Also. there exists an edge ¢’ in C such that o(¢’) = ropu(e’) = u".~ > 0.

l. e P

Observe that if H, (¢) N (u,) is not trivial or ~ € Z then by the properties (iii).
(iv). there exists a label reduced path p’ labeled by, such that #(p') € V(C') and
p is an initial subpath of p'.

Further we assume that H,, (¢) N {u,) is trivial and ~ >> 1.

We divide ¢’ by a new vertex ¢ into two edges ¢/ and ¢/, <o that o(¢’)) =
o(e") ') = voo(ey) = oHe!s) = He' )oY = wgop(e’y) = w7t The resulting
u,-component we denote by ¢ and now we have to check if C7 is wu,-folded.

Let y be any vertex in V(C) and let ¢, = ¢ -+ - ¢, be a reduced subpath of £

such that o(q,) = y.tHq,) = vople) = w0 € [1om]. We have two cases.

(p) C e

— ) (p)

Figure 15: Step 5(c): 1 (left). 2 (right).
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a) Suppose for anv y € V(C) we have u(q,) = u, € H, () if q, is positively

oriented and p(q,) * u;!

¢ H, (r)if q, is negatively oriented. Then. it means
antomatically that €7 is u,-folded. Finally. take a path ¢ with pl(q) = ws and we
form a new graph Ny = A5 U {¢} so that o(q) = Hp). tH{y) = ¢’ (see Figure 15).

A'g(n = 1) mav be not U-folded. Using u-foldings tor u < w, we can make
No(n — 1) U-folded. Observe that these u-foldings do not atfect wu,-components.
so the resulting graph Ng has all the properties (i)-(vil) Ng(n — 1) is -folded.
Moreover. there exists a label reduced path p” Ng(n — 1). labeled by u,, such that
tHp') € V(C) and p is an initial subpath of p’.

b) Suppose there exists y € V(C) such that m «u, € H, (r) and ¢, is
positively oriented (the case when /1(_(/,;—)* u b € H, () and g, is negatively oriented
is considered in the same wav). Then all edges in ¢, are labeled by finite exponents
of 1, - otherwise (' is not minimal with respect to the munber of infinite edges,
But in this case we have a contradiction with the fact that £, ()0 (u,) is trivial
because m * U, F 1.

2. ¢/ & D

H, () N (uy) is trivial, otherwise. by the property (iv). there exists a label
reduced path p’ labeled by a,, such that #(p’) € V(C) and p is an initial subpath of
V.

Assute that H,, (¢) N (u,) is trivial and ~ >> 1.

We add an edge ¢”. a vertex ¢/ and a path ¢ to A5(n~1) so that o(e”) = v t(e") =
Vo) = up.0(q) = v.t(q) = oulq) = u, (see Figure 15). The resulting graph
we denote by Ay,

Observe that the resulting u,-component C' = C U {«". ¢’} is u,-folded. other-
wise. by the same argument as in 1.b) we get a contradiction. But. Ng(n — 1) is not
U-folded. We perform necessary u-foldings for u < u, between ¢ and as a result we

obtain a new graph g in which there exists a path ¢ = ¢y starting at ¢ such that
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(q) = un-t{q) € V(C) and p = q; is an initial subpath of ¢.

We can apply the procedure described above to all cases in Ag when (viii) is not
satisfied. After all these operations we denote the resulting graph by A;. Observe
that \; has all the properties (i)-(viii) and N;(n — 1) is U-folded.

Step 6. We verifyv (ix) for A (n).

Let p be a path in N;(n) with w(p) = w. p(p) belongs to the alphabet {X U
N "huf{u"|ue (D) u< u,.a € Z[H7} so let us subdivide p in the following
wayv

p= [’I(IIP'.!'IJ s [)m([mpm 1.

where all edges in p, do not contain edges labeled by ut.a € Z[t]". so that. we
can assume p, to be a path in A;(n — 1) and d, contains onlv edges labeled by
ut.a € Z[t)*T

Take any p,. By induction there exists a unique label reduced path ¢, such that
o(p) = olq). t{p) = tq) plyq) = /7,. where m = h,. Observe that since f(p,)

belongs to some uy,-component C', and d, is a path composed only of edges labeled

by exponents of u, then d, is a path in C, such that p(d,) = «'. By Lemma 35 there
exists a unique path ¢, in P such that o(e,) = o(d,) and uj)* € p(e)«H,, (o(d,)). We
have that t(d,) = t(c,). Indeed. if d, leads to some other vertex ¢ € FP- then there
exists a unique positively oriented subpath p,. of I, from o(d,) to ¢ and we have

a loop p,.rl,_l. so q(p.) * u;™ € H, (o(d,)). Thus ujy = p(p.) * h. h, € H, (old,))

and pul(p.) € pl(ce,) * H,, (o(d,)) which is impossible unless p,. = ¢,. because C, is
un-reduced. So ¢(d,) = t(c,) = o(py«1)-

Thus we obtain a reduced path r as the following concatenation

’
q = Qg0 dmCmQm~1-

where o(q,) = o(p,). t{q) = t(p.).o(c,) = o(d,).t{(c,) = Hd,). p(q,) = p(p,). plc,) =
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(2 )

p(dyy = uroi € [Lom + 1] and o(¢') = o(p). Hq') = H(p). plq’) = p(p) and all q,. ¢,
are label reduced.

However. ¢' may be not label reduced. that is. there can be a cancellation in

piey) = g, o). Without loss of generality we can assumme o, >> 1 (if not then by
(ili) we can assume p,e,p,op to be a path in X:(n — 1) and evervthing follows by

induction for p,e,p,.q).

Suppose p(e ) xp(qoay) # pele)op(q ). Then p(qg, o) contains an initial subword
b o gk < 0.u! = gy 0 g Since Nz(n = 1) is U-folded. by (vii).(viii). (ix) it
follows that there exists a path r,oy = 2,01 fi.p such that o{r, o)) = olq, o) Hr ) =
Hgoor)oolz ) =0 € V(C) oz 0) = :T,lkg'[ and it can be continued by a path '
to some vertex o € V() so that 2z, 12" is a label reduced path from ¢y to . Let
w, .y be the path in P such that o(w, o) = vy t(w,.y) = 2. Then we have that

concatenation :r,_l:'*l is o path from #Hey) = olger) = ol ) to H(z,00) = ol f, o))

— . - . 1 .
and p(u, 2 Y = plz,) = u.f‘l o ¢y. So we can substitute ¢,y by w, 27 f, o) in

— _ 1 . . ! )
¢. Observe that p(2'"') = g, ' and 2’ 7' f,.1 is label reduced otherwise uf > g is

not the maximal initial subword of u(q,.,) which cancels in p(e,) = plgop). Also.
-1 -1
Up * Gy = UpOg, .
-1 . . .
Thus we have that ¢,q,.; becomes cw, 12" fio. We can find a unique label re-

. . ~1 .
duced path b, in C, which corresponds to ¢,w, . and then b,2"7 f,_y is label reduced.

If 1o(q. ) * pu(c2) # p(q.) o pulc,) then we can substitute ¢, by f,2” 'w, and using the
same argument as above show that we obtain a label reduced path f,z"'h, which
corresponds to ¢,c,.

After finitely many such substitutions we get a label reduced path ¢ such that
o(q) = o(p).t(q) = t(p).u(q) = p(p) = w. Finallv. using the property (viii):

(a),(b) (similarly to the Claim in Step 5) one can construct a unique label reduced

path ¢’ such that o(¢’) = o(p). H(¢') = t(p). u(¢') = w.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Step 7. Let ¢ € F=" be such that

——

g=hu"hy--uh, ..

We check (x) for A-(n).

If u < u, then (x) follows by induction. Suppose 1 = wu,,. By induction either
there exists a unique label reduced path py in A;(n — 1) for by starting at € Nz(n)
such that pu(p,) = /:1 or for any path ¢; in A- starting at ¢ it follows that m # h,.
In the latter case there exists no path p for g such that 1(p) = q. because if it exists
then by (ix) there exists a unique path g such that o(q) = o(p). tHq) = Hp) pulq) = .
But ¢ contains an initial subpath ¢, starting at ¢ with the label pu(qy) = th -
contradiction. In the former case we continue with ™. Since #{p;) belongs to some
u-component C'p of N+(n) - by Lemma 35 either there exists a unique path o) in £
such that o(e,) = Hpy) and u™ € m « FH ,(o(c,)) or there exists no continuation
of p; in C'; which is labeled by u™ . Again. if this continuation does not exist then
there exists no required path for g. if it does exist then we continue.

Eventually we either construct the required unigue path for g or there exists no
such path at all.

The induction step is complete and the theorem is proved.

=

[t can be seen easily from the Proposition 4 that properties of U-folded graphs are
similar to the properties of folded X-graphs introduced in [24]. In [24] X-graphs are
used for studving the structure of subgroups in free groups and for solving various
algorithiic and combinatorial problems for free groups and their subgroups. In the
next subsection we try to do the same for finitelv generated subgroups of FZ! using

(Z[t}. X)-graphs.
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17.3 Subgroup graphs and applications of ( -folded
(Z[t]. X )-graphs

In Subsection 17.1 (see Lemma 37) we saw that any finite (Z[H. X)-graph detines a

. ~"" el - . .
subgroup in F“%. We will see now that the converse statement is also true.

Proposition 5 Let H be a finutely generated subgroup of E=t. Then there erists a

U-folded (Z[t]. X)-graph T and a verter v of I' such that L(T. v} = H.

Proof. Since H is finitely generated then there are elements hy... .. hie in F

. . AT IS . . . . . .
which generate H. Since F=" is a union of the following infinite chain of groups:

F=Gy<Gy<...<Gy...< ...

where G, is obtained from G, by extension of all cvelie centralizers in G, there

exists a minimal natural number n such that h, € G, .y for all ¢

M

[L.A].
In Subsection 15.2. it was shown that any element of F** has a unique ertension
serees and the standard decomposition with respect to these series. If by U(h,) we
denote all elements from U, infinite exponents of which appear in the standard
decomposition of some h,. then U(h,) is a finite set and so is Uf’___l C(h,). Thus anv
h, can be viewed as finite word over the alphabet B = {X U X'} u{u™ | u €
U, U(h). o € Z[t]"}. of the length n,.

We define an (Z[t]. X)-graph '} in the following way. [ is a wedge of A circles
wedged at a vertex denoted v;. The i-th circle is subdivided into n, edges which are
oriented and labeled by B so that the label of the i-th circle (as read from ¢ to )
is preciselv the word i;,. Note that I'} is connected.

For any cvcle p at v in ). ;L—(p—) € L(Iy.v)) by definition. So H C L(T'y. ¢y).

The converse is obviously true - if ¢ € L(I'y. ;) then it can be realized as a reduced
A g 1. Uy

label of some cyvcle at ¢y in [}, so it can be obtained as a finite product of basic
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cveles labeled by b, Thus we have H = (hy.. ... hiy € L(Ty.ey).

By Proposition 4. from [} by finitely many partial and wu-foldings. u« € U,k_,1 L(h,)
one can obtain a finite U-folded (Z[t]. X)-graph ' which is connected and there
exists =omne vertex ¢ in [ which corresponds to ¢ in [). By Lennna 38 we have
L(Ty.ey) = L{T. ).

g

Observe that [T constructed in the proposition above is not unique in general.
But all graphs associated with A define the same language which coincides with A.

Proposition -1 only states the existence of (Z[#t]. \')-graph [ for /. But. in fact.
the following result follows directly from the procedures described in the proofs of

Lemma 33. Lemina 34, Lemima 35 and Proposition -1

Proposition 6 There s an algorithm which. qieen fimitely many standard decom-
P q U]
posttions of clements ... hi from F=% constructs a U-folded (Z{H. X )-graph T

such that L(C.v) = (hy.. ... hi).

The next result is a solution of membership problem for finitelv generated sub-

Zin

groups of F

Proposition 7 Every finitely generated subgroup of F= has a solvable membership
problem. That is. there erists an algorithm which. queen finetely many standard

decompositions of elements g hy. . ... hi from F="_decides whether or not g helongs

to the subgroup H = (hy..... hy) of FZt,

Proof. We counstruct a U-folded (Z[t]. X')-graph I. such that L(I'.r) =
(hy..... hi) which is a finite algorithmic procedure by Proposition 6.
F<H <H,<...<H,.

be the extension series for g. where ¢ € H, and H,.| is obtained from H, by a

centralizer extension of a single element u, and let U(g) = {u;..... w,} be the
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subset of {” with the induced order. Then we check if g € L(I". ) using inductive
argumnent based on |U(g)].

g€ H = L([.r)if and only if there exists a reduced cvcle p at ¢ in I such that
g = pu(p). By the property (ix) of [ we can assume that p(p) = g.

Let

———

g=hyuhyuym

be the standard decomposition of g.

If |U(g)] = 0. that is. g is a reduced word in {X U X'} then we just try to
“read” ¢ in [(0) starting at the vertex ¢ - this can be done as shown in Proposition
7.2 from [2].

Suppose there is an algorithun which “reads™ a standard decomposition of an
element h € H, _,. that is [U(g)] < n. starting from anv point " € V(') and
returns answer ~ves  if there exists a path in [ corresponding to h or “no” if such
path does not exist. Then we apply this algorithm to ¢ and /71. If we get "no” as
a result it means by the property (x) of I' that there exists no path for ki starting
at ¢ in [ and we stop - ¢g does not belong to H. If we get “ves™ as a result so we
have a path p, for ’;1 and if #(p,) belongs to sowme u,-component C' of [ we try to
“read” u' as follows. A pair (Pe. H,, (tH{p1))) is associated with C'. where [ is
a finite positively oriented path and H,, (#(p,)) is a finitely generated free abelian

group. By Lemma 35 it is enough to check if uf)' € pu(q) = H,, (t{(p1)). where ¢ is
a reduced subpath of Pr. Hence. if we can find such ¢ then it is unigque and we
proceed with h,. If there exists no such subpath of Pc-. we stop - g does not belong
to H. In finitely many steps we either find out that ¢ ¢ H on some intermediate

step or construct a path p from v to some vy € V(I'). which is labeled by g. If we

managed to find p then we check if v = ¢; which holds if and only it g € H.
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Next application of U-folded (Z[t]. X )-graph is the finding of intersection of two
finitelv generated subgroups in F=.

Recall the definition of a product-graph from [24].

Definition 37 Let ©,.0. be graphs labeled by some alphabet A, The product-graph
O x O, s defined as follows. The verter set of Oy x Oy 15 the set V() x 1V (6,). For
a pair of vertices (s.t) (S ) € V(O x ©O,) (so that s.5" € V(O). t.t € V()]
and a letter = € A an edge labeled by = with orgin (s t) and tsrminus (' 1) s
introduced. provided there 1s an edge labeled by = from s to s" 1 Oy and there s an

edge labeled by = from t to t' i O,.
[ [24] this notion was used for constructing a graph corresponding to the inter-

section of finitely generated subgroups in a free group. In case of U-folded (Z[t. X)-

e

graphs similar notion can be introduced.

At first we prove the following auxiliary result.

Lemma 39 Let H . H, be subgroups of ZP and let H = H O H,. Let hy. .. .. Fro, be
cosets representatives in ZP by Hy and gy, . ... G, be cosets representatives in TP hy
., (hoth Lists are not necessarily complete). Then there exist coset representatire s

Pro---. Ps-D0 > 0omy < mymy an ZP by H such that

{(/ll -+-[‘[1)U"'U(h,,,1 -+ H[)}ﬂ{(gl + f[-_g)U"'U(!]",_, + H_g)} =

={{p+H)U---U(pm, + H)}.

Proof. It is enough to show that the intersection of two cosets (h,+ H,)N(g, + H>)

is either empty or consists ouly of one coset pp + H in ZP by H. We have

(h, +H)N (g, + Ha) =(h, + ((n+H)U(r2+ HYU--))NO (g, + ({1 + H)U

Ugp+HYU--))=((aqu+ H)U(a+ H)U-- YN + HYU(bs+ H)U---).
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where ry..... I'm. ... are coset representatives in Hy bv H. gp..... Un. - .. Are coset
representatives in H, bv H. «a; is a representative of h, + rpin Z? bv H. b, is a
representative of g, + r,, in ZP by H. Thus we have two sers of cosets in ZP by H
and their intersection either consists of some number of cosets or is empty. Suppose
there are at least two cosets in the intersection. that is sav a; = b, and a, = by, Then.
there are two clements #. ¢, € (h,+ Hy )N (g, + Hy) such that t; —t, € H. It follows,
th—th=a1+z—(wa+)=h+nn+y—h+rm+y=r-m+-5,¢€ H,.
where z).2,.2"1.7, € H. On the other hand ¢, —t, = by + 2y — (by + 2,) =
Gg+ra+r =g, +p+) =g -+ -y € Hy So. by -ty € H -

contradiction which proves the Lemma.

Let ©,.0, be finite -folded (Z[t]. X)-graphs and | et

m

Vie,)).r = 1.2
We construct a (Z[t. X )-graph 3. such that L(Oy.r4) = L(O,. o) 0 LIO, 0)) as
follows. The vertex set of O x O, is the set V(O)) x 1(O.). For a pair of vertices
(5. 1) (S )Y e V(O] x O,) (so that 5.8 € V(O)). . € V(O,)) and a letter r € X
an edge labeled by r with origin (s.#) and terminus (5. ) is introduced. provided
there is an edge labeled by r from s to &' in Oy and there is an edge labeled by r
from ¢t to # in €.

Then let v € U(O)) N U, Covsider K, = Comp,(w,).i = 1.2 where u, €
V(©,). Since K',.i = 1.2 s finite. bv Lemnma 30. H,(w,) is isomorphic to a subgroup
H, of Z™. Thus. we can consider H, and H, as subgroups of Z”. where p =
max{n,.n,}. Observe that H = Hy N H, in ZP can be found algorithmically.

From now on we will use additive notation for H,.

Now. V(A )xV(R,) C V(O x6,) and we connect vertices inside V(A ) x V()
as follows. Let b, be a base-point in A,.i = 1.2. Let s;.so € V(K| ). ¢,.t> € V(RK>).
Since A, is U-folded. anv vertex in KA, is associated with a coset in ZP by H,. Then

there exist h, . h,, and g,,.g,, which are coset representatives for ~;. s, and #;.¢,
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correspondingly. We connect (s).f;) with (s, f3) by a positively oriented edge with
label u?* if and only if (h,, — h,, + Hy) N (y,, — g,, + H2) = px + H for some coset
representative py..

Observe that A} x A, can be disconnected and it can consist of several u-
components. Also. according to the definition above it contains loops (at least ones

which consist of two edges).

Lemma 40 Let K. KNy . Ky x Ko, Hy. Hs. H he defined as above and let Ky x K,
edge-connected. Then
(@) of there erists an edge ¢y with label P py > 0 n Ky < K, from (s t) to
{(so.ts) then there erists also an edge ¢ 5 with label uP py > 0 from (so. s} to (s 8):
(b ifp=cy...0saloopin Kyx Ky such that e,y =l then fi+---+fi < H:
() tf p = ci...cx s a sunple path in Ky < Ky such that pte,) = uf then

i+ +fi ¢ H.

Proof. (a) The existence of ¢ means that (b, —h, +H\)C{g,,—g, + H,) = pp~H.
where h,, . h,, are coset representatives in ZP by H, for s,. s, correspondingly. ¢,,. g,
are coset representatives in ZP by H, for ¢, correspondingly and pi is a coset
representative in ZP by ff. Thus we have h,, — h, +ay = yg,, — g, + a2 = pp + .
where a, € H.c € H. So h,, —h,, +d'y =g, —g,, +d'. = —pp + = p + ¢ for
a', € H,.c € H which means that (h, —h,, + H)O(g,, —g,, + H>) = pp + H is not
empty and there exists an edge from (sa.t5) to (sy.4).

(b) Suppose we have a cycle p = ¢ ...ep pule,) = u/t in Ky x K. By (a) we can
assume all f, to be positive. We have o(e,) = (s,.4,). He,) = (s,21. to1). 2 € [L. K] and
(s1.t1) = (Sk~1.te-1). The rule by which edges in A’ x R, are constructed assuines
that there exists g,. a coset representatives in Z? bv H; corresponding to s, and h,.
a coset representatives in ZP bv H, corresponding to t, such that for an edge ¢, one

has (hyy = h, + H)) O (gosr —go + Hy) = fi+ Hoi € [L.k]. Thus hoy = h, + a, =
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Gio1 — g + b, = fi+ ¢, for some a, € Hy.b, € Hy.c, € H. So if we sumn all these
equalities for 7 € [LLA] weobtainay +---+ap =by+---+by = fi+---+ fu+c.c € H
and fi +---+ fr € H.

(¢) Here we use the notation for p introduced in the proof of (b). Thus we have
ole,) = (s, 1) Hey) = (5,1 o)t € [1A]L g, is a coset represeutatives in ZP by H,
corresponding to s, and h,. a coset representatives in ZP by H, corresponding to ¢,
for all . € [1.A+ 1] so that (h,oy —h, + H) " (g,e1 —q.+ H) = fi+ H.1 € [LL K] thar
is.h, oy —=h,+a, =qg,.,—g,+b, = fi+c, forsomea, € Hy. b, € Hy. e, € H. Again. we
take the sum forall v € {[LLAl.so gy = +a =gy —qn+bh=fi+-- -+ fu+cu €
Hy,.be Hi.c € H. Hence. (hgoy —hy+ H)OV (ge oy — g1 + Hy) = f + H is not empty
for some coset representative f in ZP by H. This means that there exists an edge
e labeled by ™. v > 0in Ky x R, from (s f) to (seoy teoy) and p € H. By )
there exists also an edge o from (sg oy fe o) to (s. ) labeled by w3 > 0 such that
a+.3€ H. Since q = ¢ ---cpe’ is acvele it follows from b) that fi+---+ fi = 1= H

so it follows that fi + -+ fi., € H.

Observe that it follows from Lemma 40 that H,((b. b2)) is isomorphic to H.

To complete the construction of all u-components in Ay x Ay, in anyv connected -
component of A x Ay we choose a maximal subtree and then using (a) from Lemma
40 we can change the direction of some edges to make all sitnple paths starting from
the chosen root to leaves of the tree label reduced. Finally. after using u-foldings we
obtain a single path fromn the tree. the origin of this path becomes a base-point of
a corresponding u-component and we add at each base-point in V(A x A) evelic
edges labeled by uM. where H = (h,..... hyg).

Observe that labels of all simple paths leading fromm a base-point (s.#) to any
point of a u-component in K; x K, compose a svstemn of coset representatives by

H,{(<.t)). Hence all u-component in A} x K, are u-folded.
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Since there are finitelyv many u-components in 0.6, for any v € /()N (O,)
and U(9,) N L(O,) is a finite set. this process of construction u-compouents stops
after a finite number of steps. Then we take the connected component of ©; x 6,
which contains (. ) and denote this graph by 6’3, Observe that 0, is partially
folded but mayv be not U-folded. However. all u-components in '3 are complete
and w-folded. By Proposition 4 there exists a U-folded graph tinite (Z{t]. \')-graph
O such that L(Q'4. (v, 1)) = L(O5. (1. v2)).

Now. we have to show that L(©'3. (v, ) = L(Oy. ) N LI, vy).

Let g € L(O,. 0y )NL(Os.n) and g = gyuw™ go - - - w™ gi -y be its standard decom-
position. Then there exist label reduced cveles z, in O, at ¢, such that pu(z,) = g.
Observe that both z; and z, belong to the same level in O and ©. correspondingly.

If g € F(X). then by definition ¢ € L(©'3. (v, ). We proceed by induction on
the L - the minimal level of 6, which z, belongs to.

Since 6.0, are [ -folded there ia a unique path p, starting at ¢, labeled by g
in ©,(L) such that t{(p,) € V(K,) for some w-component A, in ©,.7 = 1.2, So bv
induction there exists a label reduced path py in ©'; starting at (¢, ) and ending
at (H{(py). tH(p2)) with the label gy and (#(py). H{(p2)) belongs to w-component A x K,
in &,.

There is a unignue continuation of p, in K, because g € L(O;.ry) O L(O.. ).
This continuation is a path ¢, (not unique) with label «™ and fixed endpoints
o(q,) = Hp,).Hq,) = c,.i = 1.2, Let H, ~ H,(t(p;)).H = H N H, and b, be a
base-point of A,.: = 1.2. Then there exist coset representatives .3,.~, in Z" bv H,
which correspond to o(q,). t(q,) such that ay, € (7, = + H)) N (72— o + Ha) # 0.
Then by definition of w-components in A} x A, there exists a coset representative
3y in ZP by H and a path g3 u(q3) = u™ from (¢£(py). H{p2)) to (£(q1). t(gs)) such that
(11— Hh+H)N(v2— B+ Hy)) =00+ H = a; + H. So the continuation of p; in

Ky x K, is qy. ¢3 is not unique. but it has fixed end-points.
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In the same wayv one can “read” then g,. w™* and so on. Since ¢ has finitely manv
svllables g, and w™ the process of "reading™ ¢ in ©; x O, is finite. In O, it ends at
r,. hence in © x O, it ends at (vy. 1) and this means that g € L(O'5. (). 1)), So
LO,.r))NL(Os. 19) C L(O3. (0. 19)).

Now. let ¢ € L(O'3. (). 2)). Then there exists a reduced cvele = at (ep.e)) in
©’ such that ;L(—:) = g.

If g € F(.X) then by definition of O x 6, it follows that g € L(O,. \)NL(O.. 1)
and again as above we use induction on L - the minimal level of ©’; which = belongs
to.

We subdivide = as follows

= ndyza - die iy
where every z, does not contain an edge labeled by ™ and o, is a subpath which
cousists only of edges labeled by w®. Observe that o, ix a reduced path in some

w-component C, of O';.

Bv induction there exists a reduced path p, in 6, such that m =u(z1).0(z)) =
(. e2) H(zy) = (E(py). Hp2)). 1 = 1.2,

t(z1) belongs to w-component C; in ©’;. Hence t(z)) = (s51.52) and s, belongs
to a w-component A, in O,.i = 1.2. Let H, = H,(~).H = H, 10 H, and let
dy =€y ple,) = w? .

By definition of ©; x ©; we have for each ¢, there exist corresponding edges ¢ €
I\'l.cf € K such that h,. h,;, and g,.g,+, are coset representatives corresponding
to o(e,). t(e}) and o(e';’).t(e';’) and (h, — h,,, + H)N (g9, — 9,1 + Hy) = p, + H.
where 3, € pp + H. So 3, = h, —h,.1 +a, =g, —g,.1 +b,.aq, € H,.b, € H, and
Hh+-+IFn=h—hpaa+a=9, —gms1+b.a € H.b € H,. Hence there exists a

unique continuation of p, in A,.¢ = 1.2 from t(p,) to t(¢},) (by Lemma 35 and the
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fact that A, is w-folded) and we proceed in the same wav with z,.

In a finite number of steps we construct a path r, in O,.7 = 1.2 such that
o(r,) = Hr,) = 1',.m = g. Thus g € L(O;.v) N L(Ss. 1) which means that
L(O 3. (v ) = L(Oy. vy ) N L(Os. ).

Thus the following result is proved.

Proposition 8 Let ©,.0, be finite connected (Z[t]. XN)-graphs which are U-folded
and let v, € V(O,).0 = 1.2, Then there enrsts a finate U-folded graph (Z[H. X)-graph

O, such that L(Oy.v3) = L(O,. 0y) N L(O,. 15).

Observe that construction of O; x O, is a definite procedure which can he per-

formed in finitely many steps. Hence the following result.

Proposition 9 There enists an alyorithm which, queen finetely many standard de -

composttions of elements hy.. ... he.gro. ... gm from F=' . finds the qgencrators of
the intersection H OV K which s fimitely gencrated. where H = (hy ... he). N =
<'/l ---- .‘lm‘)-

Proof. Bv Proposition 7 there exists an algorithm which constructs {7 -folded
(Z[t]. X)-graphs [y and I'; such that L([y.ey) = H . L(To. ) = Ko, € V(). Then
by Proposition 8 there exists a U-folded (Z[t]. X')-graph [; such that L(Oy. ¢y) =
L(Oy. vy )N L(O,. ) = HNO K. [y is finite then we can find all simple loops at oy

and their reduced labels generate L(O5.043) = HN K.

The following result follows directly from Proposition 9.

Corollary 4 (Howson Property) The intersection of any two finitely generated sub-

groups of FZ!! is again finitely generated.

Using the construction of a graph-product described above we are able to solve

. - - Lad el
the conjugacy problein for finitely generated subgroups of F=*,
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Proposition 10 Any finitely generated subgroup of F='! has a solvable conjugacy
problem. That is. there erists an algorithm which. green standard decompositions of
clements g. f € H—(hy ... hi). decides whether or not g 1s conjugate to f in H.

and of yes. generates an element ¢ € H such that ¢ 'qge = f.

Proof. Without loss of generality we can assume f and g to be evelically reduced

elements in G,y N H and applving cvelic permutations we can assume that

f=t'ofio...ovl* o fi

an

bl

3 .
togie...out oy

g =

are cvolically reduced U, -forms for f and g.
Recall that we are able to solve the conjugacy problem in F% (see Section 1-4).

To determine if f and ¢ are conjugate in F>!! we compare evelic permutations

R ay -
fliy=vMofio...orftofro...ov" o fiy
and
S J} .j[ .1}_1
glyi=uog,o...oup cgo...ou’y og,

of fand g. If f(ig) = g(Jo) for some ig. jo then f and g are conjugate in F=' and.
moreover.

3 3 o -1
(W) oguo...ouog)* (v, o fryo...0 vk o fi)

is a conjugating element r,, ,, such that Il;fjl) x f*x.r, . = g. Since there are finitely
many such cvelic permnutations to check we have a finite procedure of checking.
However. f and g may not be conjugate in H even if theyv are conjugate in F=!

- r may not belong to H.
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Observe that if there exists conjugating element rin F> " such that r~ '« far =
g. then for anv element y = f™ % r we have y= ' * fxy = g.

Now we have that f and g are conjugate in H if and onlyv if there exist 4, €
[L. k] go € [1.]] such that HN(r,,,, * (f)) is not trivial. That is. evervthing reduces
to finding such an intersection.

Bv Proposition 6. we can find algorithmically a U-folded (Z[t]. X)-graph [} and
ry € V(IMy). such that L(T.vy) = H.

Let us coustruct a (Z[t]. X')-graph I'; which corresponds to r«(f) for anv given r
and f. Let [, be composed by a single cvele at ¢ labeled by standard decomposition
of f. and a path. starting at ¢’,. ending at ¢’ and labeled by standard decomposition
of r. Let

R’ = {u(p) | pisapathin T from o'y to o'}

Then. clearly. we have K = r = (f).
By Proposition 1. one can obtain algorithmicallyv a {"-folded (Zft]. X )-graph [,

and . € V() corresponding to " and ¢’ respectively such that
- - o - N

K = K = {u(p) | pis apath in [, from ¢, to v}

Thus we construct a graph product of 'y and ', The obtained (Z[t]. X }-graph
[’y with distinguished vertices (vy.t2) and (ry.r) we transform into a U-folded
(Z[t]. X)-graph ['; and with abuse of notation we assume (. v2). (. 0) € V().

Finally observe that

M = {u(p)| pis a path in [z from (¢y.0a) to (v 0)y = HN (= (f)).
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