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C hapter 1. Introduction

In this paper, we begin an investigation into the geometric realization of homotopy sys­

tems. A homotopy system is a  crossed complex of free type, originally defined by J.H.C. 

W hitehead in [CH  II], and patterned after a sequence of relative homotopy groups associ­

ated with the skeletal filtration of a CW complex. More specifically, if (X , *) is a  pointed 

connected CW complex with skeleta { X n }, then the corresponding homotopy system for 

X  is the crossed complex

p(X ,  * ) = • • •  -  Z k ( X k, X k~1) -  nk^ ( X k~ \  X k~2) ir2( X 2, X 1) -> ^ ( A 1)

in which all homotopy groups are taken with the basepoint. *, which will usually be sup­

pressed from the notation. Each group in the sequence has operators from 7Ti(A) for n  > 3 

and from 7Ti(A1) for n =  1,2  and is free in an appropriate sense.

p (X )  is closely related to the usual chains on the universal cover of X —the two agree in 

dimensions greater than two. In dimensions 1 and 2 , p (X )  has the non-abelian structure of 

a  free crossed module.

There is a category of homotopy systems with properties analogous to  those of the cate­

gory of free chain complexes, and p is a functor from the category of pointed CW complexes 

and skeleta-preserving maps to  the category of homotopy systems. Each category has a 

definition of homotopy, and p is also functor on the respective homotopy categories.

The geometrical realization problem asks whether a given homotopy system can be ob­

tained as p (X )  for some CW complex X .  The low-dimensional non-abelian information in 

the homotopy system is definitive enough to guarantee tha t any homotopy system can be 

partially realized through dimension four, with the first obstruction occurring in dimension 

five [CH  II].

1.1. T he M ain R esu lts.

The attem pt to  realize the relative homotopy groups in a homotopy system by attaching 

cells leads naturally to the consideration of filtrations other than the CW filtration. Given
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a homotopy system C, we shall build a cell complex K C ,  unique up to homotopy, tha t has 

a filtration { J nK C } .  The filtered space K C j  has a homotopy system

p ( K C j ) = ------ ► 7rk{J kK C , J k~ 'K C )  -» wk- 1( J k- 1K C , J k~2K C )  -►

 > 7T2( J 2K C , J 1K C )  -  n i K C 1)

th a t realizes C. K C  is constructed by attaching cells and so has a CW filtration, but the 

CW filtration on K C  is not necessarily the same as the J-filtration mentioned above tha t 

accomplishes the geometric realization. In general, J n+1K C  is obtained from J nK C  by 

attaching cells in dimensions n + 1 and n +  2, and roughly speaking, the inability to  dispense 

with the n +  2 cells constitutes an obstruction to geometric realizability.

The rough observation is made precise in the following fashion: Given C , construct the 

CW complex K C  with its CW- and J-filtrations, and identify C  with p(K C j) .  The identity 

map of K C  induces a map a :  p(K C cw ) —> C, and the chain homotopy class of a  contains 

a chain epimorphism a. Our main result is tha t the existence of a  chain splitting of this 

epimorphism is a  necessary and sufficient condition for geometric realization, in other words, 

C  can be geometrically realized if and only if it is a retract of p(K C cw )-  This observation 

is the starting point for an obstruction theory for geometric realization.

The filtration {J nK C } mentioned above is an example of what we call a J-filtration, 

generalizing J.H.C. W hitehead’s definition of a J-complex in [CH II]. The defining property 

of a J-filtration on a  space Y is tha t the maps irnJ nY  —*■ irn( J nY , J n~1Y )  for n > 2 are 

monomorphisms. The critical fact about J-filtered spaces is tha t if Yj is a J-filtered space 

and X c w  is a CW complex, then there is a natural bijection of filtered homotopy classes of 

filtered maps

[Xcwi Tj] *-* [p(Xcw), />(Tj)].

When Yj =  K C j,  then there is an isomorphism p(K C j)  ~  C  th a t is natural for maps of C , 

and we then obtain a natural bijection

[X CW, K C 3 ] ^ [ p { X Cv t) ,C } .
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When C  can be geometrically realized, this bijection provides us with a homotopy splitting 

for the map a  mentioned above.

The J-filtration on K C  has enough connectivity to  allow us to  approximate any continuous 

function X  —► K C  by a filtration preserving map X c w  K C }.  A bijection

[X , K C ] ~ [ X Cy/ , K C } ]

results, where the left-hand side denotes homotopy classes of maps. Composing this with 

the previous bijection, we obtain a natural bijection

[ X , K C ] ~ [ P{XCw ) , K C 3]

for any CW complex X  and any homotopy system C. This suggests th a t we view K C  

as a “generalized Eilenberg-MacLane space” , and there are other reasons for advancing 

this analogy: First, if C  has homology in just one dimension n, then K C  is a K ( H nC ,n ) .  

Second, the universal covering space K C  of K C  has the homotopy type of the product

OO
K C =  f j  K ( H nC,n).

71 =  2

A particular case of this occurs when C  has homology in dimensions 1 and n > 1. In this 

case, K C  = K ( H nC ,n )  with the action of H\{C)  prescribed by the structure of C. Thus 

K C  has the homotopy type of the classifying space for cohomology with local coefficients 

H}(C).

1.2. O rg a n iz a tio n .

Chapter Two contains the necessary algebraic preliminaries on crossed modules, crossed 

complexes, and homotopy systems. Chapter Three contains the necessary topological pre­

liminaries. In it we analyze completely the way in which filtered homotopies of filtered spaces 

induce chain homotopies of the crossed complexes associated with those filtered spaces. The 

literature contains of assertions of these facts, but proofs are either lacking or are widely 

scattered among the works of different authors, with different assumptions and notations. 

When some of the details are worked out, they are verified for spaces with CW filtrations,
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and I am not aware of a complete analysis for an arbitrary filtered space. Consequently, we 

have devoted the chapter to a complete derivation of all of the required facts about induced 

chain homotopies. In Chapter Four, we define the concept of a J-filtration and work out 

the basic properties of J-filtered spaces referred to in the previous section. In Chapter Five 

we use the information in a homotopy system C  to construct a  J- filtered space K C j  with 

p (I(C j)  = C. This construction contains the basic insight of the paper, namely th a t it is 

easy to  realize C  by inductively attaching cells if one doesn’t require the filtration to  be 

a CW filtration. Using the results of Chapter Four, we verify various properties of K C , 

principally its invariance up to homotopy. In Chapter Six we calculate the homotopy type of 

the universal covering space of K C , and in Chapter Seven we prove tha t C  is geometrically 

realizable if and only if it is a retract of p(KCcw)-

Some of these ideas have seen extensive development in other contexts and for other 

purposes. The next three sections review these approaches.

1.3. T h e W ork o f  Brow n and H iggins.

Although Brown and Higgins do not discuss the problem of geometric realizability of CW 

complexes, they do develop the machinery described above (in a more general setting) as 

part of their work on generalized van Kampen theorems. In particular, the natural bijection 

th a t we denote as

[X , K C ) ~  [p X , C ]

appears in their work as

(1.1) [ X , B C ]  <-► [kX , C ] .

Brown and Higgins do not relate B C  to  the geometric realizability of C.  Their construction 

of B C  is more general than ours in two respects: F irst, they avoid the problems and 

restrictions of basepoints by using crossed complexes over groupoids rather than over groups. 

(This extra level of generality may not be of much help for geometric realization problems, 

although it is essential for van Kampen theorems.) Secondly, they do not restrict their 

attention to homotopy systems (in which the groups involved are all free in some sense) and
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obtain the bijection for any crossed complex C. While our construction is ad hoc, building 

the space K C  by attaching cells according to  the information in C, Brown and Higgins’ 

result depends on four categories, F T O V ,  CUBS, CHS, and u-QV'D, and the relations 

between them defined by eight functors.

For the remainder of this section we use the notation and conventions of Brown and 

Higgins, writing B C  instead of our K C  and n X  instead of our p X .  Brown and Higgins use 

p to denote another functor. In order to  lessen the confusion, we denote their functor rho 

by the symbol g and keep p for our functor, which they denote by 7r.

The categories involved in Brown and Higgins’ generalization of our result are

(1) F T O V  is the category of filtered weakly compactly generated topological spaces. (The 

category of weakly compactly generated spaces is denoted here by W T O V .)  There 

is an internal product

( * ® y ) „ =  U  x p x x q
p + g = n

(where “ x ” is the product in W T O V ) ,  an internal hom

F T O P(X ,Y )„ =  { /  e W T O V  | f { X p) C YP+n } ,

and an exponential law giving F T O V  the structure of a  symmetric monoidal closed 

category.

(2 ) CUBS  is the category of cubical sets. A cubical set is a  family of sets { K n } to ­

gether with face maps 6f : K n —»• K n- \ , i =  1 , . . . ,  n, a  =  0,1 and degeneracy maps 

€,•: K n- \  —> K n, i = 1 , . . . ,  n satisfying axioms on how these compose. (The degen­

eracies model singular cubes tha t result from crossing a lower dimensional cube with 

I .)  In [B-H 3], a  product structure on CUBS (mimicking the topological product of 

cubes) is described, making CUBS monoidal closed.

(3) u-GVD  is the category of w-groupoids. An uj-groupoid, defined in [B-H 1], is a 

cubical set with two additional types of structures: There are connections T , : K n —►
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ii'n_i which model singular cubes with adjacent degenerate faces, and compositions 

consisting of n  partial compositions + j and n unary operations —j  for each set K n. 

These model the homotopy compositions definable along the axes of the cubes. An 

intricate collection of axioms (involving 31 cases) governs the interactions between 

the various degeneracies, face maps, and compositions. The product structure for 

CUBS mentioned above extends to uj- groupoids and so lo -Q W  is also monoidal 

closed.

(4) C1ZS is the category of crossed complexes over groupoids, described in [B-H 2] and 

alluded to above. Let X ?  be a  filtered space and let C\ — ic\{X, F ° X )  be the 

fundamental groupoid of X  relative to the set of basepoints F ° X .  For n  > 2, let

Cn =  {* n {F nX , F n- l X , x )  I X  G F ° X  }.

The collection of these { G„ } together with the various boundary maps and actions of 

C\ is called the fundamental crossed complex of the filtered space X p  and is denoted 

by irXp. The objects of CTZS are algebraic models for ttAV; each is called a  crossed 

complex over a groupoid. Here are some details:

A groupoid is, of course, a small category in which every morphism is invertible. If 

G is a groupoid, write G\  =  Mor(G), Go =  Ob(G). There are the source and target 

maps tf0,^ 1: Gi —> Go and the “inclusion” map t: Go —► Gi satisfying 6°i =  1 =  S1l.

If G is a groupoid with the structure defined above, a G-module C  is a  family 

of groups {C„(t>) | v G Go} with a  right action of G i, C (v ) x G \(v , w) —> C(w)  

(v , w G Go). These actions give C  the structure of a groupoid over (i.e. with object 

set) Go- It is conventional to  write the C(v)  additively, whether or not they are 

abelian, and write composition in G\ multiplicatively.

A crossed G-module C  is a G-module C  together with a morphism of groupoids 

over Go d : C —► G such that

(1) dC(v) = G i(v ,v )  for all v G Go.

(2) d(c9) = g~1(dc)g for all c G C(v), g G Gi(v,u>).
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(3) c fC2 =  - c i  +  C2 +  ci for all ci,C2 G G (v).

A n  abelian G-module is a G-module C  with all groups C(v)  abelian. Finally, a 

crossed complex over G is a sequence

Cn  > Cn—i d" - 1 , ---------——> G2 82 >G i  I Co
61

such tha t

(1)

<5° . „  
Ci —  - 1 Go-

61

is a groupoid G.

(2) Ci —► Gi is a crossed G-module.

(3) G„ is an abelian G-module for n > 3.

(4) dn is a morphism of groupoids over Go (and so is a morphism of G-modules.)

(5) dn-.idn is trivial for n  > 3.

(6 ) dCi  acts trivially on Cn for n > 3.

If Go is a single point, these definitions reduce to  the definition of a crossed complex 

used in this paper (see Chapter 2), except tha t our actions are left actions rather 

than  right actions.

If G and H  are groupoids, M  is a  G-module and N  is an Jf-module, then a module 

morphism consists of a pair ({/(*>)},<£) where <j>: G —> H  is a morphism

of groupoids and { /(v)}  is a family of operator homomorphisms f ( v ) :  M ( v )  —+ N(v) ,  

(u G Go), i.e. f (w ) ( m 3) = (f { y ) m )^9 for all v ,w  G Go, m  G M(v) ,  g G G i(v ,w ) .  A  

morphism of crossed complexes f : C —* D  consists of a family of module morphisms 

fn  • Cn —> D n th a t commute with the boundary maps and preserve the conditions 

on the actions. We thu6 obtain the category CTZS.
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CTZS has an internal hom and product tha t yield a symmetric monoidal closed structure. 

The definitions are complicated—the relations for the product, for example, involve fifteen 

cases. The definitions and properties are obtained in [B-H 3] by first defining an internal 

hom and product for cubes in u i-Q W  and then transporting these definitions to CTZS by 

the equivalence of categories 7 described below.

The functors involved in establishing the bijection (1.1) are displayed in the following 

diagram:

T T O V «--------— ---------CUBS

7T

c t z s  , "  — *• u - g v v
7

7r is the fundamental crossed complex functor defined above, and U is the functor that 

forgets the connection and composition structures of ui-QVV. The remaining six functors 

can be described as follows:

(1) | . . .  | : CUBS —* T T O V  is the cubical geometrical realization functor.

(2) q  : T T O V  —> u-Q VV  is the fundamental u-groupoid functor defined in [B-H 2] (and 

revised in [B-H 4]). For a filtered space X f , f?n(X f) is the quotient T T O V ( I n, X )  

by the relation of filter homotopy rel vertices.

(3) A: CTZS -> u-Q V V  is defined in [B-H 1] by (AC)„ =  CTZS(xIn,C ) .

(4) 7 : u>-QVD —* CTZS is defined in [B-H 1] so tha t (7 ^ )0  =  Go, (7 ^ )1  =  G \,  and 

('fG)n(v) is the set of all n-cubes x, all of whose faces except 6qX are concentrated 

at v G Go-

(5) N : CTZS —> CUBS is V A. For any crossed complex C, it can be shown th a t N C  is a 

Kan complex.

(6) B: CTZS -+ T T O V  is |iV . . . | .

N  /

B V
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The internal products introduced in these categories allow the definition of homotopies 

(and n-fold homotopies) in each category. It is then possible to  show th a t both 7r and B  

are homotopy functors.

The following pair of results underlie the proof of the natural bijection (1.1):

(1) A and 7 are an inverse pair of equivalences of categories. [B-H 1] These equivalences 

are a  critical ingredient in many of the proofs. Features of CTZS are transported to 

uj- G W , a proof is carried out in w-GVV, and the result is transported back to CTZS.

(2) For a pair of filtered spaces X p  and Fq , there is in CTZS a natural Eilenberg-Zilber 

morphism ttX f ® 7tFg —*■ 7t(ATf ® Fg) which is an isomorphism when F and G are 

CW filtrations of X  and Y  respectively. (This is a good example of a result proved 

in u j- G W  and transported to CTZS.)

The proof of (1.1) has two basic ingredients: One ingredient is the exploitation of the 

properties of the geometric realization functor. This makes it possible to  regard any CW 

complex X  as the geometric realization of its cubical singular complex S X . Using the 

definition of B  given above, one gets

W TO P(X , BC ) = W T 0 P (|5 A '|, \NC\).

Using the fact tha t N C  is a Kan complex and the adjointness relations afforded by the 

monoidal closed structures in W T O V  and CUBS , one finds a natural weak homotopy 

equivalence

W T O P (|S Jr|, |JVC|) ~  CUBS(5A', NC) .

Here W TO P and CUBS are the internal homs in W T O V  and CUBS.

The second ingredient is the exploitation of the equivalence of the categories CTZS and 

lj-GVV,  the monoidal closed structures in those categories, and the Eilenberg-Zilber iso­

morphism described above. These make it possible to  obtain a natural isomorphism of 

cubical sets

CUBS(SX, JVC) £  N (C R S (n \S X \,C ) .
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String the preceding equivalences together to get a weak homotopy equivalence

W TO P(X , B C ) ~ N ( C R S ( tt\ SX\ ,C) .

( 1.1) is the bijection of path components induced by this last equivalence.

1.4. T h e  W o rk  o f  H .J .  B au es.

In [Bau] , H.J. Baues describes a construction he calls a tower of categories th a t gen­

eralizes and unifies W hitehead’s approach and encodes the geometric realization problem 

for homotopy systems. Since his main target is homotopy classification problems, Baues 

is more interested in counting actual realizations than in identifying obstructions to  re­

alizations. Nonetheless, W hitehead’s approach to calculating obstructions to  geometric 

realizability can be described in the language of the tower of categories, and the elaborate 

machinery of the tower may provide tools for analyzing and calculating these obstructions.

One of the thrusts of Brown and Higgins’ work is to transcend the restrictions of the 

category of pointed spaces. One of the thrusts of Baues’ work is to develop relative versions 

of W hitehead’s ideas. For simplicity, our description below ignores the additional generality 

inherent in the relative nature of all of Baues’ constructs. A second thrust of Baues’ work 

tha t we do not address here is an axiomatization of homotopy theory tha t makes the results 

and proofs simultaneously available in several categories.

We first must deal with a  conflict of terminology. Baues chooses to  use the term  “homo­

topy system” for an object th a t is related to but different from the free crossed complexes 

th a t W hitehead called homotopy systems. In this paper, we use the word homotopy system 

in W hitehead’s sense, so we feel obliged for the sake of clarity to  rename Baues’ homotopy 

systems.

Baues defines categories H n of homotopy systems of order n. We are going to  rename 

H n the category of partial realizations through dimension n. A partial realization through 

dimension n  is a triple (C, /„ , A " -1 ) in which C is essentially a homotopy system, X n~l 

is a CW complex, Cjt =  7Tk(Xk, X k~1) for 1 < k < n  -  1 and C\ = K i X 1, / „ :  Cn —>
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7rn_ i(X n-1 ), and there is a commutative diagram

11

*n_1X " - 1 -+7rn_a(X ’l~1,X ri- 2) - > ------- ►7r2(X 2,A '1) — i n * 1

r\j

 > Cn+1 —  Cn -------------- -J--------------- ► Cn~ \ ----------- ►-------------- ► C2 ----------- ► Cl
dn

(We say “essentially” above because Baues uses for C  a chain complex th a t models the chains 

on the universal covering space of X n. This complex agrees with the free crossed complex 

we have called C  in dimensions above 2 and has related abelian groups in dimensions 1 

and 2.) There are appropriate concepts of morphisms and chain homotopy for these partial 

realizations, and so there is a category H n and the associated homotopy category H n/

From the point of view of the ultimate geometrical realization of the homotopy system 

C, there may be partial realizations through dimension n th a t are “dead ends” , meaning 

th a t a partial realization through dimension n  cannot be extended to the next dimension. 

A necessary and sufficient condition for a partial realization (C, f n, X n~l ) to  be extended 

to dimension n  +  1 is the cocycle condition on the map /„  given by f ndn+\ =  0 , where 

c?„+1 : Cn+i —► Cn is the boundary map. The full subcategory H£ of H„ consists of all 

partial realizations through dimension n th a t satisfy the cocycle condition—roughly speak­

ing this is all homotopy systems with partial realizations through dimension n th a t can be 

extended to  the next dimension.

Each partial realization (C, /n+ l ,X n) satisfying the cocycle condition can obviously be 

viewed as a partial realization (C, /„ , A n_1) satisfying the cocycle condition by forgetting 

/ :  Cn+i —► 7rnX n and X n. This shift of viewpoint is formalized by the forgetful functor 

~ . The chain of these categories of partial realizations in consecutive 

dimensions, linked by the forgetful functors A, forms the superstructure of the tower of 

categories, and Baues’ primary goal is to  find algebraic categories equivalent to  the cate­

gories in the tower. The tower of categories has far more m andated structure than  we have 

described here. An intricate set of axioms and definitions describes an obstruction theory 

for each stage of the tower.
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In the tower of categories, the geometrical realization problem has the following descrip­

tion: Let B  be an object in H £ / ~ , and suppose B  has a representative ( C , f n , X n- i ) .  

Since /„  satisfies the cocycle condition, there is an object E  in H n+j with XE  =  B. If 

E  $ H ° +1, then E  is a “dead end.” If B  has no preimages under A in H £+1, then there 

is no geometric realization of C  th a t agrees with the homotopy system for X  up through 

dimension n. W hat Baues shows is that if  an E  exists in H £+1 with XE = B ,  then there is 

a cohomology group tha t acts transitively and effectively on the set of all such E  E H '+1, 

thereby reducing the enumeration of realizations to the calculation an approriate sequence 

of cohomology groups. Baues does not discuss the question of obstructions to realization, 

i.e. conditions under which all preimages E  under A have “attaching maps” th a t fail to 

satisfy the cocycle condition.

1.5. T h e  W o rk  o f  J u s t in  S m ith .

In the papers [JS l] , [JS 2], and [JS3], Justin Smith considers the problem of geometric 

realizability in the following essentially equivalent form: Let C  be an ordinary abelian 

chain complex of ZG modules satisfying conditions necessary for it to be the G-equivariant 

normalized chains on the universal cover of a space—namely H qC  =  Z and H iC  =  0. Is 

there a space X  with universal cover X  such tha t i t \X  = G and C  is chain homotopic to 

C .(X ), the normalized chains on X I  Smith’s approach is to attem pt to  construct X  by 

building its Postnikov tower

X 0 = K ( G , 1 ) ^ - X 1 ^ X 2 <--------« - * „ < -------

along with, at the nth stage, a chain homotopy An : C n —► C*(Xn). Here C n is the n- 

skeleton of C , C»(Xn) is computed as a twisted tensor product, and having succeeded in 

the previous dimensions, there is an obstruction to obtaining An+ i. This obstruction uses 

the homological ^-invariants of C  and is an element of H n+1(C\ H n( X „)). The calculations 

are very technical and use the detailed results of a number of papers of other authors. They 

do, however, ultimately yield specific realizability and non-realizability results for certain 

equivariant Moore spaces.
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C hapter 2. A lgebraic Prelim inaries

2.1. C rossed M odules.

In the definition below, we have the groups C  and G acting on themselves on the left by 

conjugation, and a left action of G  on C. These actions will all be denoted by upper left 

exponents. We shall adopt the convention of writing G multiplicatively and C additively. 

The notation is not intended to  convey any information about whether or not either of these 

groups is abelian.

D e f in it io n . A crossed module (C , d , G ) consists of

(1) Groups C  and G , acting on themselves on the left by conjugation.

(2) A left action of G  on C.

(3) A homomorphism of G-groups d: C  —> G satisfying

9^ d  = cd ( = c  +  d - c )

for all g £ G, c 6 C.

We shall sometimes supress d  and refer to C  as a crossed G-module, and at other times

suppress C  and G, referring to  the triple (G, d, G) as d.

The basic motivating example of a crossed module is d: 7r2(X 2, A 1) —► ^ ( A 1), where A  

is a CW-complex with skeleta {A n}. This example has the additional property of freeness 

defined below.

These definitions have the following immediate consequences:

P ro po sitio n  2 .1 .

(1) d C < G

(2) k e r d  < Z ( C ) where Z ( C )  is the center o f  C.

(3) Z ( C )  and C*b inherit a  ( G/ dC)  -module structure from the action o f  G on C, and

k e r d  is a submodule o f  Z ( C)  with respect to this structure.
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D e f in it io n . Let ( C, d , G)  and (D , 6, H ) be crossed modules, and suppose the actions of G 

on C  and H  on D  are given by <f>: G x  C C, ij): H  x  D —* D  respectively. A morphism 

of crossed modules is a pair of group homomorphisms r : C —* D , s : G —* H  that fit into 

the commutative diagram

G x C - 

s x  r

H x D

<t> ^ C d

tj)
D H

In other words, 6r =  sd  and r (9c) =  s ŝV(c) for all g G G, c G C.

Let X M G V  denote the category of crossed modules and let QV2 denote the cate­

gory of group homomorphisms and commutative squares. There is a forgetful functor 

U : X M O V  —> QV2 that ignores the crossed module structure. U has a  left adjoint F  

th a t produces the free crossed module F (A) on a group homomorphism A: A  —► G.

A special case of this, the only case that will concern us, occurs when A is a free group on 

a set S. A  set map m: S  —* G  (We shall suppress forgetful functors in the notation here) 

determines a group homomorphism p : A  —> G, and in this case we denote the corresponding 

free crossed module on p  by (C m, dm , G). There is an injective map i : S  —► Cm which allows 

us to think of 5  as a subset of CTO, and we refer to Cm as a free crossed G-module with 

basis S.  Let 6 : D  —► H  be a crossed module and 7 : G —*• H  a group homomorphism. If 

there is a set map b making the following diagram, without /?, commute in the category of 

sets

then b extends to a unique crossed module morphism (/?,7 ): (Cm,d m,G ) —*• (D , 6, H ) such 

tha t /3i =  b and 6/3 =  7 dm. This case is the one originally studied by J.H.C. W hite­

head in [CH  II]. The motivating example is W hitehead’s theorem, alluded to above, tha t



2.2. Crossed Complexes and Homotopy Systems 15

7T2(-X"2, -X̂1) —*■ 7Ti(X1) is a free crossed module with basis the homotopy classes of attaching 

maps of the two-cells of X .

Both the special case we have described and the generalization of it due to  Brown admit 

descriptions in terms of generators and relations. See [CH II] and [ref. Brown]

2.2. C rossed C om plexes and H om otopy S ystem s.

D e f in it io n . A crossed complex C  is a  sequence of groups and homomorphisms

such that:

(1) c?2 : C*2 —*■ C\ is a crossed module.

(2) Cn for n > 3 is a P-module where P  =  coker 82 .

(3) dn for n  > 4 is a P-module map.

(4) c?3 is a homomorphism of the Ci-operator groups C3 and C2, where C3 is viewed as 

a  Ci-module via the quotient map C\ —► P.

(5) d2 =  0.

Note also th a t, because of items (2) and (3) in the definition of a  crossed module, kerS2 

and consequently im d3 are also P-modules. We shall sometimes refer to C  as a crossed 

complex over P.

D e f in it io n . If C\ is a free group on a basis S i, d2 : C2 —► Ci is a free crossed module on 

a  basis S2, and if Cn for n > 3 is a free P-module on a basis Sn, we call C  a homotopy 

system, following J.H.C. W hitehead. Although we do not always mention them  explicitly, 

we think of a choice of bases { S i, S2, . . . ,  S „ ,. . .}  as part of the given data  of the homotopy 

system.

D e f in it io n . A morphism o f crossed complexes is a sequence of group homomorphisms  

<£n: Cn -* C'n for n  =  1 , 2 , 3 , . . .  such that:

(1) 4>ndn+1 =  0n+10n+l for 71 =  1 ,2 ,3 , . . .
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(2) ( )  is a crossed module morphism.

(3) (j>n for n > 3 is a P-module homomorphism.

We shall often risk confusion with the abelian case by calling <j> a chain map.

D e f in it io n . Let C  and C' be crossed complexes over P  and P '  respectively, and suppose 

that <f>°,(f>1 : C  —*• C' are chain maps. A chain homotopy A: <f>° ~  (f)1 is a collection of maps 

A „ : C„ —► C 'n+1 for n =  1,2 ,3 , . . . ,  where

' a crossed homomorphism associated with <j>\ for n  =  1

An is a  Ci-homomorphism for n  =  2

. a  P-homomorphism for n  > 3

and such that

(2)
( for n =  1

9n+lAn( l )  =  1 n
I -<t>n{x) -  A n- \ d n(x)  +  (j>i(x), for 71 > 2

The statem ent tha t Ai is a crossed homomorphism associated with (f>° means tha t 

Ai (xy)  =  A i(x) +  ^ x)Ai (y)  for all x,  y G Ci

Note th a t in part ( 1) of the definition, the statement tha t A2 is a Ci-homomorphism 

assumes a Ci-action on C3 without specifying whether or (f>\ is to  be used to  induce this 

action. The lack of specificity is justified by the fact tha t the two actions are the same by 

virtue of the n  =  1 case of part (2) of the definition.

W ith these definitions, the relation of chain homotopy is an equivalence relation on the 

morphisms C —► C'. The definition of chain homotopy used here is the appropriate one to 

model pointed homotopies of pointed maps of CW complexes. W hitehead’s original more 

complicated definition modeled the features of free homotopies of pointed maps of CW 

complexes.
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3.1. F iltered  Spaces.

D e f in it io n . A filtered space is a strictly pointed CW complex A  and a filtration

{ F nX  | n =  0 ,1 ,2 , . . .}

with F ° X  =  *, F * X  — X 1, and F 2X  = X 2. (Strictly pointed means th a t X 0 =  *.) The 

filtration will be called free if ■Kn(F nX , F n~1X )  is free for n  > 3. The filtration F  will 

be called well-connected if nn( F rX , F r~1X )  =  0 for all r < n. The filtration F  will be 

called a J-filtration if 7rnF nX  —> Trn( FnX , F n~1X )  is a monomorphism for n > 3. (It is 

automatically a monomorphism for n =  2 by definition of F 2 and F 1.) The letter J ,  when 

used as a filtration symbol, will always denote a J- filtration.

When we regard X  as a space with the filtration F, we shall write A f- The space A  

with its CW filtration will be denoted by Acw- If A f , A q are filtered spaces, the notation 

/ :  A f  -» Ag will always mean that /  is filtration-preserving. If we wish to denote a 

continuous function from A  to  Y  th a t is not necessarily filtration-preserving, we omit the 

filtration subscripts on the domain and codomain and write / :  A  —* Y .

Because our definitions require a filtration F  to begin as the CW filtration in dimensions 

0,1, and 2, •k\F1X  is a free group and 7T2(F 2X , F 1X )  —> t t iF 1X  is a free crossed module 

with basis indexed by the 2-cells of A

D e f in it io n . If A f  is a filtered space, let p(A f)  be the crossed complex

p(A F) = ------ ► 7r„ ( irnA ,F n_1A ) - > ------ ► w2(F 2X , F 1X )  -» j r ^ A .

p is a functor from the category of filtered spaces and filtration-preserving maps to  the 

category of crossed complexes. If F  is a  free filtration, then p(Ap) is a homotopy system.

3.2. Chain H om otopy.

In this section, we study the manner in which a filtered homotopy of filtered spaces 

H :  7x_Af —*• Yg gives rise to  a chain homotopy A: p{Ap) —► p (Y g ) of the associated
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crossed complexes. After defining the appropriate product filtration on I x X , we adopt 

the perspective th a t a  chain homotopy A can be realized as the composition H» o 

where H +: p ( I x X p )  -* p(YG) is the morphism of crossed complexes induced by H  and 

p (X f )  —► p ( I x X f ) is a certain natural map of graded groups of degree 1. We use this 

perspective to  define what we mean by the geometric realization of a chain homotopy. The 

definition also allows us to obtain the properties of A from an analysis of the properties of 

'£. The results of this analysis and the verification th a t A has the properties required of a 

chain homotopy are presented in Theorems 3.1 and 3.2.

The basic intuition about $  is that $ n should take a homotopy class [/], where

/ :  (Dn, S n~1) -> ( FnX , F n~1X ) ,  

to  the class [I X / ] ,  where, essentially,

I x  / : ( C n+1, 5 n) ^ ( 3 / x F nI U / x F n- 1I )

is obtained by extending /  over /  X D n.

The details of the proof of Theorem 3.1 are relegated to section 3. There we narrow the 

focus further by studying maps 4>n : nn( X , A )  —► 7rn+i ( I x _ X , d I x X  U /x A )-  These maps 

are then used to  define $ . This amounts to concentrating for as long as possible on pairs 

(.F nX , F n~1X ) before considering triples (F n+1X , F nX , F n~1X) .

In the actual proofs, we use cubes rather than spheres, for the convenience of identifying 

I  X / n_1 with / n , and because we can obtain the explicit combinatorial boundary formulas 

(as given in Lemma 3.4) that ultimately give us the boundary formulas for A.

D e f i n i t i o n .  Let X f  be a filtered space with basepoint *. Let I  denote the unit interval, 

d l  its boundary {0} U {1 } ,  and define

We will take { I  X *} as the basepoint of I x X  and denote this basepoint by *.
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D e f in it io n . A filtration P on T x X  is defined by

P ° ( I x X ) =  * 

d l  x  F nX  U /  x  F n~xX
P n( I x X ) =

I  x  * 

d I x F nX  U I x F n~1 X ,  for n >  1.

When X  is a filtered space with filtration F, it is understood that I x X  has the P-filtration, 

and we will use I x X p to  denote I x X  with the P-filtration.

T h e o r e m  3 .1 . For each filtered space X F and each positive integer n, there are maps

* n ( X F): p n( X F) p n+1( I x X F)

satisfying

(1) Naturality: I f  g: X F —> W i is a map o f filtered spaces, then

P n ( * F ) * n (* F)> P n + 1 ( I X X F )

(9n)* ( I x  g)n»

Pn{WL) -y  p„+i(J x W l)

commutes for all n  > 1.

(2) (Xp) is a crossed homomorphism and \Pn( X F) is a ^ X  -homomorphism torn  >  2.

(3) Forn  =  1, let a  e /»i(Xf) be represented by f : (I , d l ) —► (X 1, *). For d2x '• P i { I * X f )  

—> p \ ( I x X F), we have

d ^ 1( X F)(a) = [ l x  f \ l  X  / ] [ /  X / |0  X I ] ' 1.

For n > 2,  let a  e  pn( X F) be represented by f :  ( /" ,  d l n, J n_1) —► (F nX , F n~l X ,  *). 

(See section 3  for the definition o f  J 71-1.) Then for the maps in the commutative  

diagram

Pn(XF) ~ />n+1( /x X P)

On 8 *°n+\
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we have the formula

dZ+1V n(X F)(a) = - [ /  X / | 0  X /" ]  - 9 n- i ( X F)dna +  [I X f \ l  X /"].

P r o o f : The properties of ® require a large number of verifications which are relegated to 

section 3. 0

Once we have $  with all its properties, the verification tha t A is a chain homotopy is 

routine:

T h e o r e m  3 .2 . Let X F, YG be filtered spaces, H : I x X F -* YG a filtered homotopy, and 

denote H\( t  X X F): X F -*• YG by H t . Let An be the composition

'M-X» H.
A n : P n ( X f )  ----------- ► P n + l i l x X p )   ► p n + i ( y G ) .

Then A n is a chain homotopy o f  (Ho)* with (Hi)*.

P r o o f : Since An =  H* o $ n , the homomorphism properties of $ n are transferred to An 

and so item ( 1) in the definition of chain homotopy (see section 2 .2) is satisfied.

To obtain the boundary formulas in item (2) of the definition of chain homotopy, begin 

with the observation that

^ n + i  A n ®  =  d%+ lHmVna  =  H*dZ+iV na.

Thus, to  finish we have to apply H* to the boundary formulas in (3) of Theorem 3.1. Using

H*[I X f \ t  X /" ]  =  ( Ht)*(a) f o r t  =  1,2

and H * ^ n- i  =  A „_i, we obtain the claimed formulas for An. 0

3.3 . T h e P rop erties o f

The results of Theorem 3.1 are all consequences of the properties of some maps

$ i : 7Ti (A, *) -*■ 7r2( /x A , d l x A )

: TTn( X ,  A)  —► 7rn+i ( I x X ,  d l x X  U I x A )  n >  2
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Figure 3.1.

defined for pairs of spaces (X ,  A). In this section, we define $  and then prove its rele­

vant properties in Theorem 3.3. We obtain $  from $  in a simple way that allows the 

demonstrated properties of $  to become to the asserted properties of \P.

We begin with the following list of symbols and conventions. Some of the definitions, for 

small values of n, are illustrated in Figure 3.1.

r  =  e  Rn I o <  u  <  1 }  n > 2.

/»  =  { 0 } U < 1 } .
n

d l n =  { . .  An ) 6 r  I J I  i i( l  -  /,) =  0 } n >  2.
1 = 1

d l 1 =  7°.
n

j n~l =  { (< ! ,  <2, | h l j j t i i l  -  ti) = 0 }  n > 2 .
i = 2

J°  =  {0}  C I.
n

L n~i = { ( t i , t 2, . . . f „ ) G / n i t 2 n f«(i - <‘) = : 0 > n ^ 3-
i= 3

We take the origin 0 G R "  as the basepoint of 7".

We have the relations 7 n_1 =  d l n — (1 X 7"-1 ) =  (7 x d l n~1) U (0 x 7n_1) for n > 2 and 

L n~l = i  x j n~ 2 =  (7 x d r - 1) - 1 x i x r - 1.

For * G A, view 7r„(7f, A,  *) as either of the two homotopy sets [(7n,5 7 n,0 ) ,(X , -A,*)] 

or [(7n, d l n, 7 n_1), (X ,  A, *)]. The group operation in x n(X,  A,*)  is defined in the usual 

way on the last coordinate in the second of the above two homotopy sets. View 7rn( X, *)  

as nn( X,  *, *), so tha t if a  G *) *s represented by / :  (7n, d l n, 7 n_1) —► (X, A , *),

then da  G 7rn_ i(j4 , *) is represented by / |(1  x 7n_1).
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For n =  1, let a  6 7Ti(A,*) be represented by / :  (1,61)  —> (A ,*). For n  > 2, let 

a  6 r n( I ,  A, *) be represented by / :  ( / n, <97", J " -1 ) -*■ (X, A, *). Make the identification 

( / n+1, 6 I n+1, L n) = ( I x I n, 6 I x I n U l x  d r ,  I  x  7 n_1). Recall the notation * =  { I  x  *}.

D e f in it io n . For n  =  1, let $ i(A )(a )  e  Tt2{ I x A ,d I x A ,* )  be the element represented by

I x f :  (I 2, d l 2,+) -> (I x A , d I x A ,*).

For n > 2, let $ n(7f, A )(a) e  7rn+i ( 7 ><X, 9 7xX  U72<A,*) be the element represented by

I x f - .  ( I n+1, 6 I n+\ L n) - > ( I x X , 6 I x X  U 7>^A,*).

(We are writing I x f  here for the composition I X  I n —> I x X  —> IfCX-) This is well-defined 

on homotopy classes and so defines a function

$ „ ( * ,  A ): nn(X , A) -»• x n+1( I x X ,  d l x X  U I x A ,± ) .

T heorem  3 .3 . $  has the following properties:

(1) Naturality: I f  g: (X , A) —*■ (Y ,B )  is a map o f  pairs, then the diagram

nn{X, A)  7rn+1 ( I x X ,  61 x X  U I x A )

9» ( ix g )*

M Y ,  B ) 07* y  u 7 * 5 )

commutes.

(2) $ „  is a crossed homomorphism for n  =  1 and a wiA-homomorphism for n > 2.

(3) For n =  1, let a  G ?ri(A ,*) be represented by f :  (1,61) —*• (A ,*). For

6 *2: tt2( I x_A, 57 xA) -> i t ^ d l x A , * )

we have the formula

(3.1) 6 '2M A ,  *)(«) =  [ /  x / I I  x / ] [ /  x / |0  x 7 ] -1.
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For n > 2, let a  6  irn( X , A ) be represented by f :  ( I n , d I n, J n x) ->• (X , A, *). For 

the maps in the following non-commutative diagram,

( X , A ) -

* n ( X , A )

dn —>7Tn_i (A ,*)

$ n_ i(A ,* ) 

*n{Ix.A, d l x A )

7Tn+1 ( I x X ,  d l x X  U I x A )  — -----► irn( d I x X  U I x A ,  d l x A ,  d l x A )
^n+l

we have the formula

(3.2) d^ +1* n( X ,A ) (a )  =  - [ /  x / |0  x I n} -  (A, *)(dna) + [ I x  f  |1 x /" ] .

P r o o f :  Item (1): The naturality condition is immediate from the formula ( I x f ) o ( I x g ) = 

I  X ( f o g ) .

Item (2): We first check th a t is a crossed homomorphism. We have

: 7ri(A , *) —► 1̂ 2(1 x^A, d l x A )  — 7r2( /x A , Aq V Ai).

it2(Ix_A,Aq  V A i) is a crossed module over 7Ti(Ao V A i), and the inclusion of A at zero 

induces a map (jo)* ■ tti A —* 7Ti(Ao V A i). If a  £ 7TiA, we will denote the image of a  under 

this inclusion by ao. Inclusion of a  at 1 induces another such map (ji)*  and the image of a  

under this map will be called a \ .  Via the inclusion at zero, 7riA acts on 7r2(Jx A , Ao V Ai) 

and the formula we wish to verify is

(3.3) $ i ( a / 3 )  =  $ i a  +  0,0 $1 /3.

We verify this formula in three stages. First we check tha t for d '2 : 7t2( /x A , d l x A )  

ffj(d!x_A,±), we have

(3.4) 3!l $ 1(aP) = d!i ( $ 1a  + a° $ 1/3).
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Next we observe th a t for A  = S 1 V S 1, d2 is injective and so for this particular A , (3.3) 

follows from (3.4). Finally, we argue tha t the tru th  of (3.3) for A — S 1 V S 1 implies its 

tru th  for all A.

Stage 1: Let / , g: ( I , d l )  —> (A ,*) represent a  and /3, respectively. The proof of the 

formula

(3.5) ^ * i ( A ,  *)(a) =  [I X / |1  X / ] [ /  X / |0  X Z] - 1

from part (3) of Theorem 3.3 makes no use of the fact that is a crossed homomorphism, 

so we can assume (3.5) here. Simplify the notation in (3.5) by letting F t- =  [I X f \ i  X I] and 

=  [I X g\i X I] for i =  0,1. Then, using the rewritten version of (3.5), we can compute

d ^ a p )  = F1G1(F0G0) - 1 

= F1G1Go1F0~ 1 

= ( ^ $ 1a )F 0( ^ $ 1/3)F0- 1 

=  d'2( ^ a ) d '2(ao ^ )

=  d'2( ^ 1a  +  a^ l /3),

and this was the goal of stage 1.

Stage 2: Since ^ ( / x / 'S '1 V S 1)) = ^ ( S 1 V 5 1) =  0, it follows that

d '2 : T T ^ /x tS 1 V S 1), ( S 1 V 5 J)o V ( S 1 V 5 1) ! )  -> ^ ( ( S 1 V 5 J)0 V ( S 1 V 5 1)x)

is injective, so th a t (3.3) follows from (3.4) for A =  S 1 V S 1, completing stage 2.

Stage 3: Now we check th a t the tru th  of (3.3) for A =  5 1 V S 1 implies its tru th  for 

all A. For this, let a  6 n i S 1 be the generator in the class of the identity map of 5 1, 

and let p: S 1 —► S 1 V S 1 be the multiplication on S 1. Let <T[,or G t t i(5 1 V S 1) be the 

images of a  under the maps (i/)* ,(ir )* induced by including S 1 as the left (respectively 

right) summand of 5 1 V S 1. We have /i„(<r) =  <T/(jr and, by virtue of the results of stage 2,  

^ (o fo v )  =  (7/ +
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If V : A V A -* A is the folding map, then in wi A  we have

ot(3 =  V * (/ V  = V „ ( / V  g)m(criar ).

The computations tha t follow use the maps and groups in the following commutative dia­

gram:

a  G n i S 1

a ,o r G 7 V ^ 1) - ^  n2( I x ( S 1 V 5 1) , ( 5 1 V 5 ' ) 0 V ( S 1 V 5 1)1) ^ >  n2( (S l V S l )0 V ( S 1 V 5 ] ) i )i \/ cl a /ci v/ ei^ \/ /ci cl ̂  82. -*•_// cl cl 'i. / ci 4/ cl

(/Vs). ( ( / V s ) o V ( / V s ) i ) ) .

iri(i4 V A) 7r2( /x (A  V A), (A V A)0 V (A V A)i) -  > ^ ( ( A  V A)0 V  (A V  A )0

V .  ( / X V ) .  ( V 0V V i ) .

a/? G t t jA ------------ j  >• t:2{Ix_A, A  V A )-----------------^ --------------- >7Ti(AVA)
84

We begin with

(3.6)

$1  (a/3) =  $1  V . ( /  V s)„(<T(CTr)

=  ( /x V ) . ( /x ( / V f f ) . ) $ i ( a /ffr ) 

=  ( 7 x V ) ,( J x ( /  V fl).)(® ia/ +  (ff|>°$iar )

= ( / x V ) , ( J x ( /  V s ) .) (* i* i)  +  ( / x V ) , ( / x ( /  V 5 ) .) ( (a,)°$i<7r ),

using the naturality of $1 in the second line.

Since <7/ =  [i|], we have $1 aj =  [/ x ij]. Furthermore, V ( /  V g)ii =  / ,  so tha t

[JX V (/V  *)*,] =  [7 x / ]  =  § ia .

We use these facts to  continue the above computation:

(7x V ) . ( / x ( /  V  5 ).)(*i<7,) =  ( 7 x V ) . ( / x ( /  V  *)„)[/ x id

=  [7 x V ( /V S)*d 

(3.7) =  $ i« .
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An analogous calculation shows that

(3.8) ( / x V ) . ( / x ( /  V 5) .) ($  i ^ )  =  $i/3,

but before we can use this we have to see how to express the action of (cr,)o after commuting 

it with (7x V)*(/><(/ V g)»). First note that for any

a: G 7t2( J x ( 5 ] V S 1), (5 1 V ^ J o V  (S 1 V S 1) ^

we have

(3 .9 )  ( / X V ) , ( J X ( /  V f f ) ) . ( (<r,)° z )  =  (v o W 1) . ( ( / v s )0v ( / v s )a)). (a,)o(/ 2 i V ) . ( 7 x ( /  V 5 ) ) . ( z ) .

The commutativity of the following diagram

7n S 1 tt1(5 1 V S ^ - ^ U t t ^ S 1 V S ^ o .f S 1 V S 1) ,)

tt̂ A  V A)

( ( /  V fif)o V ( /  V fif)i)*

tti((A V A )0 V (A v A )i)  

(Vo V Vi)» 

7Ti(A V A)

shows tha t

(Vo V V i)* (( /  V <7)0 V ( /  V flf)i)*(ci)o =  Q o£ tti(-A V A). 

Using this result in (3.9), we get

(3.10) ( I x y U I x ( f V g M {a,)ox)  =  “° ( / x V ) . ( J x ( / v  <?)).(*)•

Assembling the results of (3.6), (3.7), (3.8), and (3.10) we see th a t (3.3) has been verified 

and so $1 is a crossed homomorphism as claimed.

The case for n > 2 contains two verifications: First, we verify th a t $  respects the ■K\A- 

action. Then we check tha t $  is an additive homomorphism. To begin the first verification, 

let a  G 7Ti(A,*) be represented by a: ( I , d l )  —> (A ,* ),le t £ G 7rn(AT, A ,*) be represented by
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/ :  (I n , d l n, J n_1) —► (A", A, *),and  let "£ be represented by 5 : (I n, d l n, J n_1) —► (X, A ,*). 

From the definition of the 7Ti A-action we know that /  is freely homotopic to g  by a homotopy

H  : I  x  (r , d I n, J n~1) -  (X ,A ,A )

in which, for each x  E J n~l , if |(/ X a?) = a. Define a homotopy

G: I  x ( I n+\ 9 / n+1, Ln) -  (J  >< X , 0 / x *  U J x  A ,I x A )

by using the identification ( r + \ 9 I n+\ L n) = ( I  x  I n , d l  X  I n l> I  X  d l n, l  X  J n~1) and 

setting G ( s , t , x )  =  (t , H { s , x )) for x E I n. G is a free homotopy oi I  X  f  with I  X  g. The 

image of the basepoint (0 ,0 ) £ I  X  I n traces a loop in 0 X A  th a t represents the image 

of a  under the map : 7rij4 ■Ki{dIxA) =  iti(A  V A) induced by inclusion of A  a t zero. 

Consequently, in wn+ i ( I x X ,  d l x X  U I x A ) ,  we have '*(“)[/ x  f] = [I X  g]-, in other words 

M “)<|>n(£) =  $„ ("£ ), and so $ n is a 7rii4- homomorphism.

The second part of the verification for n > 2 is tha t $  is an additive homomorphism. Let 

f , g :  ( I n , d l n, J n_1) —► (X , A, *) represent a pair of elements of 7rn(X , A, *). Then $ n[/], 

$ n[<7] are represented by maps

I  x  f ,  I  x  g: ( I n+ld r +1, L n) -  ( I x X , d I x X  U I x A ,* ) .

Strictly speaking, addition in Trn+i(I>iX, d l x X  U I x A )  is defined using representatives 

defined on ( I n+1 , d l n+1 , J n). However, the definition of addition of representatives using 

the last coordinate given in the conventions section can also be used to  combine I  X  f  and 

I  X  g. Let us temporarily call the result (I  x  f )  +1 ( I  x  g).  Since the definitions of +  in 

7rn(X,  A) and +1 in T T n ^ I x ^ X ^ I x X  U/X/4) both use the last coordinate, it is immediate 

tha t

{ I x f )  A 1 (7 x  g) = I x  ( f  + g).

The only question is when I  X  f  and I  X  g  are deformed to  representatives defined on 

(7"+1, d l n+1, J n), whether the sum ( /  X / )  +1 ( /  X g )  deforms to the sum ( /  X / )  +  ( /  X g ) .  

Now +  and +1 are defined in the same way on the last coordinate—they differ only in
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H.(0)

Figure 3.2. The homotopy H

the type of representative they apply to. Thus we can affirmatively settle the question by 

showing that, for n  > 2, a  map / :  (Jn+1, d l n+1, L n) — (Y , B , *) can be deformed to a 

representative / ' :  ( I n+1, d I n+1, J n) —* (Y , B , *) without altering the last coordinate.

A specific homotopy can be obtained as follows: Make the identification J n+1 =  D 2 x / n_1, 

identifying I 2 with [-1 ,1 ] X [-1 ,1 ] and [-1 ,1 ] X [-1 ,1 ] with D 2 by radial projection. View 

D 2 as the unit disk in the complex plane. Define L : I  X D 2 x / n_1 —► D 2 X / n_1 by

L {t ,re ie, v )  = (reiH^ ’e\ v )  for t e  / ,  reie e D 2, v G I n~l

where H : I  X R  —> R  is the homotopy
f ^ 6  + ^ ^ 7 r t  - I f  + 2717T < 0  <  * f  + 2n?r

H ( t , 0 ) =  \
{  (1 + 2t)0 — + 2 m r  < 9  < ^ f +  2 m r

The 1-parameter family of piecewise linear functions H t : R  -* R  is sketched in figure 3.2.

Hq{9) =  6 , and as t goes from 0 to 1, the open dots move vertically along the lines 6 =
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Figure 3.3. The effect of L on D2 when t = 1

+  2n 7r, n E Z. The two cases in the definition of H  define straight line segments joining 

these open dots to points on the graph of the identity map with coordinates f  (8n—3 ,8 n —3).

Hi  maps the 0-intervals [—^ f  + 2nn, ^  +  2mr] onto the intervals [—̂  +  2nir, - f  +  2n7r] 

and maps the intervals +  2n7r, ^  +2n7r] onto [—f  + 2mr, +  2n7r]. Thus the effect of L 

on D 2 when t =  1 is the reparametrization sketched in figure 3.3. When D 2 is identified with 

72, this map carries L n onto J n in / n+1, yielding the conversion of / :  ( / n+1, d l n+l, L n) —» 

( y ,B ,* )  to / :  ( I n+1, d I n+1, J n) -> (Y , B ,*) required to finish the verification.

Item (3): In order to establish the boundary formulas we need some additional facts and 

definitions. View I  as a CW-complex with two zero-cells {0} and {1} and one one-cell I. 

View I n as a CW-complex with the product cell structure obtained from / "  =  /  XI X • • • X I .  

For fixed n, let C  =  I n and then use C k to denote the fc-skeleton of C. The (n -  l)-cells or 

faces of C  have attaching maps d\: / " -1 —*• I n for n > 2 given by

• • - 5 < n - l )  =  ( f l  > • • • • - 1  < n - l ) 5 * G { 1 ,  2 , .  . . ,  Tl} ,  f  6  { 0 , 1 } .

The homology classes D\  G /?„_ i(C n_1,C " -2 ) determined by these attaching maps are the 

generators of the (n — l ) 8t cellular chain group of C. If in- 1 G wn- i ( I n~ 1, d l n_1) is the 

class of the identity map of / n_1, then the elements

d\ =  d t( in - i )  G 7r„_1(C n- \ C n- 2) for n > 3

are carried by the Hurewicz homomorphism to the corresponding D\  E C n~2).

For n > 3, this is a 1-1 correspondance of free abelian group generators. For n =  3 it 

induces abelianization of the free crossed 7rjC1-module ^ ( C ^ C 1).
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H n(C n, C n~1) has a single generator on which is the image under the Hurwicz homo­

morphism of in G Trn( I n, d I n) =  7rn(C n,C n_1), and we have the homology formula

i=l

We need the analogous formula for d(tn) G 7rn_ i(C n~1, C n~2, *), where * =  0 G /" •

Let e,- be the ith standard unit vector in R n and let m,-: I  —> I n be the path  m,-(t) =

te{. Let pi: iVk(Ck, C k~1,ei) -* Xk(Ck,C k~1,*)  be the induced isomorphism of homotopy

groups. For n > 3, let

d\  =  P i { d \ )  =  G Kn- l ( C n~ \ C n- 2, * ) .

Then d\ is freely homotopic to  d\ by a homotopy in which the basepoint traverses the 

path  m j. Because of this, both d\ and d.\ have the same image D\  under the Hurewicz 

homomorphism.

For n — 2, the functions d-: I  -> I 2 describe the edges of 12 as paths, and we let d\ 

denote the homotopy class of the path d\ rel. endpoints

Lemma 3.4. Cubical Homotopy Addition Formulas.

For d„+1: irn+1(C n+1 ,C n) —> ttn(Cn,C n~1) the following formula holds:

' d^d\(d2)~1{d^)~1, fo rn  =  l

fln + i^ + l =  ' _ d i -  4  -  <*3 +  4  +  A  +  4 .  t o r n  =  2

■ for n >  3.

For n = 1 juxtapostition denotes composition o f  paths. For n — 2 the formula consists o f  

a non-abelian sum contained in the center o f  ^ ( C 2, C 1, *) and so invariant under cyclic 

permutation o f  its terms. For n > 3 the formula is an ordinary abelian sum.

Lemma 3.4 is a cubical version of the homotopy addition lemma usually stated for sim- 

plices. We postpone its proof to  the end of the section, and apply it now to the verification 

of the boundary formulas (3.1) and (3.2) in the theorem.
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Let a  € 7rn( X ,  A)  be represented by / :  (7n, 07", «/n_1) —► Then $ n { X , A ) a  is

represented by (7 X /)» tn+i • For 0^+1 as defined in Theorem 3.3 and c^+1 as defined in 

Lemma 3.4, we have

^n+l $n(-X\-'4)a  — d'n+i ( I  X /)*4n+i

(3.11) =  (7 X /)*<?£+!tn+1

If n =  1, we continue the above calculation by using the first line of the formula in Lemma

3.4, obtaining

d'n+1* n( X ,  A ) a  =  (7  x  / ) . ( d S ‘M r , (‘* i)" 1) 

=  [ /  x  / ( I  X / ] [ /  x  / | 0  x  / ] - 1 .

The final line above is justified by the observations

(7 x M  =  ( l x  J ) * d \  =  1 e * ) ,

( I  x  f ) * d \  =  [7 x  f \ l  x  7],

(7 x /)*d? =  [7 x / | 0  X 7].

This verifies (3.1).

For n > 2, using the fact th a t 7 X /  carries the faces of L n to *, the two cases for n  > 2 

in Lemma 3.4 combine to yield a single continuation of (3.11), namely

(3.12) (7 x  / ) . a ^ +14„+1 =  - ( 7  x / ) .d ?  -  (7 x / ) .d ?  -  (7 x  / ) . d j ,

because for all om mitted term s (7 x /)* d | =  0. But

(7  x  / ) .d °  =  [7 x  / | 0  x  7”],

(7  x  / ) . d j  =  [7 x  / | 1  x  7 n],

(7  x  /)*d ?  =  [7 x  / | 7  x  (1 X 7 n -1 )],

and

[7 x  f \ I  x  (1 x  7"- 1 )] =  i ,[7  x  ( / |1  x  7 " - 1)] 

=  i*[7 X d na ]

=  i*$n_ i(A ,* )o .
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Using these substitutions in (3.12) and combining the results with (3.11), we end up with

(3.2). This finishes the proof of Theorem 3.3. 0

We now define the mapping \P whose existence and properties are the subject of Theorem

3.1, and then finally give the proof of Theorem 3.1.

Definition. Let X F and yG be filtered spaces. Recall that Ix_Xf  has the P-filtration 

defined in section 3.2, and let H : I><XF —> Yq be a filtered homotopy. Define $ n to  be the 

composition

This definition opens the door for the 

Proof of Theorem 3.1: Since \Pn =  the naturality and homomorphism properties 

of \Pn , parts (1) and (2) of Theorem 3.1, are immediate consequences of the corresponding

7Tn( F nX , F n~1X )  ^  Kn+1( I x F nX , d I x F nX  U I x F ^ X )  

trn+1( d I x F n+1X  U I x F nX , d I x F nX  U I x F ^ X )  

= nn+1(P n+1( I x X ) , P n( I x X ) ) .

properties of $ n , parts (1) and (2) of Theorem 3.3. We thus turn to the boundary formulas 

for $ n. For these we inspect some diagrams, one for n  =  1 and one for n >2 .

For n =  1 we use the commutative diagram

-------------M P 1* ,* )

$1 k 2{ I x F 1X ,  P \ I x X )

U n 2( P 2( I x X ) , P 1( I x X ) ) — — ^ T r 1( P 1( I x X ) )
'2

and compute

c?2X® ia  =  d2X**^ia  

=  [ / x / | l x / ] [ / x / | 0 x / ] - 1,
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where a  £ i t \ (F l X ,  *) has been represented by / :  ( I , d l )  -» ( F rX ,  *), and the last line is 

justified by (3.1) of Theorem 3.3. This proves the boundary formula for 4>i.

For n > 2, we have to consider the following non-commutative diagram: (When n  =  2, 

the two right-hand columns are identical and =  1.)

7rn( F nX ,F n- 1X ) ----------- ^ -----------► 7rn_1(F n - 1X , * ) ------ ^ ----- ► ^ ( F ^ X ,  F n~2X )

(4k) * n - l *n-X

irn+1( I x F nX , P n(I  x  X )) ■Kn{ I x F n~1 X ,  dlx^F71-1 X )  -r+ 7rn( / x P n - 1X , P n_1( Jx X ))

X .
i*

irn+1(P n+1( I x X ) , P n( I x X ) )   >irn{Pn( I x X ) , d I x F n~1X ) - ^ i r n( Pn( I x X ) , P n- \ l x X ) )
I C^n+l 3 *  f

Every cell except the one marked (J(k) commutes in this diagram. The cell marked (4k) is 

described in Theorem 3.3 (3). Using (3.2) from that theorem, we let a  6 irn(F nX ,  F n~1X )  

be represented by / :  ( /" ,  dln, J " -1 ) —* ( F nX ,  F n~1X ,  *) and compute

=  M - [ I  X / | 0  X I n] -  i*$n-ldna + [ lx  f \ l  X H )

= - [ /  X /|0  X /"] -  + [/ X /|1  X /"].

(3.2) is used in the third line of the computation. Note th a t the brackets denoting homotopy 

classes refer to  different groups in lines 3 and 4. This proves the boundary formula for 4>n 

for n > 2 and so completes the proof of Theorem 3.1. 0

For completeness, we finish this section with a proof of the cubical homotopy addition 

theorem, Lemma 3.4.

Proof of Lemma 3.4: For n  =  1, the result follows from figure 3.4. For n > 3, the result 

is immediate form the corresponding homology formula and the fact tha t the Hurewicz
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Figure 3.4. d f  l2

homomorphism is an isomorphism for n  >  2. This leaves the case for n =  2. For this case, 

our arguments refer to the labels in figure 3.5: If X ,  Y  are vertex labels, let ( X , Y )  denote 

the path from X  to  Y .  Faces a t 0 are oriented by taking the unit vectors th a t span them in 

the order of increasing subscripts, and the same orientation is transferred to the faces a t 1.

----- i

-t

Figure 3.5. d$
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The boxed labels on the faces denote the homotopy elements of ^ ( C 3, C 2,0 )  determined 

by the pointed attaching maps of the faces. For d f : ir2(C2, C 1, *) —*• 1K\(C1,*)  we have

d?d° = { O B ) ( B E ) ( C E ) - l {OC)~x 

8%d\ =  (O A )(A D )(D G )(F G )-1{ A F ) - 1( OA ) - 1 

d % 4  = {OA}{AF)(CF)~1(OC)~x 

d%d}2 =  ( OB) {BD) ( DG) ( EG) ~l ( BE ) ~ 1{OB ) ~ 1 

d ? 4  = ( OA) {AD) ( BD) ~1( OB )~ 1 

d f d i  = {O C ) { C F) ( FG ) ( EG ) - 1{CE)~1( OC ) - 1

Using these results, a  straightforward calculation shows th a t the claimed formula for 8§  13 

given in the lemma lies in the kernel of d2 . Using the following commutative diagram and 

the fact tha t C  is acyclic, it is easy to  see tha t the Hurewicz homomorphism h2 is injective 

on the elements of ker d2 ■

7T3(C 3,C 2) ^  ^ (C ^ .C 1) ^  >7nCC1)

h. abelianization

t f 3(C 3,C 2)>---------->H2{C2, C x)

Both the claimed formula for 8§  13 and d2 t3 have the same image under h2 because h 2 is 

abelianization and the diagram commutes. Since the claimed formula for 8^13  and 8^13  

belong to  a subset on which h2 is injective, they must be equal, and this finishes the proof. 

0
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C hapter 4. CW - and J-F iltered  Spaces

In [CH  II], W hitehead defines a CW complex X  with skeleta { X n} to be a J m-complex 

if j „ : nnX n —► 7r„ (X n, X n_1) is injective for 2 < n < m.  In [CH  II] he proves tha t if Y  is 

a  J m-complex, then the map of homotopy classes

[^CW)^Cw] —>• [p(-^cw))/j(^cw)]

is a surjection if dim X  < m  -f  1 and a bijection if dim X  < m. Inspection of the proofs 

reveals th a t one needs the properties of the CW filtration for X ,  but th a t only the J m 

property is used for Y.

The decisiveness of the J m property also appears in W hitehead’s account of the realization 

of homotopy systems C  as p ( X )  for some CW complex X .  In [CH II], W hitehead proves 

th a t any four-dimensional homotopy system is geometrically realizable by observing that 

the two-dimensional (crossed module) subsystem can be realized by a J 2- complex, and tha t 

if C m can be realized by a Jm-complex, then C m+2 is geometrically realizable.

Once again, it is the the J m property of the filtration, not its CW properties, th a t allow 

geometric realization to proceed. These observations suggest the utility of freeing the Jm 

concept of the requirement tha t the filtration be a CW filtration. When we do this, we see, 

in Theorem 5.1 of Chapter 5, th a t any homotopy system can be realized by a filtered space 

which has the J m property for all m, if one is willing to dispense with the requirement tha t 

the filtration be CW.

The perspectives of the previous paragraphs motivate the study of what we have called 

J-filtered spaces in section 1 of Chapter 3. The essential result of this chapter is the natural 

bijection

[J^cW)Tj] —► [/>(Xcw ))/>(^j )]

of filtered homotopy classes of filtered maps, where Yj  has a J-filtration. This is achieved 

in Theorem 4.5. The preceeding lemmas, 4.1-4.4, handle various details needed to show 

the correspondance is 1-1 and onto. In Corollary 4.6 we note tha t if the J-filtration on Y  is
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sufficiently connected, then the cellular approximation theorem works and we can replace 

[XcW)Xj] by [-X", 3̂ ] in the above bijection.

In Corollary 4.7, we obtain as an application of these results the fact th a t the homotopy 

groups of a  space can be computed as the homology groups of the crossed complex obtained 

from a well-connected J-filtration of the space.

The results of this chapter are written at a level of generality sufficient for use in the next 

chapter. In particular, in Chapter 5 we have to consider filtered homotopy classes of maps 

between filtered spaces where the domain filtration is not CW. For this reason, the domain 

filtrations in this chapter are not assumed CW when it is not necessary to  do so, and the 

peculiar hypotheses of Lemma 4.3 are adapted to the applications in Chapter 5 as well as 

the more modest demands of this chapter.

Diagram Convention: In this chapter, homomorphisms that have not been geometrically 

realized will be represented in commutative diagrams by dotted arrows, and homomorphisms 

tha t are geometrically realized will be denoted by solid arrows.

4.1 . B asic P roperties o f  J-F iltered  Spaces.

Lemma 4.1. Let X f  be a Altered space, Yj a J-filtered space, and <f>: p {XF) —*■ p(Yj) 

a chain map. Let ipi = 4>\: t t \F xX  —► J XY .  Then there are unique homomorphisms 

ipn : 7rnF nX  —> wnJ nY  for n > 2  that yield commutative diagrams

P n + i ( X F) ---------- ► 7rnF nX ---------- ► pn{XF)

fin

Pn+l{Yl)------------- nJnY>---- ;----->Pn(Y])
J n

Proof: Vh has already been given. Suppose V’n - i  has been found and is unique. Consider 

the following commutative diagram, without tpn as yet:

P « + i ( * f ) ------------► * n F nX -------------► p n( X F) ------------ ► j r n - i F " - 1 ^

(III) U B? (II) U n (I) ^n- 1

P n + l ( Y j ) -----------» 7TnJ nY)---- ----->Pn(Y}) ------------►7rn_ l J  X
J n
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V>n is defined using squares (I) and (II). The exactness of the rows of squares (I) and

(II) and the fact th a t j n is a monomorphism can be used to verify th a t ipn is unique, 

a homomorphism, and th a t square (II) commutes. The commutativity of the rectangle 

formed by squares (II) and (III) (without tpn) and the fact th a t j n is monic guarantee tha t 

square (III) commutes. 0

L emma 4 .2 . Let X c w  be a strictly pointed C W  complex and Yj a J-filtered space. Let 

<t>: p ( X cw ) —* p f t j )  be a map o f  homotopy systems. Let A cw  C X c w  be a subcomplex 

and suppose I: A  cw  —*■ Yj is a partial realization o f  <jf>, in the sense that

p ( X c w ) -------------   +p (Yj )

p(A cw )

commutes. Then I can be extended to a map f : X c w  Yj that realizes <j>.

P r o o f : The proof is given in [CH  II] in the case th a t Y  is a J m-complex (for sufficiently 

large m). We summarize it here for convenience, and to emphasize tha t the filtration on Y 

does not have to be CW.

A  U X 1 is obtained from A  by wedging on circles, so can be extended to a map 

f \ : X 1 —> Y 1 such th a t (/i)»  — <f>i. This gives us the commutative diagram

TT^X2, * 1) -------------►*!*!

<f>2 I <f>l = ( f l ) .

tt2( J 2X ,  J ' X )  ► JT1J XY

from which it is easy to conclude ([C H  II], Lemma 4) that there is a map / 2 : X 2 —> J 2Y  

with ( / 2, / i ) „  =  fa and f 2\A2 = l2.

Assume that we have realized <p up through dimension n by a filtered map /  whose 

components f T: X r —► J rY  satisfy / r | A r = lr, 1 <  r < n. We now have a diagram in which



4.1. Basic Properties of J-Filtered Spaces

square (ft) is not necessarily commutative:
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P n+ l ( X C V / )  ► TTn-X’n  ► P n ( X c w )

^n+lj (ft)
I
V

P n + l ( Y j )  ► 7Tn--------------J nY »- -̂---► PniYj )
Jn

However, square (ft) must commute, because the outer square commutes and j n is a 

monomorphism. Just as in the dimension 2 case above, square (ft) allows us to  extend 

/  to  X n+1 in a way tha t is consistent with ln+\ on .4n+1 and such that ( / n+ i , / n)* =  ^n+i- 

0

Definition. Let f , g :  X f —> Tg be filtered maps and let 0 :  p (Xf) -> p (Y g ) be a chain 

homotopy /* ~  gt . We say th a t a filtered map H : /x X p  —► Yg is a geometric realization 

of 0  if H q  = / ,  Hi =  g, and the diagram

p ( X F)   ->p(IxXF)

\

P(Ya)

commutes as a diagram of graded modules (not as crossed complexes). $  is the mapping 

described in Theorem 3.1.

Lem m a 4 .3 . Let X F be a filtered space with free filtration F, and let { E f }  denote the 

preferred basis o f  pn( X F) for each n. Suppose further that the P-filtration on I x X f is free, 

and that pn+i(Ix_XF) has the basis {Oxi?"+1} U {l^L-E"*1} U { ^ ( I ? " ) } .

With these assumptions, let D be a crossed complex and 0 :  p ( X F) —► D a chain homotopy 

a  ~  f3. Then there is a unique chain map v: p ( I x X F) —► D such that

(a) i/(i0)» =  Q, i'(i'i). =  /3, where io ,i i :  X  —> I x X  are the inclusions at either end o f  

the cylinder.

(/«). (/n i f n - 1 )*
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(b) The following diagram commutes as a diagram o f  graded modules:
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p(X K)   ->p(IxXF)
\  /  \  /
0\  / v\  /

P(Yo)

R e m a r k : The hypotheses of the lemma are satisfied when the filtration F is a CW filtration, 

in which case the basis elements E f  correspond to n-cells. We shall later have occasion 

(Theorem 5.3) to consider a cellular filtration which is not the CW filtration but which 

nonetheless satisfies the hypotheses of the lemma.

P r o o f : If / :  ( I n+1,0 J n+1, J n ) -+ (F n+1X ,  F nX ,  *) represents £ ? +1, then by t x E n+ \  

t = 0,1, we mean the element represented by [I X f \ t  X / n+1] € 7rn+i ( P n+1X ,  P nX ) .

The conditions of the lemma force the definition of v.  In order to satisfy (a) we must 

have

un+1( 0 x E ^ +1) =  a „ +i ( ^ +1) 

un+1(l  x E ? +1) =  /? „ + i(£ j+1)

while condition (b) forces us to  define i/n+i $ „ ( £ " )  =  0 n(E?).  The only question is whether 

these definitions produce a chain map.

For n >  2 we have

dun+1(0 x E ? +1) =  d a n+1(E?)

= <*nd(EJ)

= vn(io)»d(EJ)

=  vnd(i0)»(EJ)

= vnd { 0 x E f 1).
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There is an analogous verification for lx_E f+1. Furthermore,
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0i/„+1 * „ (£ ? )  =  d®n(E?)

=  - a n(E D  -  0 n_xd(E?)  +  /?„(£" )

=  - u n{i0U E ? )  -  vnV n- id {E ? )  + M h U E ? )

=  vnd 9 n(E?).

The third line uses the fact th a t i/n+ i19?n(^) =  0 n(z) for all z  6 pn( X f ) ,  which follows 

from the definition of i/n+i on generators and the fact that both $ n and 0 n are 7rjX - 

homomorphisms. The fourth line uses the formula for d $ n given in Theorem 3.1.

The verification for n =  1 is analogous but simpler because the boundary formulas for 

\Pi and 0 i are less complex. 0

L em m a  4 .4 . Let X c w  be a strictly pointed C W  complex, Yj a J-filtered space, and 

f , g :  X c w  Y] filtered maps> Then any chain homotopy 0 :  p (X cw ) —* />(Yj) o f / ,  with 

g„ has a geometric realization.

P r o o f : Consider the following diagram:

p{X  cw ) -  > p { I x X  cw)

0s

p (y 3)-

V i i ) ,

p{X cw  V X c w )(/Vg),

Lemma 4.3 provides the left triangle, which commutes only as a diagram of graded modules. 

v  is a chain map and the right triangle commutes as a diagram of homotopy systems. 

Applying Lemma 4.2 to  the right triangle, the partial realization /  V g can be extended to  

a map H : I x_Xcw  Yi th a t geometrically realizes v. Hence H  geometrically realizes 0 . 

0

T heorem  4 .5 . Let X c w  be a strictly pointed C W  complex and Yj a J-filtered space. Let 

[Jfcw j^ j] denote pointed filtered homotopy classes of pointed filtered maps f : X cw  —► Y],
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and let [/9(Xcw), /o(yj)] denote chain homotopy classes o f  chain maps <j>: p(X cw ) —> p(Yj). 

Then there is a natural bijection

pfcW>Xj] <--- ► K X c w ) , ^ ) ] .

P r o o f: Let us use hom (A cw iY j) to denote the set of pointed filtered maps, and let us 

use hom (p(X cw ),p(X i)) to denote the set of chain maps, p induces a natural function

hom (XCw ,y j)  hom (p(XCw ),p(V j)),

and Lemma 4.2 with A = * indicates tha t this function is surjective. Theorem 3.2 guarantees 

tha t this function respects homotopy classes, so we have a natural surjection

[ X c w ,T j ]  — ► [p (-Xc w ) ,/> (X j )]-

Lemma 4.4  indicates that this function is also injective. 0

C orollary  4 .6 . I f  X  is as in Theorem 4.5 and Y  has as well-connected J-filtration, then 

there is a natural bijection

[ X , Y ] ^ [ p ( X c w ) , p ( Y j ) ]  

where [X,Y] denotes pointed homotopy classes o f  maps f : X  —> Y .

PROOF: An inspection of the proof of the cellular approximation theorem for CW complexes 

reveals tha t the only necessary condition on the target space is tha t its filtration be well- 

connected. Hence the map [Xcw>^j] —► [^> ^] is a bijection. 0

C o rollary  4 .7 . I f Y  has a well-connected J-filtration, there are natural bijections

nn(Y)  Hn(p(Yj)) n > \

which are isomorphisms o f  7ri Y-modules for n > 2 and an isomorphism o f groups for n =  1.

P r o o f : When n = 1, the requirement tha t the low-dimensional terms of a  filtration be 

CW guarantees tha t i t \Y  =  Hi(p(Yj ) ,  so the remainder of our argument assumes n >  2.
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In Corollary 4.6 take X cw  =  S n with the CW structure of a  0-cell and an n-cell. We get 

a bijection

(4 .i) ?rn(y )  =  [s ^ w , y 3] <— » {p (S2w ) , p (Yj )}.

For <f>: p{S%w) —► p(Y3) we have the following commutative diagram:

--------------------------------- , Z -----------------------------------------0 ->■0

n+1

n+1

H n( Pn(Y3))

Associated with this diagram is the exact sequence

B
0  - >  7vn+1J n+1Y  P n + l ( Y j )  7Tn J nY  -  H np nY3 -  0 .

Thus there are functions

hom (p(S£w),p(Y3)) <— ► { </>n: Z —*■ pn(Y3) \ =  0}

hom(Z, 7rnJ ny )

hom(Z, H n( p n (Y3))
(4.2)

onto
Z H npn(Y3).

The composition of the four maps displayed above is a surjection. Passing to homotopy 

classes creates a bijection

(4.3) [p(5?w) ,p (F j) ]« ->  f f np(Yj).

This is because we can write the composition as cf> t-> p$n(t) where t generates Z, <j>n is 

the component of <j> in dimension n (the only non-zero component of (j>), <̂n : Z —► wnJ nY  

satisfies j n<f>n =  <f>n , and p \  itnJ nY  —*■ H n(pnY3) is the quotient map.
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If <f> ~  ij), th en there is is a chain homotopy A whose only non-zero component An satisfies 

dn+iA n(t) = -4>{i) +  ih(t). But then j ndn+iAn(t) = - j n<t>n(t) +  jnV’n(t), and since j n is 

injective, dnA n(t) =  ~4>(t) +  V>(t), which means th a t p<f>n(t) =  pV>n(f). This indicates tha t 

there is a well- defined map, (necessarily a surjection)

\p{S2w),p{Y3)] —  HnPnYj.

The argument is, in this case, reversible. If //<£„(<) =  pi/>n(t), we can create a chain 

homotopy A: <j> ~  ip. Define An : Z —► pn+i(Yj) by requiring An(t) 

and let all the other components of A to be 0. Thus the surjection above is a bijection.

The composition of the bijections (4.1) and (4.3) will yield the theorem for n > 2, once 

we have checked tha t both of these bijections are isomorphisms.

In the first case, we can choose a filtered representative / :  ( S n,*)  —► ( J n, Y )  for a  6 

7rny .  The correspondance (4.1) carries this to  /* :  p(S£w) —► p(Vj), whose only non-zero  

com ponent is j nf »: irnS n —> nnJ nY  -* nn( J nY , J n~1Y ) .  Thus the correspondance m ay be 

viewed as a map 7rnY  —> hom(7rn5 n, nnJ nY) .  The group operation in hom(7rn5 n ,7rnJ ny )  

is given by ( /  +  g)(in) =  /* (tn ) +  <7*(4n), where in is the generator o f 7rn5 n determined by 

the identity map o f S n. Thus, the verification that the bijection in (4.1) is a homomorphism  

reduces to the easy verification that ( /  +  g)*(in) =  /*(^n) +  <7*(^n) where the first addition  

is in 7rny  and the second is in 7rnJ nY .

In the second case, hom (p(5"vv),p(Yj)) gets its group structure from its identification 

with hom (Z ,7r„ J ny )  given in (4.2), and the remaining maps in th a t seqence are clearly 

homomorphisms. 0
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C hapter 5. T he Functor K

In Theorem 5.1 of this chapter, we perform the construction th a t motivates the paper. 

Given a  homotopy system C , we construct an iterated cellular complex X  with a J-filtration 

{ J nX  } such tha t p ( X j)  =  C.  Although X  is not, in general, a CW complex because the 

attaching maps do not necessarily have images in the proper skeleta, X  is homotopic to a 

CW complex with interleaved J- and CW filtrations.

In Theorems 5.3, 5.5, and 5.6 we show that the choices made in constructing X  from C do 

not affect the homotopy type of X ,  thereby justifying the notation X  ~  K C  and allowing 

us to view K  as a functor on the appropriate homotopy categories. Our strategy is to  take 

one particular K C  and prove tha t there is a natural bijection of homotopy classes

[ K C 3, K D 3 ] < - ^ [ C , D ] .

Such a bijection provides homotopy equivalences between any two versions of K C  and 

defines K<f> for any <f>: C —> D in a functorial manner.

In Theorem 5.6 we also apply the results of Chapter 5 in order to show th a t K  is right 

adjoint to p by concatenating the natural bijections

[X ,  K C ]  ► [ p(Xc w), p ( KC j ) ] ----------- ► M * c w ) ,  ° ] -
(Cor 4.6) (Thm 5.1)

In Theorem 5.7, we apply Corollary 4.7 to K C  to  conclude th a t the homotopy of K C  is 

the homotopy of C.

5.1 . T h e  C o n s tru c tio n  o f  a  K C  Space.

T heorem  5.1. Let C be a homotopy system. There is a strictly pointed iterated cellular 

complex X  with a J-filtration J  such that

(a) I " ' 1 C J n~ ' X  C l n C J nX  for n > 1.

(b) p ( X 3) £* C.
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P r o o f : Let C n denote the n-skeleton of C, namely the crossed com plex that agrees w ith  

C  up to  and including dimension n  and is zero in all dimensions above n.

Our characterization of X  as an iterated cellular complex means tha t there is a filtration 

{ X n } of X  such th a t X n+1 is obtained from X n by attaching (n +  1)- cells. The attaching 

process allows the boundary of a particular (n +  l)-cell to  be mapped into the union of X n 

and the other (n +  l)-cells, so X  may not be a CW complex, although it has the homotopy 

type of a CW complex with the same skeleta, obtained by deforming the attaching maps 

out of any higher dimensional cells.

We prove the theorem by induction on n. Begin by realizing C 2 with a CW complex X 2, 

yielding a commutative diagram

C 2 ---------------► C 1

TTzpf2, * 1)  ► W1X 1

7T2 X 2

in which j \  is a  monomorphism. Since J * X  =  X 1, J 2X  =  X 2, (a) and (b) as they apply 

to C 2, are trivially satisfied.

Suppose v have constructed X  with n-skeleta { X n } and a  J-filtration J satisfying (a) 

and (b) as they apply to C n. This means that we have

(a) X 1 C X 2 C X 3 C J 3X  C • • • C X n~l C J n~l X  C X n C J nX .

(b) For 2 <  m  < n  the commutative diagram
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in which j m is a monomorphism.

Let { b{ | i e  S }  be a 7Ti-basis for Cn+i ,  where 7Ti =  C i / im d 2. Since j n- i  and j n are 

monoxnorphisms, each 6,- determines a unique element in TvnJ nX , which can be used to 

attach an (n +  l)-cell to J nX .  Let X n+1 denote the resulting space, which geometrically 

realizes C n+l and yields a commutative diagram

-> C rC n + 1

7vn+1( X n+\ J nX ) ------- ► irn( J nX ,  J n~l X )

&n+l

Since kn+\ is not necessarily a  monomorphism, (b) has not yet been satisfied. In order to 

satisfy (b), we construct the space J n+1X  by attaching (re +  2)-cells to J f n+1 so as to kill 

the kernel of kn+ i. This gives us the commutative diagram

n+1

n+1

7Tn + 1 J " + 1 X

with j'n+i now a monomorphism by construction. The crucial observation, already indicated 

in the diagram above, is th a t /n+i is an isomorphism, so th a t we have not destroyed the 

geometric realization in order to  make j n+1 injective.
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To see tha t /n+1 is an isomorphism, consider the following portion of the long exact 

sequence of the triple (,7n+1X ,X n+1, J nX ):

7T n+2( j n+1x , x n+1) ----------- 2-----------, *n+1( x n+\ j nx )  7Tn+1( J n+lx ,  J nx )  ->  0

d \  / C f l
7rn+1X " +1

The fact tha t (n +  2)-cells were attached to  kill kerfc„+i means tha t k n+\d '  =  0, hence 

9 =  0 and so ln+i is an isomorphism.

The space J n+1 X  now satisfies both (a) and (b) as they apply to C n+1, completing the 

induction. 0

R e m a r k s :

(1) If C\ =  0, let Cm be the first non-zero group in C. Cm will be a free abelian group. 

Let J kX  =  * for k < m  and let J mX  =  V5m. Then j m is an isomorphism and the 

inductive step can proceed.

(2) If, in the inductive step, Cn+1 =  0, then X n+1 =  J nX ,  kn+1 =  0, and so J n+1X  

is obtained from J nX  by attaching (n +  2)-cells to kill 7rn+i J n+1X .  Thus, if C  is 

n-dimensional, the construction produces J nX  and then kills all its homotopy groups 

above dimension n.

(3) From the previous two remarks we see tha t if C  is two-dimensional, the space X  

we construct is a K(ir, 1) and if C  has the form Cn+i —► Cn (n > 2 ) with all other 

groups zero, we construct a K( w, n )  with n =  C „/im (C „+i —*• C„). In this case the 

J-filtration on X  is related to  the CW filtration by the formula

f  X k, for k = n 
J kX  =  { 

1 X k+1, for k > n +  1.

(4) If we deform X  to  a CW complex (still called X ) by pushing all attaching maps off 

higher dimensional cells, then we have a diagram of inclusions

* EX x 1 EX x 2 EX x 3 « £ .  j 3x  EX x 4 • • • EOzXx n_1 EX j n_1 x EX x n EXXX. . .
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where the inclusions labelled with E * result from the adjunction of i-cells to  realize 

basis elements of Cu  and the inclusions labelled with e’ result from the adjunction 

of i-cells to  create the monomorphisms j<_i.

D efinition. The process in Theorem 5.1 for producing the space X  from the homotopy 

system C  involves choices of bases for C  and generators for the various submodules to  be 

annihilated. Call a space a  K C  space if it is obtained from C  by the process of Theorem 

5.1 for some particular choice of bases and generators. We shall misuse the symbol K C  to 

denote a particular K C  space.

Any particular K C  space will be viewed as a CW complex with a J-filtration th a t is 

related to  the CW filtration as described in Remark (4) above.

Since the choice of bases does not affect horn sets, there is a natural bijection

[ C , D } ^ [ p { K C J) , p { K D i )}.
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5.2. P rop erties  o f  K C  spaces.

L e m m a  5 .2 .  If(f>: C  —► D is a  map o f  homotopy systems, and i f K C  and K D  are particular 

realizations, then there is a map o f  spaces f :  K C  —> K D  that respects both the C W  and 

the J-filtrations and induces <f>.

P r o o f : Identify C  with p ( KCj )  and D  with p(KDj ) .  The J-filtration coincides with the 

CW -filtration up through dimension 2, and so by Lemma 4.2 there is a map f o : K C 2 —► 

K D 2 partially realizing <j>.

Suppose tha t we have obtained a map /„ :  K C n —► K D n partially realizing <j>. This 

means th a t we have the following commuting diagrams:

J nK C

c

K C n - fn

J nK D

d

-*■K D n

(An)

( I n )  d'

jn-1 f
j n -1 K C  —   J-— ► J " - 1 K D

K C n_1 

1
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{Bn)

TTnJ nKC>~ J n irn( J nK C ,  J n~xK C )  — > JTn-! J " " 1 K C

i>n

V

; D

(pn (pn—l

irn( J nK D ,  J n~*KD)  —+ irn- \ J n K D

In diagram (Bn), the maps <f>n,<f>n- \  are th e ones determined by Lemma 4.1 and, fol­

lowing the diagram convention, the dotted arrows identify algebraic homomorphisms not 

yet geometrically realized. The goal of the inductive argument is to extend f n to  a map 

J nf :  J nK C  —» J nK D  and then to  further extend J nf  to a map f n+ \ : K C n+1 —*■ K D n+1 

so tha t ( J n/ ,  J 71-1/ ) ,  =  <t>n , (J nf  )* =  ipn and diagram (Bn) is reproduced one dimension 

higher as diagram (Bn+i).

To perform the first extension, recall from the proof of Theorem 5.1 th a t J nK D  is ob­

tained from K D n by attaching (n-f l)-cells to kill ker kn =  im(d(,: 7rn, /n~1 K D  —► ttnK D n). 

In light of this fact, square (I„) in diagram (A„) indicates tha t 7rn(do/„ )  annihilates im 7r„c', 

so d o / „  extends over J nK C , yielding J nf .  (J nf  )* in place of ipn makes square (IIn) in 

diagram (Bn) commute, and so makes the outer left square of diagram (B„) commute. By 

Lemma 4.1, ( J n/)*  =  V’n* Furthermore, ( J nf , J n~1f )*  in place of <pn makes square (III„) 

commute and so («/”/, = <pn -

To extend j nf  to  / n+ i, consider the following commutative diagram:
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7Tn+1( K C n+1, J nK C ) ---------- ► 7Tn( JnKC)

irn+1( J n+1K C , J nKC)

4>n+ 1 j V’n =
V

7rn+1( J n+1K D , J nKD)

7rn+1( K D n+1, J nK D ) ■ nnJ nK D

The composition of the three left-hand vertical maps is an algebraic homomorphism that, 

by virtue of the commutativity of the diagram, can be geometrically realized. The resulting 

map /n + i : K C n+1 —► K D n+1 has the property tha t ( /„ + i, J " / ) *  makes square ( II I„ + i)  

commute. Finally, the commutativity of diagram (B„+i) without square ( I In+ i)  and the 

injectivity of j n+\ forces square ( I In+ i)  to commute and so establishes the commutativity

of (Bn+ i). 0

T h e o r e m  5.3. p induces a natural bijection

[KCj ,  K D j ] <- +  I p ( K C j ) ,  p( KD3)] = [C, D]

P r o o f : p induces a natural function

[KCj ,  KDj ]  — » [p(KCj),  p(KDj)]

and this map is surjective by Lemma 5.2. It remains to be seen th a t it is also injective. In 

order to show this, we have to  inspect the cellular decomposition of the product I x K C j. 

Recall that J rK C  — K C r U l j e r+1 where the cells { er+1 } are attached to K C r so as to 

kiU im (7Tr J r- 1A'C -  TTrKC r),  and tha t K C r+1 = J rK C U \ j E r+1 where the cells { E r+ 1} 

are attached to  realize the basis elements of Cr+ i. The definition of the product filtration
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given in Chapter 3 indicates that

P r+1( I x K C j )  =  d l x r + ' K C  U I x J r K C

=  (I x K C ) r+1 U ( J o  X er+2 U ( j  1 X er+2 U [ j l  X  er+1,

( I x K C ) r+1 =  d I x K C r+1 U I x K C T

= P T( I x K C }) U ( J  0 x E r+1 U ( J  1 x £ r+1 U [ J  I  x E r.

Thus P r+1( Ix_KCj)  is obtained from P T( I x K C j ) by attaching the ( r +  l)-cells 0 X E r+1, 

1 x E T+1, I  x  E T and the (r +  2)-cells 0 X er+2, 1 X er+2, 1  X er+1. In order to continue the 

argument, we need

Lem m a 5 .4 . x r+i(P r+1 ( I  X_K Cj),  P t (IxlKC j) )  is freely generated by the basis elements 

corresponding to { I  x  E T} U { 0 x  E T+1 } U { 1 X E r+1}.

We defer the proof of this lemma and continue with the main argument. Let / ,  g : K C j  —*■ 

K D j  be filtered maps and let 0 :  p(KCj)  -*■ p { K D j ) be a chain homotopy /* ~  <7*. Lemma 

5.4 allows us to apply Lemma 4.3 which provides a chain map u: p ( I x K C j )  —> p (K D j )  

such that t'(io)* =  / . ^ ( i i ) *  =  fir*, and there is a  commutative diagram of graded modules

p ( K C } \  --------------- > p ( I x K C 3)
\

\  /
0\  / V\  /* k.

P { K D 3)

Let p: p ( I x K C c w )  p ( I * K C j )  be the epimorphism induced by the identity map K C c w  

—*■ K C j .  The map T] = vop: p ( I x K C c w )  p (K C j ) i s  partially realized on the subcomplex 

( K C  V K C )cw  by /  V g. Lemma 4.2 indicates tha t /  V g can be extended to  a map 

h  \ Tx/i'C cw  —► K D j  th a t realizes v. Furthermore, p T+i, and consequently Tjr+i,  is trivial 

on the basis elements { 0 X er+1 }, { 1 X er+1 }, and { /  X e r  }, so tha t h  can be constructed 

to map P r( I x K C j )  into J r (K D j) .  Thus h can be constructed to  respect the filtration of 

I x I f C j  and so is a geometrical realization of 0 . 0
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P r o o f  o f  Lemma 5.4: P r+1( I x K C j )  is obtained from P r( I x K C j ) by attaching ( r +  1)- 

and (r  +  2)-cells. In general, if  X  is obtained from A  by attaching (r +  l)-ce lls  and Y  is 

obtained from X  by attaching (r  +  2)-celIs, then the hom otopy exact sequence o f  the triple 

(Y, X ,  A)  includes

7IY+2( Y ,X )  7Tr+1( X , ^ )  -» TVr+i(Y,A) -+ 0.

In the case a t hand, Y  =  P r+1( J x K C j ) ,  X  =  ( I x K C ) r+\  A  = P r{ I x K C j ) ,  and it will 

suffice to prove th a t dr+2 =  0- To do this, observe th a t the boundaries of the basis elements 

of 7rr+2(Y ,X )  can all be deformed into A — I x J r~i K C  U d I x J TK C . More specifically, 

any one of these basis elements corresponds to one of { 0 X er+2 }, { 1 X er+2 }, { /  X er+1 }. 

Since the boundary of er+1 can be deformed into J r~1K C , the boundary of J x e r+ 1 can 

be deformed into A. It is immediate that the boundaries of 0 X er+2 and 1 X er+2 can be 

deformed into A,  finishing the proof. 0

Recall tha t we have been using the notation K C  to denote one particular space obtained 

from C  by the process of Theorem 5.1. This process involves choosing a basis B  for C  and 

then making various choices of generators of submodules to  be annihilated by attaching 

cells. The result is a space K C  with a filtration J (B ) such th a t the basis for p(KCj^e))  

obtained from the cells is in 1-1 correspondance with B. We want to  justify the notation

K C  by observing th a t the homotopy type of K C  is determined by C  and is independent of

the various choices mentioned above.

Let Cai Db  denote hom otopy system s C  and D with selected bases A  and B. Let 

K\Cj(A)  denote a particular space constructed as in Theorem  5.1. The subscript attached  

to  K  reflects a particular choice of generators o f subm odules to  be annihilated, and J{A)  

denotes a  J-filtration o f K \ C  such that p{KiCj(a))  has a basis corresponding to  A. Theorem  

5.3 provides a natural bijection

[Ca,  d b] <— ► [K\Cj (a ) ,  K 2Dj(b)\-

T heorem  5 .5 . Let A ,  B be bases for C and let K \Cj (a ) i  K 2Cj(b) be K C  spaces con­

structed from C  as in Theorem 5.1. Then there is a homotopy equivalence K \C j (a )  —
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K2Cj(B)-

P r o o f : Let g: K 2Cj(B) KiCj(B)  be a map whose homotopy class corresponds to  1 c

under the natural bijection

[ K 2Cj(b), K \ D j ( A)] <— ► [Cb, Ca]  

and let / :  K \ C j (^) -+ K 2Cj(b) be chosen analogously. The commutativity of

[K i C j (A), K 2Cj ( b) J ~  > [ CA, Cb ]

9*

[ K i C J(A), K XCJ{A) ] — 5 —  [Ca , C a ]

Shows that g o /  ~  1K Similarly, /  o g ~  1 k 2c j(B)- 0

T h e o r e m  5.6. K  is a functor from the homotopy category of  homotopy systems to the 

homotopy category of  filtered spaces, and is right adjoint to p.

P r o o f : Theorem 5.5 indicates tha t K C j  is the appropriate object. Use the natural bijec­

tion [C, D] *— ► [ K C j ,  K D }]  of  Theorem 5.3 to  define K<f>ior <f>: C  —*■ D.  The naturality 

of the bijection makes K  functorial.

For the adjointness claim, we need a  natural bijection [X , K C ]  <-» [p(Acw)» C].  The J- 

filtration on K C  is well-connected, so by Corollary 4.6 there is a natural bijection [X , K C ]  

<-*■ [p (^ c w ) , p{KC})].  By Theorem 5.1, p(KC})  =  C.  0

R e m a r k : We now have the following commutative diagram: (In this diagram, we denote 

bijections by arrows with a tail and double head rather than using arrows with heads at 

both ends. W ith this convention, we retain the information about the direction of the
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function that induced the bijection.)

[K C ,  K D ]

(cellular approximation)

[ K C Cw, KDcw]> ► [p{KCcw) ,  p{K D cw )]

(cellular approximation)

[JSTCcw, KDj]> (Thm4^ - » [p(A 'Ccw), D]

[ K C j , K D i  ])-------------------------- »  [ Cf D]

The composition of the maps around the left side and bottom  of the diagram yields 

a map [C, D]  —► [KC ,  K D ]  whose properties are essentially determined by the map 

[K C j ,  K D j ] —> [K C c w ,  KD ]] .  Note tha t these last two filtered homotopy sets can 

be very different: For example, construct a K ( Z , n )  as the CW complex

X  = Sn u U e n+2 u l J e n+3 U .. .  

and define a J-filtration on X  by

( X k for k < n 
J kX  = \

I X fc+1 for k > n +  1

(This is the J-filtration we would get by applying the construction of Theorem 5.1 to the 

homotopy system (Z ,n)  that is Z in dimension n and 0 elswhere.) Let Y  be a K ( Z , m ) ,  

m  ^  n, constructed as was X .  Since [ (Z ,n ) , (Z ,m )] =  0, the bijection of Theorem 5.3 

indicates th a t [ X j ,  Y) ] has a single element. However,

[ X c w i  Vi ] =  [ ^ ( Z , n ) c w i  K ( Z , m ) j ) ]

£  [ K ( Z ,n ) c w ,  K ( Z , m ) c w ]

“  i f m(Z ,n ; Z)

which shows tha t [X cw i Xi ] need not consist of a single element.
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T heorem  5 .7 . Let C  be a homotopy system. Then for any space o f  type K C ,  irnK C  =  

H nC, n > 1.

P r o o f : nnK C  =  H n(pKCj) ,  n > 1, by Corollary 4.7 , and H n( p K C j ) =  H nC  by Theorem 

5.1. 0

In Theorem 6.2 in the next chapter, we describe the isomorphism nnK C  —► H nC  more 

explicitly.
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C hapter 6. T he U niversal C overing Space o f  K C

This chapter has the single goal of showing tha t K C ,  the universal covering space of K C ,  

has the homotopy type of a product of K ( H nC , n y s .  This is accomplished by noting tha t 

the Hurewicz homomorphism is a split monomorphism in all dimensions. Byproducts of 

the argument are a  more explicit description of the isomorphism irnK C  =  H nC  of Theorem 

5.7 and a second verification of the homotopy invariance of spaces of type K C  proved in 

Theorem 5.5.

The arguments we make could, in the abelian case, be justified by using the concept 

of additive relations. Since our crossed complexes have non-abelian components, we need 

the concept of additive relations tailored to groups with operators. We call the obvious 

generalizations homomorphic relations. In the appendix, we check tha t there are no surprises 

and tha t homomorphic relations behave in essentially the same way as additive relations 

are known to behave.

6 .1 . T h e  B asic  T h e o re m .

L em m a  6 .1 . Let C  be a homotopy system and K C  a space constructed as in the proof  

o f  Theorem 5.1. Then for each n > 2, there is a commutative diagram o f  nyR'C-module 

homomorphisms

7T„ K C  — H nK C  

Hnp

H nC

where h is the Hurewicz homomorphism and p is the chain map p {K C cw ) p(KCj)

induced by I k c -

We postpone the proof of the lemma until after the statem ent and proof of the theorem 

it justifies:
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T h e o r e m  6 .2 .

K C  ~  J J  K { H nC, n).
n>2

P r o o f : Lemma 6.1 indicates th a t in each dimension, the Hurewicz homomorphism is a 

split monomorphism. This implies that

K C  ~  [ J  K(irnK C ,  n).
n>2

Since 7rn/ iC  =  irnK C  ~  H nC,  the theorem is proved. 0

P roof of L emma 6 .1: Identify C  with p(K C j )  and let D denote p(KCcw)-  We will 

exploit the fact that K C  has a J-filtration. In computing H nC  we consider

n+1
n+1

Ai+1 n

In order to define m and compare it to the Hurewicz homomorphism, we need explicit labels 

for a number of maps and subspaces. These are contained in the list below:

D efinition. Let E  denote either C or D,  and let p : p (K C c w )  —*■ p(K C j )  continue to 

represent the chain map induced by I k c -  Adopt the following notation:

Z n(E) = k e rd f  

B n(E) = ymd*+1 

in '• Zn(E) '-*■ E n 

T’n : VnJnK C  Z n(C)  —*• H nC  

rn : Zn(D)  —*• H n(D)

pn : 7rnK C n —► 7vnJ nK C  induced by the inclusion K C n J nK C  

q n : irnJ nK C  ^ i r nK C n+l 

kn : TrnI ( C n+1 wnK C
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Note tha t qnpn is induced by the inclusion K C n K C n+1.

Since j% and are monomorphisms, j% maps irnJ nK C  isomorphically onto Z n( C)  

and im/3„+i isomorphically onto B n( C) .  Consequently, there is an exact sequence

(6.1) C n+i  —  * n{ J nK C )  - U  H nC  -> 0.

m  is defined in a commutative diagram that incorporates the exact sequence (6 .1) and the 

isomorphism ln+1 from the proof of Theorem 5.1:

f t n+l

/ m

irn+i ( K C n+1, J nK C )  H nC

The diagram determines the map m'  which then determines m.  To see how m  is related 

to the Hurewicz homomorphism, again let E  denote either C  or D and recall the following 

facts (see appendix):

(1) Let U ^ : E n —■- H nE  be the homomorphic relation r® (if ) -1 . Then H n(p) =

i t f P n t O " 1-

(2) Let R n : irnK C n+1 —*■ D n be the additive relation defined by

7rnK C n+1 <<■ & ■  7rn J nK C  «~?n—  7rnK C n D n

Then the Hurewicz homomorphism h: wnK C  -* H nK C  is given by Uj?Rnk~ l .

More details on homomorphic relations are provided in the appendix th a t follows this sec­

tion. The relations between the various quantities named above are included in the following
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diagram, in which every cell except possibly the rightmost triangle commutes:

'm■D

Pn

The commutativity of all the other cells forces the commutativity of the rightmost triangle, 

and this is the assertion to be proved. More explicitly, we have the following homomorphic 

relation calculations:

H n(p)h = u Z p n( u ? y i h

= UZpniUZr'UZRnk- 1

=  U ^ P n R n k n - 1

=  ^ n P n O ' n P n ^ n " 1 ) ^ " 1

=  U ^ j^ pnp~1qn- 1kn-'i-

= m 'k n ~ l

= m

The passage from the second to third lines above requires comment, since it is not always 

possible to  “cancel” a homomorphic relation and its converse. Their composition may turn 

out to be a proper subset of the diagonal of the relevant set rather than the entire diagonal. 

The fact tha t r\p is surjective means that =  1 h „d and so the cancellation is

indeed valid in this case. 0

(def. of H n(p)) 

(def. of h)

(def. of R n)

(Pnjn  =  i n  P n )

(Etfin0 =  f ? )



Chapter 6. The Universal Covering Space o f K C  62

6.2 . H o m o m o rp h ic  R e la tio n s .

Additive relations are discussed in [MacL] and [G W W ] in the context of R-  modules. 

However, the assumption th a t the modules involved must be abelian groups is not necessary, 

and the theory is equally valid for non-abelian groups with operators. Here we shall only 

be interested in the results th a t justify the calculations of the previous section.

We begin with a summary of the necessary definitions and notation. First assume that A  

and B  are sets. A relation R  from A to B  is a subset of A  X B.  In place of the conventional 

notation R  C A  X B,  we shall use R: A  -» B.  The converse of a relation R , denoted by 

R ~ ] , is the subset of B  X A  defined by

R - 1 = { { b , a ) £ B  X A | (o ,6)G R } .

If R \ : A  —- B  and R i : B  —>■ C  are relations, then their composition R ^ R x : A —- C  is the 

(possibly empty) relation

R i R \  — { (a, c) G A X C  | 36 G B  such tha t (a, b) G R\  and (6, c) G f?2 }•

Commutative diagrams can be used as a device for indicating the equality of compositions 

of relations just as such diagrams are used for functions.

Let p i : A X B  —+ A  and p2 : A  X B  —» B  be the projection functions onto the first and 

second factors respectively. Define the domain of  R,  denoted by dom J?, to  be p\ (R)  C A,  

and the image of  R , denoted by im R,  to be P2{R) C B.  These definitions obviously reduce 

to  the usual definitions of domain and image for functions when R  is the graph of a function.

D e f in it io n . Let A  and B  be groups with operators from a group G. View A  x B  as an 

operator group with G  operating diagonally. Call a relation R  a homomorphic relation if it 

is an operator subgroup of A x  B.

Note that the converse of a homomorphic relation is a  homomorphic relation, the compo­

sition of homomorphic relations is a homomorphic relation, and the domain and image of a 

homomorphic relation are operator subgroups of A  and B  respectively. Furthermore, in the 

context of groups we have canonical monomorphisms i i : A —> A  X B  and i<i: B  —> A  X U,
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allowing us to define the kernel of R,  denoted by keriZ, to  be C A  and the inde­

terminacy of  R,  denoted by ind IZ, to  be h ^ i R )  C B.  Both kerIZ and indiZ are operator 

subgroups of A  and B  respectively.

L e m m a  6.3. I f  R  is a homomorphic relation, then ker iZ < dom R  and ind R  < im IZ.

P r o o f : We can prove both statements at once by proving the following fact about groups: 

Let P  (for product) and F  (for factor) be a groups, i: F  —> P,  p: P  —> F  homomorphisms 

such tha t i (F )<P  and pi =  I f -  Then for any subgroup R  < P,  i~1(R)<ip(R). To prove this, 

note tha t since pi  =  l p ,  it suffices to prove that i (i~1(R))  < R.  But i (i~l (R))  = i (F)  D R,  

and i (F)  n  iZ < iZ by the second homomorphism theorem. 0

Much more is true. If iZ is a homomorphic relation, then it determines an operator 

homomorphism

dom R  z  im R
ker R  ind R

and, in fact,

T h e o r e m  6.4. There is a 1-1 correspondance between the set of  homomorphic relations 

from A to B  and the set of  operator isomorphisms of  operator subquotients o f  A with 

operator subquotients of  B

P r o o f :  Let R: A  —k B,  let ik,Pk (k =  1 ,2 ) be the inclusion and projection maps associated 

with the product A  X B,  and let q \ : dom R  —> dom R /  ker R, q2 '. im JZ —*■ im R /  ind R  be 

quotient maps. Associated with R  is the operator isomorphism

dom R  -  im R
R ' ker R  ind IZ
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which is obtained by filling in the following diagram so tha t it commutes:

Pi\RR-

P i \ R

im R

•dom R  

?i

dom R  
ker R

s j / *
v

im R
92 ind R

The existence (and uniqueness) of such an isomorphism is equivalent to the equality

( 6 .2)

For k = 1,2 and r £ R,

kevgi{pi\R)  =  ker qz{p2\R).

QkPk{r) = 1 <=* p k(r) £ ik (R)  4=i> ikPk(r) € R

Hence, (6.2) is equivalent to the statement

(6.3) h p i (r )  e R  i2Pi{r) £ R,

and since r = ( iiPi{r))(i2P2(r)), (6.3) is clear.

Conversely, suppose we begin with operator subgroups K  < D < A, Y  < M  < B  with 

quotient maps qq : D  —> D / K ,  qz : M  —> M / Y  and an operator isomorphism / :  D / K  —► 

M / Y . Let R j  < A  X B  be the pullback
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i.e. R j  = { ( a ,6) € D  X M  | f q \a  = q2b}.  It is easy to  check tha t R j  is an operator 

subgroup of A  x B  with dom R j  =  D , keriE/ — K , im R j  =  M , and ind R f  =  Y .

The verification th a t the functions R ^  / r ,  / j j h  R  are inverses of each other is elemen­

tary  and we omit it. 0

The two examples we use in the previous section arise from the composition of operator 

homomorphisms and their converses: If H  and I (  are groups with operators in G and

/ :  H  —> K  is an operator homomorphism, then the graph of /  is a homomorphic relation

with converse f ~ i : K —> H .  If H,  K,  and L are groups with operators in G and if
f  l Q\ f l  32

there are operator homomorphisms H  —► K  *—  L , H  <—  K  — > L,  then composition of 

homomorphic relations yields homomorphic relations from H  to L denoted by and

g2f 2~1. Here are two examples:

E x a m p le  1: The hom om orphic relation U%: Cn —*• H nC  for a crossed com plex C. U% =  

rnin ~ 1 where rn and in are the maps

Cn Z n(C)  — ^2-h. H nC.

If / :  C  —* D  is a morphism of crossed complexes, then the map induced in homology is 

defined to be H nf  =  U j ? . (The definition defines H nf  as a homomorphic relation. 

To check tha t it is actually an operator homomorphism from H nC  to H nD , one m ust, in 

view of the proof of Theorem 6.4, verify tha t dom H nf  = H nC  and ind H nf  =  {0 6 H nD}.)  

We symbolize the definition of H nf  with the commutative diagram

Uc
Cn — —— “ H nC

Sn H n f

D n  t t D  H n Dr,n

E x a m pl e  2: The Hurewicz homomorphism. Let X  be a CW complex with skeleta { X n }. 

JHC W hitehead shows in [JH C W 2] tha t UnRnkn~X is the Hurewiczs homomorphism, 

where Un is the homomorphic relation defined in item (1) above, R n is the homomorphic
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relation defined by the triangle in the diagram below, and fc„ is the isomorphism in the 

diagram below.

TTnX rrnX n + 1 ------------ & ----------   7rn(X ", X " - 1) — H nX

KjiXn

When X  =  K C ,  the inclusion K C n t-+ K C n+1 induces the map qnpn so th a t R n described 

here matches the R n used in the previous section.
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C hapter 7. A  N ecessary  and Sufficient C ondition for G eom etric R ealization

Given a homotopy system C , we can produce a CW complex K C  th a t is unique up to 

homotopy. K C  has both the J and CW filtrations, and although p (K C j )  = C,  we get a 

new homotopy system p ( K C c w )  when we use the CW filtration.

In this chapter, we observe that there is a map a:  p (K C c w )  —* C, and a  necessary 

condition for C  to be geometrically realizable is tha t a  have a right homotopy inverse 

/?: C —* p (K C cw ) ,  be. ot/3 ~  1 c-  By an appropriate choice of a chain map d in the 

homotopy class of a , we can have a  an epimorphism that must split if C  can be realized 

geometrically. We then go on to show that the splitting of a  is also sufficient for geo­

metric realization. Thus, given any homotopy system C, there is a chain epimorphism 

a:  p(KCcxv)  —*• C th a t splits if and only if C can be realized geometrically. We observe 

tha t there are obstructions to obtaining a splitting of a  which are cohomology classes in 

H n+1( C] Hn{ker a)).

7 .1 . T h e  N ecessity  o f  th e  R e tra c tio n  C o n d itio n  fo r G e o m e tr ic  R ea liza tio n .

D efinition. If C, D  are homotopy systems with maps <j>: C  —> D, D —*■ C  such that 

i/Hp ~  1 c ,  then C  is called a deformation retract of D.  If ip(j> =  1 c ,  C  is called a retract of 

D.

L e m m a  7.1. I f  the homotopy system C can be geometrically realized, then C  is a defor­

mation retract o f  p(KCcw)-

P r o o f : First, let C  be any homotopy system, realizable or not. For any CW complex Y, 

we have the natural bijection induced by p,

[Ycwj K C j]  *— ► [p(Ycw)) C]

of Theorem 5.6. Applying this to the case Y  — K C  gives a natural bijection

[ K C c w ,  K C j } + - >  [p{KCc w ), C).
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The map 1 k c ' K C cvj -* X C j  is filtration preserving and so lives in [K C c w ,  K C j] .  Its 

homotopy class determines a homotopy class of maps [p(l/cc)] G [p{KCcw),  C \ .  For any 

map a  E [p(1k c )]5 we have a:  p (K C cw )  —■► C.

Now suppose C  is realizable with C  =  p ( X cw)- We get a commutative diagram

[X cw > K C j ] «---------------- >• [C,  C)

(1 k c ).

[ A Cw ,  jfifC'cw]* y [Ci  p ( K C c w ) ]

in which ( 1/cc)* is surjective by the cellular approximation theorem, (a* must then be 

surjective as well since the horizontal maps are bijections.) Consequently, there is a map 

/ :  X c w  -+ KC cv i  such tha t p (l/fc )* [/]  =  [lc]> and so ot*[p(f)] = [lc]» Setting /3 =  p( f) ,  

we have j3: C  -* p(KCcxv)  and a/3 ~  lc -  0

R e m a r k . There is an algebraic construction, the mapping cylinder Cyl(/3) of a map of 

homotopy systems (3: C —> D.  As in the case of the mapping cylinder of a chain map of 

abelian chain complexes, Cyl(/3) is homotopy equivalent to D  and C  is a retract of Cyl(/3) 

whenever C is a deformation retract of D.  Thus, by modifying p (KCcw ) ,  we can get a 

homotopy equivalent homotopy system with C a s a  retract.

The modifications made on p (K C c w )  do not affect its geometric realizability, and the 

geometric realization of the modified homotopy system is still a space of type K C .  This is a 

consequence of a general fact, announced by J.H.C. Whitehead in [CH  II], th a t a  homotopy 

system that is homotopy equivalent to a geometrically realizable homotopy system is itself 

geometrically realizable, and its geometric realization is homotopy equivalent to  the original 

geometric realization. W hitehead’s proof involves a detour through simple homotopy theory 

[JH C W 1], In [C T C W ], C.T.C. Wall provides a  simpler proof of this fact, using the 

homotopy and homology groups of a mapping and the relative Hurewicz theorem for such 

groups.

In our situation, we can avoid the realization issues arising from a modification of
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p(KCcw)-  It is possible to  leave p (K C c w )  as it is and instead alter a  by a chain ho­

motopy, with the result tha t C  is seen to be a retract of the original copy of p(KCcw)-

Lem m a 7 .2 . For every homotopy system C, there is a chain epimorphism a : p(Ii C c w ) -► 

C with a  ~  a, where a is the map in the proof of  Lemma 7 .1 .

PROOF: Choose a basis for C and construct X  =  K C  using this basis as in Theorem

5.1. We shall use the notation and some of the details of the proof of Theorem 5.1. 

Since J nX  is obtained from X n by attaching (n +  l)-cells, 7rn( J nX ,  X n) = 0 and so 

7„ : 7rn+1(X n+1, X n) -> 7rn+i ( X n+1 , J nX )  is an epimorphism. This gives us the epimor­

phism d n , defined to be the composition

p(A 'C c w W i =  tfn+1 ( x n+1, X n) 7Tn+a ( X n+1, J nX ) 7rn+1 (J "+1 X , J nX ) “  Cn+1

where /n+i is the isomorphism in the proof of Theorem 5.1. In order to  see th a t the collection 

{ d„ } constitutes a chain map, consider the following diagram:

c*n + l

Every interior cell in the diagram commutes, which means the two paths around the pe­

riphery represent the same function, and this makes d  a chain map.

For each n, d n+i is induced by the inclusion (X n+1, X n) t-> (J n+1 X ,  J nX ) ,  which means 

tha t d  is induced by 1 k c  '• K C c w  —* K C j .  Hence d  as defined here is in the same homotopy 

class as the a  obtained in Lemma 7.1. 0
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T h e o r e m  7.3. I f  the homotopy system C  can be geometrically realized, then C is a 

retract o f  p(KCcw)-

P r o o f :  Lemma 7.2 gives us the epimorphism a :  p (K C c w )  C. IS C  has a geometric 

realization, Lemma 7.1 indicates the existence of a map /3: C —> p ( K C c w )  and a chain 

homotopy a/3 ~  1 c-  Combining this chain homotopy with the chain homotopy a  ~  a , we 

get a  chain homotopy A: a/3 ~  1 c- We conclude the proof by using this da ta  to  produce 

an actual right inverse /3 for a.  We do this by inductively defining both /3 and a chain 

homotopy 0 : C -* p (K C cw )  so that a/3 =  1 c  and 0 : /3 ~  /3.

Set D — p(KCcw)-  Recall tha t in the construction of K C c w  in Theorem 5.1, we realize 

C  in dimensions 1 and 2 . a i  and 02 are isomorphisms, and we take /3j =  aj"1, /32 = a ^ 1, 

and 0 i  =  a^T1 Ai. To check tha t 0 i  behaves like the first component of the required chain 

homotopy, let c € C  and compute

ai^2D© i ( c) =  ^2 “ 2 0 i ( c )

= d2C“ 2“ 2 XAi(c)

=  d% Ai(c)

=  ( a i a ^ 1)(c)(c) - 1 

=  1.

Since a i  is an isomorphism, the result above implies that d f & i  (c) =  1, as it should be 

since a i / l f 1 =  a i a f 1 =  1.

We define 02  to be a lift of A2 to D3, using the surjectivity of 0:3 and the fact th a t C3 is 

free. Thus A2 =  0:3 0 2 , and for any c € C2, we have

“ 2# f © 2(c) =  d£  a 30 2(c)

=  dg  A  2(c)

=  - c -  Ai02(c)

= - ^ a j ^ c )  -  A id f(c ) +  c 

=  - c  — Ai«?2"(c) +  c.
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Hence,

d3D6>2(c) =  - a 2 x(c) -  (c) +  « 2 1(c)

=  - a ^ i c )  -  9i 8 2 (c) +  a ^ ( c )

= - M 2C(c).

The last line is obtained by cyclically permuting the terms of the previous line; this is 

allowable because im 8f  is contained in the center of D 2.

The previous steps and the next step are clarified by the diagram that follows:

a  2

Ciflc0?

First lift A3 to  0 3 : C3 -*■ Z?4. Then, define /?3 =  /?3 -  (8^ Q 3 +  Q283 ). In order to  verify

th a t d3 @3 = 8 2 8 3 , let c E C3 and calculate

d f f o ( c )  =  8 3d /33 ( c ) -  83De 28f ( c )

=  (c) -  8^ Q 283 (c)

=  a ^ d f  (c) -  ( - 0 i d f  a f  (c))

=  « 2 'dC{c)

= hd%{c) .

In the third line, we used our previous calculation of 53j 0 2.

We now know that /3i, (32, and j33 are components of a chain map. We next verify tha t



Chapter 7. A Necessary and Sufficient Condition for Geometric Realization 72

01303 =  l c 3-

01303 = Oi3{03 ~  (d-P©3 + ©2^))

= 01303  ~  (“3 ^ 0 3  + 0 3 0 2^ )

=  0:303 ~  {p i  O4 Q 3  +  ^ 3 0 2 ^ 3' )

= 0303  ~  (04 A3 +  A2037)

= 0303  ~  (O303 ~  l c 3)

= 1C3

Finally, the definition of 03 guarantees tha t d,P03  +  0 2 ^  =  03 — 03-

The general case, in which we first define 0 n and then 0 n, is analogous to the case n =  3 

but is simpler because all the groups are abelian. We have now replaced the homotopy 

splitting 0  with a strict splitting 0 , completing the proof. 0

7.2. T h e Sufficiency o f  th e  R etraction  C ondition for G eom etric R ealization .

We now consider the converse of Theorem 7.3. The main idea is in Lemma 7.5 below. 

Its proof involves a standard extension of mappings argument and a new ingredient: Al­

tering the attaching maps of a geometric realization, possibly changing its homotopy type, 

without changing the fact tha t it is a geometric realization. The motivating idea is this: 

Let f„:  S n —» X n be the attaching map of an (n +  l)-cell e£+1 of a CW complex X .  

The ( n +  l ) st boundary operator dn+i in the homotopy system p ( X cw ) is the composition 

7rn+i ( X n+1, X ") —► TrnX  -* nn( X n, X n~1). The first map in the composition takes the 

basis element x a 6 7rn+i(A 'n+1, X n) corresponding to e£+1 to  [f a] G 7TnX n. Following 

W hitehead, let r nA" =  im (7rnA’n-1  —> irnX n), and let c G TnX. If we alter f a on the 

boundary S n of e”+1 in such a way th a t [/„] G nnX n is replaced by [ /n] +  c, this change 

will have no effect on dn+\ and so will replace one geometric realization with another. In 

the proof of Lemma 7.4 below, we inductively obtain a partial geometric realization th a t 

may not extend to the next dimension, and then use the alteration idea described above 

to  modify the (n +  l)-skeleton of the realization, obtaining another realization th a t can be 

extended to the next dimension.
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D e f in i t io n . Let A” be a  CW complex, C  a homotopy system, and a:  p ( X cw ) -* C  a  map. 

We say tha t a  has been partially realized through dimension n if there is a CW complex 

Y n, a map r n : X n -> Y n, and isomorphisms m : ttiY 1 -> C\, p k '  Xk(Yk, Y k~'1) -» Ck, 

2 < k < n, such th a t p i(r i)*  =  a i  and pk(rk ,Tk-1)* =  Qfc f°r 2 <  k < n.

In what follows, we will identify the domain and codomain of the isomorphisms {pk}  and 

just write ( r t ) ,  =  « i ,  ( r fc, r fc_ i) .  =  a k.

Lemma 7.4. Let a:  p ( X cw ) —> C be partially realized through dimension n. A  necessary 

and sufficient condition fora  to be partially realized through dimension n + 1  is the existence 

o f  a homomorphism (j>\ Cn+i —*■ x nY  yielding commutativity in the diagram

71+1

•X

n+1

“ n+1

n+1

P r o o f : All the ideas for this lemma occur in [CH  II]—we simply collect them together 

here in outline form.

Necessity: If Y n+1 and r „ + i : X n+1 —► Y n+1 exist realizing a  through dimension n +  1, 

let { e"+1 } be the set of (n +  l)-cells of Y n+I, and let f f : S n —* Y n be an attaching map 

for e"+1. Cn+1 is isomorphic to 7rn+i(Y n+1, Y n) and so has a basis { cT} corresponding 

to  the (n +  l)-cells { e"+1 }. Define <j> by requiring <j>(cT) =  [/^ ]  € 7r „ y n . Then under the 

isomorphism Cn+i 2  irn+i(Y n+1, Y n), <f> corresponds to  ^ +1, and this makes the diagram 

commute.

Sufficiency: Given <j> making the diagram commute, we can obtain attaching maps for 

(n +  l)-cells as above: For each basis element cT 6 Cn+1, choose a representative f% G
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[4>ct \ G 7T„yn , and use f ¥  to  attach an (n +  l)-cell to  Y n . This gives us 7rn4-i(Y n+1, Y n) =  

Cn+i. Moreover, under this isomorphism, each basis element cT E Cn+1 corresponds to  an 

(n +  l)-cell basis element yT E 7r„+ i(Y n+1, Yn) , and cj>cT =  [f?] =  ^n+i(Vr)- Consequently, 

^n+l is realized as d%+i and so Y n+1 is a partial realization of C. This much is a consequence 

of the condition c^+1<£ =  j n C -

The condition <j>an+1 =  is needed in order to be able to  extend rn : X n —*• Y " to

a map rn+1: X n+1 —> Yn+1. To see how the condition is used, let i% • Y ” t-> Y "+1, let each 

(n +  l)-cell d"+1 of X n+1 have attaching map f *  : S n —> X n, and let x a E x n+ i ( X n+1, X n) 

denote the basis element corresponding to d*+1. In order to  extend rn over the cell d£+1, 

we must have i [ r n/ f : S n —► Y n+1 null-homotopic, so consider [i%rnf *  ] 6 7rnY n:

[*b r n /» ]  =  (in )*(rn)*[f?]

= ( i 'n M O ^ + l C ^ )

=  (*n

= (*n )*^n+la n+l(®<r)

=  0

(The last line is 0 because are consecutive mappings in the homotopy exact

sequence of the pair (Yn+1,Y n).) Thus rn can be extended to  X n+1, completing the 

realization. 0

L e m m a  7.5. Let X  be a C W  complex and let C be a homotopy system that is a retract of  

p ( X cw)- Then C is geometrically realizable.

Proof: Let a: p(Xcvt)  —► C  be a chain epimorphism and let (3 be its splitting. (Note that 

the analogous maps were called a and $  in the previous section.) The results of Whitehead 

in [CH II] indicate tha t, even without the splitting /?, we may partially realize a through 

dimension 3, and so we have the base case for an induction argument. Suppose th a t a has 

been partially realized through dimension n, using a CW complex Y n . This gives us the 

diagram of unbroken arrows depicted below, which commutes without the arrows /3n+i and
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/?„. In order to  complete the induction step we must, according to  Lemma 7.4, find a map 

<t> corresponding to the dotted arrow such tha t (j)an+1 =  ( rn)*<5n+i an(i J n 4> =  #n+i-

'n+1

'n+1

•y

n+1

Note th a t the splitting /3n+i provides us with a map <f>' =  ( rn),£*+1/3n+ i. This makes the 

lower triangle commute and so would allow us to geometrically realize Cn+i- However, it is 

not necessarily true th a t <j>'o n+i =  ( rn)»^^+u so it may not be possible to  extend rn to  a 

map of X n+1 into the (n 4- l)-skeleton of the realization. In order to address this problem, 

we use the relationship between a n+i and /?„+1 to “correct” <̂ ', replacing it with (j> = (f>' +  £. 

£ is a map tha t can be chosen so th a t j%£ =  0 and so tha t the left square commutes using 

4>. Since j %£ =  0, <f> and <f>' both yield (possibly non-homtopic) geometric realizations of 

Cn+ i . Since the left square commutes using <j>, the realization corresponding to <j> will allow 

rn to  be extended to  a map of the (n +  l)-skeletons, completing the inductive step. Here 

are the details:

The composition A =  ( rn)*6*+ i(l -  /9n+i<*n+ i) defines a map on 7rn+i(Afn+1, X n) whose 

image is contained in r „ y .  This can be verified by computing

3n (rn)*^n+lO — ^n+la n+l) = ( r n> rn-l)*^n+l(l — /^n+la n+l)

= ^n+l^n+lC^ ~ ^n+lQn+l)

= ^n+l(a n+l — a n+l)

=  0.
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Thus A :  7r n + 1 ( A f n + 1 , X n )  -* r n Y .  Since C„+i is free and a n+i is surjective, we can define a 

mapping £ :  C n+1  —► T n Y  by the equation £ a k + i  =  A. Now define c f> : Cn+1  —► 7rn Y n  by <f> =  

{rn)^n+iPn+i  +  £• A completely elementary calculation checks tha t <j>an+1 =  (r„)*<5*+1. 

Since im(£) C T n Y ,  j^ £  =  0. We use this in the second line of the following calculation

rf<t> =  Jn ( ( r n ) * * £ n / Jn + l  +  £ )

= jn (rn)Jn+\(3n+l

=  Tn—l)*^n+l/^n+l 

=  ^n+la n+l^n+l

which verifies the commutativity of the bottom  triangle and so completes the induction. 0

R e m a r k . Given the realizability of mapping cylinders alluded to in the remark following 

Lemma 7.1, we can conclude from the above lemma that it is always possible to realize a 

homotopy system that is a deformation retract of geometrically realizable homotopy system. 

As an immediate consequence of Lemma 7.5 we have

C o r o l l a r y  7 .6 . I f  a homotopy system C is a retract o f  p (K C cw ), then it is geometrically 

realizable.

Combining Corollary 7.6 with Theorem 7.3 we get our main result, namely

T heorem  7 .7 . A homotopy system C is geometrically realizable i f  and only i f  it is a 

retract o f  p (KCcw )- I f C  is identified with p (K C j) ,  then the the chain epimorphism in the 

definition o f  the retraction is homotopic to the map induced by 1 k c  '■ p (K C cw )  p{KC j),  

and may be taken to be an isomorphism in dimensions one, two, and three.

7.3. O bstructions to  G eom etric R ealizability .

We now have the following situation: Given a homotopy system C, there is a  chain 

epimorphism a :  p(K C cw ) —■► C, and this map splits if and only if C  has a geometric re­

alization. W hether or not C  has a geometric realization, a ,  viewed as an epimorphism of



7,3. Obstructions to Geometric Realizability 77

graded operator groups, splits, but a particular collection of splittings, one in each dimen­

sion, may not be a chain map. This observation gives rise to a sequence of obstructions 

whose vanishing in each dimension is necessary and sufficient for geometric realization. We 

give a brief description of these obstructions here:

Let K  and C be homotopy systems and d : K  —> C a chain map th a t is an isomorphism 

in dimensions one, two, and three and an epimorphism in all higher dimensions. (This 

corresponds to the situation above with K  =  p ( K C c w )•) Let Li  =  k erd j. Then, using 

the fact tha t K{ = C, for i = 1 ,2 ,3 , L is an chain complex of Z7Tx-modules (Li  =  0 for 

n =  1 ,2 ,3) with 7Ti =  C i / i m d f .  Since each Cj is free, there are splittings fa for d* in each 

dimension (with /3< =  d r 1 for i — 1 ,2 ,3). Consequently, Li is a  projective submodule of 

Ki  for all i, and so L, although not a homotopy system, is a projective (trivially crossed) 

complex. In what follows, we shall use the notation kerd  =  L, but will still refer to  the 

boundary operators of kerd  as d„.

The collection of maps { /3j} does not have to be a chain map, although we do have 

f i i - \ d f  =  fa for i =  2,3. Change the name of fa ,  fa ,  and #3 to fa ,  fa ,  and fa  

respectively and suppose, inductively, that we have replaced fa ,  f a , .. . f a ,  n > 3, with 

splittings fa ,  f a , . .  . f a ,  all of which now meet the chain map condition. Although n  is 

required to be a t least three, the fact tha t 03 is an isomorphism implies tha t /?4 meets 

the chain map condition, so we may take fa =  fa and assume th a t n  is a t least four. 

Suppose tha t /?n+1 cannot be added to the list of splittings meeting the chain map condition. 

Violating the chain map condition means th a t fadn+i  — dn+iPn+i will not be the trivial 

map. The image of this map lies in ker(d), thereby yielding a cochain in Cn+1(C; H n( kerd)). 

(Since n > 4, we are dealing with the abelian portion of C  and so this is the ordinary cochain 

group.) It is easily seen that this cochain is independent of the particular splitting /?n+i of 

d n+i used to define it and is, in fact, a cocycle tha t we denote by cn+1(d).

The essential property of this cocycle is tha t cn+1(d) =  0 if and only if the splitting can 

be extended to dimension n + 1, i.e. if and only if f a +\ can be replaced by a splitting 

fa+i  so tha t { fa ,  f a , . ■ . fa+i  } satisfies the chain map condition. In a manner not simply
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analogous to but actually contained in the usual topological arguments for obstructions to 

splittings, we end up with a sequence of obstructions cn+1(d) £ H n+1( C \H n(kerd)) for 

n  > 4 tha t vanish if and only if d  splits.

In the case that K  =  p(KCcvf),  the ability to geometrically realize C  is equivalent to 

the existence of a chain splitting of d , so the obstructions cn+1(d) 6 H n+i(C ]H n{kerd ) )  

for n > 4 deserve to be called obstructions to geometrical realization.

The computation of these obstructions requires us to  calculate i/*(ker d ), and this is the 

task of another paper.
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