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INTRODUCTION

This research concerns measurability and more generally elementary
embeddings, within the framework of ZFC.
The different chapters are relatively independent, but some unity can

be found in the use of iterated ultrapowers as the main technical tool.

. The conceptual and technical background is defined in the first chap-
ter. We introduce the notions of skies and constellations (A.Kanamori)
which witness the complexity of an elementary embedding, and present
(vbriefly) different variations of the notion of iterated ultrapower

(K Kunen, W.J.Mitchell).

« The second chapter is devoted to the study of non-closure properties
of the image model. Let jsVee——aM be an elementary embedding from
the universe V into an inner model M. Large cardinal definitions are of-
ten expressed in terms of closure of M : compactness, supercompactness
ér hugeness. Contrarily, we show that some non-closure of M (for instan~
ce “n cCM and Wiy ¢ M) also require large cardinal hypotheses, and gi-
ve examples of elementary embeddings satisfying this pseudo~closure.

. In the third chapter, we study the connections between large cardinal
agsumptions and the absence of some fixed points of elementary embed-
dings. The diffioulty to move such cardinals as inaccessible cardinals
is related there to the existence of inner models with measurable cardi-

nalse.
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In these two chapters, the construction of inner models with measurable
cardinals is based either on K.Kunen's results about the constructibdvle:
universe from a sequence of ultrafilters, or on W.J.Mitchell's work on

the Core Model for sequences of measures.

« To answér a question of A.Taylor concerning the existence of a non-
separative K-ultrafilter, techniques of Forcing and iterated ultrapo-

wers are used in the fourth chapter.

« The last chapter deals with the constructible universe for the infini-
tary language L, (CeCeChang). In analogy with L and Oﬁz we obtain
equiconsistency relations between existence of indiscernibles for this

model and existence of measurable cardinals.
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4.

NOTATION

This study is developped within ZFC. We use standard notation :
KyAyp ... are infinite cardinals, &,,¥ ... ordinals. Let x<fA be
two ordinals. Bnﬁ%[ and Em,ﬁd represent respectively the sets
(yeord : xsy<p) end {yeora : xsysp].

If X and Y are sets, XY denotes the set of functions with do-
main X and values in Y. Whenever f belongs to XY y "X is
(f(x) :t X€ X} s lLet X'cX. le' represents the restriction of f
on X' .

We note [|X! <the cardinal number of X and d the identity function.

If U is an @,~complete free ultrafilter on I, Ul'tU denotes the
transitive collapse of the ultrapower of the universe V with respect
to U, jU » the canonical elementary embedding from V into UltU ’
and for any function f with domain I, [f]U is a repregentative in
Ul'bU y of the equivalence clags of f modulo U .

The expression K~ultrafilter means free and K-complete ultrafilter

on K.
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I. PRELIMINARY DEFINITIONS AND PROPOSITIONS.

(A) Complexity of an elementary embedding.

Let us introduce the notions of skies and constellations defined
by Puritz to witness the complexity of an elementary embedding. These
two concepts have been studied more specifically in the measurable

case by Kanamori [Ka.'!] o

Given an elementary embedding j:V—>M with critical point ®

and M a transitive class containing the ordinals, we define on the

interval [K, J (K)[ two relations:

Definition 41.1: let 7‘,74'5;[_'](,3(&()[. Then,
A~ A iff  for some f,g€RK, j(£)(%)» %' and
i(g) (%) » % .
desglt  iff  for some f,g€fK, F(£)(W)=X' and j(g)(X')=p
For #¢[k J(K)[, the sky and constellation of 7% are then
given by: Sk(¥%) = (_%'(j(Kh A'~¥)  and
Con(¥) = {#'<i(K): Yt} .

We give now some basic results on skies and constellations.

Proposition 4 .4 [Ka.'i] : (a) \, and ¢—» are equivalence relations.

(b) A sky is a subinterval of [K,:j(K)[ and

a constellation is cofinally spread out within its sky.

Proof: (a) let us only check the tramsitivity of AL . If %X~ X' and

et e 41 g o T ———_ A g S S 35 < 2w 2 4



6.

' %", then let %' j(£)(%) and ovg j(g)(X') . Since K is re-

gular, we can suppose g is increasing. Therefore "¢ j(geof)(%).

In the same way, there would exist g',f°’ eKH guch that %4j(g'of')(70')
(b) Let #%'esk()%) and %'y % . There is- f strictly increasing

such that j(f)(%)y X' . Therefore if % g&g)¥', then j(£)(®)3 %'

which implies ©¢Sk(¥) : a sky is an interval.

Since j(£)(%) € Con(®) amd j(£)(%£)3%' , this gives also the second

assertion of (b). ®

We have thus obtained a partitiom of [H,j(K)[ in subintervals
and each subinterval can in turn be decomposed in cofinal subsets.
The following concept was initially introduced by W.Rudin and Cho-

quet in the study of ultrafilters over WN.

Definition 3.2 : Let K be regular . fe®KR is almost 4-1 iff for

every & <K [f"{ox][ <K
We shall use later the following results:

Proposition 1.2 [Ka.4]: Let % € [K,j(k)[.

(a) I £ €®¥K is almost 1-1, then % AL j(£)(%)

(b) If ScSk(¥) tut |S|¢K, then S is not cofinal in Sk(%)

Proof: (a) Set g(a)=Sup{f5=f(r3)so(} , then g eKK and % ¢ j(gef) ()
(b) Suppose S = {a,': r]<K} and ScSk(%). For each N<K, the-
re is f, so that j(fy)(#)y ey . We next consider f(m)=Sup{fy](d): n<at}

By elementarity of j , we obtain j(f)(%)),j(f,‘)(yL)),a,\. [ ]

It is possible to give a characterization of constellations:

"o B R T e e e L e R T SN
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Proposition 4.3 [Ka.d]: For ')‘GE&,:}(K)[ ’
Con(g) = {j(P)(yL) : P is a permutation of K} .

Proof: Let o'eCon(¥) amnd j(£)(%£)=£' , j(g)(A')=F . If A is the set
(ot<l<= gof(at)= ot} , then £ is 4-4 on A and % e j(a) .

Since % 3K, we have |A|=K. Let AUA =A, ANA =4 and

la,] = |a] =K . We assume, for example %€ j(A,). Let us then define
a bijection h:iK~NA,— KNEYA .

Finally P=f;,Uh is a permatation such that j(P)(%) =+' . m
, A" TIR~a,

We can associate with the two partitions of the interval E-(,j(K)[
in skies and in constellations, two subsetis of [K,;i(K)[ and two ordi-

nals:

Definition 4.3 ¢+ M(3j) = {#<j(K) : % is the least element of its sky}
A(j)_j [%L<j(lf)= 7L .:ls the 1ea8t|.st element of its }

constellation

and T(j) = order-type of [M(j)
C(3) = |AG)

°

v—i m
i) A
N

where i,j and k are elementary, we have C(j) > T(i) and cC(j)yc(i).

Let us notice that, given a commutative diagram
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B, Ultrafilters.

We shall deal now with elementary embeddings comstructed from

ultrafilters.

The following notions have originated in the study of ultrafilters
over [N , and have been developped in the measurable case by Ketonen [Ke]

and Kenamori [Ka.4,2] .

Definition 1.4 ¢ Let U be a K-ultrafilter.

(a) fe®K is unbounded (modulo U) iff for every of<K,
{q<l<:o<<f(q)} EU .

(b) £ e is almost 4-1 (modulo U) iff there is XeU such that
for all & <K,
£} 0 x| <K

(¢) fe®R is 4-4 (modulo U) iff there is XeU so that for all

a<k, [£1{=} N X[ <4

Definition 4.5 ¢ Let U be a K-ultrafilter.

(a) U is a p-point iff any unbounded function (modulo U) in
ig almost 41~41 (modulo U).
(b) U is selective iff any unbounded function (modulo U) in

is. 4=4 (modulo U).

If U is a free and K-complete ultrafilter om I where |[I| =K,

then in order to simplify the notation, I'(U), A(U), T(U) and C(U) re-

present respectively I' (JU), /\(jv), Z(;-)U) and C(jU). We thus notice:

Proposition 1.4 ¢ lLet U be a K-ultrafilter.

B R A e T R 0 PP
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1.
c(u) = 1.

(a) U is a p-point iff T(U)

i

(b) U is selective iff T(U)

Proof : (a) If U is a p-point, then any %e[K,;jU(K)[ can be repre-
sented by [f]U where f is almost 4 -4 . Since [f]U = jU(f)([d]U),
Proposition 1.2 (a) implies [f]UE Sk([d]U).

Conversely, let T(U) =4 and [f] €[K,j;(K)[. Since (£l
belongs to Sk( [dJU), there exists g € *k such that [g.f]U 2 [d]U .
Iet X = {0\<K: gof (k)3 o(} y X€U and f is almost 4 -4 on this set.

(v) We use similar arguments and Proposition 4.3 . @&

A particular example of selective K-ultrafilter is a normal K-ulira-

filter.

Let us present an usual partial ordering on ultrafilters:

Definition 4 .7 : The Rudin-Keisler ordering (R-K) is defined as follows:

let U and D be ultrafilters respectively on I and J .
D sR—-K U iff there exists f:I-—J such that D = f*U where

f*U = {x cJ: £t (X) e U} .

Let D "\"R-K

iff Dp o U and Ugp D

U iff D‘R—K U and USR-—K D, and let D(R_K i

If D and U are @, —complete and D = f*U, we can consider the

. J
following diagram : v i UltU

/ where k([g]D) = [gof]U

Ul‘tD

Ip

Therefore D¢p . U implies T(D) & T(U) and ¢(D) ¢ C(U).

.o T P Y b T W AN (e g e d i e S e e i 48 i 1 e s ST ook LW A O e 30T
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Definition 1.8 : lLlet U and D be two K-ultrafilters. The product

U®D is the free and K-complete ultrafilter on "‘K defined as fol-
lows: if XciK, XeU®D iff {ack s B (aB)e x]en}eu .
If we write g U for U®U, we can define by induction the pro-

duct nglu=(gu)au .

One can show that if U is a K-ultrafilter, the product UQ®U is
such that T(U®U)22 : K and j,(K) are in different skies. Hence, if
U is a p-point, the situation D®D SR—K U cannot ocour. This fact will

be used in the fourth chapter.,

The following ordering on normal K-ultrafilters was defined by Mit-

chell [Mi.4]s

Definition 1.9 ¢+ Let U and U' be two normal K-ultrafilters .

UdU'  iff  UEUlty, .

Proposition 1.5 ¢ 4 is a well-founded partial ordering.

Proof: It suffices to show that U4qQU' implies jU(K) <jU,(K) « Since

jU,(K)‘ is inaccessible in Ult,, , we have jU(jU,(K)) = jU.(K)> jU(K)-.

Let U be a normal K-ultrafilter, By proposition 4.5, we can con-
sider the rank of U with respect to the ordering 4, we note it o(U)

and set:

Definition 4.40 : If K is 2 measurable cardinal, then

o(K) = {o(U) : U is a normal K-ultrafilter} .

One can show that for all K, o(k) € (2%)" and that o(k) = (2%)*

R T R T R T TR D g T T RE VTP
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if k¥ is 2%

supercompact.

The notion of coherence is defined as follows :

Definition 4.4 : F is a coherent sequence if

(a) ¥ is a function and domain(F) = {(m,ﬁ):(S(oFG&)} for some
function oF(o&).

(b) For any &t,(>€Dom F , ‘1?(0&,(’:) is a normal ot~ultrafilter of or-
der (.

(¢) Every normal ultrafilter is equal to F(&,») for some pair

(%,8).

C. Iterated ultrapowers.

Iterated ultrapowers have been invented by Gaifman, Kunen [?u.i]
then developped the method for the study of inner models with one or se-
ral measurable cardinals.

For an exposition of classic iterated ultrapowers, we refer to
EJe] or ﬁﬁn.{].

There are two possible extensions of the notion of iterated ultra-
power.

In one case, one does not necessarily iterate with the same ultra-
filter or with a measurable cardinal from the ground model. This is

Mitchell's method [Mi.4]:

Definition 4.42 : An iterated ultrapower is any member of a sequence

<NK t y< &) constructed as follows:

= R R T L g TR R BT 1 SRS A AV 5 e S B 84 L it A S P e L 8 e T Pl P R A M 7 AR,
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N, =V

Nx 44 = U2ty (Nx) for a normal Ky
4

ix’f*' 1= jUX the elemeantary embedding from Nx into NF M And

-ultrafilter UY in Nr. Set

' - = . -
if ¥ <K y then lx"UM IU’U'MO 1r,x.
If Yy is a limit ordinmal, then NU is the direct limit of the

t i, ' " .
system [Nx, ’ 13,5,, for Y < 1 <T}
We give without proof the following :

Proposition 4.6 [)li.ﬂ: Such iterated ultrapowers are well-founded.

In the second case, we do not require the cardinal to be really mea-

surable. For this purpose, Kunen has defined the concept of M-ultrafilter.

Definition 4.43 [Ku.4]: Let M be a itransitive model of ZFC and let

UCPM(K) where K »W . U is a normal M-ultrafilter on K if:

(2) For any ot<HK, f_o&} gU.

(b) If X,YeP™(R), then XcY and X€U imply YeU.

(c) For any XEP'(K), either X or X°e U.

(a) If <Xg%<K>EM, then {e: Xy € U} eM

(e) Tf <Xgy<ndeM and (X, §<njcU , for some <K, then
N{xz:x<njeu.

(£) Whemever (Ky: y<KdeM and {X,:{<K{CU, then . geqr‘\éc,]}e u.

The clause (d) is devised to allow an iteration.

A1l the M-ultrafilters we shall use, will be normal (satisfy (f)),

hence we shall drop the expression'"normzal".

Let us notice that if j:M——9N is an elementary embedding with

o T T e I < ERPRIc S PRON LMW
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eritical point K, such that P'(k) = PV(K), then U = {xepM(u)s Ke §(x))

is an M-ultrafilter.

Using the algebra of subsets of “K with finite support, Kunmen (ef

[Ku.ﬂ ) defines the o(th iterated ul$rapower, modulo such ultrafilters.

Proposition 4.7 [Ku.'ﬂ t Let U bve an M-ultrafilter. If arbitrary coun-
th

table intersections of elements of U are non-empiy, then the «

iterated ultrapower N, 1is well-founded for all o .

We have the follocwing informations about the computation with M-ul-

trafilters:

Proposition 4.8 [Ku.4] : Let U be an M-ultrafilter on K, and let (334

be such that the (Sth iterated ultrapower N{b modulo U, is well~
founded. If (5 is a cardinal > 2%, then i, (K) =(. If a cardi-
nal §>® is such that cof (§)>K and [(g")mi< & for §<&, then
iors(s) =8 .

Remark: We use the same notation 1‘.0x sV —-—-)N‘ s for an iteration of
length Yy , in all the different cases: classical iterated ultrapowers,
iterated ultrapowers for Mitchell's definition and iteration with an M-

ultrafilter. The context will indicate which definition we will be using.

N g A g O WD AT g, O I NN G e S e g < i e 7 e 4 g b RSO Y £ 4 sghnn e
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II. ON THE SIZE OF THE IMAGE MODEL.

Given an elementary embedding j:V—>M with critical point K ,
the more closure we require for M , the higher K mst be. For example
the concepts of compactness, supercompactness, hugeness can be defined
from the size of the image model of an elementary embedding.

The surprising fact we shall deal with in this chapter, is that
non-closure properties also require large cardinal assumptions. For ins-
tance, if there is j:V—>M such that “McM and “*M &M , then

there is an inner model with «); measurable cardinals.

Let us notice first that it is easy to obtain j:V——>M and

th iterated

“M@EM 1 if 1D | is the usual embedding from V into its w
ultrapower, modulo a K-ultrafilter U , then the cofinality in V of
U 5
ige (K) is w.

On the other hand, when we start with a K-ultrafilter U, jU from

. K

V into UltU is such that Ul'kUC Ul*t;U .
Hence, what seems more difficult is to require both ©y CM and

KM &M . We obtain the following:

Theorem 2.4 3 Let A regular be such that ¥, § A { K . If there is an ele-

mentary embedding j:V——>M , with critical point K such that
‘AMcHM and "M@ M, then there is an inner model with A measu-

rable cardinals.

<H

The notation McM means that M is closed under sequences of

length strictly less than A .

?ﬁ‘.ﬂ.“‘;" Hlastcate b A B T o R L e e T T R I T Y s e g
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We shall give two proofs of this result: in the manner of Mitchell
and in the manner of Kunen. In the first one, we follow & "black box ap-
proach", admitting the properties of the "Core Model for sequences of
measures”. The second proof is longer but self-contained and uses the

"constructible universe for a sequence of ultrafilters”

Hence let us present without proof fundamental results about "the

Core Model for a maximal sequence of measures", noted K(ﬁ’m) (ef [Mi.Z]).

Theorem 2.2 [Mi.2,3] s Let M be a transitive model of ZFC such that

there is no inner model of "3v(o(v)=v++) ", One can construct an
inner model of M 3 (K(ﬁ;))m. ﬁ:n is the maximal ccherent sequence
of measures and depends on M. The maximality gives the following:

whenever U is a (K(I—Is))m-ultrafilter and UeM, then UE (k(T ))M.
m m

Theorem 2.3 [Mi.3] : If jsM—>N is elementary and je€M , then

@) = G@NY ane 5y gy EE D" — &GN e

an iterated ultrapower.

By this expression, we mean that . j‘(K(-UJ' )) is the usual embedding
m
from (K(U:n))M into one of its iterated ultrapowers (for Mitchell's defi-

nition).
We present first the proof using the model K(ﬁ;).

Proof 4: Let j:V—3M with critieal point K , and A regular be such
that X, <A <K, PMcM and KM @& M . If there is a model of "3y(o(v)=v' "M
we are done. Otherwise we can consider K(ﬁ;) and j:K(ﬁ;)-———:o(K(ﬁ;))M.

By the previous theorem, le(ﬁ’) ig an iterated ultrapower io 5 °
m

B e R S g B T A ) e s b T e An o kL e e A e g S e i v e s WA e b LWL B i T R
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Our goal is to show that the length 8§ of the iteration is A .

Lemma 2.4 : If i =N°——>N,l is an arbitrary iterated ultrapower, then

°n
for any xeNj, , there exist a function f and a finite subset B
"

of A= (Kg)s a+4 0} such that x = ioq(f)(E) .

(ferrnn
proof: Let us prove it by induction on n e

«If n=4, foramy x in N , x =i, (f)(K,).

« Let us assume it is true for n . If xeN 10 then there

n+
(£)( K.-‘) . Therefore by hypothesis, there

i fenl =

is € " such that =x i'l"l'”

exist g and E' finite C {'i“H ,l(Kd): x+4 $q} such that f = iov](g)(E')
4

Henceforth, we get =x = iqu(g)(iqu(E'))(Kq). If D is the set

{(s,oﬁ): s € Dom(g) and otenom(g(s))} , then we can define on D the func-

onea(B) iy (BV)s Kp) = x

Since i'mH(E') vixn}e {i“H’qM(K,‘): ot +4 sq+4} and it is finite, we

tion h(s,x) = g(s)(x). We have i

we are done

. If n is limit, let x€N, and x i{bn(y) for y € Ny

oK+4 s(‘-\} and f

(3<n. Hence there exist E' finite C {i_ , o(Ky)
?
such that y = i.o{s(f)(E'). We thus obtain x = ion(f)(iﬁn(E')) and iM(E')
is included in [iaM q(”"‘) : Aa+4 sq] .
9

The lemma is thus proved., ®

Let us assume now that the length 8§ of our iteration is <A. If A

: . . & :
is the set {1m+4,S(K“)' o&<,'6} and s€ °A is the function defined by

<A

s(ot) = (K,() for %<8, then the closure MCM implies s e€M.

10‘+4,8
We can thus define U ¢ P( T s(&) ) by setting for X C MWs(x) :
A<H K< 3

XeU iff ME sej(x) .

Lemma 2.2 : U is a free K~complete ultrafilter on Tl'ss(ot) .
_— *<
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Proof: Since iot+4,s(K¢)3 Kg s We obtain j(ia;+A,s(K°()) > J(xy)
> ioss( Ked
> io&+4,s(io(o(+4(K°'))
> T 5 (Ka)
§ is < A ,therefore ;j(“'fl'ss(o()) is simply d‘ll'%j(s(o()). With the previous
inequalities, this implies se.jgg%s(o()). Henceforth, if XCJE %a(o&), ei-
ther X or X°€ U. The K-completeness and the filter condition are
straightforward. Let us show that U is a free ultrafilter.
If {t}eu, then s = j(t) and s(0) = j(£(0)). Hence i_‘s(Ko) is e-
qual to ios(t(o)) and K, = io‘(t(o)), which is contradictory since K,

is the critical point of i . B

ot

Let us then consider ;]U and UltU s the embedding and ultrapower

asgociated with U . We have the factorization :

V-——-J—-—>M

g L //ku‘ where k;([f],) = i(£)(s)

for f: Tsa(a) —aV .
Ul‘tU *<S

Since U is K-complete, we can use the classic .. proof to show l<U11;Uc.U1't:U
Let {[£.]y s «<kjcUlty amd [n]y =K . Tms £ defined by setting

£(2) = < £,(t) s x<h()> is such that [fl; = ([fx],  ®<K).

From the first lemma, we know that for any ordinal € ,.there exists
£ € K(T7) such that i ¢(£)(E) =@ , where E finite c A . Henoe there
is geV 8o that j(g)(s) =0 . This implies that k; is surjective on
the ordinals and therefore is the identity. We thus obtain M = Ul\‘.U s but

“Uit,cult, and "M £m.

U
Henceforth the hypothesis 8 < M is ocontradictory . We shall conclude

o R e L e e T T e T o PP R R e S R o
5 g :
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the proof with the following :

Lemma 2.3 ¢t If the length & of the iteration is > A, then N satisfies

" there are at least A measurable cardinals "

Proof: Let us now consider the set B = {i“%( Ko() H a(S}. Since each ite-
rated ultrapower N, satisfies " g, is measurable ", all the elements
of B are measurable in Ng which is (K(ﬁ;))u.
If |B|3\, we are done. Otherwise we define F : B ——P(8)

o ——-—axg where
Xg = {:ot <8z i o&i( Ky) = 9-) . We thus obtain a partition of & in strictly
less than A subsets. Therefore, since |§]> A and A is regular, there
exists ©€B such that [Xg|y M. |

Let ( a3 (<A > be an increasing enumeration of the first A ele-

ments of X_. . We can assume o(lg() =1 in Ny » otherwise we would be
(-] (-]

©
done. Let us notice that if (B<A'< A then K, =1 (K .
For (3 limit <A, we define W, = Sup ay
_ <ph
Claim 2.4 : For an ' limit ordinals, i K <1i and
Claim 2.4 ¥ BH<H ’ 1,(”,75 <) ”‘of‘{s'(K*")
Ng = id"l“p(qu) is measurable .

The previous lemma will. follow.

Proof: Let D be the K‘,‘o ~ultrafilter in N, and 3< A« We shall show
14

as in the classic case: if XC iy . ﬁ( Kg,) and Xe€ Npqy s then

Xe iﬂom(n) iff  InAV n <y<p i"‘f*"M(K“?)e X .
. If X€Nyu, and xei“o,%(n), there exist Y and n<f® so that
X = i«,w,,_fY)‘ Since X € i“OPéD), Yeixomq(l)). For y>n, let 2 = i“’l“l(Y)

Z€i, x(D)- Since Ky, = ix “)’( Ku,) s 1y o ‘((D) is the unique normal

K,,(t-ultra.filter (because we have supposed o K.‘o) =4 , and by coherence
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of the maximal sequence). We thus have Koty € i“\’ “T“(Z)

«;«H k) € i"‘ﬂ‘fsz)

X.
. Let us assume there is 1 <5 such 'l:hat, for Y21 10( g (K"l')

(D). Hemce X°e i, , (D) and there exists

%o P
by the previous proof 'h.‘(l“ so that for x,

belongs to X and X @ i ho g

’ 10(‘,4-4 P‘(K’l ) € X°
For y> Sup(n, »1,)» Wwe would obtain a contradiction.
Let F}"(s be the filter on i " h( K«,) defined from the sequence
o
<i“r+"Ws(K°‘r) §<P> : X€F,, iff 3r-‘<b,Vq $Y< By i"‘y“’l*ﬁ(K"‘x)ex'
Since Ny F Fu (1N, is an i (x,, )-ultrafilter , mrS is a Ne-

<A

ultrafilter on i (ry o) The olosure McM and (K(U )) = Ng im-

%o Kp
ply I«‘F N Ny € M. By theorem 2.2, we thus have F. AN NSC(K(U )) . Hence

i I"(S(K“") is measurable in (K(Um))

It remains to check : for [ limit < ' limit < A,

" (ch) L4
We have pn< oc(,5< Rp amd i (K,() = Kup * Using these elements, we ob-

(Kdo) < id(

tain i"‘ol"(’a'(K%) = d{”‘ (1 (Ko( )) = i“ I“IB(K‘”‘)

21 % ow-,\(*%qs) > Kap 2 (Ko( ) 2 P‘(‘*(K%)‘
This completes the first proof of theorem 2.1 . B

Let us present now the proof in the manner of Kunen.

Proof 2 : Let jsV—M, N and K satisfy the hypotheses of theorem 2.4 .
We define by induction a strictly increasing sequence ¢ 7‘“ : k<A D) as
follows : o 7% = K

. If ®a<A, let us assume the sequence s, =< 7‘(5 : A<y has

been constructed such that for any (B<a*k, K £ 7‘ < J(')‘ ). As in the proof

T B Y S I i i S S S g R A il e e e e b S WS L i e eSS A el e b N b
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in the manner of Mitchell, we comsider the ultrafilter U,cC P((‘sﬂ' s,(®))
<k
such that, for X c{zrs“((s), XeU, iff ME s, ¢ j(X).
Lot

We obtain, in the same way, a commutative diagram :

v._-l-—m

jUaf
K, where k“([f]U‘) = §(£)(=y)

Uty for £ : T s, (p)—>V .
ot
Again , we have the closure Ult, cUlt; . k, camnot be the identity
-] 3

becanse it would imply KM c M . Therefore we define 7& as being the

critical point of k, . % satisfies 7; < i(A) .

<A

This process can be iterated A +times because of the closure Mc M.

Let us check that the sequence < 7‘“ : x<AD> is strictly increasing.
Let oft<ak'< A o If '9<7f;( y since k_ is 4-4 onto [K,;‘“[, there

exists f such that j(£f)(s,) =€ . We have s = 8, « Hence if we

«)
define g(%) = f(t‘“) for t e{zt(:'“.((s), we get “j(g)(s“.) = O,
Let Py ¢ (;Tl'a'sm,((':) —>»0rd be the projection onto the oKth coordinate.
t — t(ax)
Tius  j(B,)(s,,) =% . Therefore k,, is 4 -4 onto [K,%] , this im-
plies 7’;" > % .
We have thus in our possession A embeddings, k e UltU,‘—_:'M ,

for <A, with increasing critical points.
Let B be a regular cardinal such that W ) Sup {7‘“ : o(()\} .

Following Kunen [Ku.2] s, we then define by induction, the classes:
K, = {:V: v strong limit cardinal, v ) 2! ana cf(v))p} .
K4 = (VEKgt [KuOiv] =v].

Kﬁ=“QAK,,< if A limit.

B R e e T R R LT ST RN
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Now, for aa<A, we let

the least element of K,

o<
R
(]

o
|

“—{xw“+n:4sn<w} and

A, = Sup(a,)

If A= [Y'l“ : r\<v\} s We congider in L[A] s the usual filter F,

on /\d,for ®x<A s let XcA,. X€F, iff dnVp) €EX .

n xl.w(+p
-
If F denotes {F, : &<A) , our aim is to prove :

L[Fl1E F.N L[F] is a M -ultrafilter.

For x<A , we now use the canonical well-ordering of L[A] to define

the Skolem Hull H, of K, U(A] in L[A] . That is %o say :
Hy = the class of all x € L[A] such that
L[ATJE x = t(v,,-- -, Vks4)

where + is a Skolem term and V,,----,V, € K, o

If &<\, Hy is an elementary submodel of L[A] and A€H, , there-
fore H, is isomorphic to L[m(a)] where T, is the transitive col-
lapsing isomorphism of H, (of [Dev]). T,~': L [T(a)] —>L[a] is thus
an elementary embedding.

We now modify Kunen's key~lemma f Ku.2] :

Lemma 2.4 : For any &< A , TrmH(x“H)( 7‘o&+4 .

Proof: . lLet us show first T, (Y‘) 4 7§ .
If %< Y, isin H, , there is a Skolem term t such that (in L[4]) .,
§=t(v,y~--,¥,4), for V,,---,% in K, .

Let U bYe a K-ultrafilter and let i 0§ ° V——>Ng be the usual em-
bedding from V into its 8™ jterated ultrapower. By the choice of Y, ,

we have &<v for all ve K, . Henceforth, we deduce from Proposition 1.8

R T L T Rt L I R T R PP SR P
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that i g(v) =v , this implies i ¢(A) = 4 . Hence the well-ordering of
L[A] is preserved by i g » We thus obtain ioS(S) =4(v,,-=-,¥,4) =8
and § must be <K . Since T, (y,) = Sup {T(8) : ScH,, 8<y.] , we get
M(R)SK <%

« Let us assume now that for all n<e, 'ﬂ'nM(Yv‘M) < 7"14_4 . We

want to show T!'“+4(f“+4)< ’)‘;’\_,_'1 .
- If n<o, then n+4 g« « By hypothesis, we thus get :
Tt (Kn+4) $»vn+4(¥q+d)< 7‘v;+4 $7x -
~ If Nyea, then xn_'_"cxm_4 o« This implies, by definition of Ko&+4 ’
To(¥ypaa) = Voed *

Let us consider the embedding k“ 3 Ult

U,
longs to UltUd ) let k_ : L [Kd(A)]——»L[k“(IT,‘(A))] be the restric-

——> # . Since T_(4) Ybe-
(]

tion of k, on L[T(4)] . Let D, = {Xc# 1 X e L[T(4)] and %€ Kk, (x))
D, is not necessarily a LflT“(A)] -ultrafilter because we do not know whe-
ther pL[ka&(Iro((A) )] (7(&) = PL["u(A)] (7&)

But we can construct the ultrapower of L[TT,‘(A)] modulo this ultrafilter,

it is well-founded becanse of the diagram :

L[Me(8)] — % 1k, (Tu(4))]
ngc . )
k! where k! ([f]D“) = k, (£) (%) ; for
UltD“(L[TT«(A)]) feL[Tu(a)] with domein % .
Moreover, one can show by usual arguments that ;jD (v) =v 4, for allve K,
ok .
Since TT"'(X'I+")< 7‘0\ s for N<e«, and 'n‘.((xle) =¥t ? for nyo, we ob-
tain that jp (W,(4)) = Tg(4) anmd that ULt (L[m(a)]) = L[M(a)].
A ol
Therefore D, is a L[W,‘(A)] -ultrafilter. Since wUltU C:Ul't‘.U ’
ot o
arbitrary countable intersections of elements of D, are non-empty.
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Hence, by proposition 4.7 , all the iterated ulirapowers are well-founded.

since T\ (yps) $ Talyy,y) and Wly,,,) = Sup [1\’“(8) r8el, ’S<Uac+4}
to obtain the expected inequality T “H(Y a+4)< ')‘0‘_H , it suffices to show
that , for 8<Ko(+l in H, . » T(8) ¢ 7‘« .

Hence 1let §<y,., in H,,, andlet % be a Skolem term such that
L[A]E 2= %(v,,- - -,V,A), where V,y---,V are in K., ¢ We deduce
L (8] B T (8) = (W, (vi)y- - =, Te(¥),M(4)) , and T,(vi) = Vi for
each igk .

We have already seen that T, (A) is left fixed by jD“ . Let us show
that an iteration of D, of length & does not move it either.

. If n<e« , then obviously ios(“;((xq“)) = Tr,,(xn“) ..

« If f3a, then 8<¥Y\+l and 'ﬂ",‘(xn“) =Xn+‘ . an is a strong
limit cardinal in the real world such that cf(¥q+l)> W and 2P<Xq+l .
Since 7& <@ » by applying Proposition 1.8, we obtain i os(wi) = b"\ "

Therefore we have i, ¢ 3 L[H,(A)]-—-—-)LEH’,((A)] and (in L[TF“(A)])
i,6(TMx(8)) = (i ¢(v,), ,ios(vk),'ﬂ:((A)). For each igk, v €K , hence
v, is »6 and ios(\ri) =V, . This gives i,6(m(8)) = 1!‘.,,.(8) and

(%) < 7& . Using the remark in the beginning, we are thus able to con-

clude the proof of lemma 2.4 . ®

Let us recall that, for n<A, F“,1 is the filter defined from the set
A,‘= [Xwnm : 1¢n <w} on A.\= Sup(A,‘) .
If we fix «<A, the filters Tl'w“(F,‘), for n<A, will be defined , in

L[T,u(8) [ £rom T, ,(4,).

By elementarity of T, d" , we have the following equivalences :

L[F]E E, NL[F] is a A -ultrafilter .

@M‘r_"?,.—'- L - e L e e T T T T T A R T e
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L[A] k ( L[F1e B, NL{F] is a A —ultrafilter )
LM ] E (LT (O] T,(F)N L[, #)] is a T, (A)-ultrarilter )
LT PV E T, (F)NL[M, ()] is a T,,(A)-ultrafilter .
. A1l the elements y€ A, such that ¥ > You satisfy Tl’wd(x) =y .
Therefore Tl'w“(F,l) = F,] if n e and Ty (Ag) = Ay o

« By lemma 2.4 , if y<y and y€ 4, then Wud(¥)< 7‘w“ .

We can thus represent the situation graphically :

“'wu( »o) “6)0\( Xv\) Ax )\F‘
— —ood - —aod ' . R et
oo Ao ) Tl An) % a A Any
\M./’
Y‘ < K q o

As in [Ku.I] (lemma I0.I0), the different ingredients will be:
. the L[m, (&) ultrafilter D,, on %, »
o the fact that iterations of Dw y of length < Ay, do not change F“
and Wyu(4y) 5 for nfa .

. the canonical well-ordering of L[, “(ﬁ)] .
Let us assume F N L[Tfm(f")] is not a A ~nltrafilter:

If there is X c Ay such that X and X°¢F_, let X, be the least

such subset in the canonical L[?Tm\(f‘)]- well ordering. All the following
iterations iog’ for {€0rd, use the L T!‘wd(A)] -ultrafilter D on 7&“ .
Since

('ﬂ‘w“(f“)) = T,u(F) , we obtain i (x,) = X, , for any

i -
°¥¢.;m.n °X¢na+n
n<wW e roposition 4.8 , we know i = .

By prop 4.8, oxmm(%w) Yousn
Therefore ')‘wde X <¢=> Y iooten € X , for all n<w . This contradicts

X and X° ¢ F, .

If F N L[My(F)] is not A -complete, let {Xy: k<pd> , for p<Ax,

be the least counterexample : XgeF“ for all (<p and 0 X.géFo( .
E<p
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As previously ioxwd+n(4xg=g<p> ) = <Xg: L<p> for all n<uw .

Let n,<& be such that Ywon >0 If §<p, then for n3n, , we ha-
[+]

ve i (&) = and i (X¢) = X¢ &
xfdd-i-ﬂ. ’ Kud.;n g g onu» n X(Jo( n 5 5
Since lb'umn,,:xwm(xwmo) = Ysoun ? TOF B2B, , We obtain :
Jwon, € Xg ¢ Ynan, Yoo € Xz

We have assumed Xg € Fy for all ®<p, therefore we deduce :
{Xwo&m : n)no} c nx“;.
which is contradictory.

The second proof of Theorem 2.4 is thus complete. ®

Let us give now some examples of elementary embeddings j s V—>M

Ayuen andKMq.‘.M, for A regular

with critioal point K such that
and X, ¢AgK . All these examples are constructed from special ultrafil-
ters, noted UA((S), for (3 € Ord. Hence let us define and present the main

properties of these ultrafilters.

Definition 2.4 : Let A be a regular cardinal. :‘/\((5) denotes the collec-

tion of subsets of (SK with support of cardinality strictly less
than A : Xc®k is such that X = ing A(T), whers Ecp, |E|<X
4

and Y CPK if x={tef"m tlEeY}.

(we write in for inclusion map from P(EK) into P(Pk))

B,

Remark : If (<A , then 3)\({5) is simply P(®k)

et j s V—>M be an elementary embedding with critical point K
and A be a regular cardinal such that Nos}\gK and "‘m cM.If N

34
is an ordinal, then ¢ represents an element of J p[K,j(K)[ -
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Definition 2.2 : Let U,(B) c S,(®) be defined as follows:

2 X = inE’ﬁ(Y), then XeUp(p) iff ME c'lj(E)e i(o .
(since [E|<A, j(B) = j"E and T|5(g)€ M)
Lemma 2.4 : U)(®) is a A-complete ultrafilter.

Proof: Let us check first that the definition of UA({5) is coherent 3
if XeS3 and X = i Y) =141 Z do always have
if xe3)\(p) ing o(Y) = ing ,(2) , do we alwey
. f . ?
We can show that in this case YlEnF = ZIEnF . Let us note this set H,
thus X = [se ﬁK g BlEnFe H} « We obtain for any s e‘ﬁK the equivalen—

ces sex<_-—.)siEnF€H &= SIEGY =) s’Fez s the result follows.

) B < _ <
If X inE",a(Y) where Y C K, then X inE’rb(Y )+ Therefore
either X or X°e U)(P)
U,(») is A-complete : let p<?\ ’ {xd s o&<p} c Uy(®) and for
each x<p, X = inE,,,rs(Yv‘) . If we set E = U E,, then by regularity

x<p
of A, |B| is <M. We can define Y c ®k as follows:

teY iff for all x<p tlE €Y, .
3
Therefore (“DPX“) = inE,(‘b(Y) , and we have :
(“nyd ) € U\ () iff Mk T|yg) € i(Y)

iff for each x<p, rlj(E‘x)e .'](Y.,()

iff for each < p, X 6 U ()
Let us assume now Xc Y and XeUy (®). We know from the previous

equivalence : (XNY)e Uy(P) iff X and YeU(p) - m

Let us consider now FA({S) the collection of functions with support

of cardinality strictly less than A .
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Definition 2.3 : Let f ©be a function with domain ﬁ'K .

£ € F\(p) iff there exist Ecp, |B|<A and g : B ——v

such that for selx, £(s) = g(le) .

Notation : The ultrapower obtained from F)‘((s), modulo the ultrafilter
U)p(A) is well-founded because of the A\ —completeness if A ¥, and be-

cause of the following result if A =N, . Let us note it M,(B) .

Lemme 2.2 : (2) The following diagram is commutative :
v -—--'J-—->M
jU}‘((s) kg where kp is defined as follows:
UN(Y) if feF,(B) is such that £(s) = g(s)y)
then k{s(tf]UA(ﬁ)) = J(g)(OTIE)
(b) MA((”) is closed under sequences of length strictly less
than A .

Proof: (a) is a direct consequence of the definition of U,(p).
() Let p<A amd {x, s o<p]c My() where
= 6 ~ _
x [se KHS“(lex)]UA((") and B cfd, |E|<A. Let us set E "ang“
we thus have |E|<A. If f 3 Pk —5V is the function so that
f(s) = <g°‘(le«) t a<p> 5 £ has support B . Let us check that [f]UA({B)
is the sequence < x o« m(p) o« Because of the previous diagram, the cri-
int ' K in :
tical point of JUA((S) is > K, hence we obtain
M (B) E [f]U)\((”) :s a sequence of length p .
h 6
And for ®k<p, MA([S) E the & term of [f]U)\((';) is [se KHg“(le“)]Ux(@)

This gives [f]U;‘((S) = (x,t0<p>. W

The last property of Uy(p) is the following :
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Lemma 2.3 3 The critiocal point of jUA((S) is K.

Proof: We already know that for any Y<K jU)\(Pa)(x) =¥ . Let us show
(3 .
that Ks[se m———-)s(o)] U, () < JU}\((S)(K) .
If x<K ’ K< 0‘(0) by the cheice of T . Henceforth, by definition of U}‘((s),
in o 6 ‘ B
we obtain : ¥< [se m——as(o)luh(m and K< [se Kt—-bs(O)]UA((s) .

In the same way, 0 (0)< j(k) implies [s GﬁKi-—-)s(O)JUx(m < jU}‘({b)(K) ]

Remark : These ultrapowers are a generalization of Kunen's iterated ultra-
powers. We can show that, for an accurate choice of ¢, Um(ﬁ) can be Ku-

nen's ultrafilter Uﬁ on the subseis of (}'K with finite support.

All the different applications of the ultrafilters UA({S) will be

3 84
based on the choice of the sequence ¢" ¢ Y rE"j(M) .

We have seen that the existence of an elementary embedding j:V-—>M

AMecM and KM¢M for N regular

with critical point K , such that
and &, $AN<K , implies large cardinal hypotheses. Henceforth, to cons-
truct such embeddings, we shall start with strong assumptions on K, in
terms of skies and constellations.

We have studied in a previous work [Su], the relation between skies

and constellations and large cardinal axioms. W. Mitchell [Mi.3] has then

obtained more powerful results.

Let us recall that for a K-ultrafilter U, Z(U) represents the or-

der~type of skies and C(U) the cardinality of constellations.

Theorem 2.4 [Mi.3]: (a) If there is a K-ultrafilter U such that Z(U)

is 3\ , for &, ¢\ regular <K , then there is an inner model which

satisfies "Iv(o(v)3 A+1) " if A> ¥, , and "Iv(o(v)y 2)" if A = X .
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(b) Conversely, if o(k)3» p+1, for p regular <K, then there is
an extension V[G] in which there is a K-ultrafilter U such that

TUO)y p if w>X, ,or T30 if p=4 .

Theorem 2.5 [Mi.3]: If there is a K-ultrafilter U such that C(U)>¥, ,

then , in an inner model, there is a measurable cardinal limit of mea~-

surable cardinals.

Therefore the hypotheses in terms of skies and constellations are
much stronger than the mere existence of A mea.suréble cardinals we have
obtained previously. But the embeddings j : V—>M derived from the-
se assumptions are such that " 3j(K) ¢ M , and the non-closure Kumegu

seems to be much weaker than ¥ j(k) ¢ M .

Let us deal first with the constellations:

Proposition 2.4 : Let A) X, be regular and Y- be inaccessible. If K

is the oritical point of the following embeddings and ASUHEK,
then we have the implications:

(a) there is jsV—5M such that C(j)3p and *Mc X

(b) there is j:1V—>M such that <*Mc M and Pjk) &n

<A

(c) there exists j:V—>M such that McM and C(j)D2 M.

Proof: (a)==(b) .

<A

Let jsV——>M be such that C(j)2p and MC M. If <7¢¢ :t ®< 8D is

the increasing enumeration of A(j), then we set 7 = 7‘“ T AR .

Let us consider the ultrafilter U,(pn) obtained from j and a
if X =ing () where Y c®, Ecp and |E|<A, then
’

XeUy (p) iff T, € (Y)
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( psK, hence j(E) = E )

Our goal is to show that jU}\(F)zV—-—>M)\(H) is the expected em-
bedding. We already kmow,by lemma 2.2 (b), that M,(i) is closed under
sequences of length strictly less than N . The next step is to prove that

T= <7‘;‘ : *<M > does not belong to M)\(y-) .

Let us consider the factorization : v ——"——)M
J
U (l*) l /
A
ku
My (W)

Since, for x<p, kl*( [s e"K;——)s(a)] UA(P‘)) = () = 7& , we deduce from
proposition 4.3 that k“_ is surjective onto [K,Sup{f“ : o<<p.} o There-

fore jU}‘(y.)(K)z Sup [7& t X< p_} . Lot us assume ¢ €My(p). This implies

ko) =¢ . If ¢ [SGFKHg(le)]UA<P) , for BECip and |B|<A, then

k(@) = j(e)(qjg) = T
Claim 2.4 : Let E c | such that (E](A be fixed. If X is the set

{f-e/\(j) : 3f:°k —K such that j(f)(qE) = 7L} , then [X]< ]Sup(E]lE’

Let us admit the claim for a moment and let E, g be such that

7= j(g)(qyp) . Since |sup (&) ®!

any function £:5k — K,y J(£)(m E) # 7& « Let &, be such an ordinal.

<oy there exists x<p such thas for

We then define the projection Pk, @ P —sk « We thus obtain
s —>s(at,)

i(Py, o g)(G‘IE) = 72‘«» , which is contradictory. Therefore ¢ @& M,(p) and
we can conclude.

It thus remains to prove the claim. Let us show first the following
result: Given E, if fi°Kk—>K is such that 3(f)(djg) %K, then
there exists E'c Sup(E) , |E'|<$|E| and a bijection bsz'K —>K such

that j(bf)(o-lE') = J(f)(c-iE)

¥
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Let & = j(f)(U‘lE) . We define A: K-—-)P(EK) and hi K —>°K by set-

B

ting, for «x<K , Alx) = {se K: f(a) = c&} and

- the null sequence if A(x) = @

hle) ={- an element s of A(xX) such that Sup(s) is
minimal,otherwise.

Since j(f)(o‘iE) =9, Tjp€ j(aA)(®) . Henceforth, if j(h)(€) = t, for

t in Ej(K) , we must have Sup(t) ¢ Sup(c"lE) . This implies that for a-

ny xeE, t(x)e Con(?ﬁ‘) where & < Sup(E). We then deduce from proposi-

tion 1.3 , the existence of a set BE' cC Sup(B), |[B'| < |BE| and of a bi-

L
jection T By ——®%  such that j(Trf)(O']E,) =% .

T
We finally obtain ;j('ﬂ‘f“ o h)(®) = Tjge and j(£ o'Iff)(v'lE,) =&,
by using an auxilliary bijection from E'K onto K and proposition 4..3
we get the expected iesult.
Now, let X = {#&A(j) 3£:%k —>K such that  3(£)(ayp) = 7#].

We consider the map  : X ——-—->[:fz'fup(l!:)_']slml
o *——_’Ef where E L is costructed from

the previous study, and such that, for a bi;jection b y : E"K —K,
# = 3(e)(ig) .
We claim that ¢ is 4-4 3 if Lp(%) =@(%') =F, for #£'e A>J),
there are bijeciions b y and b o such that :
# = i(e)(0p) and £ = §(by)(Tg) .
Therefore % and 7' are in the same constellation, which implies ¥ =

The proof of the claim is thus complete. R

(b) => (¢)
Let j:V——>M be such that *M c M and Yj(k) &M . We want to show
that this embedding has at least A constellations.

Let us assume the converse is true and let o'es:j(K), for 6< A\, be
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an increasing emumeration of A(j).

Because of <’\‘M Cc M, we can define the ultrafilter Uq. on SK by

setting : Xc kK, Xe Ur iff ME ce€ j(X) . This ultrafilter is

free and K-complete, we obtain the commutative diagram:

v —9 ym
jU
¢ ke where ku.([f]U ) = §(£)(vr) for
ULty £ 15 —sv. ©
v

By definition of @ , k. is 4=4 omio [K,j(k)[ . Since KUltUO_c:UltUT,

selj(k) implies seUl and k. (s) = = . We thus get r";;(K) cM,

.t
Ue
which contradicts the hypothesis. |

We deduce from the previous result:

Proposition 2.2 : Let pow be inaccessible and W€ K . The following as-—

sertions are equivalent:

rr.(a.) there exists jsV——>M with critical point K such that

-

c(j)3p and PMcH.
(b) there exists jsV——>M with critical point K such that

Ki(k) ¢ M and <PMcHM .

LL(c) there is an ascending R-K chain of k-ultrafilters {D, : RSP D

pl

and a set of functioms {1&‘0({5 s o(<(’.><p-} such that for ot<($<x

= *
D, =f "D, and f“

o Ot v = sctey

Proof: (a) &= (b) is a consequence of the preceding proposition for A =p.

(2) = (c)
Let j:V——>M be such that C(j)»p and FMc M, and let T=<%ia<nd
be an increasing emumeration of A (j)..

We define as previously the ultrafilters on " y for x<p , noted
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here U, , by setting: Xc*k , X € Uy, iff q € ix) .
TR

s o -
Let P“rs s for o<<{‘a<y., be the functions: Pd(sz K —>»K .
s.—-—asla

For a<[>< Y , we have and U, = P.*Up, .

P“x = PO(AOP(S)’ -
Let us define inductively, for a<p : 6(0) = 0
6(a+4) = (26(“))4'
8(p) =a9r58(o<) if & limit.
Let D, = Us(“) y for «<<p o We claim that the system
{:Do( ’ PS(a),S({S) : ﬁ<(5<y-} has the required properties. It suffices to
show D, 56D, if o<fd .
~Let us apply the claim 2.4 for E = o :
the set X = { £ €A(J) : 3f: "k —>K such that j(f)(o‘l'd) = 7£] is of
cerdinality ¢ |x|l®! = 2/%l,
The embedding k_ ;[fJU,:__—)j(f)(vT“) is elementary, therefore
£eAv,) iff k(£ e A(J) . We thus obtain C(U,) ¢ 2'*!. on the o-
ther hand, {7‘-{5 : A< m)cRange(kd) s hence C(U,) » l«x|.

[8(et)1

We thus get |8(x)] < C(U,) < 2 and

Henceforth D o and D )+ cannot be isomorphic. M
(e) = (2) :

Let [D“ ’ fd(s : x<d< y.} be a system which satisfies (c).
For << Y » we have the commutative diagram :
J
v ._.___D.L->UltD
¥
J i i where i f = [f,f .
D«J “ ]‘ ™Y «(llp,) = [Fe pln,

ig
UltD“__&_,Ul'bDﬁ

We can define the direot limit M of the system [ Ulty , i ” a<p<p]
of
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and we obtain the diagrams: v in M

JD“J/ i““ for a<}r,

Ult
DO‘

We claim that jr.:v ——3M is an elementary embedding which satisfies (a)
Let us show first that M is well-founded:
If we assume the converse is true, then there is a sequence of ordinals
{x, t n<w) such that, for each n<w, x  ,Ex . If n<w, let
oy <p and y be such that x = i“n}*-(yn)° Since p is regular ,
A= Sup{otn : n<w} is <.
Thus let us consider the sequence ( i o‘(y n) : n<Ww) . This sequence
n

belongs to Ulty and we have i ¢,‘(yn“) € i m(yn) o This yields a

o n+4 *n
contradiction.

One can show by induction that is the identity on K : let §<K

J
‘\L
and § = iow'(v]). If we suppose, for any x<“§, jr‘(x) =] , then the case

t e i = d ®
n<% cannot ocour . Since ioa.("") t, , we are done

We want to prove now <P'M CM, Let )\<p. and fe)‘M . Using again
the regularity of K and the fact thai jF(A) = A, we can show that

there exists o<\ such that f = io(p.(g) . Henceforth f e M .

Finally, let us check G(j,‘_)zp- . We shall verify that the elements
{'i “F-( [dJD“) 2 o< }A} are in different constellations.
If we had i“}'-( [d]D“)Hiﬁp([d]D(s) y where o< (> ,relatively to the em-
bedding j,, o This would imply i oqs( [dlnd)‘_’[dln 5 relatively to th,
that is [fﬂﬁ]D(g—') [d]Doc » and we would finally obtain fN;"Dﬂ'.‘: Dy s
which contradicts the hypotheses.

The proof of proposition 2.2 is thus complete. W
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A consequence of Theorem 2.5 and Proposition 2.4 is the following:

Proposition 2.3 : If there exists j:V-——>M with critical point K such

that “M M and ¥ j(k) &M , then there is an inner model with a

measurable cardinal limit of measurabla cardinals.

Proof: Let j:V —M be such that “MC M and K 3(x) @& M . By proposition
2.4 (b)=3(c), for A = X, and K =K , we obtain C(j)) X, .

Let 0 = < 7& t A<w) be an increasing enumeration of the first w ele-

ments of A(j). Since YMenM s Wwe can consider the ultrafilter U, defi-

ned by setting: Xc“k, Xe U, iff ME cej(X) .

Uy is isomorphic to a K-ultrafilter and C(Ug)l w , it suffices now to

apply Theorem 2.5 to obtain the proposition. o

Before dealing with the skies question, let us give another example

derived from the same methods.

Propogition 2.4 ¢ If K is 2" supercompact, for any regular cardinals

WS ASHSK, there exists j:V —— M with critical point K, such

that *Mc M and of((299H)M) = .

Proof: Let us take Kunen's example of p-points (of [Ka.ﬂ) :

If isV—sN is associated with the supercompact cardinal, then ( 2")+

is j(K) « By proposition 1.3 , each constellation has at most oK ele-

ments, therefore there are at least (2%)" constellations below (2%)%.
Let ¢ = < % LIS s.y-} be an increasing enumeration of the first

K+4 elements of A(i). We then consider the ultrafilter Up(p) and the

ultrapower M}‘(p.) defined from i and ¢ .

This yields the following diagram :
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v—1
jUA(P)l kp
M, ()

We claim that the critical point € of k, is ((2“)*)”’&("’ ). © is also

F

To prove this, we shall apply:

Lemma 2.4 (Kunen) : If < <(2")*, there exists f ¢k such that
i)Y =&

For a proof of this result, we refer to [Ka..d].

Let us show first, by clasaic ways, € = ((2K)+)M>‘(P').
We have kY‘(K) = K , which yields the inequalities :

2% ¢ (29MA(W) ¢ kP((z“)“"("‘)) < (2% = 2% | By lemma 2.4, from. 2%,
we can reach any element of [K,a“[. since 2"e Con(k), we obtain that
[k,2%] c Gon(k) and % > 2k,

k, is the identity on [K ,7;[ and 7‘P g 2K s hence € is necessarily

p
> (2K)M"(p') . This gives us € ((2")+)M"(’L) .

Let us show ((2K)+)M"(P’) < (297 , thms we would be able to conclude.
If we want to compuie jU)‘(F)(K) , it suffices to count the number of
functions {g:EK —»K for Bc p and |El< )\].
<A K( K<)

Henceforth ,jUk(P‘)(K)[ K < 2K , and we obtain :

(9" ¢ gy 00 < (297

Let us prove now 7; =“9»7‘“ and © = 7{‘!" .
We first notice that, because of lemma 2.4, if <[5 ¢ M, then there can-
not exist fe“k such that i(f)(¥) - Ta -

Let % =“.(:JM7CO( . If we assume 9 # 7",_ , then there exists &,<p so
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that 7€ Con(%x,). Again by the lemma, there is f €'k such that

i(f)(#) = ')‘0\0_'_4 s and therefore there is g €k such that i(g)(?’a‘o)#&%,\
We have obtained a contradiction.

Let us assume %

P.
g:EK——-—;._K such that 7&_ = kv([se"'kn——vg(sm)]ux(”)) = i(g)(o7p) »

€ Range(k,) « Hence there exists E c i, [E|<A and

If & = Sup(E), the lemme implies the existence of fiK —>'K such that
i(f)(t‘ ) =Ty . This gives also i(gof)(t‘ ) = 74},_ , which is impossible.
Since k, is surjective onto [K ,7‘};_[ and 7:-‘ éRange(kr_) R 7IL*' mst

be the critical point € of kl* and we can conclude. K
Concerning the skies, we obtain:

Proposition 2.5 : For A, J regular cardinals such that A <K, we have

the equivalence:
(2a) There exists j:V—s»M with critical point K such that
Z(j)>p and Pucw.
(b) There exists j:V—>M with critical point K such that

ef(§(x)) = p and <*mc m.

Proof: (a)i=>(d) .

Let jsV—>M be such that T(j)y p and <A

McMNM,

If o = <7§ t «<p) is an increasing enumeration of I'(5), we define

from j and O , the ultrafilter U)‘(y-) and the ultr‘apower My (1)«
Let us show Cf(jU}‘(y.)(K)) = WK,

For o\<p.., let K, = [se“x n———-)s(o\)] Uy () ° We want to prove that

jUX(F')(K) S“QPK‘ .

If £ < jUA(P_)(K), then there are E CH, |E[<A and g1°K —sK such

that % = [se“K'"'""g(le)]U)‘(p.)' Hence k’,_(y‘) = j(g)(m E) .
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Let E be fixed, we define f€ K by setting: for =<K ,
f(x) = Sup [g(s) : s€ K and Sup(s"E)sﬁ] .
If %) Sup(B) , we have 7’% % Sup(c"E). This implies:
) 2 i) (og) 3 k(A .
Therefore kl‘.(f-) is at most in &(7%). By definition of ¢« ,

k?_(yﬁ)< 766+4 = kl"-(KSM) and we are done.

(D) i==3(a):

Let jiV——>M be so that cf(j(x)) = . If Z(j) were a successor
ordinal, in the highest sky, there would be a2 cofinal set of cardinality
K. This is impossible by proposition 4.2 (b). Henceforth T(3) is a
1imit ordinal and cf(j(KR)) = ef(2(j)).

Therefore, we have at least | skies. B

Let us assume K is 2K—compac't. There exists a fine measure U on
PK(ZK) (ef [Je]). Let jytV —>Ulty; Dbe the corresponding embedding.

The model Ult, satisfies the following (cf [So.Re.Ka])s

U
vhenever X Ulty and [X|g 2%, then there exists YeUlt
(%) ¢ { v

such that X C Y and Ult;F [Yl-(jU(K).
Proof: if X = {[f*lU Tt A< 2“] s then we define f:PK(2K) —>V as fol-
lows: f(P) = {fa(P) . P] . We obtain X C [£f]; end

vty B | [£]y] ¢ |laly] <ay(x) .
(%) implies of(jy(x))> 2%, This will give:

Proposition 2.6 ¢+ If K is 2K-compac1:, then for any regular cardinal
<A

A¢K, there exists j:V——>M such that McM and cf(j(xk))=A

Proof: Let us consider ,jU=V———)UltU where U is a fine measure on
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Pi(2¥). We have seen cf(jU(K))> 2K . If Z(jU) were a successor ordi-
nal, then by proposition 1.1 , any constellation in the highest sky would
be cofinal under :jU(K). But all constellations have cardinality 2", the-
refore Z(jU) is limit and cf(Z(jU)) = cf(;jU(K))>, (287,

c Ult,. . We can thus apply proposi-

U U
tion 2.5 to the embedding jU. n

U is K-complete, hence K'Ul‘t:

Let Cy, represent the closed unbounded filter over a cardinal K

so that cf(K)) w . We quote without proof the following :

Theorem 2.6 (Ketonen) [Ke],[Ka.4] : Let A< K be regular. If U is a K-ul-

trafilter, we have the equivalence:
Z(U)y A iff  there exists D, . U such that

DoCt U {{o«x : of(at) = k]}

The preceding proposition, for A<K , could be deduced from this

theorem, An other consequence is the following:

Corollary: Let A regular <K, if there exists a K-ultrafilter U which
contains CKU{{m<K s cf(et) = )\]} , then there is j:V——s M with

critical point K such that <*Mc M and ef(j(x)) = A .
J

Mitchell, starting from a K-ultrafilter with A skies, for .<Aregu-
lar < K, has shown the existence of an inner model of "3dv(o(v) = A+4)"
(cf [Mi.3]). By using the same arguments, one could show that if there is
jiV¥ —>M such that YMc M and T(j)> )\ , then there is an inner model
of "3v(o(v) =\)".

The difference, A+4 in one case, A in the other one, comes from the

closure under A -sequences which is always satisfied for a k-ultrafilter.
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Let us enounce now two more ressults of Mitchell :

Theorem 2,7 [Mi.z]s - If there exists j:V—M such that “MecM and

j(K)) K++ for some cardinal K , then there is an inner model of

"I(o(v) = vHyn |
-~ Hence the same conclusion follows from the existenw-

ce of a measurable cardinal K such that 2K> l-;+ .

Proposition 2.7 : Let O\ regular ¢ K. The following assertions imply the

existence of am imner model of "3y{o(v) = A)" ¢
(a) there is j:V——M with critical point K such that “Mc M
and cf(j(k)) = A .

<)\M

(b) there is j:V—3M with critical point K such that CH

and of(j(k)) # 2.

Proof: (a) is a direct consequence of proposition 2.5 and of the previous
remark.

+

(b) By theorem 2.7, we can assume 2% = K . If cf(j(kK))¢K , we

conclude with (a). If ef(j(x))> k** , we apply theorem 2.7 . m
Let us end the chapter with a few open guestions :

- Is there a converse to theorem 2.4 ? Do we have the following ?
If there exist A measurable cardinals < K 2 x<Ad>, for a regular car-

dinal A <Sup {K : x<A} , then there is an extension V[C] with en em-

<A

bedding j:V[G] ——>M of critical point K% A such that MM

and ¥M g,

- Let A inaccessible K. The following assertions are equivalents

ﬁ,%a o e I R e R T e e R TR S SO AU SR AR .
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« There is a R-K chain of K-ultrafilters of length X\ +1.

. There is a K-ultrafilter with A+4 constellations.

In view of this result, can we reduce proposgition 2.2 to the equiva-
lence: n(2) there is jsV—sM with critical point K such that
QMM and C(5)3 N
(b) there is jsV—>M with critical point K such that

AycM and Ai(R)EH .

u’(c) there is an ascending R~K chain of K-ultrafilters of

length A .

- And finally, can we obtain ? :
Let W< A regular <K « If o(K) = A , then there is an extension V[G]
with an embedding j:V[G] —>M of critical point K such that “Mc M

and cf(j(K)) =A.
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III. FIXED POINTS

Let us consider the elementary embedding associated with a2 K-ultra-
filter. Many ordinals are not moved: for example, it is well known that
an inaccessible cardinal »K is left fixed, one can prove also that (2>‘)+
for A inaccessible K, has the same property.

On the other hand, if K is supercompact, then any cardinal can be

moved by an elementary embedding .

In this chapter, we study some connections between large cardinal

assumptions and the absence of fixed points of elementary embeddings.

Let us first remark that, given two measurable cardinals, there
exists jsV—M which moves two inaccessible cardinals and such that
“McH:if U, and U, are respectively a K -ultrafilter and a k~ul-
trafilter for K,<K, , it suffices to set j = jon(U' )® on « The follo-

wing proposition is a kind of converses

Propogition 3.4 : Let A 1De a strong limit cardinal such that A>K and

cf(A)>K . If there exists j:V—>M with critical point K such
that j(A)>A and “M c M, then there is an inner model with two

measurable cardinals.
We have more information in two cases:

Proposition 3.2 : With the same hypotheses as in proposition 3.4 :

(a) if there is no inner model of "3v(o(v) = v )", then there is an

-y
inner model in which K and off (Um) (\) are measurable.
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(b) If A is inaccessibie and j"AcA, them K and M are measura—

ble in an inner model.
We present two proofs of proposition 3.4 :

Proof 4 (in the manner of Mitchell) :
If there is an inner model of "3v(o(v)= vH')", we are done. Otherwise, by
theorems 2.2 and 2,3, we can consider K(ﬁ;) and the iterated ultrapower
J =y o Let j =5y = i s for y € Ord.
1K(Um) k(7)) oy Y

Let ot be the least ordinal & such that _ ios()\) >A
. We assume first that o« is a successor ordinal: « = p+41 .
By hypothesis, ioﬁ(h) = A o Let Kﬁ be the measurable cardinal ‘in the (';th
iterated ultrapower N(5 which is used in the embedding i . Since A

B+

is a strong limit cardinal and A is moved by 4 » We must have :

e
of ®(A) s Ky and Kysh.

Hence Ny |F there is a measurable cardinal M such that ef(A)gp ¢ A
and N, B there is a measurable cardinal € such that cof(A)g &< A
because ioﬁ()\) =M.

Therefore, we are done, since K is measurable in N = K(ﬁ;) .

« If ® is a limit ordinal, then let us show ioﬁ(z\) = U i,,(8) (contra-
S<A  °%
ry to the classic iterated ultrapowers, it is not always true for A limit
cardinal such that cf(A) #K )
Let ¥ < io“()‘). There is (A< & such that & = i{su(r]) where < io{S()\).
By hypothesis, i ,(\) = A = Ui (8). Therefore, there exists 5< A such
ofs S<a of ,
that < io(s(S). This gives %< i, (n) for n<A . Since SU iou(S) >N,
<A
there is 9< A such thet i (g)>A>8" " .

oKk
We can apply now theorem 2.7 to obtain a contradiction. ®
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Proof 2 of Proposition 3.1 (in the manner of Kunen) :
Let j:V—>M be such that j(A)>A . We define the sequence €, : x<f>)
for (A<t oy a8 follows ¢ =&, = K

- Let us assume T = <ex 3 y<et > has been

constructed such that &, < j(K) , for each y<a . Since T €M , we can

¥
consider the ultrafilter Uy on “K s let XcK.
Xely = iff T € 3(X)
We again obtain the diagram: V—3 M where Ult, is closed
jUT"J, Ky under K—sez‘;ences.
UltUTd

If the critical point © of k_ is > j(K) , we stop the process.

Otherwise, we set €, = €&, and iterate the process.

First case : The iteration of the process is of length > @ . Hence we shall

argue as in theorem 2.4 .

Let X, = {v: v strong limit, v> 2% and of(v)> K}

K, =[veE, :[vnNE,| =v]
X.=NX, if H limit
b °<<{'a°(

and let YV] = the least element of Ky‘ .

We define A4, = [y :A4sn<w] and a, =] :4¢n<w] and the

Ywsn
usual filters F, and F on A, = Sup(4,) and M\ = Sup(4,).

. With a K-ultrafilter, we can show: L[F,,F]  F, is a A -ultrafilter .
« For F, , by using the embeddings kn sy LW 4 We obtéin the same gra-
phic as in theorem 2.4 (with corresponding notations) :

. Ao By A

j R Nregmee?
Trw(Ao) Al

the Low(Fo),F,] -ultrafilter on ﬁw is the last tool necessary to obtain
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L[F,,F] E F, is a A-ultrafilter.

Second case: there exists otgw such that, in the diagram

vV—3d .M , Xk, is I-I onto j(K).
Jy
2| A
Ult
U
Tex
Up is isomorphic to a K-ultrafilter, therefore j; (A) = A . This
o T

R
implies that the critical point © of k, is so that j(K)<cesA .
We note p, = & and Pp+1 = k“(pp) « Let us consider A = {pp : p<w}
and let D be a j, (K)-ultrafilter in Ult; .
Since Ae Ul'tU sy we can define in Ul‘l:U the usual filter F on
T Tox
= 4) : 1 X « XePF iff X .
p = Sup(4) le cp € dn Vp3n Pp€
Obviously, L[F,D] E D NL[D,F] is a iy (w)-ultrafilter.
T
The critical point of k, is ¥ J; (K), hence Xk (D)N Ult; =D.
T“ Tag
This implies L[k (D),F] = L[D,F] , and k_: L[D,F]—L[D,F] is ele-
mentary. In this case, it is a known fact (Kunen) used in [Ka.z] that
F N L(D,F] is, in L[D,F], a p-ultrafilter.
Let us give a proof inspired by lemma I0.I0 of [Ku.I] :
Let us assume F N\ L[D,F] is not a p-ultrafilter.

If X is the least subset of p in the well-ordering of L[D,F]
such that X and X°© ¢ F , then as previously, by using the fact that
k“-(x) = X 5 one shows : p,€X iff Vp<cow, Pp€ X , which is contra-
dictom.

Let <X§ :t §E< 8>, for §< p, be the least counterexample to the
p —completeness. In the same way, k“(<Xg : E<®)) = <X§= £E<8>.

We distinguish two cases: - if 6 P,y then kd(g) =% ; for any E< & ,
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snd k,(X) = Xy . We obtain [pp : p<w}c_ Q<§["= .

- Let Po $S (P )
Since ka(<xg=§<8> ) = (Xy %< $D> ku(S) mst be equal to 6 .
But there is p<w such that p <8<p ., , this implies k. (P )<k, (6)

and Pt € k (8). We have obtained a contradiction.

Therefore L[D,F] F N L[D,F] is a p-ultrafilter . B

Proof of Proposition 3.2 3

(a) Let us return to the proof in the manner of Mitchell of the pre-
vious proposition.
If there is no model of "3v(o(v)=\7’+)", the first case must occur: the
least X such that iou(}‘)) A is a successor ordinal . If a=(3+4, we
have seen cfuﬁ(}\) < K{Ss)\ .
Let us assume ch(s()\)< Kb o This implies iMsH(A) =%9Ai{$p+4(g) . Since

(M)>X , there is §<A such that i (8)>A> (2'81)7, and it is

B B+
impossible, with a single ultrafilter to obtain such a result.

Therefore ct’“"“'(}\) =Ky and Ny F cf(\) is measurable .

(b) We shall need the following lemma which will be useful later.

Lemma 3.,I : Let j:V——sM with critical point K be such that “McM

and jF(N)>AN , for A»K inaccessible. One of the following cases
occurss

(I) there is y<A such that i) >A .

3

v 3 .m
ii/
N

such that “Nc ¥ and i(A) = M . Moreover the critical point

(2) there exists a commtative diagrams

of k is A, and if v is a strong limit cardinal such that

e emep o e e -y RO 0 T - e b e men s - - - o
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v>2* and cf(v)>A , then i(v) =v.

Proof: Let us define by induction the sequence t A<$) as follows:
/S

e %o = K

‘If<7?s

A<y then in analogy with with previous definitions, S, ((;Ta(’?s ) deno-
J <

: A<ot> has already been defined such that j(')?&) > 7‘[\ , for

tes the collection of subsets of ﬂTI' 7;; with countable support:
<A

X

- - 'n'

mE’a(Y) if there are Ec«, |EIX and Yc QCE 7‘(‘* such that
se T $ 8),EY{ o

We next define @ : j"« —» Ord by setting T (j(B)) = 7?5 for A<k .

(v).

X

The ultrafilter U, is thus : let X cC (;12‘ 7"(5 and X = ing

XeU,  iff Tl5(z) € I

We obtain the diagram s V—3 oM  where k ([ — &l BIE)]U“)

j"al A is  j(g)(T)p)-
UltU“

Exactly with the same arguments as in the case of the ultrafilters U,‘((S)

one shows that U11:U
K
- If ;jUO(()\) > A , then we stop the process.

is closed under & -sequences.

- Otherwise, we have k o‘()\) YA and we define 7& as being the criti-

cal point of Xk, « We then iterate the construction with [ 7‘()> s {sso\} .

If 7&» A, then k _, is 4-4 onmto (A+4) and hence on(-M()\)),\
Since the function 7‘ T A —3 7& is strictly increasing, we know o« £ 7&

Therefore the iteration must end up, at most, at the A+l 5% step.
Let *< A +| be the least ordinal § such that jUS()\)>)\ .

Pirst case: &A= A+ .

In this case jU)‘(A) = A and 7;: % A . Since kA(}\)>)\ , necessarily
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7‘)‘ = A + Let us check that if v is strong limit )1,)‘ and cf(v)>A ,
then jUA(V) =V o, Thus we shall be done by setting i = jU;\ and
k = kk .
As for th al iterated ultr S, « Gy (v) = U is a
o e usual iterated ultrapowers, ,]U)‘( ) 2y jUA(g)
W
consequence of cf(v)y\ , and . I'jUA (‘é)! PRI P e
entails j <V e
3y, (8]

We thus obtain jUA(v) =V .

Second case: o =f+1 for (b<A.

We shall show this time that i = jU(’:. and k = kﬁ .
Since j; (M) = A, we have k{s()\)> A and hence 7;25 A « Let us assu~-
A

" me 7;;</\. The two points: - j, |()\) = U jU{$+l(§) because

+ <A

l)ﬁ\“( ef(A), and - ,JU(‘_H(B)I < lgl“‘/s‘“, I(Slw ‘

give Jjj H()\) =A .

Therefore A must be the oritical point of k p and the last part of

the lemma is proved as previously.

Third cases o is a limit ordinale.

Because of the remark before the different cases, we must have 7?5<)\,
for all A< K . Hence Xg¢ A . If we assume o< A , then by regularity of
A, Sup {%l’s s (S<of}< A . We would thus obtain ,‘]Ua()\) =N o

Therefore of is A . We then consider the diagrams : for A<pA<A ,
Jip a0
V____U.&__.)Ultu ' where k Gp is defined as follows:

Iy
ﬁl 7 e

iy, i [se‘jl“zs‘r "‘—"g(le)]U{;) = [“YHX '—-’g(smﬂuﬁ,

We can consider the direct limit of the system [Ultuﬁ, kg s BEPEAY

Since A is regular >, this is precisely UltUA .
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To show that j (N\) = Sup {;j (g) : '§<r\} s, we argue as in the limit
A U
case in the first proof of Proposition 3.I « The two elements of the
proof are the fact that jUrs(A) = M = Sup { jUﬁ(g) : §</\} for <A ,
and that Ult
Ua
there is <A such that jU)‘ (¢)>A and (I) of the lemma must occur. ®

is the direct limit of {U“U,;’ fp<A]. since 3y, > A

Let us prove now (b) of Proposition 3.2 :
If j"Ac)M, then case (2) of the previous lemma must occur. We have the
v -——j——-) M
. where i(A) =A ,YNc N and i(v) =v, for
: I‘L/ v strong limit cardinal such that v 2)‘ and

cf(v)) A

diagram:

the critical point of k is A.

If A= {kn(}\):nuo} y P = Sup(A), then we define in N the usual fil-
ter F on p. Let D be a K~ultrafilter. Since A) i(k), we have alrea-
dy seen that in these conditionms: (cf proof of Proposition 3.1)

L[i(D),F] F i(K) and P are measurable
We then apply Kunen's methods [Ku.4] t0 our special context.

By iterations of F, we can replace P and F by p and F , where
p is strong limit 2!, cf(p)>A , and F is the closed unbounded filter
on P .

let us consider the ultrafilter U = [X CA:s XeL[i(D),'F"]and Ae k(X)]

The properties of 'P imply that is an embedding from L[i(D),f‘] in-

jU
to itself. Thus U is an iterable L[i(D),F]-ultrafilter, and since

Wy e N, all the iterated ultrapowers are well-founded.

Let K be (in V) the class [v : v strong limit cardinal, cf(v)>A , §<v}

We consider the Skolem Hull S = HL[i(D)’F] (k UK U{?})-
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If k€S and ov<P, then i;"“(a) =k o this implies o< A . Hence there

are no ordinals &« in S such that Agak<p and the transitive collap-

se of S satisfies " i(K) and A are measurable ". But S has not been

constructed in N, hence we cannot apply i +to obtain the expected result.
Let us consider the Skolem Hull S, = HL[D’-f‘](K vAauph.

We define I:S;——>S , as follows: if x = tL[D’i‘]((v’l)lsk,(aj)j‘n,ﬁ) ’

where Vv, €K for 18k, X.<A for j<n, then we set

1(x) = BT () LGl 0p)

jen
Since «K.< A, for j<$n, we have i(o(j)<A . Hence if =xeS, , then

J

I(x)e S . (Remark: S is not i(S,) though i(x) = i(x) for x€S, ).
One can see that I is an elementary embedding because i(L[D,F]) is
L[i(D),F].

Let us assume there exists &k in 5, such that Asqs'é. Since
i(A) =A and i(p) =P, this would imply Agi(x)<P and ilr)es,
which is impossible.

Furthermore, by applying the embedding I , we obtain that K and P
are measurable in S, . Therefore the transitive collapse of S, satis-

fies " K and A are measurable " .

The proof of Proposition 3.2 is thus complete. B

Remark : Whereas part (a) of the proposition was not provable by Kunen's
methods, we do not see how to prove part (b) by Mitchell's methods: the
hypothesis "there is no inner model of "3v(o(v)=v++)" seems to be needed

in the arguments.

Extending the previous results, we obtain:
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Proposition 3.3 : Let jsV—>M be such that WM c M . If there are «

inaccessible ceardinals moved by j , then there is an inner model

with A& measurable cardinals.

Proof: Let < Mgt (h<a > be the sequence of inaccessible cardinals moved
by j « If there is a model of n3v(o(v)=v )", we are done. Otherwise,
let Jio/a2y = 1 for ye Ord .

|K(Um) oy ¥
From the previous study, we know (proof 4 of Proposition 3.4) that, for

each (<&, there exists §(3)<y such that ’\{S = KS(IS) and

fos(m) ) = a-

Hence for any (b<«®, Ny,f An is measurable . The proof is thus complete.®

With Kunen's methods, we could obtain only the followings

Proposition 3.4 s Let j:V—>M be an elementary embedding which moves

fett

A inaccessible cardinals. If M c M, then there is an inner model

L{F] with & measurable cardinals.

Proof: Let A, be the critical point of j and < AP: ¢ A<xK)> Dbe the in-
creasing enumeration of the inaccessible cardinals moved by j .
If the proposition is true for all ¢ ¢ A, , then the case X )‘o can be
deduced by using iterated ultrapowers.

On the assumption that x < A, , our aim is to construct w« embed-
dings i, : Sy —— N, such that "‘s,lc Sy » for N<wWa, and such that
the sequence of critical points is strictly increasing. Thus we will apply

the same method as in the second proof of Theorem 2.1.

Pirst cases There exist /\{5< AY and n<w such that jn()\{s)> )\,4, "

]
=

We thus consider i = j~ , i s V—->M , where M =M, and (V)
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[
for p<w - Une proves by induction on p<w , that Mpc; Mp :

let us assume it is true for p , since V N*mcu , We obtain
P X .p Y . xR
Fn (M cg (M, that is M. NM  CM .

ot ot
M M M M .
Mp-MC‘ Mp and pC b lead to p+4C p+4

We construct by induction the sequence < 7‘;‘ : y]<S> as follows:

-7Lo=)‘o

q "
- if T'l =<7’é t £E<n) is already defined for Nn<Wox, ret lIISu.p('I‘,]) is

the sequence such that ¢ (i(g)) = 7‘E for €<v].
U, is the ultrafilter on S, ,+( T %) = the collection of subsets of
1 lat] €<h) €

T % with support of cardinality ¢ let|l « If X = in_ (Y), then
&< & E,n

xeu,l iff Tig € i(y) .

Ve——3MNM

n
j"nl /'2

Ult
Uy

the process. Otherwise we set %

1

In the diagram i y if k,, is the identity, we stop

= the critical point of k,,, s and itera-
te the construction.
We claim that the length of the iteration is 3 wde.
Assume it is not the case: there exists j<wa such that ky‘ is the
identity. An usual computation gives :

[jUn(Afs)l < A{:S!J.P(T.‘)“otl Mllul and 3U,'(?\p)<)‘x .

Since )\x< (k’lo jU.])O“") < k ()\r), )\x is moved by k,] , which is contra-

"

dictory.

U,

The embeddings k,.‘ : Ult
"

— M , for n < woK 4 are thus the expec-

ted embeddings.

Second case: For all A<k and n<w, jn(Ap,)< '\{$+4 .

Once again we construct from j , a similar sequence < 7(;1 :N<%) and
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consider the ultrafilter U, on S ., (eE‘%ﬁ) .

If the length of the iteration is ) Wet 4 Wwe are done. Otherwise we claim
that the length of the construction is at least o and that for any A<
there is n(A)<%  such that yv] @ * Ape

By definition kS is the identity. If we assume that for all n< %,
7%|<)‘(s’ then we must have jUs()\A) =Aa + This leads to ks()‘(s» Ap and
hence to a contradiction.

Let q(IS) be the least W< § such that 76|rl by '\rs . For any n <n(R),

)‘v‘< )‘(’a » therefore j (Aﬁ) = )\{5 and k“( o) (As)> }\{; . We thus obtain

n(p)
7‘,]((5)5 )\fg and finally ')‘q(/s) = A{s.

Let us write N{S for UltU

n(p)

and let us consider krl((S):Nﬂ —— M

with critical point Ag e

We can study jn(kq({ﬂ)) : jn(N{s) — (M) , for n<w and <.
“Nﬁc N, entails ()N “jn(Nﬁ) c jn(Nﬁ). Since we have seen previous-
1y “ord c j7(V), we obtain ' Ord C :jn(N{s) and “;jn(N{s) c jn(Nﬁ) .

Since ;jn()\(s)< A , for any n<w , we have now in our possession

($+4
Wk elementary embeddings : j g jn(N{s) ——sM . 5 for Pk and

«
n<w , moreover jn(N(s)c:;in(Nl,,‘) and the sequence of the critical points is
strictly increasing.

The proof of Proposition 3.4 is thus complete. [ ]

Let us check now that if U is a K-ultrafilter and if A is inac-—

cessible, then jU((2>‘)+) = (2M*.
(2"t

- If A>K , we already know jU(A) = A . Hence jU((z)‘)+)
(2M* .

N

-If A=K, then j,((29%) = ((23v()yH0ity

I R et T I i R L i L
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Since lPUltU(jU(K))[ < 1¥p(k)| ¢ 2%, we are done.

As it is shown in the following result, large cardinal assumptions

are necessary to move (2M* .

Proposition 3.5 ¢ Let jsV-—>M be such that “Mc M . If there is an

inaccessible cardinal A smch that j((2M)7F) > (2M)*, then there is

an inner model of "3v(o(v)=v ") ".

Proof: Let us show first that j((2M)*) > (2M* implies j(A)>A .

Ir §(A) = A, tmen 3((2M%) = (P3N L (2N ¢ (2N, and this
contradicts the hypothesis.

Hence we can apply Lemma 3.4:

(4) either there is y<A such that j(x))A .

(2) or there exists a commtative diagram v—I .x

| /
N
such that 1(A) = A and the critical point of k is A .
If A is the critical point K of j , we simply set i = identity and
k=3
In case (1), since Oy c M, the proposition is a consequence of Theorem

2.7 « In case (2), let us check the following:

Claim : (2M¥ 3 2.

Proofs Since i(A) = A , the embedding i is injective from P(A) into
PN()\). Therefore [PN(A)I =2,

We have also PN()\) c PM(/\) because the critical point of k is A, con-

A A

sequently ‘PM()\)I = 2" , Finally this gives us (2")11I y 2%,

T Y R I R T L0 PR PIRTT U S N T MU



55

We next consider the model H = j(M) and the embedding e:V——H ,
defined by e = joj = j(j)e j

Claim : o(A)3 (2M)7.

Since “YHc H sy We will be able to conclude by Theorem 2,7 .

Proof: e(A) is inaccessible in H and A< j(A) entails j(A)< e(A) .

Hence (2:j ()‘))H< e(A\) . We have seen in the first claim (2’\)M>, 2,

If we apply j , we get (2"]()‘))H by (23(}‘))M R

Let us show now (2'1('\))M s (2M*,

If the converse were true: (23()‘))“< (2M* , then j((2>°)+) = ((23()\))+)M
¢ M7

and we would get a contradiction.

Therefore we obtain: e()) > (2‘1()‘))H > (2"j(’\))M > (2M* and the proof is

is complete. W
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IV. NON-SEPARATIVE P-POINTS

We introduce now the notion of separative K-ultrafilters.

Definition 4.4 (cf Kanamori and Taylor): A K-ultrafilter U is termed sepa-

rative if it satisfies the following 3
Whenever f,g &'k are unbounded (mod U) and such that [f]U # [g]U

there exists X in U such that f"XNgX =g .

Let us notice first that this can be formulated with the Rudin-Keisler
ordering 3
Fact: Let U be a K-ultrafilter and f,gec Xk be unbounded (mod U), the
two following assertions are equivalent:

- there is XeU such that f"X N g"Xx = §

- U £ g

Proof: Let XgU be so that f"X N g"X = @ . Since f£"X¢f"U and
g"X €g"U , we necessarily have f"U # g%U .

Conversely, if f£™U £ g*U, then there is Y c K such that Y is
in f*"J and not in g" . Let us take X = £~ (Y)Ng~'(Y®). We obtain

XEU and f"XNgX=¢. 8

A selective K-ultrafilter is separative: for any unbounded function
(mod U) £ in Kk, [d]f*U is simply [f]U . Therefore all the f¥*U, with

£].. in [K,j,.(K)[ are different.
U U

To find examples of non-separative K-ultrafilters, let us consider

the product U®U where U is an arbitrary K-ultrafilter. If P, and
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Pz denote the projections onto the first and the second coordinates,

then we have: [Pl oy # [Rlygy @0d R*(USU) = U - P*(U®U) .

But are there other examples of non-separative K-ultrafilters ?
We answer in this chapter a guestion of A. Taylor :
" let U be a non-separative K-~ultrafilter. Does there exist a K-ultra-

filter N such that N@N ¢ $R-K ge"

If NN U, then the number of skies of U must be » 2 . There-

~ R-K
fore, we shall answer in the negative by proving the following result:

| 4
Proposition 4.1 : (a) if K is 22 -supercompact, then there is a non-

separative p-~point.
(b) Con(ZFC + there is a measurable cardinal) implies

Con(ZFC + there is a non-separative p-point)

 Proof: (a):
oK
Let jsV——3M with critical point K be such that 2 MCM . We thus

K K ®
have ((22 )"')M = (22 )*. Hence (22 )* belongs to the first sky because
2%\ + 2% +
(2° )" = §(£)(x), where £(x) = (2 )" for a<k .

K
For each ¥ € [K,(22 )*[, we define the K-ultrafilter U L
K
U 4= (X GKs fej(x)} « The number of K-ultrafilters is 2° , hence there

mst exist % £ % in[K(z)[suchthatU =U, .
v T A A
We next consider the ultrafilter U74 74 on KxK defined as follows:
v ?

let XCKxk. K€Uy ,  iff (£ % ) e 3(x)

Let P, and P, Dbe the projection maps. We obtain:

U TR TR A T Y T )G T

1
d i f P i
By definition o U7€ N [ ']Uf; " # [P,_]U* " is equivalent to 7147%‘

Finally we claim that U 74 7(' is isomorphic to a p-point.
9
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Let us consider the commutative diagrams vV—I
J
Gh
U1t
U"-'f'z.

where k([(x,A)e 2|<l--——)f(0(,(5)]U*1. ) = 3(£)(F %),
ol
By elementarity of k , it would suffice to show that k"j; (K) is
’
' L
included in one sky (relatively to j).

K

r  [f] < (K) , we define ge 'k : let (A<K .

J
Ut YA

g(r) .-; gup [f(o(,('a): a(<('>} .
This gives us j(g)(%) 3 J(£)(# ,% ). since ¥ esk(K), 3(£)(% ,7 )€ Sk(x)

and we are done. B

The fact that existence of non-selective p-points and measurability
are equiconsistent has been proved by Gitik :i.n{Gi]. We shall use his tech-

nigue in the proof of (b).

(b) The method consista of adding a function £ in KK s, While preserving
K
the measurabiiity of K . Let V[G] be the extension and & = ((22 )+)v[G].

This function f will link the first and the highest sky of the embedding

. . . * .
Lowsq ©=O that the extended embedding 1ot will have only one sky.
Since iom-.{(K)) A , by using the same arguments as in part (a) of the

proposition, we shall be able to conclude.

Following Gitik, we use Silver's Forcing to add a function in "k .

Let us define, by induction on K K, the o(th

iterate B, (cf [Je])

- For ¢ K, C, is the Cohen Forcing in V'P“ for adding a generic
function from & to «

Cyx = {feVP“ : £ partial function from o« to & and ]fl(o(} .

« If & is regular and & ¢ f for (A 1limit cardinal, then we set

B o T et e S H trien v S sgs A e,
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- Otherwise P _, =P »f
- At 1limit steps of the iteration, we use direct limits when the or-

dinal is inaccessible, and inverse limits otherwise,
We thus consider the iterated Forcing P of length K+4 .

Let U be a K-ultrafilter. Given an ordinal o, i

th iterated ultrapower N, , with respect

ok denotes the usunal

embedding from V into its &
to U . U, represents the ultrafilter, obtained from U , on the algebra

of subsets of “K with finite support. If n<w , then U, is simply

@vu.
n

We always assume GCH holds in V .
Let i ,:V—>N, emd K, =1i,(K), K =i, (K). It is possible by Sil-

ver's method to find G, in V[G] so that G, is N,-generic over i_,(P)
L 2 2 ol

and ioL"Gcz Gy « Therefore one can extend the previous embedding icL to

i :v[e]— N, [6,] .

Lemma 4.4 (Gitik): For an accurate choice of G& s there exists a function

fe' in V[G] such that iJ(£)(k) =K, .
Proof: We have i,,(P) = Pewr ® Prot ks (cf factor lemma in [Je]).
D2

G is N,-generic over , it thus remains to choose G' in V[G]

PK+4

which would be N,[G]-generic over P4, Ky +4 (we use the same notation

for the name PK+I,K1+I and its interpretation KG(PK+I,KL+I))'

+« The Forecing VPK+|7KL+' is K-=-closed .

. There are k' dense subsets of P because [(2KL)NL[G]|$ l(2"'—)N’-l
+1yK, +]
and 1(2"1—)“‘] < 2K,

. ¥ N, [6]le N .[6].
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From these three elements, one can deduce the existence, in V[G] of a
- ! ] = °
N, [c]-generic G' over PK+4,K,_+4 . Moreover if T U{p(K).peG} , We
can require that <4,4,~-.,41, TU(K,K;)> TDelongs to G'. We finally set
A . n
Gy = G#G'. If p=rp p(k), then- ig,(p) = p1K<4,-——-,4,p(K)> by de-
finition of Cg . Hemce if p€G, then p(x)y WU (K,K,) and iy ,(pleg,
Let us note G = Exx-ﬁk vhere EK is generic over P, and -I:I'K is
V[Gy] - generic over Cy . In the same way, G, = EKz* Ekz .
Let f = UH, . f belongs to "k . Since 1%, (R, = Hy, and

(k,k) € UHy, , we obtain i, (£)(K) = K. B

We would like to obtain a similar result for an arbitrary successor

' . * _ _ s
ordinal a+4: i ¥ (£)(K) = K, where K, = ig,(x)

[= g —s s()]y
*x+4
(for the last equalities, cf [Kn.'l])
This can be done for &< @ because we only need the closure of N, under

K-sequences to carry out the proof.

Let us make now a digression to explain why a natural attempt to pro-

"ve (b) fails. By the previous remark, we can consider io* VGl — N 4[2} 4'1

4

. %
and UKa,K3= [Xev[G} t Xc KK and (K;,Ky)e 104(;()} .

U could be a good example of p-point , but nothing proves that:

K, o K

2 I
= * = . ; ¥ -

Uy, = (xevlel:kye 3% (X)] and Uy, = {xev[a].lc3e 104(x)] are the sa

me K -ultrafilter, '

In fact one can show that, with a similar notation, UK ’ UK: and UKS are

3 different K-ultrafilters though UyN V=T NV = Uksnv =U .

Let us return to the extension of the embedding i oo e If A3 0 4 we

+4

shall need a little more work.
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Lemma 4.2 ¢ The following diagram is commutative: let &<{d<Yy .

o(5+4
V ————

If Y is a limit ordina.l, then N5 A is the direct limit of the

system { 40 i“(s .o&<(£<x] and 1 y for ®<Yy, are the corresponding

=Y

embeddings.

Proof: Let us show first that i B is an elementary embedding from N“ +4

«
into N, , o Let xeN, , and ¢ be a formla such that N, ,F ¢(x) .

We have the equivalences : NE EN x4

N e B xgultrapower of the universe modulo
oxlU) and this ulirapower [ p(x)

md N E 9

N[s\‘ 1“{5(x)eultrapower of the universe mo-
dulo i (U) and this ultrapower}:q)(:. (x))

Viﬂﬁ(x)eNﬁH and _Hl=‘?( (’:(x))

Let us check i oil .

ofp+4 ~ %R ° Tox+d

Let xeV. i (ipx(x)) = is (U)_(ioa(x)), if we apply inp »

o R+1 (x) = 0\0\+l

we obtain: i, (i, (%)) = 30 im“(U)(i..,(,g(i,,,,‘(x)))

Jloﬁ(u)(io(g(x))
= iols+4(x) .

Hence the diagram is commutative.

Let M be the direct limit of the system [N, , ixpt x<B<Y]

and let k s for o<« Y o be the corresponding embeddings :

Y
K+4 k“Y-;M
w|
by
N6+4
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We consider the function €M —» N +4 defined as follows: let xeM .

Y
There exists e«<y such that x = kﬂx(y) , with yeN,  , , we thus set

e(x) = iﬂx(y)'
© is an elementary embedding: for any formula ¢ , ME y(x)
Nera B 903)
N E Pl )
(one checks easily that 6(x) does not depend on the choice of & and y)
® is surjective onto Nx+4 s let ieNyM « Since xeN_x » there is o<<x,
yeN, such that X = i“x(y) . Let us show yeN,  , -
Nx k2 Yeultrapower of the universe modulo iox(U)
N yeultrapower of the universe modulo i “(U)
TEN 1y *
We finally obtain X = Q(k“?f(y)).

If we consider the transitive collapse of M , then we must have © = Id,

and since 6°k¢¥ = i“r y we obtain i"Y = k‘,(x . =
We are now ready to prove:
Lemma 4.3 : For any ordinal « , there exists G 44 * Nyyq —€€RETiC On
S 4(P) (in V[6]) such that the following diagram is commutative:
i¥*
oy+4
for 1< B<Y v[c] .__l___,NKH[GxM]
i¥ *
o+l iﬂ’)’
N{&+|[G(s+l]
vwhere i ci¥ i ciX and i c:i*.
op+1 Of+l 5 TOYHI oy+ py & TBY

Proof: We shall proceed inductively. Let (> be an ordinal. We assume that

for any 1sX <Y< the following diagram is commutatives

B e ey e T e i e T
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i »
v[G]—glii—"Nx+4[Gx+4]

. % . %
lou+4 10({
No<+4[Go(+4]
and that if «<(>, then G“H‘K . = {plk“+4 t peE Ga&+4} is N“—gener:.c
over i_ (P) . 4
oot

Let us check first that there is G, which has the property of Lem-

2

ma 4.4 and such that G is N,-generic over i,,(P).

: 2"(.*1

We had ioL(P) = P . Instead of choosing G'

K4 ¥ Px+z,x,+z *PK.+‘!,K,;+'1

v, [G] generic over (PK P ) in one stroke as before, we

+lgK, +17 K +1,K,+4

will take first H , N,[G] generic over P

4,k +4 * If we argue in v[a]
™

the same arguments work. At the next step, we argue in N,[G][H] to find

H', N,[G][H] generic over P such that (A4,---y4,TU(K,K,)DEH".

K, +4,K,_+4

Thus 62 = G¥xHwuwH' is the required gemeric.

Successor case : There is § such that (» =8+4 . We start from GS+1 ’

NS + rgeneric over ioS-M(P) such that G is Nb-generic over

SMIKSH
108(P).
We have ios_‘_‘(P) = PK$+4 X P K’& H’K%u A and the corresponding generics
Ge,, = Ho# H, where H, is N, , —generic over Peg+ 1 and H, is N8+l[H°]
generic over P o

We have also i (p) =P P
- To9+2 KSHM Ko, +iy Kg g +1

iSSH(PKSH) = PKSH"'"

1SS+{(PKS+4’KS+I +4) = PKS+|+4’KS+2+4 °

Hence the problem is to find generics 'ﬁo and 'ﬁ', respectively N. -ge~

&+2

neric over PKSH +4 and NS+2[H°] -generic over (PK§+: +, KS+-.’.+4) .such

that: "H, ¢ H, and igg,q"h C H, .

iss+4
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~ Let us deal first with H, :

P = . i -
Kgqy +1 PKS_H* PKSH’KSNH H, is also N, ,-generic over PK5+4 R

it remains to choose H} , N8+2[Ho] -generic over P

KSH’KS+ +1
A i
If pe PKS"" , then 188+1(p) = p‘K <4,.-_.,1,p(K5)> . Hence we set

)
e = U{p(Ks) H p€GS+4} .
By hypothesis, H, is Ns—generic, hence let us argue in NSL'HO] :

+
. :here are (Kg)  dense subsets of PK5+4,K5,A+' in Ns+;CH°]
b SNS,’_‘[HO] < N8+' [HO]

« P
Ks+4, K%*"l"

We thus deduce the existence, in Ns[Ho] of a2 Ng (#,]-generic H} over

is KS ~closed .

: T
PK%+1;K5“+1 such that <4,-- -31,e> € H .

We then set H, = H,» H} , and the induction hypothesis is satisfied sin-

ce H, is Ns_H—generic.

f,1 .

We are also able to extend the embedding T. . :Ng [ Ho]— N,

If X is a name for x = K.Ho(x), then I‘“H(x) = KHO(iSSH(x))
—= Choice of —I-f, s
We use here Gitik's idea [Gi] . Let D be in N, +2(ff°] an open dense sub-

set of P « Wo want to prove that there exists D' in

Ks“ +I,Ks”‘+l

Ns_H[Ho] which is an open dense subset of PK%M,KS“ +4 Such that
*
i88+4(D )cD.
If we agssume it is true, then the set :
{:pePK 4. K 433q€H, such that i (Q)Sp}
g4s Hloksp §§+4

is the expected generic H, .

If D=Kg (D) , there is peH, such that ¢
[+]

p |k~ ( D is an open dense subset of P
K'ou”’"&:;'”

KS-H ~closed )
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_ 2
Since Neyo = Urcg 1,4 (V) (Ng) , there exist ps Kg —> N, and

fgzKﬁ—-—)Ns such that p [(q,'%)l-—-—ap(ﬂyg)]g i, (U) and

[('l”g)*'_") f('] g)] @ i S(U)
Using KS +A [(q,"s)t-————agjg iy (U) s We obtain '!:hat the following set

D

X = [('\93) : P(']y%)ﬂ" ( f('l,’é) is an open dense subset of P, g+, K4 and

Pg_M K41 1S g -closed)}

belongs to Q ioS(U)
Let us def:.ne in N , g(y) = ﬂ f(r],‘g) On Xﬂ{(q,g) q<’€.} s &(g) is

an open dense subset of and f(n,8) ¢ g(§). Thus, we haves

‘E+4,K-H
p |- [(q’g)k___)g(%)] ? ios(U) is an open dense subset of PKSH '*'“9K$+2.+4

and finally:

NS +2['i{"°] F Kﬁo( [('],g) —e(8)] ? 1 () is an open dense subset of

P e

If N is an arbitrary K-ultrafilter, then we have : for he Xk

Ip(B< Rk —sh()] ) = [(,B)e 2—sn®)]y, -

Therefore in our case, taking igg(U) instead of N , we obtain :
e AN R GO PR

And by applying 18 §+4 -

I H,]E KHO([q p——-»g(q)] ios(U) is an open demse subset of PKS*”’K%u wd
Since Kﬁo( [(q,%)t———)g(g)] ioS(U)) Cc D, it suffices to set

D = KHO([v]r——-)g(r])] ioS(U)) and the proof of the successor case is com—

plete. G, , is H, ¥, and we can define:

* *
lgges ® Ns+4[GS+4] ’Ns+2[Gs+2] *
Limit case :
A is a limit ordinal, and we assume that we have a sequence of generics

<G, 1#<A> such that, if x<y<fp, PEC iff iow(p)GG

A+4 y+d?
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and such that G, is N -generic on io“(P).

+4[K +4
We know from Lemma 4.2 that N(b A is the direct limit of the system
N e1? I“U for “<X<{S?} . Hence we define G(S A On io{$+4(P) as fol-
lowss (5+4| iff there is «<(3 such that p = ia(f;(Q) and
qeG“H *

This is a filter, let us check the denseness condition:
. 3 -— L
If D is a dense subset of 10{5+4(P), there is &</ such that D = 1“(5(D )

s L 3 [} ] 3
and D' 1is dense in N « Hence let Povd e D nG.xM o This implies

A+4
1n(Prya) € GgpyND
The definition of G{s A yields the following diagrams: for x<y< B
i %
1 ifﬁ
Nx+4 [Gx'+4]
* . . .

where :‘LM5 ’ i“x ’ ixﬁ are defined from :i.m{,a ’ i"‘Y ’ 1x(,, in the usual
wayo

Let us verify that G is N,-generic on iors(P).

erh| Koy +4
If A is a dense subset of io{S(P) in Np , there is «< (b such that
10(1,:(A') where A' is a dense subset of io“(P) in Ny .
By hypothesis, Gm_”K“ +4 18 N -generic over i,4(P) « Hence there is
peC , such that pIK“He A . iﬂﬁ(p)e G{SM and since i“{s(leﬂ_M) is

(idﬁ(D))l Ky+A y We are done.

To define the embedding 10‘5 0 We set:
- = 4. 3% * = 4 ¥ »* R
for 5 =%+4, Top+d = gg+4 ° ioS+4
- . . W * .
for A limit, i o+ io((s° i “H where &« is an arbitrary ordinal <> . B

Finally, we obtain :
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Lemma 4.4 : Let o34 . The extended embedding i *

67.

:V[G] —> N

044 r+4 [G«H‘J

has only one sky and at least |s| conatellations.

Remark : the last fact does not play any role in the proof btmt shows that

we do not introduce too many functions in KK .

Proof : We have seen that we can choose G2 so that, for some f eKK ’

1:2(f)(K) = K,, and then carry out the inductive construction. Since

io’;“ = i,*o"o 1*2 s We obtain
ik (E)(K) = (z,aoig‘z)(f)(K) = 1% (i, (£)(K)) = i (K) =
Let us show that K, is in the highest sky of J'oo\ W

If $<i . (K), there exist E finite c o and g:"k xk —>K such that
[se Kl——-——)g(s‘E,s(O&))]U .

We thus define heKk : for Y<K

n(y) = Sup { a(t,y) + e and Sup(+"E)< Y]

The set X = {sem'lk ¢ Sup(s"E) g s(o\)} belongs to U , , and if seX

then h(s(x))> g(le,s(a)).

Since K = [s e 'k }-—-—as(ox)]u s this implies :

. &
(8)(k) » [se“*k ;g(leas(ﬂ))]U“ 25

om+4
Let us check now that the KY » for y§& , are in different constel-

lations. We assume the converse is true : there exists ge“n such that

(8)(“):) ‘Kr for y<y'sx

om+4
We thus obtain 1 (10x +4(g)(KK)) = Kys , which is impossitle since K.
is the critical point of 1:}“ . =B

To conclude the proof of the proposition, it suffices to take

K K
*® = ((22 )+)v[G] = ((22 )+)V , and then to apply to i°:+4 the same me-

thod as in part (a). M
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V. INDISCERNIELES FOR C%:,

In analogy with G8del's model L, Chang [Ch] introduced the model C*'
constructed by using the infinitary language L, -
This langnage consists of : - w, variables
- the predicates € and =

- the connectives 1 ,/a\“rs\p“,v @, for fB<w,

x<[b
- the quantifiers 3“< R b('“ p V% for (<,
An element x is definable in LCJ . over a model A from a coun-

table sequence se“A if there is a formla ¢ €L, such that
X = {:ueA :t AR \P(s"u)} .
The cumulative hierarchy < C, : #eOrd)> is defined as follows :

-C, = ¢
- C .4 is the set of all subsels of Cy , definable in Ly, over Cg
from a countable sequence of elements of C, .

- (}x =“l<Jx Cx if Y is a limit ordinal .

U. 3
c is thus qL(:,_OI‘d Co o
From now on, we write C instead of C% , The definition of C is
"pseudo-absolute" : if M is an inner model such that “Mc M s then

(C)M = C . Hence C is the least inner model such that “C cc¢C ,

Many properties of L cen be extended to C (see [Ch]). A great dif-
ference between the two models concerns the axiom of choice : by Forcing
or under the assumption of (), measurable cardinals [Ku.S], one can ob-

tain 2 model C which does not satisfy the axiom of choice.
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In this chapter, we shall deal with the notion of indiscernibles.
Silver has studied the relation between indiscernibles for L and o¥ ’
similar results can be obtained for L[U] and o0 (Solovay) or the Core
Model K and measurability (Dodd and Jensen). The existence of "indiscer-

nibles" for C is also linked to large cardinal assumptions.

Definition 5.4 : Given two sequences and s' of length >, the nota-

tion s = 8' means that there existas a finite subset X of
such that, for any ye A X, a(y) = s'(y).

Let < XS s < WX> be an increasing enumeration of a set of or-
dinals A of order-type W« . For A<« , we define .A.[s ={Xw(5+nm<u}
and if se¢®”A is strictly increasing, we note sp = "the restric-

tion of s onto Aﬁ", that is @

sﬁ(n) = the (n+4)St element of Range(s)N Ap .

Given a formula kf(vi »V3

. .’"-"vi‘s,’"-') in L, s where

it —s wa  and lSls‘w, we write Ck ¢(s) for Ck y{s(is)y---,s(ig), )

Hence the expression Ck Y (s) is coherent even if « 3w, .

Definition 5.2 : A set of ordinals A of order-type wa, is a set of indis-

cernibles for C , if A satisfies the following :
whenever s,s'e wey y strictly increasing are such that s =r s!
and sp =, sh for all A<« , then Ck ¢(s)¢— Y(s') , for any-

formula ¢ in Lo, oo,

Remark: If o.t(A) = () , the definition becomes : for any s,s'e “A, stric-
tly increasing, ( s = 8 ) implies ( CE Y(s)e—sy(s') , for Ye Ly . )
The elements of A are, in particular, indiscernibles in the usual meaning.
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Proposition 5.4 ¢ Let ag s, « If there exist &« measurable cardinals,

then there is a set of indiscernibles for C , of order-type WA .

Proof: Let <KPzfp<ad be an increasing sequence of measurable cardi-
nals. If Us is a it -nltrafilter, for (A<« , we consider the set

= [ U8 (rp -
A(s- {lon(K )zn<w} and we claim that A = (slio(A{s is the expected set

of indiscernibles.

For each fA<x, let sﬁ,s"'b € “Aﬁ s strictly increasing be such that
Sp =p s;,: « We assume moreover that {{’:i H i,{p} is the set of ordinals
such that sp # sk e

If Ck Y(<{sp s®<>) (there is again an abuse of notation, we
should write W(<sp: L€AD), for Acx and [A|[<w in the case o = w,)
let us show Ck “P(<9(s : [5<{5°>As(;‘°/\ {sp 3 Po,<Ph<ad). If this is true,
we can repeat the process, for all (Si y 1P , and affter a finite num-

ber of steps, we would obtain the expected result : CF '~P(<:s('s s P<xd)e

We write K‘;’1 for igg(K"‘) where [A<® and n<w «

If s, = <K(,’° : n<w and s! = (Kﬁ° : n<w)d , let n, be such
fbo pn ﬁo qn °
that Kr;” = K%  for nyn, .

n
Let m<w and (<KX iﬁn represents the usual embedding from V into

its m‘k'h iterated ultrapower Ng" s modulo Ur’: .

is an elementa-
or en

Let T be the integer p_ . Since ~ NP NP, 3
n, r by
ry embedding from C into itself.
ﬁ 3 .{5
Let us check io;(sﬁ) = 8g for A£G, s or equivalently that 10;(Kﬁ)
is equal %o Kg for B#B, and n<w.
e If PP, s it is straightforward.

« If 5>, ,K‘: is inaccessible in the model Ng’ « Since Urs

(4]
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belongs to this model, we are done.

.3
There exists ¢ : [no,w[———zo a such that 56,1 [gs0of 1°r(0")
it suffices to take ¢ (n) = K§°_ > for nyn,  We use here the equali-
n
ty iok° iom = iom-!-k sy for any k,m<w . This is a consequence of the fol-

lowing results if U and D are two K-ultrafilters, then jUxD = on ip
(cfo [Kae Ma.]).

Henceforth, Ck ¢ (<sp tA<k)>) oan be written :
ck ¢(feeg s pep)) g 1, "
and finally :
ckE \P(is;(m’s(i,\no)

We have to apply now a classic result of indiscermibility, in our finite

Bo() 3B

ide(d) ijalKsp 2 Bo<fpr<x?))

where Z is defined from (sp : BEP> and T
casey, let us only check the following result:

If U is aK-ultrafilter and K_= i) (K) , for n<w , then for

any increasing sequence i, < i,<- -<iq< T o,

_ q_+‘l U } - 0
UKi gm == oKy {X c K ’<Ki°"""Kiq> € j'o:r(x) T g+ U
0
a A
It suffices to see that, by definition of q@; A U, for Xc Tk, we have

the equivalences:

erKio’"‘"Kiq

{otoer t(otck s f----- (g s<o; 5o -,«i>ex}eu}_- ev
q

{“if K :[o(i'<K s (__ - - [o‘iq< K :<“ib" -- ,uiq>ex}eu}~ -}eU

Xqu4 U.

Hence if we define the ultrafilters U(s) and U(s') :
Bo :
Xeu(s) iff  NO°F 5, n, € 1or(x)
. f t
Xeu(s') iff Nk % In, © 1°r(x)

then we obtain U(s) = U(s') =g U .
o
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Let X be the set {te °kPuck y(z,t)} .

€ if°(x) , we get cr:«.y(if"(z),s'

Since s{!»olnoe iﬁ;(x) > s'[s T T Bol Ro

ol 1,

if{.(t) is also Séol[no,w[ s hence the proof is complete :

A N
Ck ¥(<sp s B<po> s['io <8n t PocP<ad) |
There is a partial converse.

Theorem 5.4 : (a) Let o be a natural integer or « . If there exists a

set of indiscernibles for C , of order=type W&, then tﬁere is an
inmer model with A measurable cardinals.

(b) The existence of a set of indiscernibles of order-type
0, implies the existence , for any x< W, y of an inner model with X

measurable cardinals.

Proof: The proof of (a) and (b) is common to a large extent.
Let %<, and &={y s 8< wa] be a set of indiscernibles.
If [p<X, we define the usual filters F{,) on }\[5 = Sup(A{S) (where Aﬁ was

the set{ : n<w} )y let X ¢ )\{5 .

fwpm
XEF iff 3nVpyn xw(S+pEX .

Next we comsider the model L[CFg sf<ad]. 1f Ty = FyNLKFp :p<e?] ,

then we shall write ¥ for <F, :f<xd. If (<«x, T will demote the

sequence <st+n t n<W) .

Lemma 5.1 : For any A<k, L f"] E F. is a T~complete free ultrafilter
i
on Ar’,o

Proof: Let Hp , for (<o, be the Skolem Full of AnU{F], in L[F]:
7 =
Hp = mtl j(AAU[F}).

Let us show that Hﬁl:: 'f"ﬁ is a C-complete ultrafilter on Ag.

)
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Since Hy < L[F] , we shall be done.

ﬁrs is an unltrafilter :

Let XeH,, Xc A,. There exists a Skolem term + and n<& such that

n n
X = t(xc)(s""’x“(wn’?)’ The well-ordering of L[F] can be expressed by
a Z(F) formia (cf. [Dev.]) and “C G C, hence there is a formla y
in Lg, such that:
C = X is the unique x such that “l’(x’Ywﬁ’ —_——— ’Yw{&m’.ﬁ)’

-
There exists a formla which defines F from < 0g : § #)> and from
T
rbl[p+2,wL’ for any »p>n .

We shall write 0->, q for Tl[q, ol Therefore the expression Xwﬁ +p €X
can be written:
¢k 9(x, Yo? ~ = = - Yoopim? Yeogen’ Vﬁz pe2? <Tg 2 $#3>) , for some formla ¢
in Lt.)w'

By indiscernibility, we obtain:
CE ‘P(X’Ywﬁ.’ -—— ’Yw(Sﬂl’X(u{HpH’ Tﬂ‘),p+2’ <0's s S #£BY) ,

and XQ{S+(D+4)€ X.
Hence for any p3jn , Xw{h-p €EX wa&m“ex o This implies either X

or X° belongs to -F-(s'

g'-completeness :
Let T = (Xn t n<W> be an w-sequence of elements of i‘-ﬁ and

T = 't(xw(s’ - ,XLJI&"‘!\,F.) i .
If myq are such that n<q<m, 'F-" can be defined from <0’S: ? 74(5> and

TAymed Again by indiscernibility, we obtain :

Cb:xuﬂ*me the pth term of t(Yw&’ - - "Ywﬁm;ﬁ)

th

CFy,4,q € the @' term of t(xwrs,- - ”’Yw(sm’ﬂ

We have assumed that each Xp s P<W , belongs to 'I:"ﬁ s therefore it must
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be the case that {Xu&q

and finally 0 X € Fa o ®

: 9> n] is included in any term of t(Xu{s" -,F)

The existence of a (-~complete free ultrafilter on )\p, implies the
existence of a measurable cardinal KsAp (cf. Lemma 5.4 below). There-
fore if o0.t(A) = W, we are done. Otherwise we know that there is a mea-
surable cardinal below each )\f, s for f<ax, tut nothing proves that it is

not the same one for all [b<a .

To avoid this situation, we shall use the notion of minimal set of indis-

cernibles, inspired from Silver's notion of remarkability (of [Je]).

For (A<x , we note -Y_{: any tuple of the form <¥w(i+r’ - >

- b’u{&+r+q-—l
and we write ]'f;[ for r+q . The translated of Y; is thus the tuple
-9 - k"‘" =50 - k -3
tr(y(s) = <Yw{':+r+i” - = Yuptr+ q > and tr (Ya) = tr(tr (Y(B)) .
If xeHy and x = t('f‘,: ,F), there is a formla @ such that for any
n>IY{;] , Ck x is the unique z such that tp(z,f{;,<0‘5>n : S<x>)
Hence for n > 2lf‘;l , we have:
-3
CkE 3!y such that \p(y,tr(yp),<0's>n : S<xD>) .
(the symbol ! means unique). Let us call this element +r(x), one can see

by indiscernibility, that tr(x) does not depend on the choice of the for-

mla ¢ and on the tuple Y(; .

Lemma 5.2 ¢ If for any ordinal x <xwﬁ, in Hﬁ, 'l:r(x) = x, then

H& P -F-p’ is )\‘S—complete.

Proof: By indiscernibility, it suffices to show :
Hol Fp is [Ywﬁl-complete.
Let T =(Xg: ‘5<q), for n< Yw(&’ be a sequence of elements of 'ﬁ"ﬂ and

let T = t(jf(;,i").

wr - B T A B AN KGR SR B AL e N MR s g e e b T e e s RS & ks NP BT R 0
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We use now the same idea as previously : if IY(,:l <r<s and geH(z, y
'g<v) s then we want to prove the equivalence:
th - =
Yoopir € % term of t(b'(s’F)
th - =
Yopis® B | term of t(X(s’F) .
Since § = trk(g), for all k<o, we have § = t.g(?’,'f?) where fy" is a

tuple <¥w6+1"""xm+m> for 1ys .

If we define 7 from ¢ TS > t 9<ad>, then the equivalence is obtained

m-+-4
by indiscermibilitye.
Since the .%'th term of T belongs to i'-ﬁ' s We must have :
- th
{xw{’y«-p : Ifal < p<ulc gy term ,

and finall X.eF. . @
neny 1Qn -
in Hp

Our goal is now to comstruct a set of indiscernibles which satisfies

the hypothesis of the lemma.

We assume that A = (YS t B8< wp.} is a get of indiscernibles and that

’ I is a cardinal < X, .

For (Sq.:., let us consider the set of ordinals qu(m‘) such that there
exist ?("; and e L, which satisfy: for any n>Ifal,

C = u is the unique x such that \p(x,'f;, <Tgyp * $eA>) , where ACH
and |0 < ¥, . Let us notice that Xw o is such an element.

For n) 2IY{;I , we obtain @

CkE 3! y such that Lp(y,'l;r(x(s),<d"s>n t 5¢AD) . Let us call this ele-
ment ©(u). Once again, 6(u) does not depend on the definitiom of u .

U is thus defined as the least u such that u< 6(u) . There is such
an element since Yw(’f e(xwﬁ) = Yw&+4 .

kl¥a
For k<w , let Uk = ) rﬁl(uw(s).
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By indiscernibility, <9(u (5) implies 6°(u (5)< gP*! (uw(s) for p<w
and uw{&+k< uu(s+k+l for k<cw .

Let us check now uws;é uyp for B # B . Assume Uy = L'y if
umb’uw{!:' are respectively defined by the formulas ‘Pfs’ “PIS' from the 'bu_—

-y - -t -y
ples Y(,; ’ r{s, and the sets Az, Ap , then we have: for n) Sup(2|yﬁl,lxﬁ,])

C | the unique x such that "P(‘a (x,yrs,«rS>n : SeAA)) = the unique y suck |
that 50(& (y’X{s' '<0.8>n s %GA{s /D)

This gives by indiscernibility:

C = the ! x such that ¢ (x,tr(xﬁ),<0‘s> :9€0p)) = the ! y such that
Pulas ¥y, 2 <%y ¢ SGA(y>)
And we would obtain e(uwﬁ) = w(&" since we have supposed uw(‘; = Uy

this is a contradiction.

Let us assume now Tpyal B! e By taking n> S‘up(kl'fél, |Y(;,[ ), we

would show u < w{&"

btk

Since the function u : ""'"uw{’a is injective and we have supposed

p was a cardinal, we have obtained a new set I = [uw m ° P<p, n<w} .
Claim ¢ I is a set of indiscernibles for C .

Proof: (we are aware that, may be, uw(s> LY for <)

If b<p , let If$={uw($+n 2 n<w1 . We congider <s(5 t A< and

(sh /< p> such that < 8p, 3 (<) = {sh 1 A<p), sp, sp strictly in-
creasing in UI(;, and s, =, sf for all P<pr .

We assume C E¢(<sp :(<4)) for Acp and |D] <X, .

Let (5, be the least ordinal (3% such that s !37! sh If we could show

Ck \P(<8(53(5€A (5<{5°) sr5 <s(5 peld ,B>Mk) ,

then after a finite number of similar steps, we would obtain :
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Ck t?((sf's :Ael)) , and we would be done.

s there exists n<w such that s = 8!

Since s
€ Bo2n Bo2n *

=s'
o T o

If S(S.,(n) = , then we set r, = H(bol" k .

u

w(&o-'l-kn
- - -

For each (¢l , there is a formla § vwhich defines u . from Y and

the set Aﬁ o Hence each srs(p), for p<w , is of the form :

= = q l—" =3 . |
Srs(p) = “w($+qp = the ! x such that ,(x,trr n (X(S)’<G-5>n‘5,p' sel)

and we can take nﬂ”py SuP(I‘wqpl?;l )e

Let sﬁoln - <uw{'°o+ko’ ST ,u“fso"'kn-l) =nd
) =
sﬁol n <umf50+io’ T -’uUﬁo“fin_ 5> for
ko<- - -<k <k ~and i,<---<i <k .

For any formula @€ L, ., :

C u - e - u (—-—-—) (u 3 = am o - u - )
F ‘P( w{&o_'_ko, b wﬁo_‘_kn-‘) \P wﬁo_'_lo’ b4 “rso.*.ln-l
because B+ and Uspo+(54+1) ? for j<w, use disjoint subsets of

[Uw{so+s : s<ro} .

When we add the rest of the expression : the terms < Sp * Ped, BB

and 5{5 s ? Y still have the equivalence, because these terms: do not
O %

involve elements in {xw{5°+s s s<r°} .

We thus obtain the expected result :

¢k lP(<s/5:{SeA,{kﬁ,)As{;:l;saoz;\<sf,=($eA,(5>(5,>). »

Let us notice that if p- is a natural integer and if we start from a set
A of indiscernibles for L, ,then we obtain by this way a new set I of
indiscernibles for L,.,. By indiscernibility for L, , we mean that if
8,8' epr strictly increasing are such that s =¢ s' and s AT s['b , for

(3¢rs then CE Y(s)e—y(s'), for any formula ¢ € Lyqe.

Let & =p if W< N, and & be an arbitrary ordinal < X, otherwise.
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The set B =fuS : S<wm] is also a gset of indiscernibles. Let @q! ,

p
for (<®, be the sequence <uw{$+n t NP o
As previously, we can consider the filters F(,> on )‘(5 = Sup{umﬁ_Hl : n<w}
-—"p

for (<« , and the sequence F .
If (5<ot, Hy is the Skolem Full in L[F] of {um_m : ncw}u [F}.

By translating the elements u S s N<W , we had defined in the begin-

pn
ning of the proof, the tramnslated ir(x) of an element x in Hg .

Lemma 5.3 : If we start from the set of indiscermibles B , then, for

p<et and x in H such that X< U0 tr(x) = x .

Proof: Let x = % uﬁ.,i‘") and x < Tt where T, =<W,q,-- -1y

There exists a formula € L, such that : for any n >ﬁl}5| ’
1 i .
CE =x is the ! y such that \f’(y’uh’<°"s>n $8<ad) )
Hence for n > 2l1‘i;51,

Ck +tr(x) is the ! y such that y (y,tr(u : B<axd ).

FS)’<°J%>n
For n<o, there exists a definable function f,,] such that :
eon = f,\(?:\,<0§>n :5ely)) , for any n >1Y,;l .
kly [ ,—» -5
= £ (tr ¥ (F)7<% 5 p 2 SEARD) 5 for n>(k+0I]

Hence uw n +k

If we replace the elements up y P<WAK , by their expression in {XS : ¥< wp}

We obtain a formula ¢, in L if p2¥o 9 in L, if u< X, , such that

.wl
-y
CE x is the ! y such that Lp(y,xx,<0's>n : Senti“A,\)»)

- -— - -3 -
where n) ,X(sl'lu(kl and Y '<xw{5+q t < lx{sl.]u{,’]).
Therefore x is one of the elements u we considered for the definition
of the set I . Since x<uwﬁ » by minimality of Uyp » W must have
O(X) =X o

0 is defined by translation of the elements s N 4 whereas tr

Kw(&+n
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is obtained from the elements £uo(5+n H n<w} « But by definition of

L d
the elements u y N<W , tr(x) = ol Tal (x) , hence we obtain

R+
tr(x) =x. ®

To conclude the proof of the theorem, it suffices to apply lLemmas 5.2

and 5.3 e B
As a partial consequence, we obtain :

Proposition 5.1 ¢ The following assertions are equiconsistent:

(a) there exists a measurable cardinal

(b) there is a set of indiscernibles for C and L, of order-type w

(c) there exists an elementary embedding from C into itself.

Proof: (a)e--(b) has already been proved .
More precisely, if A is any set of indiscernibles of order-type «w and
F +the usunal filter on Sup(A), then

L[F]= there exists a measurable cardinal

(a) —>(c) ¢+ if U is a k-ultrafilter, then the restriction iylo
is elementary from C into itself.

(e)--3(a) : let j:C——>C be elementary. If K is the critical
point of j , and K_ = *(K) , for n<w , are the iterates of K , then
we define the filter F on A = Sup{:Kn : n<w} by

if XcA , XeF 4iff 3n Vp2n K € X o
Thus j:L[F] ——> L[F] is elementary, and by usual Kunen's arguments (see
Proposition 3.1, 2% case of proof 2), one can show that FNL[F] is a

A-ultrafilter in L[F]. u

Let A be a regular cardinal. We can consider the model ¢ defined
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from the language L)) . With a natural extension of the notion of in-
discernibles, it is possible to prove similar results for CA H
. Let xg A . If there are ¢ measurable cardinals above ot 4 then
there is a set of indiscernibles of order-type wa for c® and Ly -
« Let p<A ©be a cardinal. If there is a set of indiscernibles for
G}‘ and L,, of order-type wi, then there is an inner model with M

measurable cardinals above W .

All the inner models with measurable cardinals were inner models of

C, and C has the following propertiy:

Fact ¢ . If there is an inner model of V with a measurable cardinal,
then there is also an imner model of C with a measurable cardinal.

. But there is no measurable cardinal in C if C satisfies AC.

Proof: . If NE U is a k-ultrafilter , then L[F]k Sup{joU(K)=n<w} is
measu:able.
where F is the usual filter on Sup {j op(K) . n<w) .

. Let us assume now CkF D is a Kl-l-ultrafilter » We always suppose
that the axiom of choice holds in V . We can construct the ultrapower
UltD(C) , given an element x in Ul'tD(C), we are able (in V) to find
fe cNc such that x = [£], .
£ <[fn]D t ncwd is an (s-sequence, then since f € C,{f :n<cw)ecC.
This implies that UltD(C) is well-founded, another consequence is that
Ul'tD(C) is closed under (y-sequences. Hence Ul'tD(C) = C,

Let us consider the embedding jD o If we assume K 1is the leasi measura-
ble cardinal in C , then UltD(C)k jD(K) is the least measurable

cardinal .
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But we have scs[d]D< jD(K), hence we have got a contradiction. ®

Let us return to the set of indiscernibles A = (XS s S<w¢x} , for
<, « We have seen that under some conditions of minimality, the asso-
ciated model L['f"] has « measurable cardinals.

If &

If «

W 4 let us show the following:

Proposition 5.2 ¢+ If A = {x% s S<ww] is a set of indiscernibles for C
and Lw.w. such thet Sup(A) is minimal, then the model L['F'“] has

& measurable cardinals.

Proof: We remind that )\p = Sup {prﬂl : n<w} y ﬁp is the filter on )\p
for all p<w&w , and f“=<i"p : DLW .
We already know from Lemma 5.4 that for each p<w 3

L[f‘ﬁl:F‘p is a g-complete ultrafilter on Ap .
If there exists an infinite increasing sequence <)‘p(n) : n<w) such that
LIF] = there is a measurable cardinal p such that )\p(n)q-t S)\p(n+ 1
then we are done.
Hence let us assume there is n,<& such that, for all p3n,
(i) : L[F]F there is no measurable cardinal p such that An(,‘f* $hy -
Let us show that in this case, we can construct a set of indiscernibles
A' = {VIS H S<ww} such that Sup(A')s Xn s contradicting the minimali-

[+]

ty of Sup(4A). We will need the following:

Lemma 5.4 (in [Je] for V=w,) : Let Y be a regular cardinal > w . If

there is a v —complete free ultrafilter on K, then there is a mea-

surable cardinal p such that vEpsK.,

wa e g ey o e R T e e R T T AR n e S D bV R 45N
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Proof: Let W be the least cardinal over which there is a V-complete
free ultrafilter U . If U is not W -complete, then there exists a par-
tition (X, : @<y] for y<p such that X g U, for all a<y .

Let f: w3y be defined as follows: f(x) = o iff xeXx .

We thus consider D = f*U : if Xc Yy, XeD iff £ (X)eU.

One can show that D is y-complete on P(Y). Let @<y o Since X, gU
we must have f-'{x] ¢ U and {x] ¢ D . Hence D is a Vv-complete free
ultrafilter on Y ° Since K was chosen minimal, we have obtained a con-

tradiction. Therefore w must be measurable., 8

Lemma 5.4 and (i) imply that, for any p>n, ,
L[FlE -F'p is not [A, { *~complete .
o,
- [F] - p ) .
We consider Hp - ® ([prm :t n< w] V] {F} ) and the function +tr from
Hp into itself.
Let T =<xg t §< '\n > in Hp s be a sequence of elements of ﬁp . Bxac-
o

t1ly as previously, we can show that if 'tr(?,) =% for all % in Hp ’
below }‘n s them N Tef‘p « Hence there exists o<p< )\n " such that

[4] ]
'l:r(otp)> ) (otherwise we would obtain a strictly decreasing sequence). If
= trle’! ) for k<w .

-’y Pd
*® = t(xp,F), ve set Nep = O‘p and Nepc+1 ('lup+k

p

By indiscernibility, one can prove ']up+k< )\no for all k<w .

If we define such elements h wpHk for all p<w , we will obtain a new

set I 2 P<W k<w] o Same arguments as before would show that

= (ylwp+k

I is a set of indiscernibles the order-type of which is at least w

and such that Sup(I)g A, e
(]

The proof of the proposition is thus complete. |

The following definition is motivated by the construction of the set

of indiscernibles I in the proof of Theorem 5.1 .
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Definition 5.3 : Let A ={xs : S<wm], for #®<W, be a set of indiscer-

nibles for C and let ¥ be the usual sequence of filters defined
. L[F] . =
from A . If H& for (b<x , is the Skolem Hull H ({Kw(ﬂn'n(”}U[F})
then for x in Hg, trpgx) is the "translated" of x.
A is minimal if for all A<x , x€Hp and :c(XU{S imply tzé(x) =
If A= {Vs : §< w.} is a set of indiscernibles, then A

is minimal if for all X<w, 5 &, = {Ys : $<wa] is minimal for the

previous definition.

The indiscernibles constructed in Proposition 5.1 were iterates of
measurable cardinals, conversely we are interested now in large cardinal

properties of the indiscernibles.

Proposition 5.3 ¢+ If A is a minimal set of indiscernmibles of order-type

wk for «<w, , then all the elements of A are Mahlo and limits of

Mahlo cardinals in L[F] .

Proofs: If A = {:Y H S<wo§} s, we want to show first that the set of regu-
lar cardinals below y y for A<k, is stationary.

Let A, = {Xw&n : n<u} and Hq = HL[F'zAﬁu[F']), for (5< .

tr is an elementary embedding from Hﬁ into itself. This can be shown
by induction on the complexity of the formulas.

Since A is minimal, the critical point of +r is Yw (5, therefore

H{s F Xwﬁis regular. Since tr : Hﬁ _—-—>H(.° , We can now use the classic
proof: let X be a closed unbounded subset of y i in Hp . tr(X) is
also a closed unbounded set in H, and tr(x)ﬂxw ne X . Therefore

Yw(se tr(X). (it is the same as to argue in the transitive collapse where

closed unbounded subset has its real meaning).

TR e ey Wi - T TS g BB S WIS Lo Ak AR S e g e s - ———— S B T . L LT



;-‘;gxx,r,.' S e

84.

Let Y = [r.< xwl&: H(s B pis regular} ’ Yw(se tr(an), therefore Y is

stationary. Since Hﬂ.< L[F], we are done.

Let us show now that, for any formula YelLy,, A<x and n<w,
we have L[F]|= V8<xwﬁ( ‘P(s’xms)""'"LP(S’Xw(&-i-n) ) .
It suffices to prove that it is true in Hﬁ .
'trn:HA.—-y H(s is elementary, since the critical point of tr"  is Xw[’:

n

and tr (Kw{s) =¥w pn ? the result follows.

Let us assume now that Yw A is not inaccessible in L{f‘] ¢ there

s H d‘ -

exists ®< Yup Such that L{F]E 2 3¥w{£' If we apply the preceding re

2 jxi

sult to the formula (P(x,y) : > [yl, we obtain for all n<uw,

- "
= % o
Since A, = Sup{ywﬂ_m :n<u} , L[FIE2Fs A, .
A is minimal, therefore )\ﬁ is measurable in L[f"] and the last asser-

tion is comtradictory.

We want to prove moreover that, for A<« , Yw A is a limit of Mahlo
cardinals in L[f"’]. Instead of using the embedding tr for this purpose

let us notice that for 6<Y W ? if L[F]k there are no Mahlo cardinals
between § and Yy W

then L[F]k there are no Mahlo cardinals between § and Yope

Since Xw o is Mahlo, the first assertion cannot hold.

Finally, by indiscernibility, we conclude that, if every Xw A for
(A<t is Mahlo and limit of Mahlo cardinals, then 2ll the elements of A

have the same properties. @
Concerning measurability, we have the followings

Proposition 5.4 : If A is a minimal set of indiscermibles, then there
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is a transitive model of ZFC in which Y, is measurable.

Proof: Let F in L[F] be the usual filter on A = Sup(A). Since A

is minimal, L{F]E ) is measurable.

If H is the Skolem Hull HL[F](AU[F]), then we comsider the elementary
embedding %r : H—>H which sends t(Y,F) onto t(tr(}),F). The cri-
tical point of +¥r is Y, .

Let N rI,_ H be the transitive collapse of H and j : N —s N be
Totr o T-! . Thus we have a N-ultrafilter on T( fo) and T(\) is measu-
rable in N , but to obtain the measurability of ‘lr(x,), we cannot apply
directly Kunen's Theorem ([Ku.4] Thm 6.9) because Oy &N and nothing
proves that the iterated ultrapowers, modulo the N-ultrafilter, are well-
founded.

Thue we will modify Kunen's arguments.

Since H < L[Fl, N has the form L{s[':r"HnF] (cf. [Dev]). Since FeH ,
N = L[TT(F)], j does not move T(F). Hence the well ordering of N is
not changed by j »

Let us then consider X = HN('II‘( Yo)U {TI'()\)}). We want to prove that there
are no ordinals n in K , such that v(xo)sqdr()\) .

If €K and 1) = '(€,M(\)) for EcT(y,) , then since the well orde-
ring of N is preserved, j(n) = £ 5(2), 5(w(A)))

tr(A) = A, hence j(W(A)) =W(N). Since j(&) =€ , we obtain in) =n.
If 1| were in the interval [Tl'(xo),‘if()\)[, there would exist n<w such
that T(y )sn<T(y,, ) and hence Tf(xnﬂ)sj(q) s, which is contradicto-
ry. |

Let us finally consider the elementary embedding T-! : N — 3 L[F].
T-(K) = H]"[F:l()[o U{/\]) and since Kk there are no ordinals Y] such
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that T(y,)€n<T(A) , we obtain :
HL(F](XOU{A}) 2 there are no ordinals o such that Y, <o(<A .
Therefore the transitive collapse of HLCF](Xo U{A} ) satisfies :

" Yo is measurable " . @

Concerning several measurable cardinals, we could obtain only partial
results, for example:
-1t A=y, §<w2] is a minimal set of indiscernibles, then there is
a transitive model of 2FC in which A, and Y, &re measp.rable, or a
transitive model in which Xw and A, are measurable.
- For a countable number of measurable cardinals: if A = {xs H S<ww}
is a minimal set of indiscernibles, there is an inner model in which, all
pr y for p34, are measurable.
By Proposition 5.3, the elements pr » P<LL , are inaccessible in L[F"].
hence it suffices to transmit the measurability of }‘p s for p<w 4 to

Yo(p+1) BY using an iterated ultrapower.

The following result is a straightforward consequence of Kunen's

proof concerning the negation of the axiom of choice in C [Ku.?:].

Proposition 5.5 : If there exist &, measurable cardinals, then there is

a set of ordinals of cardinality ¢/, which cannot be covered by a-

ny set in C of cardinality N, .

Proof: Let A = {Ko,\ H o<<w.} be the set of measurable cardinals. We shall
show that A is the expected set. Let us assume that there exists B in
C such that AC B and [B| =¥,.

We then give without proof the following result (cf. [Ku.3]):
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Lemma 5.5 (Kunen) : For each x€C, there are at most countably many
measurable cardinals K such that for a K-ultrafilter U ; jU(x)

is different from x .

(this result is a consequence of the fact that only a finite number of

measurable cardinals can move a given ordinal)

Hence there is &<w, such that, for any A>« and any K/s-ultrafilter
Ug 5 ji (B) = B . Since |[B| =4¥,, j. (B) is simply j, "B and we have
f Uﬂ ! Urs U(s
s belongs to B, hence there is x such that jUﬁ(x) = Kye
Bat since Kﬁ is the critical point of JU s this yields a contradiction
A

. Mmoo
Juﬂ'B—Bo K

(in fact, if K, is the least measurable cardinal, A cannot be covered

by any set of cardinality £ K, ). B

Let us assume now that V = L[U] where U is a K-ultrafilter.

If s is the sequence < j g U(K) : n<W) , then since Deeo y L[=] is
n

included in C ,

@) _ ;v () :
If U = iow(U) s we know that U is expressible from the sequence
s « Therefore the c.)th iterated ultrapower Nw = L[U(w)] is included in
L[S] o
Dehornoy [De] has shown that s is Prikry gemeric over N, and that

N, [s]= an N~ where N = Ul'l;?i g o for n<w .

Hence C L[s]C C . Since KNnc: I\T!1 s for all n<w , we obtain

N

n<w M
= n =

c n<w ¥n L[s] . ,

(it is also possible to check by hand that Nw[s] is closed under K -se-

quences)

If <K, : X<fA>, for [S<w, 1is a countable sequence of measurable

cardinals and <Uy : k<[3) the associated ultrafilters, ther. we can
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obtain similar results for the model L[(U,( s o&<[5>] t C is always

closed under (), —sequences.

We say that an inner model M satisfies the P(l-covering property
if any set of ordinals of cardinality &, in the real world, can be
covered by a set in M of cardinality N, .

Hence 2 natural guestion we plan to study, concerns the possible
existence of a covering Theorem for C . A major obstacle to apply known
methods as expdsed in [Ho], in the case of L , is the absence of a ca-

nonical well-ordering of C ,
Another convincing element is the following:

Proposition 5.6 : If there exist ), elementary embeddings i, :C——C

with critical point K, , for ®<w, such that the sequence
{K: ®a<w,» is strictly increasing, then for any (A< w,, there

is an inner model with (5: measurable cardinals.
Proof: We use the same arguments as in the second proof of Theorem 2.4 . ®

We can summarize the present situation in the following diagram :

there exist w,

5 indiscernibles for C
/ ' \.)

[}

there exist w, there are w3, elementary for any < w,,
measurable =—— |embeddings from C into == | there is an inner
cardinals itself with increasing model with & mea-

critical points surable cardinals

]
\ ! _
] ~
™ C does not satisfy -

the N,-covering
property
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