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i l l

INTRODUCTION

The F r a t t i n i  s u b g ro u p  o f  a g ro u p  G , d e n o te d  by ^>(G) , i s  t h e  

i n t e r s e c t i o n  o f  t h e  m axim al s u b g ro u p s  o f  G ; i f  t h e  g ro u p  h a s  no max­

im a l  s u b g r o u p s ,  i t s  F r a t t i n i  s u b g ro u p  i s  d e f i n e d  t o  be t h e  g ro u p  i t s e l f .

In  t h e  n o t a t i o n  o f  G a s c h u tz ,  G w i l l  be c a l l e d  f r e e  i f  ^ (G ) = 1 .

I n t e r e s t  i n  t h e  F r a t t i n i  s u b g ro u p  a r o s e  o u t  o f  t h e  t h e o r y  o f  f i n i t e  

p g r o u p s .  B u r n s id e  f i r s t  d i s c o v e r e d  t h a t  s t u d y i n g  a f i n i t e  p g ro u p  

m odulo  i t s  F r a t t i n i  su b g ro u p  g r e a t l y  f a c i l i t a t e d  t h e  i n v e s t i g a t i o n  o f  i t s  

a u to m o rp h is m s .  The im p o r t a n t  f a c t  t h a t  4><G) i s  t h e  u n io n  o f  t h e  non­

g e n e r a t o r s  o f  G ( t h a t  i s ,  t h o s e  e l e m e n t s  w h ich  c a n  be o m i t t e d  from  any 

s e t  o f  g e n e r a t o r s  f o r  G) was p ro v e n  f o r  f i n i t e  g r o u p s  by F r a t t i n i  and  

l a t e r  f o r  g r o u p s  i n  g e n e r a l  by B .H . Neumann. Now i n  c o n n e c t i o n  w i t h  h i s  

w ork  on t h e  au to m o rp h ism s  o f  f i n i t e  p g r o u p s ,  B u r n s id e  w as i n t e r e s t e d  

i n  t h e  p o s s i b l e  s e t s  o f  g e n e r a t o r s  o f  t h e  g ro u p  i n  q u e s t i o n ,  and  he n o te d  

t h a t  i f  a s e t  g e n e r a t e s  G/^)(G) i t  m ust g e n e r a t e  G ; h e n c e  i t  was 

en o u g h  t o  c o n s i d e r  g e n e r a t o r s  o f  G/{)(G) . B u t a s  t h e  F r a t t i n i  su b g ro u p  

o f  a  f i n i t e  p g ro u p  i s  i t s  d e r i v e d  g ro u p  t i m e s  t h e  g ro u p  c o n s i s t i n g  

o f  t h e  p^*1 p o w e rs ,  G/^KG) may be  r e g a r d e d  a s  a v e c t o r  sp a c e  o v e r  a 

f i e l d  o f  c h a r a c t e r i s t i c  p and  f i n d i n g  a s e t  o f  g e n e r a t o r s  f o r  a  v e c t o r  

s p a c e  i s  i n  g e n e r a l  a  more t r a c t a b l e  m a t t e r .

The F r a t t i n i  s u b g ro u p  o f  a  f i n i t e  g ro u p  i s  n i l p o t e n t ,  and  K.A. H i r s c h  

o b s e r v e d  t h a t  t h i s  i s  a l s o  t r u e  o f  c e r t a i n  o t h e r  t y p e s  o f  g r o u p s  [ 7  ] .

T h i s  l e d  N oburo I  t o  t o  I n q u i r e  w h e th e r  t h i s  m ig h t  n o t  h o l d  g e n e r a l l y .  I n  

a n s w e r  t o  h i s  q u e s t i o n ,  Graham Higman and  B.H.Neumann c o n s t r u c t e d  some 

g r o u p s  w i t h  no  m axim al s u b g ro u p s  w h ic h  t h u s  fo rm ed  t h e i r  own F r a t t i n i



i v

A
s u b g ro u p s  b u t  w h ich  w ere  i n  no s e n s e  n i l p o t e n t .  I t o  a l s o  r a i s e d  t h e  

q u e s t i o n  o f  w h e th e r  a f r e e  p r o d u c t  o f  g ro u p s  n e c e s s a r i l y  h a s  m axim al 

s u b g r o u p s , and Higman and Neumann a n sw ered  t h i s  a f f i r m a t i v e l y ;  i n  f a c t  

t h e  F r a t t i n i  su b g ro u p  o f  t h e  f r e e  p r o d u c t  o f  n o n t r i v i a l  g ro u p s  i s  t r i ­

v i a l .  The p r o o f  o f  t h i s  th e o re m  i s  e l e g a n t l y  s im p le ;  Higman and Neumann 

p ro d u c e d ,  f o r  any e l e m e n t  g i n  a f r e e  p r o d u c t  G , a  p r o p e r  s u b g ro u p  

T o f  G w h ic h  t o g e t h e r  w i t h  g  g e n e r a t e d  G . T h e i r  a rg u m en t d id  n o t ,  

h o w ev er ,  h o ld  f o r  f r e e  p r o d u c t s  w i t h  a m a lg a m a t io n s ;  i n  f a c t  t h e y  n o te d  

t h a t  t h e  F r a t t i n i  s u b g ro u p  o f  su c h  a  g ro u p  c a n  c o i n c i d e  w i t h  t h e  am al­

g am ated  s u b g ro u p .  They r a i s e d  t h e  q u e s t i o n ,  can  t h e  F r a t t i n i  su b g ro u p  

o f  a g ro u p  o f  t h i s  k in d  be l a r g e r  t h a n  t h e  am algam ated  su b g ro u p ;  in d e e d  

d o e s  a  f r e e  p r o d u c t  w i t h  a m a lg a m a t io n s  n e c e s s a r i l y  hav e  m axim al s u b g ro u p s?

I n  C h a p t e r  I  some o f  t h e s e  q u e s t i o n s  a r e  a n s w e re d ,  and t h e  a rg u m en t 

o f  Higman and N eum annis  e x t e n d e d  t o  c e r t a i n  t y p e s  o f  g e n e r a l i z e d  f r e e  

p r o d u c t s .  I f  G i s  t h e  f r e e  p r o d u c t  o f  g r o u p s  a m a lg a m a tin g  t h e

s u b g ro u p  H , i t  i s  shown t h a t ,  p r o v i d e d  t h e  n o rm a l c l o s u r e  o f  H i n  

e a c h  o f  t h e  G^ i s  p r o p e r l y  c o n t a i n e d  I n  6 ^  , G d o e s  h av e  m axim al 

s u b g ro u p s ;  i n  f a c t  i t s  F r a t t i n i  s u b g ro u p  i s  c o n t a i n e d  i n  t h e  n o rm a l  

c l o s u r e  o f  H i n  G . U n f o r t u n a t e l y ,  h o w e v e r ,  t h e  q u e s t i o n  o f  w h e th e r  

♦  (G) c a n  a c t u a l l y  be l a r g e r  t h a n  H s t i l l  r e m a in s  u n a n s w e re d .  I n  

a d d i t i o n ,  i t  i s  p ro v e d  t h a t  i f  G c o n t a i n s  an  e le m e n t  w h ich  c o n j u g a t e s  

e v e r y  n o n t r i v i a l  e l e m e n t  o f  t h e  am alg am ated  su b g ro u p  H o u t s i d e  o f  H , 

t h e n  G i s  ♦  f r e e .  T h i s  re m a rk ,  t o g e t h e r  w i t h  t h e  f a c t  t h a t  t h e  f r e e  

p r o d u c t  o f  f i n i t e l y  many i n f i n i t e  c y c l e s  w i t h  am algam ated  s u b g ro u p  i s  

<|) f r e e  w i l l  e a s i l y  y i e l d  t h e  r e s u l t  t h a t  t h e  f r e e  p r o d u c t  o f  f i n i t e l y  

many f r e e  g r o u p s  a m a lg a m a t in g  a  c y c l e  i s  ♦  f r e e .  I t  w i l l  a l s o  be shown 

t h a t  t h e  F r a t t i n i  su b g ro u p  o f  t h e  f r e e  p r o d u c t  o f  f i n i t e l y  many f i n i t e l y



g e n e r a t e d  a b e l i a n  g ro u p s  w i t h  t o r s i o n  f r e e  a m a lg a m a t io n  i s  t r i v i a l ,  and 

t h a t  t h i s  n e e d  n o t  be t h e  c a s e  i f  t h e  t o r s i o n  f r e e n e s s  c o n d i t i o n  i s  r e ­

moved. And c o n s i s t e n t  w i t h  t h e  n i l p o t e n c y  o f  t h e  F r a t t i n i  su b g ro u p  o f  a 

f i n i t e  g r o u p ,  i t  i s  shown t h a t  t h e  F r a t t i n i  s u b g ro u p  o f  a r e s i d i i a l l y  

f i n i t e  g ro u p  i s  r e s i d u a l l y  n i l p o t e n t .

C h a p t e r  ZI c o n t a i n s  an i n v e s t i g a t i o n  o f  t h e  F r a t t i n i  su b g ro u p s  o f  

r e s t r i c t e d  w r e a t h  p r o d u c t s  o f  g r o u p s  w i t h  known F r a t t i n i  su b g ro u p .  I t  i  

shown t h a t  t h e  w r e a t h  p r o d u c t  o f  two f i n i t e  g r o u p s  o f  c o p r im e  o r d e r  i s  

<() f r e e  i f  and o n l y  i f  t h e  b o t to m  g ro u p  i s  <|> f r e e ,  and  t h e  F r a t t i n i  

su b g ro u p  o f  A w r B i s  e v a l u a t e d  when A and  B a r e  f i n i t e l y  gen­

e r a t e d  a b e l i a n  g r o u p s .  F r e e  g ro u p s  and f r e e  a b e l i a n  g r o u p s  a r e  f r e e  

i n  t h i s  c h a p t e r  t h e  r e s u l t s  on w r e a th  p r o d u c t s  a r e  u s e d  t o  show t h a t  a l l  

f r e e  s o l u b l e  g ro u p s  hav e  t r i v i a l  F r a t t i n i  s u b g ro u p .

I  am d e e p l y  i n d e b t e d  t o  my t e a c h e r  and  a d v i s e r ,  P r o f e s s o r  G i l b e r t  

B aum slag , w hose u n t i r i n g  e n t h u s i a s m ,  p a t i e n c e  and m o ra l  s u p p o r t  have  

c a r r i e d  me th r o u g h  t h e s e  l a s t  few y e a r s ,  and t o  P r o f e s s o r  L .G. K ovacs ,  

who gav e  so  u n s t i n t i n g l y  o f  h i s  t im e  and  i n s i g h t s  i n t o  w r e a th  p r o d u c t s .

I  w ou ld  a l s o  l i k e  t o  th a n k  D r. Jo h n  C o s s e y ,  w hose comments and s u g g e s ­

t i o n s  w ere  o f  su ch  g r e a t  h e l p  i n  d e t e r m in g  t h e  s u b g ro u p  s t r u c t u r e  o f  

c e r t a i n  g r o u p s ,  and P r o f e s s o r  Leo Z i p p i n ,  f o r  h i s  u n d e r s t a n d i n g  and 

e n c o u ra g e m e n t  when i t  was m os t n e e d e d .

F i n a l l y ,  I  w is h  t o  e x p r e s s  my g r a t i t u d e  t o  t h e  O f f i c e  o f  N av a l  

R e s e a r c h ,  t h e  C i t y  U n i v e r s i t y  o f  New Y ork , and  t h e  N a t i o n a l  S c ie n c e  

F o u n d a t io n  f o r  t h e i r  f i n a n c i a l  s u p p o r t  t h r o u g h o u t  t h e  p a s t  t h r e e  y e a r s .
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1

C h a p t e r  1 .

S e c t i o n  1 .

We f i r s t  p r e s e n t  some p r e l i m i n a r y  n o t a t i o n ,  d e f i n i t i o n s  and 

c o n v e n t i o n s .

I f  G i s  a g ro u p  and H a  s u b g ro u p  o f  G we w r i t e  H ^  G ; 

i f  H i s  a no rm al s u b g ro u p  o f  G we w r i t e  H ^  G ; t h e  sym bo ls  <  

and  <t w i l l  d e n o te  p r o p e r  i n c l u s i o n .  The symbol G ^I w i l l  mean t h e  

s e t  o f  e l e m e n t s  b e l o n g in g  t o  G b u t  n o t  t o  H , and  1 w i l l  d e n o te  

t h e  i d e n t i t y  e l e m e n t  o f  G , a s  w e l l  a s  t h e  t r i v i a l  g r o u p .  The su b ­

g ro u p  g e n e r a t e d  by a s u b s e t  S o f  G w i l l  be d e n o te d  by <S> . A 

l e f t  ( r i g h t )  t r a n s v e r s a l  T o f  t h e  s u b g ro u p  H o f  G i s  a  s e t  o f  

e l e m e n t s  (*  ) o f  G su c h  t h a t  G i s  t h e  d i s j o i n t  u n io n  o f  t h e  co ­

s e t s  t j H  (H t^ )  . I f  g and  h a r e  e l e m e n t s  o f  G we d e n o t e  t h e

- 1  g
e le m e n t  g hg by h  and  c a l l  i t  t h e  c o n j u g a t e  o f  h by g . We

P tr P P P
l e t  h = f h  / g  e g] and  H = < h / h e H > .  H i s  c a l l e d  t h e  n o rm a l

c l o s u r e  o f  H i n  G , u s u a l l y  d e n o te d  by nm_H , and  i s  t h e  s m a l l e s t
G

n o rm a l s u b g ro u p  o f  G c o n t a i n i n g  H . I t  i s  c l e a r  t h a t  e v e r y  e le m e n t

i n  nm_H c a n  be w r i t t e n  i n  t h e  fo rm  
G

n ( i )
II h i  w h ere  g e G and h  e H ,

i = l

H i s  ab n o rm a l  i n  G i f  h® V H f o r  a l l  1 # h  e H and a l l  g  e o \ p  .

The n o r m a l i z e r  o f  a su b g ro u p  H o f  G i s  t h e  l a r g e s t  s u b g ro u p  o f  

G c o n t a i n i n g  H a s  a  n o rm a l  s u b g ro u p .  The c e n t r a l i z e r  o f  t h e  s u b s e t  

S o f  G i s  t h e  s e t  £ ^ S  o f  e l e m e n t s  o f  G w h ic h  commute w i t h  e v e r y  

e le m e n t  i n  S . The c e n t e r  £G o f  G i s  t h e  c e n t r a l i z e r  o f  G i n



i t s e l f .  The d e r i v e d  g ro u p  G '  o f  G i s  t h e  g ro u p  g e n e r a t e d  by t h e

c o m m u ta to rs  [ x , y ]  = x ^xy w h e re  x , y e G , and i f  H and  K

a r e  s u b g ro u p s  o f  G , we d e f i n e  [H,K] t o  be t h e  su b g ro u p  g e n e r a t e d  by

t h e  c o m m u ta to rs  [ h , k ]  w h ere  h e H and  k e K . A n o rm a l s e r i e s  o f

a g ro u p  G i s  a  f i n i t e  s e q u e n c e  G .,  G . . . . , G  o f  s u b g ro u p s  o f  Go l  n

s u c h  t h a t  1 = G„ <  G, <J., G = G . An i n v a r i a n t  s e r i e s  o f  G i s  a0 1 n

n o rm a l  s e r i e s  su c h  t h a t  G, <  G f o r  0 £ i  £ n . L e t  G_, G , , . . . , Gl  ( J i n

be a n o rm a l s e r i e s  o f  G ; t h e  g r o u p s  G. , / G  (0  £ i  -s. n )  a r e  c a l l e d
1 +  1 1

t h e  f a c t o r s  o f  t h e  s e r i e s .  A g ro u p  G i s  c a l l e d  s o l u b l e  i f  i t  h a s  a

n o rm a l  s e r i e s  w i t h  a b e l i a n  f a c t o r s ;  G i s  c a l l e d  n i l p o t e n t  i f  i t  h a s

an i n v a r i a n t  s e r i e s  s u c h  t h a t  G, , /G ,  i s  i n  t h e  c e n t e r  o f  G/G, . We
i+ 1  i  i

d e f i n e  r e c o u r s i v e l y  tw> s e t s  o f  su b g ro u p s  o f  G : ( i )  Y^(G) = G ,

y i + l (G) = [ G ,y i (G ) ] ; ( i i )  6 ^ 0 )  = G , 6 i + 1 (G) = [ 5 ^ 0 ) ,  S ^ G ) ]  .

G i s  s o l u b l e  ( n i l p o t e n t )  i f  and o n ly  i f  t h e r e  e x i s t s  c ^  0 such  t h a t

6 (G) = 1 (v  (G) = 1 )  . The l e a s t  i n t e g e r  c f o r  w h ich  t h i s  h o l d s
c+1 'c+ 1

i s  c a l l e d  t h e  s o l u b i l i t y  d e p th  ( n i l p o t e n c y  c l a s s )  o f  G . S u b g ro u p s  and  

f a c t o r  g ro u p s  o f  s o l u b l e  ( n i l p o t e n t )  g ro u p s  a r e  s o l u b l e  ( n i l p o t e n t ) .  G 

i s  a b e l i a n  i f  i t s  s o l u b i l i t y  d e p th  £ 1 ; m e t a b e l i a n  i f  i t s  s o l u b i l i t y  

d e p t h  i s  ^  2 ; a b e l i a n  g ro u p s  a r e  n i l p o t e n t  and  n i l p o t e n t  g r o u p s  a r e  

s o l u b l e .

I f  G i s  g iv e n  i n  t e r m s  o f  a  s e t  o f  g e n e r a t o r s  {* } (w here  IX 161

i s  some i n d e x i n g  s e t )  and  d e f i n i n g  r e l a t i o n s  R (x ^ )  = 1 , we c a l l  t h i s  

a p r e s e n t a t i o n  f o r  G and  w r i t e  0  = < x A; R j ( x ^ )  = 1> . G i s  f i n i t e l y  

g e n e r a t e d  i f  I  i s  f i n i t e .

I f  X i s  any c l a s s  o f  g r o u p s ,  a  g ro u p  G i s  r a i d  t o  be  r e s i d u a l l y  

a member o f  X (we w r i t e  G € RX) i f  f o r  e a c h  g  # 1 i n  G t h e r e
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e x i s t s  N <1 G su c h  t h a t  g ^  N and G/N e X . T hus  G e RX i f  
g g g

and o n ly  i f  t h e  i n t e r s e c t i o n  o f  a l l  N G f o r  w h ich  G/N e X i s  t r i v i a l .  

L e t  ft be a s e t  o f  o p e r a t o r s  on t h e  g ro u p  G ; t h a t  i s  t o  s a y ,  e a c h  

e le m e n t  uu c 0  in d u c e s  an  endom orph ism  o f  G . The s u b g ro u p  H o f  G

i s  s a i d  t o  be  O a d m i s s i b l e  o r  ft i n v a r i a n t  i f  H ^  H f o r  a l l10

to e ft . H i s  c h a r a c t e r i s t i c  i n  G i f  H i s  fl,(G) a d m i s s i b l e ,  w here  

£L(G) i s  t h e  g ro u p  o f  a u to m o rp h is m s  o f  G . The F r a t t i n i  s u b g ro u p  4>(G) 

i s  c h a r a c t e r i s t i c  i n  G ; t h i s  f o l l o w s  e a s i l y  from  t h e  f a c t  t h a t  t h e  a u t o -  

mo r p h i c  im age o f  a m axim al s u b g ro u p  o f  G i s  m axim al i n  G , h e n c e  an 

a u to m o rp h ism  a  o f  G j u s t  p e rm u te s  i t s  m axim al s u b g ro u p s ,  l e a v i n g  t h e i r  

i n t e r s e c t i o n  i n v a r i a n t .  A g ro u p  w i t h o u t  p r o p e r  n o rm a l  ( C h a r a c t e r i s t i c )  

s u b g ro u p s  i s  c a l l e d  s im p le  ( c h a r a c t e r i s t i c a l l y  s i m p l e ) .

We r e c a l l  from  t h e  i n t r o d u c t i o n  t h a t  an  e l e m e n t  g o f  a  g ro u p  G 

i s  a  n o n g e n e r a t o r  i f  f o r  e v e r y  s u b s e t  S o f  G , < S ,g >  = G i m p l i e s  

<S> = G . We hav e  i n  a d d i t i o n  t h e  s t r o n g e r  n o t i o n  o f  an  o m i s s i b l e  sub­

s e t  W o f  G : W i s  o m i s s i b l e  i f  f o r  e v e r y  s u b s e t  S o f  G , <S,W> = G

i m p l i e s  <S> =■ G . C l e a r l y  e a c h  e le m e n t  o f  an  o m i s s i b l e  s e t  i s  a non­

g e n e r a t o r ,  b u t  an  i n f i n i t e  s e t  o f  n o n g e n e r a t o r s  n e e d  n o t  be o m i s s i b l e .

The f a c t  t h a t  ^>(G) i s  t h e  u n io n  o f  t h e  n o n g e n e r a t o r s  o f  G p l a y s  

s u c h  a fu n d a m e n ta l  r o l e  i n  w hat i s  t o  f o l l o w  t h a t  we j u s t i f y  i t  h e r e .  I f  

an  e le m e n t  g V 4>(G) t h e n  t h e r e  e x i s t s  a  m axim al s u b g ro u p  M o f  G su c h

t h a t  g ^  M , and a l t h o u g h  M * G , <M,g> = G . T h u s  i f  g i s  a  non­

g e n e r a t o r  i t  l i e s  i n  ^>(G) . C o n v e r s e ly ,  su p p o se  t h e r e  i s  a s u b s e t  S 

o f  G w i t h  t h e  p r o p e r t y  t h a t  < S ,g >  = G b u t  <&> + G . I f  L i s  t h e  

s e t  o f  s u b g ro u p s  c o n t a i n i n g  S b u t  n o t  g , i t  i s  e a s y  t o  s e e  t h a t  Z o r n ' s  

Lemma w i l l  y i e l d  a  m axim al e l e m e n t  A . A i s  a m axim al s u b g ro u p  o f  G 

b e c a u s e  e v e r y  l a r g e r  s u b g ro u p  m ust c o n t a i n  g and  by a s s u m p t io n  m ust t h e n



c o i n c i d e  w i t h  G . Hence g \  A i  ^ (G )  w h ich  shows t h a t  e v e r y  e l e m e n t

o f  <J)(G) i s  a n o n g e n e r a t o r .

As w as m e n t io n e d  e a r l i e r  t h e  F r a t t i n i  s u b g ro u p  o f  a  l i n i t e  g ro u p

i s  n i l p o t e n t ;  m o re o v e r  i f  G i s  n i l p o t e n t  t h e n  ^>(G) > G* , and  t h e

F r a t t i n i  s u b g ro u p  o f  a  f i n i t e  p g ro u p  f o r  t h e  p r im e  p c o n s i s t s  o f

t h
i t s  d e r i v e d  g ro u p  and t h e  s u b g ro u p  o f  t h e  p po w ers  o f  i t s  e l e m e n t s  

[ 3 ] .  I f  N i s  a n o rm a l  s u b g ro u p  o f  G and t  i s  t h e  c a n o n i c a l  homo­

m orph ism  o f  G o n t o  G /N  , t h e n  t h e r e  i s  a  one t o  one  c o r r e s p o n d e n c e  

b e tw e e n  m axim al s u b g ro u p s  o f  G c o n t a i n i n g  N and m axim al s u b g ro u p s  

o f  G /N  . T h u s  i f  ^ ( G / N )  = 1 , t h a t  i s  i f  t h o s e  m axim al s u b g ro u p s  o f  

G c o n t a i n i n g  N i n t e r s e c t  i n  N , we hav e  4>Cg) <; N . Hence i f  G 

i s  r e s i d u a l l y  <j) f r e e ,  t h a t  i s  i f  t h o s e  n o rm a l  s u b g ro u p s  o f  G w i t h  

<|> f r e e  f a c t o r  g ro u p  i n t e r s e c t  t r i v i a l l y ,  t h e n  G i s  i t s e l f  f r e e .  

S i m i l a r l y , S 4>(G /N ) and i f  N ^ 4>(G) , t h e n  = ^>(G /N ) .

A g ro u p  G i s  c a l l e d  an  e x t e n s i o n  o f  a  g ro u p  A by a g ro u p  B 

i f  A 3  G and  G/A = B . I f  i n  a d d i t i o n ,  B c a n  a c t u a l l y  be i n j e c t e d

i n t o  G , i t  i s  e a s i l y  c h e c k e d  t h a t  A D B = 1 , G = AB and t h a t  t h e

bmap p : B -* cl(A) d e f i n e d  by bp ( a )  = a  i s  a  homomorphism. I n  t h i s  

c a s e  G i s  s a i d  t o  s p l i t  o v e r  A and i s  c a l l e d  a  s p l i t t i n g  e x t e n s i o n  

o f  A by B . I n  t h e  p a r t i c u l a r  c a s e  when p i s  t h e  t r i v i a l  homo­

m orph ism  s e n d in g  e a c h  e le m e n t  o f  B t o  t h e  I d e n t i t y  a u to m o rp h ism  o f  A , 

G i s  t h e  d i r e c t  p r o d u c t  o f  i t s  s u b g ro u p s  A and  B . I f  G s p l i t s  

o v e r  A , A i s  s a i d  t o  be com plem en ted  by B i n  G ; i f  G i s  a b e l i a n  

A i s  c a l l e d  a  d i r e c t  summand.

The b a s i s  th e o re m  f o r  f i n i t e l y  g e n e r a t e d  a b e l i a n  g r o u p s  s t a t e s  t h a t  

e v e r y  s u c h  g ro u p  c a n  be r e p r e s e n t e d  a s  t h e  d i r e c t  p r o d u c t  o f  a f i n i t e  

num ber o f  i n f i n i t e  c y c l i c  g r o u p s  a n d / o r  c y c l i c  g r o u p s  o f  p r im e  pow er
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o r d e r ,  and  t h a t  t h i s  r e p r e s e n t a t i o n  i s  u n iq u e  up t o  i so m o rp h ism .  T h i s  

i s  e q u i v a l e n t  t o  s a y in g  t h a t  t h e r e  e x i s t s  a t  l e a s t  one  g e n e r a t i n g  s e t

[ a   a  } ( c a l l e d  a  b a s i s )  f o r  A su c h  t h a t  e a c h  e le m e n t  a e A

1 11 € 1 ®n
c a n  be r e p r e s e n t e d  i n  t h e  fo rm  a . . . a  ( e .  e Z (1 ^  i  ^  n )  w here

1 n i

t h i s  r e p r e s e n t a t i o n  i s  u n iq u e  up  t o  c h o i c e  o f  b a s i s .  M oreover  i f  H S A,

t h e n  one c a n  c h o o s e  a  b a s i s  a .  a f o r  A su ch  t h a t  f o r  a s u i t a b l e
i n  „e e e

1  2 n
c h o i c e  o f  i n t e g e r s  e „ , f  , t h e  e l e m e n t s  a ,  , a „  . . . . . a  form

1 2  n 1 2 n

a b a s i s  f o r  H . S in c e  $ ( .C J  = 1 , 4>(C(pn ) ) =  C(pn _ 1 ) and

i< A . X . . .X  A ) = © (A ,) X . . .X  ©(A ) , t h e  b a s i s  th e o re m  e n a b l e s  o n e  t o  1 n 1 n

d e t e r m in e  im m e d ia te ly  t h e  F r a t t i n i  su b g ro u p  o f  a l l  f i n i t e l y  g e n e r a t e d  

a b e l i a n  g r o u p s .

I f  an  a b e l i a n  g ro u p  h a s  no e l e m e n t s  o f  f i n i t e  ( i n f i n i t e )  o r d e r  i t  

i s  c a l l e d  t o r s i o n  ( t o r s i o n - f r e e ) . I n  any a b e l i a n  g ro u p  A t h e  e l e m e n t s  

o f  f i n i t e  o r d e r  fo rm  a su b g ro u p  c a l l e d  t h e  t o r s i o n  com ponent o f  A , 

u s u a l l y  d e n o te d  by Â , , and  t h e  f a c t o r  g ro u p  A/A^ i s  t o r s i o n  f r e e .

The t o r s i o n  f r e e  com ponent o f  A , s i m i l a r l y  d e f i n e d ,  i s  d e n o t e d  by A .

I f  A i s  f i n i t e l y  g e n e r a t e d ,  t h e n  c l e a r l y  A = Â , X AF .

The e x p o n e n t  o f  a  g ro u p  i s  t h e  s m a l l e s t  I n t e g e r  n w h ic h  i s  d i v ­

i s i b l e  by t h e  o r d e r  o f  e a c h  e le m e n t  o f  t h e  g r o u p .  (A g ro u p  - i t h  e l e m e n t s  

o f  i n f i n i t e  o r d e r  w i l l  h av e  e x p o n e n t  0 ) .  I f  an  a b e l i a n  g ro u p  A h a s  

e x p o n e n t  p f o r  a  p r im e  p i t  i s  c a l l e d  an  e l e m e n t a r y  a b e l i a n  p g ro u p

an d  may be c o n s i d e r e d  a s  a  v e c t o r  s p a c e  o v e r  t h e  f i e l d  o f  I n t e g e r s  mod­

u l o  p . T hen  s i n c e  e v e r y  s u b g ro u p  o f  A may be t r e a t e d  a s  a  s u b s p a c e  o f

A and  a s  s u c h  i s  com p lem en ted  i n  A, i t  i s  c l e a r  t h a t  e v e r y  s u b g ro u p  o f

*
an e l e m e n t a r y  a b e l i a n  p g ro u p  i s  a d i r e c t  summand.

♦ M oreover  i f  an  a b e l i a n  g ro u p  A i s  the^  d i r e c t  p r o d u c t  o f  e l e m e n t a r y  a b e l i a n  
p g r o u p s  f o r  v a r i o u s  p r im e s  p , t h e n  e v e r y  s u b g ro u p  o f  A i s  a  d i r e c t  sutn- 
m |£ d ,  s i n c e  e a c h  s u b g ro u p  i s  t h e  d i r e c t  p r o d u c t  o f  i t s  i n t e r s e c t i o n s  w i t h  t h e  
p co m p o n en ts  o f  A.
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The t r e a t m e n t  o f  an  e l e m e n t a r y  a b e l i a n  p g ro u p  A a s  a v e c t o r  s p a c e  

o v e r  a f i e l d  o f  c h a r a c t e r i s t i c  p , p a r t i c u l a r l y  i n  t h e  c o n t e x t  o f  a 

f i n i t e  g ro u p  G t h a t  s p l i t s  o v e r  A , and i n  w h ich  A h a s  o r d e r  p r im e  

t o  i t s  i n d e x , g i v e s  r i s e  t o  some r e p r e s e n t a t i o n  t h e o r y  and t o  some pow er­

f u l  r e s u l t s  due  t o  M aschke and  S c h u r  and  Z a s s e n h a u s ,  w h ich  w i l l  b e  u s e d  

i n  C h a p t e r  I I .  A r e p r e s e n t a t i o n  o f  a  g ro u p  G i s  a homomorphism p o f  

G i n t o  t h e  a l g e b r a  o f  l i n e a r  t r a n s f o r m a t i o n s  o f  a  f i n i t e  d im e n s io n a l  

v e c t o r  s p a c e  V o v e r  a f i e l d  P . The r e p r e s e n t a t i o n  p o f  G i s  

te rm e d  c o m p le t e ly  r e d u c i b l e  i f  V c a n  be  decom posed  i n t o  m in im a l  G 

i n v a r i a n t  s u b s p a c e s  (w here  G i s  t h o u g h t  o f  a s  a  g ro u p  o f  o p e r a t o r s  on 

V) . M aschke*s th e o re m  s t a t e s  t h a t  e v e r y  r e p r e s e n t a t i o n  o f  a f i n i t e  

g ro u p  G i n  a f i e l d  P w hose c h a r a c t e r i s t i c  d o e s  n o t  d i v i d e  t h e  o r d e r  

o f  G i s  c o m p le t e ly  r e d u c i b l e .

The S c h u r - Z a s s e n h a u s  th e o re m  s t a t e s  t h a t  i f  A i s  a no rm al sub ­

g ro u p  o f  G w i t h  o r d e r  p r im e  t o  i t s  i n d e x ,  t h e n  G s p l i t s  o v e r  A , 

and  any two co m p lem en ts  f o r  A a r e  c o n j u g a t e  by an e l e m e n t  i n  A .

( I t  i s  r e q u i r e d  t h a t  e i t h e r  A o r  G/A b e  s o l u b l e ,  b u t  t h e  f a c t  t h a t  

g r o u p s  o f  o dd  o r d e r  a r e  s o l u b l e ,  due t o  F e i t  and  Thompson, a s s u r e s  t h i s . )

F i n a l l y ,  t h e  a b e l i a n  g ro u p  A i s  c a l l e d  d i v i s i b l e  i f  t h e  e q u a t i o n  

x11 = a  h a s  a  s o l u t i o n  i n  A f o r  e v e r y  p o s i t i v e  i n t e g e r  n and  e v e r y  

a  i n  A , and  a  d i v i s i b l e  a b e l i a n  g ro u p  ;Ls a  d i r e c t  sum o f  g r o u p s  e a c h  

i s o m o r p h ic  t o  t h e  a d d i t i v e  g ro u p  o f  r a t i o n a l s  o r  t o  Zp(°°) * ° r  v a r i o u s

p r im e s  p , w h e re  Z^O50) i s  t h e  s u b g ro u p  o f  t h e  a d d i t i v e  g ro u p  o f  r a t i o n ­

a l s  modulo t h e  i n t e g e r s  c o n s i s t i n g  o f  t h o s e  e l e m e n t s  w i t h  d e n o m in a to r  a 

pow er o f  p .

We now d i s c u s s  some i m p o r t a n t  m e th o d s  o f  c o n s t r u c t i n g  new g r o u p s  

from  g i v e n  g r o u p s .  A g r o u p  G i s  s a i d  t o  be t h e  f r e e  p r o d u c t  o f  i t s
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s u b g ro u p s  G, (w here  X r a n g e s  o v e r  some in d e x  s e t  A) i f  t h e  s u b g ro u p s

G, g e n e r a t e  G , t h a t  i s ,  e v e r y  e l e m e n t  g o f  G i s  a p r o d u c t  o f  a
A

f i n i t e  num ber o f  t h e  e l e m e n t s  o f  t h e  G^

(1 )  g = Bg **• ^ = 1 , 2 ,  . . . , n

and e v e r y  e le m e n t  g o f  G , g # 1 , h a s  a  u n iq u e  r e p r e s e n t a t i o n  i n  t h e  

fo rm  ( 1 )  s u b j e c t  t o  t h e  c o n d i t i o n  t h a t  a l l  e l e m e n t s  g^ a r e  n o n t r i v i a l  

and t h a t  i n  ( 1 )  no two a d j a c e n t  e l e m e n t s  a r e  i n  t h e  same s u b g ro u p  G^ — 

a l t h o u g h  th e  p r o d u c t  ( 1 )  may i n  g e n e r a l  c o n t a i n  s e v e r a l  f a c t o r s  from  one 

and  t h e  same s u b g ro u p .  The f r e e  p r o d u c t  i s  d e n o te d  by t h e  symbol

( 2 ) g  = *n G.
XeA K

and i f  A = { l  2  k} i s  f i n i t e ,  by t h e  symbol

G = G^ * Gg G^ *

The s u b g ro u p s  G^ a r e  c a l l e d  t h e  f r e e  f a c t o r s  i n  t h e  d e c o m p o s i t i o n  (2 )  

o f  G ; t h e  e x p r e s s i o n  (1 )  i s  c a l l e d  t h e  n o rm a l  form  o f  t h e  e l e m e n t  g 

i n  t h e  d e c o m p o s i t i o n  ( 2 )  and t h e  num ber n t h e  l e n g t h  o f  g i n  t h i s  

d e c o m p o s i t i o n ;  we w r i t e  n = ' t ( g )  .

( 3 )  We hav e  t h e  f o l l o w i n g  c h a r a c t e r i z a t i o n  f o r  a f r e e  p r o d u c t  o f  g r o u p s :  

i f  a  g ro u p  G i s  g e n e r a t e d  by s u b g ro u p s  (w here  X r a n g e s  o v e r

an  in d e x  s e t  A) t h e n  G i s  t h e  f r e e  p r o d u c t  o f  t h e s e  s u b g ro u p s  i f  

and  o n ly  i f  f o r  e v e r y  g ro u p  H and  e v e r y  s e t  o f  hom om orphic m a p p in g s  

cp  ̂ o f  e a c h  G^ i n t o  H t h e r e  e x i s t s  a  hom om orphic m app ing  cp o f

G i n t o  H t h a t  c o i n c i d e s  w i t h  cp  ̂ on  .

A g ro u p  w h ic h  c a n  be p r e s e n t e d  w i t h o u t  d e f i n i n g  r e l a t i o n s  i s  c a l l e d

a  f r e e  g ro u p ;  s u c h  a  g ro u p  i s  a  f r e e  p r o d u c t  o f  i t s  c y c l i c  s u b g ro u p s
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<x > w here  f x , }, . i s a  s e t  o f  f r e e  g e n e r a t o r s  f o r  t h e  g ro u p .  InA A A€A
t h i s  s p e c i a l  c a s e  t h e  c h a r a c t e r i z a t i o n  (3 )  i s  c a l l e d  t h e  u n i v e r s a l  map­

p in g  p r o p e r t y  f o r  f r e e  g r o u p s .  S u b g ro u p s  o f  f r e e  g ro u p s  a r e  f r e e  and 

f r e e  g ro u p s  a r e  H o p f ia n ,  t h a t  i s  th e y  hav e  no a u to m o rp h ism s  w i t h  non­

t r i v i a l  k e r n e l .

F o r  an  a r b i t r a r y  c o l l e c t i o n  o f  g r o u p s  a word i n  t h e  G^ i s

an o r d e r e d  s y s te m  o f  e l e m e n t s  w = g g _ . . . g  w h e re  t h e  l e n g t h  n > 1 ,1 a D

w h ere  e a c h  g and  g b e lo n g  t o  d i f f e r e n t  g ro u p s  G, . We d e f i n e
i  1 + 1  A

a p r o d u c t  o f  tw o w o rd s  w and w* by w r i t i n g  down t h e  w ords  i n  j u x t a ­

p o s i t i o n  and p e r f o r m i n g  t h e  n e c e s s a r y  c a n c e l l a t i o n s  and c o n t r a c t i o n s  t o  

o b t a i n  a w ord  i n  n o n t r i v i a l  e l e m e n t s  i n  w h ich  a d j a c e n t  t e rm s  come from  

d i f f e r e n t  g r o u p s .  (S ee  K u ro sc h ,  [ 1 0 ] , v o l .  I I , p . 1 2 ) .  W ith  t h i s  m u l t i ­

p l i c a t i o n  and w i t h  t h e  em pty  w ord ( i n  t h e  c a s e  n = 0 )  a c t i n g  a s  t h e  

i d e n t i t y  e l e m e n t ,  t h e  s e t  o f  a l l  w o rd s  i n  t h e  G^ form  a g ro u p  i s o m o r ­

p h ic  t o  t h e  f r e e  p r o d u c t  o f  t h e  G^ and  e v e r y  w ord o f  l e n g t h  > 0  i s  

n o n t r i v i a l .

We now t u r n  t o  an  e v e n  more g e n e r a l  c o n s t r u c t i o n  t h a n  t h a t  o f  f r e e  

p r o d u c t s .  L e t  G^ be g r o u p s  w here  X r a n g e s  o v e r  a s e t  o f  i n d i c e s  A , 

and l e t  a p r o p e r  s u b g ro u p  be c h o s e n  i n  e v e r y  G^ su ch  t h a t  e a c h

i s  i s o m o r p h ic  t o  a  f i x e d  g ro u p  H . By i ^  we d e n o t e  a s p e c i f i c

i s o m o r p h ic  m app ing  o f  H, o n to  H ; t h e n  i .  = i . i  1 i s  an  i s o m o r p h icA AjJL A \lr

m app ing  o f  H. o n t o  H . The f r e e  p r o d u c t  o f  t h e  g r o u p s  G.. w i t h  t h eA p. A
am alg am ated  s u b g ro u p  H , d e n o te d  by *11 (G .;H )  and  by (G *G * . . .  *G .;H )

* A 1 a  KAeA
when A i s  f i n i t e ,  i s  d e f i n e d  a s  t h e  f a c t o r  g ro u p  G o f  t h e  f r e e  p ro d ­

u c t  o f  t h e  g ro u p s  G^ w i t h  r e s p e c t  t o  t h e  n o rm a l  s u b g ro u p  g e n e r a t e d  by

a l l  t h e  e l e m e n t s  o f  t h e  fo rm  h* h 1 w here  h  = h, i .  , w here  h-A 11 |i A Ap, \
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r a n g e s  o v e r  t h e  w ho le  s u b g ro u p  H, and  w here  X and p, a r e  a l l  p o s s i b l e
A.

In d e x  p a i r s .  I n  o t h e r  w o rd s ,  i f  e v e r y  g ro u p  I s  g iv e n  by a  s y s te m

o f  g e n e r a t o r s  and  a  sy s te m  o f  d e f i n i n g  r e l a t i o n s  R^ b e tw ee n  t h e s e

g e n e r a t o r s ,  t h e n  G h a s  a s  a s y s te m  o f  g e n e r a t o r s  t h e  u n io n  o f  a l l  s e t s  

, a s  a  s y s te m  o f  d e f i n i n g  r e l a t i o n s  t h e  u n io n  o f  t h e  s e t s  R^ and i n  

a d d i t i o n ,  a l l  r e l a t i o n s  o b t a i n e d  by i d e n t i f y i n g  t h o s e  e l e m e n t s  o f  d i f f ­

e r e n t  s u b g ro u p s  H, and H w h ich  a r e  mapped by t h e  I so m o rp h ism s  i .A pi A

and i  o n t o  t h e  same e l e m e n t  o f  H . I f  i n  e a c h  g ro u p  G.. we s e l e c t
A

a l e f t  t r a n s v e r s a l  ( i n c l u d i n g  o n e )  o f  t h e  s u b g ro u p  t h e n  a  w ord

i n  G i s  an  e x p r e s s i o n

(4 )  t  t  . . .  t  h
i  z  n

w here  n 2 0 , w h e re  h i s  any e l e m e n t  o f  H , p o s s i b l y  1 , w here  e a c h  

t ^  i s  a n o n t r i v i a l  c o s e t  r e p r e s e n t a t i v e  o f  t h e  l e f t  c o s e t  i n  G^

f o r  some X and w here  a d j a c e n t  r e p r e s e n t a t i v e s  t  , t  (1  5 i  <  n )  

b e lo n g  t o  d i s t i n c t  g r o u p s  G^ . I f  G i s  t h e  f r e e  p r o d u c t  o f  t h e  g ro u p s  

G^ w i t h  am algam ated  s u b g ro u p  H , t h e n  e v e r y  e l e m e n t  o f  G c a n  be ex ­

p r e s s e d  i n  t h i s  fo rm . I n  p a r t i c u l a r ,  I f  g 6 G\H t h e n  s i n c e  t h e  G-,\H,n A A

f o r  some X e A, g c a n  be  e x p r e s s e d  a s  a w ord  w hose t e r m s  b e lo n g  t o  

&ud i n  w h ic h  a d j a c e n t  t e rm s  l i e  i n  d i s t i n c t  g r o u p s  G^ . The 

e x p r e s s i o n  (4 )  i s  c a l l e d  t h e  n o rm a l fo rm  f o r  g i n  G and  i s  u n iq u e  up 

t o  c h o i c e  o f  t r a n s v e r s a l s  ; t h e  num ber n t h e  ( u n iq u e )  l e n g t h  o f  g  . 

E le m e n ts  i n  H h a v e  l e n g t h  C ; a l l  e l e m e n t s  o f  l e n g t h  n >  0 a r e  non­

t r i v i a l .

C o n v e r s e ly ,  i f  a  g ro u p  G i s  g e n e r a t e d  by s u b g ro u p s  G^(X e A) su c h  

t h a t  any p a i r  o f  d i s t i n c t  s u b g ro u p s  i n t e r s e c t  i n  t h e  same s u b g ro u p  H and 

i f ,  f o r  any c h o i c e  o f  l e f t  t r a n s v e r s a l s  ( i n c l u d i n g  o n e )  o f  H i n

G^ , e a c h  e le m e n t  o f  G h a s  a  u n iq u e  r e p r e s e n t a t i o n  i n  t h e  fo rm  ( 4 ) ,
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t h e n  G i s  t h e  f r e e  p r o d u c t  o f  i t s  s u b g ro u p s  a m a lg a m a t in g  H .

From t h i s  i t  i s  n o t  d i f f i c u l t  t o  d e d u c e  t h a t  i f  £  G^ and

L^ f] H = L fl H f o r  a l l  X,p e A , t h e n  t h e  g ro u p s  e A) g e n e r a t e

t h e i r  f r e e  p r o d u c t  a m a lg a m a t in g  t h e i r  common I n t e r s e c t i o n  w i th  H .

The f o l l o w i n g  a n a lo g u e  o f  t h e  c h a r a c t e r i z a t i o n  (3 )  f o r  f r e e  p r o d u c t s  

s t a t e s  t h a t  t h e  f r e e  p r o d u c t  w i t h  a m a lg a m a t io n s  i s  i n  some s e n s e  t h e  

f r e e s t  t h i n g  o f  i t s  k i n d .  L e t  G be  t h e  f r e e  p r o d u c t  o f  t h e  g ro u p s  

a m a lg a m a t in g  a  common s u b g ro u p  H and  l e t  P be a g ro u p  w h ich  c o n t a i n s  

t o  e a c h  G^ a  hom om orphic copy  G^ = G^cp^ i n  su ch  a way t h a t  two homo- 

m orph ism s 9 ^ * 9 ^  a r e  c o m p a t ib l e  w i t h  i ^  , t h a t  i s ,  i f  h e t h e n

hep, = h i ,  cp . T hen  a l l  o f  t h e  cp, c a n  be e x t e n d e d  t o  a hom om orphic
^X  Xp. Tp X

m apping  o f  G i n t o  P w h ich  a g r e e s  w i t h  cp̂  on e v e r y  G^ . [ 1 2 ]

I n  t h e  f o l l o w i n g  d i s c u s s i o n  o f  f r e e  p r o d u c t s  w i t h  a m a lg a m a t io n s  l e t

i t  be u n d e r s t o o d  t h a t  u n l e s s  o t h e r w i s e  s t a t e d  a l l  o f  t h e  two o r  more

c o n s t i t u e n t  g r o u p s  ( f a c t o r s )  a r e  n o n t r i v i a l  and  a l l  o f  t h e  a m a lg a m a t io n s

a r e  p r o p e r  s u b g ro u p s  o f  e a c h  o f  t h e  f a c t o r s .  F o r  t h e  s a k e  o f  c o n v e n ie n c e

we w i l l  o f t e n  d e - e m p h a s iz e  t h e  a m a lg a m a t in g  is o m o rp h is m s  i ,  and  d e n o teAil

a l l  o f  t h e  am alg am ated  s u b g ro u p s  by H .

S e c t i o n  2

We f i r s t  show t h a t  a  f r e e  p r o d u c t  w i t h  a m a lg a m a t io n s  n e c e s s a r i l y  h a s

m axim al s u b g r o u p s ,  p r o v i d e d  t h e  n o rm a l  c l o s u r e  o f  t h e  am alg am ated  s u b g ro u p

i n  e a c h  o f  t h e  f a c t o r s  i s  p r o p e r l y  c o n t a i n e d  i n  t h a t  f a c t o r .

P r o p o s i t i o n  1 . L e t  G be t h e  f r e e  p r o d u c t  o f  t h e  g r o u p s  {g. ,K  _ *
-  A. A. €  A

a m a lg a m a t in g  t h e  s u b g r o u p s  o f  G^ v i a  t h e  i s o m o rp h is m s  i ^  , and

su p p o se  nmG V X e A . Then  ♦  (G) *  nm^H , w h e re  H i s  t h e
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am alg am ated  s u b g ro u p  o f  G .

4r $
P r o o f :  I f  we d e n o t e  II G, /nm  H. by G , t h e n  by Higman and
  XeA X ° X *

N eum an 's  r e s u l t  f o r  t h e  F r a t t i n i  s u b g ro u p  o f  f r e e  p r o d u c t s  o f  g r o u p s  i t

i s  en o u g h  t o  p ro v e  t h a t  G/nm_H = G* , f o r  a s  w as n o t e d  i n  t h e  p r e l i m -G

i n a r i e s ,  t h i s  w i l l  im p ly  t h e  p r o p o s i t i o n .  I n  o r d e r  t o  j u s t i f y  t h i s  i s o ­

m orph ism , c o n s i d e r  t h e  e p im o rp h is m s  cp : G.. G ./nm  h .. • S in c e
A A A A

h e H. i m p l i e s  hep = 1 = h i  cp , t h e  maps cp may be e x t e n d e d  t o
A. A Ap p A

*
an e p im o rp h is m  cp : G —-»> G . I t  w i l l  s u f f i c e  t o  show t h a t  t h e  k e r n e l

n g i
o f  cp i s  t h e  n o rm a l  c l o s u r e  o f  H i n  G . I f  g e nm H , g  = II h

i  = l

w h e re  g^ e G , h^ e H (1 £ i  £ n ) ;  h e n c e  gcp = 1 and g e k e r  cp . On

t h e  o t h e r  h a n d ,  i f  an  e l e m e n t  g i n  t h e  k e r n e l  o f  cp i s  p u t  i n  n o rm a l

form  g = g . g_  • • • g h  w here  g e G.. , h  e H , X + X , we havel  a n  l  i  l+J.

1 = (B1 e 2 • • • Bn h ) cp = gjCp g gcp . . .  g ncp w h e re  g ^  e G^ /nmG Hx
i  X^ i

and X^ * • w h ich  i m p l i e s ,  by v i r t u e  o f  t h e  f a c t  t h a t  G* i s  a  f r e e

p r o d u c t ,  t h a t  g.cp = 1 f o r  1 £  i  £ n t i . e . ,  t h a t  g e nm H.
1 1 Gx 1 Ai

Hence g e nm^H

The p r o p o s i t i o n  y i e l d s  two c o r o l l a r i e s  w h ic h  w i l l  be o f  f u t u r e  u s e .

C o r o l l a r y  1. I f  G, A, , Ĥ  and  H a r e  d e f i n e d  a s  i n  p r o p o s i t i o n  1
■■ A A

and H^ <1 G^ f o r  a l l  X e A , t h e n  $(G ) ^  H .

C o r o l l a r y  2 . L e t  G, A, G ^ , H^ and  H b e  d e f i n e d  a s  i n  p r o p o s i t i o n  1.

Then nmQH 0  G^ = nmQ f o r  a l l  X e A .
X

P r o o f ?  C l e a r l y  nm„ H, ^  H G, f o r  a l l  X e A . B u t i f
  Gx X G X

g e nm„Hf H G, , by p r o p o s i t i o n  1 g « k e r  cp fl G. = nm H. s i n c e  cp «  cp.
G A A G^ A A

on G^ .
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In  t h e i r  s h o r t  p r o o f  t h a t  t h e  f r e e  p r o d u c t  G o f  n o n t r i v i a l  g r o u p s  

i s  4> Higman and Neuman fo u n d  f o r  any e l e m e n t  g o f  G a  p r o p e r

s u b g ro u p  o f  G w h ich  t o g e t h e r  w i t h  g g e n e r a t e d  G . The f o l l o w ­

i n g  p r o p o s i t i o n  i s  a  g e n e r a l i z a t i o n  o f  t h e i r  a rg u m e n t .

P r o p o s i t i o n  2 . I f  i n  a  f r e e  p r o d u c t  G w i t h  am algam ated  s u b g ro u p  H 

t h e r e  e x i s t s  an  e l e m e n t  w h ich  c o n j u g a t e s  e a c h  n o n t r i v i a l  e l e m e n t  o f  H

o u t s i d e  o f  H t h e n  G i s  ♦  f r e e .

*
P r o o f :  L e t  G = II (G ^jH ^) and  l e t  p be an  e l e m e n t  o f  th e  nonem pty

XeA +
indexing s e t  A . I f  A = G , H = H and B = II (G. ;H.. ) w ith H

p A p

t h e  am alg am ated  s u b g ro u p  o f  B , t h e n  G = (A * B; H^= H^) ; h e n c e  i t  i s

enough  t o  p ro v e  t h e  p r o p o s i t i o n  f o r  t h e  f r e e  p r o d u c t  w i t h  a m a lg a m a t io n s
i

o f  two g r o u p s  A and  B . So l e t  G = (A * B; HA= Hg) w h e re  HA and

Hg a r e  i s o m o r p h ic  ( v i a  i )  s u b g ro u p s  o f  A and  B r e s p e c t i v e l y ,  l e t

H = HA = Hg , and  l e t  c e G be su c h  t h a t  h °  \  H f o r  a l l  n o n t r i v i a l

h i n  H . N o te  t h e n  t h a t  h °  ^  H f o r  a l l  n o n t r i v i a l  h i n  H .
- 1

( F o r  i f  h = h* f o r  n o n t r i v i a l  e l e m e n t s  h , h / e H , t h e n  (h * )  =
- 1

(h  ) = h , c o n t r a r y  t o  a s s u m p t i o n . )  We u s e  t h e  n o r m a l i t y  o f  ♦  (G) 

t o  c o n c lu d e  t h a t  s i n c e  no n o n t r i v i a l  s u b g ro u p  o f  K i s  n o rm a l  i n  G , 

i t  i s  en o u g h  t o  e x c l u d e  e l e m e n t s  o f  l e n g t h  > 1 f ro m  ♦  (G) , and 

s e c o n d l y ,  i n  o r d e r  t o  e x c l u d e  an  a r b i t r a r y  e l e m e n t  g i n  G o f  l e n g t h  

a t  l e a s t  o n e ,  i t  i s  enough  t o  e x c l u d e  any  c o n j u g a t e  o f  g by an  e le m e n t  

o f  G ( o r ,  i n  f a c t ,  any po w er  o f  g o r  g  1 ) .  We do t h i s  by show ing  

t h a t  t h e  e l e m e n t  i n  q u e s t i o n  i s  n o t  a  n o n g e n e r a t o r ,  t h a t  i s  by p r o d u c in g  

a  p r o p e r  s u b g ro u p  T o f  G w h ic h  t o g e t h e r  w i t h  o u r  e l e m e n t  g e n e r a t e s  G 

We c o n s i d e r  f o u r  c a s e s ,  c o r r e s p o n d i n g  t o  t h e  f o u r  p o s s i b i l i t i e s  f o r  

a n o rm a l  fo rm  f o r  c  .
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Case I :  c = a ,  3 , . . . o r 3 w here  a . ,  3 .  ® A'tfl , B\H  r e s p e c t i v e l y■ ■ -  l  l  m m i i

( l ^ i ^ m )  and  m ^  1 . I f  g i s  an  a r b i t r a r y  e l e m e n t  o f  C o f  l e n g t h

a t  l e a s t  o n e ,  c o n j u g a t i o n  o f  g by a  s u i t a b l e  e l e m e n t  o f  G w i l l  y i e l d

one  o f  t h e  two n o rm a l  fo rm s  ( i )  3 , o , . .  .3  ot 3 , o r  ( i i )  o'  3 , . . . o  3 >1 1  n n  n+1 1 1  n  n

whe r e  n £ 1; h e n c e  we may assume t h a t  g i s  i n  one  o f  t h ^ s e  two fo rm s .
ccr, c

( i )  I f  g = 3 , o , . . . 3  o  3 we e x c l u d e  z  = g 1 from  i ( G )  . 1 1  n n n+ l

I f  T <  z 1A a  , B >  i t  i s  c l e a r  t h a t  < T , z >  = G .  I f  z € T ,  z 

w ould  e q u a l  a  p r o d u c t  o f  t e rm s  com ing a l t e r n a t e l y  o u t  o f  z * A z and B 

and m u l t i p l i c a t i o n  o f  b o t h  s i d e s  by z * w ou ld  y i e l d  one  o f  t h e  f o l l o w ­

i n g  e q u a t i o n s ,  w h e re  we may assum e t h e  a^ and b^ a r e  n o n t r i v i a l :

a )  1 = “ l b i a 2b 2 - ■, a k bk Z 1 ( k  2  O

b) i  ■ v , ! v " ‘ i v i  , ’ 1) (k  2 0 )

o) 1 = < a i V 2 b 2 . . . » X  <“  *  0 )

d )  1 = b 1 ^a i b 2 * * *ak bk + l  Z _ 1 )ak+ 1 (k  2  0) ‘

E q u a t io n  ( a )  becom es

- 1  - 1  - 1  - 1  - 1  - 1  - 1  - 1  - 1  - 1  - 1  - 1  - 1  - l
1 = c a  c g cot c a  r a  c g c a  c b c  or c  g car c  a  cor c  gear c  b  . . .

- i  - i  - i  - i  - i  - i  - i  - i  - i  - i  - i. , .  c o  c g ccy,c a  c a ,  c g c a ,  c b, c  a  c  g c a ,  c . ( l )
1 L i  k  1 I ! |  l i  1 1

c
B u t i f  a 6 H t h e n  a i s  a w ord b e g i n n i n g  and  e n d i n g  w i t h  a  te rm  from

1 1  - 1
- 1  “ i

B\jl w h ich  c a n n o t  c a n c e l  w i t h  o r  or^ . I f  a 1 ^  H and  S j  e H ,

t h e n  t h e  f i r s t  b r a c k e t e d  e x p r e s s i o n  b e g i n s  and  e n d s  w i t h  a  t e rm  from  a\H

w h ic h  w i l l  n o t  c a n c e l  w i t h  o r  j3^ * . S i m i l a r l y ,  i f  b^ e H t h e n

b^ b e g i n s  and e n d s  w i t h  a  t e rm  from  B \fl , w h i l e  i f  b^ € b \ #  no c a n c e l ­

l a t i o n  c a n  o c c u r  a t  a l l .  C o n t in u in g  t h i s  p r o c e s s  o f  c o m b in in g  t e r m s  we 

s e e  t h a t  a t  e a c h  a^ and  b^ a f t e r  c o m b in in g  a t  m ost s e v e n  t e r m s  we a r e
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l e f t  w i t h  an  e x p r e s s i o n  w i t h  f a c t o r s  com ing a l t e r n a t e l y  o u t  o f  A \p and 

B \p  , and t h a t  t h e  t e rm s  consum ed a t . ^ n  a  o r  b n e v e r  o v e r l a p .
" J

Hence t h e  e x p r e s s i o n  i n  ( 1 )  c a n n o t  c o l l a p s e  t o  1 . M oreover ,  w i t h

c l o s e r  s c r u t i n y  we o b s e r v e  t h a t  e v e n  i f  t h e  r i g h t  hand  s i d e  o f  e q u a t i o n

(1 )  w e re  p r e c e d e d  w i t h  a  n o n t r i v i a l  e l e m e n t  b e B a n d / o r  f o l l o w e d  by

a n o n t r i v i a l  e l e m e n t  a  e A , t h e  c a n c e l l a t i o n  s t o p s  a t  c and c * ;

h e n c e  e q u a t i o n s  (b )  t h r o u g h  (d )  c a n n o t  o c c u r .  From t h i s  i t  f o l l o w s  t h a t

z K T , i . e . ,  t h a t  z and  h e n c e  g \  ♦  (g )  .

( i i )  I f  g = O . P . . . . 0 ' 0 (o' e aNji, 8 e B \ p ) ,  c h o o s e  an  i n t e g e r1 1  n n l  j
It

k su c h  t h a t  kn  > ra . Then  t ( g  ) = 2kn > 2m = 1 ( c )  , and

c g k c  1 ^ a  0 . . . o '  0 o  0 . . . o '  0 . . . cy 0 . . . o r  0 0 1 . . . p  ^  1 . ( 2 )1 1  m m  1 1  n n  1 1  n t n  p  m 1 1

C a n c e l  and com bine a s  much a s  p o s s i b l e  a t  t h e  o n ly  s p o t  w here  c a n c e l l a ­

t i o n  c a n  o c c u r  — b e tw e e n  0 and 0 1 . N ote  t h a t  c re m a in sn m

u n to u c h e d .  I n  f a c t  a t  w o r s t  o n e  i s  l e f t  w i t h  c fo l lo w e d  by tw o te rm s

k  ■** 1
com ing  o u t  o f  A\jl and  b \)I  , s a y  eg  c = ccyP  . I f  a f t e r  c a n c e l l a -

k  —1 k - 1
t i o n  and c o n t r a c t i o n  e g  c e n d s  i n  a  0 e B \p  , i . e . ,  e g  c  = c o ' . - . p ,

s q u a r e  i t  t o  o b t a i n  ccy. . . 0 c<y. . .0  = z . We e x c l u d e  z  from  ♦(G ) ;

f o r  t h i s  p u r p o s e  l e t  T = <  z ^B z ,A  >  . A g a in ,  u n d e r  t h e  a s s u m p t io n

t h a t  z  e T we o b t a i n  o n e  o f  t h e  f o l l o w i n g  e q u a t i o n s :

a ' )  1 .  b ‘ a 1l)2 a 2 . . . b * a kr 1 (k  2  1)

b ' )  1 = a1 (b*a2. . *bt ak + lz ^  *k * 0)

« ' >  * ■ o ^ V A - ' I v X i  ( k 2 0 )

d - )  <k 2 0 >
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As i n  t h e  p r e c e d i n g  c a s e  we exam ine  o n ly  e q u a t i o n  ( a ' ) ;  t h a t  e q u a t i o n s  

( b ; ) t h r o u g h  ( d f ) c a n n o t  o c c u r  w i l l  f o l l o w  a s  b e f o r e  from  t h e  l i m i t e d  

c o n t r a c t i o n s  p o s s i b l e  i n  t h i s  e q u a t i o n .

E q u a t io n  ( a * )  becom es

1 = (3 1 . . . o r  1c *(3 *c *b c  o . . . p  ( 2 f )
I u

• c o . . . ( 3 a , |3  1c 1 P 1c 1b nc <y.. . P cq-. . . P a n . . .
L 1_______ 1 I__ 2J  2

Q- l  - 1  - l Q~ l  - 1  - 1 .  Q _ _ - l  " I  - l Q" l  “ I  " I. . ,p  . . . o  c P . . . a  c b e  a . . . P c o . . . P a  p . . . a  c  P . . . a  c
I 2J l________ 1

As t h e  b r a c k e t e d  e x p r e s s i o n s  i n v o l v i n g  b^ b e g in  and en d  w i t h  te rm s

com ing  from  and  t h o s e  i n v o l v i n g  a^ b e g i n  and  end  w i t h  te rm s

com ing  from  A \p , t h e  e n t i r e  e x p r e s s i o n  i n  ( 2 #) c a n n o t  c o l l a p s e  t o  1;

i n  f a c t  e q u a t i o n s  ( b ' )  t h r o u g h  (d * )  a r e  a l s o  i m p o s s i b l e ,  im p ly in g  a s

b e f o r e  t h a t  z ^  T and  h e n c e  g V ^ (G )  .

k  “ 1
I f  a f t e r  c a n c e l l a t i o n  i n  (2 )  eg  c = c . . . a  w here  a  € A\fl ,

l e t  z = c 1p 1c g k c 13 j 1c = c 1p 1c . . .c t f J ^ c  , and  l e t  T = <  z 1Az,B > .

z e T o n ly  i f  an  e q u a l i t y  o f  ty p e  ( a ) , ( b ) , ( c )  o r  (d )  h o l d s ;  r e s t r i c t - 1-"

i n g  o u r  a t t e n t i o n  a s  b e f o r e  t o  e q u a t i o n  ( a )  we h av e :

1 = c 1p,Q' 1 . . . C  1p / c a _ c  J p c . - . o f l / c b - C  *p a? 1 . . , c  1 (3)
1 1 L - i i  M  1 1 1  j

’  p i lc ^ ' V - * * < c b 2  • • •

- 1 Q - 1  - l a - l  - 1 D o - l  w - 1 Q - 1  - 1 Q~1. . , c  P , o  . . . c  P , c a  c  P , c . . . o p ,  cb  c  P a  . . . c  P , c1 1 i n  1 1 | ______ 1 n  1_______| 1

C o n s i d e r  t h e  b r a c k e t e d  e x p r e s s i o n s  i n v o l v i n g  t h e  a^ . I f  a^ ^  H no

c
c a n c e l l a t i o n  c a n  o c c u r  a t  a l l ;  i f  a^ 6 H t h e n  a^ b e g i n s  and  e n d s  w i t h  

a  t e rm  from  a\ h , h e n c e  c a n n o t  c a n c e l  w i t h  p j  o r  P * . S i m i l a r l y ,  i n

t h o s e  b r a c k e t e d  e x p r e s s i o n s  i n v o l v i n g  b^ , i f  b^ e H c a n c e l l a t i o n

c_1 v c
s t o p s  a t  b^ . I f  b^ a, H and  b^ e H , c a n c e l  and com bine  a s  much
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a s  p o s s i b l e ,  n o t i n g  t h a t  a t  w o r s t  t h e  b r a c k e t e d  e x p r e s s i o n s  w i l l  be o f  

t h e  fo rm  chc  1 (w here  h e H ), w h ich  b e g i n s  and e n d s  w i t h  te rm s  from  

A ^ ;  h e n c e  c a n n o t  com bine w i t h  0^ o r  P ^ 1 . As b e f o r e  we m ust c o n c lu d e  

t h a t  z \  T and  g V t ( G )  . T h u s  i f  c  i s  i n  fo rm  I ,  ♦ (G ) = 1 .

C ase  I I :  c  = P ,o ,, . . . 3  a  (a.  ,0 .  e A \p ,B \p  r e s p e c t i v e l y  f o r  l£ i£ m ;■ 1 1  ram  l  i

n£?l) , S in c e  by c o n j u g a t i n g  g (w here  g i s  an  a r b i t r a r y  e l e m e n t  o f  G

s u b j e c t  t o  ' t ( g )  ^  1) by a s u i t a b l e  e l e m e n t  o f  G we may a l s o  assum e

t h a t  e i t h e r  ( i * )  g  = 0 , 0 , . . . a  0 a  , (n £ 0 )  o r  ( i i / ) g  = 0 . 0 ', . .  . 0 a1 1  n n n + l  1 1  n n

( n S l )  , C ase  I I  f o l l o w s  fro m  I by i n t e r c h a n g i n g  A and B .

C ase  I I I i  c = q- , 0 , . . . c* 0 cy „ (or , 0 .  e A \jI ,B \p  r e s p e c t i v e l y ,  l^i^nH-1, 
------------------------ 1 1  m m  ra+1 i  j

l£j<Jm, m^O) .

A g a in ,  g i v e n  an  e le m e n t  g i n  G o f  l e n g t h  a t  l e a s t  one  we

c o n j u g a t e  i t  j u d i c i o u s l y  t o  o b t a i n  ( i )  o r  ( i i ) .  I f  g c a n  be p u t  i n

fo rm  ( i ) ,  t h a t  i s ,  0 ,0 ' ,  . . . | 5  a  0 . (0 .  € bNjI b £ i< n + l ,  ck. e A\H l ^ j ^ n ,1 1  u n n + l  i  J
c” Ag ^

n^O) we e x c l u d e  z = g l  by c h o o s in g  T = <  z Az,B >  and

o b s e r v i n g  t h a t  w h i l e  < T , z > = G ,  i f  z e T  one  o f  t h e  e q u a t i o n s  ( a )

th r o u g h  ( d )  m ust h o l d ,  o r , a g a i n  c o n f i n i n g  o u r s e l v e s  t o  ( a )  and  e x p a n d in g ,

- 1 „ - 1  - 1  -1 _  - 1 - 1  - 1 Q . - 1  . . .
1 = c  0 eg  c  0 c a  c 0 .  c gc  0 c b  c  ( 4 )

1 t 1 1 1 I 1L JJ
Q- 1  - 1  - l a - 1Q-1 - 1 .  .

‘ B1 ° g ?  W  B1 'i gC 1 2  '  • ’

- 1 „ - 1  “ I -1 „  ~1„-1  "1D . - 1 D~1 ‘ I “ 1„0 c b  c  0 eg  c  0 . c  . 
1 1 n  |  1 1

- l Q- l  - l  - 1 Q - l D- l
. . . c  0 e g  c  0 c  a  c 0 eg e

1 t 3 - g  L J

N o te  t h a t  a f t e r  a l l  p o s s i b l e  c a n c e l l a t i o n s  a r e  p e r fo rm e d  t h e  b r a c k e t e d

e x p r e s s i o n s  b e g i n  and  en d  w i t h  te rm s  fro m  A\jl and we a r e  l e f t  w i t h  a

n o n t r i v i a l  e x p r e s s i o n .  We c o m p le te  t h e  a rg u m e n t  a s  b e f o r e .

To e l i m i n a t e  g q u a  fo rm  ( i i ) ,  i . e . ,  a , 0 , . . . a r  0 (or. , 0 .  e A \p ,B \f l1 1  n n  i i

r e s p e c t i v e l y ,  n £ l )  from  ^ ( 0 )  we a g a i n  c h o o s e  k su c h  t h a t  kn>m, l e t



and  a p p ly  t h e  a rgum en t u s e d  I n  I  ( 1 1 ) ,  s i n c e  t h e  o n ly  e s s e n t i a l  d i f f e r e n c e  

b e tw ee n  ( 5 )  and  (2 )  I s  t h a t  I n  (S )  a t  w o r s t ,  2m+l te rm s  o f  g a r e

consum ed a f t e r  c a n c e l l a t i o n ;  c  ho w ev er  s t i l l  r e m a in s  i n t a c t .

C ase  IV: c = 0 , a , , . . . 0  O' 0 . (mfcO) . I n  t h i s  c a s e  we c o n j u g a t e  o u r
----------------------- 1 1  m m  m+1

a r b i t r a r y  g o f  n o n z e ro  l e n g t h  i n t o  fo rm s  ( i / ) o r  ( 1 1 ' )  by a  s u i t a b l e  

e l e m e n t  o f  G a n d ,  i n t e r c h a n g i n g  A and B , a p p ly  C ase  I I I .

S in c e  we hav e  e x h a u s t e d  a l l  t h e  p o s s i b i l i t i e s  f o r  c , t h e  

p r o p o s i t i o n  f o l l o w s .

We s t a t e  a g a i n  t h a t  a s u b g ro u p  H o f  a g ro u p  G i s  c a l l e d

a b n o rm a l  i f  h® V H f o r  a l l  h * 1 i n  H and a l l  g e G\jl .

C o r o l l a r y  3 .  L e t  {G, K  . be  a f a m i ly  o f  g r o u p s ,  H. <  G. s u c h  t h a t
■ A. X  6A X  X

f o r  a l l  \ ,p ,  e A , and  s u p p o s e  t h a t  f o r  some y  e A , i s

ab n o rm a l  i n  G . T hen  t h e  f r e e  p r o d u c t  G o f  t h e  g r o u p s  G.. am a lg a -
y  A.

m a t in g  t h e  s u b g ro u p s  i s  4> f r e e .

C o r o l l a r y  4 . L e t  f ^ j ^ Xe A'  ^HX^XeA’ ** be a s  i n  C o r o l l a r y  3 , w i t h

e a c h  H. a  c y c l e  o f  o r d e r  p f o r  some p r im e  p and  su p p o se  f o r  some
X

y  e A, H i s  n o t  n o rm a l  i n  G . T hen  0(G ) = 1 .
Y Y

P r o o f :  By a s s u m p t io n  t h e r e  e x i s t s  g e G^ s u c h  t h a t  h ^  ^  f o r

some . * 1 i n  w h ic h  i m p l i e s  t h a t  ( h ^ ) K \  ( l£ X < p ) ,  t h a t  i s  t h e

h y p o t h e s i s  o f  p r o p o s i t i o n  2 i s  s a t i s f i e d .

P r o p o s i t i o n  3 .  L e t  X , , X „ , . . , , X _  be  i n f i n i t e  c y c l i c  g r o u p s ,  w i t h  
1,1 1 1 « H

in
XA = <  x^ >  and  l e t  <  X^ , s a y  1 > ( m ^ > l , l ^ i ^ n )  .
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I f  G i s  t h e  f r e e  p r o d u c t  o f  t h e  g r o u p s  a m a lg a m a tin g  t h e  s u b g ro u p s

Hi  , t h e n  ^>(G) = 1 .

P r o o f :  I f  we d e n o te  t h e  am alg am ated  su b g ro u p  o f  G by H , t h e n  by
™  Xm^
C o r o l l a r y  1, 4>(G) £ H . So l e t  h = x^ ( l ^ i ^ n ,  XXI) be  an a r b i t r a r y

e le m e n t  o f  H . C hoose an i n t e g e r  p >  1 su ch  t h a t  (p.Xm^)  = 1 f o r

i  = 1 , . . .  , n ,  and  l e t  T = <  xP ; l<ri£n >  . Then  <  T , h  >  = G . But

T + G . To s e e  t h i s ,  l e t  Y^ = <  xP >  f o r  a l l  i  and n o t e  t h a t  f o r

pm pm
IS j ,  k en  Y (1 H = <  x J >  = <  x  >  = Y fl H ; h en ce

J  J  k  k

T = <  Y , I S iS n  >  = II (Y ;Y fl H) . Suppose now, t h a t  x e T . S in c e
i  = l

x x \ y  , t h e  n o rm a l  fo rm  f o r  x^ i n  T m ust h av e  l e n g t h  s  2, say

r ,P r c )  r . p  r  p
x = x x . . . x  w h e re  x 0  Y \jH ( l S k s - 6 , ^ 2 )  and  i  * i

1 S  1 2 h  *k i k \  k  +1

- 1  r i P V  r l p - 1  r i p
( IS k S - t ) ,  i . e . ,  1 = x,  x .  x .  . , . x .  . I f  x ,  x.  \ h we hav e  i n

1 ‘ l  1 2 l l  1 ‘ l

G a  p r o d u c t  o f  t e rm s  l y i n g  o u t s i d e  o f  Ii su c h  t h a t  no tw o s u c c e s s i v e

te rm s  b e lo n g  t o  t h e  same f a c t o r  e q u a l  t o  o n e ,  w h ic h  i s  i m p o s s i b l e .  I f

r  p - 1  r  p -1  r  o
i  = 1 and  x e H t h e n  x x e Y \ | I  , a g a i n  g i v i n g  t h e

1 2 2

same c o n t r a d i c t i o n .  Thus  x 1 X T and  h  V 4><G) . S in c e  h was a r b i -

t r a r y ,  ^)(G) = 1 .

W ith  t h e  a i d  o f  p r o p o s i t i o n s  2 and  3 and t h e  f o l l o w i n g  lemma, we

w i l l  be i n  a  p o s i t i o n  t o  d e d u c e  t h e  m ain  r e s u l t  o f  t h i s  s e c t i o n .

Lemma I t L e t  g and  h be  n o n t r i v i a l  e l e m e n t s  o f  a f r e e  g ro u p  F .

I f  g  1h^g  = h P , t h e n  X = p and  [ g , h ]  = 1 .

P r o o f :  C o n s id e r  K = <  g , h  >  . K i s  f r e e ,  g e n e r a t e d  e i t h e r  by one  o r

two f r e e  g e n e r a t o r s .  I f  K i s  f r e e  o n  one g e n e r a t o r ,  no  p r o o f
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i s  r e q u i r e d ,  so  su p p o se  K i s  f r e e l y  g e n e r a t e d  by x and y . L e t  

cp be t h e  e p im o rp h is m  o f  K m app ing  x t o  g and  y t o  h . S in c e  

K i s  f r e e  i t  i s  H o p f ia n ;  t h u s  i f  any w ord w ( g , h )  i n  g and  h i s  

t r i v i a l ,  t h e n  w ( x , y )  = 1 , t h a t  i s  w ( g , h )  c o l l a p s e s  t r i v i a l l y .  Hence 

g and h  f r e e l y  g e n e r a t e  K and  t h e  lemma f o l l o w s .

C o r o l l a r y  5 . L e t  F be a  f r e e  g ro u p  on a  s e t  o f  f r e e  g e n e r a t o r s  

X = {x ,x  , . . . }  w h e re  X may h av e  any c a r d i n a l i t y  g r e a t e r  t h a n  o n e ,  andX £t

l e t  H = <  h >  be a  c y c l i c  su b g ro u p  o f  F . T hen  t h e r e  e x i s t s  c e B' 

n c  »
s u c h  t h a t  (h  ) X H f o r  a l l  n o n z e ro  i n t e g e r s  n .

P r o o f :  By lemma 1 i t  i s  enough  t o  p ro d u c e  an e l e m e n t  c s u c h  t h a t

[ h , c ]  * 1 . E x p r e s s  h u n i q u e l y  a s  a  w ord  w (x ^ )  i n  t h e  g iv e n  g e n e r a ­

t o r s  f o r  F and l e t  S be t h e  s u b s e t  o f  X c o n s i s t i n g  o f  t h o s e  x^

t h a t  a p p e a r  i n  w (x ^ )  . I f  t h e r e  e x i s t s  an x^  e x \ s  , t h e n  [ h , x ^ ]  + 1 .

I f  S = X t h e n  w (x ^ )  i n v o l v e s  a t  l e a s t  tw o f r e e  g e n e r a t o r s ,  e i t h e r  

one  o f  w h ich  w i l l  n o t  commute w i t h  h .

C o l l e c t i n g  o u r  r e s u l t s  we now h av e  t h e  f o l l o w i n g

Theorem  1 . The f r e e  p r o d u c t  G o f  a  f i n i t e  num ber o f  f r e e  g r o u p s

a m a lg a m a t in g  a  p r o p e r  c y c l i c  s u b g ro u p  i s  f r e e .

F o r  by p r o p o s i t i o n  3 we may assum e one  o f  t h e  f r e e  f a c t o r s  i s  n on -  

c y c l i c ,  w h ic h  i m p l i e s ,  by C o r o l l a r y  5 ,  t h a t  t h e  h y p o t h e s i s  o f  p r o p o s i t i o n  2 

i s  s a t i s f i e d .

I n  some s e n s e  t h i s  r e s u l t  i s  a s  i t  s h o u ld  b e ,  f o r  we a r e  d e a l i n g  

w i t h  a  f r e e  p r o d u c t  o f  f r e e  g r o u p s  w i t h  a  " s l i m "  ( i n  t h i s  c a s e  c y c l i c )  

a m a lg a m a t io n .  I t  i s  i n t e r e s t i n g  t o  n o t e ,  h o w ev er ,  t h a t  t h e  th e o re m  i s  

f a l s e  i f  we r e l a x  t h e  f i n i t e n e s s  c o n d i t i o n  on  t h e  num ber o f  f a c t o r s .

To s e e  t h i s ,  l e t
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2 3 5 Pi  ^
G — <  a^ , i • • • i i • • • I -  ®2 "" ®j -  * • • — -  • ■ * ^  w h ere

d e n o t e s  t h e  1t h  p o s i t i v e  p r im e .  G i s  t h e  f r e e  p r o d u c t  o f  a  c o u n t ­

a b l e  num ber o f  I n f i n i t e  c y c l i c  g ro u p s  w i t h  am alg am ated  s u b g ro u p  H ;

l e t  H = <  h >  . By C o r o l l a r y  1 , ^)(G) ^  H ; i n  o r d e r  t o  show t h a t

4>(G) a c t u a l l y  c o i n c i d e s  w i t h  H , i t  i s  en o u g h  t o  show t h a t  h  e |>(G) .

S uppose  n o t  and  l e t  M be a m axim al s u b g ro u p  o f  G e x c l u d i n g  h  . T hen ,  

s i n c e  G = <  M,h >  and  H = C(G) , we hav e  f o r  e l e m e n t s  m^ i n  H ,

®i Pi® i  1_Pi® i
a i  = ™i'1 = mi a i  ^®i 6 Z ' w h ic h  i m p l i e s  t h a t  m^ = a^

P i  P ^ l - P ^ )  ( l - P i Q'i )
and  t h u s  = h e M f l H .  L e t  p^ , .  . .  ,p ^  be

1 n

t h e  p r im e  d i v i s o r s  o f  1-Jly . T hen  t h e  i n t e g e r s  l-2ar  , i ” Pj & » . . . f1 i

1-p^  or a r e  r e l a t i v e l y  p r im e ;  h e n c e  t h e r e  e x i s t  i n t e g e r s  , . . . , 3 ^ ^
n n I n

n
s u c h  t h a t  3 ( 1 - a y  ) + S 3 ( 1 - p .  a  ) = 1 and  t h e r e f o r e

k = l  k Xk k

m, • II m. k k _ K1 i  = h = n ,
k = l  k

w h ich  p u t s  h  i n  H , a  c o n t r a d i c t i o n  w h ich  e s t a b l i s h e s  t h a t  h  6 <»(G) 

and  h e n c e  H = $(G ) .



21

S e c t i o n  3

I n  t h i s  s e c t i o n  we u t i l i z e  p r o p o s i t i o n  3 t o  draw some c o n c l u s i o n s  

a b o u t  t h e  F r a t t i n i  s u b g ro u p s  o f  f r e e  p r o d u c t s  w i t h  a m a lg a m a t io n s  when t h e  

f a c t o r s  a r e  f i n i t e l y  g e n e r a t e d  a b e l i a n  g r o u p s .  We n e e d  t h e  f o l l o w i n g  

lemma.

Lemma 2* L e t  A , , A  A be n o n t r i v i a l  f i n i t e l y  g e n e r a t e d  a b e l i a n
---------------  1 2  n

g r o u p s ,  and f o r  L ^ i^ n  , l e t  be p r o p e r  s u b g ro u p s  o f  A^ and

Hi"  **l ™ i> ** iso m o rp h ism s  m app ing  t o  a f i x e d  g ro u p  H . L e t

n*
G = II (A ;H ) w i t h  t h e  am alg am ated  s u b g ro u p  d e n o te d  by H , and l e t  

1=1

h be any n o n t r i v i a l  t o r s i o n  f r e e  e l e m e n t  o f  H . Then t h e r e  e x i s t s  a 

homomorphism cp m apping  G o n to  t h e  f r e e  p r o d u c t  o f  n f r e e  a b e l i a n  

g r o u p s  B ^ ( l ^ i ^ n )  a m a lg a m a t in g  a c y c l i c  s u b g ro u p  C su ch  t h a t

1 * hep e C .

P r o o f :  We c h o o s e  b a s e s  a J , ,  a .  n , . . . ,  a j f o r  t h e  g r o u p s  H. ( l ^ i ^ n )
  i l  12 i s  i

by f i r s t  s e l e c t i n g  a  b a s i s  a 1 1 »a 1 0    f o r  an<1 l e t t i n gXI 1 a  X s X

a = a 1j w1Hi  1 ( K l S n ,  l ^ j ^ s )  . T hen  by v i r t u e  o f  t h e  am a lg a m a tin g

s  e ^  s  e ^
iso m o rp h is m s ,  h = II a  ,  = . . .  = II a . ( e .  e Z) . S in c e  h i s  n o t

0=1 11 0=1 n l 1

one  and  o f  i n f i n i t e  o r d e r  we may assum e, by r e a r r a n g e m e n t  o f  b a s i s  e l e ­

m e n ts  i f  n e c e s s a r y ,  t h a t  e^  * 0 and  t h a t  t h e  a ^  a r e  o f  i n f i n i t e

o r d e r .  L e t  N. = <  a J r t» . . . f a , >  • A ./N .  , a s  f i n i t e l y  g e n e r a t e d  1 12  I s  1 1

g r o u p s ,  c a n  be w r i t t e n  i n  t h e  fo rm  * T i ^ i  ’ w here  t h e

a r e  n o n t r i v i a l  f r e e  a b e l i a n  g r o u p s  and  t h e  a r e  t o r s i o n  g ro u p s ;
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m o re o v e r  t h e  im ag es  o f  t h e  l i e  n o n t r i v i a l l y  i n  . L e t

n  *
cp1 : — > A^/T^ , l e t  G = II (A ^ /T ^  f <  a i i Ti  w i t h  t h e  c y c l i c

am alg am ated  s u b g ro u p  d e n o te d  by C . The A^/T^ , s i n c e  i s o m o r p h ic  t o

F i //Ni  ’ a r °  f r e e  a b e l i a n * i s  e a s i l y  c h e c k e d  t h a t  t h e  homomorphisms

cp̂  a r e  c o m p a t ib l e  w i t h  t h e  a m a lg a m a tin g  i s o m o rp h ism s  * ( l ^ i ^ n  ,

l ^ j ^ n )  ; h e n c e  t h e  cp̂  may be  e x t e n d e d  t o  a homomorphism cp: G — >  G .

cp i s  an  e p im o rp h is m  b e c a u s e  e a c h  f a c t o r  o f  G i s  t h e  im age o f  some 

cp̂  , and a  g e n e r a t i n g  s e t  f o r  G i s  c o n t a i n e d  i n  t h e  u n io n  o f  g iv e n

g e n e r a t i n g  s e t s  f o r  e a c h  o f  t h e  f a c t o r s .  M o reo v e r ,  s i n c e  

8 1 6hep (= a T ,  = . . .  = a T ) i s  a n o n t r i v i a l  e l e m e n t  o f  C , cp i s  t h e
^ 11 1 n l  n

d e s i r e d  homomorphism.

T heorem  2. L e t  G be t h e  f r e e  p r o d u c t  o f  a  f i n i t e  num ber o f  f i n i t e l y

g e n e r a t e d  a b e l i a n  g r o u p s  a m a lg a m a t in g  a  su b g ro u p  H . Then 4>(G) i s

c o n t a i n e d  i n  t h e  t o r s i o n  s u b g ro u p  o f  H .

P r o o f :  L e t  A , ,  H , , k , be a s  i n  lemma 2 and  l e t  H and H d e n o te
  i  i  i  T  F

t h e  t o r s i o n  and t o r s i o n  f r e e  co m p o n e n ts ,  r e s p e c t i v e l y ,  o f  H . S in c e  by

C o r o l l a r y  1 <><G) *  H , we c h o o s e  an  a r b i t r a r y  n o n t r i v i a l  e l e m e n t  h  o f

H and  e x c l u d e  i t  f ro m  4>(G) . By lemma 2 t h e r e  e x i s t s  a homomorphism 
F

n ^
cp m app ing  G o n t o  G = II (B ;C ) w h e re  e a c h  B. i s  f r e e  a b e l i a n  and

C i s  i n f i n i t e  c y c l i c ,  su c h  t h a t  h  i s  mapped n o n t r i v i a l l y  i n t o  C .

Now we a r e  f r e e  t o  c h o o s e  a  b a s i s  b , , , b , o f . . . , b ,  f o r  B. s u c h  t h a t11 12 l r ,  1



23

*11 e i 2  6 l r if o r  some I n t e g e r s  e . , , e , e ,  t h e  e l e m e n t s  b_ , b . n11 12 l r  11 12 l r ^

fo rm  a  b a s i s  f o r  t h e  s u b g ro u p  C . S in c e  C i s  c y c l i c , o n l y  one

b ^  ( l ^ i ^ r ^ )  c a n  o c c u r  n o n t r i v i a l l y  a s  a b a s i s  e l e m e n t  o f  C , so we

e
may assum e C = <  b , ,  >  . I n  t h e  same way we c h o o s e  b a s e s  b    b.11 11 l r ^

6 i lf o r  t h e  g r o u p s  B^ s u c h  t h a t  C = <  b ^  > , ( l < i ^ n )  . L e t

M. = <  b  b >  , l e t  u  : BJ — > B . / l l  and l e t
i  12 i r  i i  i i

e  e
G = (B- /M B /M ; b  = . . . = b ) . I f  c 6 C ,1 1  n n 11 1 n l  n

e  e
ccr = b = b = cct ; t h a t  i s ,  t h e  homomorphisms ct ( l ^ i f i n )

^ i l l  j l j  j

a g r e e  w i t h  t h e  a m a lg a m a t in g  iso m o rp h ism s  o f  G . Thus  we e x t e n d  t h e  a  

t o  a homomorphism c :  G — > G w i t h  t h e  p r o p e r t i e s  t h a t  bcpcj + 1 and  a  

i s  o n to  G . B ut now we a r e  i n  good s h a p e ,  f o r  by p r o p o s i t i o n  2 G , a s  

t h e  g e n e r a l i z e d  f r e e  p r o d u c t  o f  a  f i n i t e  num ber o f  i n f i n i t e  c y c l e s ,  h a s  

t r i v i a l  F r a t t i n i  s u b g ro u p  . So f o r  any n o n t r i v i a l  h  i n  Hy we h av e  

c o n s t r u c t e d  a homomorphism tpc o f  G o n t o  a f r e e  g ro u p  w i t h  t h e  

p r o p e r t y  t h a t  h ^  k e r(cpa)  . S in c e  ^ (G ) ^  k e r (q w )  and h w as a r b i t r ­

a r y ,  t h e  th e o re m  f o l l o w s .

C o r o l l a r y  6 .  The f r e e  p r o d u c t  o f  a  f i n i t e  num ber o f  f i n i t e l y  g e n e r a t e d

a b e l i a n  g r o u p s  a m a lg a m a t in g  a  t o r s i o n  f r e e  s u b g ro u p  h a s  t r i v i a l  F r a t t i n i  

s u b g r o u p .

T h a t  Theorem  2 i s  t h e  b e s t  p o s s i b l e  r e s u l t  w i t h  r e s p e c t  t o  t h e
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f r e e n e s s  o f  su ch  a  g ro u p  i s  i l l u s t r a t e d  by t h e  f o l l o w i n g  g e n e r a l i z a t i o n  

o f  some r e s u l t s  o f  G a s c h u tz  [ 3 ] :

Remark 1: L e t  N be a f i n i t e l y  g e n e r a t e d  n o rm a l s u b g ro u p  o f  a  g ro u p

G , K a  s u b g ro u p  o f  G w i t h  N < ^)(K) . T hen  N ^  ^>(G) .

B e f o r e  p r o v in g  t h e  rem a rk  we n o t e  t h a t  i n  p a r t i c u l a r ,  when G i s

t h e  f i e e  p r o d u c t  o f  a f a m i ly  o f  g r o u p s  w i t h  am algam ated  su b ­

g ro u p  H , and  N i s  a  f i n i t e l y  g e n e r a t e d  s u b g ro u p  o f  H s u c h  t h a t  

N <J G and  N ^ f o r  some A. e A , t h e n  N £ 4>(G) . And i n  t h e

c a s e  when t h e  g r o u p s  G^ a r e  f i n i t e l y  g e n e r a t e d  and  a b e l i a n ,  i f  H 

i n t e r s e c t s  t h e  F r a t t i n i  s u b g ro u p  o f  any  o n e  o f  t h e  f a c t o r s  n o n - t r i v i a l l y ,

t h i s  i n t e r s e c t i o n ,  w h ich  i s  o f  c o u r s e  a  t o r s i o n  group, i s  c o n t a i n e d  i n

4><G) .

To p ro v e  t h e  re m a rk  we n e e d  t h e  f o l l o w i n g  s im p le  lemma.

Lemma 3! A f i n i t e l y  g e n e r a t e d  n o rm a l s u b g ro u p  N o f  G i s  c o n t a i n e d

i n  4>(G) i f  and o n ly  i f  G * NL f o r  some p r o p e r  s u b g ro u p  L o f  G .

P r o o f : L e t  N = <  n , n   n >  be c o n t a i n e d  i n  i(G >  and  su p p o se1 « K

G = N*L w i t h  L £  G , t h a t  i s  G = <  n , n  , . . . , n  , L >  . T hen  s i n c e
1  Z K

e a c h  n^ ( I f i i f ik )  i s  a  n o n g e n e r a t o r ,  G = L . On t h e  o t h e r  h a n d ,  i f

N ^  4>(G) t h e n  f o r  some i  (L£is:k) n V 4>(G) , f rom  w h ich  i t  f o l l o w s  t h a t  

t h e r e  e x i s t s  a  m axim al s u b g ro u p  L o f  G w h ich  d o e s  n o t  c o n t a i n  n^ . 

H ence G = < n , L >  = NL , w h ic h  shows t h a t  i f  G d o e s  n o t  h av e  t h i s
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p r o p e r t y ,  N m us t be c o n t a i n e d  i n  ♦  <G) .

P r o o f  o f  Remark 1; I f  N ^  ^>(G) t h e n  by lemma 3 G = NL w i t h  L <  G .

S in c e  N ^  L , and  s i n c e  by a s s u m p t io n  N ^  K , we hav e  n |  L O  K <  K ,

B u t t h e n  K = N(L ft K) w h ich  by t h e  lemma c o n t r a d i c t s  o u r  a s s u m p t io n  

t h a t  N ^)(K) .

G a s c h u tz  h a s  shown t h a t  f o r  any  g ro u p  G , G* 0  C(G) ^  4>(G) . I t  

i s  i n t e r e s t i n g  t o  com pare  t h i s  w i t h  t h e  f o l l o w i n g :

Remark 2: L e t  G be t h e  f r e e  p r o d u c t  w i t h  a m a lg a m a t io n s  o f  g ro u p s

G, , X. e A and  l e t  L = n ^ )(G J  n C(G) . T hen  L <: 4>(G) .
K XeA K

P r o o f : L e t  t  e L and su p p o se  t h a t  G = <  T , k  > w i t h  T <  G . F o r

e a c h  X e A  and e a c h  g e G^ we h a v e  g = t-Ln ( t  e T ,n  e Z) w h ich  

i m p l i e s  t h a t  t  e G^ . Hence i f  = T fl G^ t h e n  G^ ^  <  T ^ ,- t  >  ,

from  w hich  i t  f o l l o w s  t h a t  G^ ^  . S in c e  X was a r b i t r a r y  we h av e

T = G and  t  e ^>(G) .
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CHAPTER I I .

S e c t i o n  1 .

We r e c a l l  t h a t  a  g ro u p  G i s  r e s i d u a l l y  X (w here  X i s  any

c l a s s  o f  g r o u p s )  i f  f o r  any  n o n t r i v i a l  g i n  G t h e r e  e x i s t s  N <  G
g

su c h  t h a t  g \  N and G/N e X . I t  h a s  a l r e a d y  b een  m e n t io n e d  t h a t  
g g =

t h e  F r a t t i n i  s u b g ro u p  o f  a f i n i t e  g ro u p  i s  n i l p o t e n t .  We make u s e  o f  

t h i s  f a c t  t o  p ro v e  t h e  f o l l o w i n g

Remark 3 : I f  a g ro u p  G i s  r e s i d u a l l y  f i n i t e ,  t h e n  ̂ >(G) i s  r e s i d u ­

a l l y  n i l p o t e n t .

P r o o f :  I f  g i s  a  n o n t r i v i a l  e l e m e n t  o f  4><G) we s e e k  a n o rm a l

s u b g ro u p  M o f  4>(G) s u c h  t h a t  g ^  U and  4>(G)/M i s  n i l p o t e n t .  By

a s s u m p t io n  t h e r e  e x i s t s  N <1 G s u c h  t h a t  g ^  N and G/N i s  f i n i t e ;  

h e n c e  ^>(G/N) i s  n i l p o t e n t .  L e t  M = ^>(G) H N . Then g ^  M and

4>(G)/M = N ^  ^>(G/N) ; t h u s  4>(G)/M i s  n i l p o t e n t .N

I t  was shown i n  C h a p t e r  I t h a t  i f  N i s  a  f i n i t e l y  g e n e r a t e d  n o r ­

mal s u b g ro u p  o f  a  g ro u p  G and  N ^  4>00 f o r  some s u b g ro u p  K o f  G , 

t h e n  N £ 4>(G) . I n  t h i s  c h a p t e r  we w i l l  n e e d  a  s i m i l a r  p r o p o s i t i o n ,  

w i t h  d i f f e r e n t  dem ands p l a c e d  on t h e  n o rm a l s u b g ro u p  N . We f i r s t  p ro v e  

a lemma.

Lemma 4 : L e t  N be a n o rm a l  s u b g ro u p  o f  a  g ro u p  G . I f  e a c h  l e f t

( r i g h t )  t r a n s v e r s a l  o f  N i n  G g e n e r a t e s  G t h e n  N £  4>(G) . Con­

v e r s e l y ,  i f  N i s  n i l p o t e n t  and t h e  n o rm a l  c l o s u r e  i n  G o f  f i n i t e l y

many e l e m e n t s ,  t h e n  N 4>(G) i m p l i e s  t h a t  e a c h  l e f t  ( r i g h t )
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t r a n s v e r s a l  o f  N i n  G g e n e r a t e s  G .

P r o o f : L e t  H ^  G su c h  t h a t  HN = G and  s u p p o se  t h a t  e a c h  l e f t

t r a n s v e r s a l  o f  N i n  G g e n e r a t e s  G . I f  gN i s  a c o s e t  o f  N i n

G , t h e n  f o r  e a c h  n e N, gn = hn  w h e re  h e H and  n e N . Hence H

A -1
c o n t a i n s  gnn  , an  e l e m e n t  o f  gN , t h a t  i s ,  H c o n t a i n s  a  l e f t  t r a n s ­

v e r s a l  f o r  N i n  G . T hus  H = G and N ^  i n  f a c t  N i s

o m i s s i b l e  a s  a  s u b g ro u p  o f  G .

To p ro v e  t h e  c o n v e r s e  s t a t e m e n t ,  we f i r s t  n o t e  t h a t  i f  N i s  n i l -  

p o t e n t ,  s a y  o f  c l a s s  c , t h e n  n '  i s  o m i s s i b l e  a s  a  s u b g ro u p  o f  N .

We p ro v e  t h i s  by i n d u c t i o n  on  c ; i t  i s  c l e a r l y  t r u e  i f  c = 1 , so  

assum e c > 1 and t h a t  n i l p o t e n t  g r o u p s  o f  c l a s s  <  c h av e  o m i s s i b l e  

d e r i v e d  g r o u p .  L e t  R ^  N be s u c h  t h a t  RN/ = N . T hen  s i n c e

(N /v (N ))*  = n V y (N) , we h av e  i n d u c t i v e l y  t h a t  c c

R-V (N) N

■ ^ o o  • U )

L e t  [ n  , n  1 (n  e N, tt e y  1 (N ))  be an  a r b i t r a r y  g e n e r a t o r  o f  X 2 t X +* C" X

Yc (N) . By ( 1 )  ^  = r 1n '  and  n g = r ^ ^  w h e re  r ^  r ^  e R and

n ' ,  n '  e Yc 0 0  • S in c e  Yc <*0 *  C(N) we h av e  [ n ^ n ^  = [ i ^ . r ^  e R ,

t h a t  i s  YC(N) ^  R , w h ich  i m p l i e s  t h a t  R = N , a s  w as r e q u i r e d .

Now su p p o se  t h a t  N < ^>(G) , w h e re  N = n m ^ x ^ , . , , ,  x ^ )  i s  n i l -

p o t e n t  and  l e t  d  be a  l e f t  t r a n s v e r s a l  o f  N i n  G , w i t h  <  3  > = T . 

Then s i n c e  TN = G and  s i n c e  f o r  a l l  g e G x® = x ^ x ^ . g ]  = x ^ f x ^ . t n ]

<l<a<;k, t  e T , n e N ),  N -  <  x  , . . . , *k , [ x ± , t n ] / t  e t ,  n  e N, i = l ............k > .

B ut [ x ^ t n ]  = x *n 1x*n  = [ x , t ] * [ x t , n ]  w here  [ x ^ n ]  e N* ,
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and  by t h e  o m i s s i b l l l t y  o f  N/ we have  

N = <  x  x >[x , t ] / t  e T, i  = 1 , . . . , k  >  and h en ce
X K X

G = TN *» <  x 1 .............x k ' ^  > * But s i n c e  N s  t h e  f i n i t e l y  many

x^ a r e  n o n g e n e r a t o r s ;  h e n c e  d  g e n e r a t e s  G .

The p r o p o s i t i o n  w h ich  we d e s i r e  and w h ich  w i l l  p ro v e  q u i t e  u s e ­

f u l  i n  t h e  f u t u r e  i s  an  e a s y  c o n s e q u e n c e  o f  t h i s  lemma.

P r o p o s i t i o n  4 . L e t  G be any  g r o u p ,  H ^  G , N n i l p o t e n t  and t h e  

n o rm a l c l o s u r e  i n  G o f  f i n i t e l y  many e l e m e n t s ,  and su p p o se  t h a t  

N * {>(H) . Then  N £  4>(G) .

P r o o f :  L e t  d „ be a  l e f t  t r a n s v e r s a l  o f  N i n  G . By lemma 4 i t
  G

i s  enough  t o  show t h a t  $  g e n e r a t e s  G . L e t  $  = J  fl H . N o te
G H G

t h a t  t h e  com plex  tN  (w h ere  t  e d _) i s  c o n t a i n e d  i n  H i f  and o n ly
G

i f  t  e d  . I t  f o l l o w s  from  t h i s  t h a t  U tN = H ; h e n c e  c o n t a i n s

a l e f t  t r a n s v e r s a l  o f  N i n  H , whence by lemma 4 , g e n e r a t e s  H .H

I f  g e G\N , t h e n  t h e r e  e x i s t s  t  e s u c h  t h a t  g s tN  c: tH  ,
G H

t h a t  i s ,  j c o n t a i n s  a  l e f t  t r a n s v e r s a l  o f  H i n  G . Thus $

g e n e r a t e s  G .

I t  w i 11 be c o n v e n i e n t  i n  t h e  f u t u r e  t o  r e f e r  t o  t h e  f o l l o w i n g  

r e s t a t e m e n t  o f  p r o p o s i t i o n  4:

C o r o l l a r y  7 . L e t  H be  a  n i l p o t e n t  s u b g ro u p  o f  a g ro u p  G , and  

su p p o se  t h a t  4>(H) i s  t h e  n o rm a l  c l o s u r e  i n  G o f  f i n i t e l y  many e l e ­

m e n ts .  Then 4>(h > *  4k g ) .
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S e c t io n  2

B e f o r e  p r o c e e d in g  f u r t h e r ,  we s t o p  t o  d e f i n e  t h e  w r e a th  p r o d u c t

o f  g r o u p s ,  and  t o  i n t r o d u c e  some a s s o c i a t e d  n o t a t i o n .  F o r  g r o u p s  A

B
and  B t h e  c a r t e s i a n  pow er A o f  A i s  t h e  s e t  o f  a l l  f u n c t i o n s  

f ro m  B t o  A w i t h  m u l t i p l i c a t i o n  d e f i n e d  co m p o n en tw ise  ( n o t  t o  be

c o n f u s e d  w i t h  t h e  n o rm a l  c l o s u r e  o f  A i n  B ) . In  sy m b o ls ,

B BA = [ f / f :  B — > a} and  i f  g ,  f  e A th e n  f g  i s  t h e  e le m e n t  o f
g

A f o r  w h ic h ,  f o r  a l l  b e B , ( f g ) b  = f ( b ) g ( b )  . The d i r e c t  pow er

/B) b
A o f  A i s  t h a t  su b g ro u p  o f  A c o n s i s t i n g  o f  t h o s e  f u n c t i o n s  f

s u c h  t h a t  f ( b )  = 1 f o r  a l l  b u t  f i n i t e l y  many b i n  B . I f  we d e ­

f i n e  t h e  s u p p o r t  c r ( f )  o f  a  f u n c t i o n  f  e AB by o f  = { b e B / f ( b ) +  l}

fB) bt h e n  A c o n s i s t s  o f  t h o s e  f u n c t i o n s  i n  A w hose s u p p o r t s  a r e

f i n i t e .  The r e s t r i c t e d  w r e a t h  p r o d u c t  o f  A by B i s  d e n o t e d  by

(B)
W = A w r B and  i s  d e f i n e d  a s  a s p l i t t i n g  e x t e n s i o n  o f  A by B

(B)u s i n g  t h e  f o l l o w i n g  a c t i o n :  f o r  f  e A and b i n  B we d e f i n e

f b e A(B) by f b (@) = f ( b  *(3) f o r  a l l  3 e B . (The s t a n d a r d  o r  war-
g

r e s t r i c t e d  w r e a t h  p r o d u c t  i s  d e f i n e d  a s  above  u s i n g  A i n  p l a c e  o f

(B)
A . I f  B i s  f i n i t e ,  t h e s e  c o n c e p t s  o b v i o u s l y  c o i n c i d e ) .

We r e f e r  t o  B a s  t h e  " t o p "  g ro u p  and A a s  t h e  " b o t to m "  g ro u p

(B)o f  W . I f  we d e n o t e  by 1 t h e  f u n c t i o n  i n  A f o r  w h ich  1 ( b )  = 1 e A

f o r  e v e r y  b  i n  B , t h e n  t h e  s e t  o f  a l l  e l e m e n t s  ( b , l ) ,  b  e B fo rm s

a s u b g ro u p  o f  W i s o m o r p h i c  t o  B w h ic h  we i d e n t i f y  w i t h  B . S i m i l a r -

(B)l y ,  t h e  s e t  o f  a l l  e l e m e n t s  ( I f )  w i t h  f  e A fo rm s  a  s u b g ro u p  o f

(B)W w h ich  we i d e n t i f y  w i t h  A and  c a l l  t h e  b a s e  g ro u p  o f  W , d e n o te d

by K . W ith  t h e s e  c o n v e n t i o n s ,  K i s  a  n o rm a l  s u b g ro u p  o f  W and i s  

co m p lem en ted  by B . E le m e n ts  o f  W c a n  be f a c t o r i z e d  I n  a  u n iq u e  way



/D \
a s  p r o d u c t s  b f  w i t h  b e B and f  e A = K .

The n e x t  p r o p o s i t i o n  w i l l  g i v e  u s  some u n d e r s t a n d i n g  o f  t h e

s t r u c t u r e  o f  n o rm a l s u b g ro u p s  and f a c t o r  g r o u p s  o f  t h e  r e s t r i c t e d  

w r e a th  p r o d u c t  o f  a b e l i a n  g r o u p s .

P r o p o s i t i o n  g .  L e t  A and B be g r o u p s ,  w i t h  A^ <1 A , B+ <  B ,

Pl/ \  a b e l i a n ,  and  3  a t r a n s v e r s a l  o f  B^ i n  B . L e t  W = AwrB
*  *

w i t h  b a s e  g ro u p  K , and  l e t  N = nm^fA^.B^) , Then W/N = A/A^wrB/B^

and N = f b f  /  beB^and Ilf (b )  e A+ f o r  a l l  t  e 3  } .
b e tB .*

P r o o f ;  L e t  M = { b f  /  beB and I l f ( b )  e A f o r  a l l  t  e J  ] and l e t
~  b e tB .

*

cp: W — > A/A^wrB/B+ be d e f i n e d  a s  f o l l o w s :  i f  ( b , f )  e W ,

(b ,f )c p  = ( b B ^ .g )  w here  g ( t B +) = I I f (b )A # f o r  a l l  t  e J  . C l e a r l y ,
be tB ^

M i s  t h e  k e r n e l  o f  t h e  map cp . We show ( i )  t h a t  cp i s  a homomorphism

o n to  A/A^wrB/B^ and  ( i i )  t h a t  M = N , and t h e s e  two f a c t s  w i l l  e s t a b ­

l i s h  b o th  a s s e r t i o n s  o f  t h e  p r o p o s i t i o n .

( i )  S in c e  A/A+ i s  a b e l i a n  cp i s  w e l l  d e f i n e d ;  we c h e c k  t h a t

cp i s  a homomorphism. I f  (b  , f  ) and b , f „ )  a r e  any two e l e m e n t s  o f
X X  a  <2

b 2
W , [ ( b 1 , f 1 ) ( b 2 , f 2 )]cp = ( b 1b 2 <f 1 f 2 *P = w here

b 2
g ( t B + ) = II f  f  (b jA ^ f o r  a l l  t  e J  . On t h e  o t h e r  hand  

be tB ^

b 2B*( b 1 , f i ) t p - ( b 2 , f 2 )tp = ( b ^ . ^ H b ^ . g j )  =(S>1b 2B> , g 1 (t2) . h e r e

g . ( tB *) = n f  (b )A  f o r  a l l  t  e 3  , i  = 1 , 2  . B ut i f  t  € J  t h e n  
1 b e tB *



= n f  (b )A  • n f  <b)A = n f  ( b b j t  (b )A  = n f  2f  <b)A. = g ( tB  ) .  
b e t b ^ 1 b e tB + b e tB + 2 2  b e t B , /  2

b Bj  2 ♦S in c e  t h i s  i s  t r u e  f o r  any t  i n  3  , g  g = g and cp i s  a  homo-i  A

m orph ism . To c h e c k  t h a t  cp i s  o n t o ,  l e t  ( t B ^ , g )  e A/A#wrB/B^ . L e t

f  e K be d e f i n e d  by f ( t )  = g ( t B  ) f o r  a l l  t  e 5  , f ( b )  = 1 f o r  a l l

b e B \ j  . Then ( t , f ) c p  = ( t B + , g )  .

( i i )  I d e n t i f y  w i t h  A^ t h e  s u b g ro u p  o f  W c o n s i s t i n g  o f

e l e m e n t s  o f  t h e  fo rm  ( l , f )  w h ere  f ( l )  = a e A+ , f ( b )  = 1 f o r  a l l  

b * 1 i n  B . T hen  M , t h e  k e r n e l  o f  cp , i s  c l e a r l y  a n o rm a l  su b ­

g ro u p  o f  W c o n t a i n i n g  A+ and  . H ence N £  M . On t h e  o t h e r  

h an d ,  i f  ( b , f )  € M , t o  v e r i f y  t h a t  M ^ N we n eed  o n ly  show t h a t

f  e N . I f  o f  = ( b  b ) l e t  a  = [ b e a f  /  b e tB  ] f o r  a l l  t  e d  .x n x *

D e f in e  g : B — > A a s  f o l l o w s :  i f  beer g ( b )  = f ( b ) ;  I f  bVfT g ( b ) = l .
t  X X  X X

S in c e  f  = 0 g i t  i s  en o u g h  t o  show e a c h  g e N . So l e t
t e i  t  1

cr = [ b  , . ■ . ,  b ) and  l e t  g ^ ( b  ) = a ,  e A . L e tt  t l  t k  t  t j  j

h - ( b ) = J n i f  ; t h e n  g = h g '  w here  g + ( b ) = J (  II a V 1 i f  b=b
U = 1 J 1 1 J = 2  J 1
I  1 i f  b+b I g (b )  i f  b+b

1 Z t 1

k
S in c e  II a  e  A , ,  h e N ; h e n c e  i t  s u f f i c e s  t o  show g* e N . D e f in e

j = l  J

h by h (b  ) = a a  h  ( b )  = 1 f o r  a l l  b*b i n  B ( I S i ^ k ) .
X 1 l+X 1+ a K 1 t  j

Then
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S in c e  b 1b e B+ , ( l ^ i < k ) ,  e a c h  o f  t h e s e  c o m m u ta to rs  l i e s  i n  N ; 
t i  i+ 1

h e n c e  g* e N , and M ^  N . T hus  M = N and  p r o p o s i t i o n  5 i s  p r o v e d .  

S e c t i o n  3

We now exam ine  t h e  F r a t t i n i  s u b g ro u p  o f  t h e  w r e a th  p r o d u c t  o f  

f i n i t e  g r o u p s  o f  c o p r im e  o r d e r .  T h ro u g h o u t  t h e  r e s t  o f  t h i s  c h a p t e r ,

W w i l l  d e n o te  t h e  r e s t r i c t e d  w r e a th  p r o d u c t  o f  A by B w i t h  b a s e  

g ro u p  K .

Remark 4 : L e t  G be  an e x t e n s i o n  o f  a f i n i t e  a b e l i a n  g ro u p  A by a

f i n i t e  g ro u p  o f  c o p r im e  o r d e r ,  and  su p p o se  A i s  i t s  own c e n t r a l i z e r  i n  

G . Then  ^>(G) = 1 i f  and  o n ly  i f  ^ (A )  = 1 .

P r o o f :  One p a r t  o f  t h e  p r o o f  o f  t h i s  rem a rk  i s  an  im m e d ia te  con­

s e q u e n c e  o f  C o r o l l a r y  7, w h ich  s t a t e s  t h a t  <|>(A) ^  j>(G), so  su p p o se  t h a t  

<|>(A) = 1 and  l e t  M b e  a  m in im a l  n o rm a l  s u b g ro u p  o f  G . Then  s i n c e  

M H A i s  n o rm a l  i n  G , we m ust h av e  e i t h e r  M < A o r  II f] A = 1 . I n  

t h e  l a t t e r  c a s e  M w ou ld  c e n t r a l i z e  A ( s i n c e  [M,A] i s  n o rm a l  i n  G 

and  i s  c o n t a i n e d  i n  M) c o n t r a r y  t o  a s s u m p t io n .  Hence M , a s  a s u b g ro u p  

o f  t h e  d i r e c t  p r o d u c t  A o f  e l e m e n t a r y  a b e l i a n  g r o u p s ,  i s  a d i r e c t  

summand o f  A . U nder  t h e s e  c o n d i t i o n s  L .G . K o v ac ’ s a d a p t a t i o n  o f  

M a s h k a 's  th e o re m  [ 9 ]  c a n  be a p p l i e d  t o  d e d u c e  t h a t  M h a s  a  G adm is­

s i b l e  d i r e c t  com plem ent N i n  A .

N o te  t h a t  by t h e  S c h u r - Z a s s e n h a u s  th e o re m  G s p l i t s  o v e r  A ;

l e t  B be a  com plem ent f o r  A i n  G . We show t h a t  NB i s  m axim al i n

G .  I f  NB <  L £  G = MNB , t h e n  L = NB(L D M) . L Pi M i s  n o r m a l i z e d  

by NB and  o f  c o u r s e  i s  n o rm a l i n  t h e  a b e l i a n  g ro u p  M , h e n c e  L 0  M
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i s  a  n o n t r i v i a l  n o rm a l  s u b g ro u p  o f  G c o n t a i n e d  i n  M w h ich  i m p l i e s  

t h a t  HfiM = M and  L = G . H ence NB i s  m axim al i n  G and II fl NB = 1, 

from  w h ich  i t  f o l l o w s ,  s i n c e  ^>(G) m ust c o n t a i n  some m in im a l  no rm al 

s u b g ro u p  o f  G , t h a t  <j>(G) = 1 •

C o r o l l a r y  8 .  L e t  A and B be f i n i t e  g r o u p s  o f  c o p r im e  o r d e r  w i th

A a b e l i a n .  Then 4>(W) = 1 i f  and o n ly  i f  {>(A) = 1 .

P r o o f : S in c e  l|>(K) = 1 i f  and o n ly  i f  ^>(A) = 1 and K i s  i t s  own

c e n t r a l i z e r  i n  W , rem ark  4 may be a p p l i e d  w i th  W = G and K = A .

I n  o r d e r  t o  d e t e r m in e  4>(w) when A i s  n o n a b e l i a n ,  we f i r s t  p ro v e  a 

lemma.

Lemma 5! L e t  A and  B be  f i n i t e  g r o u p s  o f  c o p r im e  o r d e r  and  l e t  H 

be a n o rm a l  s u b g ro u p  o f  W w h ic h  i s  n o t  c o n t a i n e d  i n  K . Then H i s  

n o t  n i l p o t e n t .

P r o o f : S in c e  H 0  K <1 H and H/H fl K i s  i s o m o r p h ic  t o  a s u b g ro u p

o f  B , H fl K h a s  o r d e r  p r im e  t o  i t s  i n d e x ,  w hence by t h e  S c h u r -

Z a s s e n h a u s ,  F e i t -T h o m p so n  r e s u l t s ,  H s p l i t s  o v e r  H H K . I f  C i s

a com plem ent f o r  H 0  K i n  H , we h av e  KC = K H .  I f  C = B fl KH

t h e n  KC = K(B ft KH) £  KH , b u t  on  t h e  o t h e r  h a n d ,  i f  kh 6 KH , t h e n
- 1

s i n c e  k h  = k b  (k  e K ,b  e B) we h a v e  b = k kh  , t h a t  i s  b6B fl KH

*and  KH £ K(B fl KH) . H ence KC = KH = KC . S in c e  K h a s  o r d e r  

p r im e  t o  i t s  in d e x  i n  KC , a g a i n  by S c h u r - Z a s s e n h a u s ,  t h e  two com ple­

m e n ts  C and C* f o r  K i n  KC a r e  c o n j u g a t e  i n  H fl K . Thus  we 

h av e  shown t h a t  C i s  c o n j u g a t e  t o  a  s u b g ro u p  o f  B . N o te  t h a t  

H 0  K * 1 f o r  i f  s o ,  t h e  n o rm a l  s u b g ro u p  H w ou ld  be c o n t a i n e d  i n  a 

c o n j u g a t e  o f  B and  h e n c e  i n  B w h ic h  i s  i m p o s s i b l e .  Ve now p ro d u c e
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two e l e m e n t s  o f  co p r im e  o r d e r  i n  H w h ich  do n o t  commute, and  s i n c e  i n  

a n i l p o t e n t  g ro u p  t h i s  s i t u a t i o n  c a n n o t  o c c u r ,  t h e  lemma w i l l  f o l l o w .

L e t  c be a n o n t r i v i a l  e l e m e n t  o f  C . (By a s s u m p t io n  C + 1) . S in c e

f
c = b w h ere  b 6 B fl H , f  e H fl K , and s i n c e  b and c h av e  t h e

same o r d e r ,  we may assum e c e B . L e t  g e K be  d e f i n e d  by c h o o s in g

g ( c )  t o  be a n o n t r i v i a l  e le m e n t  a o f  A and g ( b )  = 1 f o r  a l l

b + c i n  B . S in c e  A and  B hav e  c o p r im e  o r d e r  we a r e  a s s u r e d  t h a t

n o t  b o th  a and  c h a v e  o r d e r  2 ; assum e f o r  e x p l i c i t n e s s ,  t h a t  
2

a * 1 . N o te  t h a t  h = [ g , c ]  e H (1 K , h e n c e  h a s  o r d e r  p r im e  t o  c ; 

m o re o v e r

2 2
h ( c )  = g ( c )  g ( c )  = a w h i l e  h ( c )  = (g  ) ( c )  g ( c )  = \ a i f  c 2 = j

, c
I n  any c a s e  h + h ; h en ce  H i s  n o t  n i l p o t e n t .

Now l e t  G be  any f i n i t e  g ro u p .  The F i t t i n g  s u b g ro u p  Y(G) i s  

d e f i n e d  t o  be t h e  p r o d u c t  o f  t h e  n o rm a l  n i l p o t e n t  s u b g ro u p s  o f  G .

F i t t i n g  h a s  shown t h a t  ¥ (G) i s  i t s e l f  n o rm a l  i n  G and n i l p o t e n t .  The

s o c l e  o f  G , d e n o te d  by S(G) , i s  t h e  p r o d u c t  o f  t h e  m in im a l  n o rm a l  

su b g ro u p s  G^ o f  G . I t  i s  e a s i l y  v e r i f i e d  t h a t  S(G) i s  t h e  d i r e c t

p r o d u c t  o f  t h e  G and t h a t  any G n o rm a l  s u b g ro u p  o f  S(G) h a s  a  G

n o rm a l com plem ent i n  S(G) . L e t  be  t h e  m axim al s o l u b l e  G

n o rm a l  s u b g ro u p  o f  S(G) . Then f o r  e a c h  m in im a l  n o rm a l  s u b g ro u p  G

o f  G e i t h e r  0  0  S(G) = 1  o r  G ^  S(G) ; h e n c e  S(G) i s  t h e
p. or n  o  a

d i r e c t  p r o d u c t  o f  t h e  m in im a l  n o rm a l s u b g ro u p s  c o n t a i n e d  i n  i t  and  t h e  

l a t t e r ,  a s  s u b g ro u p s  o f  a  s o l u b l e  g r o u p ,  a r e  s o l u b l e .  M o reo v e r  t h e y  a r e  

a l l  d i r e c t  p r o d u c t s  o f  p r im e  c y c l e s ,  f o r  i f  n o t  t h e y  w ou ld  c o n t a i n  

c h a r a c t e r i s t i c  s u b g ro u p s  w h ich  w ou ld  t h u s  be  n o rm a l i n  G , c o n t r a d i c t i n g



t h e i r  m i n i m a l i t y .  H ence S(G) i s  t h e  d i r e c t  p r o d u c t  o f  c y c l e s  o f
O '

o r d e r  p and  i s  c a l l e d  t h e  a b e l i a n  com ponent o f  t h e  s o c l e  o f  G .

We n o te  two r e s u l t s  o f  G a s c h u tz  [ 3 ]  f o r  f i n i t e  g r o u p s :  ( i )  4>(G) = 1 

i m p l i e s  Y(G) = S(G) and ( i i )  ^>(G) = 1 i f  and  o n ly  i f  G s p l i t s
Of

o v e r  S(G) . W ith  t h e s e  r e s u l t s  and  w i t h  lemma 5 we a r e  now i n  a
a

p o s i t i o n  t o  p ro v e  t h e  a n a lo g u e  o f  C o r o l l a r y  8 .

Remark 5*. L e t  A and B be f i n i t e  g r o u p s  o f  co p r im e  o r d e r ,  w i t h  A

n o n a b e l i a n .  L e t  W = AwrB w i th  b a s e  g ro u p  K . Then 4>(W) = 1 i f  

and o n ly  i f  ♦ (A ) = 1 .

P r o o f ;  As i n  t h e  p r o o f  o f  rem ark  4, C o r o l l a r y  7 y i e l d s  im m e d ia te ly

t h a t  4>(W) = 1 o n ly  i f  ^ (A ) = 1 . C o n v e r s e ly ,  i f  ^>(A) = 1 t h e n  by

( i )  Y (A) = S(A) = C ( p , ) X . . . X  C(p ) f o r  p r im e s  p _ , . . . , p  . S in c eOf 1 n i n

4>(K) = 1 , by ( i i )  K s p l i t s  o v e r  Y(K) , b u t  Y(K) = Y (A )<B) . (One

(  B )
p a r t  o f  t h i s  e q u a l i t y ,  nam ely  t h a t  Y(A) ^ Y(K) i s  t r i v i a l ;  o n  t h e

*
o t h e r  h a n d ,  i f  K i s  a n i l p o t e n t  n o rm a l s u b g ro u p  o f  K , t h e n  f o r  e a c h

*
b e B t h e  p r o j e c t i o n  tt : K — > A d e f i n e d  by frr. = f ( b )  maps K

b b

o n t o  a  n i l p o t e n t  n o rm a l su b g ro u p  o f  A w h ic h  i s  t h u s  c o n t a i n e d  i n  Y(A)

and  h e n c e  K* ^  Y(A)^B  ̂ . S in c e  t r u e  f o r  a l l  su ch  s u b g ro u p s  K ,

Y(K) ^  Y (A )(B) and  e q u a l i t y  h o l d s ) .  H ence Y(K) , a s  a n i l p o t e n t

n o rm a l  s u b g ro u p  o f  W , i s  c o n t a i n e d  i n  Y(W) . By lemma 5 ,  ho w ev er ,

e v e r y  n o rm a l  n i l p o t e n t  s u b g ro u p  H o f  W i s  c o n t a i n e d  i n  Y(K) , so

Y(W) = Y(K) = Y (A )( B ) , and  W = K*B = Y(W)*K *B , w here  Y(W) 0 ^  = 1,

i m p l i e s  t h a t  Y(W) fl K^-B = 1 . I n  o t h e r  w o rd s ,  W s p l i t s  o v e r  Y(W) , 

so by v i r t u e  o f  ( i i )  i t  i s  enough  t o  show t h a t  Y(W) = s 0*>a  ■ C l e a r l y

f o r  any g ro u p  W , S(W) £ Y(W) . On t h e  o t h e r  h an d ,
Cf
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T(W) = Y ( A ) (B) = (C (p i ) X . . .X C ( p  ) ) (B) = c ( P l ) ( B) x . . .XC(p ) (B)1 n 1 n

t h a t  i s  Y(W) i s  a p r o d u c t  o f  m in im a l no rm al s u b g ro u p s  o f  W and i s

a b e l i a n ,  w h ich  i m p l i e s  t h e  o t h e r  i n c l u s i o n  and  t h u s  e q u a l i t y .

C o l l e c t i n g  t h e  r e s u l t s  o f  S e c t i o n  3 we h av e  shown

P r o p o s i t i o n  6 . The w r e a th  p r o d u c t  o f  f i n i t e  g r o u p s  o f  c o p r im e  o r d e r  

i s  l|> f r e e  i f  and  o n l y  i f  t h e  b o t to m  g ro u p  i s  4> f r e e .

S e c t i o n  4

I f  S i s  a  f i n i t e  s e t  o f  e l e m e n t s  o f  a g ro u p  G , l e t  u s  say  

t h a t  a n o rm a l s u b g ro u p  H o f  G s e p a r a t e s  S i f  a l l  t h e  e l e m e n t s  o f  

S b e lo n g  t o  d i s t i n c t  c o s e t s  o f  H i n  G . And a  f a m i ly  °*

g r o u p s  i s  c l o s e d  w i t h  r e s p e c t  t o  f i n i t e  i n t e r s e c t i o n  i f  t h e  i n t e r s e c t i o n  

o f  any f i n i t e  c o l l e c t i o n  o f  members o f  t h e  f a m i l y  i s  a member o f  t h e  

f a m i l y .  A f t e r  t h e s e  i n t r o d u c t o r y  comments we p ro v e  a u s e f u l  f a c t .

Remark 6 I S uppose  B i s  a  g ro u p  w i th  a  f a m i l y  ^ X e A  °*  subffrouP8

c l o s e d  w i t h  r e s p e c t  t o  f i n i t e  i n t e r s e c t i o n ,  and  su c h  t h a t  fl = 1 .

XeA

T hen  i f  A i s  an  a b e l i a n  g ro u p  and  V = AwrB w i t h  b a s e  g ro u p  K ,

fl n m ^  = 1 .

XeA

P r o o f ; L e t  H = D . I f  = [K,B. ] t h e n  s i n c e
XeA

nm^B^ = Mx *B^ [ 1 3 ]  , H = fKM^-B^) . We show t h a t  H = fl . C l e a r l y
XeA XeA

H c o n t a i n s  D 1L , b u t  i f  f b  e H (w here  f  e K, b e B) t h e n  f o r  e a c h  
XeA K

X e A ,  f b  = f^ b ^  ( f ^  e M^>b^ « t h a t  i s ,  f ~ * f  = b^b  1 , w h ic h  i m p l i e s
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t h a t  f  = f^  and  b = b^ . S in c e  t h i s  i s  t r u e  f o r  a l l  X e A ,

f b  e fl fl B . = D lit. . I t  r e m a in s  t o  show fl M. = 1, so su p p o se
XeA XeA XeA A XeA *

f  e fl and  l e t  o f  = f b ^ , . , . , ^ }  . Choose e {b^} such  t h a t
XeA

n
b b V B. ( l ^ i ^ n , i s j f i n , i * j )  . Then B = D B e {bJ .  a and  B

1  J  l j  p  i  l j  \  A . 6 A  p

s e p a r a t e s  CTf . S in c e  f  e nm^B^ , f  = 1 by p r o p o s i t i o n  5 .

I t  i s  w e l l  known t h a t  i f  A i s  a b e l i a n ,  ♦  (A) = fl A** w h e re  A**
P

t h
i s  t h e  g ro u p  c o n s i s t i n g  o f  t h e  p pow ers  o f  e l e m e n t s  o f  A and t h e

i n t e r s e c t i o n  r u n s  o v e r  a l l  p r im e s  p . To s e e  t h i s ,  n o t e  t h a t  s i n c e

A/AP i s  an  e l e m e n t a r y  a b e l i a n  p g ro u p  4>CA) £ AP f o r  a l l  p r im e s  p .

On t h e  o t h e r  h a n d ,  l e t  a  e f l AP ( i . e . ,  a  i s  a  p**1 pow er f o r  a l l
P

p r im e s  p )  and  l e t  M be a m axim al s u b g ro u p  o f  A . Then A/M = C (q )

w h ich  i m p l i e s  M ^ A^ 5 a , S in c e  t h i s  i s  t r u e  f o r  a l l  m axim al su b ­

g r o u p s  o f  A , a  e ♦  (G) .

H ence i f  A i s  any  ♦  f r r e  a b e l i a n  g ro u p  th e n  f o r  some ( n o t  

n e c e s s a r i l y  u n iq u e )  s e t  r r  o f  p r im e s  A i s  a  r e s i d u a l l y  s im p le  t t

g r o u p ,  t h a t  i s  t h e r e  e x i s t s  a  f a m i l y  {A } o f  s u b g ro u p s  p f  A su ch
O' 0

t h a t  P lA  = 1  and  A/A = C (p )  w h ere  p e n .
ore/L

P r o p o s i t i o n  7 . L e t  A be a ♦  f r e e  a b e l i a n  g ro u p  and  l e t  rr be

c h o s e n  so t h a t  A i s  r e s i d u a l l y  a  s im p le  t t  g r o u p .  I f  f o r  a l l  p e n
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B i s  r e s i d u a l l y  a f i n i t e  p 7 g ro u p ,  t h e n  ♦  <W) = 1 .

P r o o f :  A s s o c i a t e  w i t h  e a c h  A , a  e / L  (w here  A/A = C (p ) f o r  some
  a  a

p e tt) t h e  f a m i ly  f ^ ^ ^ g A  o f  s u b g ro u p s  o f  B su c h  t h a t  B/B , i s
a  a

a  f i n i t e  p 7 g ro u p  an d  fl B ^  = 1 . L e t  = " “^ ( A ^ . B ^ )  f o r  a11

XC\

O' e fl. ,X e A . T hen  by p r o p o s i t i o n s  5 and 6, 1)(W/W . ) = t ( A /A  wrB/B . )
o' ah T a  ah

= 1 ; h e n c e  fl W . ; d e n o te  t h i s  i n t e r s e c t i o n  by W* .j. ah 
a e / t

XeA
O'

(O b se rv e  t h a t  we may assum e A * C ( p ) ,  f o r  i n  t h i s  c a s e  tt = {p} , £l={a}

w here  A = 1 and W = nm „ [ b . } . S in c e  t h e  f a m i l y  ffl . i s
a  ah  w a \  ah  XeA

*
c l o s e d  w i t h  r e s p e c t  t o  f i n i t e  i n t e r s e c t i o n , b y  rem ark  6 W = 1 and 

h e n c e  <|>(W) = 1 ) .  I f  b f  e W* , by p r o p o s i t i o n  5 ,  b = 1 . Suppose

f  * 1 and  c h o o s e  a  e / L  such  t h a t  f ( b )  V A f o r  a t  l e a s t  one  b c a f .
o?

Now c h o o s e  X s u c h  t h a t  B ^  s e p a r a t e s  a f  . A ga in  by p r o p o s i t i o n  5

f  V, W ^ and t h i s  c o n t r a d i c t i o n  i m p l i e s  f  = 1 and  h e n c e  4>0O = 1 ,

I f  G i s  any  a b e l i a n  g ro u p ,  l e t  G be  t h e  s u b g ro u p  o f  G
P

c o n s i s t i n g  o f  e l e m e n t s  o f  p  pow er o r d e r .

C o r o l l a r y  9 . L e t  A be a  t  f r e e  a b e l i a n  g ro u p  and s u p p o se  t h a t  

A -  1 . Then i f  B i s  r e s i d u a l l y  a  f i n i t e  p g ro u p ,  t o o  = 1 .

P r o o f ; By p r o p o s i t i o n  7 i t  s u f f i c e s  t o  show t h a t  A i s  r e s i d u a l l y  a

f i n i t e  p 7 c y c l e ,  t h a t  i s  fl A** = 1 , w h ere  q r u n s  t h r o u g h  t h e
q*p
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q p _ p
p r im e s  w i t h  t h e  e x c e p t i o n  o f  p . I f  a  € (I A t h e n  a  e fl A =

q*p  p

+(A) = 1 , w h ich  i m p l i e s  by a s s u m p t io n  t h a t  a  = 1 .

Lemma 6 : L e t  D be an a b e l i a n  n o r a a l  su b g ro u p  o f  a g ro u p  G and

su p p o se  G s p l i t s  o v e r  D , I f  M i s  a m axim al s u b g ro u p  o f  G ,

e i t h e r  H c o n t a i n s  D o r  M fl D i s  a  m axim al G a d m i s s i b l e  su b g ro u p

o f  D . C o n v e r s e ly ,  e v e r y  m axim al G a d m i s s i b l e  su b g ro u p  o f  D o c c u r s

a s  M H D , w here  M i s  a  m axim al s u b g ro u p  o f  G .

P r o o f : L e t  C be a com plem ent f o r  D i n  G and l e t  M be  max­

im a l  i n  G . I f  D ^  M t h e n  MD = G ; h e n c e  M fl D <1 G . I f  

M fl D < N ^  D w i t h  N <1 G t h e n  M <  NC . To v e r i f y  t h i s  we show 

M ^  NC ; t h e  f a c t  t h a t  M (1 D <  N w i l l  t h e n  im p ly  t h a t  M <  NC . L e t  

m = d c ( d  e D ,c  e C) be an  a r b i t r a r y  e l e m e n t  o f  M . S in c e  N *  M we 

h av e  NM = G , h e n c e  d = nm* (n  e N ,m/ e M) and  t h u s  m#=n *d e MflD <  N,

from  w h ic h  i t  f o l l o w s  t h a t  d e N and  ra e NC . T h e r e f o r e  M <  NC

whence NC = G and  N = D . Now su p p o se  H i s  a m axim al G adm is­

s i b l e  s u b g ro u p  o f  D . I f  d e D \p  , t h e n  nm (d ,H )  = D w h ic h  i m p l i e s ,
G

s i n c e  D i s  a b e l i a n ,  t h a t  <  d,HC >  = G , from  w h ic h  i t  f o l l o w s  t h a t  HC 

i s  m axim al i n  G .

The c h a r a c t e r i z a t i o n  o f  t h e  F r a t t i n i  s u b g ro u p  o f  an  a b e l i a n  g ro u p  

A a s  t h e  I n t e r s e c t i o n  o f  i t s  s u b g ro u p s  AP a s  p r u n s  t h r o u g h  a l l  

t h e  p r im e s  y i e l d s  im m e d ia te ly  t h a t  an  a b e l i a n  d i v i s i b l e  g ro u p  h a s  no
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m axim al s u b g r o u p s .  On t h e  o t h e r  h a n d ,  i f  A h a s  no m axim al s u b g ro u p s

t h e n  A = fl AP ; h e n c e  i f  a e A , n i s  any i n t e g e r  and n = p  p . . . p  
P 1 2 k

i s  t h e  u n iq u e  f a c t o r i z a t i o n  o f  n i n t o  p r im e s ,  t h e n  t h e r e  e x i s t

P P
a^ ( l ^ i ^ k )  i n  A s u c h  t h a t  ( l £ i < k ) ,  a^k = a . T hus

n Pr - ' Pka^ = a^  a and  A i s  d i v i s i b l e .  C om bin ing  t h e s e  r e s u l t s  we have

Remark 7* An a b e l i a n  g ro u p  i s  d i v i s i b l e  i f  and o n ly  i f  i t  h a s  no max­

im a l  s u b g ro u p s ,  and t h i s  l e a d s  t o  t h e  f o l l o w i n g

Remark 8 ! L e t  A and  B be g r o u p s  w i t h o u t  m axim al su b g ro u p s  and  

s u p p o se  A i s  an  a b e l i a n  t o r s i o n  g r o u p .  T hen  W = AwrB h a s  no m axim al 

s u b g r o u p s .

P r o o f ; We n o t e  f i r s t  t h a t  by t h e  above  comments A i s  d i v i s i b l e ;

h e n c e  A and  t h u s  K i s  a  d i r e c t  sum o f  g r o u p s  e a c h  i s o m o r p h ic  t o

Z(p°°) f o r  v a r i o u s  p r im e s  p . We assum e W c o n t a i n s  a m axim al su b g ro u p

M and lo o k  f o r  a  c o n t r a d i c t i o n .  I f  K ^  M th e n  M = K*M D B, h e n c e

t h e r e  e x i s t s  a  p r o p e r  s u b g ro u p  B^ o f  B s u c h  t h a t  M D B <  and

M <  KB+ . So K ^  M and  by lemma 6 K fl M i s  a  m axim al W n o rm a l

s u b g ro u p  o f  K , i . e . ,  K/K D M  i s  a c h a r a c t e r i s t i c a l l y  s im p le  t o r s i o n

g r o u p ,  w h ic h  i m p l i e s ,  s i n c e  t h e  s u b g ro u p  o f  e l e m e n t s  o f  o r d e r  p f o r  a

s im p le  p r im e  p fo rm  a  c h a r a c t e r i s t i c  s u b g ro u p  o f  an  a b e l i a n  g ro u p ,

t h a t  K/K fl M i s  a  g ro u p  o f  e x p o n e n t  p  f o r  v a r i o u s  p r im e s  p . B u t

t h i s  c l e a r l y  c o n t r a d i c t s  t h e  f a c t  t h a t  K/K D M , a s  t h e  homomorph o f  a 

d i v i s i b l e  g ro u p ,  i s  d i v i s i b l e .
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S e c t io n  5

We now c o n f i n e  o u r  a t t e n t i o n  t o  r e s t r i c t e d  w r e a th  p r o d u c t s  o f

f i n i t e l y  g e n e r a t e d  a b e l i a n  g r o u p s  and  e v a l u a t e  t h e  F r a t t i n i  s u b g ro u p

o f  su c h  a  g ro u p .  As b e f o r e ,  we l e t  W = AwrB , w here  i n  t h i s  c a s e

A and B a r e  b o th  f i n i t e l y  g e n e r a t e d  and  a b e l i a n ,  w h e re  K i s  t h e

b a s e  g ro u p  o f  W , tt, and  tt t h e  s e t s  o f  p r im e s  o c c u r r i n g  i n  t h e
A B

c y c l i c  d e c o m p o s i t i o n  o f  A and  B r e s p e c t i v e l y ,  tt = tt̂  0  tt̂  and

f o r  e a c h  p e n ,  W t h e  Sylow p s u b g ro u p  o f  W . F o r  a f i x e d
P

p r im e  p l e t  P ,Q  be t h e  Sylow p s u b g ro u p s  o f  A and B r e s p e c t ­

i v e l y ,  w i t h  c o m p lem e n ts  f o r  P i n  A and  Q i n  B . We

f i r s t  p ro v e  a s im p le  lemma.

Lemma 81 L e t  p be a f i x e d  p r im e  i n  tt , and l e t  P ,Q  and W be
-------------  P

/ (B)a s  d e f i n e d  a b o v e .  Then  W , t h e  d e r i v e d  g ro u p  Df P *Q , i s  t h e
P

n o rm a l  c l o s u r e  i n  W o f  a  f i n i t e  num ber o f  e l e m e n t s .

P r o o f : N = nm ^[P ,Q ] i s  t h e  n o rm a l c l o s u r e  i n  W o f  a f i n i t e  g ro u p
w u

and  c l e a r l y  N £  w ' . F o r  b e B [ P  ,Q] = [P ,Q ]  * N ; t h u s  N co n -
P

t a i n s  [ P ( B ) ,Q l = w '  and  so N = w '  .
P P

P r o p o s i t i o n  8 .  L e t  A and  B be f i n i t e l y  g e n e r a t e d  g r o u p s  and

s u p p o se  t h a t  4>(A) = 1 .

( i )  I f  tt = 0  , W i s  f r e e .

( i i )  I f  tt = tta = {p) t h e n  ^>(W) = w '* ^ (Q )  w here  Q i s  t h e

Sylow p s u b g ro u p  o f  B .

( i i i )  I f  tt \  0  and  | tt | >  1 t h e n  ̂ (W) = II W '  .
per? p



P r o o f ;  ( i )  f o l l o w s  Im m e d ia te ly  f rom  p r o p o s i t i o n  7 s i n c e  B i s

r e s i d u a l l y  f i n i t e  p* f o r  a l l  p 6 t t  .
A

Qx
( i i )  I f  Q. i s  a com plem ent f o r  Q i n  B , t h e n  W = KQ = A wrQ 

1 P

i s  an  e x t e n s i o n  o f  an a b e l i a n  p g ro u p  o f  e x p o n e n t  p by a f i n i t e  p

g ro u p  and  h en ce  i s  n i l p o t e n t .  [ l ] .  T h e r e f o r e  t h e  F r a t t i n i  s u b g ro u p  o f

/ t h
W c o n t a i n s  W and  t h e  s u b g ro u p  o f  W g e n e r a t e d  by t h e  p pow ers

P P P

o f  i t s  e l e m e n t s ,  and so  <b(W ) s u r e l y  c o n t a i n s  W/ , ®(Q) . B ut
P P

<|><Wp/Wp*<p(Q)) = 4>(a X Q/<|>(Q)) = 1 and  so 4>(Wp ) = w''<t>(Q) . S in c e

W <  W , <p(W ) i s a  n i l p o t e n t  no rm al s u b g ro u p  o f  W ; m o re o v e r  by
P P

lemma 8 i t  i s  t h e  n o rm a l c l o s u r e  i n  W o f  f i n i t e l y  many e l e m e n t s ;  t h u s  

by p r o p o s i t i o n  4 , Wp -^(Q ) ^  <t>(W) . On t h e  o t h e r  h an d ,

4>(W/Wp *<()(Q)) = <(>(Q/<t>(Q) ^ (Pw rQ ^)) = 1 by p r o p o s i t i o n  7 ,  w h ich  i m p l i e s  

t h a t  4><W) = w '-^K Q) .

I n  c a s e  ( i i i )  we f i r s t  n o t e  t h a t  4>(W) i s  c o n t a i n e d  i n  t h e

t o r s i o n  com ponent o f  K . To s e e  t h i s  we d e n o t e  by A^ t h e  p r o d u c t  o f

t h e  Sylow p s u b g ro u p s  o f  A f o r  a l l  p e n  and  A ^/ i t s  com plem ent

i n  A and c o n s i d e r  two p o s s i b i l i t i e s :  ( a )  A <  A and (b )  A = A .
n  tt

I f  ( a )  h o l d s  t h e n  ^>(W/ A^(B) ) = Jk a ^  /wrB) = 1  by ( i ) ;  h e n c e

(f)(W) £ A ^ 0  ̂ ■ I f  ( b )  i s  t h e  c a s e ,  w h e re  s a y ,  A = Ap X Ap X. .  . X Ap



43

I t  i s  e a s y  t o  c h e c k  t h a t  R i s  no rm al i n  W and i s  c o n t a i n e d  i n  t h e  

t o r s i o n  p a r t  o f  K . M o reo v er

by ( i ) ,  w h ich  by t h e  now f a m i l i a r  a rg u m en t i m p l i e s  o u r  a s s e r t i o n .

T h u s  4><w) i s  an  a b e l i a n  t o r s i o n  g ro u p ,  i n  f a c t  a rr g ro u p .

We know from  t h e  d i s c u s s i o n  i n  c a s e  ( i i )  t h a t  f o r  a f i x e d  p r im e  p ,

(B) ^1
Wp = P *Q = P wrQ i s  a n i l p o t e n t  su b g ro u p  o f  W and t h a t

<f>(Wp) = Wp*^)(Q) . We exam ine  now t h e  s u b g ro u p  N = KQ = (P^B^XP^B^)Q ,

w h e re  P^ i s  a n o n t r i v i a l  com plem ent f o r  P i n  A .

4>(N/P( B ) ) = ^(P jW rQ ) = 1 by ( i ) ,  g i v i n g  4>(N) ^  P (B) . H ence i n

d e t e r m i n i n g  we may d i s r e g a r d  t h o s e  m axim al s u b g ro u p s  o f  N

(B)c o n t a i n i n g  P s i n c e  t h e i r  i n t e r s e c t i o n  m e e ts  t h e  r e m a in d e r  o f  N

t r i v i a l l y .  I f  M i s  a m axim al su b g ro u p  o f  N w h ich  d o e s  n o t  c o n t a i n

(B) (B)P , t h e n  by t h e  a rg u m e n ts  u s e d  i n  lemma 6, M D P i s  a m axim al

(B)N n o rm a l  s u b g ro u p  o f  P , and  s i n c e  t h e  m axim al N n o rm a l s u b g ro u p s  

( b )
o f  P c o i n c i d e  w i t h  i t s  m axim al W^ n o rm a l s u b g ro u p s ,  we hav e

fl P^B  ̂ = Wp . S in c e  N <1 W , Wp i s  n o rm a l  i n  W ; i n

f a c t  i t  i s  t h e  n o rm a l  c l o s u r e  i n  W o f  f i n i t e l y  many e l e m e n t s  and  i s

n i l p o t e n t .  By p r o p o s i t i o n  4 t h e n ,  4>(W) £  W  ̂ , and  s i n c e  t h i s  h o l d s  

f o r  a l l  p e t t  ,

4><w) * n w ' . ( 1 )
pSTT
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A g a in  w i t h  a f i x e d  p r im e  p e n  i n  m ind , l e t  L = PwrB . By ( i i )

4>(L) = Wp-^(Q) . We n o t e  t h a t  i f  i s  a f a m i ly  o f  s u b g ro u p s

(B)o f  L , t h e n  s i n c e  L H P^ = 1  we have

xnA(‘v pD  = C n a )  • p i B) • <»XeA XeA

/D\
Now o b s e r v e  t h a t  i f  M <  L , t h e n  MP^ < W ; h en ce

max max

4>(W) ^  0  w h ich  i m p l i e s  by (2 )  t h a t
M<L 
max

4>(W) S ^ )(L )-p J B) = w '-4>(Q )-P*B)

But s i n c e  4>(w> i s  a n  s u b g ro u p  o f  K , t h e  Sylow p s u b g ro u p  o f

4>(W) m ust be  c o n t a i n e d  i n  . T h i s  h o l d s  f o r  a l l  p e n  and  h en ce

4>(W) ^  II W/ . C om bin ing  t h i s  w i t h  (1 )  y i e l d s  t h e  d e s i r e d  r e s u l t ,  
p e n  p

To c o m p le te  o u r  i n v e s t i g a t i o n  o f  ^(AwrB) w here  A and B a r e

f i n i t e l y  g e n e r a t e d  and  a b e l i a n ,  we r e l a x  t h e  demand t h a t  A be  f r e e .

B u t t h i s  c a s e  i s  e a s y  t o  h a n d l e ;  i o n  i s  s im p ly  an e x t e n s i o n  o f

{xg/^HA^wrB) by $ ( A ) (B) . F o r  4>(K) = <>(A)(B) i s  c l e a r l y  n l l p o t e n t

and  t h e  n o rm a l  c l o s u r e  i n  W o f  f i n i t e l y  many e l e m e n t s ;  h e n c e  

<f><K) * <>(W) and  4><W)/J)(K) = <>(W/4>(K)) = < > (g /^ (A jrrB )  .

U t i l i z i n g  t h e  r e s u l t s  o f  p r o p o s i t i o n s  7 and  8 we h av e  t h e  

f o l l o w i n g

Remark 9 1 L e t  A and  B be f i n i t e l y  g e n e r a t e d  a b e l i a n  g r o u p s .  Then

W i s  f r e e  i f  and  o n ly  i f  4>(A) = 1 and  B i s  r e s i d u a l l y  a  f i n i t e  

p '  g ro u p .



P r o o f : The s u f f i c i e n c y  o f  t h e s e  c o n d i t i o n s  i s  an im m e d ia te  con­

s e q u e n c e  o f  p r o p o s i t i o n  7; we p ro v e  o n ly  t h e  n e c e s s i t y .  I t  i s  e q u a l l y  

c l e a r  from  p r o p o s i t i o n  4 t h a t  t h e  f r e e n e s s  o f  A i s  n e c e s s a r y ;  so

s u p p o s e  t h a t  B i s  n o t  r e s i d u a l l y  a f i n i t e  p r g ro u p  f o r  some p e n
A

S in c e  B i s  f i n i t e l y  g e n e r a t e d  and  a b e l i a n ,  t h i s  means t h a t  B h a s  

a n o n t r i v i a l  Sylow p s u b g ro u p  Q ; h e n c e  by p r o p o s i t i o n  8 , 4>(W) ^  w '  *

S e c t i o n  6

A f r e e  s o l u b l e  g ro u p  o f  s o l u b i l i t y  d e p t h  d i s  a g ro u p  o f  t h e

fo rm  F / 6 .  , (F )  f o r  some ( a b s o l u t e l y )  f r e e  g ro u p  F . G. B aum slag , 
d+1

B.H. Neumann, H. Neumann and P.M. Neumann h a v e  shown [ 2 ]  t h a t  g iv e n  any 

f r e e  s o l u b l e  g ro u p  B o f  s o l u b i l i t y  d e p t h  d >  1 and  any f i n i t e  s e t

o f  n o n t r i v i a l  e l e m e n t s  o f  B , t h e r e  e x i s t s  a n o rm a l  s u b g ro u p  N o f  B

w h ich  e x c l u d e s  t h o s e  e l e m e n t s  and  su c h  t h a t  B/N ^  C(°°)wrB1 w here  B1 

i s  a f r e e  s o l u b l e  g ro u p  o f  s o l u b i l i t y  d e p t h  d -  1 . We r e f e r  t o  t h i s  

f a c t  a s  ( * )  and u s e  i t  t o g e t h e r  w i t h  some o f  o u r  r e s u l t s  on w r e a th  

p r o d u c t s  t o  show t h a t  f r e e  s o l u b l e  g r o u p s  a r e  ^  f r e e .  I f  G i s  any 

g ro u p  we d e n o t e ,  f o l l o w i n g  P .  H a l l ,  by sG t h e  c l a s s  o f  s u b g ro u p s  o f  

G . I f  G h a s  t h e  p r o p e r t y  t h a t  a l l  o f  i t s  s u b g ro u p s  a r e  f r e e ,  we 

w r i t e  4>(s G) = 1 . We b e g i n  w i t h  a lemma w h ich  u t i l i z e s  some c o n c e p t s  

i n  r e p r e s e n t a t i o n  t h e o r y  -  i n  p a r t i c u l a r  t h e  th e o re m  o f  M aschke.

Lemma 91 I f  D i s  a  f i n i t e  g ro u p  w i t h  4>(sD) = 1 and  t h e  p r im e  p 

d o e s  n o t  d i v i d e  t h e  o r d e r  o f  D , t h e n  ^> (s(C (p)w rD )) = 1 .

P r o o f :  L e t  W = C(p)wrD w i t h  b a s e  g ro u p  K and l e t  H £ W . I f

H £  K ^>(H) = 1 , so  by S c h u r - Z a s s e n h a u s  and t h e  a n a l y s i s  o f  lemma 5
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we may assum e H = (H fl K)C w h ere  H s p l i t s  o v e r  H 0 K and C i s  

c o n j u g a t e  t o  a s u b g ro u p  o f  D . S in c e  ♦  (C) = 1 , <)(H) I s  c o n t a i n e d  

i n  t h e  e l e m e n t a r y  a b e l i a n  p g ro u p  H (1 K , h e n c e  we may r e g a r d  ♦(H )

a s  a C subm odule  o f  t h e  C m odule  H fl K , A ga in  u s i n g  K o v a c 's

a d a p t a t i o n  o f  M asch k e’ s th e o re m ,  ♦  (H) i s  com plem en ted  i n  H fl K by

a C a d m i s s i b l e  su b g ro u p  M ; t h u s  H = <  ♦ (H ),M ,C  > = <  M,C > and

h e n c e  H D K = M and ♦ (H ) = 1 .

P r o p o s i t i o n  9 . L e t  W = AwrB w i t h  A = <  a  > an i n f i n i t e  c y c l e  and

B f r e e  s o l u b l e  and  l e t  K be t h e  b a s e  g ro u p  o f  W . L e t

S = f w , , w „  w } be a f i n i t e  s e t  o f  n o n t r i v i a l  e l e m e n t s  o f  W . T hen1 1 2 n

t h e r e  e x i s t s  a n o rm a l  s u b g ro u p  N o f  W su c h  t h a t  w ^  N f o r  

l ^ i s n  and  W/N = C(p)wrD w here  p X |Dj and  ♦ (sD )  = 1 .

P r o o f :  We p r o c e e d  by i n d u c t i o n  on t h e  s o l u b i l i t y  d e p t h  d o f  B .

I f  d = 1 , t h a t  i s  W = AwrB w here  B i s  f r e e  a b e l i a n ,  we n o t e  t h a t

g iv e n  any f i n i t e  s e t  o f  n o n t r i v i a l  e l e m e n t s  o f  B th e y  c a n  be mapped 

n o n t r i v i a l l y  i n t o  a  f i n i t e  e l e m e n t a r y  a b e l i a n  p g ro u p .  Now d e n o t e  e a c h  

w^ i n  S by b ^ f ^ ( b ^  e B , f ^  e K, l ^ i ^ n )  . L e t

erf = {b , . . . , b  } l ^ i s n  , l e t  R = {b b “ V l f i i , j s p ( i ) ,  j* k }  w i t h
1 p ( i >  J k

n
R = U R. , l e t  V = [ * .« S  /  b * i}  and U = s\v  . Now c h o o s e  B. <  B

i = l  1 k K

s u c h  t h a t  t h e  f i n i t e l y  many n o n t r i v i a l  e l e m e n t s  o f  R U (V fl B) a r e  

mapped n o n t r i v i a l l y  i n  B/B^ , w h ere  B/B^ i s  a  f i n i t e  e l e m e n t a r y  a b e l ­

i a n  p g ro u p .  Then s e p a r a t e s  a ( f  ) f o r  i  = l , . . . , n  , t h a t  i s ,

e a c h  e l e m e n t  o f  a ( f ^ )  r e p r e s e n t s  a  d i s t i n c t  c o s e t  o f  B^ i n  B . I f

we d e n o t e  by J  t h e  s e t  o f  s u b s c r i p t s  o c c u r r i n g  o n  t h o s e  w i n  U ,
J
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t h e n  s i n c e  f  + 1 f o r  a l l  j  e J  we may c h o o se  b e a ( f  ) such  
3 3t  3

t h a t  f ( b  )= a  t  1 . I f  ^  = max p , c h o o s e  t h e  p r im e  p > p and
3l  j e J  J

su c h  t h a t  p d o e s  n o t  d i v i d e  t h e  o r d e r  o f  B/B^ . L e t  = <  a P >

and  N = n m ^ A ^ .B ^ )  . Then by p r o p o s i t i o n  5 i f  ^  i s  a t r a n s v e r s a l  o f

B# i n  B , N = f b f / b  e B+ and  n f ( b )  e f o r  a l l  t  e 4}  .
b e tB #

H ence i f  w^ 6 V o u r  c h o i c e  o f  B+ i n s u r e s  t h a t  \  N ;

w h i l e  i f  w e U t h e n  f  + 1 and by o u r  c h o i c e  o f  B 1 i  ^

f  e N ^  f  (b )  e A f o r  a l l  b G cr(f  ) . B u t we h av e  a r r a n g e d  t h a ti  i  * i

^ if  (b  ) = a \  A . Hence e a c h  w i s  mapped n o n t r i v i a l l y  i n  
1 1

W/N = A/A+w rB/B+ = C(p)wrD w here  p d o e s  n o t  d i v i d e  t h e  o r d e r  o f  D

and <{)(sD) = 1 , and o u r  i n d u c t i o n  i s  o f f  t h e  g ro u n d .  So we may assum e

t h e  lemma h o l d s  f o r  t h e  r e s t r i c t e d  w r e a th  p r o d u c t  o f  an  i n f i n i t e  c y c l e

by a  f r e e  s o l u b l e  g ro u p  o f  d e p t h  d -  1 an d  l e t  W = AwrB w h ere  B

i s  f r e e  s o l u b l e  o f  d e p t h  d >  1 . L o t S ,U ,V ,R  and  J  be d e f i n e d  a s

b e f o r e .  By v i r t u e  o f  ( * )  t h e r e  e x i s t s  a homomorphism cp m app ing  B 

o n t o  a s u b g ro u p  p f  C (<x,)wrB1 w h ere  B.  ̂ i s  f r e e  s o l u b l e  o f  d e p t h  d -  1

s u c h  t h a t  cp maps t h e  f i n i t e  num ber o f  e l e m e n t s  i n  R (J (V D B) non­

t r i v i a l l y .  And by i n d u c t i o n  t h e r e  e x i s t s  a  homomorphism if m app ing  

C(®)wrB1 o n to  C(q)wrD (w h e re  t h e  p r im e  q d o e s  n o t  d i v i d e  t h e  o r d e r  

o f  D and  4>(sD) = 1 )  su c h  t h a t  (bcp)f * 1 f o r  a l l  b e R U (V fl B) .
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T h u s  Bcpl ^  C(q)w rD  and  i f  we c h o o se  t o  be t h e  k e r n e l  o f  t h e

c o m p o s i te  map cp'fr t h e n  a s  b e f o r e ,  s e p a r a t e s  a ( f ^ ) ( l ^ i ^ n )  and

b V B f o r  a l l  j  e J  . A gain  f o r  w i n  U c h o o s e  b su ch  
j  j

t h a t  1 t  f ( b  ) = a and  w i t h  p, = max p, , c h o o s e  t h e  p r im e  p >  p,
J  j

and  su c h  t h a t  p d o e s  n o t  d i v i d e  t h e  o r d e r  o f  C(q)wrD . I f  we l e t

= <  a P >  and N = n m ^ A ^ B ^ )  we s e e  t h a t  S 0 N = jfl and

W/N = A/A^wrB/B^ = C ( p ) w r ( s ( C ( p ) w r D ) ) .

By lemma 9 ^ ( s ( C ( p ) w r D ) ) = 1 w h ich  c o m p le te s  t h e  p r o o f .

C o r o l l a r y  1 0 . F r e e  s o l u b l e  g ro u p s  hav e  t r i v i a l  F r a t t i n i  s u b g ro u p .

P r o o f : L e t  F be a f r e e  s o l u b l e  g ro u p  o f  d e p t h  d . S in c e

t h e  a s s e r t i o n  i s  t r u e  f o r  f r e e  a b e l i a n  g r o u p s  we may assum e d >  1 .

By (* )  F e R s(C(<»)wrB) w here  6(B ) = d -  1 and  by p r o p o s i t i o n  9 ,

C(«)w rB e R C(p)w rD  w here  p d o e s  n o t  d i v i d e  t h e  o r d e r  o f  D and 

4>(sD) = 1 . Thus  F s R s (C (p )w rD ) w h ich  i m p l i e s  by lemma 9 t h a t  F 

i s  r e s i d u a l l y  4> f r e e  and h e n c e  F i *  f r e e .
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