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Abstract.

IN F IN IT E  W O R D S  A N D  L E N G T H  F U N C T IO N S

by

Denis Sorb in

A d v iso r: A lexe i M ia sn iko v

L o t F  =  F ( X )  i)o  a froo g ro u p  w ith  basis X  and  Z [ f ]  be a r in g  o f  p o ly n o m ia ls  

in  v a ria b le  t w i th  in te g e r coe ffic ien ts . T h o  m a in  rosv ilt o f  th e  f irs t p a r t o f th is  thes is  

is th e  re p re s e n ta tio n  o f  (dem ents o f  L y n d o n 's  free  Z [ f ] - g ro u p  F " -  b y  in f in ite  w o rds  

de fin e d  as sequences i f  : [ ! . / „ . ]  —  •V ±1 over c losed in te rv a ls  [ 1. /»• j . / „ •  >  *h in  th e  

a d d it iv e  g ro u p  v ie w e d  as an  o rd e re d  abedian g ro u p . T h is  re p re s e n ta tio n  p ro ­

v ides  a n a tu ra l re g u la r  free L y n d o n  le n g th  fu n c t io n  i f  —  / „ .  on F ' r  w ith  value's in  

Z [A ]T  T h e  second p a r t  o f  th e  thes is  is co n ce rn e d  w ith  a p p lic a t io n s  o f  th e  c o n s tru c ­

t io n  above to  f in i te ly  g e n e ra te d  su b g ro u p s  o f  F Z{I': . F in i te ly  gene ra te d  su b g ro u p s  

o f  F z '[t' are a sso c ia te d  w ith  c o m b in a to r ia l o b je c ts  c a lle d  ( Z [ f j .  A” )-g ra p h s  s tu d y  o f 

whic h solves som e a lg o r ith m ic  p ro b le m s  fo r these  su b g ro u p s  such as th e  m e m b e rsh ip  

p ro b le m , th e  c o n ju g a c y  p ro b le m  e tc .
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F irs t a n d  fo re m o s t. I w o u ld  lik e  to  th a n k  m y  a d v is o r A le x e i M ia s n ik o v  fo r h is 

^o no rons  t im e  a n d  c o m m itm o n t. fo r  h is  g u id a n ro  th ro u g h  a ll m y  rosoarch . fo r  in s p ir ­

in g  adv ioo . s u p p o r t and  encou rag em en t n o t o n ly  in  in a th o m a tic  s h u t in  e vo ryd a y  

lif«' fo r th o  past fo u r  years o f  m y  P h .D  s tu d io s . T h ro u g h o u t m y  d o c to ra l w o rk  ho 

c o n t in u a lly  s t im u la te d  m y  a n a ly t ic a l t h in k in g  and  g re a t ly  ass is ted  m o w ith  sc ien­

t i f ic  w r it in g .  A lso . I am  e x tre m e ly  g ra te fu l to  V la d im ir  R e m e s le n n iko v . w h o  was m y  

u n d e rg ra d u a te  a d v is o r  in  O m sk  S ta te  U n iv e rs ity ,  m y  f irs t  te a ch e r in  m a th e m a tic s , 

fo r  h is  e n th u s ia sm , in s ig h t a n d  in v a lu a b le  ideas w h ic h  becam e im p o r ta n t  p a r t o f  m y 

thesis. W ith o u t  th e  h e lp  a n d  s u p p o r t o f  these  tw o  peop le  [ w o u ld  never be ab le  not 

o n ly  to  c o m p le te  m y  d o c to ra l s tu d ie s  b u t even  to  s ta r t  th e m .

I w o u ld  lik e  to  th a n k  m y  thes is  c o m m it te e  m em bers . A lp h o n s e  V asquez. R o m a n  

K ossak. Joseph R o itb e rg  a n d  B o b  G ilm a n  fo r th e ir  t im e , p a tie n c e  and  p o s it iv e  

feedback o n  m y  d is s e r ta tio n .

I am  g ra te fu l to  th e  fa c u lty  a n d  s ta f f  o f  M a th e m a tic s  D e p a rtm e n t fo r  p ro v id in g  

severa l years o f  v a lu a b le  co u rse w o rk . a n d  fo r  fu n d in g  th is  w o rk  as p a r t  o f  m y  d o c to ra l 

research. I g ive  spec ia l th a n k s  to  Jo ze f D o d z iu k .  A lv a n v  R ocha . M a r t in  M o s k o w itz  

and  R o b e rt L a n d sm a n .

I w ish  to  th a n k  a ll m y  fr ie n d s  a n d  co lleagues , e s p e c ia lly  D m it r y  B o rm o to v . B i­

la l K h a n . A le x e i K va sch u k . A le x e i D . M ia s n ik o v . A le x a n d e r L’sh a ko v . D o u g  W ong  

W ook.

F in a lly ,  m y  sp e c ia l th a n k s  go  to  m y  p a re n ts  fo r  th e ir  e m o tio n a l s u p p o r t th ro u g h ­

o u t th is  v e ry  lo n g  process. E s p e c ia lly  to  m y  m o th e r  fo r c o n t in u a lly  h e lp in g  me in  

eve ry  w a y  poss ib le .
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1

1 M ain  r e su lts

Let C! be a g ro u p  a n d  .4 ho an  o n le ro d  a b o lia n  g ro u p . T h o u  a fu n c tio n  / : G  —  .4 

is ca lle d  a ( L y n d o n )  l eng th  f u n c t i o n  on  G  i f  th e  fo llo w in g  c o n d it io n s  ho ld :

( L I )  V .r £  G  : /(./ ) >  0 and  1(1) =  0:

(L 2 )  V / e  G  : l ( x )  =  l ( x ~ l ):

(L 4 )  V .r. //. ;  £  G' : d ( x . i j )  >  <7(.r. c) —  c/(./\ ; )  =  d ( y .  c ).

w he re  d( .r .  y )  =  l ( x ) - £ / ( ; ; )  -  l ( . r  l y ) ) .

A  le n g th  fu n c t io n  / : C  —  .4 is ca lled  /rc c . i f  i t  sa tis fie s  

(L 4 )  V .r £  G  : /  ^  1 -  d . r J ) >  f( .r )  

an d  regular .  i f  it  sa tis fie s  

( L5 ) V.r. y  £  6 '. 3u . ./- |. tj\ £  G  :

x  =  u o j - !  A' // =  u o y , i c  l ( u )  =  d ( x .  //) .

Le t .4 be a d is c re te ly  o rd e re d  a b e lia n  g ro u p  a n d  .4~ =  {u  £ .4 | n >  () } .  Le t 

A ' =  { .r , | / £ / }  be a set. A' -1 =  ! / £ / }  a n d  A  * — .V J  A’ " 1. A n  .4 -w o rd  is

a fu n c t io n  o f  th e  ty p e

w  : [ l , i -  o j  —  A  * .

w he re  o  £  .4 "  a n d  l , i  is th e  tn in i in a l p o s it iv e  e le m e n t o f  .4. T h e  e lem ent o  is c a lle d  

th e  le n g th  | / r |  o f  w.

A n  .4 -w o rd  w  is reduced  i f  tc (J  +  1,\) ^  t r ( J ) -1 fo r  each 1,\ <  J  <  | t r |  a n d  

R ( A . X )  deno te s  th e  set o f  a l l  reduced  .4 -w o rd s . L e t C D R ( A .  A") d e n o te  th e  set o f  

e lem en ts  tc fro m  R ( A . X )  w h ic h  a d m it c y c lic  d e c o m p o s it io n  (precise d e f in it io n s  can  

be fo u n d  in  Sec t io n  8 ).
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2

I t  m ust bo n o te d  th a t  th e  idea o f .4 -w o rds  was in tro d u c e d  o r ig in a l ly  in  [7].

T h e  fo llo w in g  th e o re m  p ro v id e s  a basis fo r  a ll  fu r th e r  resu lts .

T h e o re m  1 (M ia s n ik o v , R em eslenn ikov, S e rb in  J Th< f u n c t i o n

L : C D R ( A . X )  —  .4

def ined as L { i v )  =  | i r |  sat is f ies  a l l  the ax io m s  o f  a f ree L y n d o n  length  f u n c t i o n .

T h is  im p lie s  th a t  e ve ry  g ro u p  e m b e d d a b le  in to  C ' D R ( A .  X ) has a free L y n d o n  

le n g th  fu n c t io n  w i th  va lues in  .4.

Let F  =  F ( .Y )  be a free n o il-a b e lia n  g ro u p  w ith  basis X .  L e t Z [ / ]  be a r in g  

o f  in te g e r p o ly n o m ia ls  in  v a ria b le  t a n d  Z [ t \ ~  be its  a d d it iv e  g ro u p , v iew ed  as an 

o rd e re d  a b e lia n  g ro u p . In  [3 L] R .L y n d o n  d e fin e d  a n d  s tu d ie d  a free Z [ f ] -g ro u p  

w h ich  a d m its  e x p o n e n ts  in  th e  r in g  Z{t \ .

U sing  te ch n iq u e s  o f  in f in ite  w o rds  we cons truc t, an  e m b e d d in g  (b y  no  m eans 

u n iq u e ) o f  in to  th e  set o f  in f in ite  w ords.

T h e o re m  2 (M ia s n ik o v , R em eslenn ikov, S e rb in ) There exists an  embedding

o  : F z[t] —  C ' D R { Z [ t \  + , X ) .

Moreove r ,  the f ree  L y n d o n  length f u n c t i o n  induced  on F "  r  f r o m  C' D  R { Z [ t \ ~ . X )  is 

regular.

T h e  fo llo w in g  re s u lt is a c o ro lla ry  o f  th e  th e o re m  above and  th e  fa c t p ro ve d  in  

[20] (see S e c tio n  5 .2 ). th a t  th e  c o o rd in a te  g ro u p s  o f  ir re d u c ib le  a lg e b ra ic  sets over 

F  are  p re c ise ly  th e  f in i te ly  gene ra ted  su b g ro u p s  o f  F " ' 1.

C o ro lla ry  1 (M ia s n ik o v , R em eslenn ikov, S e rb in ) F i e r i /  coord ina te  g ro u p  o f  

an  i r reduc ib le  a lgebra ic  set, ove r  a f ree g roup  F  - F ( X )  has a f ree L g n d o n  length
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3

f u n c t i o n  wi th  ra l l ies  in  a f i r e  abel ian  g roup  Z "  o f  f i n i t e  rank' with, the It x icng rnph ic  

order .

T h e  re su lt above was p ro ve d  o r ig in a l ly  in  [3!Jj. [-10] u s in g  d if fe re n t approac h. 

N o te , th a t  th e  re g u la r i ty  o f  a le n g th  fu n c t io n  is n o t in h e r ite d  by su b g ro u p s  o f 

th e  a m b ie n t g ro u p .

T h e  second p a rt o f  tin *  th e s is  in ve s tig a te s  p ro p e rt ie s  o f  f in i te ly  gene ra te d  sul>- 

g ro n p s  o f F ~ ' r> us ing  sp e c ia l o b je c ts  ca lle d  L ’ - fo lded  ( Z [ f ] .  .V ) -graphs.

T is ca lle d  a ( Z [ f j .  X ) - g r a p h ,  i f  i t  is a c o m b in a to r ia l g ra p h  such  th a t eve ry  edge 

in  i t  has a d ire c t io n  a n d  is la b e le d  b y  a le t te r  fro m  the* a lp h a b e t { .V  u X  ' 1 \ u  { ur' j 

a £  i  . a  €  Z [ f ]~ } .  w h e re  C  is som e spec ia l subset o f  F " ' .

W e de fine  the language  o f  V w i th  respect to its  v e rte x  r  to  be:

n r . r )  =  { p ( p ) \ p  is a reduced  p a th  in  T fro m  r  to  r j .

w lu 're  p ( p )  is a labe l o f  a p a th  [> v ie w e d  as a reduced  Z [ f ]~ - \v o rd .

The* fo llo w in g  th e o re m  is th e  m os t im p o r ta n t  re su lt in  th e  second p a rr o f th e  

thes is .

T h e o re m  3 /M ia s n ik o v . R em es len n iko v . S e rb in ) Let  H  he a f i n i t e l y  ege m  rate d 

subgroup o f  F "  ' . Then  there ex is ts  a L - fo lded  ( Z [t\. X  )-greiph T and  a re r te s  r  of  

T such tha t  L ( V . r )  =  H .

U sing  th e  a p p a ra tu s  o f  ( Z [ f j .  .Y )-g ra p h s  i t  is p oss ib le  to  so lve  m a n y  a lg o r ith m ic  

p ro b le m s  in  F~'-f ‘ .

T h e o re m  4 /'M iasn ikov, R e m e s len n iko v , S e rb in  j The g r o u p  F j v  has a sole-  

able genera l ized w ord  p ro b le m .  Theit is. there exists an a l g o r i t h m  which,  g i r e n  f i n i t e l y

m a n y  s ta n d a r d  d eco m pos i t io ns  o f  e lemen ts  g. h \  h^ f r o m  F~j l  . die. ides whe ther

o r  no t  g belongs to the subg roup  H  =  { h \  h n) o f  F ~ J -.
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T h e o re m  5 fM ia s n ik o v , R em es len n iko v , S e rb in ) There exists an a l g o r i t h m

which,  g i ven  f i n i t e l y  m a n y  s ta n d a rd  d eco m po s i t io ns  o f  e lements h t  /**.. g x g m

f r o m  F "  v . f i n d s  ge ne ra to rs  o f  i n te r s e c t io n  H  H K .  where H  — \ h \  h f . ) . K  =

(a i  g,n)-

T h e o re m  6 fM ia s n ik o v , R em es len n iko v , Serb in ,/ A n y  f i n i t e l y  genera ted  sub­

g roup  o f  F~ '*' has a solvable eon ju g a cy  prob lem. T h a t  is. the re exists an a lg o r i t h m

which,  g iven  s t a n d a r d  decom pos i t ions  o f  e lemen ts  g. f  €  H  — ( l i \  h k ). decides

w he th e r  o r  not. g  is c o n juga te  to f  i n  H . anel i f  yes. genera tes an e le m e n t  c €  / /  

such th a t  r "  1 gc  =  / .

T h is  thes is  is based on  th e  p re p r in ts  [-11] a n d  [42]. T h e  re su lts  p resen ted  in  the' 

f irs t p a r t o f  th e  thes is , in  p a r t ic u la r  T h e o re m  1. T h e o re m  2 a n d  C o ro lla ry  1. were' 

announc ed in  severa l con fe rence  ta lk s .
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2 O rdered  ab elian  gro u p s

In  th is  se c tio n  some w e ll-k n o w n  re s u lts  on  o rd e re d  a b e lia n  " ro u p s  a re  ro l le r te d .  For 

p ro o fs  a n d  d e ta ils  we re fe r to  th e  b o o k s  [ 1 Gj and

D e fin it io n  1 .1 .s et .4 equipped w i t h  a d d i t i o n  4- a nd  a p a r t i a l  o r d e r  <  is ra t  l t d  a 

p a r t i a l l y  ordered abel ian pro l ip i f :

( I )  (A .  - r )  is an abel ian g roup :

( J )  (.4. < )  is a p a r t i a l l y  ordered  set :

( { j  Vn. b. r  6  .4 : a <  b —* a +  <: <  b -f- r .

I f  th e  p a r t ia l o rd e r in g  is a l in e a r  ( to ta l)  o rd e r in g  th e n  .4 is c a lle d  an ordt  red 

abt b a n  group

I f  .4 is an o rde red  a b e lia n  g ro u p  th e t l th e  set ot a ll n o tt-n e g a tiv e  e lem ents

.4~ =  { a  G .4 | a >  0 }

fo rm s  a se m ig ro u p , such th a t  .4 *  Pi —.4 *  — 0 and  ,4~ U - . 4 *  - .4. C onve rse ly , i f  V

is a su b se m ig ro u p  o f .4 such th a t  P  U  — P  =  .4 and P  Pi — P  =  () them the1 re la t io n

a >  b <r> a — b €  P

tu rn s  .4 in to  an  o rde red  a b e lia n  g ro u p . W e c a ll P  th e  pos i t  i re  cone  o f  the* o rd e re d  

a b e lia n  g ro u p  .4.

A n  a b e lia n  g ro u p  .4 is c a lle d  orr ieruble  i f  the re  e x is ts  a l in e a r  o rd e r <  on  .4. 

s a t is fy in g  th e  c o n d it io n  (3 ) above . In  gene ra l, th e  o rd e r in g  on .4 is n o t un iq u e .

O bse rve , th a t  eve ry  o rd e re d  a b e lia n  g ro u p  is to rs io n -fre e , s ince i f  0 <  a 6  .4 th e n  

0 <  na  fo r  a n y  p o s it iv e  in te g e r n.  I t  is easy to  see th a t th e  reverse is a lso t ru e , th a t
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is. a to rs io n -fre e  a b e lia n  g ro u p  is o rd e ra b le . Indeed , b y  th e  c o m p a r t ness th e o re m  fo r 

f ir s t-o rd e r  log ic , a g ro u p  is o rd e ra b le  i f  a n d  o n ly  i f  ( 've ry  f in ite ly  gen e ra te d  s u b g ro u p  

o f  it  is o rd e ra b le . Hence it  su ffices to  show  th a t  f in ite  d ire c t sum s o f  cop ies o f  th e  

in f in ite  c y c lic  g ro u p  Z  a re  o rd e ra b le . T h is  is easy, one o f  th e  poss ib le  o rd e r in g s  is 

th e  le x ic o g ra p h ic a l o rd e r  d e sc rib e d  be low .

L e t .4 and  D  be o rd e re d  a b e lia n  g roups . T h e n  th e  d ire c t sum  .4 : B  is o rde rab le ' 

w i th  respect, to  th e  r i g h t  lex icograph ic  order ,  d e fin e d  as fo llow s:

( n i . h \ )  <  ( f i t .  l>2) <=> h  i <  b> o r  b\  =  b-> o n i l  n \  <  n>.

S im ila r ly ,  one can d e fin e  th e  r ig h t  le x ic o g ra p h ic  o rd e r on  f in ite  d ire c t sum s o f  

o rd e re d  a b e lia n  g ro u p s  o r  even on  in f in ite  d ire c t sum s i f  th e  set o f  ind ices  is l in e a r ly  

o rderc 'd . Indeed , le t I  be a l in e a r ly  o rd e re d  set o f  ind ices  and  .1 ,. /  / .  be a set

o f  orderc 'd  a b e lia n  g ro u p s . T h e n  th e  r i gh t  lex icograph ic  nr<U r  on th e  d ire c t sum  

.-1/ =  : ,^ /.4 , is de fin e d  b y  th e  fo llo w in g  c o n d it io n : an  e lem ent a =  ( a, ) , ~[  €  .4 / is 

p os itive ' i f  and  o n ly  i f  its  g re a te s t n o n -ze ro  co m p o n e n t is p o s itiv e . I t  fo llo w s  th a t  

th e  r ig h t le x ic o g ra p h ic  o rd e r  o n  .4 / e x te n d s  th e  o rd e r  on  each g ro u p  .4,. v iew ed  as 

a su b g ro u p  u n d e r th e  c a n o n ic a l e m b e d d in g .

F o r e xa m p le , le t Z [ t ] + be th e  a d d it iv e  g ro u p  o f  th e  p o ly n o m ia l r in g  Z [ f ] .  R eca ll, 

th a t  as a g ro u p  Z [ f ] ' f  is th e  in f in i te  d ire c t sum

m ~  =  : “ » ( '" )

o f  cop ies o f  Z . Hence. Z [ f ]  + has th e  r ig h t  le x ic o g ra p h ic  o rd e r in d u c t'd  b y  th is  d ire c t 

d e c o m p o s it io n .

O bserve, th a t  th e  c o n s tru c t io n  above a llo w s  one to  in tro d u c e  a r ig h t  le x ic o g ra p h ic  

o rd e r  on  an y  to rs io n -fre e  a b e lia n  g ro u p  .4. Indeed , th e re  e x is ts  an e m b e d d in g  (b y  

no  m eans u n iq u e ) o f  .4 in to  a d iv is ib le  a b e lia n  g ro u p  .4 -  =  .4 Q. w he re  Q  is
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th e  a d d it iv e  g ro u p  o f  ra t io n a l num be rs . C le a rly . .4 ”  is a d ire c t sum  o f  copies o f  Q. 

-4 - =  : ,^ /Q -  S ince th e  set o f  ind ices  /  ca n  be l in e a r ly  o rd e re d  (a ssu m in g  th e  a x io m  

o f  cho ice ) th * ' g ro u p  .4 "  is o rd e ra b le 1. as w e ll as i ts  s u b g ro u p  .4. T h e  in d u ce d  o rd e r 

on  .4 is a lso ca lle d  le x ic o g ra p h ic .

I f  .4 is a lre a d y  o rd e re d  th e n  th e  r ig h t  le x ic o g ra p h ic  o rd e r  on  .4 - .  in  genera l, does 

n o t e x te n d  th e  o rd e r  on  .4. N ow  we in tro d u c e  an  o rd e r  on  .4 "  th a t  e x te n d s  th e  

e x is t in g  o rd e r  on  .4. N o tic e , th a t  e lem en ts  in  .4 "  can  be d e sc rib e d  as frac t io n s  —.^  ■< rri

w h e re  a €  .4 and  m  €  Z . in  >  0 . T h e n  th e  re la t io n

a b
-  <  — -t=> i nn  <  kb  
k  in

giv*>s rise1 to  an o rd e r on  .4 -  w h ic h  e x te n d s  th e  o rd e r  o n  .4 u n d e r th *1 e m b e d d in g  

a —* ' j. W e w il l  re fe r to  th is  o rd e r  as to  a f r a c t i o n  o rd e r.

D e fin it io n  2 A n  ordered abel ian g roup  .4 is ca l led  archi rncde an if. g i n  n a . h  .4 

w i th  b ^  0 . there ex ists n €  Z  such that  a <  nb.

T h e o re m  7 19] A n  ordered  abel ian g roup  .4 is a rch i rncdean i f  a n d  onlg i f  t i n  re 

exis ts  an embedding  o f  o rde red  abel ian groups A  —* R.

O b v io u s ly , i f  th e  set o f  in d ice s  /  has a t least tw o  e le m e n ts  th e n  th e  d ire c t sum  

.4 / w ith  th e  r ig h t le x ic o g ra p h ic  o rd e r is n o n -a rch im e d e a n . O n  th e  o th e r  hand , i f  .4 

is a re h im e d e a n  o rd e re d  a b e lia n  g ro u p  th e n  th e  fra c t io n  o rd e r  on  its  Q -c o m p le tio u  

.4 5 is a lso  a re h im e d e a n .

T h e re  is one s im p le  fa c t we can  n o te  a b o u t th e  su b g ro u p s  o f  R .

L e m m a  1 [9 ]  Let  .4 be a subgroup o f  the a d d i t i v e  g ro u p  o f  R. Then e i th e r  .4 is 

cyc l ic ,  o r  i t  is elense i n  R.

F o r e lem en ts  a . b  o f  an  o rd e re d  g ro u p  .4 the  closed segm ent  [«. 6] is de fined  by

[n. b\ =  {c  6  .4 | a <  c  <  /;}.
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A  subse t C  C  .4 is cu lle d  convex,  i f  fo r  e ve ry  n . b  G C' th e  set C  c o n ta in s  [a.b\.  

In  p a r t ic u la r ,  a s u b g ro u p  B  o f  A  is convex  i f  [(). b] C  B  fo r  eve ry  p o s it iv e  b G B .  In  

th is  e ve n t, th e  q u o tie n t A / B  is an  o rd e re d  a b e lia n  g ro u p  w ith  respect to  th e  o rd e r 

in d u c t 'd  fro m  .4.

L e m m a  2 The .set o f  convex  subgroups o f  an  ordered abel ian g ro u p  is h m a r l y  o r ­

dered by in c lu s io n .

Proof .  S uppose  ,4 i a n d  .4_> are  co n ve x  su b g ro u p s , and  it is poss ib le  to  fin d  

a G .4 1 \  .4_> a n d  b G .4 j \  .4 i- R e p la c in g  a. b by  —a. —b as necessary, we can assum e 

th a t  a >  0. b >  0. A lso , e ith e r  a <  b o r b <  a. I f  0 <  a <  b. th e n  n G .4.* s ince .4_> is 

convex  - c o n tra d ic t io n .  S im ila r ly ,  i f  0 < <  a. we o b ta in  th e  c o n tra d ic t io n  b G .4_>.

□
T h u s , we c a ll l in e a r ly  o rd e re d  set o f  a l l  convex su b g ro u p s  o f  .4 t in  com ph te 

c h a in  o f  cnncex  subgroups  in  .4. In  p a r t ic u la r ,  i f  .4 is f in ite ly  gene ra te d  th e n  its  

c o m p le te  c h a in  o f  convex  su b g ro u p s  is f in ite .  T h e  fo llo w in g  resu lt shows th a t  th is  

c h a in  c o m p le te ly  d e te rm in e s  th e  o rd e r o n  .4. as w e ll as th e  s tru c tu re  o f  .4.

T h e o r e m  8  Let. .4 be a f i n i t e l y  generated orde red abel ian group  a n d  0 =  •4o <  A  i <  

. . .  <  .4,, =  .4 be the comple te c h a in  o f  convex  subgroups o f  A .  Then  .4 , / .4 ,_ i is 

archnne .d tan ( w i t h  respect to the induced  o r d e r )  a n d  A  is i s o m o r p h i c  (as an o rd i  red 

g r o u p )  to the d i rec t  s u m

.4 i — -4_>/,4i - r  . . .  - r  A n/ .4 „_  i

wi th  the r i g h t  l ex icograph ic  order .

Proof .  O b se rve  f ir s t ,  th a t  th e  c a n o n ic a l e p iin o rp h is m  .4, —> .4,/.4,__i is an  o rd e r 

e p im o rp h is m . so i f  .4 , / .4 ,_ i is n o n -a rc h im e d e a n  th e n  th e  c h a in  is n o t co m p le te .
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S econd ly , e ve ry  convex  su b g ro u p  is pu re , hence

.4, ~  .4 ,_ i ( .4 ,/.4 , - | ). ( 1)

T o  f in is h  th e  p ro o f b y  induc t io n  on  n one has to  show  th a t  .4,, is o rd e r  isom orph ic

to  .4 „_ i ( .4 / .4 r l_ i ) w ith  th e  r ig h t le x ic o g ra p h ic  o rd e r. T o  set* th is  lea C' be a d ire c t

c o m p le m e n t o f  .4 „_ i in  .4. T h e n  .4 =  .4 „_ i \ C' a n d  th e  C  is o rd e r isom orph ic  to  

.4 / .4 ri_ i ( v ia o  : .4 —  .4 / .4 ri _ t ). N ow . ci1+ c 1 <  u._,+  <■•_> in  .4 (w h e re  «, G ,4ri i . r ,  G O  

i f  a n d  o n ly  i f  <  c j  (a p p ly in g  o)  o r  else r t =  c_. a n d  th e n  n\ <  <i j . as re q u ire d .

□
A n  o rd e re d  a b e lia n  g ro u p  .4 is c a lk 'd  i h s c r r t r l i / o n i t  m l  i f  .4 *  has a m in im a l 

n o n - t r iv ia l  e lem en t (w e d e n o te  it  b y  1 \) . In  th is  e ven t, fo r a n y  a €  .4 th e  fo llo w in g  

h o ld :

1) c/ 4- l..\ =  t n i n { h  \ h >  r / } .

2) a — I a =  n i ( i . r {h  \ h <  n } .
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3 Free c o n str u c tio n s  and  n orm al form s

Free c o n s tru c t io n s  o f  g ro u p s  a rc  v e ry  im p o r ta n t  to o ls  fo r b u i ld in g  new  g ro u p s  and  

th e y  lie  a t th e  basis o f  C o m b in a to r ia l G ro u p  T h e o ry . B e lo w  th e  basic d e f in it io n s  

a n d  p ro p e rt ie s  o f  d if fe re n t free c o n s tru c t io n s  are g ive n . F o r m o re  d e ta ils  see [35j.

[ ■ ■ « ]

3 .1  F ree p r o d u c ts

Let .-1 a n d  B  be g ro u p s  w i th  p re s e n ta tio n s  .4 =  ( a t  | C|. . . .) and  B  =  (hx. . . .  |

•S|. . . .) re sp e c tive ly , w he re  th e  sets o f  g e n e ra to rs  { r / j .  . . .}  a n d  {/>t . . . . }  are d is jo in t.  

T h e  free p ro d u c t.  .4 * B .  o f  the* g ro u p s  .4 a n d  B  is th e  g ro u p  w ith  th e  p re s e n ta tio n

A *  B  =  ( r / , ......... />i-------- | r { ............s , ------).

T h e  g ro u p s  .4 and  B  a re  c a lle d  fa c to rs  o f  .4 * B.

L e m m a  3  [ . i d ]  The f i re, product.  A *  B  is u n ique ly  d e f e n i u n t  d  hi/ thi  (j roups  .4 a n d  

B .  Also.  .4 * B  is genera te d  hi/ subgroups A  a n d  B  which  are i s o m o r p h i c  to  .4 a n d  

B  respect ivei l / ,  a n d  such tha t  .4 D B  =  1.

F o r th e  p ro o f o f  th e  le m m a  above  we re fe r to  [33]. W e o n ly  no te  th a t  in  th is  

p ro o f  su b g ro u p s  .4 a n d  B  a re  gen e ra te d  in  .4 *  B  b y  ci\. . . .  a n d  /> ) . . . .  re s p e c tiv e ly  

a n d  th is  p ro v id e s  n a tu ra l is o m o rp h is m s  .4 ~  .4 a n d  B  ~  B .  So. we can  id e n t ify  .4 

w i th  .4. B  w ith  B .  a n d  v ie w  .4 a n d  B  as su b g ro u p s  o f  .4 *  B .

D e f i n i t i o n  3  .4 reduced  sequence ( o r  n o rm a l fo rn C  is a sequence  r/t  g „ . n  >  0.

o f  e lem ents  o f  A *  B  such th a t  each g t ^  1. each g, is in  o t ic  o f  the fa c to rs .  A  o r  B .  

a n d  sur.cessirc g t . 7,_ 1 are n o t  in  the same f a c t o r .  ( W e  a l l o w  n =  0 f o r  the e m p ty  

sequence).
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T h e o r e m  9  [d'd\ ( T h ;  .Vo r r n a l  F o r m  Theorem f o r  F r a  P r o d u c ts  I

Let  G  hi it f r a  p r o d u c t  o f  groups  A  a n d  D .  T hen  the f o l l o w i n g  < (pu ru le n t  state - 

mer i ts  ho ld  in  G .

(1 )  I f  i r  =  rp  ■■■g„ . n  >  0 . where.  g n is a re d w e  d  sequence, t h i n  i r  ^  1 i n

G.

( 2)  Each e lement  w  o f  G  can he un ique lg expressed as a p r o d u c t  w g\ ■ g n .

iL'here g l  g n is a reduced sequence.

T h e  N o rm a l F o rm  T h e o re m  a llo w s  one to  d e fin e  a le n g th  fo r  e lem ents o f free

p ro d u c ts . I f  an e lem en t w  =  U\ ' '  ' fJn ° f  G  =  A *  B  is such th a t  <p gn is a

redueed  sequence, th e n  the1 length  o t w.  d e n o te d  |// |. is d e fin e d  to  he n.

3 .2  F ree P r o d u c ts  w ith  A m a lg a m a tio n

L e t G  — ( . / ' i . . . .  I r i . . . . )  a n d  H  -  ( / / [ . . . .  | .st . . . . )  be  g ro u p s . Let .1 <  G  and 

B  <  H  he' such th a t  th e re  e x is ts  an  is o m o rp h is m  O : A  —• B .  Thc*n th e  f ree p roduc t  

o f  G  a n d  H .  a m a l g a m a t i n g  the subgroups  .4 a n d  B  hg the i s o n m r p h i s m  o  is the  

g ro u p

G  * \ = n I I  =  ( . r i  i / i . . . .  | r i .........s i  a =  o ( a ) . a  E .4).

T h a t  is. one can v ie w  G  = B H  as th e  q u o t ie n t o f  th e  free  p roduc  t o f  G  and  I I  by 

th e  n o rm a l s u b g ro u p  g e n e ra te d  b y  {u  o (c/) 1 | ei E .4 }  a n d  fu r th e r  we w il l  be- us ing  

th e  fo llo w in g  n o ta t io n

G  * . \  = B H  =  ( G  * H  \ ei =  o ( u ) .  a E A ) .

T h e  free p ro d u c t w i th  a m a lg a m a tio n  depends o n  G .  H .  A .  B  a n d  the- iso m o rp h ism  o. 

T h e  g ro u p s  G  a n d  H  a re  c a lle d  t h e  feictors  o f  th e  free  p ro d u c t w ith  a m a lg a m a tio n , 

w h ile  .4 and  B  =  <:>{ .4 ) a re  c a lle d  the1 am a lg a m a te d  subgroups.
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D e f in i t i o n  4  .4 sequenee < \  cn . n >  0 . o f  e lem en ts  o f  G  * H  is cal led reduced i f

(1 )  each r , is in  one o f  the f a c t o r s  G  o r  H :

(2)  successive i \ .  c ^ i  come f r o m  d i f fe ren t  f a c t o r s :

(2 )  i f  n >  1 then no e\ is in  .4 o r  D :

(4 )  i f  n =  1 then  r‘i ^  1.

I t  is c lea r th a t  e ve ry  e le m e n t o f  G  H  l 'au he p re se n te d  as th e  p ro d u c t o f the  

e lem ents in  a reduced  sequence, h u t p ro d u c ts  w h ic h  com e  fro m  d iffe re n t reduced 

sequences can  rep resen t th e  sam e e lem ent.

O ne can in tro d u c e  u n iq u e  n o r m a l  f o r m s  in  the1 fo llo w in g  wav. Choose a set o f 

rep resen ta tives  o f  th e  ri« ;h t cosets o f  .-1 in G.  and  a set o f  re p re se n ta tive s  of th e  ri.tyht 

cosets o f B  in  H .  W e assum e I to  he th e  re p re s e n ta tiv e  o f .4 in  G  and B  in  H . 

F u r th e r  we assum e chosen re p re se n ta tive s  to  he fixe d .

D e f in i t i o n  5 .4 no n n e i l  f o r m  is a sequenee c0. c i  e „ .  where’ n >  0 . such that  

(1 )  r „  €  .4.

( 2 )  each c , . i  >  0  is a n o n - t r i v i a l  repn  sen ta t i ve e i t h e r  o f  a cose t o f  A  in  G  o r  o f  

a cose t o f  B  iti H :

(2 )  successive e\. c , ^ i .  /' >  0  come f r o m  d i f fe ren t  f a c to r s .

O bserve  th a t  n o rm a l fo rm s  de p e n d  on th e  cho ice  o f  re p re se n ta tive s .

T h e o r e m  1 0  [22] .  [ 2 5 ]  ( N o r m a l  F o r m  Theo rem f o r  Free P roduc ts  unti l  A m a lg a m a -  

t i o n )

( I )  I f  c \  r n . n >  1 is a reduced sequence then  the’ product,  n  •••<••„ ^  1 in

G  * - \ -h  H ■ F i  p a r t i c u l a r .  G  a n d  H  are embedded i n  G  *  \= n  H  kg the- maps q —  

g. g G G  a n d  h —• h . h G H .
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( I I )  E v e ry  t i t  mer i t  i r  o f  G  * . . \ -n  H  has a un ique  re pvt s e n ta t i o n  as i r  =  r 0 • • -r , , .  

n >  0 . i rhf  re c „ . c i  c„  is a n o r m a l  f o r m .

T h e  le n g th  fo r e lem en ts  in  G  *.\  = n H  *s de fin e d  as fo llo w s . B y  th e  N o rm a l F o rm  

T h e o re m  fo r Free P ro d u c ts  w ith  A m a lg a m a tio n  a n y  w  £  G * , \  = n H  can he p resen ted

as a u n iq u e  p ro d u c t i r  =  r 0 • • • r n . n >  0 . w here  r „ .  r (  r „  is a n o rm a l fo rm . T h e n .

th e  length  o f  /r .  d e n o te d  \ iv\ .  is d c fitu 'd  to  be //.

3 .3  H N N -e x te n s io n s

W e s ta r t  w ith  H N N -e x te n s io n s  w h ic h  were in tro d u c e d  b y  G .H ig m a n . G .H .N e u m a n n , 

a n t i F I.N eum ann  in  1919 (see [13 ]).

Let. G  be a g ro u p , a n ti le t .4 and  B  be su b g ro u p s  o f  G  is o m o rp h ic  u n d e r o  : .4 —•

B .  T h e  H . \ . \  ex tens ion o f  G  re la t i ve to .4. B  a n d  o  is th e  g ro u p

G ’ =  ( G . t  ] t ' a t  =  o ( a ) . a  £  .4 ).

T h e  g ro u p  G  is ca lle d  th e  base o f  G ’ . t is c a lle d  th e  stable le t t i  r. a n d  .4 a n d  B

a re  ca lle d  th e  assoeiafeel subgroups.

D e f in i t i o n  6  .4 sequenee </0 . f ' . t p   f " ■ tin ■ ( "  >  o ) • where g, £  G . r ,  £  { 1. -  I }.

is s a id  to be reduced  i f  there is no consecut ive subsequence f ~ l . g t. t iv i th g, €  .4 ov 

t. r)j. t ~ l w i th  gj  £  B .

T h e  fo llo w in g  im p o r ta n t  re su lt was p roved  b y  .J .L .B r it to n  in  19(33.

L e m m a  4  [ d d j  ( B r i t t o n ' s  L e m m a )

I f  the sequence g o . f ' . g i  t ' " . g n . where g t £  G . e l £  { 1 . — 1}. is redact d  a n d

n >  1. then g o f ' g i  ■ ■ • t fr'g , t ^  I  i n  G ‘ .

W e c a ll th e  p ro d u c t o f  th e  e le m e n ts  in  a reduced  sequence a reduced word.
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O bse rve  th a t  reduc ed w o rd s  o b ta in e d  fro m  d iffe re n t reduced  sequences m ay  rej>- 

resen t th e  same1 e lem en t in  G " .  H ow eve r, one can in tro d u ce ' u n iq u e  n o r m a l  f o r m s  in  

th e  fo llo w in g  way.

C hoose  a set o f  re p re se n ta tive s  o f  th e  r ig h t cosets o f  .4 in  G . a n d  a set o f  rej>- 

re se n ta tive s  o f  th e  r ig h t cosets o f  D  in  G.  W e assume I to  be th e  re p re se n ta tive  o f 

b o th  .4 a n d  D.  F u r th e r  we assum e chosen represen ta tive 's  to  be fixe d .

D e f i n i t i o n  7  .4 n o n n a l  f o r m  is a sequence q n . t ’ x. y \  t , , , . q „ .  where n >  ().//, €

G .  et £  { 1. — 1}. such th a t

( i )  <j{) is an a r b i t r a r y  element- o f  G .

( n )  i f  e, — — 1. then q, is a rep resen ta t i ve  o f  a coset o f  A  in G .

( i n )  i f  e, =  1. then y, is a rep resenta t ive o f  a coset o f  B  in  G .  a n d  

( t r )  there is no consecut ive  subsequence t ’ . I , t ~ ’ . w in  re t €  { I .  —1}.

The* N o rm a l F o rm  T h e o re m  fo r H N N -e x te n s io n s  fo llo w s  fro m  B r i t t o n ’s Lem m a 

a n d  o r ig in a l resu lt o f  H ig m a n . N e u m a n n  and  N e u m a n n  p roved  in  [14].

T h e o r e m  11 [ . id ]  ( T i n  N o r m a l  F o r m  Theorem f o r  f f . X X - i  ,rt> ns / o r i s )

Le t  G '  — (G . t  | t 1 a t  =  o ( a ). a £  .4) be an H X X - e x t f  ns ion .  Then

( I )  The g roup  G  is embedded i n  G ‘ by the m ap  q  —• q. I f  y {)t '  1q\ • • • f  " qn =  1 in 

G” . w in  rr n >  1. g, £  G. e ,  £  { 1. —1} .  then qn. t " ‘ . q \  no t  n d u c t d .

( I I )  E v e r y  e lement  i r  o f  G ’ has a un ique represi  n t a t i o n  as iv =  c/0r  1 q\ ■ ■ ■ t ' n qn . 

where n >  0 . g t £  G .  e, £  { 1. - 1 } a n d  ( j o . t ' T q i  t ' n -fh> ls a n o r m a l  f o r m .

W e assign a le n g th  to  each e le m e n t c o f  G’* as fo llow s . L f 't  tv bc> a n y  reduced  w ord  

w h ic h  rep resen ts  c in  G " . I f  w =  (Jot.tx q x • • • t ' "  qn . n >  ().<■/, £  G. e ,  £  { 1 . —1 }. the  

l eng th  o f  r .  w r i t te n  |c |. is th e  n u m b e r n o f  occurrences o f  t ~ [ in  iv. T h e  correc tness 

o f  th is  d e f in it io n  fo llo w s  fro m  th e  le m m a  be low .
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L e m m a  5 Id- i j  L i t  n =  gr>t'l g i  • • ' t , nf/n ar,f l  r  — h u t * 1 li i • • ■t,'’'” h r„  he reduc id  tennis,

where q , . h ,  £  G . f , . S ,  £  { 1 - — l } . n . t n  >  0  f i n d  suppose u =  r  in  G ’ . T h i n  i n =  n

n n d  f ,  — i =  1 n.

3 .4  C en tr a liz er  e x te n s io n s

T h e  fo llo w in g  p a r t ic u la r  case o f  free p ro d u c t w ith  a m a lg a m a tio n  p lays  a ve ry  im ­

p o r ta n t  ro le  in  a ll fu r th e r  c o n s id e ra tio n s .

L e t G  he a g ro u p . T h e  c e n tra liz e r  o f  an  e lem en t r  £  G  in  G  is d e n o te d  by  C,; [  v). 

I f  G  =  (.V  | R)  is a p re s e n ta tio n  o f  G .  V  is a set o f w o rd s  in  .V a n d  t is a

new  le t te r  (n o t in  .V). th e n  by  ( G . t  | [V. f] =  1) we d eno te  th e  g ro u p  w ith  th e

p re s e n ta tio n  ( .V . /  | /?. (/y.

D e f i n i t i o n  8  The (]roup G ( r . t )  =  (G . t  | [(TV,-(/•)./] =  1) is c<i lhi l  t in  t i m e t  o f  rank  

1 ex te ns ion  o f  the c e n t ra l i z e r  o f  the e lem en t  r .

I t  is easv to  see th a t  G ( c . t )  can  be o b ta in e d  fro m  G  by  an H X .N -e x te n s io n  w ith  

respect to  th e  id e n t i ty  is o m o rp h is m  C f ; ( r )  —  C (; { r ) :

G (  r . t )  =  ( G.  t | t ~ l n t  =  a. a €  C, ; (  r ) ) .

o r  as a free p ro d u c t w ith  a m a lg a m a tio n

( G * ( C c;( r )  x ( t) ) | C«;(r)  =  o ( G ; ( r ) )>

w ith  a m a lg a m a tio n  b y  th e  c a n o n ic a l tn o n o m o rp h is m  o  : C V ,(r)  —  C \ ; ( r ) x  ( t ).

D e f i n i t i o n  9  L e t  G .  H  he groups.  G ; ( r ) =  C  the ce n t ra l i z e r  o f  an e lemt  n t  v f r o m  

G .  then  the g roup

G ( c . H )  =  ( G.  H  | [C.  H \  =  1)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



16

is ob ta ined  f r o m  G  by d i rec t  extens ion o f  the cent ra h  ze r  o f  r  by the y rou p  H .

T h e  g ro u p  G ( r .  H )  lia s  th e  fo llo w in g  d e c o m p o s it io n  as a free p ro d u c t w ith  a m a l­

g a m a tio n :

( G  *  (C c; ( r ) x  H )  | C <;t r )  =  o ( C ( ;( r ))).

F u r th e r  we re fe r to  G ( r .  H ) as an e x te n s io n  o f  c e n tra liz e r  o f  r  in  G.

O bserve  th a t d u e  to  th e  d e f in it io n  above th e  c e n tra liz e r  o f  r  in  G ( r .  H )  becom es

C r ; ( r )  X  H .

T h e  c o n s tru c t io n  o f  c e n tra liz e r  e x te n s io n  was in tro d u c e d  in [3S] in  th e  course 

o f  in v e s tig a tin g  e x p o n e n tia l g roups. I t  tu rn s  o u t th a t  th is  c o n s tru c t io n  is ve ry  

im p o r ta n t  in  a lg e b ra ic  g e o m e try  over g roups.
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4 A c tio n s  on  A -trees and le n g th  fu n ctio n s

H ere  we present som e im p o r ta n t  re su lts  fro m  th e  th e o ry  o f  A -tre e s  a n il le n g th  fu n c ­

tio n s .

T h e  th e o ry  o f  A -tre e s  has its  o r ig in s  in  tw o  pap e rs , b y  I. C 'h isw e ll [9] in  1976 

a n il by  .I .T i t s  [o l ]  in  1977. C 'h isw e ll's  p a p e r c o n ta in s  a c o n s tru c t io n  o f an R -tre e  

s ta r t in g  fro m  a L y n d o n  le n g th  fu n c t io n  on a g ro u p . an  idea  cons ide red  e a r lie r  by 

L y n d o n  [-52].

T h e  th e o ry  was fu r th e r  deve loped  in  an im p o r ta n t  p a p e r by  A lp e r in  and  Bass [ l ]  

w here  a u th o rs  s ta te  a fu n d a m e n ta l ; : 1 1 un in  th e  th e o ry  o f  A -trees . F in d  th e  g ro u p  

th e o re tic  in fo rm a t io n  c a rr ie d  by  a A -tre e  a c t io n , a n a lo g o u s  to  th a t  p resented  in  [ ”>()] 

fo r  th e  case A =  Z .  due  to  Bass and  Serre. T h is  p ro b le m  is s t i l l  fa r fro m  so lved and  

in  gene ra l is in tra c ta b le .  H ow ever, some aspects  o f  th e  th e o rv  o f  “ ro u p  ai t ions on 

o rd in a ry  trees can  be g e n e ra lize d  to  “ ro u p  a c tio n s  ( is o m e tr ic s )  on A -trees . O ne  w av 

to  proceed is to  p u t re s tr ic t io n s  on th e  a c tio n , a n o th e r  one is to  pu t re s tr ic t io n s  on

A.

4.1  A -trees a n d  a c t io n s

D e fin it io n  10 Let  X  hr a n o n - e m p ty  set. A  an ordered  a h r l i a n  yrnup.  A A- r n i  t r i t ­

on  A" is a m a p p i n y  p  : A" x  X  -----• A such th a t  f o r  a l l  x .  y.  z <~ X :

(1 )  p U . ' j )  >  o .

( 2)  p( .r .  y )  =  0  i f  a n d  o n l y  i f  x  =  y.

(3 )  p ( x . y )  =  p ( y . x ) .

( 4)  p ( x . y)  <  p ( x .  z)  +  p ( y .  z) .

So a A -m e tr ic  space is a p a ir  ( X . p ). w he re  A’ is a n o n -e m p ty  set and  p  is a A - 

m e tr ic  on  X .  I f  ( X . p )  a n d  ( A T / / )  a re  A - tn e tr ic  spaces, an  i sn rne t r y  fro m  ( .V . />) to  

( A T / / )  is a m a p p in g  /  : X  —  X '  such th a t p ( x . y )  =  p ' ( f ( x ) . f ( y ) )  fo r a ll x . y  €  X .
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A  sfi gm en t  in  a A -m e tr ic  space is th e  im age o f  an  isom er r y  o  : [a .h j.\ —  A’ fo r  

som e a . b  E A  a n d  [ a . 6].\ is a segm ent in  A . T h e  e n d p o in ts  o f  th e  segm ent are 

n ( a ) . a ( b ) .

W e c a ll a A -m e tr ic  space ( X . p )  geodesic  i f  fo r a l l  . r . g  G A". th e re  is a segm ent in

A’ w ith  e n d p o in ts  x . g  a n d  ( X . p )  is geodcs ica l ly  l u n a r  \ t  fo r  a ll  . r . g  6  A .  th e re  is a

u n iq u e  segm ent in  X  w hose  set o f  e n d p o in ts  is { . r . / / } .

It. is n o t h a rd  to  see. fo r  e xa m p le , th a t  ( X . p )  is a g e o d e s ica lly  lin e a r A -m e tr ic  

space, w here  p(<i .b)  =  |n -  b\. a n d  th e  segm ent w i th  e n d p o in ts  a . b  is [n . / ; jA .

Le t ( X . p )  be a A -m e tr ic  space. C hoose a p o in t r  E A ', a n d  fo r . r . g  6  A ', de fine

(./• • g ) v =  ^ ( p ( s .  v)  s- p(g.  r )  -  p ( . r . g ) ) .

O bserve , th a t  in  g e n e ra l ( x  ■ //),. G ^A .

T h e  fo llo w in g  s im p le  re su lt fo llo w s  im m e d ia te ly

L e m m a  6 [ 1 0 ]  I f  ( X  . p)  is a \ - i n t t n c  spare then the f o l l o w i n g  a n  t git t r a i t  n t :

( i )  f o r  some r  G X  a n d  a l l  .r. g G X .  (x  ■ g ) r G A .

( n j  f o r  a l l  r . x . g  G X .  ( x  ■ //),. G A.

W e now  g ive  G ro m o v 's  d e f in it io n  o f  a h y p e rb o lic  space’ (see [17]). w h ic h  is a p ­

p lic a b le  to  a n y  m e tr ic  space.

D e fin it io n  11 Let. 6 g  A  with 6 >  0. Then. ( X . p )  is 6 -h y p i  rbohc  wi th  n  s p r i t  to r  

i f. f o r  a l l  x .  g.  :  G X .

U  ' ! j )v >  m i n { ( x  ■ : ) L. . ( :  ■ ; / ) , . }  -  6.

L e m m a  7 [ 1 0 ]  I f  ( X  . p)  is 6 -hyperbo l i c  w i th  respect to r .  a n d  t is a n y  o t h e r  p o in t  

o f  X . then  ( X . p )  is 2 6 -hype rbo l i c  wi th  respect to t .
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D e fin it io n  12 .1 A - t ree is a A-rnetne-  space ( X . p )  such th a t :

( 1 )  ( X . p )  is geoelesic.

(2 )  i f  t ico se gnu  ri ts o f  ( X . p )  in te rsec t  in  a smejle po in t ,  i r h i ch  is an endpo in t  o f  

both, then t he i r  u n i o n  is a segment .

(2 )  the i n t e r sec t i on  o f  t i r o  segments wi th  a c o m m o n  e n d p o in t  is also a segment .

E x a m p le  1 A toge the r  w i th  the usual  m e t r i c  p(a.  h) =  \ n — h\ is a A- t ree.  More o n  r. 

a n y  cemrex se t e f  A >s ei A- t ree.

E x a m p le  2 .-1 Z - me t r i c  spent- ( X . p )  is a Z -tree i f  an el o n ly  i f  there is a sun p in  ted 

tree F such th a t  X  — \ ( D  a n d  p  is the- path me t r i c  e>f T.

O bse rve  th a t  in  “ e n e ra l a A -tre e  can  no t he v iew ed  as a s im p lic ia l tree  w ith  the

p a th  m e tr ic  like  in  E x a m p le  2. E ven in  th e  case w hen A =  Z  one <an have some 

t r ic k y  A -tre e s . w h ic h  are  n o t trees in  th e  usual sense.

E x a m p le  3 Here I S  an exam ple e>f an "R-tree. Let  V =  Z.J he the pl ane,  but  wi t h

m e t r i c  p elefineel by

l>( ( r  i . i ) i ). (.r>. / / j )) =  <
I / / l  I +  I//'.'I +  k i  -  J'.-l i f  - r  l ^  ■I'J

\>J\ ~  //_>t i f  r l =  - f j

T h a t  is. to measure the el/stance between two p o in t s  not  on the same re r t i c u l  l i ne,  

we take t he i r  p r o je c t io n s  o n to  the h o r i z o n t a l  axis,  anel a t ld  t h e i r  el isteineis to these 

p r o je c t io n s  anel the ehstein.ee between the p r o je c t io n s  (ebstance in  the usual  Eu i  lielean

sense) .

L e m m a  8 [ 1 0 ]  Let  ( X . p )  be A - t ree .  Then  ( X . p )  is O-hype rbohe-. anel f o r  a l l  x .  y.  r  € 

X  we h a r e  (.r • y), .  €  A .

F o r a ll th e  d e ta ils , re s u lts  a n d  d iscuss ions  a b o u t A -m e tr ic  spaces, trees and 

h y p e rb o lic  m e tr ic  spaces we re fe r to  [17]. [ L0 ].
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E v e n tu a lly , we say th a t  g ro u p  G  a c ts  on a A -tre e  X  i f  a n y  e lem en t g  £  C  defines 

an  isom er ry  g : X  —  X .

N o te , th a t eve rv  g ro u p  has a t r iv ia l  a c t io n  on a A - tre e . th a t  is. a ll its  e lem ents 

a r t  as id e n tity .

D e fin itio n  13 Let a g r o u p  G  act  as i som e t r i cs  on a \ - t r e r  .V . g £  G  is cul led 

e l l ip t ic  i f  i t has a f i x e d  p o in t ,  g  £  G  is cal led an  in ve rs io n  i f  i t  does not  ha re  a 

f i xed  po in t ,  hut g~ does. I f  g is n o t  e l l i p t i c  an d  not  an i nv i  r s ion  then i t  is cal led 

h y p e rb o lic .

A  g ro u p  G  a c ts  f r e e ly  a n d  w i t h o u t  i nve rs ions  on  a A - tre e  .V i f  fo r  a ll I /  7 S G . 

g  ac ts  as a h y p e rb o lic  iso m e t ry . In  th is  case we a lso sav th a t  G  is A -free .

T h e  case o f  free a c t io n s  011 A -tre e s  is s im p le r th a n  th e  g e n e ra l case and  m any 

in te re s tin g  re su lts  w ere o b ta in e d  in  th is  d ire c tio n .

T h e  next tw o  th e o re m s  are  g ene ra l re su lts  in  th e  th e o ry  o f  g ro u p s  a c tin g  free ly  

011 A -trees . T il* ' second one  is v e ry  im p o r ta n t because it  p ro v id e s  some k in d  o f 

in d u c t io n , w h ic h  can be used w h e n  d e a lin g  w ith  an a r b i t r a r y  o rd e re d  a b e lia n  g ro u p  

A.

T h e o re m  12 [ 2 1 ]  I f  {G ,  | i e  1 }  is a co l lec t ion o f  A - / / r e  groups then the free, 

product.  * ,c /G , is \ - f r e e .

T h e o re m  13 [ 2 ]  Le t  a g ro u p  G  ac t  f r ee ly  a n d  without,  i n v e r s io n s  on a A- t rec.  where 

A  =  Z  x  A 0 . Then there is a g raph  o f  groups  (F .V  ") such th a t :

1) g  =  - d r . v * ) . -

2)  f o r  t  very  ver tex x '  £  Y’ “ . a ve r tex  g roup  r x- acts f r e e ly  a n d  w i th o u t  i nve rs ions  

on a A a-tree:

■'}) f o r  every  edge e £  Y ‘  unth an  e n d po in t  x ‘ an edge g ro u p  T,. is e i t h e r  maximal,  

abel ian  subgroup m  T x . o r  is t r i v i a l  a n d  r x - is no t  abel ian :
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4) i f  f ]. r j .  i $ G V  are edges w i th  an  e n d p o in t  r "  th i  n r , . , . 1%^. I T , a n  no t  a l l  

con jugate in  T j.-.

Con re rsclg.  f r o m  t l x  r . r i s t rncc  o f  a g raph  i f . ) * ) sut i s fg i ng co n d i t i on s  I I j )  i t  

f o l l o w s  that  G  acts f n f i g  a n d  w i t hou t  i n r r r s i o n s  on  n I  x A n - t ree in the f o l l o w i n g  

casts:  Y ’ is a tree.  A () C  Q  and  e i t h e r  Ao =  Q  on Y ’ >s f i n i t e .

A n o th e r  w ay  o f  d e v e lo p in g  th e  th e o ry  o f  ac t io n s  on  A -tre e s  is to  p u t restric  t io n s  

on  A.

In  th e  ease w h e n  A  =  Z  the  fo llo w in g  re s u lt is a consequence o f the* Bass-Serre  

T h e o ry .

T h e o re m  L4 / 5 0 ]  A g ro up  G  acts f n i l g  a n d  w i th o u t  i n n  rs inns  on a 1 , - t n i  i f  a n d  

a n ig i f  G  is a f ree  group .

I l l  fa c t, it  is easy to  sec', w ith o u t  recourse  to  the- genera l th e o ry , th a t  a free- g ro u p  

ac ts  free lv  on  its  C a y le y  g ra p h  w ith  respect to  a Basis, w h ich  is a s im p lic ia l free , 

g iv in g  a free' a c t io n  w ith o u t  in ve rs io n  on  th e  c o rre s p o n d in g  Z -tre e .

T h e  n e x t re s u lts  d e a l w ith  free a c tio n s  on  R- trees.

A t f irs t ,  a c la ss ica l re su lt due to  H a rr is o n  [21].

T h e o re m  15 [ d l l  Let  G  he a g roup  a c t i n g  f r r e l g  a n d  w i th o u t  i n rer.si.ons on an  R- 

trec X .  a n d  suppose g . h  6  G  \  { ! } .  T he n  \ g . h )  is e i t h i r  f ree o f  r a n k  two o r  

abel ian.

A  jo in t  e ffo r t  o f  severa l researchers c u lm in a te d  in  a d e s c r ip t io n  o f  f in i te ly  g e n e r­

a te d  g ro u p s  w ith  re a l-v a lu e d  free le n g th  fu n c t io n  ([-30]. [43]. [IS ]. [19]. [S j) w h ic h  is 

n ow  k n o w n  as R ip s ' T h e o re m .

T h e o re m  16 [ 1 8 ]  ( R i p s '  Theo rem)

Let G  he a f i n i t e I g  generated g ro u p  a c t i n g  f ree lg  a n d  w i th o u t  m r e r s i o n s  on an  

R -tree. Th en  G  can he w r i t t e n  as a f ree  p r o d u c t  G  — C!\ *  ■■■ * G „  f o r  some
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in te ge r  ri >  I .  where each G ,  i.s e i t h e r  a f in i te  lg gene rated free abel ian g roup  o r  the 

funeleiTne nt.nl g ro up  o f  ei closeel surfae e.

4 .2  L y n d o n  le n g th  fu n ctio n s

L r t  G  1)0 a g ro u p  a n d  .-I he an  o rd e re d  a b e lia n  g ro u p . T h e n  a fu n c t io n  / : G  —  .1 

is ca lle d  a ( Lgne lon) leng th fune fiein on  G  i f  th e  fo llo w in g  c o n d it io n s  h o ld :

( L I )  V .r €  G  : l ( x )  >  0 a n d  /(1 )  =  0:

(L 2 )  V ,r €  6 ’ : l ( x )  =  / ( x ~ 1):

(L.'3) V .r. g.  z €  G  : el(.r. g)  >  et(.r. z)  —  el(x. z)  =  el(g. r ) .  

w he re  el ( x . g)  =  ^ { l { x )  + l ( g )  -  l ( x ~ ' g ) ) .

T o  d e fin e  e l [ x . g )  p re c ise ly  we assum e th a t .4 is em bedded  in its  d iv is ib le  co m ­

p le t io n  .4 > >  Q w ith  th e  f ra c t io n  o rd e r  (w h ic h  ex tends  th e  o rd e r  on  .4). O n  th e

o th e r  h a n d , one can fo rm u la te  th e  a x io m  (L .'i) u s in g  th e  fu n c t io n  el ' ( x . g)  =  2e l ( x . g)

in s te a d  o f  el(x.  //).

It is n o t d if f ic u lt, to  d e r iv e  th e  fo llo w in g  tw o  p ro p e rt ie s  ( L- l )  a n d  (L a )  fro m  the  

a x io m s  above:

(L 4 )  V x . g  €  G  : l ( x g )  <  l { x )  +  1(g):

(L 5 )  V x . g  €  G  : 0  <  el ( s . g )  <  r n i n { l ( x ) . l ( g ) } .

A  le n g th  fu n c t io n  I  : G  —  .4 is ca lle d  f ree,  i f  i t  sa tis fies

(LG ) V /  6  G :  x  /  1 - l ( x 2 ) >  l ( x )

L e t G  be a g ro u p  a c t in g  as iso m o trie s  on  a A -tre e  ( X . p )  a n d  le t x  E X .  T h e n  

d e fin in g  l x (g)  =  p ( x . g x )  g ives  a L y n d o n  le n g th  fu n c t io n  on  G.
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O f a spec ia l im p o r ta n c e  to  us is th e  fo llo w in g  result, d u e  to  C 'h isw e ll [9], w he re  it 

is p ro ve d  th a t  a free a c tio n  o f  G  on  a A - tre e  co rrespond s  to  th e  e x is te n ce  o f  a free 

le n g th  fu n c t io n  on  G  w h ic h  takes va lues in  A .

T h e o re m  17 [ 9 j  Let  G  he a g roup  a n d  I : G  —  A a Lg n d o n  length f u n c t i o n  sut i  

f g m g  the f o l l o w i n g  ( o n d i t i o n :

V<y. h 6  G  : d i g .  h ) €  A.

T h r u  there are a A - t i r e  an a c t i o n  o f  G  on X  a n d  a p o i n t  .r €  X  such that

I  =  l r .

L y n d o n  h im s e lf p roved  th a t  g ro u p s  w ith  free le n g th  fu n c tio n s  w ith  va lues in  Z  

a re  ju s t  s u b g ro u p s  o f free g ro u p s  w ith  th e  in d u ce d  le n g th  fu n c t io n s  [32] (co m p a re  

w ith  th e  c o rre s p o n d in g  consequence o f  a Bass-Serre T h e o ry ) .

In  S e c tio n  9 we p rove  th e  fo llo w in g  re su lt.

T h e o re m  18 Let. .-1 he a d i s c i v te l y  ordered abel ian group a n d  X  be a st t. T in  n t in 

f u n c t i o n  L : C' D  R( A .  X ) —  .-1 de f ined  as L ( t r )  =  | t / j  sat isf ies a l l  the ax io m s  ( L l )  - 

(LO).  w h ene ve r  c o r res p ond in g  p roduc ts  o f  e lements  in these a x io m s  are def ined.

T h is  im p lie s  th a t  eve ry  g ro u p  e m b e d d a b le  in to  C D R ( A . X )  has a free le n g th  

fu n c t io n  w ith  va lues in  .4. M o re o ve r, in  th e  spec ia l case w hen  .4 =  Z [ f ]~ .  some 

su b g ro u p s  o f  C D R ( A .  X ). in  p a r t ic u la r ,  th e  free Z [f ] -g ro u p  F " - .  have  free le n g th  

fu n c t io n s  w h ic h  a re  e a s ily  c o m p u ta b le  a n d  s a tis fy  th e  fo llo w in g  e x tra  a x io m  (L 7 ) .

F o r e le m e n ts  j q  x n €  G  we w r ite  x  =  / |  o o / „  i f  x  =  x i •• • • / „  and

l ( x )  =  l ( x \ )  +  ■ • • +  l ( x „ ).

T h e  le n g th  fu n c t io n  I : G  —  .4 is c a lle d  regular  i f  i t  sa tis fie s  th e  fo llo w in g  

r e g u la r i t y  a x io m :
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(L 7 )  V .r. // G G . Z;;/. ./■ i . t jX G G  :

r  =  /i o j |  7 — n o  ij] ic  l { u )  =  <l(.r. 7 ).

T h e  (‘h 'M K 'iit 11 in  (L 7 ) is c rd led  th e  c o m m o n  n u t  m l  segment  o t .r and  7 .
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5 E lem en ts  o f  A lgeb ra ic  G e o m e tr y  over G rou p s

T h e  c lass ica l a lg e b ra ic  g e o m e try . h a v in g  s ta rre d  as tlu * th e o ry  o f  curves, now  is 

c lo se ly  lin k e d  to  the' id e a l th e o ry  o f f in i te ly  g e n e ra te d  p o ly n o m ia l a lg e b ra s  over 

fic 'lds. In  [5] fo u n d a tio n s  o f  algebraic- g e o m e try  o ve r g ro u p s  were in tro d u c e d  and  

d e ve lo p e d  th e n  in  a series o f  pape rs  (see fo r  e x a m p le  [3 8 ].[1 5 ].[2 6 ].[2 7 ],[2 8 ]). In  th is  

se c tio n  we present some' bas ic  n o tio n s  o f  th is  th e o ry  a n d  show  how  thes is  re su lts  are 

re la te d  to  it .

5.1  6 -g r o u p s  a n d  b a sic  d e fin it io n s

L e t G  b<> a fixe d  g ro u p . A  g ro u p  f f  is ca lle d  a G - y r o n p  i f  it co n ta in s  G  as a

d is t in g u is h e d  s u b g ro u p . T h e  class o f G '-g rou ps  fo rm s  a ca te g o ry . M o rp h is m s  o f th is  

c a te g o ry  arc- h o m o m o rp h is m s  o f  G '-g roups whic h arc- id e n t ic a l on  G.  th a t  is. i f  / / , .  PI, 

a re  G’-g ro u p s  th e n  o  : —  H>  is a G - h o m o m o r p h i s m  it o ( r /)  — r/ fo r a ll r/ €  G.  B v

P fo n i , ; (Pf. K ) wc* denote1 the* set o f  a ll G -h o in o m o rp h is m s  fro m  / /  in to  [ \  .

T h e  free o b je c t in  th e  c a te g o ry  o f  G '-g rou ps  is th e  free' p ro d u c t G  * F ( X  ). where* 

F ( X ) is a free g ro u p  on  som e a lp h a b e t .V. T h is  g ro u p  is ca lle d  a free G-’-g ro u p  w ith

basis A ’ , a n d  we d e n o te  i t  b y  G [A ’ ].

A  G -g ro u p  H  is te rm e d  f in ite ly  gen e ra te d  G -g ro u p  i f  th e re  e x is ts  a fin ite 1 subset 

D  C  PI such th a t  th e  set G U  B  genera tes PP. W e re fe r to  [5] fo r  gene ra l disc ussion 

o f  G-'-groups.

L e t G  be* g e n e ra te d  b y  a f in ite  set B  a n d  le t X  =  { x i  r , , } .  I f  S  C  G [A *] th e n

5  =  1 is c a lk 'd  a sys tem  o f  e q u a tio n s  over G .  A s  an  e le m e n t o f  the- free p ro d u c t the1 

le ft  s ide o f  e ve ry  e q u a t io n  in  5  =  I can  be w r i t te n  as a p ro d u c t o f  som e e lem en ts  

fro m  A’ U A’ - 1 , w h ic h  are  c a lle d  var iab les  a n d  som e e lem en ts  fro m  B .  w h ic h  arc* 

ca lle d  constants .

T h e  set G "  — { (c /[ c/n ) | ry, £  G’ } is c a lle d  a f f i ne  n-space n r e r G .
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A  s o lu t i o n  o f  th e  sys te m  5 ( .Y )  =  1 over a g ro u p  G  is an  e lem ent ( g \  g „ ) £  G n

sueh th a t  a fte r  re p la c e m e n t o f  each .r, b y  (), th e  le ft h a n d  s ide o f  eve ry  e q u a tio n  in  

S  =  1 tu rn s  in to  th e  t r iv ia l  ( 'le n ie n t in  G.  E q u iv a le n tly , a s o lu t io n  o f  th e  sys tem  

5  =  1 over G  can  be d e sc rib e d  as a G’-h o m o m o rp h is m  o  : G’ [.V] —  G  such th a t  

o (S )  =  I. D enote ' b y  G s  th e  q u o tie n t g ro u p  G [ X } / n c l ( S )  o f  G’f.Y j b y  th e  n o rm a l 

c losu re  n c l ( S ) o f  S  in  G [A '] .  T h e n  eve ry  s o lu t io n  o f  S ( .V )  =  1 in  G  g ives rise1 to  a 

G -h o m o m o rp h is m  G s  —• G .  B y  \ a ( S )  we d e n o te  th e  set o f  a l l s o lu tio n s  in  G  o f  th e  

sys tem  S  =  1. i t  is c a lle d  the a lgebra ic set def ined bg S. \ ' ( ; ( S )  u n u p ie ly  co rrespond s  

to  th e  n o rm a l s u b g ro u p

R ( S )  =  { T ( x )  £  G’[A '] | V.7 g  G n (5 ( 7 ) =  1 —  T i g )  =  I )}

o f  th e  g ro u p  G’ [A ']. N o tice ' th a t  i f  l ’<-;(5) =  0 the'n R ( S )  =  G [.V j. T h e  s u b g ro u p  

R ( S )  c o n ta in s  6’ . a n d  is ca lle d  the' rad ica l  o f  S. T h e  q u o tie n t g ro u p

G RtS) =  G { \ } / R ( S )

is th e  coord ina te  g ro u p  o f  th e  a lg e b ra ic  se*t

5 .2  D isc r im in a tio n  an d  b ig  p o w ers

L e t H  and  K  be G’-g ro u p s . \V c  say th a t  a fa m ily  o f  G’-h o tn o tn o rp h is m s  T  C 

H o m a ( H . K )  separates ( d i s c r i m i n a t e s )  H  in to  l \  i f  fo r  eve rv  n o i l- t r iv ia l  e lem ent 

h  £  H  (eve'rv f in ite  set o f  n o i l - t r iv ia l  e lem en ts  Hq C H ) th e re  e x is ts  o  €  F  such 

th a t  h °  7  ̂ I ( h °  ^  1 fo r  e ve ry  h  £  Ho).  In  th is  case we say th a t f f  is G-separa ted  

(G - d i s c n m i n a t f  d ) b y  K .  U s u a lly  we s im p ly  say H  is separated ( d i s c r i m i n a t e d ) by 

I \ .  w it  h o u t m e n tio n in g  G  o r  also H  is res id u a l l y  ( f u l l y  n  s / d u a l l y ) F\. In  th e  e've'iit 

w hen  / \  is a free g ro u p  we say th a t  H  is r es id u a l l y  ( f u l l y  res id ua l ly  I j n c .

T h e  fo llo w in g  m e th o d  o f  d is c r im in a t io n ,  w h ic h  is c a lle d  big powers meth od  was

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



in tro d u c e d  in  [38]. F o r a ll th e  d e ta ils  a b o u t B P -g ro u p s  we re te r to  [38] a n d  [2 1].

Le t G  be a g ro u p . W e say th a t  a tu p le  u — (u  i  a*.) 6  G k has c o m m u ta t i o n

i f  [ a , . / / , ^ i j  — 1 fo r  som e i  £  [ l.A : — l ] .  O th e rw is e  we c a ll u < i i rnm u ta tm n- f r e  <.

D e f in i t i o n  14  .4 g ro up  G  sat is f ies  the b ig  pow ers c o n d it io n  ( B P )  ( n r  cal led a B P -

ejrnup). i f  fe i r  a n y  eeirn m a t  at  in n - f r r . r  tuple it =  ( a t  a*.) o f  e le m e  nts  frenn G  the n

exists an  i n t eger  n ( u )  (a bemneleiry o f  separa t ion  few a )  such tha t

u \ "  • • • u ?  ±  1

few any  intege rs < \ \ .......... o*. >  n ( u ) .

T il* ' class o f  B P -g ro u p s  is q u ite  ex tens ive . O b v io u s lv . a s u b g ro u p  o f  a B P -

g ro u p  is a B P -g ro u p : a g ro u p  d is c r im in a te d  by a B P -g ro u p  is a B P -g ro u p

('ve ry  to rs io n -fre e  h y p e rb o lic  g ro u p  is a B P -g ro u p  (['24j ). I t  fo llo w s  th a t  eve rv  free ly  

d is c r im in a te d  g ro u p  is a B P -g ro u p .

A n o th e r  im p o r ta n t  class o f  g ro u p s  is de fin e d  as fo llo w s . W e  c a ll a g ro u p  G  

a C S A - g r o u p  i f  e ve ry  m a x im a l a b e lia n  su b g ro u p  \ f  o f  G  is rnalnewnial .  th a t  is. 

\ P '  n  .1/ =  I fo r an y  g  6  \ [ .  T h e  class os C 'S A -g ro ups  in c lu d e s  a l l  a b e lia n  g roups , 

a ll to rs io n -fre e  h y p e rb o lic  g ro u p s  ([3 8 ]) . a ll g ro u p s  a c t in g  fre e ly  o n  A -tre e s  ( [2 ]). and 

m a n y  o n e -re la to r  g ro u p s  ( [1 5 ]).

Le t G  be a n o n -a b e lia n  C S A -g ro u p  a n d  u €  G  no t a p ro p e r  pow er. R eca ll the  

d e f in it io n  o f  a c e n tra liz e r  e x te n s io n  o f  th e  c e n tra liz e r  C (; { u )  b y  a le t te r  t fro m  S ec tion  

3:

G ( u . t )  =  (G . t  | ej1 =  y.ej  £  C f ;(rJ > .

I t  is n o t h a rd  to  see th a t  fo r  a n y  in te g e r k  th e  m a p  t  —• u k e x te n d s  to  a G-

l io m o m o rp h is m  Ok ’■ G ( u . t )  —  G.

T h e  re s u lt b e lo w  is th e  essence o f  the' b ig  pow ers m e th o d  o f  d is c r im in a t io n .
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T h e o re m  19 [ J S j  Let  G  be a non abel ian C'SA- B P - g r o u p  a n d  let G ( u . t )  be a cen­

t ral ize r  extens ion  o f  the c e n t r a l i z e r  o f  no t  a p r o p e r  p o w e r  a bg t. T in  n the f a i n i l g  

o f  G - h o r n o in o rp h i s n i s  T  - { o *  | h  is an  in te g e r}  d i s c r i m i n a t e s  G i n . t )  i n to  G .

I f  G  is a n o n -a b o lia n  C S A - B P -g ro u p  and  .V is a f in ite  se t. th e n  th e  g ro u p  G '[A '] is 

G '-em beddab le  in to  G ( u .  t )  fo r  a n y  p ro p e r pow er a 6  G.  I t  fo llo w s  fro m  th e  th e o re m  

above th a t CV[.Y] is G -c lis c r im in a te d  by  G.

Lo t G  be a n o n -a b e lia n  C S A - B P -g ro u p  and

G — G  o <  G  i <  • • • <  G n

be a ch a in  o f  e x te n s io n s  o f  c e n tra liz e rs  G’.m  =  G, ( n , . t , ) -  T h e n  e ve ry  n - tu p le  o f

in tegers  p =  (p j  />„) g ives  rise1 to  a G -h o tn o m o rp h is m  C’;) : G n —• G  w h ic h  is

th e  c o m p o s it io n  o f  h o m o m o rp h is m s  o Pl : G,  —  G  d e sc rib e d  above. A  set P  ot 

n -tu p le s  o f in te g e rs  is c a lle d  unbounded  i f  to r e ve ry  in te g e r d there* e x is ts  a tu p le

p  =  ( /n  p n ) e  P  w ith  p t >  d  fo r  each i. I t  fo llo w s  fro m  th e  th e o re m  above th a t

fo r every  u n b o u n d e d  set o f  tup le 's  P  th e  se>t o f G -h o m o m o rp h is m s  =  { f . ’p | p  €  P \  

G -d is e r im in a te s  G n in to  G .  S im ila r  re su lts  h o ld  fo r  in f in i te  cha ins  o f  e x te n s io n s  o f  

ce n tra liz e rs  (see [38] a n d  [4 ]).

5 .3  L y n d o n ’s free  Z[£]-group F Z[,]‘

H ere we in tro d u c e  th e  c e n tra l o b je c t o f  in v e s t ig a t io n  in  th is  the’sis. F o r a ll th e  d e ta ils  

we re fe r to  [31], [37 ]. [38] a n d  [6 ]

Le t A  be an  a s s o c ia tive  u n ita r y  r in g . A  g ro u p  G  is te rm e d  an A - g r o u p  i f  i t  com es 

e q u ip p e d  w ith  a fu n c t io n  ( e x p o n e n t i a t i o n ) G  x  .4 —  G:

( g . a ) ~ g 1'
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s a tis fy in g  the* fo llo w in g  c o n d it io n s  fo r  a r b i t r a r y  ry. h G G  and  n .  .1 G .4:

( E l )  / / ' =  //. </'*' 1 =  f F  U'* •

( E 2 ) < / ' 1 // '* r/ =  (</ 1 /) ( j ) ' ‘ :

(E 3 ) i f  >/ and  h c o u u n u tc . t f ic n  ( / / / / ) ' ' =  <Jn h n .

A  h o m o m o rp h is m  o  : C  —  H  be tw een  tw o  .4 -g roups  is te rm e d  .4 -h o m o m o rp h is m  

i f  0 ( f j " )  =  0 (r/)'> fo r  e ve ry  r/ G (V a n d  o  G .4. I t  is n o t h a rd  to  p rove  (set*. [37] o r 

[38 ]) th a t fo r e ve ry  g ro u p  G  th e re  e x is ts  an .4 -g ro u p  H  (w h ic h  is u n iq u e  u p  to  an

.4 -a u to m o rp h is m ) a n d  a h o m o m o rp h is m  f i  : G  -----• H  snc li th a t fo r  e ve ry  .4 -g ro u p  K

and  every  .4 -h o m o tn o t p h is m  0 : G  -----• A  . th e re  ex is ts  a u n iq u e  .4 -h o m o m o rp h is m

O : H  -----  A" such th a t  o //  =  0. W e d e n o te  H  by  G A and c a ll it A - fo r n p /c t i o r /

o f  G.  In  p a r t ic u la r ,  th e re  ex is ts  a Z [ / j- c o tn p le t io n  F  ' r  o f  a fret* g ro u p  F .  It was 

in tro d u c e d  by  R. L y n d o n  in  [31] w h o  used d iffe re n t m e th o d s , a n d  it is ca lle d  now 

L y n d o n 's  free Z [ / ] -g ro u p .

In  [38] an e ffe c tiv e  c o n s tru c t io n  o f  F Z[,\ in  te rm s  o f  e x te n s io n s  o f  c e n tra liz e rs  was 

g ive n . For a g ro u p  G  choose a set 5  {C , | / G / }  o f  re p re se n ta tive s  o f  c o n ju g a c y

classes o f p ro p e r c y c lic  c e n tra liz e rs  in  G.  th a t  is. eve ry  p ro p e r c y c lic  c e n tra liz e r  in  

G  is c o n ju g a te  to  one  fro m  5 . and  no  tw o  c e n tra liz e rs  fro m  5  a re  c o n ju g a te . T h e n  

th e  H X X -e x te n s io n

H  =  ( G . s , ' j  ( i  €  I . J  €  N ) | [ .s , j. ( / , ]  =  [s t.j. .s,jt] =  1. (u ,  G C , . i  G f . j .  A- G M) ).

w h e re  N  s ta n d s  fo r  th e  set o f  p o s it iv e  n a tu ra l n u m be rs , is te rm e d  an p j i . m s m n  n f  

a l l  cyc l i c  c cn t r a l iz e rs  in  G.  L e t F  be a free n o n -a b e lia n  g ro u p . W e o b ta in  th e  g ro u p  

F 2 -  as u n io n  o f  th e  fo llo w in g  in f in ite  c h a in  o f  g roups :

F  =  G q <  G \  < . . . <  G n .
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where* G ', - i  is o b ta in e d  fro m  G ,  b y  e x te n s io n  o f a ll c y c lic  c e n tra liz e rs  in  G,.

5 .4  F reely  d isc r im in a te d  g ro u p s  and  F^ f

N o w . we are f in a lly  re a d y  to  in tro d u c e  th e  co n n e c tio n  be tw een  a lg e b ra ic  g e o m e try  

o ve r p r im p s  and  th e  re s u lts  o f  th e  thes is . T h is  c o n n e c tio n  lies in  th e  fo llo w in ';  

th e o re m s .

T h e o re m  20 [51.[25] Let  F  be a f ree non-abe l tan group.  T h i n  a f i n i t e l y  gt nt r a t a l  

F - g r o u p  G  is the coord ina te  g r o u p  o f  a n o n - e m p ty  m r d u r i h l e  a lgebra ic  set ove r  F  

i f  a n d  o n l y  i f  G  is f re e ly  F - d i s c r i m i n a t e d  by F .

T h e o re m  21 [20]  Let  F  be a f ree non-ab t  b an  group.  Then a f i n i t e l y  gent  r a t a l  F  - 

g r o u p  G  is the coo rd inate g r o u p  o f  a n o n - e m p ty  i n r d u c i h l t  algt bru i t  set ov e r  F  i f  

a n d  o n l y  i f  G  is F -em beddab le  i n t o  L y n d o n  's f ree  Z [ f ]  -group F " 1 .

T ilt*  last theo rem  im p lie s  th a t  f in i te ly  gene ra ted  fre e ly  d is c r im in a te d  g ro u p s  are 

f in i te ly  presented .

N o w  it  is c lea r w h y  i t  is im p o r ta n t  to  s tu d y  f in i te ly  g e n e ra te d  su b g ro u p s  o f  F "  r  

- th is  s tu d y  gives answ ers to  m a n y  q u e s tio n s  in  a lg e b ra ic  g e o m e try  ove r free g roups. 

O n e  w a y  o f  in v e s tig a tin g  p ro p e r t ie s  o f  f in i te ly  gene ra ted  s u b g ro u p s  o f  F “  '' is th e  use 

o f  c lass ica l m e thods  o f  c o m b in a to r ia l g ro u p  th e o ry : free c o n s tru c tio n s . Bass-Serre 

th e o ry . .JS .J-decom positions. e tc . In  th e  p resent thes is  we suggest a n o th e r  way. We 

re p re se n t e lem ents o f  th e  g ro u p  F /j-f ‘ b y  in f in ite  w o rds  in  th e  a lp h a b e t .Y i l . These 

w o rd s  a re  fu n c tio n s  o f  th e  ty p e

w  : [1- /u  ] ■ -Y r  1.

w h e re  / „ .  >  ( ) . / „ .  6  a n d  [ ! . / « • ]  =  { g  £  Z[ t } ^  | L <  g <  f u.}  is a c losed in te rv a l

in  Z [ f ]  + . th e  a d d it iv e  g ro u p  o f  Z [ f ] ,  v iew ed  as an a b e lia n  o rd e re d  g ro u p  w ith  respect
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to  th e  r ig h t  le x ic o g ra p h ic a l o rd e r  < •  T h e  fu n c t io n  L  : w  —  / „ .  g ives rise  to  a re g u la r  

free L y n d o n  le n g th  fu n c t io n  o n  F ~ '  w i th  va lues in  Z [ f ]~ .

O nce  th e  re p re s e n ta tio n  o f  e lem en ts  o f  F " '  b y  in f in ite  w o rd s  is e s ta b lis h e d , a 

host o f  p ro b le m s  a b o u t F ~ — can  be so lved  p re t ty  m uch in  th e  same- w ay  as fo r  

th e  s ta n d a rd  free g ro u p  F .  re p la c in g  th e  s ta n d a rd  le n g th  fu n c t io n  by  th e  one1 c o n ­

s tru c te d  above. In  p a r t ic u la r ,  we assoc ia te  f in i te ly  gene ra te d  su b g ro u p s  o f  F " ' w i th  

sp e c ia l c o m b in a to r ia l o b je c ts  ca lle d  (Z [ f ] ,  X  (-g ra p h s , and  th e n  u s in g  c o m b in a to ­

r ia l te chn iqu es  we in v e s tig a te  p ro p e r t ie s  o f  ( Z [/]. .V (-g raphs  w h ich  revea l u n d e r ly in g  

p ro p e rt ie s  o f f in i te ly  g e n e ra te d  su b g ro u p s  o f  F " ('-.

The* re su lts  p re se n te d  in  th is  thes is  have* m a n y  in te re s tin g  a p p lic a tio n s . In  p a r ­

t ic u la r .  one o f th e  a p p lic a t io n s  stem s fro m  th e  re g u la r ity  o f  th e  le n g th  fu n c t io n  L.  

The* re g u la r ity  c o n d it io n  is c ru c ia l fo r N ie lsen  c a n c e lla t io n  m e th o d , w h ic h  is the1 base 

fo r M a k a n in  te c h n iq u e  fo r s o lv in g  e q u a tio n s  over F  (see [3-1]). It tu rn s  o u t.  th a t  i f  

G  is a c o o rd in a te  g ro u p  o f  a n  ir re d u c ib le  a lg e b ra ic  set ove r F  w ith  a c o m p u ta b le  

re g u la r  free L y n d o n  le n g th  fu n c t io n  / : G’ —  Z '1 th e n  a M a k a n in s  type* a rg u m e n t 

can  be a p p lie d  fo r  s o lv in g  e q u a tio n s  o ve r G  (see [28 ]). T h is  p la ys  an  im p o r ta n t  p a r t  

in  p ro v in g  d e c id a b il it y  o f th e  e le m e n ta ry  th e o rie s  o f  free g roups .

Observe*, th a t  one  can  d e r iv e  fro m  th e  d e s c r ip t io n  o f F " :f! in  [38j a n d  the* re s u lts  

o f  H .B ass  ([2 ]) th a t  F ^  a c ts  fre e ly  on  a A - tre e . w he re  A  is a free abe lia n  g ro u p  o f  

c o u n ta b le  ra n k  w i th  th e  le x ic o g ra p h ic  o rd e r . T h is  im p lie s , th a t  F "  <:. indeed , has a 

free L y n d o n  le n g th  fu n c t io n  w i th  va lues in  Z [ f ]~ .  b u t th e  m e th o d  does n o t p ro v id e  

a n y  in fo rm a t io n  w h e th e r  th is  le n g th  is re g u la r, o r  c o m p u ta b le .

O u r  m e th o d  fo r  c o n s tru c t in g  free le n g th  fu n c t io n s  on  g ro u p s  is q u ite  g e n e ra l 

a n d  can  be a p p lie d  to  a w id e  class o f  g ro u p s . I t  is based o n  th e  s tu d y  o f  in f in ite  

.4 -w o rd s  in  an a lp h a b e t X ± . w here  .4 is a d is c re te ly  o rd e re d  a b e lia n  g ro u p . A n

.4 -w o rd  is a fu n c t io n  i r  : [ l . o ]  -----* A  * ,  w h e re  I is th e  m in im a l p o s it iv e  e lem en t

o f  .4 a n d  [ l . c t ]  is a c losed  segm ent in  .4. O n e  can  co n s id e r a set R ( A . X )  o f  a ll
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reduced  .4 -w o rd s  w h ic h  com es e q u ip p e d  w ith  th e  n a tu ra l p a r t ia l m u lt ip l ic a t io n  and

le n g th  fu n c t io n  u- -----   o „ ..  F o r a g iv e n  g ro u p  G  eve ry  e m b e d d in g  o f  G  in to  R ( A .  X )

p ro v id e s  im m e d ia te ly  a n a tu ra l free le n g th  fu n c t io n  on  G  in h e r ite d  fro m  R ( A .  X ). I t  

tu rn e d  o u t (q u ite  u n e x p e c te d ly )  th a t  S ta l l in g ’s p re g ro u p s  s u p p ly  th e  m ost adequ a te  

te c h n iq u e  to  s tu d y  R ( A .  .V ).
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6 S ta llin g s ’ p regrou p s and  th e ir  u n iversa l groups

F or d e ta ile d  d iscuss ions  a n d  re su lts  on  prees a n d  p re g ro u p s  we re fe r to  [d], [22]. [d()j. 

[44], [45] a n d  [4 b ].

Le t P  be  a p m .  th a t  is. let P  be a n o n -e m p ty  set w ith  a p a r t ia l o p e ra tio n  

m  : D  — P .  w he re  D  C  P  x  P.  (W e say pq  is dr f i n a l  i f  (p. q)  €  D  and  we w il l  

u s u a lly  d e n o te  i n ( p . q )  b y  pq) .  T h e  te rm  "p re e "  was in tro d u c e d  b y  L ip sch u t/. in  [•?()].

B ae r [d] d e fin e d  a p re g ro u p  P  as a pree s a tis fy in g  c e r ta in  a x io m s  a n d  S ta llin g s , 

w h o  in v e n te d  t l i t '  nam e  pregroup,  p roved  a d d it io n a l p ro p e r t ie s  o f  p re g ro u p s  in  [45] 

a n d  [4b]. T hese  re s u lts  were e x te n d e d  by  R im lin g e r  in  [44].

F u r th e r  we use th e  d e f in it io n  o f  a p re g ro u p  P  and  its  u n iv e rs a l g ro u p  i ' (  P )  g iven 

by  S ta llin g s .

A  p n  g rou p  P  is a set P.  w ith  a d is t in g u is h e d  e lem ent e. e q u ip p e d  w ith  a p a r t ia l 

m u lt ip l ic a t io n ,  th a t  is a fu n c t io n  m  : D  —  P. in : { . r . g)  —  eg. w hen- D  C P  *  P.  

a n d  an  in v e rs io n , th a t  is a fu n c t io n  P  —  P.  .r —  ,r l . s a tis fy in g  th e  fo llo w in g  

a x io m s:

( P I )  fo r a ll u €  P  ue a n d  eu a re  d e fin e d  a n d  tie =  r u =  u:

(P 2 ) fo r a ll r/ €  P. u ~ l u and  u u ~ l are d e fin e d  and  u ~ [ ii =  u t i ~ [ =  e:

( P d ) fo r a ll it. r  £  P.  i f  ue  is d e fin e d , th e n  so is r “ 1 // 1. and  ( u r ) ~ l =  r  1 u 1:

(P 4 ) fo r a ll  it. r .  i r  €  P.  i f  ue  and  r w  are d e fined , th e n  ( u r ) i r  is d e fin e d  i f  a n d  o n ly

i f  u( e i e )  is d e fin e d , in  w h ic h  case

( u r ) i r  =  i i ( r i r ) :

(P 5 ) fo r a ll i i . e. w.  z €  P  i f  ue.  eie.  and  tez a re  a ll ch-fined th e n  e ith e r  u r i r  o r  r i ez  

is d e fin e d .
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I t  was n o tic e d  (see [20]) th a t  (P 5 ) fo llo w s  fro m  ( P i ) .  (P 2 ) .  a n d  (P 4 ). hence can  

be o m it te d .

S ta llin g s  d e fin e d  th e  un iv e rsa l  (/roup i ' ( P )  o f  a p re g ro u p  (P.  D )  to  be th e  tree 

g ro u p  on  t i l* ' s(>t P  m o d u lo  th e  re la tio n s  { . r // =  c | x . p . z  G P  a n d  c =  m(. r .  / / ) } .

i ' ( P )  can  be c h a ra c te r iz e d  b y  a u n iv e rs a l p ro p e rty . A t f ir s t ,  a m a p  o  : P  —  Q  o f  

p re g ro u p s  is a morph ism,  i f  fo r  a n y  x . p  G P  w heneve r x t j  is d e fin e d  in  P.  o ( . r ) o ( p )  

is d e fin e d  in  Q  an d  e q u a l to  o ( x p ) .

N ow  th e  g ro u p  i ' ( P )  can  be c h a ra c te r iz e d  b y  th e  fo llo w in g  u n ive rsa l p ro p e r ty :  

th e re  is a m o rp h is m  o f  p re g ro u p s  A : P  —* i ' ( P ) .  such  th a t ,  fo r  any  m o rp h is m  o  : 

P  —> G  o f  P  in to  a g ro u p  G.  th e re  is a u n iq u e  g ro u p  h o m o m o rp h is m  (.• : i ' ( f y) —  G  

fo r  w h ic h  (.’A =  o.  T h is  show s tha t. L ' ( P )  is a g ro u p  w ith  a g e n e ra tin g  set P  and  a 

set o f re la t io n s  x p  =  z. w he re  x . p  €  P.  x p  is d e fin e d  in  P.  a n d  equa l to  r .

T h e re  e x is ts  an  e x p lic it  c o n s tru c t io n  o f  t ’ ( P )  clue to  S ta llin g s  [4b]. N am e ly .

a f in ite  sequence ( u l  i / r i) o f  e lem en ts  fro m  P  is ta i le d  a redact d P -sequence

i f  fo r a n y  1 <  i <  n — 1 th e  p roduc:t u, n , ^ \  is no t d e fin e d  in  P.  T h e  g ro u p  

i ' ( P )  can  be d e sc rib e d  as th e  set o f  e q u iva le nce  classes o n  th e  set o f  a ll reduced  P-

sequences m o d u lo  e q u iva le nce  re la t io n  w here  ( u t  u n ) ~  ( f [  vrn) i f  and

o n ly  i f  i n  =  n a n d  th e re  e x is t e lem en ts  n {  n „ ~ i  G P  such th a t  r , =  f i~_\u,t i ,  fo r

1 <  / <  n  ( l ie re  a0 =  a n =  1 ). T h e  m u lt ip l ic a t io n  on  i ' ( P )  is g ive n  by  c o n c a te n a tio n  

o f  re p re se n ta tive s  a n d  re d u c tio n  o f  th e  re s u lt in g  sequence.

I f  G  is is o m o rp h ic  to  U { P ) .  we say th a t  G  has a p r r g r o u p  s t ru c tu re  ( P. D ). 

S ta llin g s  show ed in  [45] th a t  free p ro d u c ts  w ith  a m a lg a m a tio n  a n d  H N N -e x te n s io n s  

have p re g ro u p  s tru c tu re s . L a te r . R im lin g e r  in  [44] p ro ve d  m o re  g e ne ra l re su lts  - i f  

G  is a fu n d a m e n ta l g ro u p  o f  a g ra p h  o f  g ro u p s  s a t is fy in g  som e p a r t ic u la r  c o n d it io n s  

th e n  th e re  e x is ts  a p re g ro u p  s tru c tu re  fo r  G.

O bse rve  th a t  a  p re g ro u p  P  p ro v id e s  a v e ry  e co n o m ic  w a y  to  desc ribe  n o rm a l 

fo rm s  o f  e lem en ts  o f  P { P ) .
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P rog  ro u p s  a re  used in  th is  th e s is  as a co n ve n ie n t la n g u a g e  to  desc ribe  

p re s e n ta tio n s  o f  g ro u p s  b y  in f in ite  w o rds . In  S ec tio n  i i .2  we p ro ve  th a t 

R ( A . X )  w ith  th e  p a r t ia l m u lt ip l ic a t io n  * a n d  th e  in v e rs io n  _1 sa tis fie s  the  

( P i )  - (P - l) . In  gene ra l. R ( A .  X )  does n o t s a tis fy  (P 5 ). b u t som e subse ts  o f i 

p la y  an im p o r ta n t  ro le  in  o u r  c o n s tru c tio n s , do.

va rious  

the  set 

a x iom s  

. w h ich
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7 X -g ra p h s

F in a lly , to  c , ' 'te  p re lim in a ry  m a te r ia l we p resen t basic n o tio n s  fro m  th e  th e o ry  

o f  S ta llin g s  fo ld in g s  o f  .Y -g ra p h s  in tro d u c e d  in  [23]. T h is  m a te r ia l w i l l  be used in  

th e  second p a r t o f  th e  thesis.

T h e  th e o ry  o f  .Y -g ra p h s  is based on  th e  fa c t th a t  a free g ro u p  F  can be id e n tif ie d  

w ith  the  fu n d a m e n ta l g ro u p  o f  a to p o lo g ic a l g ra p h  (w h ic h  we m ay th in k  o f  as a 1- 

c o m p le x ). T h e n  a n y  s u b g ro u p  o f  F  co rre sp o n d s  to  a co ve rin g  m ap  fro m  a n o th e r 

g ra p h  to  th e  o r ig in a l g ra p h . T h e  to p o lo g ic a l v ie w p o in t was s tu d ie d  in  d e ta il by 

.1.S ta llin g s  in  [47], In  th is  w o rk  .J .S ta llings  in tro d u c e d  an  e x tre m e ly  use fu l n o t io n  o f 

a f o l d i n g  o f  g ra p h s . T h e  ideas o f  S ta llin g s  have fo u n d  m a n y  in te re s tin g  ; , , ’ ’ 'a tio n s , 

see. fo r e xa m p le . [12], [17]. [48], [49].

D e f in i t i o n  15 ( X - g r a p h )  Let  X  =  { . r i  c \ \  be a f i n i t i  alphabet.  B y  an X -

labr led d i r vc tcd g raph  1 ( o r  X - g r a p h ) i r r  mean the f o l l o w i n g :

r  is a c o m b i n a t o r i a l  graph where every edge e has an a r r o w  (d i re c t ion  j  a n d  is 

labeled hg a l e t t e r  f r o m  X .  denoted p( e) .

F o r  earh edge e o f  T we deno te the o r i g i n  o f  e bg o( i  ) a n d  f lu t e r m i n u s  o f  e by 

t (e) .

\Ye can m ake  T in to  an  o r ie n te d  g ra p h  la b e le d  b y  th e  a lp h a b e t A’ U .Y  '.  N am e ly , 

fo r  each edge c o f  T we in tro d u c e  a fo rm a l inverse  c ' 1 o f  e w ith  la b e l / i ( c ) _1 and  

th e  e n d p o in ts  d e fin e d  as o (c ~ l ) =  t (e) .  t ( e ~ l ) =  o(e) .  T h e  a rro w  on < 1 p o in ts  fro m

th e  te rm in u s  o f  e to  th e  o r ig in  o f  e. F o r th e  new  edges c -1 we set (r  “ 1) _ 1 =  e.

T h e  usua l n o t io n  o f  a path  in  T can  be in tro d u c e d . N am e ly , a path p  in  T is a

sequence o f  edges p =   Cjt w here  each e, is a n  edge o f  T and  the  o r ig in  o f  each

e, ( fo r  i >  1) is th e  te rm in u s  o f  e ,_ i. S uch a p a th  p  has a n a tu ra l ly  d e fin e d  la b e l 

p( p )  =  p{« i ) . . . p( ck ) -  T h u s  p ( p )  is a w o rd  in  th e  a lp h a b e t A* U .Y *.
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F ig u re  1: Fo lded  a n d  n o n -fo ld e d  g ra p h s . T h e  la b e lin g  a lp h a b e t is .V =  { u . h . r } .

D e fin it io n  16 ( F o ld f  d  g r a p h s ) Let  F be an X - g r a p h .  l i e  sag th a t  T is fo lded  i f  f o r  

i n c h  ver tex  v o f  r  a n d  t a r h  U t t e r  a G X  there is a t  mos t  one rdge in  T with o r ig in  

r  a n d  label a a n d  there is at mos t  one edge wi th t e r m i n u s  r  a n d  label  a.

T h e  g ra p h  show n  in  F ig u re  1(a) is fo lded  a n d  th e  g ra p h  show n  in  F ig u re  1(b ) 

is no t fo lded . N o te  th a t  T is fo ld e d  i f  and  o n ly  i f  fo r each v e rte x  r  o f  T and  each 

x  G X  U . V “ l th e re  is at m ost one edge in  T w ith  o r ig in  r  a n d  la b e l x.

O ne can  in tro d u c e  th e  fo llo w in g  o p e ra t io n  on  .Y -g ra p h s  - suppose  T is an .Y -g ra p h  

a n d  e \ . r  y arc* edges o f  T w ith  c o m m o n  o r ig in  and  th e  sam e la b e l x  G X  U X  1. th e n  

f o l d i n g  T a t r ^ i u  m eans id e n t ify in g  C[ a n d  r-j in to  a s ing le  new  edge labe led  x.  T h e  

re s u lt in g  g ra p h  c a rr ie s  a n a tu ra l s t ru c tu re  o f  an .Y -g ra p h  (see F ig u re  2 ). For a m ore 

p recise  d e f in it io n  we re fe r to  [23].

T h e  fo llo w in g  th e o re m  fo llo w s  d ir e c t ly  fro m  th e  re su lts  p resen ted  in  [23] and  is 

one o f  th e  m ost im p o r ta n t  in  th e  th e o ry  o f  .Y -g raphs.

T h e o re m  22 [2-iJ Let  F be a n g  f i n i t e  X  graph. T h e n  there exists a fo ld ed  X - g r a p h  

A  which  can be o b ta in e d  f r o m  T by f i n i t e l y  m a n y  fo ld ings .

D e fin it io n  17 (Language  recognized by an X - g r a p h )  Let  T be an  X - g r a p h  a n d  U f 

r  be a ve r tex o f  T . We def ine the language o f  T wi th  respect to r  to be:

L(r.  r )  =  { p ( p )  ] p  is a reduced  p a th  in  T fro m  v to  <•}
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Figure- 2: F o ld in g  o f  la be led  g raphs

T h e  n e x t re su lt connec ts  langua ges  o f  .Y -g ra p h s  w ith  f in i te ly  gen e ra te d  sub­

g ro u p s  o f  F ( X ).

P ro p o s itio n  1 [22] Let T be an X-rjrnph and l i t  r  hr a bast - rt rtex of  F . Thin tin 

net

L  =  {7 r  | , r  e  L {1  . r ) }

i .s a subgroup  o f  F ( X ) .

T h e  converse  is a lso tru e .

T h e o re m  23 [ 2 d ]  Let  H  be a f i n i t e l y  genera ted subgroup o f  F ( X ) .  Then  th e n

exists a f i n i t e  X - g r a p h  F a n d  a r e r t e x  r  o f  T such that:

1. the g raph  T is f o lde d  a n d  connected :

2. the language  o f  T is equal  to  H .  t ha t  is L ( T .  r)  =  H .

M o re o v e r, th e  g ra p h  T ai>ove is u n iq u e  u p  to  rno rph ism s  o f  .Y -g ra p h s . hence we

d e n o te  i t  T ( H ) .
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T h e  correspondence* be tw een  f in i te ly  g e n e ra te d  su b g ro u p s  o f  F ( X  ) and  .Y -g ra p h s  

g ives a new  m e th o d  o f  in v e s t ig a t in g  p ro p e rt ie s  o f su b g ro u p s  o f  free g ro u p s . In  

p a rtic  u la r , m a n y  a lg o r ith m ic  p ro b le m s  fo r th e m  can be so lved  m o re  e a s ily  th a n  by  

u s in g  c lass ica l m e th o d s  o f  c o m b in a to r ia l g ro u p  th e o ry .

In  th e  second p a r t o f  th e  th e s is  we com b ine1 the1 te ch n iq u e s  o f  in f in i te  w o rds  

in tro d u c e d  in  the  f irs t p a r t  (S e c tio n s  8 13) a n d  m e th o d s  o f  .Y -g ra p h s  to  solve1 a lg o ­

r i th m ic  p ro b le m s  fo r a n d  its  f in i te ly  gene ra te d  su b g ro u p s . F o r th is  p u rp o se  we

a d ju s t the1 d e f in it io n  o f  .Y -g ra p h  a n d  in tro d u c e 1 new  c o m b in a to r ia l objec ts  d e n o te d  

( Z[ t \ .  .Y )-g ra p h s  edge's eif w h ic h  ca n  be1 la b e le d  no t o n ly  b y  le'tte 'rs fn u n  A’ 11, b u t 

a lso  b y  in f in ite 1 w ords o f  som e p a r t ic u la r  type*.
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8 ,4-w ords

8.1  D e f in it io n s

L o t .4 bz> a d is c re te ly  o rd e re d  a b e lia n  g ro u p  a n d  le t .4 * =  {u  €  .4 | n >  0 } .  B y  I \ 

we denotz* th e  m in im a l p o s it iv e  e lem en t o f  .4. R e ca ll th a t i f  a. b €  .4 th e n  th e  closed 

segm ent [rz./z] is d e fin e d  zis

[«. />] =  { . r  6  .4 | a <  x  <  /;}.

E v e rv  c losed  segm ent [zz./j] is a convex  subse t o f  .4. For a fu n c tio n  /  : D  —  C'  by 

d o r n ( f )  we d e n o te  th e  d o m a in  D  o f  / .

L e t X  =  { .r , h e / }  be a set. P u t A ' " 1 =  { J T 1 | / €  / }  and  .V r =  X  U .V ’ 1. As 

usua l we d e fin e  an  in v o lu t io n  [ on  X ~  b y  ( j - ) -1 =  J" * and  (,r ' l ' 1 =  .r.

D e f in i t i o n  18  A n  A - w o r d  is a f u n c t i o n  o f  the t i /pr

i r  : n ]  —> A’ * .

where  o  e  .4 + . The e lement  n  is cu l led the length  | i r |  o f  w .

B y  l l ' ( . 4 . . Y )  we denote* th e  set o f  a l l .4 -w o rds . O bserve , th a t |zr| - 0  i f  anel o n ly  

i f  th e  d o m a in  o f  i r  is e m p ty  ( [ l  ».0] =  0 ). i.e. th e  fu n c t io n  w  is e m p ty . W e d e n o te  

th is  fu n c t io n  b y  A lso , we say th a t  an  e le m e n t w  e  U '( .4 . X ) has a f i n i t e  length  i f

|u*| e Z.

C o n c a t e n a t i o n  uv  o f  tw o  w o rds  u. r  €  U  (.4 . A ')  is an  .4 -w o rd  o f  le n g th  \u\ ■+■ |r !  

a n d  such th a t :

(zze) («)  =  <
u{a)  i f  l.-j <  a <  |zz|

r ( a  — |zz|) i f  |zz| <  a <  |zz| 4- |z*
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In  p a r t ic u la r .  sn  =  m  =  it fo r a n y  it G 11 ( .4 . .Y ) . For any .4 -w o rd  t r  we d e fin e  an 

i n re rs e  i r ~ l as an  .4 -w o rd  o f th e  le n g th  | t r |  a n d  such th a t

it" 1 ( J )  =  w{  |/(’ I -1- I \ — .1)  1 ( i  G [ 1 ,\. ! i r \ ] ).

A n  .4 -w o rd  u • is reduced i f  i r ( . i  +  l . \ )  ^  t r ( . i ) ~ l fo r  each l..\ <  -i  <  | / r | .  We 

d e n o te  b y  /? (.4 . A  ) th e  set o f a ll reduced  .4 -w o rds . C le a r ly , f  G R ( A .  X ) .

O f course', c o n c a te n a tio n  n r  o f  tw o  reducc'd  w o rds it. r  m ay no t be rc'ducc'd. We 

w r ite  it o r  in s te a d  o f  u r  in  th e  case w h e n  i i r  is reducc'd. i.e. / / ( | / / 1) ^  

O b v io u s ly , o satisfic 's th e  fo llo w in g  c a n c e lla t io n  c o n d it io n s :

x  o  \> —  x  o  c  = >  g =  z. g o  x  =  z o x  = >  IJ —  z.

8 .2  M u lt ip lic a tio n

In  th is  su b se c tio n  we in tro d u c e  a ( p a r t ia l)  m u lt ip l ic a t io n  on R ( A .  X )  a n d  show  th a t 

i t  sa tis fies  th e  a x io m s  ( P i )  - (P 4 ) o f  p re g ro u p s .

F o r n G U ’ (.4 . A  ) a n d  J  G d o m ( u )  b y  t t j  =  it |.< wc> d e n o te  the- rc 'S tr ic tio n  o f n 

on  [ l  j . d j .  I f  it is reduced  and  i  G d o i n ( u )  th e n

it =  U.i o U ).

fo r  som e u n iq u e ly  d e fin e d  u.j  (n a m e ly . |u d =  |u | — .1 a n d  //.*('■ ) =  n ( d  +  ~ ) fo r each

e  [ i , i -  M  -  ■*])■

A n  c'lem ent c G R ( A . X )  is c a lle d  th e  ( longest.) c o m m o n  i n i t i a l  segmen t  o f  .4- 

w o rd s  a a n d  r  i f

it =  c o (7. v  =  c o r

fo r  some' (u n iq u e ly  d e fin e d ) .4 -w o rd s  n. r  such  th a t  u ( l. - i)  #  r (  1 a)- W e denote ' such
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e as c(u.  r ) .  N o tic e  th a t ,  th e re  are  w o rds  u. r  fo r  w h ic h  th e  c o m m o n  in i t ia l  segm ent 

c ( u . r )  does n o t e x is t.  I t  is n o t h a rd  to  see th a t  c ( u . r )  e x is ts  i f  a n d  o n ly  i f  th e

fo llo w in g  e lem en t fro m  .4 is de fined :

<)(u. r )  =  <

0

m a x {d  | i i ) 

u n ih  f i n e d

i f  i t( l,v ) ^  r (  I , t ; 

r * }  i f  such  3  e x is ts  

o th e rw is e

In  th is  case

t { u. t ) it |,j( i  lx_j

C’le a rlv . i f  th e  le n g th  o f  u is f in ite  th e n  t ) ( u . r )  a n d  d ( r . u )  a re  de fined  fo r e ve ry  

r  €  R ( A . X ) .

D e fin itio n  19 .4 p a i r  o f  reduced A - w o r d s  ( n . r )  is r u l l t  d regu la r  i f  c ( / /_1. r )  is d e ­

f ined.  In  this event

u 1 =  c( a 1. / • ) o it. v =  c( a ' .  r ) o r .- 1

f o r  some un ique ly  de f ined  it a n d  r .  Pu t

u * v =  a o r .

The p ro d u c t  * is a p a r t i a l  b i n a r y  opera t ion  on  R ( X . A ) .

E x a m p le  4 Let  .4 =  Z “ wi th  the r ig h t  lex icog raph ic  o r d e r  ( i n  this case I \ =  ( 1.0) h 

P u t f
i  i f  3  =  (s .O ) a n d  s >  1

x ~ l i f  3  =  (s.  1) a n d  s <  0
u -(3 ) =

Then
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is a reduced A - i c o n l .  C lear ly .  //•“ ' - i r  so i r  * i r  =  £. In  p a r t i c u la r .  R ( A . . X ) //as 

J - to r s io n  w i th  respect to * .

O ne  has to  be c a re fu l w ith  " in f in i te  c a n c e lla t io n s " . W e are g o in g  to  use som e­

tim e s  te rm  "c a n e e lla t io n "  in  th e  fo llo w in g  p rec ise  m e a n in g . I f  i r  =  u z z ~ [ r .  w here  

w . u .  z . r  are .-I-w o rds , th e n  we say th a t i r  has c a n c e lla t io n  (o r  re d u c tio n )  r r  1 and  

i t r  is o b ta in e d  fro m  i r  b y  c a n ce llin g  (o r  re d u c in g ) _ c -1 .

T h e  m a in  re s u lt o f  th is  sec tion  is th e  fo llo w in g  th e o re m .

T h e o re m  24 Let  .4 be a d iscrete ly  ordered abel ian g roup  a nd  X  be a s i t .  T in  n 

the set o f  reduced A - w o r d s  R ( A . X )  wi th  the p a r t i a l  b i n a r y  ope ra t ion  * sat is jh  s t in 

ax iom s  ( P i )  - ( P 4 )  o f  a p r r y m u p .

Proof.  T h e  a x io m s  (P L ) . (P 2 ). and  ( I ’ d) fo llo w  im m e d ia te ly  fro m  d e fin it io n s .

Let a. r .  i r  be reduced  .4 -w ords  such th a t  th e  p ro d u c ts  a * c. r  * i r  arc* d e lin e d . 

Suppose* th a t  one o f  th e  p ro d u c ts  {u  * r )  * i r .  u *  (/• * //•). sav (u  * r )  * tr .  is de fin e d

(th e  o th e r  case* is s im ila r ) .  W e need to  show  th a t  th e  p ro d u c t u * ( r  * //■) is a lso

de fined  and  th e  e q u a lity

( u * i ' ) * w  =  u * ( r * w ) .  i'2 )

ho lds. T o  th is  end  we co n s id e r several eases.

C 'i) .  Le t l i e = u  o r .  Since* r  *  w  is de fin e d  we have

c =  /' [ o w =  i ' 7 l o //•_>. /*[ *  (c-j =  (•[ o //•_, (.'})

fo r som e (p e rh a p s , t r iv ia l )  c i. /o .c c - j €  R ( A .  X ) .

a) L e t t 'i  7  ̂ f .  In  th is  case

(u  *  r )  *  w  =  (u o /•[ o /•■>) *  (c . J1 o w j )  =  u o r t o »•_>.
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O n  th e  o th e r  h a n d .

« * ( / • * / / • )  =  ii *  ( ( ; • [  o to )  *  ( r ,  1 o / t o ) )  =  n *  ( t \  o / to )  =  u o r ,  o / to.

so it is de fined  a n d  ( 2 ) ho lds .

b) Let f )  =  f .  T h e n  i r  =  r ~ l o / to and  in  th is  ease

( u  *  r )  *  i r  =  ( ii o r ) *  ( r ~  1 o t t o ) — n *  i r ■_>.

w h ich  is d e lin e d . O n  th e  o th e r  h and .

ii * ( r  * w)  — it * ( r  * ( r ~ ] o i r j )) =  // + t /o.

w h ich  is a lso d e fin e d  a n d  equa l to  (i t  * r )  * tr .

C’2 ). Le t II — r ~ 1. In  th is  ease

(i t  * r )  *  i i ■ =  ( r ~ l *  r )  *  //' =  i r .

O n  th e  o th e r  h a n d , in  n o ta t io n s  fro m  (4 ). we have

u *  { e *  t r )  =  v ~ l *  ( r  * i r )  =  ( to  ' o r f 1) *  ( ( i ' |  o t o ) *  ( r  J 1 o //•■_,)) =

=  ( r .7 1 o r j " 1) *  ( t ’ i o t /o )  =  e.7 l o t /o  =  i r .

hence i t  is d e fin e d  a n d  ( 2 ) ho lds.

N ow  we are  re a d y  to  p ro ve  th e  gene ra l case.

C 4 ) Le t u =  Ui  o u 7 1. r  =  tt_> o to  fo r  som e (p e rh a p s  t r iv ia l )  e lem en ts  zq. a _>. to G 

R { A .  X ). T h e n  u *  c =  t q  o to  a n d  th e  t r ip le  t q .  to .  u'  sa tis fie s  a ll c o n d it io n s  o f  C l )
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(observe . th a t  r ,  * t r  is d e fin e d  since r  *  ic is d e fin e d ). Hence.

( i i  *  r )  *  i r  =  ( i l l  *  r_>) *  i r  =  i i i  *  ( r_> *  / ( ■ ) .

O n  th e  o th e r  h a n d  fu s in g  C l )  a n d  C 2 )) .

it * ( r  *  i r )  =  [ u  i °  u. 7 1) *  ( ( 11-2 o /•■_>) *  i r )  r== ( » i  o i r ,  1 ) * ( u ,  * ( r ,  *  i r )) ='

/ — 1 \ ( *’*
i i i  *  [ i f ,  *  ( i i  > *  ( r_> * » • ) ) )  =  i i  i *  ( e_> *  " ' )  =  ( i t  *  f )  *  i f -

as des ired . T h is  proves th e  th e o re m .

A  subset G  <  R ( A .  A " ) is ta lk 'd  a subgroup  o f  R ( A .  X  ) i f  G  is a g ro u p  w ith  respect 

to  *. W e say th a t a subset Y  C  R ( A .  A *) gcncn i t c .s a subgroup [ )  ) in  R ( A .  A  ) i f  to r 

a n y  f in ite  sequence o f  e lem en ts  g i  i jn €  V ' 1 t.he p ro d u c t //] * . . .  * g„  is de fined .

E x a m p le  5 L i  t .4 be a d i rec t  s um  o f  copies o f [ Z i c i th the r i g h t  l e r i c o g n ip h ie  o n h  r. 

Then the s i t  o f  a l l  e lemen ts  o f  f i n i t e  length in  R ( A .  X ) f o r m s  a subgroup which is 

i s o m o r j i h i e  to a f ree  g roup  w i th  basis X .

8 .3  S ta n d a r d  E x p o n e n tia t io n , r o o ts , an d  c o n ju g a tio n

In  th is  se c tio n  we s tu d y  p ro p e rt ie s  o f th e  "s ta n d a rd  e x p o n e n t ia t io n "  (b y  in tege rs ) 

in  R { A .  X ) .  ro o ts  o f  e lem en ts , a n d  c o n ju g a tio n .

O bse rve , th a t  th e re  a re  e lem en ts  i c €  R ( A . X )  fo r  w h ic h  even th e  square  ic * i r  

is n o t d e fin e d . W e have to  e xc lu d e  such e le m e n ts  fro m  o u r  c o n s id e ra tio n s  re la te d  to  

e x p o n e n tia t io n . P u t

E „  R(  A .  X ) =  {« • 6  R ( A . X )  | i ck is d e fin e d  fo r e ve ry  h <  r i \ .
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E X R ( A .  X )  =  f ] E n R ( A . X ) .
n

T h r u  tlit*  set E ^ R ( A .  X ) is c losed u n d e r th e  " s ta n d a rd "  e x p o n e n tia t io n  by  e lem ent 

fro m  Z . N o tice , th a t  E ^ R ( A . X )  is p re c ise ly  th e  set o f  e lem ents  fro m  R ( A . X )  

fo r  w h ic h  th e  n o t io n  o f  o rd e r  is d e fin e d . T h e  fo llo w in g  d e f in it io n s  p ro v id e  some 

to o ls  to  c la ss ify  o rd e rs  o f  e le m e n ts  fro m  E ^ R i  A .  X ). A n  e lem ent r  G R ( A . X )  is 

te rm e d  c y c l i ca l l y  redact 'd i f  f ( l . - t )  1 7̂  ' ' ( | r !)- W e say th a t  an  e lem ent r  G R ( A .  A  ) 

a d m its  a cyc l i c  d eco m p o s i t i o n  i f  v =  r -1 o 11 o c. w here  c. 11 G R ( A . X )  and  11 is 

c y c lic a lly  reduced. O b se rve  th a t  a c y c lic  d e c o m p o s it io n  is u n iq u e  (w h e n e ve r e x is ts ). 

D e n o te  b y  C R ( A . X )  th e  set o f  a ll c y c lic a lly  reduced  w o rds  in  R ( A . X )  and  by  

C ' D R { A .  X  ) th e  set o f  a ll w o rd s  fro m  R ( A .  X ) w h ic h  a d m it  a c y c lic  d e c o m p o s it io n . 

O b v io u s ly . C D R ( A .  X ) C  E - ^ R { A .  X ) .  N o t a ll e lem en ts  in  E ^ R ( A .  X  ) a d m it  eye lit 

d e c o m p o s it io n , fo r  in s ta n ce , th e  e lem en t ic o f  o rd e r  2 fro m  E x a m p le  4 in  S ec tion  

S.2 do t's  n o t. W e w i l l  show  b e lo w  th a t  such e lem en ts  are  th e  o n ly  e lem en ts  in  

E x  R ( A .  X ) w h ic h  d o  n o t a d m it  c y c lic  d e c o m p o s it io n . Pur

T , R ( A .  X )  =  {« ■ €  R ( A .  X )  | ic * t r  =  -:\. 

C le a r ly . T 2R ( A . X )  C  E ^ R ( A . X ) .

L e m m a  9  Let  .4 be a d i sc re te l y  ordered abel ian g roup  a n d  .V be a set. T h t n :

1) E - , R ( A .  X )  =  C D R ( A .  X ) u  T > R ( A .  X ) :

2)  E ^ R ( A . X )  =  E . R ( A . X ) :

:}) eve ry  e lement  f r o m  C D R { A . X )  has i n f i n i t e  order .

Proof .  L e t v G E * R { A . X ) .  c  /  T h e n  r  =  r \  o c  =  e ~ l o to  fo r  som e c ,. to .c  G 

R ( A .  X )  such th a t  c i *  to  =  v\ o to .

I f  l r j |  -2 |c| th e n  to  ■ r:i o c. so v =  c _ l o o c a n d  t ’;{ * c { =  t \ { o r ;{. In  th is  case

c:! is c y c lic a lly  reduced  a n d  t* G C ' D R ( A .  X ) .
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I f  |r_>| <  |c| t l i« 'ii c =  r ,  o /•_>. th e re fo re

r  = t'i o r [ o /•_> -- / '.7 1 o r ,~ l o /••>

w h ic h  im p lie s  c\ =  C j'1 a n d  hence r  * r  =  z .  i.e .. r  G T R (  A .  X ). N o w  I )  fo llow s .

T o  see 2) observe th a t  E ^ R ( A . X )  C E 2R ( A . X )  a n d . as we have m e n tio n e d  

above. C ' D R ( A .  X )  U T2R ( A .  X )  C  E ^ R ( A .  X ). N ow  2) fo llo w s  fro m  1).

I f  r  =  c ~ 1 o i t o c  and  f  u G C R ( A .  X ) .  th e n  /•* =  c ~ l o u k o r  a n d  \ uk | =  k\ u\  c  0 .

I t  fo llo w s  th a t  \ vk \ >  lu ^ l >  0. hence r k ^  £. T h is  p roves 3 ). a n d  th e  lem m a .

□
S ince  th e  set T->R(A. X ) is n o t ve ry  in te re s t in s  fro m  th e  e x p o n e n t ia t io n  v ie w ­

p o in t .  in  w h a t fo llo w s  we b o u n d  o u r  c o n s id e ra tio n s  to  th e  s/'t C D R { A .  X ) .

L e t r  G C ' D R ( A .  X ) we say th a t  u G C ' D R ( A .  X )  is a  k - r o o t  o f  r  i f  /• =  uk .

L e m m a  LO Lf  t .4 be a d i sc re te ly  ordered abel ian  y roup .  X  he a set a n d  It t r  G

C D R ( A . X ) .  Then

1) I f  f o r  a y i r e n  k.  r  has a k-root. .  then th is  k - r o o t  is u n u p i f .

2) I f  A  =  Z[ t ] ~  then there are o n ly  f i n i t e l y  m a n y  n a t u r a l  num bers  k  such that  r  

has a k - roo t .

P roof .  L e t r  G C’ D R ( A .  X )  and  r  — r -1 o t r  o c be its  c y c lic  d e c o m p o s it io n . I t  is 

easy to  see th a t  i f  /• has a A -ro o t 11 th e n  tt =  c _1 o U[ o r .  w li/*re  is a A '-roo t o f 

w. C onve rse  is a lso  tru e , th a t  is th e re  e x is ts  a A '-root o f  t r  th e n  a f te r  c o n ju g a t in g  it  

b y  c we get a A '-root fo r  r .  T h u s , w ith o u t  loss o f  g e n e ra lity  we can assum e r  to  be 

c y c lic a lly  reduced .

1) L e t k  be a fixe d  n a tu ra l n u m b e r. S ince  a n y  ro o t  u o f  r  is an  e lem en t o f 

C’ D R ( A .  X ) .  w h ic h  is th e  re s tr ic t io n  o f  r  011 th e  segm ent [1 \. |c | /A ] .  we have tin * 

un iqueness o f  ro o ts  a u to m a tic a lly .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4S

2 ) T h e  necessary c o n d it io n  fo r  th e  ex is tence  o f  a /.--root fo r  r  is th e  d iv is ib i l i t y  

o f  | r |  b y  k  in  Z [ f ]~ .

R eca ll, th a t  as a g ro u p  Z f f ] ^  is th e  in f in ite  d ire c t sum

Z [ < r  = • : * , ( ' ■ )

o f  cop ies o f  Z . Hence, th e re  e x is ts  a n a tu ra l n u m b e r n such th a t  | r |  €  1-^=f)( / ') .

N ow . | r |  =  ( h 0 h n ) . h t £  Z  a n d  | r |  can  be d iv id e d  b y  som e n a tu ra l k  i f  and

o n ly  i f  a ll h,  can  be d iv id e d  b y  th is  k.  S ince a n y  in te g e r can  be d iv id e d  o n ly  In ­

f in i te ly  m any  n a tu ra l n u m b e rs , th e n  th e  set D t =  { i n  £  N  i i n d iv id e s  />,} is f in ite  

fo r  i €  f( ) .n ]. T h e n  le t D  =  { i n  £  N  | m  d iv id e s  | r | } .  T h is  set is a lso fin ite ' because

e  = n :u D ,.

□
Let u. r  €  C D R ( A .  X ) we say th a t u is a con ju ga te  o f  r  i f  th e re  ex is ts  <■ €  R( A .  -V ) 

such th a t  th e  p ro d u c ts  c ~ 1 *  r .  r  * c. a n d  ( c ~ 1 * r )  *  c a re  d e fin e d  and  it -  r " 1 *  r  * c. 

W e say th a t n is a cyc l i c  p e r m u t a t i o n  o f  r  i f  r  =  f'i o r  , and  u — r ,  o r t fo r  som e 

e le m e n ts  C[. r_> 6  R ( A .  .V ) (o b se rve  th a t  th e re  can  be in f in i te ly  m a n y  d iffe re n t c y c lic  

p e rm u ta t io n s  o f a g ive n  v).

L e m m a  11 The f o l l o w i n g  ho ld :

1) the set C ' D R { A .  X )  is c losed u n d e r  c o n ju g a t i o n  by e lements f r o m  R ( A . X )  

( i .e. .  a n y  con juga te  o f  an  e le m en t  f r o m  C’ D R {  A .  X ) belongs to C ' D R ( A .  X ):

2)  i f  a a n d  r  are con juga te  a n d  cy c l i c a l l y  reduced then  j//| =  | r |  and  i f  g ~ l * n * g  =  r  

f o r  some g such tha t  |r/| <  |« | then u is a c y c l i c  p e r m u t a t i o n  o f  r .

P r o o f  1) L e t c =  c ~ l o u o c £  C ' D R ( A .  X )  a n d  d  £  R ( A .  X ). W e assum e th a t  

r /~ l * r  and  v *  d  a re  b o th  d e fin e d . T h e n  c *  d  a n d  so d ~ l *  f 1 are  a lso d e fin e d  a n d

d ~ 1 *  ( c ~ 1 o a o c)  *  d  =  (c *  d ) ~ l *  a *  (c  *  d) .
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In  o th e r  w o rd s  we can  assum e fro m  th e  b e g in n in g  th a t  r  is c y c lic a lly  re duced . So.

assume' c =  z a n d  r  =  u. S ince r  is c y c l ic a l ly  re d u ce d  th e n  e ith e r  d ~ x *  r  =  d  1 o /•

o r  r  * d  =  r  o d.  A ssu m e  th e  la tte r .

a) r  does n o t cance l c o m p le te ly  in  d ~ l *  ( r  o d) .  T h e n  r  =  Cj o r 2. d  =  e, c J , 

and  (l ~ x *  ( r  o d)  =  d j-1 o r 2 o f )  o <■/,. w h e re  t'_> o is c y c lic a lly  red u ce d  as a c y c lic  

p e rm u ta t io n  o f  r .

b ) r  cance ls  c o m p le te ly  in  < R X *  ( r  o <7). T h e n  <7 a n d  r  o d  have c o m m o n  in i t ia l  

segm ent ce so th a t  d  =  « ’ o r/_>. e o d  =  ce o c/t a n d  //• =  c o c/t ^  f .  T h u s  wc' have 

c/ =  r / t o r / [ . r /  =  r  o c/;( o r / j .  I t  fo llo w s  th a t  |r / t j >  |z/_>| and  m oreove r d> is a te rm in a l 

segm ent o f  d\ .  Henc e. d\  =  r/., o <•/_> a n d  we have1

d ~ 1 * ( r o d )  =  c /71 o d |  =  c/71 o c/1 o c/_,.

S ince c/! is c y c l ic a l ly  reduced  we o b ta in e d  a c y c lic  d e c o m p o s it io n  o f d x « ( r  o d).  

So. in  b o th  case's we showed th a t d ~ x *  ( r  o d)  £  C ' D R ( A .  A").

2) S uppose  g ~ x * u *  () — r  fo r some' cy. T h e n  e ith e r  </ ~ 1 * u =  <j" 1 o cz o r  zz * 7 =  zz :> cy 

bc'cause /z is c y c l ic a l ly  reducc'd. A ssum e th e  la t te r .  M o re o ve r. cy~l cance ls  c o m p le te ly  

in  cy-1 *  ( t / o  ry) because r  is c y c lic a lly  re duced , so we have* |z-| =  |.cy-1 * i n  o cy)| =

M  +  If/ I -  I / / - 1 1 =  M -

I f  I//I <  |/z| th e n  u  —  cy o u\ .  but r  =  /Z[ o ry. so zz is a cvclic p e r m u ta t io n  ot r .
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9 A  free L yn d on  le n g th  fu n ctio n  on  CDR(A.  X)

T h e  m a in  re su lt o f  th is  se c tio n  is th e  fo llo w in g  th e o re m .

T h e o re m  25 Let  .4 be a d isc re te ly  ordered abel ian g ro up  a n d  X  be a set. T in  n the 

f u n c t i o n  L  : C D R ( A . X )  —• .4 def ined  as L ( i r )  =  |tr| sat is f ies  a l l  the ax iom s  ( L l )  

- ( L 6 )  o f  a L y n d o n  length f u n c t i o n  w heneve r  c o n e s p o n d in g  p roduc ts  o f  t h im  nts in 

thf 'se ax io m s  a i r  def ined.

Proof .  A x io m s  ( L l )  a n d  (L 2 )  fo llo w  im m e d ia te ly  fro m  th e  d e f in it io n  o f  th e  

le n g th  | !/• | o f  an  e lem en t fro m  C D R ( A .  X ) .  T o  p rove  (L 3 )  re c a ll th e  d e f in it io n  o f 

th e  fu n c t io n  <i(n. r )  fro m  S u b se c tio n  8.2

0 i f  » ( l , i )  #  r ( l . r l

i n a x { A  | u.j =  c j }  i f  such . i  e x is ts  

u n d e f i n e d  o th e rw is e

B y  d e f in it io n  S ( u . r )  m easures th e  le n g th  o f  th e  longest c o m m o n  in i t ia l  segm ent o f 

u a n d  r .  I t  was show n  th a t  th e  p ro d u c t u ~ l *  r  is d e fin e d  i f  a n d  o n ly  i f  <>(»./•) is 

d e fin e d , in  w h ic h  case

d( u.  r )  =  — ( |u| +  |c| — \ u ~ l *  c | ) =  i l ( u .  c) .

N o w  th e  a x io m  (L 3 )  e a s ily  h o ld s  w heneve r th e  p ro d u c ts  u -1 * c. u ~ l * i r .  c 1 + i r  

a re  d e fin e d .

(L 4 )  a n d  ( L 5 )  fo llo w  fro m  ( L l )  - (L 3 ) .  T h e  a x io m  (LG ) fo llo w s  fro m  th e  ex is tence  

o f  th e  c y c lic  d e c o m p o s it io n . T h is  p roves th e  th e o re m .

□

C o r o l l a r y  2  Let  .4 be a d isc re te ly  ordered  abel ian g ro u p  a n d  X  be a set. Then  a n y  

subgroup G  o f  C D R (  A .  X )  has a f ree  L y n d o n  length, f u n c t i o n  w i th  ra l l ies  in  .4 - the
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res t r i c t  i on L \ ( ; on  G  o f  the s t a n d a r d  length f u n c t i o n  L  on C  D  R(  A .  X ).

T h e  fo llo w in g  s t ra ig h t fo rw a rd  re su lt shows th a t one can  e x te n d  le n g th  fu n e tio n s  

to  u n io n s  o f  cha ins  o f  g roups .

L e m m a  12 Let

(G’o- /(>) <  ( 6 [ .  / 1) <  . . .  <  ( G „ .  / „ ) . . .

be a cha i n  o f  groups  wi t h  ( r egu l a r  j  l ength f u n c t i o n s  /, : G', —• .-1 such that  - /,

f o r  a l l  i . Then  G ^  =  U ^ o G ', is a g roup wi th a regul ar  l ength f u n c t i o n  I : G^_ —  .1. 

where I — U /G ,,/,.
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10 L y n d o n ’s E x p o n e n tia tio n

In  th is  sc 'c tion  wc> d e sc rib e  a ve ry  n a tu ra l and  co n c re te  re a liz a t io n  o f L y n d o n ’s 

a x io m a t ic  a p p ro a ch  to  e x p o n e n tia t io n  b y  p o ly n o m ia ls  w ith  in te g e r co e ffic ien ts . Let 

Z [ t ] ~  be th e  a d d it iv e  g ro u p  o f  th e  p o ly n o m ia l r in g  Z [/] vic'we'd as a d iscre te ' a b e lia n  

g ro u p  w ith  respect to  the' le x ic o g ra p h ic  o rd e r d e sc rib e d  in  S e c tio n  2. B e low  we 

in tro d u c e  a Z [f]-e x p o n e n tia t. io n  on  C ' D R ( Z { t \ ~ . X ) .  A lso , f ro m  now  on. we denote ' 

lz i f p  l >y i-

T h e  a x io m  E 2) o f  e x p o n e n tia t io n  ( ( r /— 1 <7 )'* =  <i~[ h n <)) a llo w s  one' te> deline’ ex­

p o n e n t ia t io n  v ia  repre'sem tativc's eif c o n ju g a c y  classes (e x te n d in g  th e  exponen t ia t io n  

o n to  the' whole* c o n ju g a c y  class by  c o n ju g a tio n ) .  T o  re'alize’ th is  iele'a we' ne'e'd the* 

fo llo w in g  d e fin itie m .

D e f i n i t i o n  2 0  Let  S  C  C D R { Z [ t \ ~ . X ). .1 s uhs i t  R s C C’ R [ 7 M \  " .  .V ) /> r a l h d  

a set  o f  represi  n t a t i n  s o f  S  up to con jur j acy  ( RC - s e t t  i f  R s  sat i s f i es t in f n l l o w m y  

c o nd i t i on s :

1) R s  docs not  c on t a i n  p r op e r  powers :

2 )  f o r  a n y  11. r  €  R s  >i 7̂  e - 1 :

J j  f o r  each il £  S  there exist, r  €  /?>•. k  €  Z .  c S R [ Z { t ] ~ . \ ) .  and  a cycl i c  

p e r m u t a t i o n  ~ ( r )  o f  r  such that

u =  r -1 o ~ ( c ) k o c

rnoreorc r .  such r .  c. k .  ~ ( r )  are unique.

I t  is easy to  see th a t  fo r  a n y  S  C  C ' D R ( Z \ t \ ~ . X )  th e re  e x is ts  a set R s  C  

C R ( Z [ t \ * . X )  whic h sa tis fies  c o n d it io n s  1) 3) above . W e show  h o w  one  c an c o n s tru c t 

such  a set in  severa l steps.
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S top  I .  L o t it- e  .S' a n d  i r  =  r _I o Tr o c ho its  cyclic d e c o m p o s it io n . P u t

/?! =  { ( ? !  i r  €  5 } .

S to p  2. F o r a n y  t r  €  R \ .  th o ro  e x is ts  a subset 5 „. C R\  w h ic h  c o n ta in s  a ll c vc lic  

p o n n u ta t io n s  o f  i r  and  a ll c v c lic  p e rm u ta t io n s  o f //• 1 w h ic h  a rc  in  R x. S„. is not 

e m p ty  because i t  c o n ta in s  w.  T h u s , choose a n y  e lem en t i r '  in  S,t. a n d  e lim in a te  fro m  

R i a ll e le m e n ts  in  S w \  { a 1' } .  T h e  re s u lt in g  set is dem oted b y  R>.

S tep  3. I f  i r  €  /? j has a m a x im a l A’- ro o t  r .  th a t  is t r  — r k th e n  we rep lace i r  in  

R :  b y  r .  B y  L e m m a  10 such r  e x is ts  a n d  is un iq u e . A f te r  a ll p oss ib le  rep lacem en ts  

we o b ta in  R x.

C le a r ly . R. i sa tis fies , b y  th e  c o n s tru c t io n ,  c o n d it io n s  I )  2 ) fro m  th e  d e f in it io n  o f 

RC’-se t. so we can set R s =  /? ,.

Observe' th a t  fo r  an y  g ive n  S’ C C D R C Z [ t ]  * .  X ) an  R C -s r t is n o t u n ique , bu r a ll 

RC '-sefs fo r  .S’ have* th e  sam e c a r d in a l i ty  and  can  be o b ta in e d  otic* fro m  a n o th e r by 

ta k in g  inverses a n d  cvclic- p e rm u ta t io n s  o f  e lem ents.

.Xow let. 5  C  C D R C Z [ t \ ~ . X )  a n d  R s  be a fixed  set o f  re p re se n ta tive s  fo r .S’. 

S uppose  th a t  fo r  eve ry  e lem en t u €  R s  u n d  eve ry  f ( t )  €  Z [ f ]  an  exponc'n t £  

C D /? ( Z [ f ]  + . .V )  is d e fin e d . T h e n  one  can  e x te n d  th is  e x p o n e n t ia t io n  u n iq u e ly  to  

th e  sc't S  as fo llo w s .

Lc't u €  S . f ( t )  €  Z [ f j .  T h e n  b y  3) u =  r _1 o t t ( r ) k o <■ fo r  u n iq u e  r  €  R s - k  t

Z .  r  €  / ? ( Z [ f ] ~ . X ). a n d  a u n iq u e  c y c lic  p e rm u ta t io n  ~ ( r )  — cq o cq o f  r  =  r_» o cq.

P u t

l j ll) =  c ~ x O  ( f . J 1 *  ( f f <n )k * f j )  o c ( I)

( th e  p ro d u c t above  is d e fin e d  in  R ( 1 \ t \ ^ . X )  because o f  th e  d e f in it io n  o f expo n e n ts

a n d  th e  fa c t th a t  |tq | <  | r | ) .

X o w  le t S  =  C D R ( Z [ t ] ^ . X )  a n d  R  =  R s  be a f ix e d  set o f  rep re se n ta tive s
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fo r  5 . I t  fo llo w s  fro m  th e  a rg u m e n t above  th a t  to  de fine  a Z [ f ] -e x p o n e n t ia t io n  on 

C D R ( Z [ t ] ~ . X ) i t  suffic es to  d e fin e  Z [ / ] -e x p o n e n t ia t io n  on  Rs-  T h u s  we have a 

Z [ t ] -e xp o n e n t ia t ion  fu n e t ion

r x PH : C D R ( Z { t \ ~ . X )  x  Z[ t \  -  C D R ( Z \ t \ \ X )

w h ic h  fo rm a lly  depends 011 the1 cho ice  o f  R.  b u t i t  w i l l  be sh o w n  la te r  th a t  in  fac t 

th is  e x p o n e n tia t io n  fu n c t io n  o n  C ' D R ( Z [ t \ ^ .  X )  does no t d e p e n d  011 th e  choice' o f 

R C -se t.

R eca ll th a t  as a g ro u p  Z [ t j "  is a cou n ta b le ' d ire c t sum

2 [ ' i ’  -

e>f copie's o f  th e  in f in i te  c y c lic  g ro u p  Z  w ith  th e  r ig h t lex icograph ic- o rd e r. I t  is e*asv 

to  se'e' th a t  R ( Z [ t \ ~ . .V ) is the* u n io n  o f  the' fo llo w in g  cha in

R ( Z .  X )  <  R { Z - \  .V ) <  . . . R ( Z n . X )  <  . .  .

wlie're’ Z "  =  -r •1,h 0 ( / 1). For an e le m e n t i r  €  R ( Z { t \ ~ . X )  th e  le n g th  | //• | is a p o ly n o m ia l

g { t ) €  Z[ t \ :

l u ’ l =  ! f ( f )  +  <i,,tn .

where' 11,t >  0 . In  th is  event we say th a t  i r  has height  n and  w rite ' h ( i r )  =  n.  C le a rly .

/ , ( „ • )  =  » « .  ,r  e  R ( Z n . X )  -  R ( Z n ~ ' . X ) .

X o w  we de fine  e xp o n e n ts  r ^ in fo r  a g ive n  e lem ent r  €  R s  an<l a p o ly n o m ia l 

f ( t )  G Z[ t \ .  In  fa c t, b t'cause o f  th e  w a y  in  w h ich  we> de fine  e x p o n e n ts  em Rs  we 

need to  d e fin e  th e m  fo r a n y  e le m e n t o f  C R { Z [ t \ ~ . X ) (a fte r  th e  f irs t  s te p  be low  it
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can h a p p e n  th a t  r '  £  R s ).

1) Lc*t r  E C’ R ( 2 . \ t ] ~ . X ) he no t a p ro p e r po w e r and  | r |  =  </{t) =  n (} 4- • • • +

r in t n . a,, >  0. W e d e fin e  d  as an  e lem en t o f  C '/? (Z [f]  ~. A  ) o f  le n g t h ! r ! | =

so. r '  is a fu n c t io n  w i th  th e  d o m a in  [ l . r / ( f ) f ]  und  y i t ) t  =  nnt 4- u \ t 2 4  ■ ■ ■ 4

a n - { t n 4  ( in t n ~ l . r i n >  0.

a) I f  (in =  1 th e n  we set

O bse rve  th a t  th e  fo rm u la  above de fines r ' ( . i )  fo r  a n y  A w h ich  be lo n g s  e ith e r  to  

som e in i t ia l  subsegm en t o f [ ! . / / ( / ) / ]  o f  th e  fo rm  [ l . / m / l d ]  w he re  m  >  0 o r to  

som e te rm in a l subsegm en t o f  [L.<y(M f] o f  t l ie  fo rm  [r/( A)/ -  nu/ {  t ). <■/( t ) t \  w he re  

m  >  0.

X o w . a n y  A E is a p o ly n o m ia l A =  r ( t )  =  r \ { t )  bftt v €  ' Z\ t ]. w he re

bt, >  ( ) . f / c r / ( r  1) <  t l c f i ( r ) .  and  e ith e r  p <  n -t- 1 o r  p =  n +  1 , h f, =  l . r d d  <  0. 

In  th e  fo rm e r  case th e re  ex is ts  i n  >  0  such  th a t  n u j { t )  >  r ( t ) .  so th a t  [1. A\  is 

an in i t ia l  subsegm en t o f  [ l . n u / ( 0 ]  and  A E [ l .  rny{  t )]. In  th e  la t te r  case th e re  

e x is ts  in >  0 such th a t  — t n i j { t )  <  r ( t ) .  so th a t  [ A . i ) ( t ) t \  is a te rm in a l

subsegm en t o f  [ y ( t ) t  — n i y ( t ) .  <j { t ) t \  a n d  A E [ g ( t ) t  — i n y ( t ) .  y ( t ) t  j.

b ) I f  a n >  I th e n  we p resen t [ 1. r/( ^ )A] as th e  u n io n  o f  d is jo in t d o s e d  segm ents

I r ( o ) .  i f  A =  n i q ( t )  4- o .  rn >  0. 1 <  o  <  y ( t ):
r ' ( A )  =  I

I r ( o ). i f  A =  y { t ) t  — r n y ( t )  4  o .  i n >  0. I <  o  <  y ( t ).

| J  [Ad" 1 4 K H i r 1] [(«„ -  I)r~' 4 I. y(t)t\

a n d  d e fin e  d  011 these segm ents as fo llow s.

F or a n y  k  E [0. « „  — 2] a n d  A E 4  1. ( k  4  I K '1* 1] we set
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{ r ( o  ). i f  3  =  A7,! 4-1 +  n i g ( t ) +  <\. in >  0 . i <  o  <</ (?)■.

r ( n ). i f  3  =  ( A- 4- I ) / ' 1" 1 — m g ( t )  +  o . i n  >  0. I <  o  <  g ( t ). 

a n d  fo r  3  G [ ( » „  -  I ) ? " 4-1 +  l . r y ( f ) / ]  w p  set

{ r ( o ) .  i f  3  =  ( u „  — I ) / '14" 1 -f- n n f ( t )  +  <\. in >  I). 1 <  o  <  q( t ) :
'

r ( o ). i f  3  — g { t ) t  — n n j ( t )  +  rv. in  >  0 . I <  o  <  q{ t ) .

F or a n y  A- G [0 .n „  — 2]. th n  f ir s t  fo rn m la  abovp de fines r ' ( 3 )  fo r  a n y  3  w h ich  

be longs  to  son ic  in i t ia l  subsegm en t o f  [ k t ’l ~ l +  I .  (A- +  1 U " '1] o f  th e  fo rm

[A7" . A C * 1 +  m y ( t ) ]  w lie re  i n  >  0 o r  to  som e te rm in a l subsegm en t o f [A /'1* 1 +

I .  (A- -f- 1 ) t n * 1 ] o f  th e  fo rm  [ ( A- +  L ) fn4" 1 — in g ( t ) . ( k  +  1 ) t "  “ 1 ] w he re  in >  0. T h e  

second fo rm u la  g ive n  above  d e fin e s  r ‘ ( 3 )  fo r any  3  w h ic h  be long s  to  any  in i t ia l  

subsegm en t o f  [ (« „  — L ) fn + 1. g { t ) t \  o f  th e  fo rm  [(r ;„  -  1 ) t n ~l . ( a n — I ) t n * 1 -f- r ny ( t ) \  

w he re  i n >  0 o r to  a n y  te rm in a l subsegm en t o f  [(r /„  — 1 ) t n ~ 1. g ( t ) t \  o f  th e  fo rm  

[ g ( t ) t  — m g { t ) .  g ( t ) t \  w h e re  rn >  0 .

In  th e  sam e w ay as in  a) one  ca n  show  th a t  these fo rm u la s  d e fin e  r , ( 3 )  fo r 

a n y  3  G [1. g{ t ) t \ .

N ow . i f  v G C R ( Z [ t } ^ .  X )  is such  th a t  r  — uk fo r  som e a G C /? (Z [ f ]~ .  .V ) th e n  

we set r l — ( u 1)*.

C le a r ly . |e '|  =  g ( t ) t  =  | r | f .  i J s ta r ts  w i th  r  a n d  ends w ith  r .  In  p a r t ic u la r .  

r 1 G C /? ( Z [ f ] * .  A ') . I t  fo llo w s  th a t  r 1 *  r  =  r 1 o r  =  c o c f =  r  *  r k  hence 

[r*. r] =  =.

2) N o w  fo r  r  G C R ( Z [ t ]  + . X )  we d e fin e  e xp o n e n ts  r * k b y  in d u c t io n . S ince r 1 G
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C /? (Z [ f ]~ .  A’ ) one can re p e a t th e  c o n s tru c t io n  fro m  1) a n d  de fine

r '  =  ( r '  ) '.

3) N o w  w e d e f in e  r f , n . w h e re  f ( t )  G Z [t \.  b y  l i n e a r i t y ,  i.e.. i f  f ( t )  =  t n0 -I- n i l f +

. . . 4- ni ict k th e n

*  • • • *  {r'“ y"k.

O bse rve  th a t th e  p ro d u c t above  is d e fin e d  because o f  th e  d e f in it io n  in  1) and 2). 

W e have r ' 1' 1 €  C ' R ( Z [ t \ ~ . X ). | r / i n | =  y ( t ) \ f { t ) \  =  | r | | / ( M |  and  [ f T ' f r j  =  f .

T h u s , fo llo w in g  th e  s teps 1) 3) above , fo r any  g ive n  r  G C  R ( Z [ t \ * . .Y ) and  

f ( t )  G Z [ f ]  one can d e fin e  w h ic h  is a g a in  an e lem en t o f  C’ /? (Z [f ]~ . X ). A lso , 

it fo llo w s  fro m  th e  d e f in it io n  above  th a t  i f  u- =  r k G C ' RCZ [ t \ " .  .Y ) and  f ( t )  G Z[H  

tdien _  j ( r / l f )

T h e n , suppose we have 5  =  C  R(  Z [ / ] ~ . A ’ ). / ( t )  €  Z . a n d  u 6  A' is a cv c lic  

p e rm u ta t io n  o f  r  G /?>•. w h e n ' /?>• is a n y  RC'-set fo r S.  T h e n , a t f irs t,  we can de fine  

n f {t) a c c o rd in g  to  s teps 1) 3 ) above , b u t o n  th e  o th e r  s ide  we can de fine  t j [,] like* in  

(4 ). v ia  its  re p re se n ta tive  r .  th a t  is

=  r f 1 * *  r , .

w he re  v =  f ^ o r , .  u =  r j o r j .  F o r now  i t  is n o t c le a r w h y  d e f in it io n  v ia  rep re se n ta tive s  

g ives th e  sam e re s u lt as th e  d e f in it io n  in  s teps 1) 3 ). T h e  fo llo w in g  le m m a  c la rif ie s  

th is  m a tte r .

L e m m a  1 3  Let  a. e G C R ( Z [ t \ ^ . X )  be such t hat  e -- t ’ i o r 2. u =  o r t a n d  

f ( t )  G Z [ t ] ,  Then  ( r f 1 * r  *  r , ) " ' 1 =  r f 1 *  c ' " *  *  r , .

Proof .  T h e  s ta te m e n t is o b v io u s ly  t ru e  fo r a n y  c o n s ta n t f ( t )  G Z . W e p rove  th e
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s ta te m e n t to r  / ( / )  — t. W e w a n t to  show

( <'•_> °  ' ' l  )' =  I' 1 ' *  ( r l °  r 2 )' * f ’ l •

\V(> have |r_. o /-L ] =  | r x o r_> | a n d  ( r ,  o r xY ( J )  =  f t '| o <•■_»)'( J  +  | | ) . . i  G [ l .  \ r \ t  -  | <‘ i |].

W h e n  wo c o n ju g a te  ( r x o r _>Y b y  i ' i  we cance l th e  in i t ia l  segm ent o f  ( r i  o r_>f o f

le n g th  | r , |  and  a d d  a te rm in a l segm ent o f le n g th  | #*x | . so we have (m  o r i ) ' ( . i )  =

( r ~ l * (/■[ o r-j } '  *  r i ) (d ) .  . j  G [1. a n d  (r_> o /■[)' =  r f 1 * (;•( o /•_>)' * r x.

S ince  /•' and  u ‘ a re  c v c lic  p e rm u ta t io n s  o f  each o th e r  a n d  b e lo n g  to  C R { Z [ t \  ~. X ) 

we can  a p p ly  in d u c t io n  a n d  get th e  s ta te m e n t fo r  a n y  / ( / )  G Z [t\.

□
So. th e  le m m a  above  show s th a t  th e  e x p o n e n tia t io n  fu n c t io n  d e fin e d  in  (1 ) co­

inc ides  on  C’ /? ( Z [ f ]~ . .V ) w ith  th e  e x p o n e n tia t io n  f in c t io n  d e fin e d  a c c o rd in g  to  s teps

1) 3) above.

L e m m a  14 Let  R i  a n d  R ,  be two RC-se t s  f o r  C ' D R ( Z [ t \ ~ . X ) .  Let  

e x p Kt : C D R ( Z [ t \ \ X )  X  z [t] —  C D R ( Z { t }  + . X )  

be the Z [ t } - c x p o n c n t i a t i o n  f u n c t i o n  def ined in (. [ ).  Then

e x p Hl =  e x p , {2

on C D R l Z [ t \  + . X ) .

Proof .  L e t u G R\ .  T h e n  th e re  e x is ts  an e lem en t v  G R-> such th a t  v — I’ lo r - j .  u 

to o (•(. I f  f ( t )  G Z [ t \  th e n  b y  L e m m a  13 we have

u / “ > =  ( r f 1 * r * r , ) /(t)  =  r f 1 *  *  r , .
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X o w . le t i r  E C D R ( Z { t \ ~ . X  ) he suc h th a t

i r  =  1 o - ( e) k o <■

fo r  some* c y c lic  p e rm u ta t io n  r r ( r )  o f  r .  W ith o u t  loss o f  g e n e ra lity  we can assume 

—( f )  =  u. So we have1

i s p Hx( ic.  f { t ) )  =  i r f ' n =  c ' 1 c ( u f t , ) )k O c

e x j  > u A i r . f ( t ) )  =  n J, t }  =  r ~ l o ( r f 1 * ( r f { t ) )k *  r , ) o r  

a n d  fro m  the* a rg u m e n t above1 it  fo llo w s  th a t > . r p n x( t r .  f  ( t ) )  =  > x p n . { i r .  f  i t ) ) .

□
The1 lem m as above  make1 it  poss ib le  to  de fine  r ^ n fo r  a n y  r  €  C ' D R i Z l t j ' . .V ) 

w ith  a cyclic- d e c o m p o s it io n  c =  r ' 1 o a o c and  f ( t ) E  Z [ t \  as:

T h is  d e f in it io n  is e q u iv a le n t to  th e  one g iven  in  (4 ) a n d  i t  does n o t depend on  anv 

R C -se t a t a ll.

T h u s  we have1 d e fin e d  Z [f ] -e x p o n e n t ia t io n  fu n c t io n

exp  : C ' D R ( Z [ t \ ^ . X )  x  Z[ t \  —  C D R ( Z [ t } ^ .  X )

on  th e  w h o le  set C ' D R ( Z [ t ] ^ . X ) .

I t  can  be seen e a s ily  fro m  th e  steps 1) .j)  above  th a t  th e  Z [ f '-e x p o n e n t ia t io n  

is n o t u n iq u e  a n d  its  d e f in it io n  ca n  be d iffe re n t. T h e  reason  w h y  we have chosen 

p re c is e ly  th is  one is th a t  th e  fo llo w in g  p ro p e r ty  h o ld s  fo r  i t  - i f  r e  C  R ( Z [ t \ ~ . X ) 

a n d  f ( t )  E Z [ t \  th e n  | r /< n | =  | t ’ | | / ( O l -
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L e m m a  15  Let  u . v  G C' R C L [ t } ~ . X ) a n d  f { t ) . < j { t )  G Z[ f ]  be such t ha t  t P {U — r l , tn. 

Then  [(/. r ]  is def i ned ar i d is equal  to z.

Prnof .  S ince [ u . i T " 1} --  f  a n d  [c . r 3 ,n ] =  th e n  [u.  r ' /,M] =  r a n d  [ r . i P ir>j =  £. 

F ro m  th e  la t te r  e q u a lit ie s  we w i l l  d e r iv e  th e  re q u ire d  s ta te m e n t.

O bse rve  th a t  i f  |u | =  | r |  th e n  i t  fo llo w s  a u to m a t ic a lly  th a t  u =  r ~ K  Indeed, by 

th e  d e f in it io n  o f  e xp o n e n ts  u.T,) an d  r 9,n have c o rre s p o n d in g ly  a * 1 a n d  r r l  as in i t ia l  

segm ents. S ince u ^ tn =  th e n  in i t ia l  segm ents o f  le n g th  |u | in  b o th  co inc ide .

W e can  assum e \u\ <  |c | a n d  c o n s id e r [*/. r ' ,m ] =  f  ( i f  |u| >  | r |  th e n  we cons ide r 

[ r .  t P {t)\ =  z a n d  a p p ly  th e  sam e a rg u m e n ts ). A lso . <j(t) >  1. o th e rw is e  we have1 

n o th in g  to  prove .

T h u s  we have u * c ',(n =  r ,J{t) *  u.  Since1 u and r  a re  c y c lic a lly  reduced  and  equa l 

Z [ f ]~ -w o rd s  have equa l in i t ia l  a n ti te rm in a l segm ents o f  the1 sam e le n g th  then  [a. r j 

is d e fin e d  a n d  we have tw o  cases.

a ) u * r  =  n o r .

T h u s , a u to m a t ic a lly  we have  r  *  u — r  o it

it o t ' °U) and  r !l' n o it have th e  sam e in i t ia l  segm ent o f  le n g th  2 | r | .  So r  =  it o r i  =  

i ' i  o c-j a n d  \u\ =  |c_.|. C o m p a r in g  te rm in a l segm ents o f  k o / '9" 1 and  r ' ,m  o it o f  le n g th  

|a | we have it =  r_> a n d  fro m  u o iq  =  t ’ i o u i t  fo llo w s  th a t  [ i t. r ] =  £.

b ) T h e re  is a c a n c e lla t io n  in  u *  c.

T h e n , fro m  tP {,) =  r , ( , )  i t  fo llo w s  th a t  r _ l  =  r f 1 o ti a n d  so r  =  a -1 o l y  U sing  

th e  sam e a rg u m e n ts  as in  a) we o b ta in  r  - a -1 o q  =  c { o q .  \u\ =  j f • j  j a n d  a 1 =  r>. 

I t  fo llo w s  im m e d ia te ly  th a t  [u.  c] =  f .

□

L e m m a  16 Let  u . c  G C D R ( Z [ t ]  + . A') be such tha t  h ( u )  =  h ( c )  a n d  [a. rj =  £\ 

T h e n  =  f  f o r  am/  f ( t )  G Z [ t ]  p r ov i ded  [u^ ( n . r ]  is elefined.

Proof .  W e can  assum e th a t  e ith e r  it o r  r  is c y c lic a lly  reduced . T h is  is a lw ays
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poss ib le  because b o th  e lem en ts  b e lo n g  to  C D R ( Z [ f \ ~ . X ). S uppose  we have <• 1 * 

ti * r  =  i i . w here  a is c y c lic a lly  reduced .

a) |//| <  |r |

S ince  u is c v c lic a lly  reduced  e ith e r  r -1 *  u =  r ~  1 o it o r  // * r  =  n o  r .  Assum e 

th e  fo rm e r. T h e n  r  has to  cance l c o m p le te ly  in  r ~ l * / / * / •  because th is  p ro d u c t is 

equa l to  it w h ich  is c y c lic a lly  reduced . So r  has th e  fo rm  r  =  n k a i r .  w here  k  <' 0 

is th e  sm a lles t poss ib le  and  i r  does n o t have u as an  in i t ia l  segm ent. W e have rhen

*  u * r  =  u ' ~ l *  u *  i r  =  a ,_1 * (u o t r )  =  u.

an d  t r ~ l cancels c o m p le te ly . In  th is  case th e  o n ly  p o s s ib il i ty  is th a t  (//• | <  h i : 

(o th e rw is e  we have a c o n tra d ic t io n  w ith  th e  cho ice  o f  k)  a n d  |m  //•] =  f .  So now  we 

reduced  e v e ry th in g  to  th e  case b ) because c le a r ly  =  •' fo r a n y  f ( t )  € " l / l .

b) |u| >  |r |

W e have r ~ l * u * r  — n. u is c y c lic a lly  reducc’d. m oreove r, u is a c v c lic  p e rtn e .ta tio n  

o f  its e lf  th a t  is r " 1 * u * r  =  it. F in a lly ,  s ince r j  is d e fin e d  th e n

r - 1 * u f, t )  *  r  =  u f , n

fo llo w s  fro m  Le m m a  L'3.

□
W e s u m m a rize  th e  p ro p e rt ie s  o f  th e  e x p o n e n tia t io n  i . rp in  th e  fo llo w in g  theo rem . 

T h e o r e m  2 6  The Z [ t ] - f x p o n e n t i a t i o n  f u n c t i o n

e x p  : ( u . f { t )) —  u f i , )

def i ned in ( 5 )  sat i s f i es the f o l l o w i n g  a x i o m s  (here u. r  G C  D  R ( 7 , { f \ ~ . X ). / .  g  €  Z  [t\ j :  

E l )  a 1 =  a. t f i r) =  ( i J  )g . — i f i  *  ug.
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E 2 )  * ( i ' ~ l *  it * t ' ) f  =  r ~ l *  u f  *  r

p r ov i ded  [ft. r ]  =  f  n n d h ( u )  =  h ( r ) .  o r  it — v o i r ,  o r  u =  i r n . r  =  t v 1 f o r  some

tr  6  C ' D R ( Z [ t ]  ~ . X )  a n d  n .  .1 €  Z [ t \ :

E d ) *  i f  [u. r ]  =  f  a n d  u - i c” . v =  i v *  f o r  some tv 6  C  D  R ( Z [ t \ ^  . X  ). n .  .1 6  Z [ t  j

then

( it # r ) ^  =  i j  *  (d  

P r o o f  Lo t u e  C  D R ( Z [ t ] ~ . X )  a n d  o . .1 6  Z[ t \ .

T h e  e q u a lit ie s  i p =  u a n d  { u ^ ) ,J =  a ^ ] fo llo w  d ire c t ly  fro m  th e  d e f in it io n  o f 

e x p o n e n tia t io n . T o  sh o w  E l )  we need to  p rove  o n ly  th a t  i t ^~ r'  =  i t^ * i i '! . Let

-  1 h n =  (' o i i j  o r

he a c y c lic  d e c o m p o s it io n  o f  it. T h e n

i J  =  c ' 1 o ( u [  )k o c. u :1 =  e ~ l o ( n ' l ) *  o c.

X o w

=  r~  1 o ( u { +g)k O  C  =  ( o ' 1 O ( u { ) k O  c) *  ( c _ I o ( )k o r ) .

as re q u ire d .

E 2 )*  I f  u =  tvn . v  =  i vJ fo r  som e w  £  C ' D R ( Z [ t )  + . X )  a n d  n . d  6  Z [ f j .  th e n  

re s u lt fo llo w s  fro m  th e  d e f in it io n  o f  e x p o n e n tia t io n . I f  [u.  r ]  =  f  a n d  h ( i t )  =  h ( v )  

th e n  re s u lt fo llo w s  fro m  L e m m a  16. I f  u =  v o i r  th e n  re s u lt fo llo w s  fro m  Lem m a  

13.

E 3 )*  W e ha \ v ( u * r ) f  =  ( u -r‘ + V  =  i r ln * J>' =  u'n f * u - i f  =  ( i r n )f * (  t v 1) '  =  n U t - f .

□
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11 E x te n s io n s  o f  cen tra lizers

Le t .-1 be a d is c re te ly  o rd e re d  a b e lia n  g ro u p . R e ca ll th a t  by  C ' D R ( A .  X )  we deno te  

th e  subset, o f  a ll .4 -w o rd s  t r  fro m  R ( A . X )  w h ic h  a d m it  cvc lic  d e c o m p o s it io n  t r  =

c  1 q  r  o r .

R e ca ll th a t  a subse t G  <  R ( A . X )  is c a llt 'd  a subgroup  i f  G  is c losed un d e r 

m u lt ip l ic a t io n  *  a n d  in v e rs io n  In  th is  se c tio n  we w i l l  prove* th a t  fo r an v  s u b g ro u p  

G  <  C ' D R ( A . X )  the* e x te n s io n  G '  o f  a ll c y c lic  c e n tra liz e rs  o f  G  b y  free* a b e lia n  

g ro u p  o f  in f in ite  ra n k  has a n a tu ra l e m b e d d in g  in to  C D R [ A .  X ). T h is  is th e  m a in  

te c h n ic a l re s u lt, i t  p ro v id e s  th e  in d u c t io n  a rg u m e n t fo r  an e m b e d d in g  o f  F " '  in to  

C D R ( Z { t \ ' . X ) .

11.1 E x te n d in g  p reg ro u p s  b y  n o n -sta n d a rd  p ow ers

A t f irs t  we g ive  severa l d e f in it io n s  w h ic h  arc* im p o r ta n t  fo r  o u r  fu r th e r  c o n s id e ra tio n s .

D e f i n i t i o n  21  Le t G  be a ( / roup i r r th <i l ength f u n c t i o n  I : G  — A.  IIV  sup that  G  

sat i sf i es the s t a b i l i z i n g  c o n d i t i o n  (S ) i f  f o r  ant /  eh mer i t s  r .  t r . g  E G  such that :

1) n. r  are not. p r o p e r  powers.

2) Ca(n)  -  CC;(r) =  2 .

2)  i i t  h e r  r  is no t  con j ug a t e  to t r ~ l o r  r  — t r ~ l but  (g. r ]  ^  1

there, exi sts a n a t u r a l  n u m b e r  r  -  r ( t \  t i ' . g )  such t hat  f o r  all. n.  in >  t

r ng t r m - r n r o,,, c r g t e r o,,, t r " ‘ r .

where  2cit <  1(e).  2d> <  l ( t r )  a n d  x g  =  x  on g means l ( . r g )  >  I ( x ) -f- 1(g) -- e\.

L e t G  be a g ro u p . W e say th a t  a tu p le  ti =  ( u \  u ^ ) E G k has c o m m u t a t i o n

i f  [u,.  u ,^ [ ]  =  1 fo r  some1 / E [1. k  — 1], O th e rw is e  we c a ll u c o r n t n u t a t i o n - f r e t .
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D e fin it io n  22 A group G  sat i sf ies the b ig  pow ers c o n d it io n  ( B P )  ( o r  r a l l t d  a B P -

( j r oup j .  i f  f o r  an if commutat i on- f ree ,  tuple a =  ( t / [  a* )  o f  e l ements  f r o m  G  tht  re

exists an i n t eger  n ( u )  (a boun d a r y  o f  separa t i on  f o r  n )  such that

' ‘ V  ■ • • C  #  1

f o r  a n y  i ntegers  0 [ .........>  n { n ) .

T h e  n o t io n  o f  b ig  pow ers c o n d it io n  was in tro d u c e d  in  [38] a n d  p ro v id e s  a m e th o d  

o f d is c r im in a t io n  fo r a w id e  class o f g ro u p s . W e re fe r to  [38] a n d  [21] fo r d e ta ils  a b o u t 

B P -g ro u p s .

Iu  fa c t, we are in te re s te d  in  th e  fo llo w in g  w eak fo rm  o f  the1 b ig  pow ers c o n d it io n .

D e fin it io n  23 .-1 gr oup G  sat i sf i es the w eak b ig  pow ers c o n d it io n  ( W B P )  ( o r  e n l hd

a W D P - y r o u p ) .  i f  f o r  any  c o m m u t a t i o n - f r ee  tuple n =  ( i i \  //*•) o f  t i t  mer i ts f r o m

G  such that

1) u, is not  a p r ope r  power .

J )  C c ; { II,  ) ^  Z .

3)  u l is not  conjugate to a f \  f o r  a n y  i £  [ l.A ; — 1]

there exists an i n t eger  r i ( u )  (a b o u n d a r y  o f  separa t i on  f o r  u )  such that

• • • C  *  1

f o r  a n y  i ntegers  c i [  a *  >  n ( u ) .

L e m m a  17 Let  G  <  C D /? (Z [ /]* . .V )  sat i s f y  the s t ab i l i z i ng  c o n d i t i on  (S).  Then G  

is a WB P - g r ou p .

Proof .  W e w an t to  p rove  th e  s tro n g e r s ta te m e n t, fro m  w h ic h  th e  W B P -e o n d it io n  

fo llo w s  eas ily :
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C la im .  I f  // =  ( u \ .........ii*.) G G k is a c o m m u ta t io n - fre e  tu p le  s u rh  th a t u, is not

c o n ju g a t e  t o  f / ' J ,  fo r  a n y  / G [ l .  k  — 1] a n d  c e n t r a l i z e r s  o f  a l l  //, a re  c y c l ic ,  t h e n  th e re  

e x is t  in te g e rs  n ( u ) . . i  such  t h a t  fo r  a n y  in te g e rs  i > i  <•>*, >  n ( u )

w here  6 G Z [/] does no t ch 'pend  on  a n y  it , .

W e use in d u c t io n  on  th e  le n g th  o f  u =  ( t / [  i ik )•

a) k  =  2

F ro m  th e  s ta b il iz in g  c o n d it io n  we can  f in d  an  in te g e r r  such th a t  fo r a ll n. in > r  

i,;1 * « .?  =  t i y - o , ,  /̂hrl r .

w lu 're  ih.'h> €  X[ t ]  and  2<h <  |iii|.2i>_> <  ]»/•_>|. T h u s

i n  fr i i  v  | f i * r i  . i r  r  i , t rn — r  j k* *
| / / t *  l ( . } \ >  | f / 1 I -f-  | / /  j *  f / .>|  +  j ft j  | —  — (Vj .

B y  C o ro lla ry  2 th e  le n g th  fu n c t io n  o n  G  in d u ce d  fro m  C D R ( 7 , [ t \ ~ . X ) is free, so we

can  choose an in te g e r .*> such  th a t  fo r  t i l l  n.  in >  .•> we ge t |u j‘ ~r | 4- j/ /T  r j > it'i 4- T .

N ow . i f  we take1 \ f  =  m a x { s . r }  th e n

=  ( n l *  i t :) ' ) o lh u . r - u  r

fo r  a n y  in tege rs  rn. n >  M .  So in  th is  case n ( u )  =  . \ f .  . i  =- M .  d =  rt-_».

b ) S uppose we p roved  th e  C la im  fo r  a ll tu p le s  o f  th e  le n g th  k  =  p — I .  C o n s id e r 

a =  ( i i i  t ip). B y  in d u c t io n  th e re  e x is t in tege rs  .V. such  th a t

u' l '  * ■ • • *
tip -  J / Ol -̂ 1 i ^p— 1-^1 / _

Up - 1 =  ( H l " p - i  T  -
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fo r  any  in te g e rs  o j  o ;,_ i >  .V. T h e n

" V  * ' ¥  =  ( (« .“  i> ° '6  =  ( w o , ,

w he re  \v«* d e n o te  //',M *  • • • *  h v  tv. B y  th e  s ta b il iz in g  c o n d it io n  then * e x is ts  an

p - 1  — - A .  n t>

r

in te g e r r  such th a t  fo r  a ll  o . , .  — d i .o , ,  >  r

„ ' * > * . . .  *  =  ( „ .  o ()l u ; ^ - h - r ) ( u rp _ x *  u rp ) o , t u ' ; r r .

whc'rc' (V j-'b  €  Z[ t ]  a n d  2 d j <  |t/p_ t 1. 2c>:1 <  |t/p|. A g a in  u s in g  le n g th  a rg u m e n t we 

can  choose M  >  tn a x { r .  .V } to  bc> such th a t to r a ll o p_i — A - f V  — ' v<‘ have

I n p - I “ t ” r I . 1 ' > u r i ^ w , j
I Up - I  I i np I >

F in a lly ,  ta ke  u ( n )  =  M  4- d t . d  =  M  and

a ? 1 * * a p p =  « ■ *  u
> p -  I 

f > -  1 V '

fo r  a ll n - i Op >  n ( u ) .

□
T h e  nex t result, is a n a lo g o u s  to  one fo r B P -g ro u p s  p ro ve d  in  [2-1].

L e m m a  18 Let  G  be a \ VBP- g r oup ,  u =  ( a |  u k ) 6  G k be a c ommut a t i on - f r ee

tuple such t ha t  u, is n o t  con j uga te  to u f f { f o r  a n y  i €  [l.A * — 1] a n d  cent rahzf  rs o f  

a l l  u, are cycl i c.  Le t  h 6  G .  Th e n  there exists a c ons t an t  n ( u / h )  such that

u7> •■■u2k #  h

f o r  every  0 [ .......... o*. >  n ( u / h ) .
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Proof .  S uppose  th a t  fo r  a n y  in te g e r n there' e x is t in te g e rs  n t  n k >  ri such

th a t

O bse rve  th a t th<‘ tup le '

t r  =  { i i i  i i k..  i i f [ x  u f 1 )

is e o n u n u ta t io ti-fre 'e . a l l e le m e n ts  in  i r  have1 eye lie  ce 'iitra li/.e 'rs  auel an y  tw o  successive* 

e lem en ts  a rt ' no t c o n ju ‘t;ate\ L e t n( i c )  he1 a b o u n d a ry  c)f s e p a ra tio n  fo r i r .

T lie n .  by  o u r a s s u m p tio n  there' are c i |  m- >  n ( i r )  sue li th a t

«'.M • • • C  = * .

S im ila r ly ,  th e re  are* some’ . i x 4  >  n l t r )  4- o*. such th a t

■̂1 4̂. /
« i =  h -

So

" i 1 1 • • • k  l r  =  i

a n d  a ll the1 e xp o n e 'iits  above* are  gre'ate*r th a n  n ( i r )  - a to u tra d ie - t io n .

□
X o w  we1 prove* th e  m a in  te c h n ic a l re su lt o f th e  f ir s t  p a r t  ejf the1 thesis.

P ro p o s itio n  2 Lot  G  <  C D /? (Z [f |* . A’ ) sat i s f y  the s t ab i l i z i ng  cond i t i on  (Si .  B hr 

a subgroup  o / Z [ f ] '  c o n t a i n i n g  Z  a n d  C  C  G  c o n t a i n  a l l  e l ements  r  £  G  such that  

the cent ral i ze/ '  C t ; ( i ' )  is gener a t ed  by r  in G .  Let  G  sa t i s f y  the cxj roni  n t i a f i on  a x i om  

( E 2 )  wi t h  respect  to B .  t ha t  is ( r ' 1 * u *  c ) n =  r ~ '  *  id'  *  c f o r  a l l  u . r  €  G  and
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o  €  B .  Let  R ( ■ be. the set  o f  representat i ves f o r  C' a n d

P  =  P ( G .  C .  B )  =  { q  *  a "  * h | q. h G G.  n G B ( •. a  €  B \ .

D[> =  { ( p . q ) E  P  *  P  | p  * q €  P }  C  P  x P.

Then

I )  P C  C D R { Z [ t ] ~ . X ) :

J )  (P.  D r )  f o n n s  a p n  group.

R e m a r k  I  Here,  m  the proof ,  i n  r a i l  t r p n m  nts f r o m  B  — X i n f i n i t e  an i l  e j po r i i  nts 

f r o m  Z  f i n i t e .

Proof .  1) T a ke  a n y  q  *  un * /; G P.  I f  o  is f in ite  th e n  un G G  and  q * u "  * h is 

de fined .

Suppose o  is in f in ite .  B y  th e  s ta b il iz in g  c o n d it io n  th e re  e x is ts  an in te g e r r  such 

th a t  fo r a ll n >  2 r

q  * u n * h =  (q * n r ) o,* u n ~2r o,j ( u r *  h) .

w here  f) G Z [ t ] ~ . 2 d  <  |« |.  L e t us f ix  any  n >  r .  O bse rve  th a t  in  fa c t we have

q *  a "  * h =  (q * u r ) o (/'* ~Jr o ( a r *  h)

because u G R ( - C  C R { Z [ t \ * . X ) .  M o re o ve r g  * » n *  h G G.  th u s  g * u n *  h G

C D R ( Z [ t \ ~ . X )  a n d  c _1 o ( u t o uk o u->) o r  is its  c y c lic  d e c o m p o s it io n , w h e re  a =

u-.i o u\  =  n 2 °  111- k  <  n  — 2 r .  T h e re fo re .

c ” 1 o ( / / ,  o o <*■_>) o r .
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w here  .1 =  n  +  k  — n . is a c y c lic  d e c o m p o s it io n  o f g *  nn * h and  P  C  C D R C L { t \ ~ . X  ).

2) O b se rve  tha t, i f  j \  y  G P  a n d  .riy is d e fin e d  in  P  t l ie n  .r *  g is d e fin e d  in

/? (Z j7 |~ . X ) .  N o w  it  fo llo w s  th a t  a x io m s  ( P I  ) - (P -l)  h o ld  in  P  s ince  th e y  h o ld  in

R { Z [ t \ ~ . A ')  (T h e o re m  2 4 ). T o  c o m p le te  th e  p ro o f it  suffices to  check  th a t  th e  a x io m  

( P o) h o ld s  in  ( P. D [ > ):

(P o ) fo r  ( 'v e ry  it. r .  i r .  z. G P  i f  u * r .  r  *  i r .  and  t r  *  r  arc* a ll d e fin e d  th e n  e ith e r

u * r  *  t r  o r  r  *  tc * z is d e fin e d  in  P.

O bserve  th a t  i f  <n =  <•/ fo r  som e n .  A G D  and  c i G R e  th e n  ir fo llo w s  fro m

L e m m a  15 th a t  [r. e t ] =  f .  S ince  r  has c y c lic  e e n tra liz e r in  G.  i t  fo llo w s  th a t  C[ =  <k

w h ic h  is poss ib le  o n ly  i f  c ( =  < - 1. A lso , i f  o  £  B  is in fin ite ' th e n  r "  G G  fo r a iiv

<' G Re .  O th e rw is e  [c '* .c ] =  f  a n d  s ince C \ ; ( c )  is c y c lic  g e n e ra te d  b y  r  th e n  o G Z  -

c o n tra d ic t io n .

I t  is oasv to  see th a t  an y  e lem en t p  G P  has m a n y  re p re s e n ta tio n s  as g  * < "  * h. 

w he re  <). It G G . c  €  R ( - . n  G D.  L e t us f ix  th e  rep resen ta t.ion  fo r  e v e ry  p  G P. p — 

gp * c'pP * h p. w h e re  gp. f tp G G.  r p G R e .  o p G D.

C la im .  L e t p =  gp *  cpp * h p. g =  g,, * c?/' *  h,, G P.  w here  n p. o,, a re  in f in it i*  and  

[>*<!  G P.  T h e n  cp =  c ~ l and  l t p *g, ,  be lo n g s  to  th e  cyclic ' s u b g ro u p  g e n e ra te d  by  cp.

S ince  /; *  c/ G P  th e n  th e re  e x is ts  j  G P  such th a t p * g — .r. T h e re fo re .

( f fp  *  c p P *  h p )  *  ( U>i *  r ?,'' *  h , , )  =  ! h  *  < - ' /  *  h T

o r  in  o th e r  w o rd s

(9P * cpP * hp) *  (g,, * <?," * h,t ) * ( h ~ l * c ; ,,r * g j 1) =  f.
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T im s  we have

(Up *  r p P *  Hp l ) *  (Up *  h p )  *  (U<i *  r ?Y‘ *  h , , )  *  ( h r  1 *  r r *  </ r l ) =

( ' p P ) 7p *  (Up * h p *  <],, *  *  <iq l * h p l *  <jp 1 ) *  ( ( / , , *  h p * ( j , ,  * h „ )  *  ( />x 1 * < ) s X

(<-pp Y,pX *  *  (flp *  h p *  <),, *  />,,) *  ( / / ; 1 *  *  f , ; 1 ) =

and  t tn a llv

( c "p p ) " p 1 *  o ; ; " y 1'' 1 • /,p 1 1 *  ( < ■ - / ' * ) h c ' hr< 1 1  ' h " 1 1 *  ( !Jp *  h p *  ,h ,  *  i> „  * h r i + <,-r  1 > =  f .

S ince  G  sa tis fie s  th e  e x p o n e n t ia t io n  a x io m  (E 2 )  we can  re w r ite  th e  le ft-h a n d  side 

o f  th e  e xp ress ion  above  as

( < i f  1 ) '>P *  Of ' ’ > , p  1 " > p  1 I'*'' * ( ( ' • ;  1 )h r ' h"  1 1 ' ‘ " P 1 ) ° r *  (Up *  h p *  <},, *  h,,  *  / / , .  1 * U r  1 ) =  :■

B y  th e  a s s u m p tio n . G  sa tis fie s  th e  s ta b il iz in g  c o n d it io n ,  so b y  L o n m a  17. G  is 

a W B P -g ro u p . H ence, b y  L e m m a  18. th e re  e x is ts  a n a tu ra l n u m b e r r  >  0 such th a t

( c f  ‘ )*  *  )"* * * ( ( Jp * f l p  * ry,; * h q * h r l * U r  ' ) *  •

- 1 - I - I .- I
p

P  • '  7

1 - 1 —  — 1 . . . - 1  " ~ l

fo r  a l l  n a tu ra l A\ t/t. ri >  r  un less one  o f  th e  c o m m u ta to rs  [cpp . r 7'' ' hp 7p

r 7’  ' hp *7p . ( f j . 1 )Hi ' h'i '•'•p ’ *5p 1 j is t r iv ia l  o r  e ith e r  Cpp is c o n ju g a te  to  

;.9<f1 ,,xp 1 m,Jp 1 Q r r 9 7 , * V ‘ -!»Pl is c o n ju g a te  to  ( c ; 1 .

B u t th e n  i t  a lso  h o ld s  fo r  a n y  O p.O g.O j. >  r .  Indeed , we can o b ta in

( c f l ) n ”  *  ( c * ' - A p - ' - 9 p  y ,  *  ( ( c ; 1)fcr.fc,-, . 9, - l . / . p , . !»pI )«x *  { 0 p  ¥  h p  *  ( J i  *  h f i  *  , 1 ; I *  ry;
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fro m

u f  l ' h” ' ‘ )J'"  *  ( ( r ; 1 )h<’ hr<1 1 1 : ) ■■*  ( <h  * hp * <,,, * /,,, * / , ; 1 * .7; 1 >

by  in s e r t in g  c p  and  ( c ^ 1 )'*x_Jn w ith o u t  c a n c e lla tio n . u s in g  th e  fac t t l ia t

fp-( 'q nnd  < r a re  c y c lic a lly  reduced  (he re  we assum e im p l ic i t ly  a ll n fl . n , r <tT to  he 

p o s it iv e , h u t th is  does n o t re s tr ic t  th e  a rg u m e n t because one can a lw ays  co n s id e r 

c ,"1 in s tead  o f  c y . w he re  g €  { / > . g . r } ) .

a) Suppose Cp’ is c o n ju g a te  to  cq ’ hp ’ 'h  . th a t  is. f  l * f'j,p * f  =  < ' hp

fo r  som e /  g  O’. T h e n , since Cp.c^ G R<-. i t  can  happ<‘n o n ly  i f  <v =  c p  and

u, ; 1 * 1 * f/;; 1 * /  * </,, =  c j. a- e z.
I f  h p * g,, €  (c,,/. th e n  we p roved  th e  c la im .

I f  h t> * ()q €  th e n  b y  th e  s ta b il iz in g  c o n d it io n  th e re  ex is ts  an in te g e r .V such

th a t  fo r  a ll A t . A_» >  .V we have

Uv * <-'pp~kx °  (<Ap * f 'p * g,, * c y  ) o , p  k- * f,q.

I t  m eans th a t  in  o rd e r to  m a in ta in

( flp *  >'pP *  h p ) *  [ g q *  c p  *  h q ) *  ( / ; ; 1 « c r ' , r *  f/T 1 ) =  f

th e  fo llo w in g  c o n d it io n s  have to  be s a tis fie d : r x =  < p l - h q *  h ~ x - ckp ' ■ A:1 e  Z  and 

<>q — i-s in f in ite .  So we have

(Up *  < pP *  h p ) * ( g q * c p  *  ( y  1) =  f .

B u t b y  o u r  a s s u m p tio n  h p *  gq £  (cp) a n d  b y  th e  s ta b il iz in g  c o n d it io n  th e  p ro d u c t 

above  can n o t be t r iv ia l  - c o n tra d ic t io n .
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b) I f  ( '! { ' ‘ hp "np is c o n ju g a te  to  ( r T 1 ) h * ’‘ h 'i ' ">< ’ , l n ” >r th e n  in  th e  sam e w ay  as

above  we get c,, =  r j 1. C o n s id e r in g

(.7;. *  < p P *  f > p )  *  1 '>‘1 *  r ' l "  *  f , ' l )  *  ( / 'x 1 *  r r ' ‘ r *  H r  1 ) =  ■'

we can co n c lu d e  fro m  th e  s ta b il iz in g  c o n d it io n  th a t  e ith e r  / /(/ * h ~ x £  ( r 7) and

a u to m a t ic a lly  we have cp =  <q X. h p * r;f/ G (cp) . o r  h q * h ~ l =  c* and  we have

(i/p * CpP * hl>) * (*Jq * C y - n*~k * Ur ' ) =  f-

so a ga in  th is  can  h a p p e n  o n ly  i f  cp =  <-~x. h p *  r/(, G

c) N ow  suppose e ith e r  [c; '̂' hp <lp . {<: ~x )h* ' h,< ' q'> ' hp " ,f’ ] =  f o r
-i - 1 i - 1 - 1

/> • ( '/
‘ip '><p ’ nP ] _  ^  j u t |1(i f() rm t,r  ( ils t» w t> o b ta in

. -  1 v h r • h,. 1 ]

a n d  it  fo llo w s  th a t  c * 1 - ( cT 1 )h r ’ h‘<'.  so c ,, - c j l because c,r cT G Re.  M o re o ve r. 

[f>x *  ] =  -• so W(’ have h T *  h r~l =  c " ‘ . T h e re fo re

( f / r  *  c p P *  f l p )  *  ( f h  *  r ” ' > - a ' - rn *  U r 1 ) =  --

a n d  us ing  th e  sam e a rg u m e n t as above we ge t cp =  c ~ x and  h p * rj<, be longs  to  th e  

c y c lic  su b g ro u p  g e n e ra te d  b y  r p.

T h e  sam e o b s e rv a tio n s  w o rk  in  th e  la t te r  case, th a t  is w hen  

[cpp . c'!lq mflp ’ ,,p ] =  £. H ere we ge t cp — c " 1 a n d  h p *  u>t =  r P im m e d ia te ly .

N ow  we are  in  th e  p o s it io n  to  c o m p le te  th e  p ro o f  o f  2 ). W e have th e  fo llo w in g  

cases:

1) A l l  e lem en ts  in  th e  set E  =  { a u. a ,.. a w. a z} a re  in f in ite .
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T h e n  b y  th e  c la im  cu =  r,. =  e„. =  r .  a n d  h , h „ . h .  b e lo n g  to  th e  cyclic

s u b g ro u p  g e n e ra te d  b y  < u. In  th is  case u r i c  G P.

2) Prec ise ly  one  e lem ent in  E  is U n ite .

Them  in  th e  sequence u. r .  t r .  z we have a subsequence a. b. t in  w h ic h  e ith e r  a. b 

o r  h . r  s a t is fy  th e  c o n d it io n  in  1). In  th is  east* o b v io u s ly  al>c G P.

3) P re c ise ly  tw o  e lem en ts  in  E  a re  f in ite .

T h e n  in  th e  sequence u. r .  t r .  z we have e ith e r  a subsequence n.  h . r  in  w h ic h  <t.b 

o r h . r  s a tis fv  th e  c o n d it io n  in  I )  o r  a subsequence a . h . r  in  w h ic h  e x a c t ly  b sa tis fies  

the' c o n d it io n  in  1). In  b o th  case's obc  G P.  T h is  p roves the' p ro p o s it io n .

□

11.2  N o n -s ta n d a r d  e x te n s io n  o f  c e n tra liz e r s

W e con tinue ' to  use n o ta tio n s  fro m  th e  p re v io u s  sec t io n .

Lc't G  <  C' D  R ( Z [ t ]  ~ . .V ) be a g ro u p  such th a t  fo r  a n y  g G G  its  c y c lic a lly  reduced 

fo rm  a lso  be longs to  G.  Le t K  be a subse t o f  G  c o n ta in in g  a ll e lem en ts  t r  G G  such 

th a t C \ ; ( t r )  ~  Z  a n d  le t C  be som e fix e d  RC’-set o f  K .  O bse rve  th a t  C  C G.

L e t's  f ix  G  a n d  C  fo r th e  rest o f  th is  su b se c tio n .

B y  P ro p o s it io n  2 i f  G  sa tis fies  th e  s ta b il iz in g  c o n d it io n  (S ) a n d  the- a x io m  o f 

e x p o n e n tia t io n  (E 2 ) th e n  th e  subset

p  =  { g * n n * h  | g. h G G.  it G C\  a  G Z [ t \ " }  C  C D R ( Z [ t ]  * .  .V )

fo rm s  a p re g ro u p  w i th  respect to  th e  p a r t ia l  m u lt ip l ic a t io n  *  re s tr ic te d  to

D p  =  { (p -  q) €  P  x  P  | p  *  q G P }  C  P  x  P.

T h e o r e m  2 7  Let. G  sat i s f y  the s t ab i l i z i ng  c on d i t i o n  (SI  i r i t h  respect  to the length  

f u n c t i o n  i nduced f r o m  C D R ( Z [ t }  + . X )  a n d  axiom. ( Ed ) .  Then  the set  P  gene rates a
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subgroup ( P ) i n C ' D R { 1 f [ t \ ~ . X )  wh i ch  is i s o m o r p h i c  to L ( P ) .

R e m a r k  2 Recal l  t ha t  U ( P )  is a un i ve r sa l  g r oup o f  a p i t  g r oup  P .  In the p r o o f  ire

r e fe r  to a n y  tuple g =  ( y  [ .......... y „ )  £  P "  as a P- sap i ence  a n d  ire cal l  y  r a l u r e d  i f

/ / , / / . - i  £  P  f o r  i £  [L. n -  1].

Proof .  S ince  a ll e lem en ts  o f  P  can  be v iew ed  as in f in ite  w o rds , th a t  is. th e re  

e x is ts  an  e m b e d d in g  : P  C D R { X [ t \ ~ . X ). we can de fine  a m a p  o  : 1 { P ) — 

C D R { X [ t \ ~ . X  ) as a u n iq u e  e x te n s io n  o f  r  (b y  th e  c a te g o r ic a l p ro p e r ty  o f  a u n ive rsa l 

g ro u p  o f  a p re g ro u p ). In  o th e r  w o rds , i f  we have y £  P { P )  w h ic h  can  be v iew ed  as 

a / ’ -sequence // =  (/yt  ; / „ )  £  P n . then

i / °  =  ! /„.

w here  we id e n t ify  g, w ith  its  im age  y f  in  C D R C Z \ t \ ' .  X ).

C la im  1. L e t g -- ( g \  y n ) be an a r b i t r a r y  / ’ -sequence. T h e n  th e  p ro d u c t

!/° =  .Vi *  . . .  * Un

is d e fin e d  in  C D /? ( Z [ / | * .  .V ).

W e use in d u c t io n  on  th e  le n g th  o f  a y.  O bse rve  th a t  we can  assum e g to  be 

reduced , because i f  t j j t j j ^ i  £  P .  th e n  th e ir  p ro d u c t is d e fin e d  in  P ( Z [ / ] . .Y )  and  we

can  c o n s id e r a new  P -sequence  ; /  =  ( y t .......... ! J j ! J j ~  l ...........//„  ) - T h e re fo re , wo have a ll

n , in f in ite  (n o t in  Z ) .

a ) k  =  2

W e have y i  *  y> =  (ej\ *  c" 1 *  h \ )  *  (y j  * c^2 *  h>).  S ince a ll c, £  C’ R { 1 . [ t \ ~ . X ) .  

u s in g  th e  s ta b il iz in g  c o n d it io n  we can  f in d  a n a tu ra l n u m b e r r  such th a t  fo r a ll 

n i . n i l .  i n ■,. n> >  r

l l \ *  !J> =  ( f j l  *  cT l ) °  c" 1 _rn'~ '1' o (c " 1 *  h i * eg> *  c " ' 2 ) o 0 ( r ."J * //_>).
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Indeed . e ith e r  c t ^  r . f 1 o r  r ,  =  c ? 1. [ / i i y j - r i l  7̂  ^  W (’ a lso u s e  th e  fact th a t  &  >-s ; l  

S ro u p  a n d  f in ite  pow ers  o f  n . r a  are  e lem ents fro m  G .  so th e  p ro d u c ts  (p * c " 1' *

h 1 * f i2 * < ■ r',1- * a re  d e fin e d .

b ) S uppose we p roved  th e  c la im  fo r a ll /?<-soquences o f  th e  le n g th  n =  p — 1.

C o n s id e r y =  ( y 1 yp ). B y  in d u c t io n  y 1 * . . .  * 1 is d e fin e d . M oreove r, th e re

e x is ts  a n a tu ra l n u m b e r ry such th a t

! / l  *  ■ ■ • *  U p -  1 —  ( l l \  *  t - r  ) 0  e ? 1 ~ " ‘ l  _ ' M O ( f ' “  *  / q  *  y_> *  r " ,J ) o  . . .

/  f l p - J  » W p  _  1 v ^  p  — I 1 1 ^  p  “  I /  ,

* f ,p-2 * U r - i  * <p - x  ° ( ( p - i  * V i >

fo r a ll n i t . r>, >  r t . 1 G (1. p  -  l j .

B v  in d u c t io n  th e  p ro d u c t yp_| * yp is a lso d e fin e d  a n d  th e re  e x is ts  a n a tu ra l 

n u m b e r r_> such th a t

/  r r , p  *  1 v o  -  I  “  r r , p  -  1 ” r t p  - l /  r i p  - I 1 r r t  „  v o r n  r -  r t . r i  r , ;  >

! J p - \ * U p  =  (r/p-1 *',• 1 )°‘V-i °('p-! * h P - i * f h * r p )oV  ('V r h i ' ]

fo r  a ll r r ip^i .  n p_ x. rup. t)p >  r 2. In  fa c t we can choose r> to  be such th a t

( S ' V  -  V , . )  -  U p - . *  Up =  ( ‘ "p i t *  *  h p , ,  *  y p _ ,  *  r " ! r r ‘ ) o  ( . ^ l > ‘ ‘ 0

( * ’ *  / I p - 1  *  .7p -  C - P )  o r « p - p - " p  o  ( r " p  *

fo r  a ll t tp - j-  n i p - i -  np- \ . m p . n p >  r>.

X o w . i f  we ta ke  r  =  m a x { r i .  r> } .  th e n  fo r  a ll  m ,. n, >  r  we have

Ui *  • • •  * Up =  (Ui  *  r i “  ) 0 CV  11 0 (r i l * h 1 * * r JIJ) 0 • • •

. . . o  (Cp'r,1 * f t p . ,  * Up *  c ? " )  O  f ; p - " * p - " p  O  ( c " ” *  / , „ ) .
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w h ic h  proves C la im  1.

C la im  2. T h e  set P  genera tes  a su b g ro u p  H  =  ( P )  in  C D R ( T . [ t } ~  . X ).

L e t y  =  (? /i y „ ) a n d  c =  ( c i  zk ) be tw o  P -sequences. W e have to  show

th a t  ( y z ) °  =  y °  *  th a t  is

t/l *  . . .  *  y „  * Ci * . . .  * zk =  ( m *  . . .  *  y n ) *  (z  i * . . .  * zk ).

Since by  C la im  1 th e  le ft p a r t  o f  th e  re q u ire d  e q u a lity  is de fin e d  in  7 ? (Z [/]~ . .V I.

th e n  by T h e o re m  24 th e  r ig h t  p a r t is a lso d e fin e d  a n d  re q u ire d  e q u a lity  is tru e .

F in a lly  fo r a n y  P -sequen ce  y  — ( y j  y n ) its  inve rse  is y ~ l =  ( y ri 1 y, 1)

w h ic h  is a P -sequen ce  a n d  b y  C la im  1. //„ 1 * . . .  * is d e fin e d  in  R{7J [ t \ ~ . .V ). 

B y  p re v io u s  c o n s id e ra tio n s  we have ( y / /— 1)°  =  t =  n °  *  ( y ~ 1)°  and  we can co n c lu d e  

th a t  H  =  ( P )  in  C D P ( Z [ f ] \ . Y ) .

T o  show  th a t  H  is is o m o rp h ic  to  f  ’ (P )  we fo llo w  th e  c o n s tru c t io n  o f  th e  u n ive rsa l 

g ro u p  i ' ( P )  d e s c rib e d  above.

L e t y  =  (y i  y „  ) be a reduced  P -sequence. I t  sa tis fie s  th e  fo llo w in g  c o n d it io n

fo r any  1 <  / <  n — 1:

1) i f  n >  1 th e n  a l l  o , a re  in f in ite ,  w he re  y, =  y, *  * h, :

2 ) i f  y, =  y, *  c ' '  *  h t . y 14.| =  y I + i *  r ^ 1 *  th e n  e ith e r  r ,  ^  t o r  <\ =  c f j ,

a n d  [r , .  ( h t *  y lM  )] #  =.

T h e  fo llo w in g  c la im  fo llo w s  d ire c t ly  fro m  d e f in it io n s .

C la im  3. L e t s . y  be re d u ce d  P-sequences. I f  s  ~  y  th e n  x °  — \ j ° .

C o m b in in g  C la im  2 a n d  C la im  3  we see th a t

a : P ( P )  -  H

is a g ro u p  h o m o m o rp h is m .

C la im  4 . O is o n to .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



T o  p rove  th is  one  needs to  sh o w  th a t  fo r  every P -sequence  y th e re  e x is ts  a 

reduced  P -sequence r  such th a t  y  ~~ c. T h is  is obv ious , s ince i f  / / , / / ,_ i is d e fin e d  in  

P  th e n  re p la c in g  th e  p a ir  o f  c o m p o n e n ts  _ i by one* c o m p o n e n t / / , / / ,4.1 we have* 

a new  (s h o r te r )  sequence w ith  few er re d u c t io n s  th a n  it  in  //. A n d  the* re s u lt fo llo w s  

b y  in d u c t io n .

C la im  5. o  is o n e -to -o n e .

Indeed , we need to  show  th a t  i f  y.  z a re  reduced  P-sequonees such th a t  y'3 =  z'3 

th e n  y  ~  r .  T o  th is  encl. we p ro ve  f ir s t  th a t  fo r any  P -sequence  y  there ' e x is ts  a

u n iq u e  P -sequence  u =  ( t q  u,n ) such  th a t  y u and

u 3 =  111 o • • • 3 u „ , .

L e t y  — (//1  y rn) be a n y  re d u ce d  P -sequence. Sinc e1 y  is reduce 'd  wc1 have

/ /  =  ( f t  1 *  f V  *  h  I • U z  *  < ' y  * } ' 2 ..............U r n  *  < *  h r n ) .

w here  y , . h , 6  G  and  o t 6  Z [ f ]  arc1 in f in ite 1. T h u s .

y° = fo * f ” 1 * / i  * P p  * • • • * e/m_ 1 * c ',';m * / ,„ .

w lte re  / 0 =  r/,. / ,  =  h,  *  y ^ x . i  G [1. m  -  I ] .  f , „  =

N ow . u s in g  th e  fa c t th a t  G  sa tis fie s  th e  s ta b il iz in g  c o n d it io n  we re w rite 1 y °  in  

th e  u n iq u e  w ay  a n d  th e n  f in d  f ro m  th e  o b ta in e d  re p re s e n ta tio n  a new  reduce'd P - 

sequence n such th a t  u ~  y  a n d  u °  =  y'3.

In  th e  sam e w ay  as in  C la im  1. u s in g  the1 s ta b il iz in g  c o n d it io n  in  G  we can

re w r ite  y °  in  th e  fo llo w in g  w ay

y °  =  u'o o o i t ' i  o c.;- o • • • o u m . t o c ‘;;M o

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



w here  ic „ =  / „  * i pxx. w m =  *  / „ , .  u \  =  r /  * / ,  *  c f i * ’ . - ,  =  n , -  p,  -  A,. / <E [1. m ].

O bse rve  th a t  th is  re p re s e n ta tio n  o f  / /°  is n o t u n iq u e  a n d  we proceed as fo llo w s .

I f  //•() co n ta in s  an  e x p o n e n t o f  r ,  as a te rm in a l segm ent a n d  i r x o c o n ta in s  an 

e xp o n e n t o f  < \ as an  in i t ia l  segm ent th e n  we a d jo in  these e xp o n e n ts  to  r , ! . O bserve  

th a t  these* e xp o n e n ts  a re  f in ite  because* o f  the* s ta b il iz in g  c o n d it io n . T h u s  we* o b ta in

U° =  «';0 °  C'\1 °  i l '" \ ° r  > ~ ° • • • °  H-'m-l °  r 'm 0

wlie*re ir ',)  doe*s no t have c f 1 as a te rm in a l segm ent and  i i ' " i  o <■-, - does no t c o n ta in  

r f 1 as an  in i t ia l  segm ent. T h a t  is. . i x is u n iq u e ly  elefined.

T h e n , i f  t r " i  c o n ta in s  an  e*xpone*nt o f  r_> as a re*rtn ina l segm ent and  //■_> o r  j* 

c o n ta in s  an e*xpone*nt o f  c_> as an  in i t ia l  segm ent them we* a d jo in  these e xp o n e n ts  to  

r ' , 2. A g a in , by  the* s ta b il iz in g  c o n d it io n  these* e xp o n e n ts  can be o n ly  f in ite . T h u s  

we* o b ta in

. 7 °  =  I I ' 10  °  ( ’ l '  °  l r ' l  °  < " j "  °  >>’"  2 °  r i 1 °  ■ '  '  °  °  • ' „ ?  °  " ' m -

w lie re  w ' i  does n o t have c . f1 as a te rm in a l segme*nt a n d  /r"_> o r.j 1 doe*s no t c o n ta in

r.

1 u u r >  u w t  i i c i v t *  c n  i r i u u i w w  « u i u  u  j  j

■ j1 as an  in i t ia l  segm ent. T h a t  is. T_> is a lso  u n iq u e ly  ele*fined.

We* c o n tin u e  in  th e  sam e w a y  w ith  a il the* o th e r  in f in ite  e xp o n e n ts  in  ij°.  

F in a l lv  we o b ta in

! j °  =  i r ' o o r ' xl o t r ' { o c f -  o • • • o o o t r  ,

w h ic h  is a u n iq u e  re p re s e n ta tio n  o f  t j°.

N ow . le t

/ f  .^1 / .i"» t Jrri 'u =  (« ’ o °  c x o u ' j .  c . r  o t r  2 cnr  °  t r  ri

O bse rve  th a t  i t  is reduced  a n d  u  i f  by  th e  c o n s tru c t io n .
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T o  c o m p le te  th e  p ro o f o f  C la im  5  we ta ke  tw o  P-sequences //. c such  th a t  y °  =  

z°.  B y  p re v io u s  c o n s id e ra tio n s  th e re  a re  n o rm a l P -sequences u . t r  such  th a t  7 

a. z — t r .  D ue  to  un iqueness o f  n o rm a l fo rm s  a n d  fact th a t  u°  =  t r °  we have u — tr.  

T h is  p roves th e  C la im  5 a n d  th e  T h e o re m .

□

R e m a rk  3 W h d r  p r o n n q  C la im  5 nt the t heorem abor t  i re sho t ca l  t ha t  f o r  ant /  rt -

du r ed  P-sequence tj — ( / / t  tjm ) one can f i n d  the untqi i t  P- sequence i f  =  ( / / ' , .........

l i m ) Mat. q i f  and  ( i f  j f  l + l ) °  =  ( / / , ) ° o  ( ^ j ) 0 . I <  / <  m  -  1. I t  V cal l  i f  a

n o rm a l sequence f o r  q.

Ohsf  r r e  t ha t  f r o m  t in p r o o f  abore a n d  the s t ah i l i z i nq  c on d i t i on  i t  f o l l o w s  that  ant /  

e l emen t  q  G H  has a unique r ep resen t a t i on  as an i n f i n i t e  wo r d  whi ch c on n s  J m m  

t i n  c o n v s p o n d i r u j  n o r m a l  si qi tence f o r  q  in i  ( P )

q =  r/, o  r ',M o 7 _> o c f i  o  3 r f ’" * i/„, _ ,.

where <\. 7, G G.  n ,  G T f t f f  are i n f i n i t e .  \V( cal l  such un i que i f  p r r s i  n t a t i o n  a 

u n iq u e  re d u ce d  fo rm  o f  q.

I tV  w i l l  use f l i ts f a c t  in Sec t i on  14 a f t e r  tee cons t r uc t  an e rnhr dd i nq  o f  F " '  i n t o  

i n f i n i t e  words.  Then in Sect i on  15 tee s u m m a r i z e  d i f f erent  tqpt  s o f  re p i t  st n t a t i o n  

f o r  e l ement s  o f  F " ' 1' a n d  the waqs to ob ta i n  them.

N o w  we d esc ribe  th e  a lg e b ra ic  s t ru c tu re  o f  th e  g ro u p  H  =  ( P ) .

D e fin it io n  2 4  Let  us enume r a t e  all. e l ements  o f  C  so that  C  =  { r ,  | i G / } .  L i t  

S  — { V jU  £  T  J €  N } .  Then we def i ne

G ( C . S )  =  ( 6 \ S | [ r t . .s ,J  =  [-•=►*j- - sAr.j] =  T /  G f . ( j . k  G N )}

T h e o re m  2 8  (P)  ~  G’(C . 5 ) .
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SO

P ro o f. W e de fin e  a m a p  o  : P  —* G(C' .  S) .  b y

I  <l r x f , n  -  I r j » f l i )  I

w h e re  o  - a „ t n +  a n \ t ' l ~ l 4- • • • 4- ( i \ t  4- S ince  H  =  U ( P ) .  b y  th e  u n iv e rs a l 

p ro p e r ty  o  ex te n d s  to  a h o m o m o rp h is m  i  : H  —  G ( C . S )  and  th is  h o m o m o rp h is m  

is u n iq u e .

C la im ,  r  is b ije c tiv e .

T a ke  a n y  reduced  P -sequence

!/  =  ( f / i  *  * h  i ■ <h *  ''V *  h  , ....................... *  f  f n ’1 *  / ; , „ ) •

D u e  to  th e  d e f in it io n  o f  a reduced  sequence and  th e  fact th a t  in  a n y  o , =  o „ J "  +  

a n - \ J n~ X +  ’ • • +  n \ J  +  an, 've have n o t a ll r/*., e q ua l to  zero. (.'(//) P  1 by  [do j. A lso  

since* G ( C \  S)  is gene ra te d  by  G u S  th e n  /.•( P )  gene ra tes  G(C' .  S)  a n d  i.- is s u r je e tive .

□
O bserve  th a t  a n y  e le m e n t o f  G ( C ’. S )  has a re p re s e n ta tio n  (n o t u n iq u e ) as an 

e le m e n t o f H N N -e x te n s io n . B u t a lso  the* is o m o rp h is m  c o n s tru c te d  in  T h e o re m  24 

m akes it  poss ib le  to  in tro d u c e  u n iq u e  n o rm a l fo rm s  i t i  the* fo llo w in g  way. Le t tr £ 

G { C . S ) .  T h e n  tr - tp' fo r  som e ij £  C' { P)  a n d  t ’ : i ' ( P )  — G( C ' . S )  is th e  

is o m o rp h is m  fro m  T h e o re m  24. So we have

II - (!j l * cp  * hi.  g, * c ' r  * h ,  (}ni * c£" * Itm)

a n d

f / l  '  ‘ ’ Q m  f m [ J m  4- 1 •

w h e re

/ «  =  i . n  — 1 • • ' - V i  C , a n t l  9 i  €  C r .
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W e sav th a t  i r  is in  th e  n o r m a l  f o r m  i f  i) is a n o rm a l P -sequence. O bse rve  th a t 

th e  n o rm a l fo rm  fo r a n y  e lem en t fro m  G ( C ' . S )  can  be c o m p u te d  d ire c t ly  (w ith o u t  

its  p re im a g e  in  i ' ( P ) )  us ing  th e  s ta b il iz in g  c o n d it io n  in  th e  sam e way as fo r  n o rm a l 

sequences.
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12 R eg u la r  free len g th  fu n c tio n s  on  ex ten sio n s  o f  

cen tra lizers

Let G  bo a s u b g ro u p  o f  C D /? ( Z [ / ] * .  .V ) suc h th a t  th u  le n g th  func t io n  on  G  in d u ce d  

fro m  C  D  R { " L [ t \ ~ . X ) is re g u la r and  we assume1 th a t  th e  s ta b il iz in g  c o n d it io n  (S) 

ho lds in  G  to g e th e r  w i th  th e  e x p o n e n tia t io n  a x io m  ( E 2 )  w ith  respect to  "L [ t \~ . Let 

C  and  P  be d e fin e d  as in  th e  p re v io u s  se c tio n . T h e n , as we have1 show n above1. 

the1 u n ive rsa l g ro u p  i ' ( P ) .  w h ic h  is is o m o rp h ic  to  the1 exte 'tis ion  <*f a ll cyclic een- 

tra lizc 'rs  o f  G  b y  free  a b e lia n  g roups o f  in f in ite 1 ra n k , is n a tu ra lly  eunbeddablc1 in to  

C D R ( 7 . { t \ " .  X )  b y  me'ans o f  th e  m ap  o  : i ' ( P )  —  C’ D  R {2 . { t } ~ . X ). c o n s tru c te d  in  

T h e o re m  2 7 .  Hence1, th e re  e x is ts  a le n g th  func t io n  on  ( ' ( I 1). w h ich  is induced  fro m  

C’ D f H  Z [ f ]  * . .V ). h i th is  se c tio n  we> show  th a t  th is  le 'iig th  fu n c tio n  is re g u la r and 

c o m p u ta b le .

A t f irs t  we show  how  one  can com pu te1 a le n g th  o f  a n v  ede'ine'iit in  i ' (P ) .

Lake1 anv  reduce'd P-seHfiiemce / /  and  le t // be1 a n o rm a l spqiu 'nee such th a t )/' ~~ //. 

T h e n  we1 se't | / / j  =  |//| a n d  de fine  |;/| as fo llo w s . W e have1

,v =  ( 3 n °  <■■?* °  H \ - r V  °  .72...................... °  //,:,)■

wliere1 €  G  a n d  o , €  Z [ / ]~  are1 in f in ite 1. W e  w ant to  express |//j in  te 'rm s o f

|ey,|. |c,| a n d  a , .

Since1 \) is n o rm a l,  we have

I p  =  f lo  O C i“  °  .71 °  r T  °  .7 2  °  • • • °  C ! n '  °  U ™

and
rn  rn

i."i =  £ t e . !  +  2 j r : " i -
i = o  1 = 1
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F in a llv .  we have
rr i  m

I//I = 51 + SI lr>ll'**l-
1 = 0  1 = 1

T h a t  is. th e  le n g th  o f  y  is th e  le n g th  o f  its  i in i( [ i ie  reduced  fo rm  in  C’ D  R{2, \ t \  ~. X  I. 

N o w  we c a n  c o m p u te  th e  le n g th  o f  e lem en ts  fro m  G ( C .  S ) in  th e  sam e w ay using 

th e  fa c t th a t  G ( C . S )  is is o m o rp h ic  to  i ' ( P ) .  Indeed , we set th e  le n g th  o f any  

./• €  G ( C . S )  to  be th e  le n g th  o f  its  p re im a g o  i j  6  l ' ( P )  u n d e r th e  iso m o rp h ism  

be tw een  G ( C .  S )  a n d  i ’ ( P ) .  Since1 to  c o m p u te  th e  le n g th  o f  // we have1 to  o b ta in  the  

n o rm a l sequence w h ic h  co rre sp o n d s  to  y.  i t  m eans th a t  we can  com pu te1 the1 lemgth 

o f  x  v ia  th e  n o rm a l fo rm  fo r x.

L e t x  €  G ( C .  S)

J  - 1 ^ 1  - 2 ^ 2  *-.’1 * • • h  rn  - r n  ^  r n  *■ 1 •

where1 /#, =  \  ■ ■ ■ G.'i u n d  c, €  G.  S uppose

w h e re  / ,  =  s ‘ 't ” .s'1' , • • • s'*1, 1r '1' "  a n d  y, 6  G .  is the1 n o rm a l fo rm  fe»r x.  Them we1 

have th e  fo llo w in g  fo rm u la :

m I rr i

m = 51 + SI  "'■"Ji ir‘i-
1=1 1=1

T h u s , i f  we are  g ive n  a n y  rc 'duced P -sequence  o r  H N N -e x te n s io n  rep resem ta tion  

o f  a n  e le m e n t fro m  i ' (  P )  th e n  we can  c o m p u te  its  le n g th  e ffe c tiv e ly .

N o w . ta k e  tw o  e lem en ts  x . y  €  L ' { P ) .  T h e n , we1 have1 x °  =  z' o X \ . y 0 =  0 H\-

w h e re  l { ~ )  =  d ( x . y ) .  T o  p rove  re g u la r ity  o f  le n g th  fu n c t io n  in d u c e d  o n  L ' ( P )  fro m  

C D /? (Z [ f ]T  .V ) we have to  show  th a t  theme1 e x is ts  c € L ' ( P )  such th a t  z°  =  z'.
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S4

B y  R e m a rk  3 we have

j °  =  h 0 o r '1>l o /?, o r ! j J o /) _, o • • • o o

w here  / / , . r ,  €  G’ .o ,  6  Z [ f ]  * a n d  a ,  a rc  in f in ite .

A n  in i t ia l  s u b w o rd  z' o f  x °  in  gene ra l has th e  fo llo w in g  fo rm

z'  =  h () o . . .  o c ! k o r ' k o h ' k .

w here  e ith f 'r  h ' k =  z. | 4 | <  |a jt| a n d  r ' k is an  in i t ia l  segm ent o f  ck . o r c 'k ~  z. .1k =  a k 

and  h ' k is an in i t ia l  segm ent o f  h k . In  t l ie  fo rm e r ease le t r  €  £ ’ ( P )  be de fined  as

-  =  ( / ' o °  O  1 . h , o e!]-’ ......... //*• . i o r'lk c r \ . )

and  in  th e  la t te r  ease we set

r  =  ( h o  o  e','1 J > i °  ( ' P ..........f > k ~i °  r 'k k °  h ' k ) -

O bserve  th a t  in  b o th ,  c is in d e e rl a reelueed sequence fro m  L ' ( P )  because r ' k . h \ .  £  

G .  .1k €  Z [ f ] ~ .  A lso , i t  is easy to  see th a t  z°  =  z ' . Hence. i ' ( P )  lu is  a re g u la r le n g th  

fu n c t io n  in d u ce d  fro m  (T’ D /? ( Z [ f ]~ .  X ) .
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13 E m b ed d in g  F^'- in to  CDR(Z[t} + . X  )

In  t l i is  se c tio n  we realize' c o n s tru c t iv e ly  th e  fo rm a l d e s c r ip t io n  o f  F ~ r  sugg t’s ted  

b y  L y n d o n  [31]. In  h is in i t ia l  d e f in it io n  L y n d o n  s ta r te d  w ith  a free g ro u p  F ( .V ) 

and  w ent on  a d d in g  fo rm a l e xp o n e n ts  fro m  Z [/]. id e n t ify in g  som e o f  these1 fo rm a l 

exp ress ions to  get a g ro u p . W e show  b e lo w  th a t  p re c ise ly  th is  m e 'thod  can  be' re>alize'd 

u s in g  in f in ite  Z [ f ]^ -w o rd s .

W e s ta r t  b y  re c a llin g  the* e le sc r ip tio n  o f F M' ]- as th e  u n io n  o f  some1 ch a in  o f 

e'xtensiems o f c c 'n tra lize rs  (se>e Se'ction 5 .3 ). For a g ro u p  G  choose a set S  — { ( ’, j 

/ €  1}  o f  re p re se n ta tive s  o f  c o tiju g a c y  elasse's o f  c y c lic  e e n tra lize rs  in  G.  i.e>.. eve rv  

e-vclic e e n tra lize 'r in  G  is c o n ju g a te  to  one fro m  S.  a n d  no tw o  ce*ntralize*rs fro m  N 

are* c o n ju g a te . T h e n  the* H N N -e x te 'n s io n

f I  =  ( G . t , , j  ( / € / )  | [t,,r  //,] = b.A-j =  I ( u ,  t  / €  I .  J .  h € f i l

is te rm e 'd  an  c x t i v s i i m  o f  d l l  c i / c l i f  n  r i t n ih z f  rs in  G  (here1 n, is a gene 'ra to r of

L e t F  be' a fre'e n ou -abe 'lian  grem p. W e o b ta in  th e  g ro u p  F " [l as u n io n  o f the' 

fo llo w in g  in f in ite  ch a in  o f  g roups :

F  — Cr 1 <  G  ■_> < . . . < .  G  n . . .  <  . . . . < b 1

w here  G t + 1 is o b ta in e d  fro m  G,  b y  e x te n s io n  o f  a ll  cyc lic c e n tra liz f 'rs  in  G,.

In  S u b se c tio n  11.2 we> show ed th a t  i f  G  is a s u b g ro u p  o f  C ' D R ( X [ t \  X )  and  the  

s ta b il iz in g  c o n d it io n  ho ld s  in  G  to g e th e r  w ith  th e  e x p o n e n tia t io n  a x io m  (E 2 ) th e n  

a g ro u p  o b ta in e d  fro m  G  b y  e x te n s io n  o f  a ll c y c lic  e e n tra liz e rs  is a lso  a su b g ro u p  o f 

C D /? ( Z [ f ]  + . .Y ). T h u s  we> ca n  use th is  fa c t by  in d u c t io n  on  n in  th e  seric’s above.

T o  be a b le  to  a p p ly  th e  in d u c t io n  we need to  show  now  th a t  th e  free g ro u p  F  

sa tis fie s  th e  s ta b il iz in g  c o n d it io n  a n d  th e  e x p o n e n tia t io n  a x io m  (E 2 ) w ith  re'spe*ct
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so

to  Z [ f ]  ~.

L e m m a  19 .4 f ree g ro u p  F  s a t i s f i i s  t in s ta b i l i z in g  c o n d i t i o n  (S).

Proof .  W e s ta r t  w i th  th e  fo llo w in g  kn o w n  re su lt.

L e m m a  20 U i j  Let  c. t r  £  F  hr cyc l i c a l l y  r i t l u c r d  un i t  no t  p ro p i  r  p o t n  rs. I f  r " ‘ 

a n d  i r ' ' .  i n . n  >  0 h a r e  c o m m o n  i n i t i a l  segment  o f  length  | r |  +  \tr\  t in  n r  =  tr .

N ow  we prove’ the* s ta b il iz in g  c o n d it io n  (S'). O bserve  th a t  we can  assum e r  and  

t r  to  be* c vi l ic a llv  reclueed. Indeed , suppose  r  =  r ~ ! o ('! o r .  t r  =  <l l o tc\ o tl. th e n

r ng , r m = I r ' 1 o r ,  o r ) ng ( d ' 1 o «•, o d  )m =  ( r " ‘ o r ' /  o c ) g [ , r l o tr\’' : - / )

so f in a lly  we have

r ng t r m =  r ‘  1 ( r " i c g ( i F 1 ) i r \n )d

an d  i f  (S) ho lds  fo r the’ tr ip le ’ ( c 'i. c g d ~ 1. i c \ ) th e n  it  ho ld s  fo r  the1 t r ip i f ’ i r . g . t r ) .

a) C o n s id e r th e  c.ise w hen  r  is n o t c o n ju g a te  to  t r " i . Assum e’ th a t  (S) c o n d it io n  

b reaks  em the’ t r ip le  ( r . g . i r ) .  W ith o u t  loss o f  g e n e ra lity  we* can  assume’ th a t  (S ) is 

n o t m et fo r  a t r ip le  ( e . g .  t r )  such th a t  g t r n =  g o t r ’1. |c/| <  | r | .

N ow  i f  |c/| =  | r |  th e n  fo r s u f f ic ie n t ly  la rg e  num be rs  n . m  ele>menis r ~ n . t r ' n have 

co m m o n  in i t ia l  segm ent o f le n g th  g re a te r th a n  | r |  +  | / r | .  T lie re ’ fore’ . by  L e m m a  2 0 . 

r  =  t r  o r r  =  t r ~ l . T h is  is a c o n tra d ic t io n  w ith  o u r  a s s u m p tio n .

Le t |r,l <  |c |. W ith o u t  loss o f  g e n e ra lity  we c an  co n s id e r th e  c ase in .  n >  0 . 

T h e n  r  =  (-i o g ~ l a n d  e lem en ts  ( r f 1 o g ) n a n d  tcm have c o m m o n  in i t ia l  segm ent o f 

le n g t l i  grc’a te r  th a n  |c | +  |tc| fo r  re a s o n a b ly  la rge  n . m .  B y  L e m m a  20. r f 1 o j  =  tr .  

th u s  r  and  t c ~ l a re  c o n ju g a te s  - a c o n tra d ic t io n .

b ) Lc’t 1 t£ r  =  t r .  [g. r ]  ^  I a n d  c o n d it io n  (S ) b reaks  on  the’ t r ip le  ( r . g . r ) .  A s  

b e fo re  we can  assum e g r ' n =  g o r m. \g\ <  | t j .  Besides, le t th e  n u m b e rs  n t . n  be o f
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87

th e  s a iiif ’ si,on ( fo r  e xa m p le  n . m  >  0 ). In  th is  ease r  =  r j  o i/ ' 1 a n d  fo r  su ff ic ie n t lv  

la r j ’.e a. rn e lem en ts  ( r ^ 1 o r / )n a n d  r ’n have* c o n u n o ii in i t ia l  segm ent o f  le n g th  » re a te r 

th a n  2 | r | .  B y  Le’ in m a  20. r t o <j~x =  p o r j " 1. th u s  r  =  1 - e-ontraelie t io n .

I f  n u m b e rs  n . m  a re  o f  o p p o s ite ' s i^n s  \ve» have the* e q u a lity  /■] o i j  =  -y o !•[. 

T lie re ’ fore’ [//. r t ] =  1 a n d  th e  e lem en t /• is a p ro p e r pow er - c o n tra d ic t io n  w ith  the' 

cho ice  o f  r .

□
N ow  we’ chock the' a x io m  e>f e xpe> n en tia tion  ( E 2 ) fo r  a n y  G,  in  the' se>rie's (0 ).

L em m a 21 A n n  G t m  the ser ies ((>) sat  is f i t ' s  the e rpont  n t n i t m n  n j i o i n  (EJi  i r i t h  

respect to I f i t  1~ .

Proof .  W e show  th a t  ( u ~ l * r  * n ) n =  n ~ 1 *  r" '  *  u to r  anv it. r  ~ G,  a iu l o  G 7fit] " . 

Observe', th a t  to r a n v  e’It’ ine*nt €  G,  its  c e n tra liz e r  is e'ithe'r cve lie  o r  is is o m o r­

p h ic  te» U[t \  " .

I f  fee. r ]  =  f  th e n  u and  r  b e lo n g  to  th e  sam e c e n tra liz e r . th a t  is u — t r ' \  r  =  t r '  

fo r  senne1 i r  G * G S«» by  d e t in it io n  o f  e x p o n e n tia t io n  we> have I E 2) fo r

the1 p a ir  { n . r )  a u to m a tic a lly .

S uppose  [u. r j  f .  Because' o f  the’ e h 'f in it io n  o f  e x p o n e n tia t io n  we’ can  assume1 r  

to  1 >e- c y c lic a lly  reduced. W e can  a lso  ;e s n n ic  th a t  u doe's no t have' an  in i t ia l  segm ent 

« 'i c o m m u tin g  w ith  e because in  th is  case b y  e)bse>rvation above’ we have*

( d -1 *  r  *  u ) n =  (« ' 1 * r  *  U’ Y'.

u ~ l *  r n * it =  t r ~ l *  r a * i r .

w here  u =  t r i o t r.

S ince  r  is c y c lic a lly  reduced  we have e ith e r  t t ~ l *  r  =  u ~ l o r  o r  r  *  n =  r  o a. 

S uppose th e  la t te r .  D ue  to  a s s u m p tio n s  m a d e  above r  does n o t ca n ce l c o m p le te ly
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i l l  i t ~ l *  ( r  o u) .  So we h a w  it - r j  o u , .  r  =  r j  o r_> and  i t ' 1 * ( r o  u) — i t 7 1 o /•_> o r ( o u >. 

N o tic e  th a t  r_> o r i  is c y c lic a lly  reduced  because r  =  /-i o m is. N ow . by  d e f in it io n  o f  

e x p o n e n tia t io n  we have

( i t ~ l * c *  u ) n i t 7 1 o (r- j o r i ) °  o i n .  

a n d  b y  L e m m a  13 we have

u '  1 * r n * u =  (it.7 1 o r f 1) * ( i ' i  o r - j )n * ( t ' i  o i t_.) =  1 * ( r_> o )'* * i n .

T o  c o m p le te  th e  p ro o f observe th a t

a . , 1 *  ( c_> o i ’ i )r* *  i t 2 =  i t ■>1 o (/•_> o /•[ ) "  3

□

L e m m a  21 m eans a u to m a t ic a lly  th a t  F  has a x io m  (E 2 ) and  now  we have a base 

o f  in d u c t io n .

O nce  th e  base o f  in d u c t io n  is e s ta b lish e d , we can a p p ly  th e  re su lts  o f  S ubsec­

t io n  11.2 to  c a r ry  o u t th e  e m b e d d in g  o f  in to  C D / ? ( Z [ f ] " . .V ) .  Indeed , we

m ay  assum e b y  in d u c t io n  th a t  th e  g ro u p  G , ( f ro m  th e  ch a in  (f>)) is em bedde d  in to  

C D / ? ( Z [ / ] * . X ) a n d  sa tis fies  th e  s ta b il iz in g  c o n d it io n  w ith  respect to  th e  le n g th  

fu n c t io n  in d u ce d  fro m  C D R ( 7 , [ t ] ^ . X )  a n d  a lso  has th e  e x p o n e n tia t io n  a x io m  (E 2 ). 

T h e n  b y  T h e o re m s  27 a n d  28 th e  g ro u p  G ,» i is em bedda b le  in to  C D /? ( Z [ f ] ' t . .Y ) .  

T o  c o m p le te  th e  in d u c t io n  s te p  we need o n ly  to  p rove  th a t  G t ^\  a lso sa tis fies  th e  

s ta b il iz in g  c o n d it io n  and  th e  e x p o n e n t ia t io n  a x io m  (E 2 ). W e have (E 2 ) in  G’, * i  b y  

L e m m a  21 so le t us p rove  th e  s ta b il iz in g  c o n d it io n .

L e m m a  22 Gb+i sat isf ies the s ta b i l i z in g  r e n d i t i o n  (S) w i th  respect to the length  

f u n c t i o n  induced f r o n t  C D R ( 1 , [ t ]  + . X ).
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Proof .  In  th e  p ro o f wo need th o  fo llo w in g  re s u lt, w h ich  is a g e n e ra liz a tio n  in  

sonu ' sonso o f  L o iiu n a  20.

C la im .  Lor r . i r  €  ho c y c lic a lly  reduced  w ith  c y c lic  e e n tra lize rs  and  no t

p ro p e r pow ers. I f  r " '  and  t r n . t t t . i t  >  0 have c o m m o n  in i t ia l  segm ent o f  le n g th  

| r |  +  |f/'| th e n  r  =  i r .

W ith o u t  loss o f  g e n e ra lity  we can  assum e |;e| >  | r | .  T h e n  we have t r  =  r k o 

« ’ i . | r |  >  | 11. A" >  1 a n d  r  — i r \  o r t . O bse rve  a lso th a t  since k >  1 and  t r  s ta r ts  

w i th  th e  p o w e r r k th e n  r  has r x as an in i t ia l  segm ent. O n  th e  o th e r  han d  r  has 

t r i  as a te rm in a l segm ent. So we have r  =  // ’ j o r x =  e, o t r x and  it fo llow s  th a t 

[ h ' i . ( ' i ]  =  f  a n d  we have [t/’ i . c ]  =  f  im m e d ia te ly . T h e n , since t r  =  r k' ~ t r \. we have 

[ r .  //•] =  f .  so th e y  be lo n g  to  th e  sam e c e n tra liz e r  and  b y  o u r a s s u m p tio n  r  and  tr  are 

f in i t i '  pow ers  o f  th e  sam e e lem en t. B u t th e  o n ly  p o s s ib il ity  is th a t r  =  t r  - o th e rw ise  

a c o n tra d ic t io n  w ith  a ssu m p tio n s  o f  th e  C la im .

N ow  we ca n  c o n d u c t e x a c t ly  th e  same a rg u m e n t as in  Lem m a Id  us ing  r he C la im  

above in s te a d  o f  L e m m a  20 w h e re ve r necessary.

n]

T h e  in d u c t io n  s te p  is c o m p le te  and  an  e m b e d d in g  o f  F " '  in to  C D R [  l f [ t \ ". X ) 

is c o n s tru c te d .
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14 C o n ju g a cy  and  p ow er p ro b lem s in

In  th is  s e c tio n  we a p p ly  tee lm iques  o f  in f in ite  .4 -w o n  Is fo r  s o lv in g  c o n ju g a c y  and  

p o w e r p ro b le m s  in  F ~  ' .

W e f ix  e m b e d d in g  o f  F " l[ in to  C D / ? ( Z [ f ] * . . V )  c o n s tru c te d  in  th e  p re v io u s  sec­

t io n .  N o w  we can  v ie w  (dem ents fro m  F " 1'- as in f in i te  Z [ f ] '- w o r d s .

I )  C o n ju  g a cy  p ro b le m  - g ive n  tw o  e lem en ts  f . g  £  F ‘ t ] . we need to  f in d  an 

a lg o r ith m  w h ic h  dec ides  i f  th e n ' ex is ts  .r €  F “ ‘l>'- such  th a t  . r “ ' / . r  =  g.

O b v io u s ly , i t  is e n o u g h  to  so lve c o n ju g a c y  p ro b le m  fo r th e  case w h e n  /  and  7 

a re  c y c lic a lly  reduced .

L e m m a  23 L r t  f . g  £  F " ;f' hr c y c l i ca l l y  redact <1 a n d  t r  £  F ~ [V such tha t  t r ~ x * /  * 

t r  =  7 . T hen  \ f \  =  |c/|.

Proof .  S ince  /  is c y c lic a lly  reduced  in  t r ~ l *  f  * t r  we have e ith e r  t r x * f  =  <r~x o f  

o r  / * ( / •  =  / o t r .  A ssu m e  th e  f irs t .  A ls o  s ince  7 is c y c lic a lly  reduced  th e n  t r  cancels 

c o m p le te ly  in  t r ~ l * f  * tr.  T h e n  j / /1 =  | / r _1 * f  *  t r |  =  |/c j -F | / i  -  | f f |  =  | / | .

□

L e m m a  24 Let  f . g  £  F " - .  /  g be c y c l i c a l l y  reduced a n d  t r  £  F " 1 ht such tha t  

i r ~ x * f  * t r  =  7 . Then  t r  =  t r  1 o h. where  [ u ' i . / ]  =  z . \h \  <  \ f \  a n d  7 is a cyc l i c  

p t n n u t a t i o n  o f  f .

Proo f .  W e can  p resen t t r  in  th e  fo llo w in g  fo rm  t r  =  t r  1 o h.  w he re  u '[ be longs 

to  th e  c e n tra liz e r  o f  /  a n d  h  does n o t c o n ta in  as an in i t ia l  segm ent a n y  e lem ent 

c o m m u tin g  w ith  / .  T h u s  we have to  show  th a t  |/t| <  | / |  a n d  h ~ x *  f  *  h =  g.  w h ic h  

m eans a u to m a t ic a lly ,  th a t  7 is a  c y c lic  p e rm u ta t io n  o f / .

S uppose  o n  th e  c o n tra ry  |/ i| >  | / | .  S ince  /  is c y c lic a lly  reduced  we have e ith e r  

/ j -1 *  /  =  h ~ l o f  o r  /  *  h =  f  o h. A ssum e  th e  fo rm e r. T h e n  we have

« ,_ I *  /  *  i r  =  ( h ~ x o f )  *  h
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a n d  h has to  cance l c o m p le te ly  in  (h  1 o / )  *  /?. T h u s  we have th a t  h has /  1 as an 

in i t ia l  segm ent - c o n tra d ic t io n ,  w h ich  proves th e  le m m a .

□
F ro m  p re v io u s  le m m a s  i t  fo llo w s  th a t  tw o  c y c l ic a l ly  red u ce d  e lem en ts  fro m  F  ' 1 

a re  c o n ju g a te  i f  a n d  o n ly  i f  th e y  have th e  same le n g th  a n d . m o re o ve r, th e y  are c y c lic  

p e rm u ta t io n s  o f  each o th e r . So. to  check i f  tw o  e le m e n ts  fro m  F " ' are co n ju g a te  

we have to  c o m p a re  th e ir  c y c lic  p e rm u ta tio n s . B u t  u n like ' free1 g roups , th e re  are 

in f in i te ly  m a n y  c y c lic  p e rm u ta t io n s  o f an e lem en t in  F ‘"-^. T h u s  we have to  reduce 

th e  n u m b e r o f  checks som ehow .

Le t / .  (/ G F "  ' 1 be  cyclic a l ly  reduced. T h e n  there ' e x is t n a tu ra l num bers  /p .  n ,  > 

0 such th a t  /  G G’rll - i  b u t /  f  G nx. and  <j G G „ . ^ x b u t g G G,, . .

F ro m  the’ p ro o f  o f  T h e o re m  27 and  fro m  R e m a rk  3 it  fo llo w s  th a t /  and  g have 

u n iq u e  reduced  fo rm s

f  — f  l 0 r 'i' o f , a . . .  o r^.k 3 f k  ~\- 

where* / , .  i \  G G „ x. n ,  G Z [ / ] ^  and

,)i t,
— (J\ °  u \ °  fh ° ■ ■ ■ °  ui °  Vi~ i •

w h e re  gy  i i j  G G n y  Sj  G Z [ f j

Suppose- n i <  n_>. I t  is easy to  see th a t s ince /  G G n ,. i t  can  n o t be some- cy c lic  

p e rm u ta t io n  o f  g b t'cause  /  does n o t c o n ta in  in f in i te  e x p o n e n ts  o f  e lem ents fro m  

G’„ , .  Because o f  th e  sam e reason g  can  n o t be con juga te - to  /  i f  rq  >  u 2.

T h u s , i f  /  is c o n ju g a te  to  g  th e n  rq  — n_>.

L e m m a  2 5  Le t  f . g  G G nJr\ . f . g  G n be r y c l i c a l l g  reduced. Suppose f  and ' g hare

unique reduced f o n n s

f  =  <•?' °  f \  o - ■ - °  » °  fk -

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



92

where f k does no t  have  r f 1 as a t r n n i n n l  segment  a n d

,<ig  =  g x o i / ,  o  g > o  . . . o  ii[ o  gt ^ [.

T h r u  f r o m  f  =  g i t  f o l l o w s  th a t  I =  k.  g x =  1. g t =  / , _ [ . /  G [2. f +  — r j - n j  =

. i , . j  G [ 1. / ] .

P r o o f  I f  u x 7̂  t’ i th e n  fro m  th e  s ta b il iz in g  c o n d it io n  g ~ l * f  can  n o t be cance lled  

co m p le te ly . So u x =  r x a n d  [<7i . « i ]  =  1 w h ic h  is im p o s s ib le  because o th e rw ise  

g x =  u \  - c o n tra d ic t io n . T h u s  g x — 1

N ow  we can  cance l o u t in i t ia l  u'x ' in  /  a n d  g  i f  | r i [ |  <  j . i ( |  o r  // '/ ' i f  | h l  <

I f  o i  7̂  - i x in  b o th  cases we get a c o n tra d ic t io n  w ith  th e  a s s u m p tio n  th a t /  and  g 

are g iven  as u n iq u e  reduced  fo rm s. So o i  =  J x and  we can  p roceed  b y  in d u c t io n  on 

th e  n u m b e r o f  sy lla b le s .

□
F in a lly ,  suppose f . g  G G n , x. f . g  £  G n a re  c y c lic a lly  reduced  a n d  have1 un ique  

reduced  fo rm s

/  =  ,/M O / ,  O  . . . O  f ” * O  f k .

w here  / , .  i \  G G „ . a ,  G l \ t j * .  f k does n o t have r f 1 as a te rm in a l segm en t, and

■ti hg =  g x o u J o g2 O . . . O l l f  o !.

w he re  g} . i i j  G G „ .  G W ith o u t  loss o f  g e n e ra lity  we can  assum e such a fo rm

o f /  - we ca n  o b ta in  i t  u s in g  c y c lic  p e rm u ta tio n s .

I f  /  is a c o n ju g a te  o f  g  th e n  i t  is a c y c lic  p e rm u ta t io n  o f  g. B u t b y  L e m m a  25 

th is  c y c lic  p e rm u ta t io n  o f  g  has to  be o f  a p a r t ic u la r  ty p e

f l ( j )  =  a j J °  + i ° - - - 0 ® + i ° ! 7 i  °  a ' ! ‘ °  • • • °  U ji'i  °  <Jj
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o th e rw is e  it  c an n o t ho e q u a l to  / .  T h e re  is o n ly  a f in i te  n u m b e r o f suc h p e rm u ta t io n s  

a n d  |7 | =  \f/{ ) )| fo r a n y  j  €  [ 1. / ] .

T o  decide* i f  /  is c o n ju g a te  to  7  we check i f  /  =  t j ( j )  fo r  som e j  £  [ l .  /].

I I )  Power p ro b le m  - g iv e n  7 €  F we nc*ed to  f in d  an  a lg o r ith m  w h ic h  decides

i f  th e re  ex is ts  a n a tu ra l n u m b e r n such th a t  7 =  / " . /  €  F ' G

L e t 7 e  G „  m  \  G ’„ .  W e can  assum e 7 to  be cyc l ic a l ly  reducecl. W e have* a un ique  

reduced  fo rm

9  — 9 \ °  111 ° U'i 0 ■ ■ ■ 0 111 °  Hi m •

where* 7,. it, 6  G „ .  i, €  Z [ f ]~  a n d  we have th a t / >  1. . i x ^  0 .

C o n s id e r th e  case* / =  1. I f  r/j ^  1 th e n  7 is n ’ t a pow e r unless is a pow er o f  

u\  w h ich  is im possible*. N o w  le t 7 =  cq 1 - i f  d j is a m u lt ip le  o f  som e ~ th e n  7 is 

a pow er o th e rw ise  i t  is n o t. So. e v e ry th in g  reduces in  th is  case* to  c o m p u ta t io n s  in  

free a b e lia n  g ro u p  o f  fin ite* ra n k , w he re  we can c hec k e a s ily  i f  an  e lem ent is a p ro p e r 

pow er.

N ow  suppose* / >  1. W e take* a ll d iv is o rs  o f  / - th e  n u m b e r o f  sy lla b le s  in  7. 

T h e y  fo rm  a finite* set D .  C o n s id e r in i t ia l  su bw o rds  .s, o f  7 de fin e d  as fo llow s : s, : 

[ l . o , ]  —  .V " .  where* 0 ,  =  |c /|/c i,.c /, 6  D  such th a t  we can  d iv id e  je/j c o o rd in a te w is e  

b v  (I,. Since* D  is f in i te  th e n  th e  n u m b e r o f  s, d e fin e d  above  is also f in ite .  For each 

.s, we che*ck i f  7  =  .s, o • • • o > , w here  the* p ro d u c t o f  s, is ta k e n  <1, rimc*s. I f  i t  is fo r 

som e i  th e n  7 is a p ro p e r  p o w e r, o th e rw is e  i t  is n o t. T h is  fo llo w s  fro m  th e  fact th a t  

we have a re g u la r le n g th  fu n c t io n  on F

T h u s , th e  p ro ce d u re  d e s c rib e d  above can  e ffe c tiv e ly  d e te rm in e  i f  a n y  g iven  ele­

m e n t fro m  F ' ' -  is a  p ro p e r  p o w e r in  F ^ t<!.
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15 R ed u ced  form s for e le m e n ts  in  F z'̂

In  th is  sec tion  we s u m m a riz e  tin *  m a te r ia l o f  S ec tions  11 11 b y  re c a llin g  the

e o n s tn ic t io t i o f  F " J a n d  w avs o f  p re s e n tin g  its  e lem en ts  as reduced  in f in ite ' w ords. 

T h e  c o rre s p o n d in g  n o ta t io n  is in tro d u c e d  w h ic h  w i l l  he used in  the* nex t sections.

15.1  L y n d o n ’s free  Z [f]-group

R e ca ll th e  c o n s tru c t io n  o f  W e o b ta in  th e  g ro u p  F " 1 as u n io n  o f  th e  fo llo w in g

in f in i te  ch a in  o f  g roups :

/* =  Cl () <  G  | < . . . < .  G  „ . ( l )

w h e re  G\  + i is o b ta in e d  fro m  G,  b y  e x te n s io n  o f  a ll c y c lic  c e n tra liz e rs  in  G,.  In  G,.

we choose I \  to  be a subse t o f  G ,  c o n ta in in g  a ll e lem c 'iits  w ith  e ve lie c e n tra liz e rs

a n d  L \  to  be som e tixe'd R C -se t o f  K  (see S u b se c tio n  11.2). R eca ll th a t  -a tis fie s  

th e  fo llo w in g  c o n d it io n s :

1) U,  doc-s n o t c o n ta in  p ro p e r  pow ers :

2) fo r  an y  u. r  G i \ .  a r ~ x:

3) fo r  a n y  a ^  r  G i  ", th e  e le m e n ts  u ~ x. r * 1 are  n o t c o n ju g a te :

4) a n y  u G L \  is c y c lic a lly  reduced .

5 ) fo r  each u G A" ( C ( ; , ( u )  is c y c lic )  th e re  e x is t r  G L \ .  k  G 2 . <: G C D R ( Z [ t \  ~. X ). 

a n d  a c y c lic  p e rm u ta t io n  7r ( c )  o f  r  such th a t

u =  c ~ 1 o - ( r ) k o r .

m o reove r, such c .c .  k . x ( u )  a re  u n iq u e .
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E v e n tu a lly . to  o b ta in  G’, ^ i  fro m  G,  we e x te n d  c e n tra liz e rs  o f  a ll o lo tnon ts  fro m  

(th u s , a ll eye lie o o n tra li/o rs  are  e x te n d e d  a u to m a t ic a lly  as w e ll) .

O f  course, th e  e x is te n ce  o f  an  e m b e d d in g  o f  F J' i n t o  th e  set o f  in f in ite  w o rds  im ­

p lies  a u to m a t ic a lly  tin * fac t th a t  a ll su b g ro u p s  o f  F " [t' a lso  b e lo n g  to  C D R \  Z [ f ]  * .  .V ). 

th a t  is. th e ir  e lem ents  can  be v iew ed  as in f in ite  w o rds . F ro m  now  on  we assum e the

e m b e d d in g  /> : F " [>]-  C  D R ( Z [ t } ~ . X ) to  be fixe d . M o re o ve r, fo r  s im p lic i ty  we

id e n t ify  F " 1 w ith  its  im age

W e in tro d u c e  an  o rd e r  o n  each f.’,. A t f irs t ,  c o n s id e r r G i  T h e re  e x is ts  an 

in f in i te  subset f \ \ ( r)  C i \  such th a t  fo r any  u G o i k '  has |//j =  \r\. In  fact

A 't ( / /)  =  K,(r)  i f  u. r G L\ a n d  \u\ =  | r | .  T h u s  th e re  e x is t e lem en ts  n\  u'n. . . .  in

C. such th a t

r, = (J KAu)).
;

B y  Z o rn 's  L e m m a  we can  assume' G Pi to  b t' w e ll-o rd e re d  u n d e r som e

o rd e r > r  Let u. r  G C\. thc 'ti

u >  r  i f f  < o r

| if | =  |<’ | b u t u > j  r .  w here  u. c G /v’, ( t / ‘ ) her some u ‘

Observe' th a t  L \  is w e ll-o rd e re d  u n d e r >  and  th is  o rd e r  induces an o rd e r on

c = U£’.
I

- i f  u. r  G i \  th e n  we c o m p a re  th e m  us ing  th e  o rd e r d e fin e d  on  L \  and  i f  a G L \ .  r  G 

i ' j  th e n  u <  e i f  a n d  o n ly  i f  i  <  j .
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F u r th e r  we w i l l  need th e  d e f in it io n  o f  a b e lia n  he igh t fo r  e lem en ts  fro m  

R eca ll th a t  7,{t]~ is a c o u n ta b le  d ire c t sum

z [ ' l*  =  : 'o <n

o f cop ies o f  th e  in f in i te  c y c lic  g ro u p  Z  w ith  the* r ig h t le x ico g ra p h ic  ord»*r. So fo r  

eve ry  e lem en t o  f ro m  7 { t \~  th e re  e x is ts  a n a tu ra l n u m b e r n such th a t  o  be longs to

z "  =  r - : u ( 0 -

T h u s , we say th a t  an  nb rh n n  b r i g h t  h„b(ci )  - n i f  o  6  77  *.

C o m p a re  the* d e f in it io n  o f  a b e lia n  hc*ight w ith  the* d e f in it io n  o f a b r i g h t  g iven  in  

S ec tion  10. Observe* th a t  i f  //• =  //'* €  C /? ( Z [ f ]~ .  X ) then  //(//•) =  h ( i t  ) h „ tl(n ) .

F in a lly ,  fo r  th e  te x t b e low  we m ake  th e  fo llo w in g  im p o r ta n t a s s u m p tio n  (sec* 

S u b se c tio n  15.2 fo r  a ll  the* d e f in it io n s  used). L e t r  G I ' , ,  j have a //-re d u ce d  fo rm  

/ / 1 o //■*■ o//_>o- • ■on ,po h p^ \ .  where* u G i  T h e n  we* assum e th is  //- fo rm  to  be* c y c lic a lly  

/ / -m in c e d . T h is  is possible* because e lem en ts  in  a n y  set L \  can  be chosen u p  to  c y c lic  

p e rm u ta t io n s  a n d  L e m m a  28 b e lo w  ensures th e  existence* o f  an a p p ro p r ia te  one*.

15 .2  R e d u c e d  form s

A s usua l, we c a ll e lem en ts  fro m  Z [f ]  + \ Z .  n o n s ta n d a rd  ( in f in ite )  nu m b e rs . A lso  th e  

fo llo w in g  n o ta t io n  w i l l  be used - i f  a  €  Z [ f ] ~ . o  >  0 is n o n s ta n d a rd  th e n  we write* 

q  > >  1.

R eca ll th a t  th e  g ro u p  is a u n io n  o f  th e  in f in ite  ch a in  (7 ). In  fa c t, to  o b ta in  

G , ^ i  fro m  G ,  we e x te n d  c e n tra liz e rs  o f  e lem en ts  fro m  some* sp e c ia l ( in f in ite )  set 

i \  =  { / . / , , .  u t , . . . . }  C  G t. Le t / ,  d e n o te  th e  set o f  ind ices / t . t >.. . .  o f  e lem en ts  fro m  

i \ .  T h u s , a n y  g  €  G ,  + \. g £  G t has th e  fo llo w in g  re p re s e n ta tio n  /us a reduced  in f in ite
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w o rd :

.7 = 7l ° ° 7J 0 • • • ° °  7/-1- (S)

w h e n 1 n x. n >  n t €  ! , .<)k G 6 ',. [</*... / / r i t j #  1. { g k ^ x. u „ k} #  l- i 'U - i '• >  I- Obse*rve

th a t th is  re*prese*ntation is n o t u n iq u e  because* i t  is poss ib le  th a t fo r each gk has 

u f f  as a te rm in a l segm ent a n d  gk ±x bas as a n  in i t ia l  segm ent, so we can a d jo in  

these finite* e x p o n e n ts  o f u „ k fro m  th e  le ft a n d  fro m  tin * r i« l i t  to  //j)£ to  fo rm  a new 

in f in ite  w o rd  re p re s e n ta tio n  o f  th e  sam e e lem ent g:

7 =  f>\ o «;!j ° h 2 o ■ ■ ■ o  °

where* .4  =  n k -t- p k +- m k . g x =  /;, o e/'j‘ . e//M  =  u " '/ o h , ^ x. g k =  e /^V ,1 o /p. o I <  

k  <  I +  I.

R e m a r k  4 / /  /s not  h a r d  to set- th a t  than- arc  i n f i n i t e l y  m a n y  n  />rr si n t a t m n s  o f  

g in the f o r m  ( $ )  - i t  is possible no t  on ly  to p e r f o r m  thr t rans fo rm at ion ,  d i s r n h i d  

above, that  is. to a d jo in  f i n i t e  exponents  to each o f f  f r o m  left  and  r ight ,  hut  also to 

p t r f o n n .  i n n  rse t r a n s f o r m a t i o n ,  tha t  is. to take f i n i t e  i x p o n i  rtfs f r o m  eaeh u',\* in  

o r d e r  to obtain, i n f i n i t e l y  m a n y  tup les o f  i n te r l e a v in g  e lements f x f m  ■

L e m m a  2 6  Let  g  G G , ± X\ G ,  have t ivo n  p n s e n t a t i o n s

7 =  7 i °  °  7.* °  ‘ ’ °  °  7/~ i •

where Sj G I , . g j  €  G , .  [gj .  u sJ  #  t .  [e/j u.,; ] ^  l . | o J  > >  1 . j  G [ l . / j  a n d

g =  h x o u f \  o h 2 o • ■ - o ut \  o

(c/mrr /c- G /t*. G 6 ’,. u rJ  7̂  1. 1 - u rJ  #  1. | -4 |  > >  I- ^ e  [1. m].

Then
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1)1  =  in :

~ } 11 r j =  U' , - J  e  ( M - ‘

Proof .  W e have

( / / , - J l  °  " s 7 * ‘ °  • • • °  " m * ‘ °  r / f 1 ) *  °  l l n  °  f l -  °  • • • °  " n  °  rn -  I ) =  C.

S ince  F " If' sa tis fie s  th e  s ta b il iz in g  c o n d it io n  i t  fo llo w s  th a t  th e  e q u a lity  above can 

h o ld  o n ly  i f  u r i — a n d  ryj-1 * h \  =  u*} .  T h u s , we In m '

( O * / „ / ' '  O • • • o , ) f  1) *  (/{,’ ! *  (/»•_, O • • • o Ii j  a h .  , ) =

w here  yq is f in ite .  A g a in , b y  th e  s ta b il iz in g  c o n d it io n  u r i  =  n a n d  r/j 1 * //( ’ ; “ /;_, -  //*';

a n d  we can  cance l o f/., 1) * (d’J *  (//_. o a / f )  in to  a f in ite  e xpone n t a '1;.

T h e  re q u ire d  re s u lt fo llo w s  by  in d u c t io n .

□
I t  fo llo w s  fro m  th e  le m m a  above  th a t  in  a n y  re p re s e n ta tio n  o f <) as an  in f in ite  

w o rd  th e  n u m b e r o f  in f in i te  n o n s ta n d a rd  e x p o n e n ts  a'J£ in  ry ( th e  n u m b e r o f  sy lla b le s  

in  som e sense) is th e  sam e, w h ic h  is e q u a l to  I. T h is  o b s e rv a tio n  m akes it  possib le  

to  in tro d u c e  a n a tu ra l c h a ra c te r iz a t io n  o f  a n y  re p re s e n ta tio n  o f  <j ;is an  /- tu p le  

{ I~ 11 - I ~ j  !  w h e re  |~.t | > >  I and

<J =  f l  °  tln\ O / j  O • • • O 'h i' °  f l ~  1 ( (d l

W e c a ll such a re p re s e n ta tio n  o f  g . Unreduced,  i f  th e  o rd e re d  /- tu p le  { | '  i | .  | '  j | .

. . . , | - / | }  is m a x im a l w i th  respect to  th e  r ig h t  le x ic o g ra p h ic  o rd e r  a m o n g  a ll pos­

s ib le  re p re s e n ta tio n s  o f  ry.

In  th e  p ro o f  o f  T h e o re m  27 we in tro d u c e d  u n iq u e  reduced  fo rm s  fo r e lem ents  

fro m  F ZW. S o w .  we rede fine  th e  p ro ce d u re  fo r o b ta in in g  th e m  and  show  th a t in
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fac t u n iq u e  reduced  fo rm s  de fined  in  th e  p ro o f  o f  T h e o re m  27 c o in c id e  w ith  

rednced  re p rc 'se n ta tio n s  ( in  th e  fu tu re  we w i l l  re fe r to  a i red  need re p re s e n ta tio n  

as a L \ - f o n n ) .

S uppose  g G G , . \ \ G ,  and

.7 =  .71 °  'C \  °  .7 o • • • o 11% o { f l , , .

F rom  th e  s ta b il iz in g  c o n d it io n  (S) i t  fo llo w s  th a t  fo r  r;( and  </_> th e re  e x is t n a tu ra l 

n u m b e rs  p i and  m x c o rre s p o n d in g ly  such th a t  g x =  h i o . g 2 o =  u ’" '  o

and  //[ does no t have as a te rm in a l segm ent. </,  o it')) does n o t have u r] '  as ; 

in i t ia l  segm en t. N ow  we present g as

an

g =  //, o u ‘*\ o g '2 o o • ■ • o it))  o g ^ x.

w h e n 1 .4 =  a *  -1-  />a- 4- i n  k , g \  =  h x o  1 1 ) ) .  g >  o  1 1 =  / / " * '  o  r / _ ,  o  u~n\ .  N e x t we take  th e  

su b w o rd  o f  g

n =  f / 2 °  11Z  ° .7.-1 o • • • o o ! ju  ,

a nd  p e r fo rm  e x a c t ly  th e  same p ro ce d u re  o f  m a x im iz in g  T h e  w h o le  c o n s tru c t io n  

fo llo w s  b y  in d u c t io n  011 I. A f te r  a f in i te  n u m b e r o f  s teps we get

g =  h x o u'*\ o o • • ■ o u o / / , , , .  ( 10 )

L e m m a  27  I j  (10) is unique:

2)  ( 1 0 )  is a L , - redured  f o r m  f o r  g.

Proof .  1) F o llow s im m e d ia te ly  fro m  th e  c o n s tru c t io n .

2) S uppose  (1 0 ) is n o t a f.’,-re d u ce d  fo rm  fo r  g.  th a t  is th e re  e x is ts  an  /- tu p le
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{ I ' l l - I ' M  I ' / 1} such th a t  { b i | . | - ' j |  I - / I }  >  { M i l - M . - I  M ( ! }  und

f f  =  / i °  °  h  °  • • • °  “ 'it, °  f t - 1  •

F rom  th o  in e q u a lity  above  i t  fo llo w s  th a t  th e re  e x is ts  A0 G [ l . / ]  such th a t -:k =

-4 - 1 <  k  <  A'0 a n d  -:kil >  ,4 0.

A t  f irs t  we show  th a t  h k — f k . k  G [1. ka — 1). A ssum e  th a t  A„ >  1.

O bse rve  th a t  | // x | <  | / i |  o th e rw is e  /q  — f \  °  u " 1 . |m | >  0 . m  €  Z  and  -4 is no t 

m a x im a l - c o n tra d ic t io n  (h e re  we use th e  s ta b il iz in g  c o n d it io n  b y  w h ic h  / / '  * /q  €  

( « „ , ) ) .  I f  M i|  <  | / i |  them since =  -q it  fo llo w s  th a t  h > o u c o n ta in s  </fll as an

in i t ia l  segm ent - c o n tra d ic t io n  w ith  th e  cho ice  o f  / .  T h u s  ! /q |  =  | / [ |  a n d  / / 1 =  / ( .

In  th e  sam e way. u s in g  in d u c t io n  one can p ro ve  th a t  h k =  f k , k  G 12. Ao — 1|.

T h e  s im p le  fac t p ro ve d  above show s th a t  we can  assume' w ith o u t  loss o f  g e n e ra lity  

th a t  An - I .  th a t  is. s , >  >  0 . A g a in  | /q |  <  | / i |  o th e rw ise 1 we> ge't a c o n tra d ic t io n .

As above* i f  | /q |  <  | / , |  them since <  ~M i t  fo llo w s  th a t  /?■_» o c o n ta in s  at least 

u r,x as an in i t ia l  segmemt. - c o n tra d ic t io n  w ith  the* choice1 o f

T h u s  we p ro ve d  th a t  { M i l - M - ’ l  M t|}  *s ^ u> m a x im a l / - tu p le  w ith  respe>ct to

the  r ig h t le x ic o g ra p h ic a l o rd e r. So th e  re p re s e n ta tio n  ( 10 ) is C ,-re d u ce d  fo r g.

□
L e t g  G so it has a re p re s e n ta tio n  as an  in fin ite * w o rd

.9 =  «7i °  l l n \  °  °  * • • °  °  9 /  - 1 •

w h e re  r q .  n 2 .n ,  G I , . g k G G t . [<7*... u nJ  ^  £. [<7^1. u Hk] ^  £. | o fc| > >  I .  N o w  w e f i x

som e fro m  th e  lis t u n i . u n2 u „ ( o f  e le m e n ts  fro m  i \  ta k e n  to  n o n s ta n d a rd

pow ers in  th e  re p re s e n ta tio n  o f  g  ( i t  fo llo w s  fro m  L e m m a  26 th a t  th is  lis t does 

no t d e p e n d  o n  p a r t ic u la r  re p re s e n ta tio n  o f  g  as a reduced  w o rd ) . C o n s id e r now  a
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re p re s e n ta tio n  o f  g  in  w h ic h  we " m a r k "  o n ly  n o n s ta n d a rd  e x p o n e n ts  o f « „ th a t  is

g =  h i o o o • • • o u ^  o l ,p_ , . ( 11)

w here  . f  ^  n , „ ] . n i J G [1.  / ] .  j  G [ l . p ] .  h x =  g x o u” \ o • • • o r/m , .  - i  o • • • o

!Ji~i-f>k- — °  ' ' ' °  .7rm*i ■ 1 <  >̂' <  />■ O bse rve  th a t  a ll /j*.. in  gene ra l, do  no t

b e lo n g  to  G , a n y  m ore . W e c a ll ( 11) a u,I k i - r r  p re s e n ta t i o n  o r  u n - f o n n  fo r  <y.

O ik* can  p rove  a s ta te m e n t a n a lo g o u s  to  L e m m a  26 fo r  i / „  - fo rm s  o f  g  a n d  th is

m eans th a t we can assoc ia te  w i th  a n y  such fo rm  a />-tu p le  { | d i l - M - _ » | ...........M , , | }

e lem en ts  fro m  Z [ f ]~ .  w h ic h  a re  e x p o n t'n ts  fro m  ( 11).

W e c a ll a i/,u - fo n n  o f  g. u „ k - r r r i i i r t  d i f  th e  o rd e re d  />-tu p le  { | h ! -  ! • 6  j  I d j  }

is m a x im a l w ith  respect to  th e  r ig h t  le x ic o g ra p h ic  o rd e r  a m o n g  a ll poss ib le  u,lk - 

re p re s e n ta tio n s  fo r g.

Suppc >se

h l °  o o • • o / / ; ^  o h p .  i ( 12)

is a - fo rm  fo r g  and  g is c y c lic a lly  reduced . T h e n  o b v io u s ly

( h i  o a h 2 o ■ ■ ■ o o h p+ i )  o ( / ; ,  o u ^  o o • • • o j / ; ^  o / / p_ , ) ( I d )

is a u rU i- fo rm  o f  g~. So. we c a ll (1 2 ) c t / c b m l l y  u , , ^ - re d u c e d  i f  (1 3 ) is u „ k -reduced . 

L e m m a  28 Let

h \  o u ,l o h 2 o ■ ■ ■ o n iv o h p+ i

be a u- reduced f n n n  o f  g  G G '1+ i \ G ’,. u G Then there exists a cyc l i c  pe n n u t a t  ton  

o f  g  such tha t  i ts u - reduced  f o r m  is c y c l i c a l l y  u- reduced.

Proof .  T h e  p ro o f  is based o n  th e  fo llo w in g  o b s e rv a tio n .

C la im . I f  |tc| <  |u | th e n  in  u "  o w o u L  o .  T >  0. a .  .1 G Z  th e n  i f  it- o u J has u 
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as an in i t ia l  segm ent th e n  un o i r  can n o t have u as a te rm in a l se g m e n t.

S uppose 011 th t 'c o n t r a r y  th a t  11 =  i / 'o i / , .  u =  111 o n ,  a n d  11 =  u-^oi r.  11 - 11, o n :) at 

th e  sam e tim e . F ro m  these e q u a lit ie s  we have th a t  |tz'| =  |fzd. ; / /11 =  h / ( | .  {11, 1  =  |/c l. 

S ince it =  i f  o t i i .  u =  it \ o (/;{ a n d  |zzi| =  |/r ] it  fo llo w s  th a t  i r  =  / / 1• "1 =  T h u s  

i r  =  11 > and  11 =  11 \ o a-, - u ,  o /*, b u t th is  is poss ib le  o n ly  i f  11 \ — a'' and  u ,  — a~ 

a n d  so it =  f/1’ * ' so th e  c e n tra liz e r  o f n in  G t is n o t cyc lic ' - c o n tra d ic t io n  w ith  th e  

choice' o f  [

Observe' a lso th a t  i f  o  >  0. T <  I) th e n  n e ith e r i r  o n:1 has 11 as an in i t ia l  segm ent 

n o r un o i r  has u 1 as a te rm in a l segm ent. Indeed , i f  fo r  e x a m p le  i r  c u A has 11 as an 

in i t ia l  segm ent th e n  11 — i r  o // j . _ 1 =  /q  o u, .  T h u s . 11 =  i r  o //, =  //_, 1 o ( / “ ' a n d

ui  =  " i  1 — -• "  =  * c o n tra d ic t io n .

N ow  we c o m p le te  th e  p ro o f o f th e  lem m a. W i th o u t  loss o f  .genera lity  we can 

assume' h i  =  1 a n d  th a t  / /p i !  doe's n o t have 11 as a te rm in a l segm ent (u s in g  e ve lie  

p e rm u ta t io n  we can  a lw a ys  o b ta in  the*se p ro p e rtie 's ). W e have' tw o  cases

T \hP~i\ M

Since1 11A' o h ,  o ■ ■ • o u Ap o f i p ^i  is zz-reduced i t  fo llo w s  th a t i r 1' o h ,  c • • • o uAp o 

h p ^ i o w 1' o h ,  o • • • o u Ap o h pJ_ 1 is zz-reduced be'cause h p^ \  does no t have1 11 as an in i t ia l  

o r  te rm in a l segm ent.

2 . | V i |  <  |tz|

a) I f  t iAp o hp+i  has 11 as a te rm in a l segm ent th e n  b y  the* C la im  above  h p^\  o u A' 

does no t have 11 as an  in i t ia l  segm ent. S ince n Al o/z.>o- • ■oizj | , o / i ; i . , is zz-reduced th e n

th e  o rd e re d  2p - tu p le  { | i i | .  |T_>| |J P|. | h | .  j■ ̂ 1*| ..........M p l}  i*  m a x im a l w ith  respect

to  th e  r ig h t le x ic o g ra p h ic  o rd e r  a m ong  a ll poss ib le  tz-for m s o f  g 1. So. n Al o /z_, o • • • o 

u Ap o hp+i  is c y c lic a lly  zz-reduced.

b) I f  hp ^ i  o zzJ l has zz as a n  in i t ia l  segm ent th e n  b y  th e  C la im  u Ap o /zpM  does n o t 

have 11 as a te rm in a l se g m e n t. T h u s , ta ke  a c y c l ic  p e rm u ta t io n  </ =  h , o u A- ■ • - o i i Apo 

/ ip * ,  o u A1 o f g  so th a t  /z> °  u J2 • • • o zz,p~ l o b o  u J ' ~ l is a zz-reduced fo rm  o f  r / .  w he re
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it =  h p ^\Od = <iob. B u t  th e n  ( h > o u ■ • •ow ip~ 1 o b o w il 1 ) o ( / / j o / / J- ■ ■ -on T - 1 obou  fl 1 )

is ( / - re d u c e d .

1 5 .3  S ta n d a r d  d e c o m p o s it io n  o f  e le m e n ts  in F^ f

L e t  g  €  F~' ' . I t  fo l lo w s  t h a t  7 6  G n ~\  f o r  s o m e  f i n i t e  n in  th e  s e r ie s  ( 7 ) .  T h e n  7 

h a s  a  re d u c e d  fo r m

n =  n. o o 7 , o • • • o un‘ , 3 7 / - I .»' 1 rn( n) 1 rni n )j 1

w h e re  m ( n ) i .  m ( / / )_ .  m ( n ) i  €  A,.'/*- €  G n. {gk-. u rn{,, , J  «  f .  [.7* .1. ( /„ , , r, u ! ^  f .

|c>*.| > >  1. t h a t  is 7 b e lo n g s  t o  th e  e x te n s io n  o f  c e n t r a l i z e r s  o f  f i n i t e l y  m a n y  e le m e n ts

 l imn , f r o m  N o w .  b y  i n d u c t i o n  o n e  has £ '„  _ i - r e d u c e d  f o r m  fo r  7,

■i, J I,
!h =  !h.\ *  “ r mn - l U i  °  * * •  °  -1 , ,, I-

w h e re  n i ( n  -  1 ), k e  6  [ 1. / , ] . / '  €  [ L. / ,  > >  1..7,.c t  C»'„ . t . O n * '

c a n  ge t d o w n  t o  a  free  g r o u p  F  w i t h  su ch  a  d e c o m p o s i t i o n  o f  7. w h e re  s te p  b y

s te p  s u b w o r d s  b e tw e e n  n o n s ta n d a r d  p o w e rs  o f  e le m e n ts  f r o m  i k a re  p re s e n te d  as 

£ \ . _ i - f o r m s .  A- 6  [1. /;] .

O b se rve  th a t ,  s ince on  each s te p  o f  th is  d e c o m p o s it io n  o f 7 . we have in f in ite

e x p o n e n ts  o f  o n ly  f in ite ly  m a n y  e lem en ts  we ca n  fo rm  f in ite ly  m a n y  o rd e re d  sets

G j ( g )  =  { « r r i i j ) ,  Urn(j)fco, }  C  i ’j . j  €  [ l . n j  ( o r d e r  011 L ' j ( g )  is i n d u c e d  f r o m  l ' } )

w h ic h  a re  u n iq u e  fo r  g.

T h u s  one can  fo rm  fo r g  th e  fo llo w in g  series:

F  <  H  f ) ) ,  <  ffrn( ( ) ) j  . . . <C H „  i|())j.(oi ^  f^Fti(l}[ *C . . . <  H  rrp 1 ) ^ ( , | <  . . . ( 14 )
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<  H m(nn < . . . < / / ,

w h e re  H, H „ n j ) k a re  su b g ro u p s  o f  G } ±i  w h ic h  do  n o t be long  to  G j  and

is o b ta in e d  fro m  b y  c e n tra liz e r  e x te n s io n  o f a s in g le  ( 'len ien t

fro m  H „ l{J)l_1 <  G j .  W e c a ll series (141 an e j t e n s i o n  series  fo r  g.  (14 ) o b v io u s ly  

e x is ts  and  is u n iq u e  s ince a ll U j { g ) . j  €  [ I .  n j a re  f ix e d  a n d  o rd e re d .

U s in g  e x te n s io n  series above  we can decom pose  g  in  th e  fo llo w in g  way. 7 <6 

H miu)ktn) has a u mln)klnt-re d u ce d  fo rm

. o /;•> o • • • o it j‘ o / ; .  ,.

w he re  a ll b } a re  f/rr„ r l | f c ( i i l - re d u ce d  fo rm s  re p re s e n tin g  e lem en ts  fro m  „ )kynt ,. 

T l i is  g ives one  a f le c o m p o s it io n  o f  7 re la te d  to  its  e x te n s io n  series. W e c a ll th is  

d e c o m p o s it io n  a s ta n d a r d  decom pos i t ion  o r  s ta n d a r d  n  pr r  s c n ta t io n  ot 7. O bserve  

th a t  fo r a n y  7 €  its  s ta n d a rd  d e c o m p o s it io n  can  be v iew ed  as a f in ite  p ro d u c t

b\t>-2 • • ■ bm, w he re  bl 6  D  =  { .V  U X  ~ 1} U {(/'*  | 11 6  (  . a  t  W e d e n o te  th is

p ro d u c t by  7 so we have

w here  h, is a f in ite  p ro d u c t in  th e  a lp h a b e t D  c o rre s p o n d in g  to  //,. and  fro m  now  on . 

b y  s ta n d a rd  d e c o m p o s it io n  o f  an  e lem ent 7 we u n d e rs ta n d  n o t th e  re p re s e n ta tio n  o f  

g  as a reduced  in f in ite  w o rd  b u t  th e  f in ite  p ro d u c t g.

I t  is easy to  n o tic e  th a t  in  ge n e ra l g\  o g ,  ^  cpg2.

T h e  s ta n d a rd  d e c o m p o s it io n  fo r  g iven  g  a llo w s  one  to  use an in d u c t io n  o n  th e  

n u m b e r o f  m em be rs  in  th e  series (14).

a,
rnlnlfc'ri,
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16 G rap h s la b e led  b y  in fin ite  Z[£]-words

In  th is  se c tio n  we g ive  th e  d e f in it io n s  o f  (X [ t \ .  A ') -g ra p h . its  spec ia l co m p o n e n ts  and  

in tro d u c e  o p e ra tio n s  on  such g ra p h s  w h ic h  make' i t  poss ib le  to  tra n s fo rm  th e m  in to  

som e su ita b le ' fo rm , w h ich  has p ro p e rt ie s , im p o r ta n t fo r th e  p ro o f o f  P ro p o s it io n  1.

16.1  L a b eled  gra p h s

In  th is  su b se c tio n  we in tro d u c e  d e f in it io n s ,  ana logous to  those  g ive n  in  [2-1] and c ite d  

in  S e c tio n  7. O f  course , we a re  n o t w o rk ing ; in  a free g ro u p  a n y  m ore , so we have 

to  a d ju s t these* d e f in it io n s  to  o u r  case. W e use* the  n o ta t io n  a n d  d e f in it io n s  g iven  in  

th e  p re v io u s  sec tion .

D e fin it io n  25 Bg an {U [ t \ .  X ) - l a h c l f  tl d i rected graph (CZ[t}.  X  ) -g raph)  T i n  t in an 

the f o l l o w i n g :

I )  T is a c o m b i n a t o r i a l  g raph  ichc r r  f r e rg  edge has a d i rec t io n  a n d  is lahehd  

e i t h e r  hg a l e t t e r  f r o m  X  n r  hg an i n f i n i t e  i m r d  an £  u £  U.  o  €  Z [ f ] " . o  > 0.

deno te d  p ( e ) .

J )  f o r  each edge e o f  T i re deno te  the o r i g i n  o f f  hg o (c )  a n d  the t e n n i n u s  o f f  

hg t ( c ) .

F o r each edge e o f  ( Z [ f j .  X  ) -g ra p h  we in tro d u ce ' a fo rm a l inverse1 i ~ ' o f e w ith  

la b e l / i ( ( ) 1 a n d  e n d p o in ts  d e fin e d  as o ( e ~ l ) =  f ( e ) .  f ( e ~ l ) -- o f f ) th a t  is the1 

d ire c t io n  o f  c _1 is reversed w i t h  respect to  th e  d ire c t io n  o f  e. Fo r th e  new edge's 

e _1 we set (e - 1 ) -1 =  c. T h e  n e w  g ra p h , endow ed w ith  th is  a d d it io n a l s tru c tu re  we 

d e n o te  b y  T. In  fa c t in  m a n y  in s ta n ce s  we w i l l  abuse n o ta t io n  b y  d is re g a rd in g  th e  

d iffe re n c e  be tw een  T a n d  T.

N o w  we have a p a r t i t io n  E ( V ) =  £  ( T ) U  E ( V )  a n d  we say th a t  edges o f f  are 

p o s i t i c e lg  o r i e n t e d  in  f  w h ile  th e ir  fo rm a l inverses t _1 a re  negat ive lg  G r a n t e d  in  T.
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D e fin it io n  26 .-1 path p in  T is a sequence o f  etlqcs p = i [ - - - < k.. tchcrc each i , is 

an edge o f  T a n d  the o r i g i n  o f  each c, is the t e r m i n u s  o / r , _ i .

O bse rve  th a t  / / ( / / )  =  p \ (  \)  . . ■ p{<’k)  is n w o rd  in  th e  a lp h a b e t { .V  U .V 1} U { a '1 | 

u €  U.  <> £  Z [ f ]~  } and  we d e n o te  b y  ( t i p )  a reduced  in f in ite  w o rd  p(< i ) *  fi(< k)-

W e w i l l  be using; tw o  d iffe re n t n o tio n s  o f  th e  le n g th  o f a p a th  p  =  <q • • • >k. in  f :

1) c o m b i n a t o r i a l  length  |p| set e q u a l to  k  

a n d

2 ) wo rd  length w l ( p )  =  ] T f = , l ( p ( c ,) ) .

In  fa c t, fro m  these tw o  d e f in it io n s  above  a rise  tw o  poss ib le  m ean ings  o f  ir re ­

d u c ib le  p a th : th e  firs t one - p a th  is ir re d u c ib le  in  th e  c o m b in a to r ia l sense and

a n o th e r  one - p a th  is ir re d u c ib le  i f  i ts  la b e l v iew ed  as an in f in ite  w o rd  in F " ' is

reduced . H ere  a r t ' fo rm a l d e fin it io n s .

D e fin it io n  27 (Reduced path ) .  .4 pa th  p  =  r i • • • ek. in a (7*[t\. .V ) -graph V is c u lh d  

reduced i f  c, ^  f o r  a l l  I <  / <  k.

D e fin it io n  28 (Label  reduced pa th ) .  A path p =  f | k m 11 ( Z [ f j .  X ) -graph  P is 

cal led  lal>el reduced  i f

I )  p  is reduced:

lf  ( 'ki ' m'f 'k>- k\  <  k )  is a subpa th o f  p  such tha t  p { c t ) =  un , . u  £  I ’ .o ,  6  

Z [ f ]  + . i  £  [A.*i. A*-j] and  ^  u * . [ l i c k , ^  i )  ^  a *  f o r  ang  A £  p r o n d e d

Aq — 1. Aq +  1 £  [ I .  A-], then  o  =  a kl +  • • • - r  a * ,  ^  0 a n d  p ( (  kl - i )  *  »'* =  fd> k { - i  ) °

un . i F  *  p ( f  k< — i ) =  i F  O p { e k^ x).

16 .2  P a r t ia l fo ld in g s

H ere  we d e fin e  p a r t ia l fo ld in g s  a n d  p a r t ia l ly  fo ld e d  (Z [ f ] .  .Y )-g ra p h s . O bserve  th a t 

th e  d e f in it io n  o f  a p a r t ia l fo ld in g  b e lo w  is e x a c t ly  th e  sam e as th e  c o rre sp o n d in g  

d e f in i i to n  o f  a fo ld in g  in  [24].
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D e f i n i t i o n  2 9  L t  t T be a f i n i t e  (Z [ f ] ,  X ) - g r a p h  a n d  let v hr a vertex, o f  T. Tin  

ra h  nee o f  v deno te d  v a l ( v )  is the n u m b e r  o f  a l l  edges in  T which ha re  r  as o r i g i n  

o r  t e rm in u s .

Le t T ho a (Z [ f ] .  X  (-g ra p h . S uppose r 0 is a v o r te x  o f  T and  /[./_ »  a re  tw o  

d is t in c t  edges o f  T such  th a t  o { f i )  =  o ( f > )  =  r n . / i ( / i )  =  //(/_>) =  x  G A ' r l  o r 

/ / ( / 1) =  //( /_ •)  - i / '1. u G C. a  G Z [ f ] " .  Lo t />, ho  th e  p o s it iv e  edge o f  T c o rre s p o n d in g  

to  / ,  ( th a t  is /), =  / ,  i f  / ,  is p o s it iv e  and  h t =  i f  / ,  is n e g a tive ).

L o t A  ho a ( Z [/]. A ') -g ra p h  w ith  th e  fo llo w in g  sots o f  ve rtice s  a n d  edges.

V ( A )  =  ( \ ‘ ( D  -  { / ( / , ) . / ( / _ , ) } )  U { r } . E ( A )  =  ( E ( D  -  {/» ,. h , } ) U { h \ .

T h e  e n d p o in ts  a n d  a rro w s  fo r th e  edges o f  A  a re  d e fin e d  in  th e  fo llo w in g  wav. Lot 

e G E A .  t h thc>n

1. we p i i t  =  0 [-(f ) i f  r)y(e) ^  / ( / , )  a n d  o_ \(f ) =  <' i f  n \ ( '  ) =  t{ f t ) fo r  som e /:

2 . we p u t t ± ( e )  =  f r (e ) i f  t r (o) r- t ( f t ) a n d  t± (e  ) =  r  i f  t v (e)  =  / ( / , )  fo r som e /.

F o r th e  edge h wo p u t <>±{h) =  r {). t ± ( h )  =  r  i f  hy =  f \ - h >  =  f  t and  o ± ( h )  =  

r . t ^ ( f i )  =  t ’r, o th e rw is e .

W o d e fine  la b e ls  on  th e  edges o f  A  as fo llo w s : f i ± ( f  ) =  fn (>  ) i f  e h and

l i a ( / 0  =  l l r ( h  l ) =  / * r

In  o th e r  w o rd s  we o b ta in  A  b y  id e n t if ic a t io n  o f  tw o  edges f x and  /_> in  V. In  th is  

s itu a t io n  we say th a t  A  is o b ta in e d  fro m  T b y  a p a r t i a l  f o l d i n g  (o r  by  p a r t i a l  f o l d i n g  

the edges f \  a n d  f t ) .

T h e re  can  be  in t ro d u c e d  a n o t io n  o f  a m o r p h i s m  be tw een  tw o  ( Z [t\. .Y (-g ra p h s . 

T h a t  is. i f  f i . T j  a re  ( Z [ f ] ,  A” (-g ra p h s  th e n  a m a p  tt : r t —  T j  is ca lle d  a m o r ­

p h i s m  o f  (Z [ t \ .  A ') -g ra p h s . i f  ~  sends ve rtice s  to  v e rtice s , d ire c te d  edges to  d ire c te d
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edges, preserves la b e ls  o f  d ire c te d  edges, and  has th e  p ro p e r ty  th a t  o (~ ( 0 ) =  

» (o (e ) ) .  t (  )) =  ~ ( t ( e ) )  fo r  a n y  edge e o f  T p

I f  o is a p a r t ia l fo ld in g  d e fin e d  above  th e n  it  is easy to  see th a t  o is a m o rp h is m  

be tw een  T and  A .

L e m m a  29 Let  T ! hr a ( Z  [/]. X ) - g r a p h  ob ta ined by a p a r t i a l  f o l d i n g  f r o m  a graph  1 . 

Let  c be a re r te s  o f  T a n d  r t be the c o n e s p o n d in g  reii.es, o f  Y \. Then the f o l i o  i r  m y  

hold:

1) I f  T is connected  then  T ] is connected.

2 )  Le t  p  be the pa th  f r o m  r  to t: m  T with label i r .  Then  t in  i d g i  i n s i  image o f  

p in  T i is a path f r o m  r t to  r’ i with  label, tr.

2)  I f  T is a f i n i t e  ( Z [t\. X ) - g r a p h ,  then the n u m b e r  o f  edges in  I ' i  is out  less than  

the n u m b e r  o f  edges in  I . t h a t  is. a n y  p a r t i a l  f o l d i n g  deennses  the n u m b e r  o f  tdges

in. r.

Proo f .  F o llow s d ir e c t ly  f ro m  th e  d e f in it io n  o f  a p a r t ia l  fo ld in g .

□
D e fin it io n  30 ( Z [ t ] . X )  -graph. T is cal led p a r t i a l l y  f o l d e d  i f  there e n s t  no two edgi s 

r i a n d  e_> i n  T w i th  p ( c \ )  =  p(c->) such tha t  o (C [) =  o(r_>) o r  ^(c-1) =  t ( c 2 ).

O b v io u s ly . T is a p a r t ia l ly  fo ld e d  (Z[t.\. .Y (-g ra p h  i f  a n t i o n ly  i f  one can nor 

p e r fo rm  a n y  p a r t ia l fo ld in g  in  T. M o re o ve r th e  fo llo w in g  p ro p o s it io n  is tru e .

P ro p o s itio n  3 Let  F be a ( Z [ t \ .  X ) - g r a p h ,  which has o n l y  a f i n i t e  n u m b e r  o f  edges. 

T h en  there eirists a p a r t i a l l y  f o l d e d  ( Z [t], X ) - g r a p h  A .  whic h  can be ob ta ined  f r o m  F 

by a f i n i t e  n u m b e r  o f  p a r t i a l  f o ld in g s .

Proo f .  S ince T has a f in i te  n u m b e r o f  edges b y  L e m m a  29 a n y  {Z \ t \ .  X  )-g ra p h  

T i o b ta in e d  fro m  T b y  a p a r t ia l  fo ld in g  has fewer edges. T h is  p ro v id e s  one w ith  an  

in d u c t iv e  a rg u m e n t based o n  th e  n u m b e r o f  edges in  T.

□
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16 .3  u -c o m p o n e n ts

In  th e  pre'sent su b se c tio n  we concen t ra te  on  som e p a r t ic u la r  su b g ra p h s  o f  ( Z [ f j .  .V )- 

g ra p h s  w h ich  cons is t o f  e'dges la b e le d  b y  e xp o n e n ts  o f e lem en ts  fro m  I ' and  are ve ry  

im p o r ta n t  in  a ll fu r th e r  in v e s tig a tio n s . L e t n €  C  be fixe-d.

D e fin itio n  3 1  Let  T he a (Z [ f ) .  X  ) -graph.  (V  v2 6  V ( T ) are cal led a-eepurale n t  and  

denoted f \  r 2 i f  there ex ists a pa th p  =  c , • • • t k in T s i u h  tha t  o ( ( 'i )  =  r \ . t ( e  /,.) =  

r_> a n d  //((",) =  ( / j ' . n ,  €  Z [ f ]  Z  1 <  i <  k .

is c le a r ly  an  e q u iva le n ce  re la t io n  on  ve rtice s  o f  T. so i f  L is f in ite  th e n  a ll its  

ve rtices  can be d iv id e d  in to  a  f in ite  n u m b e r o f  p a irw ise  d is jo in t  e q u iva le nce  classes. 

Suppose, r  6  \  (F )  is fixe d . O ne can  ta k e  th e  su b g ra p h  o f T spanned  by  ve rtices  a- 

e q u iva le n t to  r  a n d  rem ove  fro m  it  a ll edge's w ith  a n y  la b e l excep t fo r  un . o  €  Z j f  j Z  

The* re s u lt in g  s u b g ra p h  o f  T we ch 'tio te  by  C o r n p H( r )  a n d  c a ll t i - co rnporn nt  o f  r .  In 

o th e r  w ords, th e  (/-co m p o n e n t o f a v e rte x  r  is s u b g ra p h  o f  T a ll edge's o f  w h ich  a rt' 

labe led  by  e xpone 'tits  e>f u.

D e fin itio n  32 Let  T he a (Z  [t], X  ) -graph a n d  r  £ V * ( F ). / v> € I ’ ( C o i n p H[ e ) ) . HV 

def ine a set H n ( r 0 ) assoc iated wi th  Co eis

)) =  {//(/> ) | p  is a reduced  p a th  in  C'o rnpu( r )  fro m  r () to  r ()}.

Observe* th a t  even w h e n  p  is a re'duced p a th  in  C o n i p „ ( r )  its  la b e l p ( p )  =  //"  

can de fine  an  e m p ty  in f in i te  w o rd , th a t  is p ( p )  =  f .

L e m m a  3 0  Let  T he a ( Z [ t \ .  X ) - g r a p h  a n d  r  £  V ' ( r ) . r () €  \ ' ( C o i n p u( c ) ) .  Then

1. H  u(c0 ) is i s o m o r p h i c  to a subgroup o f  7, [t \~ a n d  moreove r ,  i f  C 'o rn pn( r )  is a 

f i n i t e  graph  then L fn(c0) is f i n i t e l y  generated:

2. / / c ,  £  \ ' { C o r n p u( v ) )  then H u{ r Q) ~
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Proo f .  1. O bse rve  th a t  i f  p  is a cyc le  in  Cor7 ipu( r )  a t r 0 th e n  p i p )  =  u " . a  £  Z [ / ]  ~. 

T h e  c o n c a te n a tio n  p\p>  o f  tw o  cyc les in  C 'o n ip u( r )  a t c0 is a g a in  a cyc le  in  C o m p u( r )  

a t t'o w h ic h  m ay  o r  m a y  be n o t reduced . L e t p  be th e  reduced  cyc le  o b ta in e d  fro m  

P 1P2 m a k in g  a ll poss ib le  p a th  re d u c tio n s . T h e n  p ( p )  =  / d / p )  *  /d /p > )  =  / d / p )  * 

p i p i )  £  M u ( f ’o) and  H n( r 0 ) is c losed u n d e r m u lt ip l ic a t io n  w h ic h  is <o m m u ta t iv e .

F in a lly ,  s ince th e  inverse p a th  (/ p ) ~ '  o f  p\  is reduced  a n d  has la b e l / d / p ) ' 1 it 

fo llo w s  th a t  / / „ (  t 'o) is closed u n d e r ta k in g  inverses. A lso , s ince  is a la b e l o f an 

e m p ty  p a th  w h ic h  is reduced  th e n  c le a r ly  e £  / / „ ( r 0 ).

T h u s  H u( i \ ) )  is an a b e lia n  g ro u p .

O ne  can  c o n s tru c t a m ap  0 : H n{ i \ i )  —• Z [ / ] * .  w he re  p ( p )  =  //'* o  £ Z [ / ]~ .  

O b v io u s ly , ti is an is o m o rp h is m  o f  H lt( r {)) a n d  a s u b g ro u p  o f  Z [ / j * .  M o re o ve r, i f  

C 'o m p u( r )  is a f in ite  g ra p h  th e n  th e n ' e x is ts  a n a tu ra l n u m b e r n such th a t  n >  

h a h i ^ ) .  w h e re  //(c )  =  //'* and  > ranges th ro u g h  a ll edges o f C 'o m p lt( r ) .  S i n c e  fo r 

a n y  reduced  cyc le  p  =  /p • • • / ; •  in  C 'o in p n{ r )  such th a t  / / ( /  ,) =  //'* ’ . /  £  [ l . A  j and  

p i p )  =  //'*'*■ =  //'* one has h ah(o )  <  n ia x fL ,{//„*,(/•» ,)} i t  fo llo w s  th a t f { u{ r n \ is

a s u b g ro u p  o f  Z ” w h ic h  is a s u b g ro u p  o f  Z [ / ] '  o f  f in ite  ra n k . T h u s  / / „ ( / •  0 ) is a free 

a b e lia n  g ro u p  o f  ra n k  n o t g re a te r th a n  n.

2. S ince r 0 ~ u / p th e re  e x is ts  a p a th  p  =  / i  • * • A  in  C n n t p u{ r )  such th a t 

o (p )  =  ip .  t i p )  =  /’ i a n d  p ( p )  =  / / " ' . “  £  Z [ / ] ' .  T h e  ex is tence  o f  p  p ro v id e s  one w ith  

co rre sp o n d e n ce  be tw een  cycles a t i \ ,  a n d  c\ - i f  p0 =  rp • • is a reduced  cyc le  at 

/ ’ i th e n  p i  =  f i  ■■■fk-t’ i • • • f m t / d ' 1 • • • ( / ! ) '  ' s c yc le  a t r () a n d  one can  o b ta in  a 

reduced  cyc le  p_> a t r n b y  m a k in g  a ll p o ss ib le  p a th  re d u c tio n s  in  /p .  O bse rve  th a t

P i P i )  =  P (P \ )  =  P i p )  *  PiPo) *  i p i p ) ) ~ l =  p(Po)-  T h u s  H J i ' i )  <  H ui i 'o ) .  In  th e  

sam e w a v  fo r  a n y  cyc le  a t r 0 one can  c o n s tru c t a c o rre s p o n d in g  cycle* a t / j w ith  th e  

sam e la b e l. So / / u( /p )  >  / / u(t'o ) a n d  f in a l ly  / / „ ( / • [ )  ~  H , t i r 0 ) as a b e lia n  g roups .

□
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I t  fo llo w s  fro m  L e m m a  30 th a t  one c an  assoc ia te  a free* a b e lia n  g ro u p  o f  f in ite  

ra n k  w ith  a n y  f in ite  //-co m p o n e n t in  a (Z [ f ) .  X  l-g ra p h  T.

1 6 .4  //-fo ld ed  (/-co m p o n en ts

In  S u b s e c tio n  H i.2 we in tro d u c e d  a n o t io n  o f  p a r t ia l fo ld in g s , b u t i t  tu rn s  o u t th a t 

fo r  o u r  fu r th e r  in v e s tig a tio n s  i t  is no t enough  to  have' o n ly  p a r t ia l ly  fo ld e d  g raphs . 

In  th e  p resent su b se c tio n  we g ive  a d e f in it io n  o f  ( ’ - fo ld in g s , w h ic h  a re  o p e ra tio n s  on 

p a r r ia l lv  fo ld e d  ( Z [/]. X  (-g raphs . Them we show  how  us ing  these* o p e ra tio n s  one* can 

tra n s fo rm  //-c o m p o n e n ts  (// G E )  in to  a p a r t ic u la r  fo rm  w h ic h  sa tis fie s  an  im p o r ta n t 

c o n d it io n s  g ive n  in  Lem m as 34 a n d  35.

L e t T be a ( Z [ / j .  A ")-g ra p h  and  let u £  ( be fixe d  th ro u g h o u t th is  subsec t io n . 

Lc't r  G I ' t D - f o G  I ' ( C o m p e l ' ) ) .

P a r t ia l fo ld in g  de fin e d  in  the* p re v io u s  su b se c tio n  is a s im p le  o p e ra t io n  on edge's 

w h ic h  have the* same1 labe'ls. b u t i t  does no t eove*r the' case whem we> have* tw o  edge's 

J \ . f <  G E ( C o i n p u{ r ) )  such th a t  n { J \ )  =  =  / • „ . / / ( / [ )  =  u ' \ p ( f 2 ) =  // '* . / /  €

E . n . 3  e  Z [ t ] ~ . o  7̂  .1. S ince o  7  ̂ J  110 p a r t ia l fo ld in g  can be* a p p lie d .

D e f i n i t i o n  3 3  ( u - f o l d i n g ). Let  / i. /_ >  G E { C o r n p H{ /•)) hr .such tha t  o ( . f \ )  =  o ( f >) =  

/'o .such tha t  p [ J \ )  — an . [ i ( f ->)  =  u ^ . n . T  e  Z [ / j  "" a n d  suppose lo ! >  \ . j \ .  W i t h o u t  

loss o f  g e n e r a l i t y  u c  r a n  assume both edges to be pos i t i ve ly  o r ie n ted ,  t h a t  is. o .  . i  >  0 

( o th e rw is e  we can co n s id e r  f f 1. / - 1 .2  ins tead o f  f ,  J.

L e t  r 1 be a (Z[t]. X ) -graph  def ined  as fo l lo w s .

V ( r , )  =  V’( D  U {/'1 }. E ( r  1) =  (E(  D  -  { J \ } ) U { r l . e, } .

H e  t h i n k  o f  T 1 as a new  (Z [ f ] .  A" ) -g rap h  ob ta ined  f r o m  V by d i v i d i n g  the edge j \  

i n t o  two  edges 1 1 a n d  e_>. The e ndpo in ts  a n d  a i r o w s  f o r  the edges o f  T 1 are d r f i r n d  

i n  the f o l l o w i n g  way. Let  e G £T( T 1). f 7  ̂ c i-c - j then we p u t  c /j^ fe )  - op(c ) a n d
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^ i'i (O  — f v ( f- )

F o r  the (<}(](s t \ . t >  i r r  p u t  o r .U - 'i)  =  ( > i ( f i M r , U i )  =  'h - " l  i b  =

M / > ) -

F i n a l l y .  p y f t ) =  p \  ( f ) i f  c #  ( i • f- j a n d  / / r , (< i ) =  p v { f >  )• P t i  (< _>) =  t F ' * -  

T h u s ,  in  T )  ict h a i r  a p a i r  o f  edges e \ . f >  i n t h  o r i g i n  r,> an d  t h r  same la h r l  u 1. 

so ire r a n  app ly  a p a r t i a l  f o l d i n g  i.' to T p  A f t r r  t in i d r n t  i f i r a t  ion  o f  < \ a n d  f>  the 

re su l t in g  ( Z [ f J .  X ) -graph ire denote by  A.

I n  th is  s i t u a t i o n  i r t  say tha t  A  is ob ta ined  f r o m  T by a / /- fo ld in g  ( o r  by / / - fo ld in g  

th e  edges / )  a n d  f > )  (set F igu re  i ) .

v0 1
vo

F ig u re  3: P oss ib le  //- fo ld in g s .

O b se rve  th a t  i f  n  =  J  th e n  u - fo ld in g  d e fin e d  above is ju s t  a p a r t ia l fo ld in g . 

F ro m  n o w  on  b y  L ’ - fo ld ings  we d e n o te  th e  set o f  a ll //- fo ld in g s . // E C .

U n lik e  p a r t ia l  fo ld in g s , u - fo ld in g s  d o  n o t d e fin e  rn o rp h ism s  o f  ( Z [ f j .  .Y )-g ra p h s  

because th e y  in v o lv e  th e  o p e ra t io n  o f  d iv is io n  o f  an edge. H ence, we in tro d u c e
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a n o t io n  o f  generahzed  m o r p h i s m  be tw een  tw o  ( Z [ f j .  X  )-g ra p h s . T h a t is. i f  T 1. T j 

a n ' (Z [ f ) .  X  ) -g ra p h s  th e n  a m a p  — : T j —  T j is ca lle d  a <jt n< ‘rah  zed m o r j i h i s m  o f  

( Z [t\. .Y )-g ra p h s . i f  tt sends ve rtice s  to  ve rtice s , d ire c te d  edges to  rc'duced p a th s  and  

has th e  p ro p e r ty  th a t  o ( ~ ( p ) )  =  ~ ( o { p ) ). t ( ~ ( p ) ) =  ~ ( t ( p ) ) .  p{7T(p))  =  //(/>) fo r  any  

reduced  p a th  p o f  T j .

Le t o  be a / / - fo ld in g  d e fin e d  above  w h ic h  is a p p lie d  to  the- p a ir  o f  echoes { / i . /_ > }  

in  E ( C ' o m p u[ r ) ) .  B y  d e f in it io n ,  o  in vo lves  as a f in a l stage a p a r t ia l fo ld in g  1.'. 

T h e n  we have o i  f  1) — c ■ ( f t ) f(e -» ). o ( (  ) =  o ( e ) . c  G E f T ) . /  #  J\  a n d  o ( t r )  =  

{ . ' ( i r ) . i r  G V ( n .  O bse rve  th a t  i t  fo llo w s  fro m  th e  d e f in it io n  o f  o  th a t o (o (c ) )  =  

o ( v ( r ) )  =  c ( o ( t  )) =  0 ( o ( r ) ) . t ( o ( < : ) )  =  t ( o (> ' ) )  =  o ( t ( e ) )  =  o ( t  (c )). / / ( OI < )) =  //(c )  

fo r  an y  r  g  E (T )-<  t  f \  {> ( o ( f \ ) )  =  o ( /.•(/[)>  =  /.- (o (c ,))  =  o{<>( f x )). t ( o ( f \ ) )  =  

H '. ' ( r j ) )  =  ' . ' ( d ' j l i  =  0 { t ( f i ) ) . p ( o ( f \ ) )  =  / / ( / 1). H ence, it fo llo w s  th a t o(o(/>) 1 =  

o ( o ( p ) ) ■ t ( o i p ) )  =  o{ t ( />) ) .  p { o ( p ) )  — p i p )  fo r a n y  reduced  p a th  p  in  f \  O bserve  th a t 

o ( p )  m ay n o t be reduced.

T h u s , we ve rifie d  th a t  / / - fo ld in g  is a gene ra lize d  m o rp h is m  o f (Z 'd j. X  1-g raphs . 

T h e  fo llo w in g  re s u lt is ana lo g o u s  to  L e m m a  29 a b o u t p a r t ia l fo ld in g s .

L e m m a  3 1  Let  F l hr a ( Z [ / j . .V ) - rpuph obta ined hi/ a u - f o l d i n g  f r o m  a ( Z [ f  j . .V )- 

graph  T . Le t  r  he a ver tex  o f  T a n d  /■[ be the c o r respond ing  ver tex  o f  T 1. T h i  n the 

f o l l o w i n g  ho ld :

1) I f  T is connected then  T i is connected.

2)  Let  /) he the path f r o m  c to v in  T such tha t  p i p )  =  w. Then  the image o f  p 

i n  r 1 is a path p i  f r o m  /•] to  t ’ i such th a t  p { p \ )  =  //’ ■

3 )  I f  T is a f i n i t e  [ U f ] .  X ) - g r a p h .  then  |V' ( T 1) | <  |V '(F ) | .

Proof.  1) a n d  3) fo llo w  d ir e c t ly  fro m  th e  d e f in it io n  a n d  2) fo llo w s  fro m  th e  fa c t 

th a t  //- fo ld in g s  a re  g e n e ra lize d  m o rp h is m s .

□
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I t  is easy to  see th e  d iffe re n ce  b e tw een  L e m m a  29 a n d  L e m m a  31 above. U n lik e  

p a r t ia l fo ld in g s , //- fo ld in g s  d o  n o t p reserve  labe ls  o f  p a th s  ju s t  because' o f  th e  d iv is io n  

o f  edges in v o lv e d , b u t any  p a th  in  T a n d  its  im a g e  in  Tj have th e  th e  sam e labe ls  

v ie w e d  as reduced  in f in ite  w ords.

T h e  fo llo w in g  im p o r ta n t  re s u lt fo llo w s  d ir e c t ly  fro m  th e  L e m m a  3<s w h ic h  w i l l  

be p ro ve d  in  S u b se c tio n  17.2 in  m o re  g e n e ra l c o n te x t.

L e m m a  32  Let  A  be a ( Z [ t ] .  X ) -g raph  ob ta in e d  by a u - f o l d i n g  o  f r o m  a y raph  T. 

Let  r  be a vert.ex o f  T such tha t  e belongs to some u -eornponen t  in T. Then <:>{r) 

belongs to a u -c o m p o n e n t  in  A  a n d  H n{ r )  ~  H lt(o( r ) ) .

A n y  fin ite* ( /-co m p o n e n t can  be tra n s fo rm e d  in to  a s ing le  p o s it iv e ly  o r ie n te d  p a th  

w ith  asso c ia te d  free* a b e lia n  g ro u p  o f  fin ite* ra n k . The* nc'xt re su lts  show  how  one 

can  use //- fo ld in g s  to  get such a fo rm  o f  //-com pone*n ts.

A t  f ir s t ,  rc 'oa ll th a t  in  a connec'ted g ra p h  a s u b g ra p h  is sa id  to  be* a s p a n n in g  t n  e 

i f  th is  s u b g ra p h  is a tre*e a n d  i t  c o n ta in s  a ll ve rtic  es o f  the* o r ig in a l g ra p h . I f  a g ra p h  

T  is a  tre*e th e n  fo r an y  tw o  ve rtice s  / |. /•_> o f  T  th e re  is a un ic iue reduc-ed p a th  in  T  

f ro m  v i to  v-2.

L e t T be a (Z [H . A ' ) -g ra p h  a n d  r  £  I  * ( T ). W e c a ll a p a th  p  =  i | • • • / * .  in  

C 'o n ip u(v )  p o s i t i r e l g  o r ie n te d  (n e g a t i v e l y  o r ien ted )  i f  ev, >  0 (a , <  0 ). i  £  [ 1. k] .  

w h e re  / / ( c , )  =  /z ° \

L e m m a  33  Let  T  be a f i n i t e  tree such, t h a t  a l l  i ts  edges are labeled by un . o £ Z[/]~ 

a n d  le t  t ’0 £  V ( T ) .  Then  T  can be t r a n s f o r m e d  by f i n i t e l y  m a n y  u - fo ld m g s  i n t o  a 

tree T ’ such tha t  i f  r ' 0 G V ( T ' )  cor responds to c0 then f o r  a n y  v G V ( T ' )  the unique  

reduced pa th  p v f r o m  v '0 to v is e i t h e r  p o s i t i v e l y  o r i e n te d  o r  negat ive ly  or ien ted .

P roo f .  S ince  t *0 can  be co n n e c te d  b y  a u n iq u e  reduced  p a th  to  a n y  v  G \ ' ( T )  

a n d  T  is f in i te  we have a f in ite  n u m b e r o f  such p a th s  p v. r  £  In  each p a th
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Pv — ( i • • • < k- the*re can be pos itive ' e'dge'S . th a t  is. la b e le d  by  u ' \ n  >  0 and  a lso  

n e g a tiv e  edges. T o  p rove  th e  s ta te m e n t o f  th e  le m m a  we use in d u c t io n  on  th e  

n u m b e r o f ve rtic e s  in  T  such  th a t  is n e ith e r  p o s it iv e ly  n o r  n e g a tiv e ly  o r ie n te d .

L e t D r  d e n o te  th e  set o f  such  ve rtice s  in  T.

I f  |£?r| =  d th e n  le m m a  is a lre a d y  tru e  fo r T .  T h u s  we assum e th e  s ta te m e n t to  

be tru e  fo r  a n y  tre e  S  w i th  |Z?s| =  n — I.

L e t \ D r \  =  n n n d  ta k e  a n y  v e rte x  r  fro m  D r -  T h e n  p r =  > \ ■■■u- i-s a u n ique  

reduced  p a th  such th a t  o (p )  =  i ’o . t ( p )  =  r . p ( t , )  =  u '*■./ G [L A -]. W ith o u t  loss o f 

g e n e ra lity  we can  assum e n ,  >  0 . Since1 r  <E B  th e re  e x is ts  m in im a l j  €  [-• A] such 

th a t  a ; . | >  0 . r i j  <  0. T h u s  t ( c j )  €  D r  and  a g a in , w ith o u t  loss o f  g e n e ra lity  we can

assume1 r  — W e have tw o  case's.

( 1) o  [ - + - • • •  4- ( \ j  | >  b y ,  |

F ig u re  4: Case (1 ). j  =  4. /  =  2.

T h e re  e x is ts  m a x im a l i  G [ l . y  — 1] such th a t  a , H +  n j - i  >  k c l  ^m t +

• ■ • +  rv; - i  <  |o j | .  Hence. e} ca n  be fo ld e d  s te p  b y  s te p  w i t h  the* n e g a tiv e ly  o r ie n te d  

p a th  • • • r ~ l =  / i  • • • e j l ,  =  s G [ l . J  -  /] as fo llo w s .

v v
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Cj is d iv id e d  in to  n e g a tiv e  edges h \  / / j_ ,  b y  new  ve rtice s  r j ...........O - i - i  *o

th a t o ( h i )  =  n ( i j ) . t ( h s ) =  o ( h ^ i )  =  r„ ..s  G [1 .J  -  i -  l ] . f ( / / j _ , )  =  t { f j ) . f i ( h j  =  

l_i (f_.) - i r ni - > . s  G [1. j  -  / — I ] .  / / ( / / ,_ , )  =  ur,J~r' ' - 1 ~ - i . F in a lly ,  th e  sequence o f

//- fo ld in g s  id e n tit ie s  each / t s w ith  / *  fo r  a ll .s G [ 1. _y — / — 1 ] a n d  , becom es an  in i t ia l  

p a r t o f / j _ ,  =  e,-1 . W e d e n o te  th is  sequence o f  ( /- fo ld in g s  b y  o  a n d  le t T ’ d eno te  

th e  re su lt o f  a p p ly in g  o  to  T .  O bse rve  th a t  a fte r  o  is a p p lie d  c =  t ( r , )  is id e n tif ie d  

w ith  a p o in t o n  edge e,. so o ( r )  is connec te d  to  r a b y  a  u n iq u e  reduced  p o s it iv e ly  

o r ie n te d  p a th . O b v io u s ly  T '  is a lso  a tree  and  we have th a t  o ( i ' )  £  D j ' -  Observe' 

a lso  th a t  i f  w  £  B t  th e n  o(u - )  & B t ' ■ Indeed , i f  a v e r te x  //• G T  is co n n e c te d  to  r n

b y  a u n iq u e  p a th  p,t. such th a t  f } G />„. th e n  also c o n ta in s  / [ • • a n d  i r  G B r -

B u t such ve rtice s  are  th e  o n ly  ones fo r w h ic h  a p a th  le a d in g  to  r () is changed  unde r

o.  So i f  /(•' ^  B t  th e n  //„.< is no t a ffec ted  b y  o  an d  o ( p w>) =  / V -  It fo llo w s  th a t

F ig u re  5: Case (2 ). j  =  3.

(2) « ! + • • • +  oJ_, <  |t*,|

f j  can  be fo ld e d  s te p  b y  s te p  w ith  th e  n e g a tiv e ly  o r ie n te d  p a th  • • • c f 1 =

\ B T ' \  <  I B t \ .

v V
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/ 1 • • • f ,  - l - ' V 1, =  /«■*’ £  [ L  J “  L1 as fo llo w s .

( j  is d iv id e d  in to  n e g a tive  edges h \  h j  b y  new  ve rtice s  / ' i  so th a t

< ■ ) ( / ) , )  =  o ( c ; ) . f ( / / J  =  o ( h ^ i )  =  €  [ l . J  -  =  f l >  ; ) . / / ( / / , )  =  / / ( / J  =

s £  [!._ / — 1 ]. / / (// j  _ x) - u ' ' ; * '1! *  F in a lly ,  th e  sequence o f  //- fo ld in g s

id e n tif ie s  each /?s w i th  / ,  fo r  a l l .s £  [1. j  — 1]. W e d e n o te  th is  sequence o f  //- fo ld in g s  

b y  o  a n d  le t T '  d e n o te  th e  re s u lt o f  a p p ly in g  O to  T .  T h e n  T '  is a lso  a tree  a n d  

we have th a t  o(r)  =  o ( t ( C j ) )  is co n n e c te d  to  0 ( r (J) =  r n in  T '  by  a u n iq u e  reduced  

p a th  w h ic h  cons is ts  o f  a s in g le  n e g a tive  edge h j .  So O i r )  £  D r ■ und  b \ th e  sam e 

a rg u m e n t as in  ( I )  we have th a t  \ B r ' \  <  \ D t \.

T h u s , in  b o th  cases we o b ta in e d  a new  tree  T '  fo r w h ich  th e  s ta te m e n t can  be 

o b ta in e d  b y  in d u c t io n .

□
A s a c o ro lla ry  o f  th e  L e m m a  33 we ge t th e  fo llo w in g  im p o r ta n t  re s u lt.

C o r o l l a r y  3  Let. T  be a f i n i t e  t n c  such tha t  a l l  i ts edtjes a n  lain led hi/ //'*./> £  

a n d  let r {) £  \ ' { T ) .  T hen  T  ra n  be t r a n s f o r m e d  i n t o  a s nn / i i i  p o s i t i n  h/ o n i  n t n l  path  

hi/ f i n  i tel i /  in a m / n - fo ld nu js .

Proof.  B y  L e m m a  33. T  ca n  be tra n s fo rm e d  b y  f in i te lv  m a n y  //- fo ld in g s  in to  

a tre e  T '  w ith  r ' () £  Y ( T ' )  c o rre s p o n d in g  to  r n. such th a t fo r  any  r  £  V '(T ')  th e  

u n iq u e  reduced  p a th  p v fro m  r 'o  to  /• is e ith e r  p o s it iv e ly  o r ie n te d  o r  n e g a tiv e ly  

o r ie n te d . X o w . to  c o m p le te  th e  p ro o f i t  is enough  to  n o tice  th a t  an y  tw o  f in ite  s im p le  

p o s it iv e ly  o r ie n te d  p a th s  w h ic h  have th e  sam e o r ig in  ie can  be fo ld e d  to g e th e r in to  

one s im p le  p o s it iv e ly  o r ie n te d  p a th  w i th  th e  sam e o r ig in  u \  So. a f te r  f in i te ly  m a n y  

//- fo ld in g s  one tra n s fo rm s  T '  in to  tw o  p a th s  le a d in g  fro m  r ' 0 - one p o s it iv e ly  o r ie n te d  

a n d  a n o th e r  one n e g a tiv e ly  o r ie n te d . T h e ir  c o n c a te n a tio n  is a reduced  p o s it iv e ly  

o r ie n te d  p a th .

□
X o w . we re tu rn  to  //-co m p o n e n ts  in  a  (Z [ t \ .  A ') -g ra p h  T.
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L e m m a  3 4  Let  T he a (X [ t \ .  X  ) -graph.  r  G V '(T )  a n d  C' =  C o i n p H( r )  hr- f i n i t e .  

Then  t h f i r  exist  a (Z [ f ] ,  X ) - g r a p h  A  ob ta ined  f r o m  T bg f i n i t e l y  m a n y  u - fo ld m g s  

such tha t  r '  G 1 ( A )  corresponds  to r  a n d  C"  — C o m p „ ( r ' )  cons is ts  o f  a s im p le  

po s i t i ve l y  o r ie n te d  pa th P c . some rel i . ices o f  w h ich  m a y  he connected by single edges 

no t  in  P ( " .

Proof .  Le t T  he a n y  s p a n n in g  tre e  o f  C . T h e n , b y  C o ro lla ry  3 th e re  e x is ts  a

f in ite  sequence { o \ .......... o „ }  o f  / / - fo ld in g s  w h ic h  tra n s fo rm s  T  in to  a s im ple ' p o s it iv e ly

o r ie n te d  p a th  P c .  O bse rve  th a t  some' ve rtice s  in  P c  can  he co n n e c te d  b y  im ages 

o f  edges fro m  C  -  T .  T h u s . A  is th e  image' o f  T u n d e r ( o i  Or i}.

□
W e ca ll C  fro m  th e  le m m a  above' a reduced  //-c o m p o n e n t. Since1 P( - is a simple* 

p a th  there* e*xists a v e r te x  zC' G \ ' ( P < - )  such th a t  rc z /p „ ( z( ) =  1 anel the* o n lv  edge* 

in  Pc> w h ich  has z( - as an  o r ig in  is p o s it iv e . W e c a ll z( -  a bast - p o in t  i d  C".

Obse*rve* th a t  be’cause o f  a r b i t r a r y  choice* o f  a s p a n n in g  tre*e* fo r  C  a n d  a r b i t r a r v  

o rd e r  o f  p e r fo rm in g  sequences o f  //- fo ld in g s  i t  fo llo w s  th a t  re*duce*d //-com pone*n t C"  

c o rre s p o n d in g  to  C  is n o t un ic iue.

L e t T be* a n y  CL{t\. A ') -g ra p h . v €  V '(T ) a n d  le t C  =  C 'o m p u(e)  be f in ite  re*duced 

//-c o m p o n e n t. T h e n  th e re  e x is ts  a s im p le  p o s it iv e ly  o r ie n te d  p a th  P( • in  C  w h ic h  

o r ig in a te s  a t a b a s e -p o in t z( • o f  C \  S ince C  is f in ite  th e n  th e re  a re  f in i te ly  m a n y

edges / / [ .........//( in  C \ P c ■ A n y  /?, con n e c ts  tw o  v e rtic s  in  Pc  so th e re  e x is ts  a u n iq u e

reduced  p a th  c/, in  P c  such  th a t  o(/z ,) =  o ( g , ). f ( /z , ) =  / ( r/t ). M o re o ve r. /z,c/,-1 is a 

cyc le  in  C .  so p ( h t ) *  / /( r /,)  ' =  c G H u(zc )-

N ow . le t p =  f*i • • •£ *„ be a reduced  p a th  in  C .  Suppose* som e o f  its  edges

eM r n - i j  ^  [ 1. rt] b e lo n g  to  C \ P c .  T h e n  we c o n s tru c t a n o th e r  p a th  p'  in  th e

fo llo w in g  w ay: e ve ry  edge e, is e q u a l to  som e h t] in  th e  lis t o f  edges o f  C \ P ( -. so in  

p  we s u b s t itu te  e, b y  th e  p a th  qt j . T h e  re s u lt in g  p a th  p'  m a y  be n o t reduced , so 

we p e r fo rm  a ll poss ib le  re d u c tio n s  a n d  o b ta in  a reduced  p a th  p "  a l l  edges o f  w h ic h
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b e lo n g  to  Pr . W e have n {p " )  =  o ( p ) . t ( p " )  =  t ( p ' ) . p ( p " )  — / / ( / ; )  *  h . h  £  H u(z, -)  

because o f  th e  d e f in it io n  o f  th e  p a th  r/, fo r  each //, £  C ' \P , - .  F in a lly ,  observe  th a t / / '  

is u n iq u e ly  d e fin e d  fo r p  because it  is a reduced  s u b p a th  o f  Pr .

Hence, fo r  a n y  reduced  p a th  p  in  C  th e re  e x is ts  a u n iq u e  reduced  s u b p a th  7 o f 

P c  w ith  th e  sam e (M idpo in ts  as p  and  such th a t  p ( p )  *  p [ q )  £  / / „ ( -< • ) •  F 'u rth e r. 

we w i l l  use th e  n o ta t io n  7 =  [//).

T l» ' converse is a lso tru e , th a t  is. i f  q  is a reduced  p a th  in  P c  and  c £  H „ [ z c )  

th e n  since a n y  e lem en t fro m  Ffu( z c )  can be re a lized  as a reduced  la b e l o f  some 

lo o p  at t ( q )  in  C .  th e re  e x is ts  a reduced p a th  p  in  C  such th a t o(p)  =  n ( q ) . t [ p )  =  

t ( q ) . p ( p )  =  /«( ' /)  * < ■ O bserve  th a t  7 is n o t u n iq u e  w ith  respect to  p e rm u ta t io n  o f 

cycles.

T h is  correspondence* above shows th a t  a n y  f in ite  reduced (/-co m p o n e n t ( '  in  a 

(Z [) ] .  ,Y )-g ra p h  is c h a ra c te r iz e d  c o m p le te ly  b y  th e  p a ir  ( / ’ •■ H „ ( z c ) ) .

I f  C' is f in ite  th e n  th e re  e x is t f in i te ly  m a n v  s u b p a th s  q x 7 . o f  P, ■ suc h th a t

fo r a n y  p a th  p  in  [//] =  7, fo r  some* 1 £  [L .* ] .  M oreove r, let P,- =  J\  • • • / , „ .

w he re  o ( / i )  =  -('■ L e t r 0 =  zC - i \  =  6  [1 . rn\ and  le t po. p \  p,„  be

reduced  s u b p a th s  o f  P( - such th a t  o ( p t ) =  Z c . f { p t ) =  / ', . /  £  [O ./n j. I t  fo llo w s  th a t 

a ll p t are p o s it iv e ly  o r ie n te d . T h e n  fo r e ve ry  reduced  s u b p a th  p t J o f  Pr  such th a t 

" ( P i . j )  -  1' i-HPt. j )  =  t ’j  we have p ( p t J ) - p ( p } ) * / / ( / / , )  '• B y  Lem m a .'50. I I , )  

is f in ite ly  gen e ra te d  a n d  is is o m o rp h ic  to  a s u b g ro u p  o f Z r . r  £  M. So i f  // is a 

reduced  p a th  in  C  such th a t  o{p)  =  i \ . t ( p )  =  Vj th e n  by  d e f in it io n  o f  [/>] we have 

p ( p )  a n d  / / ( [ / / ] )  =  p (P i . j )  =  p ( P j )  *  p ( P t ) a re  in  th e  same coset in  Z r b y  H u(z c ) .  

T h a t  is. we can  express th e  la b e l o f  a n y  reduced  p a th  in  C’ in  te rm s  o f  labe ls  o f

p t . i £  [0 . m\  a n d  e lem en ts  fro m  H u{ z c ) .  W e c a ll a set o f  p a th s  p o - P \  p„ ,  a sc) o f

path representa t i ves  assoc ia ted w i th  C  a n d  d e n o te  th is  set b y  Rep(C ' ) .  T h e  fo llo w in g  

re su lt ho lds.

L e m m a  3 5  L e t C '  he a f i n i t e  reduced u - c o m p o n e n t  in a ( Z [ t j . .Y ) -graph  f .  r  £  \ ’ (C')
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a n d  let  a  €  I f  p ( p t ) *  p ( p j )  £  H u(zr ) f o r  a n y  [>t . p j  e  R i p ( C ' ) . i  ^  j

</ien e i t h e r  there exists a un ique  reduced path p in I \  ■ such tha t  n ip )  — r  and  

un 6  / / ( p ) *  H , t (z ( -) n r  there exists no path q in C  wi th th is  proper ty .

Proof .  S uppose  011 th e  c o n tra ry  th a t  th e re  e x is t tw o  reduced  p a th s  p . q  in  P,- 

such th a t  o(p )  =  r . n ( q )  — r  a n d  u '‘ =  p i p )  * h \  - p \ q )  *  h , . h \ . h  < G T h e n

p i p )  * p { q )  ’ =  h f l *  h 2 G H u(z c ) .

O n  th e  o th e r  h a n d  we have th a t  r  =  r , . t ( p )  =  C j . t { q )  r k . j  k.  So wo have 

p (p )  =  p ( p j )  *  p ( p t ) '.  p ( q )  =  p(pfc) * p ( p l ) ' . S o  p i p ) * p ( q )  ' =  ( p { p , )  * //(/>,) ' ) *  

i p i p k )  *  p i p , )  V 1 =  t d P j )  *  p ( p k )  ' e  H u(zr ) - c o n tra d ic t io n .

□
I f  C  is reduced  a n d  R e p ( C )  sa tis fies  th e  c o n d it io n  fro m  L e m m a  :5o th e n  we ca ll 

C  a u - fo ld e d  u -com pone n t .

L e t C' he a f in ite  m in c e d  n -co m p o n e n t in  a ( Z [ f j .  X  ) -g ra p h  T whic h is not 11- 

fo ld e d . T h a t  is. th e re  e x is t tw o  ve rtices  r , .  i - j . t  <  j  in  P,- such th a t  p ( p t ) * p i p , )  ' €  

H lt( z c ) .  C o n s id e r a g ra p h  A  w h ic h  is o b ta in e d  fro m  T b y  id e n t if ic a t io n  o f ve rtices  

r t . Cj in  C  in to  one  new  v e r te x  r .  W e c a ll th is  o p e ra tio n  a co l lapse o f  r ,  and  iq.  T h e  

re s u lt in g  u -c o m p o n e n t in  A  we d e n o te  b y  C . In  fa c t, a co lla p se  can he o b ta in e d  

as a f in ite  sequence o f  u - fo ld in g s . Indeed , since p ( p t ) *  p i p , )  — h G H u(z( -) th e re  

e x is ts  a p o s it iv e  lo o p  a t i \  w i th  th e  la b e l h. T h is  m eans th a t  i f  we add  a s ing le  edge* 

e to  C  so th a t  o(e)  -= t ( c )  =  r , . p ( e )  =  h th e n  H u( z c )  i-s n o t changed . T h e n  we 

can  a p p ly  a sequence o f  j  — i  u - fo ld in g s  to  e a n d  th e  s u b p a th  </ =  c ,_ i • • • e} o f  P( - 

c o n n e c tin g  i \  a n d  i-j. A f te r  these  u - fo ld in g s  are  im p le m e n te d , r ,  is id e n tif ie d  w ith  

Cj because p ( q )  — h.  S ince  u - fo ld in g s  d o  n o t change H u( z c )  in  u -co m p o n e n ts  a 

c o lla p se  o f  r ,  a n d  Cj is a v a lid  o p e ra tio n . O bserve  th a t  | l ' ( C ) |  =  | l ' ( C ' ) |  +  1. I f  C '  is 

n o t re d u ce d  so u s in g  f in i te ly  m a n y  u - fo ld in g s  one can  reduce* i t  a n d  since* u -fo ld in g s  

dej ne)t increase  th e  n u m b e r c jf ve rtice s  fe>r the* re s u lt in g  re d u ce d  u -co m p o n e n t C "  we 

have |V '(C ) |  >  |V '(C ') |  >  |V '( C " ) | .  T h u s , th e  fo llo w in g  re s u lt ho lds .
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L e m m a  3 6  Let  T be a ( Z [ f j .  .V ) -graph  wh ich  has f i n i t e l y  m a n y  i i -eom ponen ts  a l l  o f  

which  are f i n i t e  a n d  reduced. Then t h i n  exists a p a r t i a l l y  f o ld ed  ( Z [ / j .  .V )~yraph  A  

which  is ob ta ined  f r o m  T by f i n i t e l y  m a n y  u - fo ldn i r j s  such that  a l l  i ts n -eom pon en ts  

are a- folded.
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17 F -fo ld ed  (Z[£]. X )-g ra p h s an d  su b g ro u p s o f  F z^

In  th e  p re v io u s  sec tions  we d e fin e d  a ll necessary o p e ra t io n s  on  ( Z [/]. .Y (-g raphs  w h ic h  

a re  to o ls  fo r  c o n s tru c t in g  ( - f o ld e d  g ra p h s  (see R e m a rk  5 ). In  th e  P ro p o s it io n  4 we 

in tro d u c e  th e  p ro c e d u re  w h ic h  tra n s fo rm s  a n y  (Z [ f ] ,  X  p a ra p h  in to  a I’ ’ - fo ld e d  one 

and  a lso we show  the* co rre sp o n d e n ce  be tw een  f in ite  ( Z j V ] .  X )-g ra p h s  an d  f in ite ly  

gen e ra te d  s u b g ro u p s  o f  F ~ 'fL

17.1 L a n g u a g es  a s so c ia te d  w ith  (Z[f). A ')-graphs

In  th is  se c tio n  we a d ju s t th e  d e f in it io n  o f  a la ngua ge  recogn ized  by  a g ra p h  fro m  

[2 1] (D e f in it io n  2 .7 ) to  ( Z [ f ] .  X  )-g raphs .

D e f i n i t i o n  3 4  Let  T be a ( Z [ f ] .  .Y ) -graph a n d  let r  he a n  r t e r  o f  Y . l iV  def ine the

langueige n f  T w i th  respect, to r  to he

L (T .  r )  =  { / t ( / d |  p  is a reduced  p a th  in  P fro m  r  to  r } .

I f  tc be long s  to  Z.( T. r ) .  we w i l l  a lso  so m e tim e s  say th a t  w  is accepted by  ( I \  r )  

(o r  ju s t  b y  T i f  c is f ix e d ).

T h e  fo llo w in g  re s u lt es tab lishe s  a c o n n e c tio n  b e tw een  (Z F fj. .Y )-g raphs and  sub- 

g ro u p s  in  F ZI'I.

L e m m a  3 7  Le t  T be a f i n i t e  {"L[t\. X ) - g r a p h  a n d  let  v 6  l* ( T ) .  Then L ( Y . r )  is a 

subgroup o f  .

Proof .  O bse rve , a t f ir s t ,  th a t  L ( Y .  r )  is a subset o f  F ^ — b y  d e f in it io n .

L e t g\ .c )2 £  L ( r .  c) .  T h e n  th e re  are  re d u ce d  p a th s  p\  a n d  p> fro m  r  to  c  in  T

such th a t  p ( p t ) =  ejt . i  =  1. 2 .

T h e  c o n c a te n a tio n  q o f  p\  a n d  p> is a p a th  in  T f ro m  r  to  c such th a t  p ( q )  =  

p ( P i )  *  P (P i ) • h i l t  q m a y  n o t be reduced  . L e t p  be th e  reduced  p a th  o b ta in e d  fro m
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r/ b y  m a k in g  a ll p o ss ib le  p a th  re d u c tio n s . T h is  m eans th a t  th e  la b e l f l i p )  =  p i g )  

a nd  o(p)  =  t ( p ) =  r .  T h e re fo re  p ( p \ )  * p(p_>) =  p i p )  €  L ( Y .  r ) .

T h u s  r/i *  g> G Z-(r.r) a n d  L ( Y . r )  is c losed u n d e r m u lt ip l ic a t io n  * o f  in f in ite  

w ords.

It is easy to  see th a t  th e  inverse p a th  ( p i ) -1 o f  Pi is reduced  and  / / ( p {' 1 ) =  

//( /> ,)■ ' =  p ( p \ )  . T h is  im p lie s  th a t  L ( Y . r )  is c losed  u n d e r ta k in g  inverses. A lso ,

o b v io u s ly  f  €  £ ( r .  r ) .

T h u s  Z . ( r . c )  is a s u b g ro u p  o f F "  v .

□
In  th e  p re v io u s  s e c tio n  we in tro d u c e d  o p e ra tio n s  on  an a rb i t r a r y  ( 7 f t j. .Y )-g ra p h  

T (p a r t ia l fo ld in g s  a n d  a -fo ld in g s , it G C ) a n d  now  we p rove  th a t  th e y  do  no t change 

t lu 1 langua ge  a sso c ia te d  w ith  T.

L e m m a  3 8  Let  T he a f i n i t e  (Z  [/). X  ) - ( jmph a n d  le t  r G  I ’ l D -  Lt t A i  hi a ( Z [ d .  .V )- 

(jvaph o h ta ined  f r o m  T hi/ a single p a r t i a l  f o l d i n g  a n d  let  A_> he a ( Z {t}. X  )-graph  

ob ta ined f r o m  Y bg a s ing le i i - f o l d i n g  f o r  some u G L . so tha t  /'[ G I ( A | )  a n d  

r j  G I "(A_>) e o n e s p o n d  to r .  Then

L ( Y . r )  =  L ( A , . r , )  =  L (  A , . /•_,).

Proof .  A t  f irs t  we p rove  L ( Y . r )  =  L ( A i . t ’i ) .  I f  A )  is o b ta in e d  fro m  T by  

id e n t if ic a t io n  o f  edges e^.e-y G r . / i ( c ’ i )  =  p { (  >) =  r  G A’ * 1 th e n  th e  re su lt fo llo w s  

fro m  th e  p ro o f  o f  L e m m a  3.4 in  [24]. I f  r y . f  _> G Y a re  la b e le d  b y  the  sam e e xp o n e n t 

o f  som e u G U  th e n  th e  p a r t ia l fo ld in g  w h ic h  id e n tif ie s  ty  a n d  ey is a / / - fo ld in g  

and . th u s , in  th is  case, we reduced  th e  p ro o f o f  L ( Y .  r )  =  L ( A [ .  t y ) to  th e  p ro o f o f  

£ ( r .  r )  =  L (  A_>. /'■_>).

So le t us p rove  L ( Y . v)  =  L { A j .  ty ) .
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S uppose A i  is o b ta in e d  fro m  T by fo ld in g  tw o  edges < > in  T w h ic h  have th e

sam e in i t ia l  v e rte x  i r  a n d  p ( < i )  =  t S ' - p i r * )  =  w*.  W ith o u t  loss o f  g e n e ra lity  we 

can  assum e o  >  -i  >  0. T h e n  c j becom es a p a th  h \h >  in  A_> such th a t / * ( / /1) =  

i / T //(//•_>) =  i/°  J a n d  h\  is id e n t if ie d  w ith  r_> in  A_> in to  an  edge h.

S uppose p  is a re d u ce d  p a th  in  T fro m  r  to  r .  so th a t  p i p )  6 L(r.r). T h e  

im age  o f  p  in  A t b y  L e m m a  31 is a p a th  p' fro m  r_> to  r ,  such th a t p i p )  — p i p ’ )- 

H ow ever. / /  need n o t be re d u ce d . N am e ly . / /  is re d u ce d  i f  and  o n ly  i f  p does no t 

c o n ta in  an y  s u b p a th s  o f th e  fo rm  c.7l ' i o r c j- *(■_». L e t p "  be th e  p a th  o b ta in e d  fro m  

/ /  b y  p e r fo rm in g  a ll p o ss ib le  p a th  re d u c tio n s  in  A_>. T h e n  p{j>) — p i p ' )  =  p i p " )  and  

p i p " )  €  L ( A j .  <•■_>). T h u s  we have show n th a t L ( V . r )  C  L i V . r ' ) .

S uppose now  th a t  / /  is a n  a r b i t r a r y  reduced p a th  in  A_> fro m  r j  to  r_.. W e c la im  

th a t th e re  is a reduced  p a th  p  in  T fro m  r  to  r  s tich  th a t  p i p )  =  p ip ' ) -  W e w i l l  

c o n s tru c t th is  p a th  e x p l ic i t ly .

( 1) o  =  -i

In  th is  case /;_> is an e m p ty  edge and  < i.c_. a re  id e n tifi« 'd  w ith  th e  edge li in  A_>.

T h e  occu rrences  o f  /tT * ( i f  a n y ) s u b d iv id e  / /  in to  a c o n c a te n a tio n  o f  th e  fo rm :

P  =  P o / o P l / t  • • - f k P k r  1-

w lie re  f t =  / / - *  a n d  th e  p a th s  p , d o  no t in vo lve  h ~ l .

Suppose th a t  fo r  som e i  we have / ,  =  h. S ince  /;, a n d  p t^ \  d o  no t in vo lve  th e  

edge /). th e y  can  a lso  be co n s id e re d  as p a th s  in  T . M o re o ve r, b y  th e  d e f in it io n  o f  

u - fo ld in g . in  th e  g ra p h  T th e  te rm in a l v e rte x  o f  p t is jo in e d  w ith  th e  in i t ia l  v e r te x  

o f  b y  e ith e r  th e  edge e\  o r  e->. W e d e n o te  th is  edge b y  d t (so th a t  d t €  {c x. c_>}). 

N o te  th a t  now  p p ^ p ^ i  is a reduced  p a th  in  T w i th  th e  sam e la b e l as th e  p a th  

P . / .P . - i  in  A_,.
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S im ila r ly ,  i f  fo r s o in r  i wp have / ,  =  h we c an  f in d  c/, €  { c j  1. r ■_> 1} .such th a t 

Pi(!iPi  +1 i-s a reduced  p a th  in  Y w i th  th e  same* la b e l as the' p a th  p l f , p l ±.\ in  A_>.

T h e n

p  =  pndnpi  . . .(k-Pk~\

is a  reduced p a th  in  T fro m  r  to  r  w ith  the* same la b e l as / / .  T h u s  / / ( / / )  €  L ( Y . r )  

a n d  th e re fo re  L (A j.r_ > )  C  £ (T .  r ) .

(2 ) <> >  .1

T h is  is a genera l ca.se w h e n  eg becom es a p a th  />/;_> a n d  c_> becom es th e  edge 

h in  A_>. O bserve  th a t  p ( h )  =  p ( r  , ) . f t ( h  >) =  p i r - j ) ' 1 * / / ( r j ) a n d  o ( h )  — o(c_.) =  

o((  j ) . / ( / ; )  =  t[> j ). o( h 2) =  t { h ) =  t ( r  2 ). t ( h >) =  t ( f  \ )  in  A j .

S im ila r ly  to  ( 1) we s u b d iv id e  / /  b y  th e  occu rrences  o f / j r l  a n d  //.J1 so th a t

P =  PofoPi  1 1 • • • Skpk -1 •

whc>re / ,  =  h ~ l o r / ,  =  /;.f 1 a n d  th e  p a th s  p, do  no t in v o lv e  h ~ x . h f 1.

A n y  e n try  o f edge />_> we s u b s t itu te  b y  a p a th  c f 'c  g a n d  e v e ry  e n try  o f  h wci 

s u b s titu te ' b y  c _> so th a t  hr, 1 is s u b s t itu tc 'd  by > , j  a n d  h ~ x b y  c_r'.

Suppose th a t  fo r som e i  we have / ,  -- h. S ince p t and  / ; , , [  d o  n o t in v o lv e  th e  edge 

h.  I new can a lso  be co n s id e re d  as p a th s  in  T. W e h a v e /( / ; , )  — o ( h )  — <>{< _>). o ( p , . i ) =  

t ( h )  =  t ( f  j ) .  so the' s u b s t i tu t io n  h  —  r  , is valicl. I f  o n  th e  o th e r  h a n d  fo r  some1 j  

we have =  h ,  th e n  t ( p j )  1 )• <>(Pj ~ i ) =  =  f ( r ' \ )  u n d  aga in

th e  s u b s t itu t io n  h ,  —  c .71 e51 is v a lid . F in a lly .  p ( h )  — /<(r_>). p ih - , )  =  p i ( i ) ~ x *  pi<  i )  

im p lie s  th a t  a f te r  a ll poss ib le  s u b s t itu t io n s  in  p’ a re  m ade, th e  re s u lt in g  p a th  p"  in  T 

f ro m  v  to  c a n d  p i p ” ) — p ( p r ). b u t  p "  m a y  n o t be reduced . L e t p  be  th e  p a th  o b ta in e d  

fro m  p "  b y  p e r fo rm in g  a l l  p o ss ib le  p a th  re d u c tio n s  in  T. T h e n  p i p )  =  p i p " )  =  p i p ' )  

a n d  p i p )  €  L (T .  r ) .
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Hence in  b o th  cusps (1 ) .(2 )  above  L ( A_>. m ) Q L ( V . r )  w h ic h  co m p le te s  th e  p ro o f.

□
I f  _7 £  th e n  it  fo llo w s  th a t  g £  G nJ, i  fo r  som e f in ite  n in  th e  series (7 ). Le t

F  <  H  I)) i H„i[ 0 )  j  <  . . . <  H  m\ 0 ) f c | , ) |  Hmt 1 11 < ~- • • • ^  I I  mi I I k , , ,  <  • • • ( 1 )

■ I ) fc, | , < '  Hrn{n)\ <  <  1 1  n u n  J t , •

be an e x te n s io n  series fo r  <7. So 7 €  H m{n)ktn> and  l«'t us d e n o te  by  i / \  Them

th«' s ta n d a rd  d e c o m p o s it io n  o f  7 is

i j  =  / i  1 a - ’1' //_> • • • «•  * ' / </_ 1.

w hen* h, £  H rmn)kln \ and  h, is a  s ta n d a rd  d e c o m p o s it io n  fo r h , . i  e  [ 1. /  +  1]. As 

we n o te d  in  S u b se c tio n  la .3. if can  be v ie w e d  as a f in ite  w o rd  in  th e  a lp h a b e t

{ . V  U  A " 1}  U  { u n | a £  T . O  6  Z  [ / ] ' } .

L e t L' { ( j )  d e n o te  a f in ite  subset o f  U  such  th a t  i f  7 c o n ta in s  u ' \  u £  i ' . n  £  Z [ t \~  

t l ie n  n £  L ' ( g ) .  O bse rve  th a t  L ' ( g )  h iis  an  o rd e r  in d u ce d  fro m  L~ so we have i ' ( g )  =  

{ » ! .......... « m }- w h e n ' u, <  i t j  i f  1 <  j  a n d  u m =  u tlU„ lk{nt =  tv. So we have

U  =  h  1 n ',n h 2 • • • 1-

N o te  th a t  i f  U ( g )  is e m p ty  th e n  g  £  F ( X ) .

D e f in i t i o n  3 5  Let  T be a ( X [ t \ .  X ) - g r a p h  a n d  p  =  e t ■ ■ - i  k be a reduced path in  T. 

g is as above.  H e  def ine the p r o p e r t y  o f  th e  la b e l p ( p )  o f  p  to  be e q u a l to  7 ( tha t  

is. p { p )  =  g )  recurs i ve ly  as f o l l o w s :

I )  I f  |U { g ) \  =  0 . that. is. g  =  X\ ■ ■ ■ x r £  F ( X )  then p { p )  =  i j  means tha t  k  =  r
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a n d  f i {< ,) =  x ,  f o r  eve ry  i  G [ 1. A'];

21 Assume that  the p r o p e r t y  p ( p ) =  /  is def ined f o r  a n y  e lemen t  f  G F ' 1 i f

\ i ' ( f ) \  <  m :

2)  f f \ i ’ (y ) \  =  in then  //(/>) =  y  means  th a t  p  ran  he subdivide d in to  suhpeiths as

P =  P \< l \ l ' i  ■ • ■ <liPi~ i-

where ef is a path in some u m -eom pon e n t  o f  T a n d  p, is a path m  F which does not  

c o n ta in  eelejes laheleel by  //'*,. n  G Z [ / j ~ .  so tha t  p(el ,)  =  aft\. t G [1 . / ]  and  f l i p , )  =  

h , . i  G [ I .  / -F I] are a l ready  def ined hy o u r  a s s u m p t io n  because• |F ( / / , ) |  <  m . i  G 

[ 1 . /  -h l i .

I t  fo llo w s  im m e d ia te ly  th a t  i f  p i p )  =  7 f ° r som e y  G F "  r  th e n  p  is labe l reduced. 

O bse rve  th a t  i f  T is a (Z [ f ] .  X  1-g ra p h  and  r  G l ’ ( D  th a n  it fo llo w s  fro m  L a m in a  

.'57 th a t a n y  a lam an t o f  L ( T . r )  is an  in f in ita  w o rd  in  F  ‘ r  and  th u s  has a s ta n d a rd  

d e c o m p o s it io n  y  h u t  it  m ight, ha im p o s s ib le  to  f in d  a la h e l reduced lo o p  p a t r  in  T 

such th a t  p i p )  — y.

T h a  m a in  ra su lt o f  th e  fo llo w in g  su b se c tio n  is th a t  i f  T is fin ite ' and  has som a 

p a r t ic u la r  p ro p e rtie s  th a n  i t  is a lw a ys  poss ib le  to  f in d  such a p a th  p  a n d  p  is u n iq u e  in 

som e >ense. M o re o ve r, it  w i l l  ha show n  how  th e  re q u ire d  p ro p e rtie s  can  ha o b ta in e d  

in  T u s in g  p a r t ia l fo ld in g s  a n d  u - fo ld in g s . u G U .

17 .2  L -fo ld ed  ( Z [ t \ .  A )-g r a p h s

A l l  ( Z [t\. X  (-g ra p h s  w h ic h  a p p e a r in  c o n s id e ra tio n s  b e lo w  are  supposed to  be f in ite .

L e t T be a (Z [ f ] .  A ') -g ra p h . S ince  T is f in ite ,  th e re  e x is t o n ly  f in i te ly  m a n y  edges 

w ith  labe ls  u ' \ / /  G U.  n  G Z [ / ] * .  T h u s , th e re  e x is ts  a n a tu ra l n u m b e r K  >  0 such 

th a t  fo r  an  edge e in  T such th a t p ( c )  =  un i t  fo llo w s  th a t  it G i f  and  j  G [ 0 . / \  j. 

F o r each fix e d  j  a n d  u G L f  us ing  / /- fo ld in g s  d e sc rib e d  in  th e  S e c tio n  16 one  can
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t ra n s fo rm  a ll ( /-co m p o n e n ts  o f  T in to  //- fo ld e d  co m p o n e n ts . H ow ever, because o f  th e  

n a tu re  o f  th e  sets i ' } . edges o f  T b e lo n g  to  d if fe re n t levels (we in tro d u c e  th e  p recise  

d e f in it io n  o f  a leve l b e lo w ) an d  { / - fo ld in g s  d o  n o t dea l w ith  in te ra c tio n s  be tw een  

these  levels. M o re o ve r, / / j- fo ld in g s  w h ic h  a re  a p p lie d  to  som e / / ] -c o m p o n e n t can  

a ffec t f / j-c o m p o n e n ts . / / 1 E (/,.//_> E i ' r i . j  E [0. A ] . ' / j  ^  U\. So. one needs som e 

d e f in ite  p ro c e d u re  w h ic h  " fo ld s " T leve l b y  leve l.

A t f irs t  wo in tro d u c e  a n o t io n  o f  a level  in  T.

S ince  T is f in ite  th e  set o f e lem en ts  u E ( '  such th a t  th e re  e x is ts  an edge e in  T 

la be led  b y  un .e> E is f in ite  a n d  o rd e re d  w ith  th e  o rd e r in d u ce d  fro m  i ' .  T h u s

one can  assoc ia te  w ith  T an o rd e re d  set { " ( T )  =  { / / L u .v }- A  >  0. //, E f". //, <  u }

fo r  i  <  j .  O bse rve  th a t  { ' ( T )  can  be e m p ty , th a t  is. a ll edges in  T are la b e le d  by  

le tte rs  fro m  X  U A’ 1.

D e f i n i t i o n  3 6  Let  T be a ( Z [ f j .  A" )-<jmph a n d  let a, E L ' i T )  be f ixed. Let  [ " ( /)  he a 

subgraph o f V  which  cons is ts  o n ly  o f  t dge s e E / / (  T ) such that  e i f h r  r  / / (> ) =  tv E X  

o r  p ( e )  — u'j.ee E 1 \ t \ ^ . j  <  i .  H ’c ca l l  T ( / )  an  /- le v e l g ra p h  of  T (bp ()-h vel  graph  

ive u n d e r s ta n d  a subgraph o f  T which enns is ts  on lg  o f  edge s wi th  labels f r o m  A" / a n d  

sag tha t  T has  leve l n which we denote bg 1(F)  i f  n is the m i n i m a l  n a t u r a l  n u m b e r  

f o r  which  T =  H / i ) .

O bse rve  th a t  T ( / /)  m a y  n o t be co n n e c te d  fo r  som e / <  1{V).  b u t s t i l l  one' can  

a p p ly  to  T (rz) p a r t ia l a n d  //- fo ld in g s , a E f  (T ) .

N o w . th e  m a in  re s u lt o f  S e c tio n  17 a b o u t CL[t \ .  A ” )-g raphs.

P ro p o s i t io n  4 Let  V be a f i n i t e  connected (1.[ t \ .  X ) - g r a p h .  Then there ex ists ei 

f i n i t e ,  connec ted CZ[t\. X ) - g r a p h  A .  whic h  is ob ta ine d  f r o m  T by a f i n i t e • seepienee- 

o f  p a i i i a l  a n d  u - fo ld in g s .  u E { / ( T ) .  such, t ha t  f o r  a n y  u n E L (T ) .  A  sat is f ies  the 

c o n d i t i o n s :

( i )  A  is p a r t i a l l y  fo lded :

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



129

0 0  eill i i r l - c om po nen ts  o f  A  a n  u n - fo lded  a n d  isolated,  tha t  is. there exists no  

reduce el path p w i t h  p { p )  =  a^.  k  £  Z  in  A  (n  — 1 ) such tha t  p  connects two d i f f t  n  a t  

u n-co inponen ts  o f  A :

( i i i )  i f C  is ei n n -conipenient o f  A .  c £  E (  P ( - ) a n d  p ( t  ) =  u „ . k  £  Z  then  

there exists a wniejue label  reeluced path p  in  A (n  — 1 ) such tha t  o(p)  =  o{e ) . t ( p ) =  

t(e ) . ( i { p ) =  u f k :

( i v )  i f C  is a u H-coinpe)nent  o f  A  eind r  £  V’ ( C ) n l ’ ( A ( n  — I ) )  then there exists a 

umepie labe l reelue r d  path p  in  A (n  — L) such tha t  e)(p) =  t ( p )  =  v . p ( p )  =  iT„k . k  €  Z  

a n d  H n„ ( r )  D  ( u „ )  =  ( i t k ) :

( v )  i f  C  is a a , ^ c o m p o n e n t  o f  A  a n i l  i ' \ . r >  £  l ’ (C ’ ) are connectcei bp a reelueeel 

path p in  P( - then  e i t h e r  p  cons is ts  on Ip o f  celpe s labeled bp f in i te  e xpone nts n f  it „  o r  

the re e x i s ts  no numbe r  k p £  Z  such theit f i ( p )  * a k” €  ):

( v i )  f o r  a np  u n -cennpement C  o f  A  an el two  o f  i ts re r t i e i s  v\ .  r_>. i~\ #  r_. which are

jeuneel bp some path p in  P,- w i th  o(p)  =  i ' i .  t { p )  =  r_> there exists no reeluced path r  in  

A (/>  -  I ) such th a t  o ( r )  =  r j .  t ( r )  — r>. p ( r )  =  u kt . k  £  Z  a m i //( /> )* //(  r ) £  f h tn( r  \ );

( v i i )  f o r  anp  u n - c on ipon e n t  C' n f  A .  i ts  ve r tex  r  anel a reelueeel peith [> in A (  n — L I 

such tha t  o (p )  =  r . p ( p )  — u k .h  £  Z  i t  f o l l o w s  tha t  t ( p )  €  I ’ ( C ) :

(v i i i )

( a )  f o r  im p  u n -e 'omponent  C  o f  A .  i ts  ve r te x  v anel a lain I reelueeel path p in  A (  n — 1) 

such t h a t o ( p )  =  V . p ( p )  =  tv. w  =  u'^oe-.e) £  { I .  —I } ,  there exists a label reelueeel 

path, e\ =  epep in  A (// — 1) such t h a t  o(e[) =  <’ .t{<{) =  t(ep)  =  H p ) - t l (<li) —

^ . H e p )  £  V ( C ) :

( b )  f o  r  a n y  u n - c o m p o n c n t  C  o f  A .  its v e r t e x  v ane l a labe l  reduced p a th  p  in  A ( n )  

such  t h a t  p  =  Z \ Z > . o ( p )  =  v.  £  A (n  — l ) . / i ( C [ )  =  u -i . / * ( - .>)  =  w 2 o r  =

u ^ o < ! .  u sn =  i f i  o W} . .  th e re  ex ists  a  labe l  reelueeel p a t h  q =  ep</■> in  A ( n -  I )

su ch  theit o{q )  =  v. t ( q )  =  f(r/>) =  t { p ) . p { e p )  =  t p f .  t(ep ) £  I  ' ( C ) :
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( c )  f o r  a n y  i i n -eonipone m t  C  o f  A .  i ts m i .  ex r  a n d  a p a th  p in A i n  — I )  such that  

o(p)  =  c .p ( [> )  =  i f \ .  ti''n =  W\ o h 'j .  £.(> £  { 1. — I } ,  i f  there e.nsts an eelep

( '  in C  such that  o ( ( ' )  — r . p ( e ' )  =  u \  -■() >  0 then t h e n  exists a label n  duc fd

path  / /  m  A  i n  — 1) such tha t  n(p ' )  =  r . f i ( p ' )  =  »*’ . f ( / / )  £  l ’ (C ’ ) and  p  is an

i n i t i a l  subpath o f  / / ;

( ix )  f o r  a n y  reduced pa th  p in  A  unth. p ( p )  =  tc there ex is ts  a unique' luht I reduced

path q such tha t  o(q)  =  o ( p ) . t ( q )  =  t ( p ) . p ( q )  =  w :

( x )  f o r  the s ta n d a r d  d ec om pos i t io n  ej o f  a n y  ej £  F " :f' a n d  a n y  r  £ \ ’( A )  eithe r  

there exists a un ique  labe l  re-due i el path p in A  sta r tm e j  a t  r  such that  p i p )  — f/ o r  

f o r  a n y  path </ in  A  steni inej  at r  i t  f o l l o w s  that  p i q )  ^  ;/.

R e m a r k  5 1. HV e-all. ei ( Z [ f j .  X ) - y r a p h  winch heis a l l  the prope r t n  s ( i ) - ( x )  I - 

fo ld e d .

.1. In  ( i i i ) . ( i v ) . ( i x )  anel  (x )  by unique rnss ire une lc rs ta m l  unique in ss wi th re­

spect to P,-. where ( '  is a n y  u -com pone n t .  a £  ( ’ ( A ) ,  t h a t  is. a path is un/epie i f  ire 

disrcgarel  e elep s in C’\ P c .  Th is  is jus t i f ieel  in n e w  o f  L e m m a  do.

Proof .  T h e  p ro o f is c o n d u c te d  by  in d u c t io n  on  th e  le ve l o f  T. I f  l { T )  — 0 . th a t  is 

a ll  edges in  T a re  la b e le d  b y  le tte rs  fro m  X  U .V 1. th e n  b y  L e m m a  20 us ing  f in ite ly  

m a n y  p a r t ia l fo ld in g s  o n e  can o b ta in  fro m  L a p a r t ia l ly  fo ld e d  (Z [ / ! .  X  l-g ra p h  A  

w h ic h  sa tis fies  a ll th e  c o n d it io n s  ( i ) - ( i x )  because it  floes n o t c o n ta in  u -com pone n ts .

A ssum e th a t  th e  s ta te m e n t o f  th e  th e o re m  h o ld s  fo r  a n y  g ra p h  o f  level n — I.

L e t / ( r ) =  n.  W e c o n s tru c t a (Z [ f ] .  A ’ )-g ra p h  A  fro m  T in  severa l steps.

S te p  1 . F o r a n y  edge e in  T such th a t  p (e )  =  u * . a  £  Z  we add  to  T a new  p a th  

f ro m  o(e)  to  t (e )  la b e le d  b y  th e  s ta n d a rd  d e c o m p o s it io n  o f  u\\. O bse rve  th a t  these 

new  p a th s  b e lo n g  to  T fn  — 1).

B y  in d u c t io n , u s in g  p a r t ia l  fo ld in g s  and  C’ - fo ld in g s  o n e  can  tra n s fo rm  T fn  — 1) 

in to  som e g ra p h  A f)(n  — 1) w h ic h  is (.’ - fo ld e d . So. T tra n s fo rm s  in to  a new  (Z [ f ] .  A ’ )- 

g ra p h  A 0-
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Le t C 'i  C ' r  be th * ' l is t o f  a ll {/ri-c o tn p o iu 'n ts  in  A n . W e can  assum e th a t  any

C,  c ith e r  c o n ta in s  a t least one edge w ith  th e  la b e l ]o | > >  1 o r  i f  a ll its  edges 

are  labe led  b y  f in ite  e x p o n e n ts  o f  u n th e n  th e  a b e lia n  g ro u p  assoc ia ted  w ith  C\  is 

no t c y c lic  g e n e ra te d  b y  a f in ite  e xp o n e n t o f  I f  som e a „ -c o n ip o n e n t C\  does no t 

s a tis fy  th is  c o n d it io n  th e n  we e lim in a te  fro m  C\  e ve ry  edge < . p { f  ) =  u'n. s 6  Z  and  

s u b s t itu te  i t  w i th  a p a th  p,, la b e le d  by  th e  s ta n d a rd  d e c o m p o s it io n  o f  u'n . S ince  pr 

be longs to  A o (n  — 1 ) th e  n u m b e r o f jzn-com p>onents reduces.

C o n s id e r a ll v e rtic e s  in  C \  w h ich  a lso b e lo n g  to  A ()(/> -  I )  - these ve rtice s  fo rm  

a f in ite  set V' a n d  le t r  €  \  ■ I f  H Un(v )  Cl (z /„) =  ( u ^ ) .  k  >  0 th e n  we add  a t r  a lo o p  

<{ lab e le d  b y  th e  s ta n d a rd  d e c o m p o s it io n  o f  u * . so >/ €  A ()(n  — 1).

L e t 0  be a co n n e c te d  co m p o n e n t o f A ()( / i — I ) w h ic h  c o n ta in s  r .  O u r assum p t ion  

in  th e  end o f  S u b se c tio n  15.1 m eans th a t  u =  /?7, ti~n =  iT„~. w h ic h  im p lie s  th a t  a p a th  

in  0  s ta r t in g  a t r  a n d  la b e le d  b y  u£ c o n ta in s  an in i t ia l  s u b p a th  u7, and  we can  f in d  

a ll p a th s  in  0  s ta r t in g  a t r  a n d  labc'led b y  in  rh«' fo llo w in g  way. Since' A ( ) ( "  -  I ) 

is [ '- fo ld e d  th e n  e ith e r  th e re  e x is ts  a u n iq u e  p a th  p\  in  0  such th a t  <>(/>t ) =  r  and  

p i p i )  =  ( fo r  p ( p \ )  — u ~ x in  th e  sam e w a y) o r  la b e l o f  no p a th  s ta r t in g  at r  

rep resen ts  u n as an in f in ite  w o rd . S uppose p\  e x is ts  th e n  a g a in  i f  th e re  e x is ts  a 

c o n t in u a t io n  p-> o f  p\  such  th a t  o(p_>) =  f ( P i ) -P (P \ i )  — t l ic 'i i  i t  is u n iq u e  a n d  we 

repc'a t th e  process fo r  /)■_>. S ince l ' ( A o ( ; t  — 1)) is f in ite  th e n  e ith e r  th is  process stops 

in  a f in ite  n u m b e r o f  s teps  o r  th e re  exist, m in im a l n a tu ra l n u m b e rs  anel k  < such 

th a t  t t p k ,)  =  a n d  since A o (n  — 1) is [ ’ - fo ld e d  th e n  pz.,-1  =  / ) * . - , t ha t

is a f te r  a f in ite  n u m b e r o f  s teps no new  p a th  is a d d e d  a n d  P ( C \ .  r )  =  ( f ( p , ) .  / €  M } 

is f in ite .

B y  in d u c t io n  h y p o th e s is  £ ( 0 .  v)  is a subgroup) o f  F ' r . I f  Ag. A_> fro m  above  ex is t 

th e n  Z .(0 . r )  Cl ( u n) - (» * 2) a n d  i f  zz£2 ^  H Utl( c )  th e n  we a d d  to  C \  an  edge r  such 

th a t  o{e)  =  t { e )  =  r . p { e )  =  cz*2. so th a t .  H Uri( v )  is changed . L e t H  be a free a b e lia n  

group) asso c ia te d  w ith  u n-c o m p o n e n t C \  U {c } .  I f  H Un( r )  (~l ( u n) — ( u ^ . l x  >  0 th e n
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H  n ( n n ) =  ( i t1*) a n d  o b v io u s ly  l \  >  /_>. T h is  m oans th a t  th o  process o f  a d jo in in g  

now  edges to  C 'i w h ic h  changes H „ n ( r )  s tops  a fte r  a f in ite  n u m b e r o f  steps.

Un

•m

U n

Un

Un ,

Un
Un

F ig u re  6 : S tep  1

I f  th e re  e x is ts  a u n-c o rn p o n e n t C m such th a t  P ( C \ .  r ) n l ' ( C ’m ) is n o t t r iv ia l ,  th e n  

i t  m eans th a t  th e re  e x is ts  a la b e l reduced  p a th  p  in  A 0(n  — I )  w i th  p ( p )  =  u7,r . r  G N  

c o n n e c tin g  C i a n d  C m. So w e a d d  an edge c such th a t  o ( r )  =  r .  t (e )  =  t ( p ) .  p { r )  =  u rn 

and  th e  n u m b e r o f  u n-c o m p o n e n ts  in  A 0 reduces.

F ig u re  6 i l lu s t ra te s  th e  p rocess d e sc rib e d  above.

W e p e rfo rm  th e  p ro c e d u re  d e sc rib e d  above fo r  a l l  C\.  i G [1. T \  an d  a ll v G I ’ (C \ ). 

O bserve  th a t  T  is f in ite  a n d  | l ' ( T ' , ) | . /  G [ l . T ]  is a lso  f in i te  th u s  we s to p  in  a f in ite  

n u m b e r o f steps. T h e  re s u lt in g  g ra p h  we d e n o te  b y  A 'o - « „ -c o m p o n e n ts  in  A ' 0
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are  no t f / „ - fo ld e d  in  ge n e ra l, so we a p p ly  f in ite ly  m a n y  J /„- fo ld in g s  to  o b ta in  A " () 

fro m  A 'o  in  w h ic h  a ll { /,,-co m p o n e n ts  are  //,,- fo ld e d . T h e n  i t  m ig h t h a p p e n  th a t 

A "o (n  -  I ) is n o t P - fo ld e d . B y  in d u c t io n .  A " 0(n  — 1) can  bo tra n s fo rm e d  by  f in ite ly  

m a n y  p a r t ia l a n d  (/,,,- fo ld in g s  fo r  in  <  n in to  a g ra p h  A i  so th a t  N \ ( n  — 1) is 

I  ’ - fo ld e d .

T im s  one ite ra t io n  o f  Step  1 is c o m p le te  and  we can  repea t a ll th e  p rocedu res  

described  above fo r  A t . T o  show  th a t  e v e n tu a lly  th e  process converges we in tro d u c e  

th e  fo llo w in g  c h a ra c te r is t ic s  o f  a (Z [ f ) .  X  )-g ra p h

Let . \ / ( )  =  P i^ h )  +  P j f 'h )  +  P jp h ) .  w he re  P i ( (l>) is a n u m b e r o f  (/,,-com poneu ts  

in  ‘h. P_>(«E») is a n u m b e r o f  ve rtice s  in  ‘ t> w h ic h  b e lo n g  to  //,,-e o tn p o n o n ts . P t (*[>) =

/,. w here  T  =  Pi(<l>) a n d  P „ „ ( r , ) f l  ( t tn) =  (( / ', ;) ./, >  t). r , €  C\.  C ' ,  C T is a

co m p le te  lis t o f  //,,-c o m p o n e n ts  o f  <t>. O bse rve  th a t  A/(<I») >  0 fo r a n v  (Z [ / ] .  .V ) -g ra p li 

< l> .

R e m a r k  6 N o t ice  t ha t  i f  C' is a u „ - c n n i p o n i  n t  n  i A o - when tei add  a cycle labeled 

by a J im te  exponen t  o f  u n to C' a n d  f f u„ ( r ,) H ( / / „ )  =  £ then  P d f ' )  can inr r fa .se on  

the f i r s t  i t e r a t i o n  o f  S tep  1. but on a l l  f u i i h e r  i t e ra t i o n s  i t  ra n  o n l y  decrease because 

oner  the in te rs e c t io n  H Un( v t ) O ( / / „ )  becomes n o n t r i r i a l  i t  can o n l y  g r o w  af terwards .  

So. the re exists a nature i l  n u m b e r  .V (A q ) .  which depends o n ly  on  A () an d  deies not  

change with, the repe t i t ion s  o f  Step  1. such tha t  s t a r t i n g  f r o m  X - t h  i t e r a t i o n  P t ( T ) 

alwa ys el er re a s e s .

T h u s  we have . \ / ( A 0 ) >  . \ / (  A 'o )  >  . \ / (  A "o )  >  A / ( A i ). w he re  th e  las t tw o  

in e q u a lit ie s  fo llo w  fro m  L e m m a  31. A / (A o )  =  A / ( A '0 ) is poss ib le  o n ly  i f  Step  1 

d id  n o t change A 0 . th a t  is. no  tw o  d if fe re n t H „-e o in p o n e n ts  were jo in e d  b y  a p a th  

labe led  by  u jj. k  6  Z  a n d  a b e lia n  g ro u p s  assoc ia ted  w ith  a n y  (/,,-co m p o n e n t in  A 0 

w ere no t changed . In  th is  case A o  =  A [ .  O th e rw is e , i f  A / ( A (, ) >  A /(A \> )  th e n  

i t  im p lie s  th a t  A / ( A 0 ) >  A /(  A  j ) . so a f te r  f in ite ly  m a n y  ite ra t io n s  o f  S tep  1 th e  

process s tops a n d  we o b ta in  a g ra p h  A j  w h ic h  has p ro p e rt ie s  ( i ) - ( i v ) .  Indeed
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( i) :  A,, is p a r t ia l ly  fo ld e d  b y  c o n s tru c t io n .

( i i ):  i f  then* e x is ts  a p a th  p  in  A_>(/( — I )  w ith  p ( p )  =  t ik . k  G Z  w h ic h  co n n e c ts  

tw o  d iffe re n t (/,,-co m p o n e n ts  C V C j  in  A_> th e n , s ince A j ( / j  — 1 ) is i '- fo ld e d  by 

c o n s tru c t io n , fro m  th e  p ro p e r ty  ( ix )  o f A j ( / /  — I )  it fo llo w s  th a t th e re  e x is ts  a 

u n iq u e  labe l reduced  p a th  q such th a t  r;(c/) =  n ( p ) . t ( q )  =  t ( p ) . p y q )  =  (77/. b u t 

th e n  b y  o u r c o n s tru c t io n . C \  a n d  C> are  jo in e d  b y  an edge r  w ith  / / ( /  ) =  //*  - 

c o n tra d ic t io n :

(H i) :  i f  C’ is a ( /,,-co m p o n e n t o f  A_> th e n  fro m  o u r c o n s tru c t io n  above  it  fo llo w s  

th a t  fo r  any  edge e in  Pr  then * e x is ts  a p a th  pF in  A j ( n  — 1) such th a t o ( r )  =  

n ( p , . ) . t ( r )  — t ( p e ). //(/>,.) =  p ( r ) .  now  th e  p ro p e r ty  ( i i i )  o f A j  fo llo w s  fro m  th e  

p ro p e r ty  ( ix )  o f A_>(n — 1):

( iv):  fo llo w s  fro m  th e  construc  t io n  a n d  th e  p ro p e r ty  ( ix )  o f  A j (n  — I ) - in  th e  

same' w ay as ( i i i) .

S te p  2 . Le t C' be a //,,-e o m p o n e n t in  A_>. S ince C  is (/,,-fo lded  th e n  b y  d c 'f in it io n  

th e re  e x is ts  a p o s it iv e ly -o r ie n te d  p a th  P( - assoc ia ted  w ith  C' such th a t  I  ( 0  =  

\  ' (Pc).  T h e re  are o n ly  f in i te ly  m a n y  edges in  Pc whic h arc' iabe led  b y  in f in ite ' 

e xp o n e n ts  o f  i / „  and  le t Sc  d e n o te  th e  set o f  such edges. Le t i ' i .  /•■_> G 1 ( C )  be* suc h 

th a t  th e re  e x is ts  a p a th  p  =  tq • • • / * .  in  Pc. o(p )  =  =  c_> a n d  t l ie re  e x is ts

j  G [ l .A ’j such th a t  (_, G Sc-

S uppose th e re  e x is ts  an  in te g e r k p such th a t  p i p )  *  u „ kp G / / , , „ (  c j ). I f  / / „ , , ( ( ' i ) n  

( ( / „ )  is t r iv ia l  th e n  k p is u n iq u e . W h e n  H Un( c i ) n ( u n) is n o t t r iv ia l  th e re  a re  in f in i te ly  

m a n y  num bers  r  such th a t  p ( p )  * u ~ r G H ltn{ r i )  a l l  o f  w h ich  be lo n g  to  th e  coset 

u kp *  ( H Un( r i )  H  ( ( / „ ) )  a n d  th is  ensures th a t  i t  does n o t m a t te r  w h ic h  one o f  th e m  is 

chosen. T h e n  we a d d  to  C' an  edge r  such th a t  o ( i  ) — ) — i'>. p(< ) =  c/fip b u r

e lim in a te  an  edge fro m  P c-  O bse rve  th a t  th is  o p e ra t io n  does no t change H Un( r i ) .

S ince a n y  v e rte x  r  in  C' can  be co n n e c te d  to  a b a se -p o in t o f  z( ■ b y  a unicpic' 

p o s it iv e ly  o r ie n te d  la b e l reduced  p a th  p v th e n  a n y  tw o  ve rtices  ( > in  C  can  be
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connec te d  b y  a p a th  p , w h i c h  is a te rm in a l s u b p a th  o f/) , . ,  o r p r , and  eve ry  edge 

in  P r  be longs to  som e p a th  €  \ ' ( C ’ ) . i  =  1 .2 . So. to  m in im iz e  th e  n u m b e r

o f  in f in ite  edges in  P r  one has to  check o n ly  f in i te ly  m a n y  pa ths .

F ig u re  7: S tep  2. o  > >  I.

I f  C"  is a u „ -c o m p o n e n t o b ta in e d  fro m  C  b y  a ll possible* s u b s t itu t io n s  d e sc rib e d  

above th e n  C '  is co n n e c te d  b y  c o n s tru c t io n  b u t m ay  be* not fo lded  (see F ig u re

W e p e r fo rm  th e  d e sc rib e d  p ro ce d u re  fo r  a ll  a ,,-co m p o n e n ts  o f A j  and  th e n  us in g  

a n-fo ld in g s  o b ta in  A ' j  w he re  a ll u n co m p o n e n ts  a re  a „ - fo ld e d . b u t i t  m ig h t ha p p e n  

th a t  A'_>(n — 1) is n o t  p - fo ld e d .  T h u s , b y  in d u c t io n  we o b ta in  A'_> such th a t  A " j ( a  — 

1) is t '- fo ld e d . F in a l ly  a p p ly in g  Step 1 f in i te ly  m a n y  tim e s  we o b ta in  A ;} w h ic h  has 

p ro p e rtie s  ( i )  - ( i v )  a n d  one ite ra t io n  o f  Step  2 is co m p le te .

O bse rve  th a t  S te p  2 does n o t increase . \ / (A ») .  so . \ / ( A.i) <

I f  P i(<F) =  w i C i ) -  "F e re  m ( C \ )  is a n u m b e r o f  edges la be led  b y  in f in ite

e ::pom *nts  o f  u n in  P r , a n d  C,  is a a ,,-c o m p o n e n t o f  «l>. T h e n  we have P t( A j )  >
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P d A P )  >  P |(A "_>) >  P i (A .{ )  because ( '- fo ld in g s  do  no t increase  th e  n u m h e r n f 

in f in i te  edges. I f  P|(A_>) =  P d - ^ P )  th e n  i t  m eans th a t  110 (/^ -c o m p o n e n t was changed 

a n d  th e  process stops. O th e rw is e  P d A / )  >  P |(A '_>) a nd  th u s  PdA_>) >  P | ( A . t )- 

A f te r  f in i te ly  m a n y  i te ra t io n s  o f  S te p  2 th e  process s to p s  a n d  we o b ta in  a g ra p h  

A 1 w h ic h  has p ro p e rtie s  ( i ) - ( v ) .

S te p  3. L e t  C  b e  a  ut, - c o m p o n e n t  in  A :{ a n d  c,. r_> G O l ' (  A :t( -  1) ). ^

r>. S u p p o s e  th e r e  e x is ts  a  r e d u c e d  p a th  r  in  A.)(n  — 1) fo r  w h ic h  o( r )  =  r j .  f i r ) =  r_> 

a n d  f i ( r ) =  u'ri. I >  0 . S in c e  A . d n  — 1) h a s  p r o p e r t y  ( ix ) .  w e  c a n  a s s u m e  r  t o  b e  

la b e l  r e d u c e d  a n d  p( r )  =  n ^!. T h e n ,  th e r e  e x is ts  a  u n iq u e  la b e l  re d u c e d  p a th  7 in  

A.j(n — 1) fo r  w h ic h  0 (7 )  =  7 ) =  v2 a n d  / i (7 )  — iT„k . I >  A- >  0  a n d  suc h  t h a t  fo r

a n y  tw o  i n i t i a l  s u b p a th s  7 1 .7  ■, o f  7 s u c h  t h a t  / /  ( 7 1 . p ( q 2 ) =  A'i • A_> < A- 

w e  h a v e  t { q \ )  r  P ' / j  )•

Pc

v ’ i f f  u“ - V 2

F ig u re  8 : S te p  3.

S ince  v \ . c 2 G V’ (C ') th e n  th e re  e x is ts  a reduced  p a th  p  in  P r  such  th a t  o(p )  =  

i ' i . t ( p )  =  r 2 . p ( p )  =  < . 0  G Z [ t }  + -
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1. I f  p  cons is ts  o n ly  o f  edges la b e le d  b y  f in ite  e x p o n e n ts  o f  u n th e n  fro m  the  

p ro p e r t ie s  ( i i i ) .  ( iv )  o f A :{ and  fro m  th e  fa c t th a t  A ./#?  — I ) is i '- fo ld e d  it  fo llo w s  

th a t  th e re  e x is ts  a u n iq u e  la b e l reduced  p a th  p'  in  A :$(// -  I )  such th a t  o (p ' )  =  

o ( p ) . t ( p )  =  t ( p ) . p ( p )  — #77/* - H ence. n(q)  =  n(p ' ) . t . (q )  =  t ( p ' ) .  I f  p is p o s it iv e  

th e n  so is / /  and  we have p ( p ' )  =  p{<l)- o th e rw is e  we have a c o n tra d ic t io n  e ith e r  

w i th  th e  cho ice o f  #/ o r w ith  th e  fac t th a t  A ; j( / t  — I ) is (.’ - fo ld e d . T h u s , b y  p ro p e r ty  

( ix )  o f  A . i(n  — 1) we have q =  p ' . I f  p  is n e g a tive  th e n  / /  is a lso n e g a tive  a n d  we 

have a p o s it iv e ly  o r ie n te d  lo o p  in  A .-/# ; — I ) a t i \  w h ic h  is a c o n c a te n a tio n  '//>' 1 so 

/d '/P /_ 1 ) €  ) o th e rw is e  a c o n tra d ic t io n  w ith  ( iv ) .

2. S uppose p  c o n ta in s  an edge la b e le d  by  in fin ite * e x p o n e n t o f  u„  th e n  p ( p )  * 

/#(#/) 1 G / / p/r, ( #*i) - o th e rw is e  we have a c o n tra d ic t ion  w ith  ( v ) .  So we a d d  to  

C a il edge* i labe led  b y  such th a t  <>{( ) =  i ^ . H c )  =  r_> (see F ig u re  N). A f te r  

t l i is  o p e ra t io n  th e  new  u„-eom pone*n t C"  m ay no t be* u „ - fo ld e d . b u t the  n u m b e r o f 

in f in i te  edges in  it can  be reduced  a t least by  one - an  in fin ite * e*elge* w h ich  be*longs 

te> p  c ; it l be* el«*le*te*e 1 netw. T h u s  P \ ( \ :{) ra n  be* re*duee*d b y  a p p ly in g  S te p  2 while* 

P i ( A ; { ). P>(A ;{) . P \ ( \ i )  ( l f> nt>t increase* (se*e R e m a rk  C).

A f te r  a f in ite  n u m b e r o f  s teps one  o b ta in s  a g ra p h  A . ( w h ich  sa tis fies  cond iriem s 

( i ) - ( v i ) .

S te p  4 . Le*t C  be* a t/..-co m p o n e n t in  A | .  A s  in  S te p  1 we fine! a ll p a th s  labe*le*d 

by  « " 1. rn G Z  in  A .|( r t -  1) w h ic h  o rig ina te * a t ve rtice s  in  C ’. The* e*nelpe)ints o f  the*se* 

p a th s  comprise* a f in ite  set B .  X o w  we a d jo in  te# C  a ll ve rtice s  frenn B  w h ic h  elo no t 

b e lo n g  te> l ’ (C ’ ).

L e t #*[ G V’ (C ') anel suppose th e re  e x is ts  a reduced  p a th  r  in  A t ( tt -  I ) fo r  w h ic h  

o ( r )  =  i ’ i . t ( r )  =  e*_>. ('•_> G B . v -2 V { C )  anel p ( r )  =  u ln . I G Z . Since* A | ( n  — 1) has 

p ro p e r ty  ( ix ) .  we can assum e r  to  be la b e l rc*duced a n d  p { r )  =  #7//- W i th o u t  lejss 

o f  g e n e ra lity  we c an  assum e I >  0 .

T h e n , th e re  e*xists a u n iq u e  la b e l reduced  p a th  p  in  A | (n  — I )  fo r  w h ic h  o{p )  =
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— l ' j  a n d  //(/.>) =  (7 7 /./ >  A- >  0 a n d  such th a t  fo r  a n y  tw o  in i t ia l  s u b p a th s  

P i ./>■_> o f  p  such th a t  p ( p t ) =  (77, 1. p  (P->) =  '77,r,‘ ". n i l  <  m  < <  A- we h a v e / ( p i)  ?= M p j)-

W o have severa l cases:

L .  ( / ;  €  H nJ r  I )

S ince  A .|(n  — 1) sa tis fie s  th e  p ro p e r ty  ( i v ) .  th a t  is. th e re  e x is ts  a u n iq u e  la b e l 

re d u ce d  cyc le  q a t V\ in  A | ( n  — 1) la be led  by  H Un( r \ ) D ( / / „ ) .  Hence p  =  r/ bec ause o f 

th e  cho ice  o f  p  and  th e  fa c t th a t  A | ( n  — I )  is £ '- fo ld e d . So r \  — /•■_> - c o n tra d ic t io n .

2 . $  H an( v x)

L e t v be a n v  v e rte x  in  \  { C )  and  lc't c/,. =  c j . . . < be a la b e l reduced  s u b p a th  

o f  P c  such th a t  0 ( 7 , .) =  r . t ( q v ) =  r  i . p ( c , )  =  . / €  [ 1. a/i ] (c/,. e x is ts  since C  is

/ / „ - red  need).

v,

F ig u re  9: S te p  4. la ) .

a ) S uppose  fo r a n y  r  6  V ( O  we have //(>/,.) *  11k £  i) -  Them  we a d d  to

C  an  edge c such th a t  o(c ) =  v x. t ( e )  =  r 2. f i ( t  ) =  n kn a n d  th e n  a p p ly in g  a s ing le  

u „ - fo ld in g  we fo ld  c w ith  P c  a n d  o b ta in e d  /1,,-com ponen t. is u „ - fo ld e d  because1 o f  o u r
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a s s u m p tio n  a b o u t k.  O bse rve  th a t  th e  n u m b e r o f  in f in ite  edges does no t increase 

a nd  / / , , „ (  t ' i )  cloes n o t change , how eve r th e  n u m b e r o f  ve rtice s  in  C' increase's by 

one (see F ig u re  9 ). A lso , a f te r  th is  o p e ra t io n  A | ( n  — 1 ) s tays  £ - fo ld e d  - r_. is not 

id e n t if ie d  w i th  a n y  v e rte x  in  A t.

b ) S uppose  th e re  e x is ts  r  G \ ' ( C )  such th a t  //(</,.! * 6  T h e n  a ll

edges in  r/,. a re  labc 'led  b y  f in ite  e x p o n e n ts  o f  u „  - o th e rw is e  C  is n o t m in im a l w ith  

respect to  th e  n u m b e r o f  in f in ite  edges. S ince  Ai has p ro p e r t ie s  (iii). (iv) anel 

A.|(n — 1) is L - fo ld e d  i t  m eans th a t  p co n n e c ts  tw o  ve rtice s  in  C’ a n d . hence. r_. G C  

- c o n tra d ic t io n .

So. wc> a d d  to  C  a ll ve rtice s  fro m  D  in  f in i te ly  m a n y  s teps anel th e  sam e c an be 

clone fo r  a ll u ,,-co m p o n e n ts  o f  A.|. T h is  p ro c e d u re  leaves A \ ( n  — 1 ) to  bc> f ’ -fo ld e d . 

b u t increase's A/(A.»). Aftc>r a ll possib le ' ve rtice s  are  a d jo in e d  to  //,,-co m p o n e n ts . th e  

re s u lt in g  g ra p h  A-, has p ro p e rt ie s  (i)-(vii).

Step 5. L e t C  be' a u ri-c o m p o n e n t o f  A-,, r  G l ’(C’). Since1 A-, has a ll the1 

p ro p e rt ie s  (i)-(vii) and  A -,(n — I )  is £ ’ - fo ld e d . thc're' e 'xists no reduce'd p a th  p  s ta r t in g  

a t r  G T (C ’ ) such th a t  /d p )  — u ~ l a n d  t ( p )  £  \ ' { C ) .

( a )  Le>t p  be a la b e l reduced  p a th  in  A ^ (n  — 1) such th a t  n{p)  =  c . p i p )  =  i r .  t r  =  

u'l o c . t j  =  1 ( th e  case* w h e n  d =  —1 can  be con s id e re d  in  th e  sam e w a y  as show n 

b e lo w ).

B y  d e f in it io n .  (77, is a w o rd  in  th e  a lp h a b e t {.V U  A’ "1} U  {un | u  G £'(A-,). i t  <  

i tn . a  G Z [ / ] * } .  W e have

(77, = h i u ^ l y h - ,  ■ ■ ■ i C ^ i h r n -  1-

A t  f ir s t ,  c o m p a r in g  /d p )  a n d  7777- " ’e p ro ve  th e  fo llo w in g  c la im .

C la im .  E ith e r  th e re  e x is ts  a la b e l re d u ce d  p a th  r/ =  c/p /j in  A ( n  — I )  such 

th a t  o ( q )  =  v . t ( q )  =  H p ) . p ( q i )  =  »7 o r  p  =  r ^ j . / d ^ )  =  /(, • • • /(„ ,. p ( c_>) =
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' C ,  °  O  C .  ( / „ _ !  =  / / m . i  O  ( / ' .

Le t p  =  d \ p xd 2 ■ ■ ■ (Ik-pk^k-1-1 • w h e re  p, is a p a th  in  som e (/„ _ i-c o m p o n e n t o f A -,( n — 

1 ) and  (I, is a p a th  in  A-,(t» — 1) w h ic h  doos no t c o n ta in  edges la b e le d  b y  n'J , . o  6  

Z [ / ]~ .  W e can assum e th a t  th e re  e x is ts  no  in i t ia l  s u b p a th  d ' t o f  r/,p, • • - d k P k ' h -1 suc h 

th a t  p ( d ’ , )  =  a n d  th e re  e x is ts  no te rm in a l su b p a rh  d " , o f  d t such th a t  / / ( ' / " , )  =  

u j f l ,  - o th e rw ise , s ince A r,(n  — 1) is ( / - fo ld e d , b y  in d u c t io n  we can  assume' th a t  t ( d ' , )  

a n d  <>(d"t ) be lo n g  to  som e u n- \ -c o m p o n e n ts  a n d  th e re  e x is t edges r ' . t "  such th a t 

o ( r ' )  =  o ( d \ ) .  t ( f ’ ) =  t ( d ' , ) .  p ( f ' )  - =  o( d " t ). t ( < " )  =  t { d " , ). /<( '  " )  =  " / ' a -

so th a t  we can  s u b s t itu te  d \ . d " , b y  c ' . c "  c o rre s p o n d in g ly  a n d  co n s id e r the' p a th  p 

o b ta in e d  fro m  p by such s u b s t itu t io n s .  L e t p ( p t ) —

Since (77, is the1 s ta n d a rd  d e c o m p o s it io n  o f  u„ .  h \  doc's n o t have (/„ . | as a te rm in a l 

segm ent. Observe* th a t  |/( (c /[) | >  | / ( i|  because o f  the* choice' o f  h \ .

a) I f  \ p ( d \ ) \  =  | / / 11 th e n  a u to m a t ic a l ly  p ( d x) =  h \ .  X o w . e>ither .7, <  o , o r 

. i i >  ( t | .  ((r,_ i =  h 2 c u'. ur ^  £ a n d  (77, =  i (/','L 1 / t_» - o the 'rw ise  a c o n tra d ic t io n  w ith  

the* cho ice  o f  h>.

In  th e  fo rtne 'r case, i f  =  o ( th e n  we proceed w ith  d 2. as before* w ith  d x. b u t 

i f  .h  <  e t[. th e n  p ( d 2 ) c o n ta in s  ( / „_ [  as an  in i t ia l  se'gtnent a n d  b y  in e lu c tio n  th e re  

e x is ts  a p a th  r  =  r xr 2 fo r  d 2 such  th a t  o(d>)  — o ( r ) . t ( < l 2) — t ( r ) . p ( r x} =  (/,77| and  

t { r  i )  — o( r 2). t { p i ) b e lo n g  to  th e  sam e i / r,_ | -co m p o n e n t D .  So. we* have- e ith e r  ;i 

p a th  d xp x o r  a p a th  d \ p \ r x la b e le d  b y  h xu ' ^ x.

In  th e  la t te r  case. n n =  h \  o u ” l_ l o h 2 and  p — w h e re  / / ( c j ) =  h x and

f. i (z2 ) =  o h -2 o <~. u r,_ i =  ho o 11 .

b) I f  \ p ( d x)\ >  j 11 th e n  b v  th e  s ta b il iz in g  c o n d it io n  we s h o u ld  have p ( d l ) =  h x o 

k  G Z . w he re  th e  s ig n  o f  k  d e p e n d s  o n  th e  s ign  o f  a n d  we can  assum e k >  0.

In  fa c t, because o f  o u r  a s s u m p tio n  a b o u t d, we have k  =  1. B y  in d u c t io n  th e re  e x is ts  

a p a th  r  =  r xr 2 fo r  d x such  th a t  o ( d x) =  o ( r ) . t { d x) =  t { r ) .  p ( r 2) =  /L77771 - H t ' i ) =  <>(r j )  

be long s  to  som e K „_ i-c o m p o n e n t D .  O b se rve  th a t  t ( r x) a n d  t . {d \ ) b e lo n g  to  the* same
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« „ _ ! -co m p o n e n t D .

W e proceed w ith  p \ .  W e have e ith e r  J i  +  l  <  o r  . ^ - F l  >  0 [. u „_1 =  h j o i t ' .  it'  ^  

£ and  \Tn - ,//•_> - o th e rw is e  a co n tra d ic  t io n  w ith  th e  e lio ice  o f

I f . h  +  1 -  O] them we p roceed  w ith  c/j. as be fo re  w i th  c/[. I f  .^  +  1 <  a , ,  th e m //( r / j)  

c o n ta in s  u r i_t as an  in i t ia l  segm ent and  by  in d u c t io n  th e re  c 'x is ts  a p a th  r '  =  r \ r '  2 

fo r  d> such th a t  o(c/_») =  o { r ' ) . t { d , ) =  t ( r ' ) .  p ( r \ )  - { a n d  / (/*' i ) =  n{ r ' 2). t( p \ )

b e lo n g  to  th e  sam e u „_ ^ c o m p o n e n t  D .  So. we have e ith e r  a  p a th  / V j / n  o r a p a th  

r i r 2 P i r ' i  labe led  b y

I f  . i i  +• 1 >  cv i . u n ..i =  /; j  o i t ' , n'  ^  £ and <77, =  h \ u ', 'i [//_> th e n  //„  =  It, o o

/)_../> =  CiC-j. w he re  / / ( r t ) =  /i t a n d  //(;•_>) =  °  l>2 °  <’■

W e h avc c-onsiderc'd th e  H rst s tep  and  now  th e  p ro o f  o f  the' C la im  fo llow s by

in d u c t io n  on  rtt.

T h e  C la im  above' p ro v id e s  us w ith  tw o  possible1 case's.

1. T h e re  e x is ts  a la b e l reduced  p a th  e/ =  e/p/j in  A ( n  — 1) such th a t o(e/l =

r .  t (q )  =  t ( p ) .  p ( i p ) =  /77».

l . l .  T h e re  e>xists an  e'dge v'  in  P( - such th a t  n ( t ' )  =  r . p ( t ' )  =  tt'n . *■ ;> 0 .

Obse'rve th a t  i f  ( r )  D ( t t „ )  is n o t t r iv ia l  o r  y €  Z  th e n  b y  the1 p ro p e rty 's  ( i i i ) .

( i v ) .  there' e x is ts  a la b e l reduced  p a th  / /  labe led  b y  u n such  th a t  t (p ' )  G l ’ (C ’ ). 

S ince A .^(n  — 1) is ( ’ - fo ld e d  we have' </j — / /  and  t { r p )  G 1 ( C ) -

So. assum e th a t  H ltn( i ' )  f l  ( i / „ )  is t r iv ia l  and  y  > >  I.

W e d iv id e  r '  b y  a new  v e r te x  v'  in to  tw o  edges e ' x a n d  ( ' ,  so th a t o (e 'i)  =  

o ( e ' ) . t ( e ' i )  - r ' .o((: ' ->) =  v ' . t ( e ' i )  =  t ( f  ')■ p { * ' \ ) =  u n .p ( e '> )  =  u'r’ ~ l . The1 re s u lt in g  

fz „-co m p o n e n t we d e n o te  b y  C  a n d  now  we check th a t  C"  is u ^ -fo ld e d .

L e t y  be a n y  v e r te x  in  V’ (C )  a n d  le t e/y =  t^  • • • em be a reduced  s u b p a th  o f  P( - 

such th a t  o (r/y ) =  / /T ( r /y ) -  v . p ( c , )  =  G [L .m ].  W e have  tw o  cases.

a) S uppose fo r  a n y  tj G V (C ) we have p ( q y ) *  u n £  H u„ ( v )  i f  </,, is p o s it iv e ly  

o r ie n te d  and  / z( r/y ) *  n ~ l £  H Un(c )  i f  e/y is n e g a tiv e ly  o r ie n te d . T h e n , it  m eans
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a u to m a t ic a lly  th a t C"  is / /n-fo ld e d . F in a lly .  we id e n t ify  r '  w ith  t ( q t ) a n d  d e n o te  the  

re s u lt in g  g ra p h  by  A ti (see F ig u re  10). O bse rve  th a t A -  L ) is f '- fo ld e d .

t(p)

v

t(p)

V V

t(p)

F ig u re  10: S te p  5 (a ). l . l

b ) S uppose th e re  e x is ts  y €  V’ (C ') such th a t  p ( q u ) * u n 6  H, ln{r)  and  r/v is 

p o s it iv e ly  o r ie n te d  ( th e  case w hen  p ( q y ) *  u ~ l 6  H Un( r )  a n d  yv is n e g a tiv e ly  o r ie n te d  

is con s id e re d  in  th e  sam e w a y ). T h e n  a ll edges in  qy a re  labe le r! b y  f in itr*  expo n e n ts  

o f  u n - o th r 'rw is e  C  is n o t m in im a l w i th  respect to  th e  n u m b e r o f  in f in i te  edges. 

B u t in  th is  case we have a c o n tra d ic t io n  w i th  th e  a s s u m p tio n  th a t  H Un{ r )  D (/z„) is 

t r iv ia l  because p { q y ) *  u rl f .

1.2. T h e re  e x is ts  no  edge r '  in  P( - such  th a t  o(c ' )  — r . / / ( r ' )  =  u'u . ~ >  0 .

W e can  assum e th a t  H l t f l ( r )  D ( n n ) is t r iv ia l ,  o th e rw ise , b y  tli<* p ro p e r ty  (iv). 

th e re  e x is ts  a la b e l re d u ce d  p a th  p'  la b e le d  b y  such th a t t ( p ' )  €  T (C ’ ). S ince 

A r,(n — 1) is V - fo ld e d  we have q\ =  / /  a n d  t ( q i )  6  V '(C )
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t(p)

V

t(P>

Pc

t(p)

Pc-

t(p)

e'

F i l l i n '  11: S tep  5 (a ) .  1.2: P, ■ 0 ( le f t ) .  P( • =  0 ( r ig h t )

W’e a rid  an  edge >' to  A -,(n  — 1) so th a t  o { r ' )  -  r . t ( f ' )  =  t(<fo). f i ( t ' ) =  u „ .  T h e  

re s u lt in g  g ra p h  we d e n o te  by  A (i (see F ig u re  11).

O bse rve  tha t, th e  re s u lt in g  a ,,-c o m p o n e n t C" ~  C  U { U }  is u„  - fo ld e d , otherw ise*,

by  th * ' sam e a rg u m e n t as in  l . l . b )  we get a e o n tra d ie t io n . A lso . it  is easy to  see

th a t  \ - , { n  — 1) is f ’- fo ld e d .

2. /> =  - !  -  J - / / ( - ! )  =  h i ’C l i h y  ■ • •/?„,. n»- i  = h m - \ o u ’ .

O bse rve  th a t  t { z \ )  €  V { D ) fo r  som e [-c o m p o n e n t D  o f  A -,(n — 1).

W e a d d  edges e [ . r 2. ve rtice s  ry.r-> a n d  a p a th  r  to  A -,(n  — 1) so th a t  n(t  t ) -

f U i ) . o ( r 2 ) =  t { e i )  =  f j . t.(f-t) =  v - j . o ( r )  =  i ' i . t ( r )  =  r 2. / / ( r t ) =  i i^'Zy. /*('_>) =

/ / ( r )  =  T h e  re s u lt in g  g ra p h  we d e n o te  by  A V

In  fa c t we a d ded  to  D  a p a th  r g - )  a n d  i t  ca n  ha p p e n  th a t  D u  {V | f  _>} is n o t u n- \ -  

fo ld e d . U s in g  [- fo ld in g s  we m ake  D  U  { o e g }  un - 1-fo ld e d . T h e  re s u lt o f  these 

[- fo ld in g s  we d e n o te  b y  A ' f). So. th e re  e x is ts  a la b e l reduced  p a th  q =  r / ir / j in  

A 'f ,  such  th a t  o(q )  =  c . t ( q )  =  t ( p ) . p ( q [ )  =  we ju s t  have to  a t ta c h  t ( q i )  to  I ’ (C )
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!(P )

Hpl

t(p)

F ig u re  12: S to p  5 (a ). 2.

(see F i l l i n '  12). In  fa c t, wo a re  now  in  th e  c o n d it io n s  o f  case 1. and  a p p ly in g  th e  

sam e a rg u m e n t we o b ta in  a new  g ra p h  w here  th e re  e x is ts  a la b e l reduced  p a th  

q =  e/ir/-j fo r  p  in  A ^  such th a t  o(q)  =  L' . t (q )  - t [ p ) . f t ( q \ )  =  <Tn a n d  t{<p)  €  1 (0 -

(b )  W e have p  =  Ci G A .^ n  — 1). p (  Z \ ) =  i t ' \ . u rt =  t f \  o  i r 2. f i ( z  >) =  « 'j o r  =  

o r [ .  T h a t  is. t { z \  I G V ( D ) .  w he re  D  is a u ri-o o u ip o n e n t o f  A .-,(»)•

1. T h e re  e x is ts  an  edge e' in  P q  such th a t  o ( r ' )  — t ( : { ). / / ( t ’ ) =  >  0.

W ith o u t  loss o f  g e n e ra lity  we can  assum e z> =  r '-

O bse rve  th a t  i f  H Un( t ( z t )) n  ( un) is n o t t r iv ia l  o r  - €  Z  th e n  b y  th e  p ro p e rt ie s

( i i i ) .  ( iv ) .  th e re  e x is ts  a la b e l reduced  p a th  p’ labe led  by  un such th a t  o(p') =  

t ( z i ) J (p ' )  G V ( D ) .  O b v io u s ly  p{zip' )  =  u n o r '  a n d  e v e ry th in g  reduces to  th e  case 

(a ) .  A f te r  a p p ly in g  a rg u m e n ts  o f  (a )  we o b ta in  a new  g ra p h  A 0 in  w h ic h  p sa tis fies  

th e  p ro p e r ty  (v i i i ) .

So. assum e th a t  H Un( t ( z i ) )  D  ( u n) is t r i v ia l  an d  ~ > >  1.
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W e d iv id e  <' b y  a new  ve rte x  r '  in t r> tw o  edges c 'i  a n d  < so th a t  o ( i ' \ )  =  

<>{>'). t ( < \ )  =  r ' . ( ){( '<)  — f i ( f ' i )  =  a „.//(c '_> ) =  'h i- 1 - T h e  re s u lt in g

g ra p h  we d e n o te  b y  A '-,, th e  re s u lt in g  (/,,-co tn p o n e n t we d e n o te  b y  D '  a n d  n o w  we 

have to  cheek i f  D '  is tt„ - fo ld e d .

Le t tj be a n y  v e r te x  in  V ( D )  and  le t \ ■ • '  ,n  be a reduced  s u b p a th  o f  Pp

such th a t  <){([,,) =  U.t (q , f ) =  c . / d r , )  =  u'n' . i  E [ l . / n j .  W e have  tw o  cases.

a) S uppose  fo r  a n y  // €  V { D )  we have p ( ' / v ) * (/„ H lltt{ f ( z i ) )  i f  f/v is pos­

i t iv e ly  o r ie n te d  a n d  p(q,, )  * u " 1 ^  H Un( t ( z \ ) )  i f  c/v is n e g a tiv e ly  o r ie n te d . T h e n , 

it  m eans a u to m a t ic a l ly  th a t  D '  is / / „ - fo ld e d . W e a rid  a p a th  / /  to  A '-, so th a t 

n(p ' )  — t { z \ ) . t { p ' )  =  r ' . p ( p ' )  =  (77, (see F ig u re  Id ) .  W e d e n o te  th e  re s u lt in g  g ra p h  

by  A ',,  a n d  f i ( Z \ p ' )  =  u n o r '  so e v e ry th in g  reduces to  the1 case (a ) .  A f te r  a p p ly in g  

a rg u m e n ts  o f  ( a )  we o b ta in  a new g ra p h  A ,; in  w h ic h  p  sa tis fie s  th e  p ro p e r ty  ( v i i i ) .

k p ) t(p>

Un

F ig u re  Id : S te p  5(1)). 1.

b ) S uppose  th e re  e x is ts  // 6 V { D )  such th a t  p(q,, )  *  u„ € H lln( t { z i ) ) a n d  r/,y is 

p o s it iv e ly  o r ie n te d  ( th e  case w hen  p{q, ,)  *  t/,71 £  H U n ( t ( Z \ ) )  a n d  qv is n e g a tiv e ly  

o r ie n te d  is c o n s id e re d  in  th e  same w a y ). T h e n  a ll edge’s in  r/v a re  la b e le d  b y  f in ite  

e xp o n e n ts  o f  u n - o th e rw is e  D  is n o t m in im a l w i th  respect to  th e  n u m b e r o f  in f in ite  

edges. B u t in  th is  case we have a c o n tra d ic t io n  w i th  th e  a s s u m p tio n  th a t  H Un( t { z l ) )D 

( u n) is t r i v ia l  because p ( q y ) *  un ^  f .

2. T h e re  e x is ts  no  edge e' in  P p  such th a t  o ( e ' )  =  t ( z i ) . p ( r ’ ) — >  0.
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W e can assum e th a t  ) ) H ( / / „ )  is t r iv ia l ,  o the rw ise ', by  tin * p ro p e r ty  (iv).

th e re  e x is ts  a la b e l reduced  p a th  / /  la b e le d  b y  //Y such th a t o ( / / )  =  / ( ; , ) . / ( / / )  £  

V ( D ) .  T h e n . / d - iP 7) =  n n °  c' a n d e v e ry th in g  reduces to  th e  ease ( a ) .

W e a d d  an  edge a v e rte x  i*i and  a p a th  r  to  A -,( /)  — I ) so th a t  o(c ' )  =  o ( r )  =  

— t ( r )  =  r i . / / ( e ' )  =  u n . f t ( r )  =  JTit . T h e  re s u lt in g  g ra p h  we d e n o te  by

In  fa c t we a d d  to  D  an edge c'  a n d  i t  ca n  h a p p e n  th a t  D u  { f ' \  is no t j/ „ - fo ld e d . 

U s ing  f i„ - fo ld in g s  we m ake  D  U { c '}  //,,- fo ld e d . T h e  re su lt o f  these //,,- fo ld in g s  we 

d e n o te  b y  AY, (see F ig u re  14). So. th e re  e x is ts  a la b e l reduced  p a th  // =  C [r in  

A Y  (n ~  1) such  th a t  o ( c [ )  =  r . t ( p ' )  =  t ( r ' ) .  p ( z \ r )  — u n o c '  ancl e v e ry th in g  reduces 

to  th e  case (a). A f te r  a p p ly in g  a rg u m e n ts  o f  (a) we o b ta in  a new g ra p h  A,-, in  w h ich  

p  sa tis fies  th e  p ro p e r ty  (viii).

W

t(P)

F ig u re  14: S te p  5 (b ) .  2.
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(c )  W e have o (p )  =  r . f t ( p )  - u 'i .u '’ =  it'\ o ^  £.<) €  {1 . —I } .  W ith o u t

loss o f g e n e ra lity  wo can  assum e 6 =  I.

A lso , th e re  e x is ts  au  edge c ' in  C  such th a t  o ( r ’ ) =  r . //(>■') =  u ’ . ~ >  0 .

1. r '  6  P r

O bserve  th a t  i f  H Un( r )  D ( u n ) is n o t t r iv ia l  o r  * € Z th e n  b y  th e  p ro p e rtie s  (iii).

( i v ) .  th e re  e x is ts  a la b e l reduced  p a th  p'  la b e le d  b y  u,t such th a t  t (p ' )  £ I ’ (C )  and  

p  is an in i t ia l  s u b p a th  o f  / / .

F u r th e r  we assum e th a t  H Uti( r ) ( l  ( u tl) is t r iv ia l  and  - > >  I.

W e d iv id e  e' b y  a new  v e r te x  <•' in to  tw o  edges c \  a n d  c'_» so th a t o f? ', )  =

o ( r ' ) .  t ( r ' { ) =  r ' . o ( f : ' j )  =  r ' . t ( c ' > )  =  A ( r ' ) . / d c ' i )  ■ u „ . p ( t ' , )  =  C ,~ l - The* re s u lt in g  

(^ -c o m p o n e n t we d e n o te  b y  C"  and  now  we have to  c hec k i f  C  is fo lded.

Le t if be a n y  v e r te x  in  l ’ (C )  and li 't  c/v =  c t • • • r „ ,  be* a reduced  su b p a rh  o f P( -

such th a t  o(c/y ) - !J. t(q,,)  =  r . / / . ( c , )  =  u n' . i  €  [ l . m ] ,  W e have tw o  cases.

c

t(p)
p

t(p)

v

C1

t(p)

F ig u re  15: S tep 5 (c ): 1 ( le f t ) .  2 ( r ig h t ) .
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a) S uppose  fo r  a n y  ;/ €  1 ( 0  we have / / ( / / „ )  *  u n £  f / „ n ( r )  i f  c/v is p o s it iv e ly  

o r ie n te d  a n d  / / ( r/y ) * u ~ ' g  H, l n ( r )  i f  r/y is n e g a tiv e ly  o r ie n te d . T h e n , i t  m eans 

a u to m a t ic a l ly  th a t  C"  is u „ - fo ld e d . F in a lly ,  take  a p a th  r/ w ith  p i q )  =  //•_> and  we 

fo rm  a new  g ra p h  A ' fi -  A-> U  { q \  so th a t  n iq )  =  t i p ) .  t i q )  =  P  (see F ig u re  15).

A ' t / n  ~  1) m a y  he n o t ( / - fo ld e d . U s ing  //- fo ld in g s  fo r // <  / / „  we can m ake 

A '( i(n  — 1) ( / - fo ld e d . O bse rve  th a t  these //- fo ld in g s  do  n o t a ffec t / / ri-com ponen ts . 

so th e  re s u lt in g  g ra p h  A (i has a ll th e  p ro p e rtie s  (i)-(vii) A t;(n  -  I ) is ( /- fo ld e d . 

M o re o ve r, th e re  e x is ts  a la b e l reduced  p a th  / /  A t i(n — 1). la b e le d  b y  //„  such th a t 

t { p ' )  €  \ ' ( C )  a n d  p  is an in i t ia l  s u b p a th  o f  / / .

b ) Suppose* then * c*xists .// €  \ ' ( C ’ ) such th a t //(//,J  * / / „  6  H , l n { r )  and </,, is 

p o s if iv e lv  o r ie n te d  (the* case w hen  p iq , , )  * 1 €  a n d  e/7 is negative*ly  orien tee l

is considerecl in  the* same* w a y ). T h e n  a ll edges in  q,t are label«*d by  fin ite* expone 'iits  

o f u n - othe'rwise* C  is n o t m in im a l w ith  respect to  the* n u m b e r o f  in f in ite  edge's. 

B u t in  th is  case* we* have* a c o n tra d ic t io n  w ith  th e  fac t th a t  ( ( „ „ ( / ' )  D ( / / „ )  is t r iv ia l  

because //(e/v ) * u n ^  f .

- •  * '  $■ P c

H u n i r ) O ( / / „ )  is t r iv ia l ,  o th e rw is e , by  th e  p ro p e r ty  (iv). the*re* e x is ts  a la b e l 

reduced  p a th  / /  labele*d b y  ip, such th a t  t i p ' )  6  l ’ ( 0  and  p  is an  in i t ia l  s u b p a th  o f 

/ / •

A ssum e  th a t  H Uni r )  D  ( / / „ )  is t r i v ia l  and  * > >  1.

W e a d d  a n  edge e " . a v e rte x  P  a n d  a p a th  q to  A .d  // -  L) so th a t  e>( t " )  =  r . t ( f " )  — 

P .  p i t " )  =  u n .o ( q )  =  v . t i q )  =  P .  p i< l )  1 (see F ig u re  15). T h e  re s u lt in g  g ra p h  

we e lenote  b y  A V

O bse rve  th a t  th e  re*su lting  / / „ -c o m p o n e n t C '  =  C' U  { > " . P )  is / / „ - fo lded , o th e r ­

w ise. b y  th e  sam e a rg u m e n t as in  l . b )  we get a c o n tra d ic t io n . B u t .  A 'g (/7 — 1) is no t 

( / - fo ld e d . W e p e r fo rm  necessary u - fo ld in g s  fo r // <  //„  be tw een  q a n d  as a re su lt we 

o b ta in  a new  g ra p h  A 6 in  w h ic h  th e re  e x is ts  a p a th  q =  (pq> s ta r t in g  a t r  such th a t
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/ / ( r/) =  u~n. t (( [ )  G I ' ( C )  and p  =  q x is ail in it ia l subpath  o f q.

W e can ap p ly  the procedure described above to  a ll c ases in Afi when (viii) is not 

satisfic'd. A fte r a ll these operations we denote the resulting graph by A 7 . Observe1 

th a t A 7  has a ll the properties (i)-(viii) and At(// — I ) is (.'-fo lded.

S te p  6 . W e verify  (ix) for Ar(n).

Let p  be a path  in A t (h )  w ith  p i p )  =  tc. p i p )  belongs to  the* a lphabet { .V  U 

A '- 1 } U  { u n | u G ( '(A 7 ). u  <  u „ . n  G so let 11s subdivide p  in the following

way

p  =  p p / i p - y / j  ■ ■ ■ Prnf/rnPm*-l-

wht're a ll edges in [>, do not conta in  edge's labeled by < . 0  €  Z [ / ] ~  . so th a t. wc> 

can assume to be a path  in A t ( u  — 1) and //, contains on ly  c'dges labeled by

1 / ^ . 0  g  Z [ t \ \

T a ke  a n y  /;,. B y  in c lu c tio n  th e re  e x is ts  a u n iq u e  la b e l reduced  p a th  c/, suc h th a t 

o (p , )  -  o i q , ). t i p , ) =  t ( q , ) . p i q , )  =  //.,. w he re  //(/>,) =  //,. Observe* th a t  s ince  /(/>,) 

bc'longs to  some1 //,,-c o m p o n e n t C\  a n d  d, is a p a th  com posed  o n ly  o f  edges labe led  

b y  e xp o n e n ts  o f  u n th e n  d, is a  p a th  in  C\  such th a t  p { d t ) =  u',]'. B y  L e m m a  do thc're 

e x is ts  a u n iq u e  p a th  c, in  P( \  such  th a t  n(c,)  =  o id , )  and  //(}■ G p ( r ,  ) * H Un i n ( d , )). W e 

have th a t  t ( d , )  =  H r , ) .  Indeed , i f  d,  leads to  som e o th e r  v e r te x  c G P c , th e n  there1 

e x is ts  a u n iq u e  p o s it iv e ly  o r ie n te d  s u b p a th  p r o f  PCi fro m  o ( d t ) to  /• a n d  wc1 have1 

a lo o p  p , d ~ 1. so pip , - )  *  u~n ' G H Unio (d , ) ) .  T h u s  //(J1 =  p i p r ) *  h , J i ,  G ( o i d , )) 

a n d  p ( p r ) G p i c , )  *  H , l r i (o (d , ) )  w h ic h  is im p o ss ib le  unless p,. =  r , .  because1 C', is 

/ /n-re d u ce d . So t ( d t ) =  t ( c , )  =  o ( p , ^ \ ) .

T h u s  we o b ta in  a reduced p a th  r  as the fo llow ing concatenation

(l  =  CllCXq2 C> ‘  •  •  l  •

where o(q, )  =  o ( p , ) . t ( q , )  =  t ( p , ) . o ( c , )  =  o ( d , ) . t ( r ,)  =  t ( d , ) . p ( q , )  =  p ( p , ) .  p i c , )  -
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//(<"/,) =  n ' n - i  G [ I .  in  +  1] a n d  n(q ' )  =  n ( p ) J ( q ' )  =  t (p ) .  p i q ' )  =  //(/>) and  a ll r / , . r ,  

a ro  la b e l reduced.

H ow ever, i f  m ay be n o t la b e l reduced , th a t  is. th e re  can  be a c a n c e lla tio n  in 

/ / ( c , )  * / / b / i - i ) -  W ith o u t  loss o f  g e n e ra lity  we can assum e n ,  > >  1 ( i f  no t th e n  bv 

(iii) we can assum e p ,c ,p , ^ \  ti> be a p a th  in  S - ( n  — 1 ) a n d  e v e ry th in g  fo llow s  bv 

in d u c t io n  fo r  / v  ,P i~ i )■

Suppose1 f i ( c t ) 1) ^  /d C |) ° ft(Hi  1 )• Then  / / ( ' / ,_ i ) contains an in itia l subword

"n °  f l \ - k  <  d. u ' 1 =  di ° Since* A v (n  — 1) is C -fo lded . by (vii).(viii). (ix) it 

folh)ws th a t there exists a p a th  r, 11 =  sucli th a t <>(r, , ! )  =  o(q,  ). t( r , . \ ) =

f{<h ~ i )• o( z , . i ) =  t’i €  \  ( C , ). f i ( i. i ) =  ep/.Vi aI1(l it ( :IU i '1* continued bv a path  

to  some vertex »•■_> E \ ' { C \ )  so th a t is a label reduced p a th  from  f |  to r_>. Let

ii'i-i-1 be the path  in P( i such th a t o( » • , . [ )  =  j ) =  r j .  T h e n  we have* that

concatenation  i r ,  _ [ z'~  1 is a p a tli from  t ( c , )  =  <>(q,+.\) =  o{ i ) to  t (z,  ,  i ) =  o( / ,  )

and f i ( i r l ^ \ Z 1^ 1) =  / / ( c , * i )  =  u* o r/,. So we* can substitu te  q,^ i by i r , ~ \ z ' i n  

q. Observe th a t p ( z ' ~ x) =  r /7 1 and z' l / i - t  is label reduced otherw ise //J, o <p is 

not tin* m ax im a l in it ia l subword o f p ( r/i + i)  which cancels in *  P - i ' h - 1)- Also.

II n  *  <7 J  ‘ =  ' I  n °  < h ' .

T h u s  we have th a t  <\qtJ. i  becom es c t u \ + \ z ' ~ x f t ^\ .  W e can  f in d  a u n iq u e  labe l re­

d u ce d  p a t l i  hi in  C,  w h ic h  c o rre s p o n d s  to  rp c ,^ !  and  th e n  bt z ' ~ l / . _ ;  is labe l reduced.

I f  //.( f / i) *  p ( r t ) ^  p ( q t ) ° t h e n  we can  s u b s t itu te  </, b y  / , c " ~ l {c, a n d  us ing  the  

sam e a rg u m e n t as above  show  th a t  we o b ta in  a la b e l re d u ce d  p a th  / ,  z”  ~1 b, w h ich  

co rre sp o n d s  to  q , r t .

A f te r  f in i te ly  m a n y  such  s u b s t itu t io n s  we get a la b e l re d u ce d  p a th  q such th a t  

o (q )  =  o ( p ) . t ( q )  =  t ( p ) . p ( q )  =  p ( p )  =  F in a lly , u s in g  th e  p ro p e r ty  (viii):

( a ) , ( b )  ( s im ila r ly  to  th e  C la im  in  S te p  5 )  one can c o n s tru c t a u n iq u e  la b e l reduced 

p a th  q'  such th a t  n(q ' )  =  o ( p ) . t ( q ' )  =  t ( p ) . p ( q ' )  =  /?.
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S te p  7 . L e t 7 G F “ ' ! be such th a t

<] — h i  t in ' h> ■ ■ ■ 11“ m ;.

W e check (x) fo r  A 7(n ) .

I f  u <  //„ then (x) follows by induction . Suppose 11 ~  u „ .  By induction  e ither  

tlu>re exists a unique' labed reduced path  p  1 in A 7 (n  — 1 )  for / q  startin '* at r  G  A 7 i n )  

such th a t p ( p i ) — h\  o r for any p ath  71 in A7 s ta rtin '*  a t r  it follows th a t / / ( r / , ) ^  /p . 

In  the la tte r  case th ere  exists 110 p a tli p  for 7 such th a t / / ( / / )  =  7. because' if  it exists  

then by (ix) there exists a unique path  7 such th a t 0 (7 ) =  o(p) .  t (q)  =  t i p ) .  p ( 7} =  7. 

B ut 7 contains an in it ia l subpath  71 s ta rtin g  a t /• w ith  the label p[<i \ )  =  h\  - 

contrad iction . In  the  form er case we continue w ith  1/'*1. Since* t i p i )  belongs to some* 

//-com ponent C’t o f A 7 ( / / )  - bv Lem m a 35 e ither there' exists a uni((ue path  / t in l \  ■, 

such that o(c ,) =  t ( p \  ) and //'*• G p(<’]) * H {)t‘ dieTe' exists 110 continuation  

o f pi in C’i which is labeled bv //'*■. A gain , if  th is con tinuation  does not e>xist then  

there exists no required path  for 7. if it does e>xist then we continue.

E v e n tu a lly  we e ith e r  c o n s tru c t th e  re’qu ire ’d  u n iq u e  p a t l i  fo r 7 o r  there* e-xists no 

such p a th  a t a ll.

T h e  in d u c t io n  s te p  is c o m p le te  and  th e  th e o re m  is prove'd.

i 1

I t  can be* seen e a s ily  fro m  th e  P re ip o s itio n  4 th a t  p ro p e rt ie s  eif C - fo ld e d  g ra p h s  are' 

s im ila r  te> th e  p re ip e rtie s  o f  fe ildetl A ’ -g ra p h s  in tro d u c e d  in  [24]. In  [24] A’ -g ra p h s  are* 

used fo r s tu d y in g  th e  s t ru c tu re  o f  s u b g ro u p s  in  free  gremps a n d  fo r s o lv in g  va rio u s  

a lg o r ith m ic  a n d  c o m b in a to r ia l p ro b le m s  fo r  free g ro u p s  and  the*ir su b g ro u p s . In  the* 

n e x t su b se c tio n  we t r y  to  d o  th e  sam e fo r f in i te ly  g e n e ra te d  s u b g ro u p s  o f  F ‘' [t' u s in g  

(Z [ t \ .  A ')-g ra p h s .
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1 7 .3  S u b g ro u p  g ra p h s an d  a p p lic a t io n s  o f  T -fo ld ed  

(Z [t\. .Y )-graphs

In  S u b se c tio n  17.1 (see L e m m a  .'57) wo saw th a t  a n y  t iu ito  ( Z [ / l .  .V )-g ra p h  cloHnos a 

s u b g ro u p  in  F"'-1'. W o w il l  seo n o w  th a t  t l io  oonvorso s ta to m o n t is a lso tru e .

P ro p o s it io n  5 L i t  H  he a f i n i t e l y  yene rated suby roup o f  F " '1-. T h i n  there exists a 

[. - fo lded  ( Z [ f j .  X ) - y r a p h  T an d  n r e r i e x  r  o f  T  such tha t  L { V . v )  ~  H .

Proof .  S ince  H  is f in i te ly  g e n e ra te d  th e n  th e re  a re  e lem ents  / q  /q. in  F " ’

w h ic h  g e n e ra te  H .  S ince F *V I is a u n io n  o f  th e  fo llo w in g  in f in ite  ch a in  o f  g roups :

F  =  Civ <  Ci i <  . . .  <  G i , . . .  <  . . . .

w here  6 ' , _ i is o b ta in e d  fro m  G't b y  e x te n s io n  o f  a ll c y c lic  c e n tra liz o rs  in  G , .  th e re  

e x is ts  a m in im a l n a tu ra l n u m b e r n such th a t  h t €  G n ~\ fo r  a ll / ~  [ L. A-j .

In  S u b se c tio n  15.2. it  was show n  th a t  a n y  e le m e n t o f  F " '1 has a u n iq u e  ex tens ion  

ser ies  a n d  th e  s ta n d a rd  d e c o m p o s it io n  w ith  respec t to  these series. I f  by F ( h t ) we 

d e n o te  a ll e lem en ts  fro m  V .  in f in ite  e x p o n e n ts  o f  w h ic h  a p p e a r in  th e  s ta n d a rd  

d e c o m p o s it io n  o f  som e />,. th e n  L " ( / i, )  is a f in i te  set a n d  so is | J *=1 i ' { h t ). T h u s  an y  

h, ca n  be v ie w e d  as f in ite  w o rd  over the* a lp h a b e t B  =  { .V  U .V - 1 } U { / / r‘ | u €  

uf=l o f  th e  le n g th  n t .

W e d e fin e  an  ( Z [t\. .V ) -g ra p h  T t in  th e  fo l lo w in g  way. T i is a wc>dge o f  k  c irc les  

w edged a t a v e r te x  d e n o te d  tq . T h e  z -th  c irc le  is s u b d iv id e d  in to  n , edges w h ic h  a n ' 

o r ie n te d  a n d  la b e le d  b y  B  so th a t  th e  la b e l o f  th e  z -th  c irc le  (as read  fro m  to  r t ) 

is p re c is e ly  th e  w o rd  h t . N o te  th a t  T i is co n n e c te d .

F o r a n y  cyc le  p  a t z'[ in  T o  p ( p )  6  ^ ( T i . C i )  b y  d e f in it io n .  So H  C  ZL( T i . cq)- 

T h e  converse  is o b v io u s ly  t ru e  - i f  cy 6  ZL( T i - t ’ i )  th e n  i t  can  be re a lize d  as a reduced  

la b e l o f  som e cyc le  a t z'i in  T [. so i t  can  be  o b ta in e d  as a f in ite  p ro d u c t o f  basic
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cyc les  la b e le d  b y  /«,. T h u s  we have H  =  ( h \ .h k.) C  Z-(P i . #’i ).

B y  P ro p o s it io n  4. fro m  T i b y  f in ite ly  m a n y  p a r t ia l a n d  u -fo ld in g s . u €

one can  o b ta in  a f in i te  { . '- fo ld e d  (Z [ f ] ,  X  ( -g ra p h  T w h ic h  is co n n e c te d  a n d  th e re  

e x is ts  so tiu ' v e r te x  v  in  T w h ic h  co rre sp o n d s  to  f [  in  P p  B y  L e m m a  3S we have 

L{  T i - 1' \ ) =  L ( r .  r ) .

□
O bse rve  th a t  T c o n s tru c te d  in  th e  p ro p o s it io n  above1 is n o t u n iq u e  in  genera l. 

B u t a ll g ra p h s  asso c ia te d  w ith  H  d e fine  th e  sam e language1 w h ic h  coinciele's w ith  H .

P ro p o s it io n  4 o n ly  s ta te s  th e  ex is te n ce  o f (Z [ f ] .  .V (-g ra p h  T fo r / / .  B u r . in  fa c t, 

th e  fo llo w in g  re 'su lt fo lle jw s d ire c t ly  fro m  the* p rocedure 's  d e sc rib e d  in  the1 p ro o fs  o f 

Leunm a 33. L e m m a  34. L e m m a  35 a n d  P ro p o s it io n  4.

P r o p o s i t i o n  6  T in  re is an a lg o r i t h m  i rh ich .  g iven  f i n i t e l y  tnang  s ta n d a r d  d ecom ­

p os i t i o n s  o f  e le m en ts  h i  h^ f r o m  F " '  . c o ns t ruc ts  a ( ' - f o l d e d  ( Z f f j .  A  ) -graph  T.

such tha t  L ( r . v )  =  ( / q ......... / q ) .

The1 n e x t re s u lt is a s o lu t io n  o f  m e m b e rs h ip  p ro b le m  fo r  f in i te ly  ge 'tie ra ted  sul>-

g ro u p s  o f

P r o p o s i t i o n  7  E v e n /  f i n i t e l y  generate.d subgroup o f  F ~  ‘ has a solvable me mhc rsh ip

p rob lem . T h a t  is. there exists an a lg o r i t h m  winch,  g iv en  f i n i t e l y  m a n y  s ta n d a rd

decom pos i t ions  o f  e lem en ts  g . h \  /q  f rom. F “  ' . decides w he th e r  o r  n o t  g he longs

to the subgroup H  =  ( / q .......... h „ )  o f  F z,t '.

Proo f .  W e c o n s tru c t a { '- fo ld e d  (Z [ f ] ,  A ’ (-g ra p h  T . such th a t  { ( T .  v)  =

( / q .......... / q )  w h ic h  is a f in ite  a lg o r ith m ic  p ro c e d u re  b y  P ro p o s it io n  6 .

L e t

F  <  H i  <  H i  <  . . .  <  H n.

be th e  e x te n s io n  series fo r  g.  w he re  g G H n a n d  / / , _ t is  o b ta in e d  fro m  H t b y  a

c e n tra liz e r  e x te n s io n  o f  a s in g le  e lem en t u, a n d  le t U ( g )  — {e q  be1 th e
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subset o f f . ’ w ith  the  induced order. T h e n  we check if r/ £  Z . ( I \ r )  using inductive  

argum ent based on | f ’ (/7)|-

7 £  H  =  L ( V . r )  if and only if there exists a reduced cycle p at r  in T such th a t  

7 =  p ( p ) .  By the' p ro p erty  ( ix )  of T we can assume th a t //(/>) =  7.

Let

7 =  h i i i ” ' h - 2  ■ ■ ■

be the standarcl decom position o f 7.

B  K '(.7)| =  d. th a t is. 7 is a reduced word in { .V  U  A '- 1 } then we just try  to  

"read" 7 in H O ) s ta rtin g  at the vertex r  - th is can be done as shown in P roposition  

7.2 from  [24].

Suppose th e re  is an  a lg o r ith m  w h ich  " re a d s "  a s ta n d a rc l d e c o m p o s it io n  o f  an 

e lem ent h £  H „ - \ .  th a t  is \L’ (g) \ <  n. s ta r t in g  fro m  an y  p o in t r '  £  1 ( 1") and  

re tu rn s  answ er "y e s "  i f  th e re  e x is ts  a p a th  in  T c o rre s p o n d in g  to  h o r " n o "  i f  such 

p a th  does no t e x is t. T h e n  we a p p ly  th is  a lg o r ith m  to  r  a n d  h \ .  I f  we get “ n o " as 

a re s u lt i t  m eans b y  th e  p ro p e r ty  (x )  o f  T th a t  th e re  e x is ts  no p a th  fo r h 1 s ta r t in g  

a t r  in  P and  we s to p  - 7 does n o t b e lo n g  to  H .  I f  we get "ye s " as a resu lt so we 

have a p a th  p \  fo r  h \  a n d  i f  t ( p \ )  be longs to  som e u „-c o m p o n e n t C  o f  T we t r y  to  

" re a d "  u'T\' as fo llo w s . A  p a ir  ( P r -  H Un( t ( p \ ) ) )  is assoc ia ted  w ith  C .  w lu 'rc ' P c  is 

a finite* p o s it iv e ly  o r ie n te d  p a th  a n d  H, l n ( H p \ ) )  is a f in i te ly  gene ra ted  free a b e lia n  

g ro u p . B y  L e m m a  35 i t  is enough  to  check i f  u j' 1 £  7 ( 7 )  * H Un( t ( p  1)). w he re  7 is 

a reduced  s u b p a th  o f  Pr . Hence, i f  we ca n  f in d  such 7 th e n  i t  is u n iq u e  a n d  we 

p roceed  w ith  h >- I f  th e re  e x is ts  no such s u b p a th  o f  P ( -. we s to p  - 7 does n o t b e lo n g  

to  H .  In  f in i te ly  m a n y  s teps we e ith e r  f in d  o u t  th a t  7  ^  H  011 som e in te rm e d ia te  

s tep  o r  c o n s tru c t a p a th  p  fro m  r  to  som e c t £  V '(T ) .  w h ic h  is labe led  b y  7. I f  we 

m anaged  to  f in d  p  th e n  we check i f  c =  t ’i w h ic h  h o ld s  i f  a n d  o n ly  i f  7 £  H .

□
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N e x t a p p lic a t io n  o f  [  '- fo ld e d  (Z [/J . X  1-g ra p h  i.s th e  f in d in g  o f  in te rs e c tio n  o f  tw o  

f in ite ly  g e n e ra te d  s u b g ro u p s  in  F ~  ' .

R eca ll th e  d e f in it io n  o f  a p ro d u c t-g ra p h  fro m  [24].

D e f i n i t i o n  3 7  Le t 0 [ .  (-)_> be graphs labeled by some alpbabe t A .  The product-g raph  

( - ) |X 0 _ , is de f ine el as f o l l o w s .  The ve i i e x  s e t o f  0 t  X 0 _ ,  is the sc t \  ’ ( 0 i ) x I  ( H j ) • F o r  

a p a i r  o f  re r t i r e s  (s. t ) .  ( s ' . t ' )  £  I (H t *  0 _ > )  (so th a t  s. s'  £  \ ’ ( 0 i  ) . t . t '  £  V’ (C—>_>) > 

an d  a le t t e r  z £  .4 an edge labeled by z w i th  o r i g i n  ( s . t ) a n d  t e r m in u s  ( s ' . t ' )  is 

in t roduced,  p r o v id e d  there is an edge labeled by z f rom, s to s' in H i  a n d  there is an 

edge labi le el by z f reon t to t '  in  0 _ > .

In  [24] th is  n o t io n  was used fo r  c o n s tru c t in g  a g ra p h  c o rre s p o n d in g  to  th e  in te r ­

sec tion  o f f in i te ly  g e n e ra te d  su b g ro u p s  in  a free g ro u p . In  case o f  I "-fo lded  (Z jf ) .  .V )- 

g ra p h s  s im ila r  n o t io n  can  be in tro d u c e d .

A t f irs t we p rove  th e  fo llo w in g  a u x i l ia ry  re su lt.

L e m m a  3 9  Le t I I \ .  //_> be■ subgroups o f T J ’ a n d  let H  — H \  n /■/_.. Le t b \  h „ n be

cosets re presented eves in  TP by H \  an d  g [  gm , be onsets n  pre sen ta t i  re s in 7P by

I F  (beith l is ts  are■ no t  ne e e s s a n l y  co m p le te ). Then  the re' ex i s t  roset  representat ive s 

P i  P m ,.P i >  0 . m :t <  n i i t n ,  in  Z p by H  such tha t

{ ( h  i 4 - L I i ) U  • • • U  (/> m , 4- H i ) }  n  { ( p i  4- H y ) U  • • • U  ( g m,  4- //_>) }  =

— { ( Pi +  LI )  U • • • U (pm., 4- L I ) } .

Proof .  I t  i.s e n o u g h  to  show  th a t  th e  in te rs e c tio n  o f  tw o  cosets ( h t 4- H i ) D ( ry7 4- LI>) 

is e ith e r  e m p ty  o r  co n s is ts  o n ly  o f  one coset p*.. 4- H  in  TP b y  H . W e have

(/}, 4- H i ) f~l (g} 4- H-y) =  (b,  +  ( ( r  i ■+- H )  U  ( r i  +  H )  U  ■ ■ ■)) <~) (pj  -h ( ( i p +  H ) U

U (ei-, 4- H )  U • • •)) =  ( (« i  +  H )  U (a-y 4- H )  U • • •) D ( ( Ip +  H )  U (b-2 4- H )  U • • •).
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w hen* f’ i  r T, ar e coset re p re se n ta tive s  in  H \  by  H .  <i\......... ' [„■■■■ i l t (> coset

representatives in H>  by H .  <ii is a representative o f h, 4- ry in Z ;> by H .  b„, is a 

representative o f c/7 -I- r m in l p by H . T h u s  we have two sets o f cosets in l p by H  

and th e ir in tersection  e ither consists o f some num ber of cosets or is e inp tv . Suppose 

there are a t least tw o cosets in the intersection, th a t is say =  b\ and u_> =  b,. T h en , 

there are tw o elem ents t \ .  t> G (/t, 4- H i ) P  (f j j  4- //■_>) such tlia t t \ — t> H .  It follows. 

11 — t> — ft i 4- - 1 — (<ij  4- ) =  hi  4" f  i 4 - z' i  — ( h,  4- r  > 4- z ' j ) ; t‘[ — r_> 4- z'  i — -  j  G H i •

where C i. z2. c ' i . z ' i  G H .  O n  the o th e r hand A — t > =  h\ 4- - i  — ( h i  4- c_>) =  

(jj 4- (j\ 4- z"  j — (f / j  4- r/j 4- z " i )  — (l \  ~  <ii 4  — i  G H i .  So. 11 — f j  G H  -

co n trad ic tio n  w hich pnwes the Lem m a.

□
L e t 0 1. 0 J be f in ite  ( '- fo ld e d  ( l [ t \ .  .V )-,g raphs  and  1 et r, G \ ’ ( ( - ) , ) . /  =  1. 2. 

W e c o n s tru c t a (Z [( ) .  X  l-g ra p h  0 :t. such th a t  r :() =  L ( ( ~ ) \ . r l ) P. / „ ( 0 _ . . r _ . ) as

fo llo w s . T i le  v e r te x  set o f 0 j  x  0_> is th e  set I  ( 0 j  ) x  \ ’ (0 - j) .  For a p a ir  o f ve rtices  

(s. t ) .  (s ' .  t ' )  G 1 ( 0 ]  x  0_>) (so th a t s. s' G 1 ( 0 i ). t . 1 '  G l ’ (0 _ i)) a n d  a le t te r  ,r G .V. 

an edge la b e le d  b y  x  w ith  o r ig in  ( s . t )  a n d  te rm in u s  ( s ' . t 1) is in tro d u c e d , p ro v id e d  

th e re  is a n  edge la b e le d  b y  x  fro m  s to  s'  in  0 i a n d  the re  is an  edge1 la b e le d  b y  x  

fro m  t to  t '  in

T h e n  le t u G (.’ ( 0 |  ) P  ( '(0-.>). C o n s id e r A ’, — C o n i p j t r , ) .  i =  1. 2 w he re  i r ,  G 

V '( 0 , ) .  S ince  A",. i =  I. 2 is f in ite , by  L e m m a  30. H u( u \ )  is is o m o rp h ic  to  a s u b g ro u p  

/ / ,  o f  Z " * .  T h u s , we can co n s id e r H i  a n d  H i  as sub g ro u p s  o f  Z C  w he re  p =  

m a x { n i .  n .>}. O b se rve  th a t  H  =  H \  P  H i  in  l p ca n  be fo u n d  a lg o r ith m ic a lly .

F ro m  n o w  o n  we w i l l  use a d d it iv e  n o ta t io n  fo r  H t.

N o w . V’ ( A  i ) x  V’ (/\_ .) C  O ( 0 i X 0 > )  a n d  we co n n e c t ve rtices  in s id e  \ ' ( h \  ) x  l ‘ ( AN) 

as fo llo w s . L e t b, be  a b a se -p o in t in  A ’,, i  =  1 .2 . L e t G V’ ( A '( ). t \ .  (■_> G l ’ ( A ' j ) .

S ince A', is U  - fo ld e d , a n y  v e rte x  in  A ', is a sso c ia te d  w ith  a coset in  l p b y  H , .  T h e n  

th e re  e x is t h n . h t , a n d  0J l - y j2 w h ic h  a re  coset re p re se n ta tive s  fo r  .s,. *■> a n d  A  • A
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c o rre s p o n d in g ly . W e c o n n e c t ( * i . f i )  " ' i t h  (s_>. A>) b v  a p o s it iv e ly  o r ie n te d  edge w ith  

la b e l uPk i f  and  o n ly  i f  (/?,., — //,, 4- H \ )  n  (gj2 — gJ{ 4- //_>) =  j>k 4- H  fo r som e coset 

re p re s e n ta tiv e  p k .

Observe* th a t  K \  x  A b  can  be d isconne c ted  and  i t  can  cons is t o f severa l u- 

c o tn p o tie n ts . A lso , a c c o rd in g  to  th e  d e f in it io n  above i t  c o n ta in s  loops  (at least ones 

w h ic h  cons is t o f tw o  edges).

L e m m a  4 0  Let  A i . A b . A ’ i x  A"_>. H \ .  H>. H  be de f ined as above a n d  h t  A ’ i x Ab 

edge - eo n n re ted. Th e n

(a )  i f  there exis ts  an edge c t wi th  label up' . p x >  0 in  I \ \  x  A b  f r o m  ( > | . / i )  to 

(s->. t->) then there ex is ts  also an edge n  i n th  label np- . p-> >  0 f r o m  (>■_•./_.) to ( > , . / ,  );

(h)  i f  p =  > , . . . i f .  is a loop in  A ’ i x  Ab  such tha t  / / ( c , )  =  i p '  t i n  n / [ + • • •  4_/V € I I :

(e)  / f  j> =  t x . . . ( k is a s im p le  path in A"[ x  Ab  such th a t  / / ( ' , )  — n^' t in n

/ ,  +  • • •  +  /*■ $  H .

Proof ,  (a)  T h e  e x is te n ce  o f  c 1 m eans th a t (/?,_, — +  I I \  )H (gJ2 — gJX 4/Y_.) =  p*. —/ / .  

w h e re  h n . //,, a re  coset re p re s e n ta tiv e s  in  Z p by  H i  fo r  S). s_> c o rre s p o n d in g ly . g Jx. gJt 

a re  coset re p re se n ta tive s  in  Z p b y  H>  fo r t \ . t >  c o r re s p o n d in g ly  and  p k is a coset 

re p re s e n ta tiv e  in  Z p b y  I I . T h u s  we have h ,2 — //,, -f- r /1 =  gj2 — gn  4  a , =  p k r . 

w h e re  a, G H , . r  G H .  So / t , ,  — h t , 4- n' \  =  g u -  gj2 4  c/'_. =  — p k 4- e'  =  pi <■' fo r 

a \  G H , . c' G H  w h ic h  m eans th a t  (/),, — h ,2 4- H \ ) D  (gJX — g]2 4- //_> ) =  p; 4- I f  is not 

e m p ty  a n d  th e re  e x is ts  an  edge fro m  ( s - j . t j )  to  ( s \ . t i ) .

(b )  S uppose we have a cy c le  p  =  e 1 . . .  ek.. p ( e , )  =  i p '  in  A ’ t x  A b . B y  (a)  we can 

assum e a ll / ,  to  be p o s it iv e . W e have o (e ,) =  ( * l . t l ) . t ( e l ) -  ( s t +  i .  t , ^ i ) .  i G [ l . A  ] and

T h e  ru le  b y  w h ic h  edges in  A ’ i x  A b  a re  construc  ted  assumes 

th a t  th e re  e x is ts  g t . a coset rep resen ta tive 's  in  Z p b y  H i  c o rre s p o n d in g  to  s, and  

a coset re p re se n ta tive s  in  Z p b y  H>  c o rre s p o n d in g  to  t, such th a t  fo r  an  edge c, one 

has (//,_!_[ — h t ■+■ H i )  f l  (p n - i — c/i +  H>)  — fx ■+• H . i  G [ l . A -]. T h u s  h , ^ i  — h, 4- a , =
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r/,_! — (j, +  />, = / , +  e,. fo r  som e a, £  H \ . b ,  £  H 2.c, £  H .  So i f  we sum  a ll these 

e q u a lit ie s  fo r i £  [ l .  A'] we o b ta in  rq  • • • +  /u- =  l>i -I- • • • - f  bk. =  f i  +  ■ ■ ■ +  f k  +  ('. < £  H  

a iu l f \  - ( - • • •  -4- f k  £  H ■

(e) Her*' we use th e  n o ta t io n  fo r  p  in tro d u c e d  in  th e  p ro o f o f  ( l>). T h u s  we have 

o(c , )  =  (.s,. / , ) .  t { ( ,) =  ( s, _ i . ). / £  [ 1. A- ]. <jt is a coset re p re s e n ta tiv e s  in  7J' bv H \

c o rre s p o n d in g  to  .s, and  // , .  a coset re p re se n ta tive s  in  U '  b y  H>  c o rre s p o n d in g  to  t, 

fo r  a ll i £  [ 1. A" -f- 1 ] so th a t  (h  — //, -t- / / i ) ^  ( .Vi 1 — 7, -t- H 2) — f , -+- / / .  / £  [ l .A  j. th a t 

is. / / ,^ 1 — / / , + / / ,  =  f / , . [  —f j l + b t =  / , + c , .  fo r  som e a, £ H \ . b t £  H 2.<\  €  / / .  A g a in , we 

t ake t he sum  fo r a ll / £  [ I . A'j. so //^. 4-1 — h 1 cz — (Jk ~  ff i  b =  J [ -t- • • • 4-  f ^  4- r. a £  

H x.b  £  H \ . c £  H . H ence, (hfc 11 -  h 1 - f / / 1) n  (7* - 1 -  H1 +• H  2) =  /  +  H  i* no t em pr v 

fo r  som e coset re p re s e n ta tiv e  /  in  ID' by  H .  T h is  m eans t h a t  th e re  e x is ts  an edge 

r  la b e le d  by  / / " . /> >  0 in  f \ \  x  I \ 2 fro m  (•‘n - A | )  t o  (>*._ | . t k. _ 1 ) a n d  p £  11. t tv  la )  

th e re  e x is ts  a lso an edge <' f ro m  (.sk _ t . t k. _ 1 ) to  ( > i . f 1) la b e le d  b y  ti J . d  >  () such t hat 

o  +  .1 £  H . S ince 7 =  ( 1 • • • cg.c' is a cyc le  i t  fo llow s  fro m  b ) th a t  f \  +  • • • +- / ; . -r i  £  / /  

so it fo llo w s  th a t /1 +  • • • +  f k  -1 €  A/.

;—[

O bse rve  th a t  it  fo llo w s  fro m  L e m m a  40 th a t H u( ( b \ . b>)) is iso m o rp h ic  to  / / .

T o  c o m p le te  th e  c o n s tru c t io n  o f  a l l  ( /-co m p o n e n ts  in  / \ ’ [ x  f \ 2. in  an y  connec te d  u- 

c o m p o n e n t o f  [ \ \  x  /v> we choose a m a x im a l sub tree  and  th e n  u s in g  (a ) fro m  Lem m a 

40 we can  change th e  d ire c t io n  o f  som e edges to  m ake a ll s im p le ' p a th s  s ta r t in g  fro m  

th e  chosen ro o t to  leaves o f  th e  tre e  la b e l reduced. F in a lly ,  a f te r  u s in g  ( /- fo ld in g s  we 

o b ta in  a single1 p a th  fro m  th e  tre e , th e  o r ig in  o f  th is  p a th  becom es a base*-point o f 

a c o rre s p o n d in g  //-c o m p o n e n t a n d  we a d d  a t each b a se -p o in t in  I  ( / \ i  x  I \ 2 ) cyc lic

edges la be led  b y  /z*'. w h e re  H  =  ( h i  / i* ) .

O bse rve  th a t  labe ls  o f  a l l  s im p le  p a th s  le a d in g  fro m  a b a s e -p o in t ( s . t )  to  any  

p o in t  o f  a //-co m p o n e n t in  / \ ' i  x  /v> com pose  a sys tem  o f  coset re p re se n ta tive s  by 

H tl{ (s .  t ) ) .  Hence a ll //-c o m p o n e n t in  f \ \  x  f \ 2 are //- fo ld e d .
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S ince th e re  are  f in i te ly  m a n y  //-c o m p o n e n ts  in  Q j . 0 - 2  for  a n y  // G f  ( H i  ) n£ ' (0_>)  

a n d  L ’ { & i )  n t ' ( 0 j )  is a f in ite  set. th is  process o f  c o n s tru c t io n  { /-c o m p o n e n ts  s tops 

a fte r  a f in ite  n u m b e r o f  steps. T h e n  we ta ke  th e  connec te d  c o m p o n e n t o f  0 t x  0 j  

w h ic h  c o n ta in s  ( / ’ i . / ' j )  and  d e n o te  th is  g ra p h  b y  0 ' {. O bserve  th a t  0 ' :! is p * ir t i . i l ly  

fo ld e d  b u t m a y  be  n o t £ -fo ld e d . H ow ever, a l l  ( /-co m p o n e n ts  in  are  co m p le te  

a n d  //- fo ld e d . B y  P ro p o s it io n  4 th e re  e x is ts  a £ '- fo ld e d  g ra p h  f in ite  ( Z [ / j .  X  )-g ra p h  

(“);{ SUch th a t  ( {’ l . C j )  )  — L ( S :i. ( f * i . /•_>)).

N ow . we have to  show  th a t  £ .(0 '. i.  ( t ’t. (•■_>)) =  £ ( 0 i -  / ' i ) n  £(0_>. (••_>).

L ( 't (j  G £ ( 0 i .  /.’ i )n £ (0 _ > . / ’•>) a n d  g  =  g\<L'n i g - i ' • - i Be its  s ta n d a rd  de co m ­

p o s it io n . T h /m  th e re  e x is t la b e l reduced  cyc les  c, in  0 ,  a t c, such th a t  / / ( c , ) =  g. 

O bse rve  t h a t  b o th  a n d  r_> b e lo n g  to  th e  sam e leve l in  0 )  and  0_> c o rre s p o n d in g ly .

I f  <7 G F ( X ) .  th e n  b y  d e f in it io n  g  G / - ( 0 V  ( t ’ i . / ’■>)). W e p roceed b v  in d u c t io n  on 

th e  L  - th e  m in im a l leve l o f  0 ,  w h ic h  c, be long s  to .

S ince 0 i.0 _ >  a re  £ "-fo lded  th e n ' ia  a  u n iq u e  p a th  p, s ta r t in g  a t r , la b e le d  by rq 

in  0 , ( L ) such th a t  t ( p , )  G V ( K , )  fo r som e //•-com ponen t A", in  0 , . /  =  1.2.  So bv

in d u c t io n  th e re  e x is ts  a la b e l reduced  p a th  p:j in  0 ' ( s ta r t in g  a t (/•] .  r>)  an d  e n d in g

a t ( t ( p \ ). t ( p >)) w ith  th e  la b e l g { a n d  { t { p \ ). t ( P i ) )  be longs to  (/•-com ponent. f \ \  x A_> 

in  0 ' :t.

T h e re  is a u n ic jiie  c o n t in u a t io n  o f  p, in  A ’, because g  G Z.( 0 j . / ' i ) n  £ (0 _ .. c_.). 

T h is  c o n t in u a t io n  is a p a th  r/t (n o t u n iq u e ) w ith  la b e l i / ' " 1 a n d  fix e d  e n d p o in ts  

° ( (h )  =  H p i ) .  t(<h) =  Q - i  =  1-2.  L e t H t ~  H ,L. ( t ( p t )). H  =  W| f l  //_> a n d  l>, be a 

b a se -p o in t o f  A ’,. / =  1.2.  T h e n  th e re  e x is t coset re p re se n ta tive s  in  U '  by  H,

w h ic h  c o rre s p o n d  to  o (r/,). t ( q t ) such th a t  cq G (~ i — V  +  H \ ) n  (--■•_» — J_> -F //•_>) #  W- 

T h e t i b y  d e f in it io n  o f  /c -co m p o n e n ts  in  /\*i x  A_> th e re  e x is ts  a coset re p re s e n ta tiv e  

Si in  I f  b y  H  a n d  a p a th  q.\. p (//: j)  =  //"*  fro m  ( £ ( p i ). f(p_>)) to  ( t ( / / i ). t ( q >)) such th a t 

(~;i — ‘A +  H \ ) 0  (~2 — h  +  H i )  =  <h +  H  =  O ] +  H .  So th e  c o n t in u a t io n  o f  p :{ in

A*! x  /\_> i.s f/:t. q:i is n o t u n iq u e , b u t i t  has f ix e d  e n d -p o in ts .
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In  th<‘ sam o w a v  one can  " re a d "  th e n  g2. u ,ni a n d  so on. S ince g  has f in i te ly  m a n y  

s y lla b le s  g, a n d  u'n ' th e  process o f  " re a d in g "  g in  (->! x  0_> is f in ite . In  0 ,  i t  ends a t 

r , .  hence in  0 i  x  0_> i t  ends a t ({•]. /•_>) a n d  th is  m eans th a t  g G L ( 0 ' . ! . ( r j .  r ■_>)). So 

/ d 0 i .  r ,  ) n  L (0 _ ,. r 2) C  L ( 0 ' { . ( r , .  r j ) ) .

N o w . le t g  G Z i(0 ';(. ( r ( . m )). T h e n  th e n *  e x is ts  a reduced  cyc le  c a t ( i ‘\ . r 2 ) in  

0 '  such  th a t  n ( z )  =  g.

I f  ry G F ( X )  th e n  b y  d e f in it io n  o f  0 i  x  0_> i t  fo llo w s  th a t  g  G L ( 0  j.  / * j ) H L ( 0 j .  /•_>) 

a n d  a g a in  as above  we use in d u c t io n  o n  L  - th e  m in im a l level o f  0 ' :, w h ic h  r  be long s  

to .

W e s u b t l iv it le  r  as fo llo w s

-  =  ~ \ rh  ~2  ‘  ‘  ‘  < F ~ k ~  1 •

w here  e ve ry  z, does n o t c o n ta in  an  edge la b e le d  b y  «•'* and  //, is a s u b p a th  w h ic h  

co n s is ts  o n ly  o f  edges la b e le d  b y  </•'*. O b se rve  t h a t  t/, is a re tlu c t'd  p a th  in  som e 

{/•-co m p o n e n t C , o f  0 '; j .

B y  in d u c t io n  th e re  e x is ts  a  red u ce d  p a t h / / ,  in  0 ,  such th a t  / / ( / / J  =  / / ( c i ) . o ( r i )  =  

( {• , .  L'-2 ) J ( = i )  =  ( t ( p i ) .  i =  1 . 2 .

t ( z \ )  be longs  to  J r-co m p o n e n t C \  in  0 ' j .  H ence f f - i )  =  ("u..s_>) a n d  s, be long s  

to  a jr -c o m p o n e n t A ’, in  0 , . /  =  1.2.  L e t H,  =  / / „ . ( . •> ,) . / /  =  H \  n  H> a n d  le t 

d x =  e, • • • c m. g ( t J ) =  /c ji .

B y  d e f in it io n  o f  0 t x  0 2 we have  fo r  each  th e re  e x is t c o rre s p o n d in g  edges r  j  G 

K \ . c 2j  G K- i  such  th a t  h j . h j + x a n d  g j - P j  + i a re  coset re p re se n ta tive s  c o rre s p o n d in g  

to  o ( e j M ( e j )  a n d  o(e' j ) .  t (e ' j )  a n d  ( h j  -  h J + l +  H x) n  (g j  -  g} , x 4- H 2) =  p } +  H .  

w h e re  3} G Pk +  H .  So J j  =  h j  — h j  + x +  Uj =  g} — g} + \ -I- G H x.b j  G H>  a n d  

.■?i -T • • • +  J m =  h i  — h m+1 +  n — g i  — g m+ i  + b . a  €  H i . b E  H > - H ence th e re  e x is ts  a 

u n iq u e  c o n t in u a t io n  o f  p t in  A ’,. / =  1. 2 fro m  t ( p , )  to  t ( f  lm ) (b y  L e m m a  35 a n d  th e
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fa c t th a t  / \ ,  is »•-fo ld e d ) a n d  we p roceed in  th e  sam e w ay  w i t h

In  a f in ite  n u m b e r o f  s teps we c o n s tru c t a p a th  r , in  0 , . /  =  1.2 such th a t 

o ( r , )  =  f ( r t ) =  i \ . p ( r , )  =  g. T h u s  g €  £ ( 0 i . / . ' i )  f l  £ ( 0 o . /•■_>) w h ic h  m eans th a t 

(ct. (•_,)) = £((-),. n) n £(02. r_>).

T h u s  th e  fo llo w in g  re s u lt is p roved .

P r o p o s i t i o n  8  Let  O i.0 _ >  be f i n i t e  connec ted  ( Z [ f j .  . V ) -graphs wh ich a n  i ' - f o l d e d  

a n d  let  c, €  1 ( 0 , ) .  i  =  1. 2. Then  t h e n  f .xists n f i n i t e  [ ' - f o l d e d  graph  ( Z [ f j .  .V ) -graph  

0 :t such tha t  £ (0 .) .  r : i) =  £ ( 0 t . r j ) H £(0_>. r 2 ).

O bserve  th a t  c o n s tru c t io n  o f  0 [  x  0_> is a d e f in ite  p ro ce d u re  w h ich  can  be p e r­

fo rm e d  in  f in i te ly  m a n y  steps. Hence th e  fo llo w in g  re s u lt.

P r o p o s i t io n  9  There exists an a lg o r i t h m  i r h i r h .  g i n  n f i m t i l y  i n ang  s ta n d a r d  d>-

c o m pos i t i o ns  o f  i lemexi ts h \  h ^ . g i  g,n f r o m  F "  ' . f i n d s  t l x  tp i x  rn to rs  o f

the in te r s e c t io n  H  H  K  which is f i n i t e l g  generated,  where H  =  ' h x =

(fh  / /». ) •

Proof .  B y  P ro p o s it io n  7 th e re  e x is ts  an  a lg o r ith m  w h ich  c o n s tru c ts  I. ’ - fo ld e d  

(Z[ f ) .  .V )-g ra p h s  r t a n d  T j  such th a t  £ ( r t . r t ) =  H . L { Y > . r , )  =  K .  r . G l ' f T , ) .  T h e n  

b y  P ro p o s it io n  8 th e re  e x is ts  a £ ’- fo ld e d  ( Z f t ] ,  X  ) -g ra p h  r ;t such th a t £ ( 0 :t. r : i) =  

£ ( 0 1 .  c i )  n  £ ( 0 J. /•_>) — H  n  I \ . r ;{ is f in ite  th e n  we can  fin d  a ll s im p le  loops  a t

a n d  th e ir  reduced  labe ls  gene ra te  £ ( 0 . j .  r : i ) — H  n  f \ .

□
T h e  fo llo w in g  re s u lt fo llo w s  d ire c t ly  fro m  P ro p o s it io n  !).

C o r o l l a r y  4  ( H o w s o n  P r o p e r t y )  The in te r s e c t i o n  o f  a n y  two f i n i t e l y  generated sub­

groups  o f  F 7' — is aga in  f i n i t e l y  generated.

U s in g  th e  c o n s tru c t io n  o f  a g ra p h -p ro d u c t d e s c rib e d  above we are  a b le  to  so lve  

th e  c o n ju g a c y  p ro b le m  fo r  f in i te ly  g e n e ra te d  s u b g ro u p s  o f  F ^ ' 1'-.
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P r o p o s i t io n  1 0  A n y  f i n i t e l y  generated subg roup o f  F ~ h a s  a solvable c o n ju g a c y  

problem. T ha t  is. there exists an a lg o r i t h m  i r h u h .  g iven  s ta n d a r d  decom pos i t i ons  o f

d e m e n t s  g . f  £  H  — ( h ; ........./)*.). der ides w h e t h e r  o r  no t  g is conjugate to f  in  H .

and  i f  yes. generates  an  e lement  r  £  H  such tha t  < ~ l ge =  f .

Proof.  W ith o u t  loss o f  g e n e ra lity  we ca n  assum e /  a n d  g to  be cyc l ic a l ly  reduced  

e lem ents in  G ri + \ D  H  a n d  a p p ly in g  c y c lic  p e rm u ta t io n s  we can  assume th a t

/  =  r \,M o / ,  o . . . o r f A  o f k

and

g =  u'{' o g { o . . . o  u ' i ‘ o g,

are c y c lic a lly  re d u ce d  (.’,,- fo rm s  fo r /  a n d  g.

R eca ll th a t  we a re  a b le  to  solve th e  c o n ju g a c y  p ro b le m  in  F " ’ ■ (sec1 S e c tio n  11). 

To d e te rm in e  i f  /  a n d  g a re  co n ju g a te  in  F ^ A  we co m p a re  eye lie  p e rm u ta t io n s

f ( i )  =  r f ‘ o f t o . . . o r j* 1 o / ,  o . . . o r j ' : , 1 o

and

g ( j )  -  u' j1 o gt  o . . . o HjJ| c g x o . . . o i i j }_]' o g} _ x

o f /  and  g. I f  f ( i o )  =  f j ( j o )  f ° r  some i o . j o  th e n  /  a n d  g  arc* co n ju g a te  in  F~'A a n d . 

m oreover.

°  9 JO °  • • • °  * ! '  ° 9 i ) *  ( 0 °  °  /*0 °  °  0 A ) ' 1

is a c o n ju g a t in g  e le m e n t x lojo such th a t  | *  f  *  =  g.  S ince th e re  a re  f in i te ly

m any such c y c lic  p e rm u ta t io n s  to  check we have a  f in ite  p ro ce d u re  o f  ch e ck in g .

H ow ever. /  a n d  g  m a y  n o t be c o n ju g a te  in  H  even  i f  th e y  are  c o n ju g a te  in  F “ ’[,\ 

- x  m ay  n o t b e lo n g  to  H .
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O bserve  th a t  i f  th e re  e x is ts  c o n ju g a t in g  e lem en t x  in  F  ' ' such th a t  x~  ' * /  + ./■ =  

!/. th e n  fo r a n y  e lem en t // =  / " '  *  x  we have t / ~ l * / * / /  =  <)■

N ow  we have th a t  /  a n d  () a re  c o n ju g a te  in  t l  i f  a n d  o n ly  i f  th e re  ex is t / „  G 

[ I .  A], j o  G [ I . / ]  such th a t H  f l ( . r  *  ( / ) )  is n o t t r iv ia l .  T h a t  is. e v e ry th in g  reduces 

to  f in d in g  such an  in te rs e c tio n .

B y  P ro p o s it io n  6. we can  f in d  a lg o r ith m ic a l ly  a f.’ - fo ld e d  ( Z [ f ]. .V )-g ra p h  T t and  

r t G V (  T ] ). such th a t  L{  T i .  f’ i ) =  I f .

L e t us c o n s tru c t a ( Z [ / j .  A ') -g ra p h  T j  w h ic h  co rre sp o n d s  to  . r *  ( f )  fo r  a n y  g iven  x  

and  / .  L e t T ' j  be  com posed  by  a s in g le  cyc le  a t r '  la b e le d  bv  s ta n d a rd  d e c o m p o s it io n  

o f / .  a n d  a p a th , s ta r t in g  a t r b .  e n d in g  a t r '  a n d  la b e le d  by  s ta n d a rd  d e c o m p o s it io n  

o f x.  Le t

f \ '  =  { f i { p )  | p  is a p a th  in  TN fro m  r  > to  r ' } .

T h e n , c le a rly , we have l \ '  =  x  * ( / ) .

B y  P ro p o s it io n  4. one  can  o b ta in  a lg o r ith m ic a l ly  a f ’ - fo ld e d  ( Z [ f j .  A ’ (-g raph  T j 

and  r . r _> G V' ( r_») c o rre s p o n d in g  to  r '  and  r ' j  re s p e c tiv e ly  such t h a t

I \ '  =  I \  =  { p ( p )  | p  is a p a th  in  F j  fro m  r-< to  r } .

T h u s  we c o n s tru c t a g ra p h  p ro d u c t o f F [ and  r_> T in 1 o b ta in e d  ( Z [ d .  A  (-g ra p h  

r ',5 w ith  d is t in g u is h e d  ve rtice s  ( t ' i . c - j )  a n d  ( i ' i . r )  we tra n s fo rm  in to  a £ - fo l ded 

( Z  [f], X  ( -g ra p h  r 3 and  w ith  abuse o f  n o ta t io n  we assum e ( r t . m ) . ( .  r )  G I ( T . i).

F in a l ly  observe  th a t

M  =  { p ( p )  | p  is a  p a th  in  r 3 fro m  ( r t . <•_>) to  ( t v  r ) }  =  H  n  ( x  *  ( / ) ) .

□
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