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INTRODUCTION

T h is  r e s e a r c h  c o n c e rn s  m e a s u ra b i l i ty  and more g e n e r a l ly  e le m en ta ry  

em beddings, w ith in  th e  fram ew ork o f  ZFC.

The d i f f e r e n t  c h a p te r s  a r e  r e l a t i v e l y  in d e p e n d e n t, b u t some u n i ty  can 

be found  i n  th e  u se  o f  i t e r a t e d  u l tra p o w e rs  a s  th e  main t e c h n ic a l  to o l*

. The c o n c e p tu a l and t e c h n ic a l  background i s  d e f in e d  in  th e  f i r s t  chap­

t e r .  We in tro d u c e  th e  n o t io n s  o f  s k ie s  and c o n s t e l l a t i o n s  (A .Kanam ori) 

w hich w itn e s s  th e  c o m p lex ity  o f  an e le m en ta ry  em bedding, and p r e s e n t  

( b r i e f l y )  d i f f e r e n t  v a r i a t i o n s  o f  th e  n o tio n  o f  i t e r a t e d  u l tra p o w e r  

(K.Kunen, W .J .M itc h e l l ) .

. The second  c h a p te r  i s  d ev o ted  to  th e  s tu d y  o f  n o n -c lo s u re  p r o p e r t i e s

o f  th e  image model* Let j:V « — be an e le m e n ta ry  em bedding from

th e  u n iv e r s e  V in to  an in n e r  model M* Large c a r d in a l  d e f i n i t i o n s  a r e  o f ­

t e n  e x p re sse d  in  te rm s  o f  c lo s u r e  o f  M : co m p ac tn ess , superco m p actn ess  

o r  hugeness*  C o n t r a r i ly ,  we show t h a t  some n o n -c lo s u re  o f  M ( f o r  in s t a n ­

c e  c  M and ^  M) a ls o  r e q u i r e  l a r g e  c a r d in a l  h y p o th e se s , and g i ­

v e  exam ples o f  e le m e n ta ry  em beddings s a t i s f y i n g  t h i s  p s e u d o -c lo s u re .

• In  th e  t h i r d  c h a p te r ,  we s tu d y  th e  c o n n e c tio n s  betw een la r g e  c a r d in a l  

a ssu m p tio n s  and th e  ab sen ce  o f  some f ix e d  p o in t s  o f  e le m e n ta ry  embed­

d ings*  The d i f f i c u l t y  t o  move such  c a r d in a l s  a s  in a c c e s s ib le  c a r d in a l s  

i s  r e l a t e d  th e r e  to  th e  e x is te n c e  o f  in n e r  m odels w ith  m easu rab le  c a r d i ­

n a l s .



In  th e s e  two c h a p te r s , th e  c o n s t r u c t io n  o f  in n e r  m odels w ith  m easu rab le  

c a r d in a l s  i s  b a sed  e i t h e r  on K .K unen 's  r e s u l t s  ab o u t th e  c o n s t r u c t ib l e  

u n iv e r s e  from  a  seq u en ce  o f  u l t r a f i l t e r s ,  o r  on W .J .M itc h e l l 's  work on 

th e  Core Model f o r  seq u en ces  o f  m easu res .

. To answ er a  q u e s tio n  o f  A .T ay lo r c o n c e rn in g  th e  e x is te n c e  o f  a  n o n - 

s e p a r a t iv e  K - u l t r a f i l t e r ,  te c h n iq u e s  o f  F o rc in g  and i t e r a t e d  u l t r a p o ­

w ers a r e  u s e d  i n  th e  f o u r t h  c h a p te r .

• The l a s t  c h a p te r  d e a l s  w ith  th e  c o n s t r u c t ib l e  u n iv e r s e  f o r  th e  i n f i n i -  

t a r y  lan g u ag e  Lw (C .C .C h an g ). In  an a lo g y  w ith  L and  0^ , we o b ta in  

e q u io o n s is te n c y  r e l a t i o n s  betw een e x is te n c e  o f  i n d i s c e m i b l e s  f o r  t h i s  

model and  e x is te n c e  o f  m easu rab le  c a r d i n a l s .
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NOTATION

T h is  s tu d y  i s  d ev e lo p p ed  w ith in  ZPC. We u s e  s ta n d a rd  n o ta t io n  : 

K,A,p. . . .  a r e  i n f i n i t e  c a r d in a l s ,  o(,(l,y  . . .  o r d in a l s .  L e t c « f a  he

two o r d in a l s .  and  [V sft] r e p r e s e n t  r e s p e c t iv e ly  th e  s e t s

| j € O r d  s and £ y e O r d  t

I f  X and Y a r e  s e t s ,  ^Y d e n o te s  th e  s e t  o f  f u n c t io n s  w ith  do­

main X and  v a lu e s  i n  Y. Whenever f  b e lo n g s  t o  , f"X  i s  

£ f ( x )  : x e x j  . L e t X ' c X  . f j x , r e p r e s e n t s  th e  r e s t r i c t i o n  o f  f  

on X* .

We n o te  |X l th e  c a r d in a l  number o f  X and d th e  i d e n t i t y  f u n c t io n .

I f  U i s  an cj, - co m p le te  f r e e  u l t r a f i l t e r  on I  , U lty  d e n o te s  th e  

t r a n s i t i v e  c o l la p s e  o f  th e  u l tra p o w e r  o f  th e  u n iv e r s e  V w ith  r e s p e c t  

t o  U , j y  , t h e  c a n o n ic a l  e le m e n ta ry  em bedding from  V in to  U lty  ,

and f o r  any  f u n c t io n  f  w ith  domain I  , JXIy i s  a  r e p r e s e n ta t i v e  in

U ltjj , o f  th e  e q u iv a le n c e  c l a s s  o f  f  modulo U •

The e x p re s s io n  K - u l t r a f i l t e r  means f r e e  and K -com plete  u l t r a f i l t e r  

on K •



I .  PRELIMINARY DEFINITIONS AND PROPOSITIONS

( a ) C om plexity  o f  an e lem e n ta ry  em bedding.

L et u s  in tro d u c e  th e  n o t io n s  o f  s k ie s  and c o n s t e l l a t i o n s  d e f in e d  

by P u r i t z  t o  w itn e s s  th e  co m p lex ity  o f  an e le m en ta ry  em bedding. These 

two o o n cep ts  have been s tu d ie d  more s p e c i f i c a l l y  in  th e  m easu rab le  

c a se  by Kanamori [k a .i j  •

Given an e le m e n ta ry  em bedding jsV  > M w ith  c r i t i c a l  p o in t  K

and M a  t r a n s i t i v e  c l a s s  c o n ta in in g  th e  o r d in a l s ,  we d e f in e  on th e  

i n t e r v a l  (k , o(k ) [  two r e l a t i o n s :

D e f in i t io n  -1.4: l e t  7^ , / ' e[K» j(K ) |[ . Then,

/ ' V / . '  i f f  f o r  some f , g 6 KK, j ( f ) W  > p  and

j ( g ) ( ^ ' )  >  P  •

i f f  f o r  some f , g e KK, j ( f ) (tO*/*' and j ( g ) ( ^ * ) = ^  

F o r /c [k >  j (K )£ , th e  sk y  and c o n s te l l a t i o n  o f  p  a r e  th en  

g iv e n  by : Sk(^) -  ^ '< j ( K ) :  and

Con(p) = { ^ ' < j ( K ) :  p '* -+ p ]  •

We g iv e  now some b a s ic  r e s u l t s  on s k ie s  and c o n s t e l l a t i o n s .

P ro p o s i t io n  1 .4 [Ka.'i] : (a )  'V, and » a re  e q u iv a le n c e  r e l a t i o n s .

(b )  A sky i s  a  s u b in te r v a l  o f  [K ,j(K )£  and 

a  c o n s t e l l a t i o n  i s  o o f in a l ly  sp re a d  o u t w ith in  i t s  sk y .

P ro o f: ( a )  l e t  u s  o n ly  check  th e  t r a n s i t i v i t y  o f  . I f  ' f - ' K t p  and



» "then l e t  and j ( g ) ( / * )  . S in ce  K i s  r e ­

g u la r ,  we can  suppose g  i s  in c r e a s in g .  T h e re fo re  j ( g  © f ) ( ^ ) .

In  th e  same way, th e r e  w ould e x i s t  g ' , f ' € such  t h a t  / - ^ jC g 'o  f ' ) ^ " )  

(b ) L et */•' c  S k ( /)  and £ 7 6  . There i s  f  s t r i c t l y  in c r e a s in g  

such  t h a t  • T h e re fo re  i f  , th e n  j ( f  )0o-)

which im p lie s  £ Sk(^) s a  sky  i s  an i n t e r v a l .

S ince  j ( f ) ( / 0  £  Con(/«) and j ( f ) 0 0 ^ / '  , t h i s  g iv e s  a l s o  th e  second 

a s s e r t i o n  o f  ( b ) . ■

We have th u s  o b ta in e d  a  p a r t i t i o n  o f  [k, j ( n ) [  in  s u b in te r v a l s  

and each  s u b in te r v a l  can  in  tu rn  be decomposed in  c o f in a l  s u b s e t s .

The fo llo w in g  c o n c ep t was i n i t i a l l y  in tro d u c e d  by W.Rudin and Cho- 

q u e t in  th e  s tu d y  o f  u l t r a f i l t e r s  o v er ST.

D e f in i t io n  4 , 2  : L et K be r e g u la r  . f  € kK i s  a lm o st 4 - 4  i f f  f o r

e v e ry  c* < K [ f [ < K

We s h a l l  u se  l a t e r  th e  fo llo w in g  r e s u l t s :

P ro p o s i t io n  4 .2  pCa.4}: L et /  6  £k, j ( k ) [ .

(a )  I f  f  £ KK i s  a lm o st 4 - 4 ,  th e n  /  jC fO M

(b ) I f  S c S k ( ^ )  b u t |S | K , th e n  S i s  n o t c o f in a l  in  S k ^ )

P ro o f: ( a )  S e t g ( t t ) = S u p £ ( i : f ( f b ) £ , th e n  g S ^ K  and 9^ j ( g « f ) ( / )

(b ) Suppose S = £a*j**)< *}  331(1 S c S k ( ^ ) .  F or each  r j < K ,  th e ­

r e  i s  f ^  so  t h a t  j ( f » j ) ( ^ ) ^ a ^  . We n e x t c o n s id e r  f(<x)=Sup |fv j(«):

?y e le m e n ta r i ty  o f  j  , we o b ta in  j ( f  )(/>) ^  j ( f y j ) ( ^ )  ">, a ^ .  B

I t  i s  p o s s ib le  to  g iv e  a  c h a r a c te r iz a t io n  o f  c o n s te l l a t i o n s :



7 .

P ro p o s i t io n  -1.3 jka.*!]* F o r ^  S [k j j(K )£  ,

Con(^) = £ j ( P ) ( / )  s P i s  a  p e rm u ta tio n  o f  K j  .

Proof* L et e  C on(/) and j ( f ) ( ^ ) = ^ »  , j ( g ) ( / • ) - / ’ • I*  A i s  th e  s e t  

£oc<K:  g o f (« )a  c(J , th e n  f  i s  4 —4 on A and *f* €  j(A ) .

S in ce  9 ^  K » we have |A j = H .  L e t Aa U A, = A , A# A A, =  0  and 

1A0J = I A, | = K . We assum e, f o r  exam ple 76 £  j(A 0 )* Let u s  th e n  d e f in e  

a  "b ise c tio n  h* K'* A0  > K v f MA, .

F in a l ly  P = f  j A U i s  a  p e rm u ta tio n  su ch  t h a t  j (P ) ( ? 0  = ’p  • *

We can  a s s o c ia te  w ith  th e  two p a r t i t i o n s  o f  th e  i n t e r v a l  jK »j(K )£ 

i n  s k ie s  and in  c o n s t e l l a t i o n s ,  two s u b s e ts  o f  [K>j(K)£ and two o r d i -

w here i , j  and k  a re  e le m e n ta ry , we have C ( j )  ^  £ ( i )  and C ( j ) ^ C ( i ) .

n a l s :

D e f in i t io n  A .3  * P(j)  = |V<j(K) s i s  th e  l e a s t  e lem ent o f  i t s  s k y ^

elem ent

c o n s te l l a t i o n

and T . ( j ) = o r d e r - ty p e  o f  P  ( j )

C(j) - |A(J)| .

L et u s  n o t ic e  t h a t , g iv en  a  com m utative d iagram  V — -— > M



B. U l t r a f i l t e r s

We s h a l l  d e a l  now w ith  e le m e n ta ry  em beddings c o n s tru c te d  from  

u l t r a f i l t e r s .

The fo llo w in g  n o t io n s  have o r ig in a te d  i n  th e  s tu d y  o f  u l t r a f i l t e r s  

o v er N , and have been d evelopped  in  th e  m easu rab le  c a se  by K etonen [Ke] 

and Kanamori [ k a .4 ,2 ]  •

D e f in i t io n  A »4 : L e t U be a  K - u l t r a f i l t e r ,

( a )  f  e k K i s  unbounded (modulo U) i f f  f o r  e v e ry  c t < K ,

£*]<« : «  < f ( q ) J  £  U .
(b)  f  € *k i s  a lm o st A --f (modulo U) i f f  t h e r e  i s  X £U such  t h a t

f o r  a l l  <* < H ,

| f - ' M  n x| < k

( c )  f  6  kK i s  A — \  (modulo U) i f f  t h e r e  i s  X£U so  t h a t  f o r  a l l

* < K ,  | f ’ *  W  A  x |  £  A  .

D e f in i t io n  A •  5  * L et U be a  K - u l t r a f i l t e r .

(a )  U i s  a  p - p o in t  i f f  any unbounded fu n c t io n  (modulo U) in

i s  a lm o st A - A  (modulo U )•

(b ) U i s  s e l e c t i v e  i f f  any unbounded fu n c t io n  (modulo U) in

i s  A - A  (modulo U ).

I f  U i s  a  f r e e  and  K -co m p le te  u l t r a f i l t e r  on I  where J l |  = K , 

th e n  in  o rd e r  to  s im p l i f y  th e  n o ta t io n ,  P ( U ) ,  A( U) ,  T ( u )  and C(u) r e ­

p r e s e n t  r e s p e c t iv e ly  P ( j u ) ,  A ( j u ) ,  ^ ( j y ) and C( j u ) .  We th u s  n o t io e :

P ro p o s i t io n  A .4  : Let U be a  K - u l t r a f i l t e r .



9 .

( a )  U i s  a  p - p o in t  i f f  £ (U ) = A .

(b )  U i s  s e l e c t i v e  i f f  I ( u )  = C(u) -  A .

P ro o f : ( a )  I f  U i s  a  p - p o in t ,  th e n  any 9^G[Kf jy (K )[  can  be r e p r e ­

s e n te d  by {jfjy  w here f  i s  a lm o st A - 4  . S in ce  [ f ] ^  =

P r o p o s i t io n  A , 2  (a )  im p lie s  [ f j ^ G  S k (£ d ]y ) .

C o n v e rse ly , l e t  Z. (u) = 4 and 0* , j | j ( K ) [ . S ince  £f3jj

b e lo n g s  t o  S k ((X ly ) , t h e r e  e x i s t s  g e KK such  t h a t  [ g o f ^  ^ [d ]y  .

L e t X = £<*<k:  g«f(<*)^©<^ , X £U  and f  i s  a lm o st A -  -1 on t h i s  s e t .

(b )  We u s e  s im i l a r  argum ents and P ro p o s i t io n  4 .3  . B

A p a r t i c u l a r  exam ple o f  s e l e c t i v e  H - u l t r a f i l t e r  i s  a  norm al K - u l t r a -  

f i l t e r •

L e t u s  p r e s e n t  an u s u a l  p a r t i a l  o rd e r in g  on u l t r a f i l t e r s :

D e f in i t io n  4 .7  : The R u d in -K e is le r  o rd e r in g  (R-K) i s  d e f in e d  a s  fo llo w s :

l e t  U and D be u l t r a f i l t e r s  r e s p e c t iv e ly  on I  and J  .

D v  U i f f  t h e r e  e x i s t s  f : I —»J such  t h a t  D = f*U where

f*U = [ x  C J i  f  (X) £  u ]  .

L et D^ R_K U i f f  D 4 R-K U and U ^ R_K D , and l e t  D < R_K U

i f f  D « r _k  U and U ^ _ K D .

I f  D and U a r e  CJ, -c o m p le te  and D = f*U , we can  o o n s id e r  th e

fo llo w in g  d iag ram  : v  3U  ̂ ul<fc

where k ( [ g ] D) -  [ g o f ^

T h e re fo re  D $ U im p lie s  £(D )  4 : C(U) and C(D)^C(u).



D e f in i t io n  A .8 : Let U and D "be two K - u l t r a f i l t e r s .  The p ro d u c t

U®D i s  th e  f r e e  and  K -com plete u l t r a f i l t e r  on d e f in e d  a s  f o l ­

lows* i f  X c ^ K ,  XGU®D i f f  [ o t < K s ^ < K t  (<X, ft) £  x] C d} G U .

I f  we w r i te  ® U f o r  U®U, we can  d e f in e  hy in d u c t io n  th e  p ro ­

d u c t ® U = ( ® U ) ®U .n+i '  n  ’

One can  show t h a t  i f  U i s  a  K - u l t r a f i l t e r ,  th e  p ro d u c t U®U i s  

such  t h a t  C ( U ® U ) ^ 2  * K and j y (K) a re  in  d i f f e r e n t  s k i e s .  Hence, i f  

U i s  a  p - p o in t ,  th e  s i t u a t i o n  D ® D £ ^  ^  U can n o t o c c u r . T h is  f a c t  w i l l  

he u sed  in  th e  f o u r th  c h a p te r .

The fo llo w in g  o r d e r in g  on no rm al K - u l t r a f i l t e r s  was d e f in e d  hy M it­

c h e l l  [M i. 4]*

D e f in i t io n  4 .9  * L et U and U* he two norm al K - u l t r a f i l t e r s  .

U<3U* i f f  U G U l t y ,  .

P ro p o s i t io n  4 .5  t <  i s  a  w e ll- fo u n d e d  p a r t i a l  o rd e r in g .

P roofs I t  s u f f i c e s  t o  show t h a t  U<U* im p lie s  j^j(K) < j y , ( K )  • S ince  

j y , ( K)  i s  in a c c e s s ib le  in  U lty ,  , we have j p C j ^ . O O )  = j y , ( k ) > dyC*) • ■

L et U he a  norm al K - u l t r a f i l t e r ,  3y p ro p o s i t io n  4.5» we can con­

s id e r  th e  ra n k  o f  U w ith  r e s p e c t  t o  th e  o rd e r in g  <3 , we n o te  i t  o(U)

and s e t :

D e f in i t io n  4 . 4 0  : I f  K i s  a  m easu rab le  c a r d in a l ,  th en

o( k)  = £o(u) s U i s  a  norm al K - u l t r a f i l t e r j  .

One oan show t h a t  f o r  a l l  K , o ( k ) £ ( 2 * )  + and t h a t  o ( k )  = ( 2 * )  +



i f  K i s  2 K supercom pact

The n o tio n  o f  co h e ren ce  i s  d e f in e d  a s  fo llo w s  :

D e f in i t io n  A .44 i ?  i s  a  c o h e re n t sequence i f

(a )  /  i s  a  f u n c t io n  and dom ain(F) = ; £><o**(*) j  f o r  some

Ffu n c t io n  o (oO.

(b ) F o r any , (i GDom F*, F(<*,(!>) i s  a  norm al c x - u l t r a f i l t e r  o f  o r ­

d e r  (!> .

(o ) Every  norm al u l t r a f i l t e r  i s  e q u a l to  F(c*,(b) f o r  some p a i r  

(* » £ )•

C. I t e r a t e d  u l t r a p o w e r s .

I t e r a t e d  u l tra p o w e rs  have been  in v e n te d  by G aifraan, Kunen JjKxi* -ij[ 

th e n  d evelopped  th e  m ethod f o r  th e  s tu d y  o f  in n e r  m odels w ith  one o r  s e ­

r a i  m easu rab le  c a r d i n a l s .

F or an e x p o s i t io n  o f  o l a s s i c  i t e r a t e d  u l tra p o w e rs ,  we r e f e r  to  

£ je ]  o r  [k u . ' f j .

There a r e  two p o s s ib le  e x te n s io n s  o f  th e  n o t io n  o f  i t e r a t e d  u l t r a ­

power .

In  one c a s e ,  one does n o t n e c e s s a r i l y  i t e r a t e  w ith  th e  same u l t r a ­

f i l t e r  o r  w ith  a  m easu rab le  c a r d in a l  from  th e  ground  m odel. T h is  i s  

M i t c h e l l 's  method [Mi.-T} t

D e f in i t io n  4 . 4 2  s An i t e r a t e d  u l tra p o w e r  i s  any member o f a  sequence

c o n s tr u c te d  a s  fo llo w s :



12

No = V

N  ̂ = U lty  (Ny) f o r  a  norm al K y - u l t r a f i l t e r  Uy in  Ny. S et
J

i  . = j n  th e  e le m e n ta ry  em bedding from  Ny in to  N - . And
X ’ X  X  * «

r * < y » th e n  i  , . . » i ,  . . o i  » .
o o X > X h A  w * - *  x x

I f  y i s  a  l i m i t  o r d in a l , th e n  Ny i s  th e  d i r e c t  l i m i t  o f  th e

system  £ n ^( , i  ,, f o r  y* < y M< y }  *

We g iv e  w ith o u t p ro o f  th e  fo llo w in g  :

P r o p o s i t io n  A . 6  [M i. : Such i t e r a t e d  u l tra p o w e rs  a r e  w e ll- fo u n d e d .

In  th e  second  c a s e ,  we do n o t  r e q u i r e  th e  c a r d in a l  to  he r e a l l y  mea­

s u r a b le .  F o r t h i s  p u rp o se , Kunen h a s  d e f in e d  th e  co n cep t o f  M - u l t r a f i l t e r .

D e f in i t io n  <1.43 [K u .^ s  L et M he a  t r a n s i t i v e  model o f  ZFC and l e t

Uc P ^ (k ) where K>CJ .  U i s  a  norm al M - u l t r a f i l t e r  on K i f :

(a )  F o r any c ( < K ,  ^  U .

(h)  I f  X , Yg P M(H),  th e n  X cY  and X£U im ply  Y £ U .

(c )  Fo r  any X £ P M(k ) ,  e i t h e r  X o r  Xfie U .

(d )  I f  <X&* t , < K > £ M ,  th en

(e )  I f  <X^*%<>)>£M and ^ < ^ C D  , f o r  some * | < K ,  th en

0 [ x %: ^ < i r )  J £  U.

( f ) Whenever <(X^: I, < K^€M and Is, < c  U, th e n  ^  s \  £ f l ®  u

The c la u s e  (d )  i s  d e v ise d  t o  a llo w  an i t e r a t i o n .

A ll th e  M - u l t r a f i I t e r s  we s h a l l  u s e ,  w i l l  he norm al ( s a t i s f y  ( f ) ) ,  

hence we s h a l l  d rop  th e  e rp re s s io n " n o rm a l" .

Let u s  n o t i c e  t h a t  i f  j:M  >N i s  an e le m e n ta ry  em bedding w ith
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c r i t i c a l  p o in t  K, such  t h a t  PM(k ) = PN( k ) ,  th e n  U = [ x 6 PM( k ) :  K £  j (x ) ]  

i s  an M - u l t r a f i l t e r .

U sing  th e  a lg e b r a  o f  s u b s e ts  o f  w ith  f i n i t e  s u p p o r t ,  Kunen ( c f
*hVi

[K u .^  ) d e f in e s  th e  ct i t e r a t e d  u l tra p o w e r ,  modulo such  u l t r a f i l t e r s .

P r o p o s i t io n  A .7  [Ku.'i] : L et U be an M - u l t r a f i l t e r .  I f  a r b i t r a r y  coun- 

t a b l e  i n t e r s e c t i o n s  o f  e lem en ts  o f  U a r e  non-em pty , th e n  th e  ot 

i t e r a t e d  u l t ra p o w e r  NK i s  w e ll- fo u n d e d  f o r  a l l  «  .

We have th e  fo llo w in g  in fo rm a tio n s  ab o u t th e  com p u ta tio n  w ith  M -ul- 

t r a f i l t e r s :

P r o p o s i t io n  \  . 8  jKu.4] : L et U be an M - u l t r a f i l t e r  on K , and l e t  4
+ V i

be such  t h a t  th e  ft i t e r a t e d  u ltra p o w e r  modulo U, i s  w e l l -

fo u n d ed . I f  (b i s  a  c a r d in a l  > 2 K , th e n  - $ •  a  c a r d i ­

n a l  8 >fr i s  such  t h a t  c f M( $ ) > K  and < 8  f o r  fej<8 » th e n

= & *

Remark: We u s e  th e  same n o ta t io n  i 0 ^ :V  , f o r  an i t e r a t i o n  o f

le n g th  y , i n  a l l  th e  d i f f e r e n t  c a s e s :  c l a s s i c a l  i t e r a t e d  u l t ra p o w e rs ,  

i t e r a t e d  u l tra p o w e rs  f o r  M i t c h e l l 's  d e f i n i t i o n  and i t e r a t i o n  w ith  an M- 

u l t r a f i l t e r .  The c o n te x t  w i l l  i n d ic a te  w hich d e f i n i t i o n  we w i l l  be u s in g .



I I .  ON THE SIZE OP THE IMAGE MODEL.

Given an e le m e n ta ry  embedding j :  V -  >M w ith  c r i t i c a l  p o in t  K ,

th e  more c lo s u r e  we r e q u i r e  f o r  M , th e  h ig h e r  K m ust b e .  F o r exam ple

th e  c o n c e p ts  o f  co m p ac tn ess , su p erco m p ac tn ess , h ugeness can  be d e f in e d  

from  th e  s i z e  o f  th e  image model o f  an e lem e n ta ry  em bedding.

The s u r p r i s in g  f a c t  we s h a l l  d e a l  w ith  i n  t h i s  c h a p te r ,  i s  t h a t  

n o n -c lo s u re  p r o p e r t i e s  a l s o  r e q u i r e  la r g e  c a r d in a l  a s su m p tio n s . F or i n s ­

ta n c e ,  i f  t h e r e  i s  js V  5>M such  t h a t  u McM and w‘ M (fz. M , th e n

th e r e  i s  an in n e r  model w ith  CJ, m easu rab le  c a r d i n a l s .

L et u s  n o t ic e  f i r s t  t h a t  i t  i s  e a sy  t o  o b ta in  j : 7 ------>M and

WM ^ M  : i f  i ocJ i s  th e  u s u a l  em bedding from  V in to  i t s  CJ i t e r a t e d  

u l t ra p o w e r ,  modulo a  K - u l t r a f i l t e r  U , th e n  th e  c o f i n a l i t y  in  V o f

*•0 0 ) (K) i s  u  *

On th e  o th e r  h an d , when we s t a r t  w ith  a  K - u l t r a f i l t e r  U , jy  from

7 in to  U lty  i s  su ch  t h a t  K U l t l JC  U lty  .

H ence, what seems more d i f f i c u l t  i s  t o  r e q u i r e  b o th  W M G M and

** M $£ M • We o b ta in  th e  fo llo w in g :

Theorem 2 . i  : L et A r e g u la r  be such  t h a t  K, £ A $ K . I f  th e r e  i s  an e l e ­

m en tary  em bedding j r V  >M , w ith  c r i t i c a l  p o in t  K such  th a t

< ^  M c  M and ** M M , th e n  th e r e  i s  an  in n e r  model w ith  A measu­

r a b le  c a r d in a l s .

The n o ta t io n  ^ H c M  means t h a t  M i s  d o s e d  u n d e r  seq u en ces o f  

le n g th  s t r i c t l y  l e s s  th a n  A .
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We s h a l l  g iv e  two p ro o fs  o f  t h i s  r e s u l t :  i n  th e  manner o f  M itc h e ll  

and in  th e  manner o f  Kunen. fix  th e  f i r s t  one , we fo llo w  a  " b la c k  box ap­

p ro a c h " , a d m it t in g  th e  p r o p e r t i e s  o f  th e  "Core Model f o r  seq u en ces  o f  

m e a su re s" . The second  p ro o f  i s  lo n g e r  b u t s e l f - c o n ta in e d  and  u s e s  th e  

" c o n s t r u c t ib le  u n iv e r s e  f o r  a  sequence  o f  u l t r a f i l t e r s "

Hence l e t  u s  p r e s e n t  w ith o u t p ro o f  fu n d am en ta l r e s u l t s  ab o u t " th e  

Core Model f o r  a  maximal sequence o f  m easu res" , n o te d  K(u^) ( c f  [M i.2 3 ) .

Theorem 2*2 [M i.2 ,3 j : L e t M be a  t r a n s i t i v e  model o f  ZPC such  th a t

th e r e  i s  no in n e r  m odel o f  "3 v (o (v )  = v++) " .  One can c o n s t r u c t  an

in n e r  model o f  M : (K(U* ) ) M. U* i s  th e  maximal c o h e re n t sequencem m
o f  m easures and depends on M. The m ax im ality  g iv e s  th e  fo llo w in g :

w henever U i s  a  ( K ( ? ) )M- u l t r a f i l t e r  and U€M,  th e n  D f i ( K ( u ' ) ) M.m ***

Theorem 2 .3  [M i.3]  : I f  j*M— >N i s  e le m e n ta ry  and j  e  M , th e n

j ( ( K ( i T ) ) M) -  ( K ( l f ) ) N and j | ( K( g ' ) )  *(k ( U^) )M------- » ( k( iT ) ) N i s

an i t e r a t e d  u l t r a p o w e r .

%  t h i s  e x p re s s io n ,  we mean t h a t  i s  th e  u s u a l  em bedding

from  (k (u^ ) ) M in to  one o f  i t s  i t e r a t e d  u l tra p o w e rs  ( f o r  M i t c h e l l 's  d e f i ­

n i t i o n )  •

We p r e s e n t  f i r s t  th e  p ro o f  u s in g  th e  model K(U^).

P ro o f  A : Let j : V  >M w ith  c r i t i c a l  p o in t  K , and \  r e g u la r  be such

t h a t  X, ^ X £K , <^ M c M  and K M$£M . I f  th e r e  i s  a  model o f  " 3 v ( o ( / )  = V++)"

we a r e  d o n e . O therw ise  we can  c o n s id e r  K(u*) and j : K ( l T ) ------ > ( K ( l £ ) ) M.m m m

By th e  p re v io u s  th eo rem , 0 Ik(u> ) i s  ari i t e r a t e d  u ltra p o w e r  i Qg .



Our g o a l i s  to  show t h a t  th e  le n g th  8  o f  th e  i t e r a t i o n  i s  .

Lemma 2.1 : I f  i ftr  ̂ :N0 ---- > i s  an a r b i t r a r y  i t e r a t e d  u l t ra p o w e r ,  th e n

f o r  any x c N ^  , th e r e  e x i s t  a  f u n c t io n  f  and a  f i n i t e  s u b se t E

o f  A = [ i e(+4^ (  K«* )* *  + 4 such  t h a t  x  = i 0 ^ ( f ) ( ® )  •

p ro o f :  L et u s  p rove i t  by in d u c t io n  on q .

• I f  f) = 4 , f o r  any x  in  , x  = i o4 ( f ) ( K 0 ) .

• L et u s  assume i t  i s  t r u e  f o r  rj • I f  x £ V
, th e n  th e r e

i s  f£N»j  such  t h a t  x  = ^ +(j ) ( Krj) * T h e re fo re  by h y p o th e s is ,  th e r e

e x i s t  g  and E* f i n i t e  c  [ ^ # + 4  such  t h a t  f  = i 0 ^ ( g ) ( E ' )

H e n c e fo rth , we g e t x  = ) • I f  D i s  th e  s e t

£(s,«x)s s eDo m(g )  and <* e D o m ( g ( s ) ) j  , th e n  we can d e f in e  on D th e  fu n c ­

t i o n  h(s,<*) = g(s) (o<) .  We have i orj+d( h ) ( i ^ ^ +1 ( E») ,  ) -  x  .

S ince  i ^ / E ' )  U ( k ^ J  C  [ * * + 4 , ^ + 4 (*<*)* <1+*} 311(1 i*  i s  f i n i t e ,  we

we a re  done

. I f  rj i s  l i m i t ,  l e t  x £ N ^  and x  = i ^ C y )  f o r  7  €

Hence th e r e  e x i s t  E ' f i n i t e  C  [ i ^ + 4  ^ ( Ko<) ! 5  311(1 f

such  t h a t  y  « i o^ ( f ) ( E ' ) .  We th u s  o b ta in  x  = ) )  311(1

i s  in c lu d e d  i n  £ i a + 4 ! ^  l ]  *

The lemma i s  th u s  p ro v e d . ■

L et u s  assume now t h a t  th e  le n g th  8  o f  o u r i t e r a t i o n  i s  < \  . I f  A

i s  th e  s e t  £ ^ + 4  ^(*0 : <#<8 j  and s  6  i s  th e  f u n c t io n  d e f in e d  by

s ( a )  = i ^ + 4  $(**•<) f o r  ° ' < ^> th e n  th e  c lo s u re  ^ M C M  im p lie s  s € M.

We can  th u s  d e f in e  D c  P( TT s(«*) ) by s e t t i n g  f o r  X c7T s(«*) :
<*<& <*<%

x e u  i f f  m |s  s  e a ( x )  .

Lemma 2 .2  : U i s  a  f r e e  K -com plete  u l t r a f i l t e r  on TT s(<x) .
' <*<8



1 7 .

P r o o f s  S ince  ^ ( * 0  >, Ktf » we o b ta in  j  ( i ^ +A  ̂g ( K ^)) >, jCx^)

* W K»<>

>  V h ^ C k * ) .

S i s  < A , th e r e f o r e  j ( T  s(<rt)) i s  s im p ly  TT j( s (o < ) ) .  With th e  p re v io u s
*<S <*<8

i n e q u a l i t i e s ,  t h i s  im p lie s  s  £  j(1T s(«*)) . H e n c e fo rth , i f  XcTTsCes), e i -
«< % c\< %

t h e r  X o r  Xc £  U. The K -co m p le ten ess  and th e  f i l t e r  c o n d i t io n  a re  

s t r a ig h t f o r w a r d .  L et u s  show t h a t  U i s  a  f r e e  u l t r a f i l t e r .

I f  £ t^ € U ,  th e n  s = j ( t )  and  s (0 )  = j ( t ( 0 ) ) .  Hence i^ g (K e) i s  e -  

q u a l  to  ±o ^ (-t(0 ) )  and K0 = i e l ( t(o)) ,  w hich i s  c o n t r a d ic to r y  s in c e  K0 

i s  th e  c r i t i c a l  p o in t  o f  i Dt . ■

L et u s  th e n  c o n s id e r  jy  and U lty  , th e  em bedding and u ltra p o w e r  

a s s o c ia te d  w ith  U . We have th e  f a c t o r i z a t i o n  :

V  - »M
where k y ( [ f ] y )  = j ( f ) ( s )

k..
Tn+ f o r  f :  "IT s ( o 0 -------»V .

S ince  U i s  K -oom plete , we can  u s e  th e  c l a s s i c  p ro o f  to  show U lty C U lty  

L et : « <  K^C U lty  and [ h ] y  = K . Thus f  d e f in e d  by s e t t i n g

f ( t )  = <  f0<('t ) * « < b ( t ) >  i s  such  t h a t  [ f ] y  = < :

From th e  f i r s t  lemma, we know t h a t  f o r  any o r d in a l  •©■ , th e r e  e x i s t s  

f  € such  t h a t  i o^ ( f ) (B )  = -0 , w here E f i n i t e  c  A . Hence th e r e

i s  g e V  so t h a t  j ( g ) ( s )  » 0  • T h is  im p lie s  t h a t  ky i s  s u r j e c t i v e  on 

th e  o r d in a ls  and th e r e f o r e  i s  th e  i d e n t i t y .  We th u s  o b ta in  M = U lty  , b u t 

KU ltu c U l t u  and KM £ M .

H en ce fo rth  th e  h y p o th e s is  8 < A i s  c o n t r a d ic to r y  . We s h a l l  conclude



th e  p ro o f  w ith  th e  fo llo w in g  :

Lemma 2 .3  t I f  th e  le n g th  8 o f th e  i t e r a t i o n  i s  } ,X , th e n  N s a t i s f i e s  

" th e r e  a r e  a t  l e a s t  X m easu rab le  c a r d in a l s  "

P ro o f: L et u s  now c o n s id e r  th e  s e t  B * *<*) ! **<&}• S in ce  each  i t e ­

r a t e d  u l tra p o w e r  s a t i s f i e s  " i s  m easu rab le  " ,  a l l  th e  e lem en ts
 ̂ M

o f  B a r e  m easu rab le  in  No w hich i s  (K(U ) )  •o ui

I f  }b | ^ X , we a re  d o n e . O therw ise  we d e f in e  F : B  >P($)

 *  X^ where

= £ ©< < S : i ^ (  K* ) = 0-j .  We th u s  o b ta in  a  p a r t i t i o n  o f  8 i n  s t r i c t l y  

l e s s  th a n  X s u b s e t s .  T h e re fo re , s in c e  ISl^> X and X i s  r e g u la r ,  th e r e

e x i s t s  0 e  B such  t h a t  (X^J ^  X .

L et < o tfr  3 £ < X  > be an  in c r e a s in g  en u m era tio n  o f  th e  f i r s t  X e l e ­

m ents o f  . We can  assum e o( ) = 4 i n  N^ , o th e rw ise  we would be

d o n e . L et u s  n o t ic e  t h a t  i f  (*> < (V < X , th e n  K , = ( K . )  .

F o r l i m i t  < X » we d e f in e  u »  = Sup oty

Claim  2 A  : F o r any (&<(V l im i t  o r d in a l s ,  i ^  C K<<0) < u ,(K*0) 331,1
rA  ° r / i

i=s i ^  K*„) i s  m easu rab le  . 

The p re v io u s  lemma w i l l  f o l lo w .

P ro o f :  L et D be th e  K . - u l t r a f i l t e r  in  N . and ft>< X . We s h a l l  show°>o

a s  i n  th e  c l a s s i c  c a s e :  i f  X C  i ^ ^ K ^ )  and X fiN p^ , th e n

x 6  v . i * (I)) i f f  31'1<(Vv 1 4  r  < *  1 v 4* d  e  x  •

. I f  X e v  and x e i  . (D ), th e r e  e x i s t  Y and h<fb so  t h a t

X -  i^ Y)' Sin° e 1 6  P°r  ^ >r> ’ l e t  Z “
i s  th e  u n iq u e  norm al

<*o<*y | o °>y
- u l t r a f i l t e r  (b e ca u se  we have supposed oCk̂ )  =  ̂ » 311(1 coherence
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o f  th e  maximal s e q u e n c e ) . We th u s  have i  . _ L .( z )
i y

v w % ) a  
6  X '

• L et u s  assume th e r e  i s  su ch  t h a t ,  f o r  y ^ * ]  » +(j

b e lo n g s  to  X and X <£ i  . (D ). Hence Xce  i ^  „ (D) and th e r e  e x i s t s
*© ^  “ • Hfl*

hy th e  p re v io u s  p ro o f  fj^< (b  so t h a t  f o r  £  X* .

F o r y^, SupC^ , r|t ) , we w ould o b ta in  a  c o n t r a d i c t io n .

L et F a - be th e  f i l t e r  on i .  , (K* ) d e f in e d  from  th e  sequence n» wo v t > *

< S +<’ t,ft( S ) ‘ , < I V !  x e I W l f f  3 i< f t .v - is < Y < f t>  i « T^ , t¥ ,(s > e x -
S in ce  a ^  P ^ n  i s  an i ,,  ( K ^ ) - u l t r e f i l t e r  , BS i s  a  Ng-

\ ^  tr
u l t r a f i l t e r  on i  . («_» ) • The c lo s u r e  McM and (K(u ) )  = Nc im -

^  -v, m
P ly  Fj* f i N ^ e M .  B y  theo rem  2 .2 ,  we th u s  have F^^H £ (KCu^)) . Hence

i<̂  ^  ( k««<0) i s  m easu rab le  in  ( k(U ^ ))M •

I t  rem ain s  to  check  s f o r  fb  l i m i t  <  (V l i m i t  < A ,

We have £<*(*> < and  i ^  ^  ( K ^ )  » . U sing  th e s e  e le m e n ts , we o b -

t a i n  • "  * W V

* S v ' (^ ’ > * * *  * W ^ *
T h is  co m p le tes  th e  f i r s t  p ro o f  o f  theorem  2 , 4  . ■

L et u s  p r e s e n t  now th e  p ro o f  i n  th e  manner o f  Kunen.

P ro o f  2 : L et j : V — >M, X and K s a t i s f y  th e  h y p o th e se s  o f  theorem  2 , 4  .

We d e f in e  by in d u c tio n  a  s t r i c t l y  in c r e a s in g  sequence  < ^  : * < A  > a s

fo llo w s  : . /  = K
9 o

. I f  * < A  , l e t  u s  assume th e  sequence s e, = < 7^ : h as

been c o n s tru c te d  such  t h a t  f o r  any ( i < w ,  K ^  As *n "^e  p ro o f



i n  th e  manner o f  M itc h e l l ,  we c o n s id e r  th e  u l t r a f i l t e r  UL. c  P( TT s^ (fr))
(!><«.

such  t h a t ,  f o r  X c  TTs^C^), X eO ^ i f f  M |s  s ^ e j C x ) .
A<«»

We o b ta in ,  i n  th e  same way, a  com m utative d iagram  :

V  3

„  /  k ^  where k M( [ f ] n  ) = j ( f ) ( s ot)

U ltU f o r  f  s TT s * ^ ) ------.

Again , we have th e  c lo s u r e  *  U l tTT c  U lt_  • k-< can n o t he th e  i d e n t i t y
uec u *

b ecau se  i t  w ould im ply  K M c  M . T h e re fo re  we d e f in e  ^  a s  fceiag th e  

c r i t i c a l  p o in t  o f  k ^  . 7^  s a t i s f i e s  ^  ) .

T h is  p ro c e s s  can  be i t e r a t e d  X t im e s  b ecau se  o f  th e  c lo s u re  ^ M c M  

L et u s  check  t h a t  th e  sequence < /  s « < X >  i s  s t r i c t l y  in c r e a s in g .Cl

L et of <ot*< X • I f  < 7^ t  s in c e  k ^  i s  4 - 4  o n to  [ K , ^ [ ,  th e r e

e x i s t s  f  su ch  t h a t  j ( f ) ( s  .) * •©* . We have s  » = srf • Hence i f  we
'of

d e f in e  g ( t )  -  f o r  * 6  ** '((*)»  we #e t  o ( g ) ( s « ' )  =

Let  P.. t TT s ^ /C f t ) -------->O rd be th e  p r o je c t io n  o n to  th e  tf?*1 c o o r d in a te .
*  ( W

t  i------------ *-t(oc)

Thus j ( l * ) ( s ^ / )  = 9^ .  T h e re fo re  k ^ ,  i s  A - A  o n to  [k  » " th is  im”

p l i e s  ^  .

We have th u s  in  o u r p o s s e s s io n  X em beddings, k^ t U l t ^  »M ,

f o r  « <  A , w ith  in c r e a s in g  c r i t i c a l  p o i n t s •

L et p. be a  r e g u la r  c a r d in a l  su ch  t h a t  JA. >, Sup £ ^ ^  •

F o llo w in g  Kunen £ k u ,2 ]  , we th e n  d e f in e  by in d u c t io n ,  th e  c l a s s e s  

Kh = {V s Y  s t r o n g  l i m i t  c a r d in a l ,  V > 2 ^  and c f ( v ) > p . ^  .

K« +i  '  {v' £ K « ‘ I K* a w |  - v ]  •

K f, -  n  K gt i f  A  l i m i t .
«</ i  *  '
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Now, f o r  <x<A,  we l e t  

^  = th e  l e a s t  e lem en t o f

A« = f y u « «  * ■| « » < “ ]  “ d

= Sttp(Art)

I f  A -  [ r n+H > n < A] , we c o n s id e r  in  l [a]  , th e  u s u a l  f i l t e r  

on A^ , f o r  (* < A s  l e t  X c  A  ̂ .  X € F* i f f  3 n  V p n  ywfl(+p 6 X .

I f  F* d e n o te s  (  F^ : *  < A > ,  o u r  aim i s  t o  p ro v e  :

L [ F ]  A L[F’]  i s  a  A ^ - u l t r a f i l t e r .

F o r cx< A , we now u s e  th e  c a n o n ic a l  w e l l - o rd e r in g  o f  L [a} t o  d e f in e  

th e  Skolem H u ll o f  i n  L[a] . T hat i s  to  say  :

= th e  c l a s s  o f  a l l  z  £  L [a ]  such  t h a t

L[A^j£r z  = t ( r e , yVj^yA)

w here t  i s  a  Skolem te rm  and  V i ,------------•

I f  oc<A, H* i s  an e le m e n ta ry  submodel o f  L[A] and A € H ^  , t h e r e ­

f o r e  i s  iso m o rp h ic  t o  L[1T<( a)3 w here TT̂  i s  th e -t r a n s i t i v e  c o l ­

la p s in g  isom orphism  o f  ( o f  [D ev ]) .  "H^"1: L [X < (A )] > L{a ]  i s  th u s

an e le m e n ta ry  em bedding.

We now m odify  K u n en 's  key-lem ma [K u .2 ]  :

8 F o r aay  o<<A , < ^ +4 •

P ro o f: • L et u s  show f i r s t  T, ( y , ) < ^  .

I f  S< i s  i n  , t h e r e  i s  a  Skolem te rm  t  such  t h a t  ( in  L[A]) ,

S = t ( v # , -  —  ,Vj(,A),  f o r  ~ , Vĵ  in  •

Let U be a  K - u l t r a f i l t e r  and l e t  i 0 ^ : V  be th e  u s u a l  em­

bedd ing  from  V in t o  i t s  8 t h  i t e r a t e d  u l t r a p o w e r .  Sly th e  c h o ic e  o f  y , 

we have 8 < v  f o r  a l l  K  ^  . H e n c e fo rth , we deduce from  P ro p o s i t io n  A .8



t h a t  i 0$(v)  = v* , t h i s  im p lie s  i  ^ ( a) = A . Hence th e  w e l l - o rd e r in g  o f

L[A] i s  p re s e rv e d  by i 0 ^ , we th u s  o b ta in  i 0$(&) = *t( ^  *  j V ^ A )  = 8

and  S m ust be < K . S in ce  T, ( y ,) = Sup £ ir, (S ) * 8 6 H ,, 8< y* ^ ,  we g e t

^ ( y , ) ^ K < t  •

• L e t u s  assum e now t h a t  f o r  a l l  r|<<* , T ^ +<J(y ^+<t) < 7 ^ +4 • We 

w ant t o  show ) < f ^ K .

- I f  r \< «  , th e n  £<*• 3y h y p o th e s is ,  we th u s  g e t  :

^  tyyj+4 ̂  ^ ^ + 4  ̂  tH+4 ̂   ̂ Aj-M  ̂ ^  *
-  I f  *]^«  , th e n  y ^ ^  C * T h is  im p l ie s ,  by d e f i n i t i o n  o f  ,

V lf r i+ 4 )  "  fy+4 *
L et u s  c o n s id e r  th e  em bedding k ^  : U l t^ -  > M • S in ce  li^(A ) be­

lo n g s  to  U lty  ,  l e t  s L [ ^ ( a) ] --------^ [k ^O T o ^ A ))]  be th e  r e s t r i c -

t i o n  o f  k ^  on L^TT^A)} » L et = £ X c  9^ s X S Lj*¥^(A)]J and ^ 6  k* ( x )} 

Dpj i s  n o t  n e c e s s a r i l y  a  l(tT*(a)] - u l t r a f i l t e r  b ecau se  we do n o t  know whe­

t h e r  PL ^ ^  ) = pL ̂ «  ( A)1 ( ^  )

But we can  c o n s t r u c t  th e  u l tra p o w e r  o f  l JV ^A )} modulo t h i s  u l t r a f i l t e r ,  

i t  i s  w e ll- fo u n d e d  b ecau se  o f  th e  d iagram  :

L flU A )] -----> L^CTT^Ca))]

Jdo» w here k ^  ( [ f ] D ) = k ^ ( f  )(?£,) t  f o r

U lt_  (LpnW(A)] ) f e L p M A ) ]  w ith  domain £  .
d *

M oreover, one can  show by u s u a l  a rgum ents t h a t  (v ) -  V  , f o r  a l l  V  £ K,

S in ce  " M y ^ K  7^ » f o r  i ^ < d ,  and T Q C j f ^ )  = y ^  , f o r  l ^ r f ,  we ob­

t a i n  t h a t  ^  (TT„(A)) -T T *(a) and t h a t  U lt^  ( l [ \ ( a ) ] )  = lIT I^A )}  .

T h e re fo re  i s  a  l [ H * ( a ) ] - u l t r a f i l t e r .  S ince w U lty  c  U lty  ,

a r b i t r a r y  c o u n ta b le  i n t e r s e c t i o n s  o f  e lem en ts  o f  D* a r e  non-em pty .



Hence, "by p r o p o s i t io n  4 .7  > a l l  th e  i t e r a t e d  u l tra p o w e rs  a r e  w e ll- fo u n d e d .

S in ce  t r ^ C , a n d  V i w+<) -  Snp [ » , ( « )

to  o b ta in  th e  ex p ec te d  in e q u a l i t y  TT ^  s u f f i c e s  to  show

t h a t  , f o r  S < ^ +1 in  H^+, , Tr^( f>) 4  ^  .

Hence l e t  $<X , i n  H and l e t  t  be a  Skolem te rm  such  t h a tOcC+1 01+1
L[A] [a i =  t ( v ,  ,  ,Vk , A) ,  where V ,, -----, vK a r e  i n  K^+l • We deduce

L [ \ ( A ) ]  1= H ^ f c )  - t d ^ C v J ,  , ^ K ) » ir« ( A ) )  » a n d  ^  f o r

each  i  $ k  .

We have a l r e a d y  seen  t h a t  ( a) i s  l e f t  f ix e d  by 0t> • Let u s  show
u et

t h a t  an i t e r a t i o n  o f  o f  l e n g th  8 does n o t  move i t  e i t h e r .

. I f  r j<(* , th e n  o b v io u s ly  i 0 f c W f y + , ) )  = ) •

. I f  r | * « , t h e n  8 < y n + , and . y ^ ,  i s  a  s t r o n g

l i m i t  c a r d in a l  in  th e  r e a l  w orld  such  t h a t  c f  (y ^ +) ) > f*- and 2 ^ < ^ +( . 

S in ce  ^  < p. , by a p p ly in g  P r o p o s i t io n  1 .8 ,  we o b ta in  i 0g( y^+ t ) “  |f^+| ;

T h e re fo re  we have i Dg * LjV*(A) ]  > l (tT*(A)] and ( i n  l JtT̂ Ca )] )

i o & W S ) )  “  »io&(^k ) » ^ ( A) )«  po r  each  i £ k ,  Yj C K ^ ,  hence

v\ i s  > 8  and i oS( v \ )  = Y\ . T h is  g iv e s  i 0&( ir^ ( s ) )  = irof(8) and

* 7 #  • U sing  th e  rem ark  in  th e  b e g in n in g , we a r e  th u s  a b le  to  con­

c lu d e  th e  p ro o f  o f  lemma 2 .4  • *

L et u s  r e c a l l  t h a t ,  f o r  rj<A , F^ i s  th e  f i l t e r  d e f in e d  from  th e  s e t

V  [ f u r , *  ! ' ! « " < “ ]  «* V  •

I f  we f i x  <x<A, th e  f i l t e r s  TTWot(P ^ ) ,  f o r  r)<A , w i l l  be d e f in e d  , in  

from  Trw„ (A ^ ) .

By e le m e n ta r i ty  o f  , we have th e  fo llo w in g  e q u iv a le n c e s  s

L [F ] |s  n  L [F ] i s  a  A ^ - u l t r a f i I t e r  .
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vL[a] f= ( L[p‘l t= P̂ n L[F] is a \*-tiltrafilter )

1  0 J » 1  t  (  i  [ ! „ ( * ) ]  t= t U p« )  n  t[Tru „,(f)] i s  T T ^ C X * ) -u l tr a f i l te r  )

^ T u «(F)f= W ' . X U - C W ^ l  l s a S L «  ) - u l t r a f i l t e r  .

. A ll th e  e lem en ts  y £  A , such  t h a t  y > y  s a t i s f y  ( y) = y •

T h e re fo re  W V  -  pn i f  n >' ° < m d  W \ < >  ■ **•

.  Jjr lemma 2 .4  , i f  y < y and y £  A , th e n  To « ( y ) < ?Jjw •

We can  th u s  r e p r e s e n t  th e  s i t u a t i o n  g r a p h ic a l ly  t

V V

r| < cx rj c*

As in  [K u .l]  (lemma 1 0 .1 0 ) , th e  d i f f e r e n t  in g r e d ie n ts  w i l l  he :

. th e  L[trWw( A )]-u ltra f  i l t e r  on ,

• th e  f a c t  t h a t  i t e r a t i o n s  o f  , o f  le n g th  < , do n o t  change F^

and Toiflc(Avj) » f o r  v\ f  *  .
.  th e  c a n o n ic a l  w e l l - o r d e r in g  o f  L ljr^ ^ P )]  .

L et u s  assume L^TT^Cf )] i s  n o t  a  - u l t r a f i l t e r s

I f  th e r e  i s  X c  ^  such  t h a t  X and Xc P^ , l e t  X0 he th e  l e a s t

such  s u b s e t  in  th e  c a n o n ic a l  ^ [tĵ C p ) ] -  w e ll  o r d e r in g .  A ll th e  fo llo w in g

i t e r a t i o n s  i Q̂ ,  f o r  £ e O r d ,  u se  th e  L[irwo{( A ) ] - u l t r a f i l t e r  on •

S in ce  i  (irWa < ^ )  = iru « (p') t we o b ta in  i oy (X0) = X0 , f o r  any
•wcn+n owc»+n

n  < co .  p ro p o s i t io n  4 .8  , we know i 0y “  Vuec+n *

T h e re fo re  x <=> (fW0(+n £ X , f o r  a l l  n  < cj .  T h is  c o n t r a d ic t s

X and Xc £  F* .

I f  F „ n  L[irwa(F )] i s  n o t  -c o m p le te , l e t  < X^ x p }  ,  f o r  p <  A* ,  

he th e  l e a s t  coun terexam ple  : X ^ F .*  f o r  a l l  \ < p  and 0  X^ £  .
*  V p
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As p r e v io u s ly  i ov ( < ' X * : t < p >  ) = { X t  ! ^ < P >  * o r  a11 n < w •
Owoc+n > ’  %

L e t n 0< 03 be such  t h a t  yuoWIl > f  • I f  %<P> th e n  f o r  n ^ n Q , we ha­

ve i Y v (% )  = %  and  i  (X<) * X* .
5«<*+«.» fiwd-wn otw+h * 9

S in ce  i v  . ( y  ) = v . ,  f o r  n ^ , n .  , we o b ta in  s
2fu«+n0»yWo<+* f o ^ n o ' du<*+n °

y<o«+n 0 «  H  V" * n « f o a m  £  X*  •
We have assum ed X ^ e  F* f o r  a l l  "%< p , th e r e f o r e  we deduce :

[ ) U m  ’ “ » “ <■] c  £ ? %
w hich i s  c o n tr a d ic to ry *

The second  p ro o f  o f  Theorem 2 . 4  i s  th u s  co m p le te . ®

L et u s  g iv e  now some exam ples o f  e le m e n ta ry  em beddings j  : V  >  M

w ith  c r i t i o a l  p o in t  K su ch  t h a t  <^M c  M and K M M , f o r  X r e g u la r  

and  Kj ^  X 4  K . A ll th e s e  exam ples a r e  c o n s tr u c te d  from  s p e c ia l  u l t r a f i l ­

t e r s ,  n o te d  U ^((i), f o r  (b 6 Q rd. Hence l e t  u s  d e f in e  and p r e s e n t  th e  main 

p r o p e r t i e s  o f  th e s e  u l t r a f i l t e r s .

D e f in i t io n  2*1 s L et X be a  r e g u la r  c a r d i n a l .  d e n o te s  th e  c o l l e c ­

t i o n  o f  s u b s e ts  o f  w ith  s u p p o rt o f  c a r d i n a l i t y  s t r i c t l y  l e s s

th a n  X : X c ^ K  i s  such  t h a t  X * in B ^ (Y ), where E c  f i , ] E | < X

and Y C EK i f  X = [ t  G : t  jE 6  y ]  .

(we w r i te  i n w - f o r  in c lu s io n  map from  P (Ek ) in to  P (^ k) )£i,|3
Remark s I f  (b*:X , th e n  ^ ( /b )  i s  s im p ly  P (^ k)

L e t j  : V  >M be an e le m e n ta ry  em bedding w ith  c r i t i c a l  p o in t  K

and X be a  r e g u la r  c a r d in a l  such  t h a t  ^ 0 ^ X ^ K  and c  M . I f  fa  

i s  an o r d in a l ,  th e n  O’* r e p r e s e n ts  an elem ent o f  ** ^(K, jO<)[  •
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D e f in i t io n  2 .2  : L et U^((J) c  £*((*) *>e d e f in e d  a s  fo llo w s :

X = i n E>ft(Y),  th e n  X eU x ((i) i f f  M Is £  j ( * )  •

(S in c e  1E | < A , j ( E )  = j " E  and C T j ^ ^ e  M)

Lemma 2 .4  : U\({i) i s  a  A -co m p le te  u l t r a f i l t e r .

P ro o f: L et u s  check  f i r s t  t h a t  th e  d e f i n i t i o n  o f  U^((b) i s  c o h e re n t : 

i f  X eSx(fr )  sa d  X = i n E^ ( Y )  = i n p ^ ( Z )  , do we alw ays have

<r | j ( B ) e 3 ( T )  i f f  < r | j ( p ) ( U ( z )  »

We can  show t h a t  i n  t h i s  c a s e  Yj E = Z | E ^ E . L e t u s  n o te  t h i s  s e t  H, 

th u s  X = £ s £ ^ K  s 8 Je  H j  • We o b ta in  f o r  any s £ ^ K  th e  e q u iv a le n ­

c e s  : s  G X <==>3 ie  OF ^  H 4=> 8 [e £  Y 3 | F e  z  » ^  r e s u l t  f o l lo w s .

I f  X = in g  ^(Y ) w here Y C S K , th e n  X6 = in E ̂ ( Yc) . T h e re fo re

e i t h e r  X o r  Xc £  UA(ft)

Ux(P>) i s  A -co m p le te  : l e t  p <  A , ^X^ : c  and f o r

each  C X <  P , X . =  in _  »(Y^) .  I f  we s e t  E =  U E *  , th e n  by r e g u l a r i t y
'  *  w  o t < p

o f  X , Je | i s  <A . We can  d e f in e  Y C EK a s  fo llo w s :

t  £Y  i f f  f o r  a l l  « <  p t j E £ Y^ .

T h e re fo re  ( f l L  ) = in _  « (Y) , and we have :
*<p is*»P

( J )  X^ ) e U x ((>>) i f f  M ** O - j ^ E )  €  j (Y)

i f f  f o r  each  « < p ,  ^ ( e^ ) £

i f f  f o r  each  o<< p  , X^fi U^Cl^)

L et u s  assume now X c  Y and X g U  ̂((b). We know from  th e  p re v io u s

e q u iv a le n c e  : ( X 0 Y ) 6  D^flb) i f f  X and Y £ Ux((*>) .  ■

L et u s  c o n s id e r  now F^Cfr) th e  c o l l e c t i o n  o f  fu n c t io n s  w ith  s u p p o rt

o f  c a r d i n a l i t y  s t r i c t l y  l e s s  th a n  A .
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D e f in i t io n  2 .3  s L et f  "be a  f u n c t io n  w ith  domain .

f  6  i f f  th e r e  e x i s t  E c f b ,  Je | < A  and g  : E k -----

suoh t h a t  f o r  s e ^ ,  f ( s )  = g ( s j E) .

N o ta t io n  * The u l tra p o w e r  o b ta in e d  from  modulo th e  u l t r a f i l t e r

i s  w e ll- fo u n d e d  becau se  o f  th e  X -c o m p le te n e ss  i f  A }  AJ, and be­

cau se  o f  th e  fo llo w in g  r e s u l t  i f  \  =  H 0 •  Let u s  n o te  i t  M^((h) .

Lemma 2 ,2  : ( a )  The fo llo w in g  d iag ram  i s  com m utative :

w here k/v i s  d e f in e d  a s  fo llo w s :

i f  f € F ^ ( f c )  i s  such  t h a t  f ( s )  = s ( s ]E) 

th e n  3c^(Cf]Ux(n>) )  -  j(« )(< fjE )

(b )  i s  c lo s e d  u n d e r  seq u en ces  o f  le n g th  s t r i c t l y  l e s s

th a n  X •

P ro o f: (a )  i s  a  d i r e c t  consequence o f  th e  d e f i n i t i o n  o f  U ^ ((t) .

(b )  L e t p < A  and : © < < p ^ c  w here

X * = 3114 B« c ( i  ’ l B l < A ’ *** u s  s e t  E =J ^ E*
we th u s  have | e | < X .  I f  f  : — >V i s  th e  f u n c t io n  so  t h a t

f ( s )  = < g ^ ( s j E ) : <*<pA » f  h a s  s u p p o rt E . L e t u s  check t h a t

i s  th e  sequence • Because o f  th e  p re v io u s  d iag ram , th e  c r i ­

t i c a l  p o in t  o f  j y  i s  , hence we o b ta in  :

Is  [ f lu x (p>) i s  a  sequence o f  le n g th  p .

And f o r  * < p  , Mx((b) ^  th e  o fh  te rm  o f  [ f l Ux(^ )  i s  [ s  8 | e J ] ux((*>)

T h is  g iv e s  [ f ] UA( W = < x *  : « < p > .  »

The l a s t  p ro p e r ty  o f  U^(fr) i s  th e  fo llo w in g  :
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Lemma 2 .3  : The c r i t i o a l  p o in t  o f  ^u^((^) i 0 *  .

P ro o f : We a l r e a d y  know t h a t  f o r  any  y<K  , = ]f • L et u s  show

t h a t  K 4 [ 3 e ^ K i  > 8 ( 0 ) ] ^ ^  < d Ux(^) (K)  •

I f  ^ < K ,  ^<<r (0)  "by th e  c h o ic e  o f  O' .  H e n c e fo r th , hy d e f i n i t i o n  o f  Ux (f*>),

we o b ta in  : y < [ s € ^ K i-----aad K ^ C 3 ^ * 1— *

In  th e  same way, 0*(0)< j (K)  im p lie s  [ s » s ( o ) ] * *

Remark : These u l tra p o w e rs  a r e  a  g e n e r a l i z a t io n  o f  Kunen*s i t e r a t e d  u l t r a ­

powers* We can  show t h a t ,  f o r  an a c c u ra te  c h o ice  o f  CT , U^(fc) can be Ku­

nen  *s u l t r a f i l t e r  on th e  s u b s e ts  o f  w ith  f i n i t e  su p p o rt •

A ll th e  d i f f e r e n t  a p p l i c a t io n s  o f  th e  u l t r a f i l t e r s  U^((b) w i l l  be

b ased  on th e  c h o ic e  o f  th e  sequence 0“ £  j ( K ) .

We have seen  t h a t  th e  e x is te n c e  o f  an e le m e n ta ry  em bedding j : V------>M
V

w ith  c r i t i c a l  p o in t  K , such  t h a t  M e  M and M M f o r  X r e g u la r  

and  (V, £  X £ K , im p lie s  l a r g e  c a r d in a l  h y p o th e s e s .  H e n c e fo r th , to  cons­

t r u c t  such  em beddings, we s h a l l  s t a r t  w ith  s t r o n g  assu m p tio n s  on k  , i n  

te rm s  o f  s k ie s  and c o n s t e l l a t i o n s .

We have s tu d ie d  in  a  p re v io u s  work [Su}, th e  r e l a t i o n  betw een s k ie s  

and  c o n s t e l l a t i o n s  and l a r g e  c a r d in a l  axioms* W. M itc h e ll  [M i. 3 } h a s  th e n  

o b ta in e d  more p o w erfu l r e s u l t s *

L et u s  r e o a l l  t h a t  f o r  a  K - u l t r a f i l t e r  U , C(u)  r e p r e s e n t s  th e  o r ­

d e r - ty p e  o f  s k ie s  and C(U) th e  c a r d i n a l i t y  o f  c o n s t e l l a t i o n s .

Theorem 2 .4  [M i.3 ] :  ( a )  I f  th e r e  i s  a  K - u l t r a f i l t e r  U such  t h a t  £ (u )

i s  , f o r  <V0^ A  r e g u la r  4:K , th e n  th e r e  i s  an in n e r  model w hich

s a t i s f i e s  '’3 v (o (v )^  A+i; " i f  X > H 0 , and " 3 v (o (v )^  2 )"  i f  X = K0.
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(b ) C o n v erse ly , i f  o ( k )  ^  p-+4 , f o r  p. r e g u la r  < K , th e n  th e r e  i s  

an e x te n s io n  V[cQ i n  w hich th e r e  i s  a  K - u l t r a f i l t e r  U such  t h a t  

C ( U ) ^ p ,  i f  p . > K e , o r  ^ ( u ) } C J  i f  .

Theorem 2 .5  [M i.3}: I f  t h e r e  i s  a  K - u l t r a f i l t e r  U such t h a t  C (u )^ ,tf0 ,

th e n  , i n  an  in n e r  m odel, t h e r e  i s  a  m easu rab le  c a r d in a l  l i m i t  o f  mea­

s u ra b le  c a r d in a l s  •

T h e re fo re  th e  h y p o th e se s  i n  te rm s  o f  s k ie s  and c o n s te l l a t i o n s  a re  

much s t r o n g e r  th a n  th e  m ere e x is te n c e  o f  \  m easu rab le  c a r d in a l s  we have

o b ta in e d  p r e v io u s ly .  But th e  em beddings j  : V  >M d e r iv e d  from  t h e -

se  a ssu m p tio n s  a re  such  t h a t  j (k ) ^  M , and th e  n o n -c lo s u re  M ^M

seems to  be much w eaker th a n  K j ( k )  (^M  .

L et u s  d e a l  f i r s t  w ith  th e  c o n s t e l l a t i o n s :

P ro p o s i t io n  2  A  : L e t X X  H 0 be r e g u la r  and p. be i n a c c e s s i b l e . I f  K 

i s  th e  c r i t i c a l  p o in t  o f  th e  fo llo w in g  em beddings and X ^  p. ^  K , 

th e n  we have th e  im p l ic a t io n s :

••(a)  th e r e  i s  j s V ------ >M su ch  t h a t  and <^ M c M

(b ) th e r e  i s  j* V  >M su ch  t h a t  ^ M c M  and ^ j ( k )  <56 M

'Ik( c ) th e r e  e x i s t s  j i V ------ *M such  t h a t  c M  and C ( j ) ^ A  .

Proof* (a )  = ^ ( b )  •

L e t j*V  »M be such  t h a t  C ( j ) * p .  and <X M C  M. I f  < •/> * <*< 6  > i s

th e  in c r e a s in g  en u m era tio n  o f  A ( j ) , th e n  we s e t  or = < .

L et u s  c o n s id e r  th e  u l t r a f i l t e r  U^Cp*) o b ta in e d  from  j  and a* s

i f  X = iitg  (.Y) w here Y c  EK , E c. p. and JEJ< X , th e n

X£Ux (p)  i f f  0 - j E € i ( Y )
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( p- £K,  hence j(E )  =* E )

Our g o a l i s  to  show t h a t  *s  ^ e  ex p e c ted  em­

bedding* We a l r e a d y  know ,by lemma 2 .2  ( b ) ,  t h a t  M^(p.) i s  c lo s e d  -under 

seq u en ces  o f  le n g th  s t r i c t l y  l e s s  th a n  X • The n e x t s te p  i s  to  p rove t h a t

CT = < 7^  s o<<p-^ does n o t  b e lo n g  t o  •

L et u s  c o n s id e r  th e  f a c t o r i z a t i o n  * V -----  — >M

\ ( V - )

S in c e , f o r  k p ,([se* V » — »s(<x)] 55 0*(°O = 9* » we deduce from

p r o p o s i t io n  i* 3  t h a t  k p  i s  s u r j e c t i v e  on to  [ k , S u p j ^  : e<c|-l^ • T here­

f o r e  ( p . ) • L e t t s  assum e <T£M^(p.). T h is  im p lie s  

k jJ^r) = (r * I f  0* = [s  e ^ k i—> g (s | g )] ̂  ̂  , f o r  B C ( i  and | E | < A ,  th e n  

kp(<r) * d (« )(d* |B) -  0* .

C laim  2*4 s L e t E c p -  such  t h a t  | e ] < A  be f i x e d .  I f  X i s  th e  s e t

( V e A ( j )  i 3 f i BK - * K  such t h a t  j ( f ) ( ( T jE) -  , th e n  | x U  J S u p ^ f 51

L et u s  adm it th e  c la im  f o r  a  moment and l e t  E, g  be such  t h a t
Ie I<T= j(g)(C T |g) • S ince  |Sup(E )| < p. , th e r e  e x i s t s  c* < p  such  t h a t  f o r

in
any  f u n c t io n  f s  K  K, j ( f ) (crj g ) /  7^ . L e t <rt0 be such  an  o r d in a l .

We th e n  d e f in e  th e  p r o je c t io n  P<*0 : -------- > K  • We th u s  o b ta in
s i  >s(ot0)

j ( p ^ 0 o g )(< I|B) = , w hich i s  c o n t r a d ic to r y .  T h e re fo re  <T $  and

we can  c o n c lu d e .

I t  th u s  rem ains to  p rove  th e  c la im . L et u s  show f i r s t  th e  fo llo w in g
B

r e s u l t :  G iven E , i f  f :  K  » k  i s  such  t h a t  j(f)(<rjB) X  K , th e n

th e r e  e x i s t s  E’ c  Sup(E) , [ E * | $ l E l  and a  b i j e c t i o n  b^: k — s uch 

t h a t  j ( b f )(crjB , )  -  j ( f ) ( c r j E)
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E E
L et •©■ » j ( f ) ( ( T |B) • We d e f in e  A: K — >P( k ) and h : K  * K by s e t -

s  e  K : f ( s )  * <* j and

(-  th e  n u l l  sequence i f  A(oc) = 0

-  an e lem en t s  o f  A(«) such  t h a t  S up(s) i s  
m in im al, o th e rw is e .

S in ce  j ( f ) ( < r ] B) = •©■ , T j E G j(A )(-e) . H e n ce fo rth , i f  j(h)(-e>) = t ,  f o r  
E

t  i n  “ JGO , we must have S u p (t)  4 SupCtfjjj) * ^ k is  im p lie s  t h a t  f o r  a -  

ny x e E  , t ( x ) e C o n ( ^ )  where < S u p (E ). We th e n  deduce from  p ro p o s i­

t i o n  A .3  , th e  e x is te n c e  o f  a  s e t  E ' c  S up(E ), (E ' |  £  |E | and o f  a b i ­

s e c t io n  T f : E k  >EK such  t h a t  j ( i r f ) (0 'jE I) = t  .

We f i n a l l y  o b ta in  j(TTf “‘ o h ) (« )  -  <TjE , and j ( f  oTrf )(<rjB, )  = «■ ,
E fby u s in g  an a u x i l l i a r y  b i s e c t io n  from  K o n to  K and p r o p o s i t io n  '1 .3

we g e t  th e  ex p e c te d  r e s u l t .

Now, l e t  X -  [V  €  A ( j )  s 3 f : E K — >K su ch  t h a t

We c o n s id e r  th e  map ip : X -------> fSap(B )j ^  ^
•f- i > E^ w here E^ i s  c o s tr u c te d  from

Eth e  p re v io u s  s tu d y , and suoh t h a t ,  f o r  a  b i s e c t io n  b^ s 54K — ,

t  - J ( V («1E, ) •
We c la im  t h a t  tp i s  A - A  t  i f  ip(jO * ' p ( / t ) = F , f o r  / , / *  G A ( j ) >  

th e r e  a r e  b i s e c t io n s  b^ and b ^ , such  t h a t  i

71 -  d(Ty)(<rjp) 831(1 = d O y . ) ( < n F) •

T h e re fo re  • /  and "/■' a r e  i n  th e  same c o n s t e l l a t i o n ,  w hich im p lie s  f -  = 7^' 

The p ro o f  o f  th e  c la im  i s  th u s  c o m p le te . ■

(b )  s = ^  (c )  :

Let j*V ----- »M be such  t h a t  <^M C M and ^ j ( K )  ( j t  M • We want to  show

t h a t  t h i s  em bedding h a s  a t  l e a s t  A c o n s t e l l a t i o n s .

L et u s  assume th e  co n v e rse  i s  t r u e  and l e t  or G ^ j ( K ) ,  f o r  X , be
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an in c r e a s in g  en u m era tio n  o f  A( j )  •

Because o f  <^M c  M » we can  d e f in e  th e  u l t r a f i l t e r  U^. on by 

s e t t i n g  s X c ^ K ,  X e  Ug- i f f  M )p cr £ j(x) . T h is  u l t r a f i l t e r  i s  

f r e e  and  k -c o m p le te ,  we o b ta in  th e  com m utative d iagram :

V -------±

w here ^ ( [ f ^  ) « j ( f ) (< r )  f o r
^ tr ^

By d e f i n i t i o n  o f  (T ,  k^. i s  A - 4  o n to  

s e ^ j ( K )  im p lie s  s e U l t ^  and kg,(s)

U lt, f  : K  »V.

w hich c o n t r a d ic t s  th e  h y p o th e s is .  ■

We deduce from  th e  p re v io u s  r e s u l t :

P r o p o s i t io n  2 .2  : L e t J*>(J he in a c c e s s ib le  and |a $ K . The fo llo w in g  a s ­

s e r t i o n s  a re  e q u iv a le n t :

A ( a )  th e r e  e x i s t s  j : V -w ith  c r i t i c a l  p o in t  k such  t h a t

and  c M .

(b ) th e r e  e x i s t s  j : V ---->M w ith  c r i t i c a l  p o in t  K such  th a t

ko(k ) ^  M and  C  M .

v ( c )  th e r e  i s  an a sc e n d in g  R-K c h a in  o f  K - u l t r a f i l t e r s  <D^ : <*< p .)»

P ro o f: (a )  4 = ^  (b ) i s  a  consequence o f  th e  p re c e d in g  p r o p o s i t io n  f o r  ^ = .

and a  s e t  o f  f u n c t io n s such  t h a t  f o r

Do< " 311(1 f*Y ~« x  *fr fry

(a )  t==^ (c )

L e t j : V  be su ch  t h a t  C(j )^ |A.  and < ^M c  M , and l e t

be an in c r e a s in g  en u m era tio n  o f  A ( j ) » .

We d e f in e  a s  p r e v io u s ly  th e  u l t r a f i l t e r s  on , f o r  cx<pi , n o te d
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h e re  , hy s e t t i n g :  X c^K  , X €  U* i f f  01 £  j (X)  .
'e*

L e t P ^  , f o r  rt< he th e  f u n c t io n s :  P ^ :  — >*K
s  i » Si

F o r , we have P*y = P*^ o P ^  and U< = .

L e t u s  d e f in e  in d u c t iv e ly ,  f o r  c n < p -  : 6 ( 0 )  ■ 0

6(«+-l) = (2 S(“ ) ) +

8(ft) =  u  6 ( * )  i f  (b  l i m i t .
ot<(^

L et , f o r  tx < p. • We c la im  t h a t  th e  system

{ d *  j p&(«*) g(ft) * * < & <  p-} h a s  th e  r e q u i r e d  p r o p e r t i e s .  I t  s u f f i c e s  to

show i f  < x <  ( b  .

Let u s  a p p ly  th e  c la im  2 .4  f o r  E = c* :

th e  s e t  X  = [  /  £  A (  j )  : 3 f :  — > K  such  t h a t  j ( f ) ( o j ‘ ) =  /  j  i s  o f

c a r d i n a l i t y  | < * | ^  = 2 ^ * L

The em bedding k ^  j [ f ] n  1 > j ( f ) ( T | ^ )  i s  e le m e n ta ry , th e r e f o r e

J ^ e A ^ )  i f f  k<*W e  A ( j )  • W e  ‘th u s  O b t a i n  0(11^)^  2 1* 1. On th e  o -  

t h e r  h an d , £ 7 ^  : f i <  R ange(k^) , hence 0(11^) ^  |<* | .

We th u s  g e t  ]8(*)1 £  C(UW) £  2 ^ * ^  and

C( D* ) *< 2 f 8(oc)I < ( 2 IS(oc)1 ) + 4  C ( D ^ )  .

H e n c e fo rth  D_ and 3 ) .  can n o t he iso m o rp h ic . ■#■

( c )  ( a )  :

L e t £ , f ^  : «x< he a  system  w hich s a t i s f i e s  ( c ) .

F or « <  < y , we have th e  com m utative d iagram  :

We

where W £ f V = ■ V v

Dltv ^ D1%
can  d e f in e  th e  d i r e c t  l i m i t  M o f  th e  system  £ U lt^  , i ^ :  c x < ( W | x ^
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a n d  w e  o b t a i n  t h e  d i a g r a m s :
 *  V I

f o r  o c <  j l *.  .

We c la im  t h a t  j . . : V  >M i s  an  e le m e n ta ry  embedding w hich s a t i s f i e s  (a )
n

L et u s  show f i r s t  t h a t  M i s  w e ll- fo u n d e d :

I f  we assume th e  c o n v e rse  i s  t r u e ,  th e n  th e r e  i s  a  sequence o f  o r d in a ls

/ x  t  n < ( * ) \  such  t h a t ,  f o r  each  n < u ,  x  , . B x .  . I f  n < o  , l e t  N n  * '  n + i  n

o(n < Y '  a^d  be su ch  t h a t  = i 0<nj/L(yn ) .  S in ce  i s  r e g u la r  ,

S u p : n < ( J ^  i s  < ja. .

Thus l e t  u s  c o n s id e r  th e  sequence /  i  (y  ) : n  < C J }  • T h is  sequence^  ^  Qn
b e lo n g s  t o  U lt^  and  we have i  (y„ . . )  6  i  (y_)  • T h is  y i e ld s  a  

■u* <*n + A *
c o n t r a d i c t i o n .

One can  show by in d u c t io n  t h a t  i s  th e  i d e n t i t y  on K : l e t  \ <  K

and \  = i^pC 1')) • we su p p o se , f o r  any  j ^ ( y ) = ]f , th e n  th e  c a se

r \ < %  can n o t o ccu r . S in ce  i  ("£) = t ,  , we a r e  d o n e .

We want t o  p ro v e  now <^M c  M . L e t X<pt.  and f £ ^ M  . U sing  a g a in

th e  r e g u l a r i t y  o f  u. and  th e  f a c t  t h a t  j , ( X )  = X , we can  show t h a t
• r

t h e r e  e x i s t s  «<(U. such  t h a t  f  = i  (g )  • H en ce fo rth  f  £  M .r  CXp.

F in a l l y ,  l e t  u s  check  C ( j „ ) ^M-  . We s h a l l  v e r i f y  t h a t  th e  e lem en ts
r

in  d i f f e r e n t  c o n s t e l l a t i o n s .

I f  we had  i ^ ^ ( [ d ] D )<s— * ’ w here 01 , r e l a t i v e l y  to  th e  em­

b ed d in g  • T h is  w ould im ply  r e l a t i v e l y  to

t h a t  i s  > and we would f i n a l l y  o b ta in  D£ »

w hich c o n t r a d i c t s  th e  h y p o th e se s .

The p ro o f  o f  p r o p o s i t io n  2 .2  i s  th u s  c o m p le te . ■



A consequence o f  Theorem 2 .5  and P ro p o s i t io n  2 .4  i s  th e  fo llo w in g :

P ro p o s i t io n  2 .3  : I f  t h e r e  e x i s t s  j : V  >M w ith  c r i t i c a l  p o in t  K such

t h a t  a  M C M and K j ( n )  $£ M , th e n  th e r e  i s  an in n e r  model w ith  a 

m easu rab le  c a r d in a l  l i m i t  o f  m easu rab le  c a r d i n a l s .

P ro o f : L et — *M be such  th a t  W M C M  and * j ( K )  M . ?y  p r o p o s i t io n

2 .4  ( b ) t = ^ ( c ) ,  f o r  \  = K, and p. = K , we o b ta in  C ( j ) ^  X, .

Let 0* = < i 1. : <*■<: u j \  be an  in c r e a s in g  en u m era tio n  o f  th e  f i r s t  Ui e l e -Pi S
m ents o f  A ( j ) »  S in ce  u M c  M , we can  c o n s id e r  th e  u l t r a f i l t e r  U<p d e f i ­

ned  by s e t t i n g :  X c WH, X £  Û . i f f  M (Tej(X) •

Ug. i s  iso m o rp h ic  to  a  K - u l t r a f i l t e r  and 0(11^.)^ w , i t  s u f f i c e s  now to

a p p ly  Theorem 2 .5  to  o b ta in  th e  p r o p o s i t io n .  ■

B efore  d e a l in g  w ith  th e  s k ie s  q u e s t io n ,  l e t  u s  g iv e  a n o th e r  example 

d e r iv e d  from  th e  same m ethods.

P ro p o s i t io n  2 .4  : I f  K i s  2K-  superco m p ac t, f o r  any r e g u la r  c a r d in a ls

th e r e  e x i s t s  j : V  »M w ith  c r i t i c a l  p o in t  K ,  such

t h a t  <A M c  M and c f ( ( 2 K) +) M) = yu .

P ro o f: L et u s  ta k e  Kunen' a example o f  p - p o in ts  ( o f  jK a .i]  ) :

I f  i : V — »N i s  a s s o c ia te d  w ith  th e  supercom pact c a r d in a l ,  th e n  ( 2 K) +

I s  < j ( « )  • By p r o p o s i t io n  4 . 3  , each  c o n s te l l a t i o n  has  a t  m ost 2  e l e ­

m en ts, t h e r e f o r e  th e r e  a r e  a t  l e a s t  ( 2 K) + c o n s te l l a t i o n s  below  ( 2 K) +.

Let  (T = < 7 ^  t M i p . )  be an in c r e a s in g  en u m era tio n  o f  th e  f i r s t

pu-4 e lem en ts  o f  A ( i ) .  We th e n  c o n s id e r  th e  u l t r a f i l t e r  U^(|x) and th e  

u ltra p o w e r  d e f in e d  from  i  and (T •

T h is  y i e ld s  th e  fo llo w in g  d iagram  :



We c la im  t h a t  th e  c r i t i c a l  p o in t  -0* o f  k ^  i s  ( ( 2 R) +) M* ^ . 0  i s  a l s o

h ,  w hich can  he shown t o  he U A  •I*- *<|>: *
To p rove t h i s ,  we s h a l l  a p p ly :

Lemma 2 .4  (Kunen) : I f  <* < f*> < ( 2K) +, th e r e  e x i s t s  f  e*K  such  th a t  

i (f)(fi>) = *  .

F o r a  p ro o f  o f  t h i s  r e s u l t ,  we r e f e r  to  [K a .4 ] .

L e t u s  show f i r s t ,  hy c l a s s i c  w ays, 0  = ( ( 2 K) +) M* ^ .

We have k^(K ) = K s w hich  y ie ld s  th e  i n e q u a l i t i e s  :

2 K £ ( 2 k)Mx^ ^  <: ^ ( ( 2 * ) * * ^ )  4  ( 2 k) N -  2 K . Etsr lemma 2 . 4 ,  from. 2 K, 

we can  re a c h  any e lem en t o f  [ k , 2 k£.  S ince  2K£ C o n ( x ) ,  we o b ta in  t h a t  

jjk ,2k] C  Con(K) and > 2 K .

k ^  i s  th e  i d e n t i t y  on [* » 7^ [  and > 2 K , hence 0  i s  n e c e s s a r i ly

> ( 2 K)ma(M-) . T h is  g iv e s  u s  0  ^ ( ( 2 R) +) H* ^  .

L et u s  show ( ( 2 K) +) M̂ ^  < ( 2 K) + , th u s  we would he a h le  to  c o n c lu d e . 

I f  we w ant t o  compute j u ^ (^ )(K ) , i t  s u f f i c e s  t o  coun t th e  number o f

f u n c t io n s  £ g : E K — »K f o r  E c  |a. and | E | < X j .

H en ce fo rth  | ( K) ( ^  ^ . k^K  ̂ £  2 K , and we o b ta in  :

( ( 2 K )+)«n(k) < j 0 ^ ( | t ) (K) < ( 2 * ) + .

Let u s  p ro v e  now f -  =  U  i+ . and 0  = f i .  •'j* ' r

We f i r s t  n o t ic e  t h a t ,  b ecau se  o f  lemma 2 .4 ,  i f  * < ( ^ 4 1 * - ,  th e n  th e r e  can­

n o t  e x i s t  f  e  KK such  t h a t  i ( f ) ( ? ^ )  = 7^ •

Let /  -  ^ 5  1*6 • I f  we assume • /  /  , th e n  th e r e  e x i s t s  r t0 < (x so



t h a t  / e  Gon(7^ 0) • Again by th e  lemma, th e r e  i s  f  6 Kk such  t h a t  

i ( f ) ( 7 0  = ?&v>+ 4 » 331(1 th e r e f o r e  th e r e  i s  g e KK such  t h a t  i ( g ) ( & o ) = 7 « o +>l 

He have o b ta in e d  a  c o n tr a d ic t io n *

L et u s  assum e ' f  6  R ange(k^J « Hence th e r e  e x i s t s  E c  f3- , | E | < A  and

g*E K  su ch  t h a t  7^  = k ^ C [ s e 1— = *
E#

I f  (X = S up(E ), th e  lemma im p lie s  th e  e x is te n c e  o f  f  s K ------> K such t h a t

i ( f ) ( ^ , )  « Q“| E . T h is  g iv e s  a l s o  i ( g * f ) ( 7 ^ )  = f  ,  w hich i s  im p o ss ib le .

S in ce  k^. i s  s u r  j e c t i v e  o n to  [k ,7 ^ [  and 7A ^  R ange(k^) , 9^  m ust

be th e  c r i t i c a l  p o in t  -6 * o f  k^, and  we can  conclude*  B

C oncern ing  th e  s k ie s ,  we o b ta in :

P ro p o s i t io n  2 .5  : F o r A, p. r e g u la r  c a r d in a l s  such  t h a t  , we have

th e  e q u iv a le n c e :

^ ( a )  T here e x i s t s  j : V — >M w ith  c r i t i c a l  p o in t  K such  th a t

and <XMcM .

'U'(b) T here e x i s t s  j : V — »M w ith  c r i t i c a l  p o in t  K such  t h a t

c f ( j ( K ) )  -  p- and <XM C  M.

P ro o f: ( a ) j = ^ ( b )  •

L et j : V ---- »M be such  t h a t  Z ( f*- a n d < X M c M .

I f  w  =  < < p. i s  aa  in c r e a s in g  en u m era tio n  o f  r ( j ) ,  we d e f in e

from  j  and 0* , th e  u l t r a f i l t e r  331(1 "t*13 u l tra p o w e r  M^(p).

L et u s  show c f ( j u ^ ( k ) )  = P  .

F o r c*< p - , l e t  = Jjs £ t > s ( ck) ]  „  / \ * He want to  p rove  th a t

3 u x ( ( i ) ( K )  ‘ - M k i  •at •0C< |ju
I f  • f  < jy  (p.)^K)> ■fche31 t l ie r3  3 1 ,3  B C | a ,  | E | <  A and g : k  >K such

that / =  [ s£^Ki  >®(s |E^U^(p.)* Hence " J (* ) (°1 b  ̂ *



L et E "be f ix e d ,  we d e f in e  f  £ KK by s e t t i n g :  f o r  ot < K , 

f(«x) = Sup £ g ( s )  : s £ EK and S up(s"E )4 : <*j  .

I f  $ > Sup(E) , we have 7^  ^  Sup(o*"E). T h is  im p lie s :
V

o ( f ) ( 7 6s ) ^  •

T h e re fo re  £ , , ( / )  i s  a t  m ost in  S k (^  ) .  By d e f i n i t i o n  o f  <r , 
r  ©

* ^ 0 9  < = k j i /Ks + ^  and  we a r e  done.

(*> )(= > (» )*

L et j : V  >M be so  t h a t  c f ( j ( « ) )  » (*» . I f  Z ( j )  w ere a  s u c c e s s o r

o r d in a l ,  i n  th e  h ig h e s t  sk y , th e r e  w ould be a  c o f in a l  s e t  o f  c a r d i n a l i t y  

p .  T h is  i s  im p o ss ib le  by p r o p o s i t io n  4 .2  ( b ) . H en c e fo rth  £ ( j )  i s  a  

l i m i t  o r d in a l  and c f ( j ( K ) )  ** o f ( j ( j ) ) .

T h e re fo re , we have a t  l e a s t  p. s k i e s .  ■

L et u s  assume k i s  2 -co m p a c t. There e x i s t s  a  f i n e  m easure U on

Pk ( 2 k) ( c f  £ j e ] ) .  L e t Oy*V -------------------- 136 ‘thLe c o rre sp o n d in g  em bedding.

The model U lty  s a t i s f i e s  th e  fo llo w in g  ( c f  [S o .R e .K a ]):

/•w henever X c  U lt..  and | X l ^  2K, th e n  th e r e  e x i s t s  Y £ U l t Tr
( * )  ! f  ^

such  t h a t  X C Y  and U lty  [ Y | < j y ( K ) .

P ro o f: i f  X = s * <  2 *J , th e n  we d e f in e  f : P K( 2 K)  >V a s  f o l ­

low s: f ( P )  = • We o b ta in  X C [ f ] y  and

n t j l "  | M „ | <  |M „ |  <j„(K> •

( * )  im p lie s  c f ( j y ( k ) ) >  2* . T h is  w i l l  g iv e :

P ro p o s i t io n  2 .6  : I f  K i s  2K~com pact, th e n  f o r  any r e g u la r  c a r d in a l

X $ K ,  th e r e  e x i s t s  j : V  »M such  t h a t  M C M and c f ( j ( K ) ) = X .

P ro o f: L et u s  c o n s id e r  wker® U i s  a  f in e  m easure on
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Pk( 2 k) .  We have seen  c f ( j u (K))> 2 K . I f  ^ ( j y )  were a  s u c c e s s o r  o r d i ­

n a l ,  th e n  by p r o p o s i t io n  4 .4  , any c o n s te l l a t i o n  i n  th e  h ig h e s t  sky would 

he c o f in a l  tin d e r jy (K ) • But a l l  c o n s t e l l a t i o n s  have c a r d i n a l i t y  2K, th e ­

r e f o r e  E ( j y )  i s  l i m i t  and  c f ( £ ( j y ) )  ■ cf(jy(K));&, ( 2 K) +.

U i s  K -co m p le te , hence  K U lty  c  U lty  • We can  th u s  a p p ly  p ro p o s i­

t i o n  2 . 5  t o  th e  em bedding j y .  B

L et CK r e p r e s e n t  th e  c lo s e d  unbounded f i l t e r  o v e r a  c a r d in a l  k 

so t h a t  c f (K) >co  . We q u o te  w ith o u t p ro o f  th e  fo llo w in g  :

Theorem 2 , 6  (K etonen) (jKeJ, [iCa.-i] % L e t X < K be r e g u l a r .  I f  U i s  a  K -u l­

t r a f i l t e r ,  we have th e  e q u iv a le n c e s

£(U)^,A i f f  t h e r e  e x i s t s  2) ^ R_K U such  t h a t

D o  CK U [[cx<K : c f ( « )  » A j ]

The p re c e d in g  p r o p o s i t io n ,  f o r  X<K , c o u ld  be deduced from  t h i s

theorem * An o th e r  consequenoe i s  th e  fo llo w in g :

C o ro l la ry : L e t A r e g u la r  < K , i f  th e r e  e x i s t s  a  K - u l t r a f i l t e r  U w hich

c o n ta in s  CK U [ [ o t < K  s cf(«*) = A j]  , th e n  th e r e  i s  j : V ------>M w ith

c r i t i c a l  p o in t  K such  t h a t  and c f ( j ( « ) )  = A .

M itc h e l l ,  s t a r t i n g  from  a  K - u l t r a f i l t e r  w ith  A s k ie s ,  f o r  ><A regu­

l a r  ^  K , h a s  shown th e  e x is te n c e  o f  an in n e r  model o f  " 3 / ( o ( v )  = A + 1 ) "

( c f  [M i.3 ] ) .  By u s in g  th e  same arg u m en ts , one c o u ld  show t h a t  i f  th e r e  i s

j  :V --------»M such  t h a t  w M c  M and £ ( ; } ) £  A  , th e n  th e r e  i s  an in n e r  model

o f ” 3v’(o (v )  -  X ) " .

The d i f f e r e n c e ,  A+ 4 in  one c a s e ,  X i n  th e  o th e r  one , comes from  th e  

c lo s u r e  u n d e r A  - se q u e n c e s  w hich i s  alw ays s a t i s f i e d  f o r  a  K - u l t r a f i l t e r .
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Let u s  enounce now two more r e s u l t s  o f  M itc h e ll  :

Theorem 2 .7  [M i.2 ]: -  I f  th e r e  e x i s t s  j s V — 5>M such  t h a t  U M c  M and

j  (k ) ^  K++ f o r  some c a r d in a l  K , th e n  th e r e  i s  an in n e r  model o f

" 3v(o(v) « v ++) n .

-  Hence th e  same c o n c lu s io n  fo llo w s  from  th e  e x i s t e n -
K  +ce  o f  a  m easu rab le  c a r d in a l  K such  t h a t  2 > K •

P ro p o s i t io n  2 .7  * L et cj<X r e g u la r  $ K . The fo llo w in g  a s s e r t i o n s  im ply  th e  

e x is te n c e  o f  an in n e r  model o f  n 3v(o(y)  = X) "  s

( a )  th e r e  i s  j : V  *M w ith  o r i t i o a l  p o in t  K such  t h a t  WM c  M

and c f ( j ( f O )  -  X .

(b)  th e r e  i s  j t V — >M w ith  c r i t i c a l  p o in t  K such  t h a t  <^M  C  M 

and c f ( j ( k ) ) £  2 K .

P ro o f: (a )  i s  a  d i r e c t  consequence o f  p r o p o s i t io n  2 .5  and o f  th e  p re v io u s

rem ark .

(b ) By theorem  2«7» we can  assume 2 K ® K+ . i f  c f ( j ( K ) ) $ K  , we 

co n clu d e  w ith  ( a ) .  I f  c f ( j ( K ) ) ^  K++ , we a p p ly  theorem  2 .7  . *

L et u s  end th e  c h a p te r  w ith  a  few  open q u e s tio n s  :

-  I s  t h e r e  a  c o n v e rse  to  theorem  2 .4  ? Bo we have th e  fo llo w in g  ?

I f  th e r e  e x i s t  X m easu rab le  c a r d in a l s  ^  : <x< A> , f o r  a  r e g u la r  c a r ­

d in a l  \  < Sup [ k̂ :  , th e n  th e r e  i s  an e x te n s io n  V[g]  w ith  an em­

bed d in g  j* V [G ] >M o f  c r i t i c a l  p o in t  K >, X such  t h a t  < ^M  ~  M

and * M <fz M .

-  L et X in a c c e s s ib le  4: K . The fo llo w in g  a s s e r t io n s  a re  e q u iv a le n t :



• T here i s  a  R-K c h a in  o f  K - u l t r a f i l t e r s  o f  le n g th  X + A .

There i s  a  K - u l t r a f i l t e r  w ith  A+ 4 c o n s t e l l a t i o n s .

In  v iew  o f  t h i s  r e s u l t ,  can  we red u c e  p ro p o s i t io n  2 .2  t o  th e  eq u iv a ­

le n c e s  ^ ( a )  th e r e  i s  j tV — >M w ith  c r i t i c a l  p o in t  K such  t h a t

<aM c  M and C( j )  ^  \  .

( h)  th e r e  i s  j :V —»M w ith  c r i t i c a l  p o in t  K such  th a t

<AM c  M and * j (k ) <£ M ,

'tt'(c) th e r e  i s  an a sc e n d in g  R-K c h a in  o f  K - u l t r a f i l t e r s  o f  

le n g th  A .

— And f i n a l l y ,  can  we o b ta in  ? :

L et w < A  r e g u la r  £ K . I f  o ( k )  » A , th e n  th e r e  i s  an e x te n s io n  v [g ]  

w ith  an em bedding jsV[G J — >M o f  c r i t i c a l  p o in t  K such  t h a t  ^ M c K  

and c f ( j ( K ) )  = A .



III. FIXED POINTS

L et u s  c o n s id e r  th e  e lem en ta ry  embedding a s s o c ia te d  w ith  a  K - u l t r a -  

f i l t e r .  Many o r d in a ls  a r e  n o t moved: f o r  exam ple, i t  i s  w e ll known t h a t

f o r  X in a c c e s s ib le  ^.K, h a s  th e  same p r o p e r ty .

On th e  o th e r  hand , i f  K i s  supercom pact, th e n  any c a r d in a l  can be

moved by an e le m en ta ry  em bedding •

In  t h i s  c h a p te r ,  we s tu d y  some c o n n e c tio n s  betw een la r g e  c a r d in a l  

assu m p tio n s  and  th e  ab sen ce  o f  f ix e d  p o in ts  o f  e le m e n ta ry  em beddings.

L et u s  f i r s t  rem ark  t h a t ,  g iv en  two m easu rab le  c a r d in a l s ,  th e r e

e x i s t s  j :V —>M w hich moves two in a c c e s s ib le  c a r d in a l s  and such  t h a t

u M c M  : i f  U0 and U, a re  r e sp e c t iv e ly  a K0 - u l t r a f i l t e r  and a K ,-ul-

t r a f i l t e r  f o r  K0 < K, , i t  s u f f i c e s  t o  s e t  j  = j  . / „  \ » j n  • The f o l l o -
O t t  '  » ' U o  uo

wing p ro p o s i t io n  i s  a  k in d  o f  co n v e rse s

P ro p o s i t io n  3 .4  : L et X be a  s t ro n g  l i m i t  c a r d in a l  such  t h a t  X > K and 

cf(X )>K  . I f  th e r e  e x i s t s  j : V — >M w ith  c r i t i c a l  p o in t  K such

t h a t  j (X )>  X and WM C H ,  th e n  th e r e  i s  an in n e r  model w ith  two

m easu rab le  c a r d in a l s  •

We have more in fo rm a tio n  in  two c a s e s :

P ro p o s i t io n  3 .2  : W ith th e  same h y p o th e se s  a s  in  p r o p o s i t io n  3 * 4  :

(a )  i f  th e r e  i s  no in n e r  model o f  = v'++) " ,  th e n  th e r e  i s  an

an in a c c e s s ib le  c a r d in a l  > k  i s  l e f t  f ix e d ,  one can p rove a l s o  t h a t  ( 2 ^ ) +

in n e r  model in  w hich K and a re  m e a su ra b le .
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(b )  I f  A i s  in a c c e s s ib le  and j wX cA , th e n  K and A a re  m easura­

b le  i n  an in n e r  m odel.

We p r e s e n t  two p ro o fs  o f  p r o p o s i t io n  3 .4  :

P ro o f  A ( i n  th e  manner o f  M itc h e l l )  :

I f  th e r e  i s  an in n e r  model o f  " 3v (o (v )=  we a r e  d o n e . O th e rw ise , by

theorem s 2 . 2  and 2 *3 , we can c o n s id e r  K(tT ) and th e  i t e r a t e d  u l tra p o w e r

Let «  be  th e  l e a s t  o r d in a l  8  such  t h a t  i Qg(X) > A .
j U (U I )  * Lei: j l K ( r )  "  ’ f o r  1  e  0 r d *

le

• We assum e f i r s t  t h a t  <* i s  a  s u c c e s s o r  o r d in a l :  <* = •
"til

1(7 h y p o th e s is ,  i 0 p>(A) = A .  L et be th e  m easu rab le  c a r d in a l  in  th e  ft

i t e r a t e d  u l tra p o w e r  w hich i s  u s e d  i n  th e  em bedding • S ince  A

i s  a s t r o n g  l i m i t  c a r d in a l  and A i s  moved by i„ n j_i * we m ust have : 

c f N̂ (A )$ K ^  and K ^ s X .

Hence {= th e r e  i s  a  m easu rab le  c a r d in a l  jll such  t h a t  c f  (X) <: p. £ A 

and N0  t h e r e  i s  a  m easu rab le  c a r d in a l  •0* such  t h a t  c f  (A) $ 0* $ A 

becau se  i 0 ^(A ) = A .

T h e re fo re , we a r e  done, s in c e  K i s  m easu rab le  in  N = K (lT ) .* o m

. I f  04 i s  a  l i m i t  o r d in a l ,  th e n  l e t  u s  show i^ ^ (A ) = U i  „(& ) ( c o n tra ^o* % < x  o*

r y  to  th e  c l a s s i c  i t e r a t e d  u l t r a p o w e rs ,  i t  i s  n o t  alw ays t r u e  f o r  A l i m i t  

c a r d in a l  such  t h a t  c f(A ) /  K )

L et \  < i 0 <<(A ). There i s  fS< such  t h a t  \  w here r^< i ^ ( A ) .

B y  h y p o th e s is ,  i  . ( A )  = A = 0  i  ( g ) .  T h e re fo re , t h e r e  e x i s t s  8 < A  such
S<A (

t h a t  q <  * T 1̂̂ s  S iv e s  i 0 ct(n )  ^o r  T^A • S ince U  i o^ (g )  > A ,■o(S' °  1/ i %<K

is  8 <  A such th a t  i  ( s ) > A > 8  .Oo<
We can  a p p ly  now theorem  2 .7  to  o b ta in  a  c o n t r a d ic t io n .  ■
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P ro o f 2 o f  P ro p o s i t io n  3 .4  ( in  th e  manner o f  Kunen) :

L e t j : V — >M be such t h a t  j (X)  > X . We d e f in e  th e  sequence < O* : *  < >

f o r  (b < CJ, ,  a s fo llo w s  : -  G*0 = K

-  L et u s  assume < 6 ,̂ i | < c t )  h as  been

c o n s tru c te d  such  t h a t  < j(K ) , f o r  each  y < c *  . S ince  £ M , we can

c o n s id e r  th e  u l t r a f i l t e r  U_ on K s l e t  X C  K .
d

X 6 U ^  i f f  T jC jCX)

We a g a in  o b ta in  th e  d iag ram : 7 ------ -— >M where U lt ..  i s  c lo se d

*JUm , u n d e r  K -se q u e n c e s .
J-ix

I f  th e  c r i t i o a l  p o in t  %  o f  k ^  i s  > j ( k )  , we s to p  th e  p r o c e s s .  

O th e rw ise , we s e t  Ov = , and i t e r a t e  th e  p r o c e s s .' Os

F i r s t  c a se  : The i t e r a t i o n  o f  th e  p ro c e s s  i s  o f  le n g th  > c j  . Hence we s h a l l  

a rg u e  a s  in  theorem  2 . A .

L e t X, = £ Y  : v  s t r o n g  l i m i t ,  V> 2 K and c f  (v ) > K j

* t v e ¥ *  * M  T J  = v }

K. = O K .  i f  ft l i m i t  
«<(!>

and l e t  y^ = th e  l e a s t  e lem en t o f  .

We d e f in e  A0 = ( yn * 4 j n < w j  and A4 ■ [ t 4 4  n < cj ] and th e

u s u a l  f i l t e r s  F 0 and F on A0 = Sup(A0) and X, = S up( A, ) .

. W ith a  K - u l t r a f i l t e r ,  we can  show: L[F0,F J  |= F 0 i s  a  A0- u l t r a f i l t e r  .

• F or Ft , by u s in g  th e  em beddings k^  , n C U  , we o b ta in  th e  same g ra ­

p h ic  a s  in  theorem  2 . 4  (w ith  c o rre sp o n d in g  n o ta t io n s )  :

A© ■©(,} A,
■— -------------- •

‘nu(A 0 ) A,

th e  L fir^ F ,,)  ,F ,] - u l t r a f i l t e r  on 6 ^  i s  th e  l a s t  t o o l  n e c e s s a ry  to  o b ta in
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l [f o,F.] |« Pt i s  a  A , - u l t r a f i l t e r .

Second c a s e : th e r e  e x i s t s  e*$ cj such  t h a t ,  i n  th e  d iagram

V  L_>M , k *  i s  I - I  o n to  j ( K ) .

T

U lt.U,T.
Um i s  iso m o rp h ic  to  a  K - u l t r a f i l t e r ,  th e r e f o r e  j TT (A) = A • T h is  

*  T*
im p lie s  t h a t  th e  c r i t i c a l  p o in t  0  o f  k ^  i s  so t h a t  j ( k ) <  0  i  A .

We n o te  p0 = 0  and = k^CPp) . L e t u s  c o n s id e r  A = £pp s p < w j

and l e t  D be a  j TT ( k ) - u l t r a f i l t e r  in  U l t .
UT* UTo(

S in ce  A e U lt . .  , we can  d e f in e  i n  U lt..  th e  u s u a l  f i l t e r  P on 
Tec T*

p =  Sup (A) : l e t  X c p  . X e P  i f f  3 n  V p ^ n  p £ X .* r
O b v io u sly , l £f , d]  |= D O  L[D,pJ i s  a  t  ( k ) - u l t r a f i l t e r .

T«
The c r i t i c a l  p o in t  o f  k _  i s  > j TT ( k ) ,  hence k  (D) fl U lt..  = D .

Tot * T*
T h is  im p lie s  Ljjk^CD),?] = l (d, f ]  , and  k ^  : l [d,F J ----------> l [d, f ] i s  e l e ­

m en ta ry . In  t h i s  c a s e ,  i t  i s  a  known f a c t  (Kunen) u s e d  in  [K a .2 j t h a t  

P f ]  L[D ,F] i s ,  in  L [D ,F ], a  p - u l t r a f i l t e r .

L et u s  g iv e  a  p ro o f  in s p i r e d  by lemma 10 .1 0  o f  [K u .l ]  :

L et u s  assum e P fi l [D ,f ] i s  n o t  a  p - u l t r a f i l t e r .

I f  X i s  th e  l e a s t  s u b se t  o f  p  in  th e  w e l l - o rd e r in g  o f  l [d, f]

such  t h a t  X and Xc f£ P , th e n  a s  p r e v io u s ly ,  by u s in g  th e  f a c t  t h a t  

k ^ X )  = X , one shows s p0 € X i f f  Vp<c>,  pp 6  X , w hich i s  c o n tr a ­

d i c to r y .

L et < X ^ : %< 8 > ,  f o r  8 < p , be th e  l e a s t  co u n te rex am p le  to  th e  

p -c o m p le te n e s s .  In  th e  same way, k ot( < X ^ :  £><%>) = < X ^ :  8  > .

We d i s t i n g u i s h  two c a s e s :  -  i f  8 $ p 0 , th e n  k ^ (^ )  = ; f o r  any t> <  8  ,
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and k ^ X ^ )  » X^ . We o b ta in  £ p ^  : p < w |  c  fi X ^ •

-  Let p 0 $ S < f  .

S in ce  k ^  < X ^ : ^ <  S >  ) = < X^ : " % < § >  » k <x^) mus’fc e<li;ial * °  & • 

Bat th e r e  i s  p<cj  su ch  t h a t  pp $ % <Pp+jj 9 'f c l l i3  im p lie s  k^Cp^) ^ kw(6 ) 

and  f p + 1  ^  ka ( S ) .  We have o b ta in e d  a  c o n t r a d i c t io n .

T h e re fo re  L p ),F ] {= F C\ L [D ,f]  i s  a  p - u l t r a f i l t e r  . »

P ro o f o f  P ro p o s i t io n  3 .2  :

( a )  L e t u s  r e tu r n  t o  th e  p ro o f  in  th e  m anner o f  M itc h e ll  o f  th e  p re ­

v io u s  p r o p o s i t io n .

I f  th e r e  i s  no model o f  "3 v (o (v )=  V̂ +) n , th e  f i r s t  c a se  must occu rs  th e

l e a s t  C* such  t h a t  i  (A) > A i s  a  s u c c e s s o r  o r d in a l  . I f  = , we0
have seen  c f ^ ( A K < K ^ A .

L et u s  assume c f ^ ( A ) <  .  T h is  im p lie s  * S‘’J1Ce

i/./» , ( A ) > ^  » ‘th e re  i s  % < A  su ch  t h a t  i  ( l ) >  X > ( 2 ) +, and i t  i s  (4p+4 *  jifi+4
im p o s s ib le ,  w ith  a  s in g le  u l t r a f i l t e r  to  o b ta in  such  a  re su lt®

T h e re fo re  c f ^ ( A )  » and N„ {=■ cf (X)  i s  m easu rab le  .

(b )  We s h a l l  n eed  th e  fo llo w in g  lemma w hich w i l l  be u s e f u l  l a t e r .

Lemma 3 .1  : L e t j : V  >M w ith  c r i t i c a l  p o in t  K be such  t h a t  ^McM

and j ( A ) > A  , f o r  A > K  i n a c c e s s i b l e .  One o f  th e  fo llo w in g  c a s e s  

o c c u rs :

(1 ) th e r e  i s  y<A  such  t h a t  j ( y ) > A  •

( 2 ) t h e r e  e x i s t s  a  com m utative d iagram :

such  t h a t  WN c  N and i ( A )  = A • M oreover th e  c r i t i c a l  p o in t  

o f  k  i s  A , and i f  V i s  a  s t ro n g  l i m i t  c a r d in a l  such  t h a t
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v> 2X and c f ( v ) > A  , -then i ( y )  = V .

P ro o f :  L e t u s  d e f in e  by in d u c t io n  th e  sequence < ^  : / ^<S> a s  fo llo w s :

• f o  = K

• I f < 9^ : ^ < * < >  h a s  a l r e a d y  been d e f in e d  such  t h a t  j ( ? ^ )  > 7^  » f o r

( K « A i  th e n  in  an a lo g y  w ith  w ith  p re v io u s  d e f i n i t i o n s ,  S , , (  T  ) d en o - 
1 w, l̂<oC A
t e s  th e  c o l l e c t i o n  o f  s u b s e ts  o f  IT 9^ w ith  c o u n ta b le  s u p p o r t:

/!<<* Z'
X = i n E ^ (T ) i f  th e r e  a r e  E c t X ,  |E  X o  and Y c  7 ^  such  ‘th a t

x =  ’ s i E e Y l *
We n e x t d e f in e  0" : j"c< — > Ord by s e t t i n g  ^  f o r  /*><«*.

The u l t r a f i l t e r  i s  th u s  : l e t  X c  TT “A ,  and X = in  W(Y).

x e o „ , i f f  <r | j ( s ) e j ( T )  .

We o b ta in  th e  d iagram  t V ---  —> M w here k  C [ s  ,— > g ( 3 | E)]y  )
^  of

i s  j(e )(« T | JE) *

D1\
E x a c tly  w ith  th e  same argum ents a s  i n  th e  c a se  o f  th e  u l t r a f i l t e r s

one shows t h a t  U l tTT i s  c lo s e d  u n d e r  CJ - s e q u e n c e s .
u<*

-  i f  j  (A) >  A , th e n  we s to p  th e  p r o c e s s .
U«K

-  O th e rw ise , we have k  (A) > A and we d e f in e  a s  b e in g  th e  c r i t i -Cl
c a l  p o in t  o f  • We th e n  i t e r a t e  th e  c o n s t r u c t io n  w ith  £ j*  : / i  £  .

I f  >, A , th e n  k  J . i s  4 - 4  o n to  (A+4) and hence j TT (A)> A 
<* <* +H u *+>1

S in ce  th e  fu n c t io n  f* : i » ^  i s  s t r i c t l y  in c r e a s in g ,  we know «  4 ^
\  S"fcT h e re fo re  th e  i t e r a t i o n  must end u p , a t  m ost, a t  th e  A + l s te p .

L et oc ^  A + 1 he th e  l e a s t  o r d in a l  8  such  t h a t  jTT ( A ) > A  •
u 8

F i r s t  c a s e : < ft=  A + I •

In  t h i s  c a se  j  (A) = A and t  ^ A  • S ince  k  ( A ) > A  , n e c e s s a r i l yUA A a
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9̂  = X . L et u s  check  t h a t  i f  v  i s  s tro n g  l i m i t  >-£* and c f  (y ) > A ,

th e n  ( v) = V • Thus we s h a l l  be done by s e t t i n g  i  = and

k = k x .

As f o r  th e  u s u a l  i t e r a t e d  u l t ra p o w e rs ,  . j-_ (v ) = U L. ("£) i s  a
UA X

consequence o f  c f ( v ) ? X  , and . J ( ^ ) j  ^  | % ) A . ) A l W

e n t a i l s  | o Ua( ^ ) 1<V •

We th u s  o b ta in  (v ) = V •

Second c a s e ; o< -  /£ + 1 f o r  /J>< A .

We s h a l l  show t h i s  tim e  t h a t  i  = and k  = k ^  •

S in ce  j TT (X) = A , we have k . ( X ) >  A and hence j*  £ A . L e t us assu- 
U/i S  v*

me ^ < A  . The two p o in ts*  -  j TT (A) = U t  (£ )  becau se
iS  V ‘  * < A  f r + ‘

| & | w< c f ( A ) ,  and -  Jj  ( |) 1  < | ^ | w .
' £+» 

g iv e  j  (A) = A .
£+*

T h e re fo re  A must be th e  c r i t i c a l  p o in t  o f  k ^  and th e  l a s t  p a r t  o f  

th e  lemma i s  p roved  a s  p r e v io u s ly .

T h ird  case* <x i s  a  l i m i t  o r d in a l .

Because o f  th e  rem ark  b e fo re  th e  d i f f e r e n t  c a s e s ,  we must have 7^<A>
P

f o r  a l l  fh  < . Hence oc £ A • I f  we assume c* < A ? th e n  by r e g u l a r i t y  o f

A , Sup £ 9^  t / i < o ( ^ < A .  We would th u s  o b ta in  (x) = X .

T h e re fo re  ot i s  A . We th e n  c o n s id e r  th e  d iag ram s : f o r  /!*</!>'< A ,

V v TTlt,, w here k A X , i s  d e f in e d  a s  fo llo w s :

We can c o n s id e r  th e  d i r e c t  l i m i t  o f  th e  system  £ U l t ^ ,  k ^ ,  , (*><(\>‘<  A j

S in ce  A i s  r e g u la r  >W , t h i s  i s  p r e c i s e ly  U lty  •
A
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To show th a t  jy  (X) = Sup f jy  (^ )  s ^ < A ]  , we a rg u e  a s  in  th e  l im i t  
UX *• UX

c a se  in  th e  f i r s t  p ro o f  o f  P ro p o s i t io n  3 .1  • The two e lem en ts  o f  th e

proo f a re  th e  fa c t  th a t  (A) = A = SdP [  fo r  ^>< ^  »

and t h a t  U lt„  i s  th e  d i r e c t  l i m i t  o f  [ u i t y  : / ^ < A ] ,  S in ce  (X)> A 
A A

th e re  is  ^<A such th a t  j Tr ( ^ ) > A  and ( i )  o f th e  lemma must occur. ■
A

L et u s  p rove now (h )  o f  P ro p o s i t io n  3 .2  s 

I f  j " A c A ,  th e n  c a se  (2 )  o f  th e  p re v io u s  lemma m ust o c c u r .  We have th e

diagram s V  -̂--- > M

i
where i ( A) = A , WN c  N and i ( v )  = V , fo r  

Y  strong  l im i t  c a rd in a l such th a t  v  > 2 * and

cf(v)> A

th e  c r i t i c a l  p o in t  o f  k  i s  X .

I f  A = £ k n ( A ) t n < w 3  * P “ 'toen we d e f in e  i n  W th e  u s u a l  f i l ­

t e r  F on p . L e t D he a  K - u l t r a f i l t e r .  S in ce  A> i ( K ) ,  we have a l r e a ­

dy seen  t h a t  i n  th e s e  c o n d i t io n s ;  ( o f  p ro o f  o f  P ro p o s i t io n  3 .1 )

L £ i(D ),F ] t= i (K)  and p  a re  m easu rab le  

We th e n  a p p ly  Kunen’ s  m ethods £Ku . 4]] t o  o u r s p e c ia l  c o n te x t .

By i t e r a t i o n s  o f  F , we can r e p la c e  p and F by p  and F , w here

p  i s  s tro n g  l i m i t  >2 ^*, c f ( p ) >  A , and F i s  th e  c lo se d  unbounded f i l t e r

on p •

Let u s  c o n s id e r  th e  u l t r a f i l t e r  U = ^ X c A :  X € L [i(D ) ,F ]an d  Xek(X)J  

The p r o p e r t i e s  o f  p  im ply  th a t  i s  an embedding from  L ^ i(D ),F ] in ­

t o  i t s e l f .  Thus U i s  an i t e r a b l e  L | i ( D ) , ] ? J - u l t r a f i l t e r ,  and s in c e  

^ N c N ,  a l l  th e  i t e r a t e d  u ltra p o w e rs  a re  w e ll- fo u n d e d .

L et K be ( i n  V) th e  c l a s s  [ v :  V s t ro n g  l i m i t  c a r d in a l ,  c f ( v ) > A  , p < vj

We c o n s id e r  th e  Skolem H ull S = U AU{jp]).
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I f  c i  e  S and c x < p ,  th e n  i u ( a )  =  c* » t h i s  im p lie s  «x< A . Hence th e r e» ooi
a r e  no o r d in a ls  o< in  S such  t h a t  A $  a  < p  and th e  t r a n s i t i v e  c o l la p ­

se  o f  S s a t i s f i e s  " i (K)  and A a re  m easu rab le  But S h as  n o t been 

c o n s tr u c te d  in  N, hence we can n o t a p p ly  i  t o  o b ta in  th e  ex p ec te d  r e s u l t .

L et u s  c o n s id e r  th e  Skolem H u ll S„ -  0  A U j> P  .

We d e f in e  1 : S j--------> S ,  a s  fo llo w s :  i f  x  = ) j s n »p) »

w here V’^ e K  f o r  l $ k ,  <*.<A f o r  j ^ n ,  th e n  we s e t

tc( x ) = •

S in ce  < * . < A  , f o r  j $ n ,  we have i ( $ 0 < A  • Hence i f  x e S c , th e n
J 3

x ( x ) e  S . (Remarks S i s  n o t  i ( S 0) th ough  i ( x )  = x (x )  f o r  x g S 0 ) .

One can  see  t h a t  1  i s  an e le m e n ta ry  em bedding b ecau se  i(L (jD ,F ]) i s  

L [ i ( D ) ,F ] .

L e t u s  assume th e r e  e x i s t s  ex. i n  S0 such  t h a t  A ^ o t ^ p .  S ince

i (A)  = A  and i ( p )  = p , t h i s  would im ply  A ^ i ( « ) < p  and i ( f t ) €  S,

w hich i s  im p o s s ib le .

F u rth e rm o re , by a p p ly in g  th e  em bedding I  , we o b ta in  t h a t  K and p 

a r e  m easu rab le  i n  S0 . T h e re fo re  th e  t r a n s i t i v e  c o l la p s e  o f  S0 s a t i s ­

f i e s  " K and A a r e  m easu rab le  " .

The p ro o f  o f  P r o p o s i t io n  3 .2  i s  th u s  c o m p le te . ■

Remark t  Whereas p a r t  ( a )  o f  th e  p r o p o s i t io n  was n o t  p ro v a b le  by Kunen•s 

m ethods, we do n o t  s e e  how to  p ro v e  p a r t  (b ) by M itc h e l l ’ s  m ethods: th e  

h y p o th e s is  " th e r e  i s  no in n e r  model o f  " 3 v’(o (v )=  v++) "  seems to  be needed  

i n  th e  a rg u m en ts .

E x ten d in g  th e  p re v io u s  r e s u l t s ,  we o b ta in :



P ro p o s i t io n  3 .3  : L et j : V — »M be such  t h a t  WM c  M . I f  th e r e  a re  

in a c c e s s ib le  c a r d in a l s  moved by j  , th e n  th e r e  i s  an in n e r  model 

w ith  c* m easu rab le  c a r d i n a l s .

P ro o f : L et < be th e  sequence o f  in a c c e s s ib le  c a r d in a l s  moved

by j  . I f  t h e r e  i s  a  model o f  "3v(o(v ')=  v++) H, we a r e  d o n e . O th e rw ise ,

l e t  j i K ( r )  = f o r  ^  •
Prom th e  p re v io u s  3 tu d y ,  we know (p ro o f  A o f  P ro p o s i t io n  3 . 4 )  t h a t ,  f o r  

each  £><<*, th e r e  e x i s t s  8  ( (h ) < y  such  t h a t  = Kg((*>) 811(1

= V
Hence f o r  any  N0 |= X ^ i s  m easu rab le  . The p ro o f  i s  th u s  c o m p le te .*

W ith Kunen*s m ethods, we c o u ld  o b ta in  o n ly  th e  fo llo w in g :

P ro p o s i t io n  3 .4  : L e t j : V  >M be an  e le m en ta ry  em bedding w hich moves
to(lo( in a c c e s s ib le  c a r d i n a l s .  I f  M c  M, th e n  th e r e  i s  an in n e r  model 

L(P*] w ith  crt m easu rab le  c a r d i n a l s .

P ro o f: L et A0 be th e  c r i t i c a l  p o in t  o f  j  and < X^ : be th e  in ­

c r e a s in g  en u m era tio n  o f  th e  in a c c e s s ib le  c a r d in a l s  moved by j  •

I f  th e  p r o p o s i t io n  i s  t r u e  f o r  a l l  *  < A 0 , th e n  th e  c a se  of ^  Xq can be 

deduced by  u s in g  i t e r a t e d  u l t r a p o w e rs .

On th e  assum ption  t h a t  ot <  A 0 , o u r aim i s  to  c o n s tr u c t  cj «. embed­

d in g s  i ^  : -------- * 11̂  such  t h a t  * * c  , f o r  KJCdJeC, and such  t h a t

th e  sequence o f  c r i t i c a l  p o in ts  i s  s t r i c t l y  in c r e a s in g .  Thus we w i l l  a p p ly  

th e  same method a s  i n  th e  second p ro o f  o f  Theorem 2 . A .

F i r s t  c a s e : There e x i s t  X^<Xy and n < w  such  t h a t  j n ( X ^ ) > X ^  .

We th u s  c o n s id e r  i  ** j n  , i  : V  >M , w here M = Mt and j P(V) = M
XX p



c*
f o r  p<co o One p ro v es  "by in d u c t io n  on p< 6J , t h a t  M_ c  M :

Jr l r

l e t  u s  assume i t  i s  t r u e  f o r  p , s in o e  V c  M , we o b ta in

j P(v )  H V W  C  j P (M), t h a t  i s  Mp 0 * M p+(| C  Mp+<J .

M , C  M and c  M le a d  t o  *M C M  . *  p+4 p P P P+1 P+4
We c o n s t r u c t  "by in d u c t io n  th e  sequence < ^  a s  fo llo w s*

-  t o  =  K

-  i f  T^ = : £<*]> i s  a l r e a d y  d e f in e d  f o r  C G 1  ^Sup(T^) i s

th e  sequence such  t h a t  < r ( i ( g ) )  = / g f o r  £<r j  •

U,, i s  th e  u l t r a f i l t e r  on S. .+ ( IT j*  ) = th e  c o l l e c t i o n  o f  s u b s e ts  o f  
I l« l £<PJ £

T  i*  w ith  s u p p o rt o f  c a r d i n a l i t y  £  [ot| • I f  X = in_, (Y) , th e n  
£<H *

x e u ^  i f f  t j e  e  i (Y)  .

In  th e  d iagram  v  i  M , i f  k .  i s  th e  i d e n t i t y ,  we s to p
n

U lt
U *1

kvl

th e  p ro cess*  O th erw ise  we s e t  -  th e  c r i t i c a l  p o in t  o f  , and i t e r a ­

t e  th e  c o n s t r u c t io n .

We c la im  t h a t  th e  l e n g th  o f  th e  i t e r a t i o n  i s  ^  £Jc<.

Assume i t  i s  n o t  th e  c a s e :  th e r e  e x i s t s  K]<cjo( such  t h a t  i s  th e

i d e n t i t y .  An u s u a l  co m p u ta tio n  g iv e s  :

t  X ( | S “ p ( T 1 ) l ' “ l  | n | l c < l  a n d  y A . X A j .

S in ce  A y < ( k ^ o  < i s  moved ^  k *j > w hich i s  c o n tr a ­

d i c t o r y .

The em beddings : U lty  ------- » , f o r  < cjc< , a re  th u s  th e  expec­

t e d  em beddings.

Second c a s e : F or a l l  (i<«* and n < c J  , j n (A^)< •

Once a g a in  we c o n s t r u c t  from  j  , a  s im i la r  sequence < 9^  : kj < S > and



c o n s id e r  th e  u l t r a f i l t e r  on S |ot|+ ^ g!J’ 7^ )  •

I f  t h e  le n g th  o f  th e  i t e r a t i o n  i s  Uoc , we a r e  done* O therw ise  we c la im  

t h a t  th e  l e n g th  o f  th e  c o n s t r u c t io n  i s  a t  l e a s t  c< and t h a t  f o r  any $ < c x  

t h e r e  i s  ?](£)<  6  such  t h a t  ~

^y d e f i n i t i o n  k g  i s  th e  id e n t i ty *  I f  we assume t h a t  f o r  a l l  Ŝ < S »

, th e n  we m ust have (A^) = A^ .  T h is  le a d s  to  k^ (A ^) > A^  and
1 S

hence to  a  c o n t r a d i c t io n .

L et he th e  l e a s t  k| < 8  such  t h a t  ^  A ^  . F or any v|

th e r e f o r e  jy  “ V  311(1 * We th u s  o^ 3111

and  fin a1 1 3 ' \  w  = V  •
L et u s  w r i te  N* f o r  U l t„  and l e t  u s  c o n s id e r  k  f a \ S N«--------------

^  Û )  

w ith  c r i t i c a l  p o in t  A^ •

We can  s tu d y  3n (k  Q jj)  * ----------» jn ( M) » f o r  n< &  and /?><«* *

e n t a i l s  j n (v )  f )  * j n (N^) c  j n (N ^ ). S in ce  we have seen  p re v io u s ­

l y  ^ O rd  C  j n ( v ) ,  we o b ta in  *  Ord C  j n (N^) and * j n ( N ^ ) c  *

S in ce  j n (A ^)<  A ^  , f o r  any  n < c j  > we have now in  o u r p o s s e s s io n  

0Jo{ e le m e n ta ry  em beddings : j ^ +n : j n (N^) ------ * Mn +,f » f o r  311(1
ot _ „

n < £ j  , m oreover j  (N ^)co  (N^) and th e  sequence o f  th e  c r i t i c a l  p o in ts  i s  

s t r i c t l y  in c r e a s in g .

The p ro o f  o f  P ro p o s i t io n  3*4 i s  th u s  c o m p le te . ■

L et u s  check  now t h a t  i f  U i s  a  K - u l t r a f i l t e r  and i f  A i s  in a c ­

c e s s i b l e ,  th e n  j u ( ( 2 ^ ) + ) = ( 2 ^ ) + .

A) -  A . Henoe JD( ( 2 X) +)

< ( 2X)+ .

-  I f  A>K f we a lre a d y  know jy(A ) = A . Henoe d y ((2 ^ )+) = ( ( 2 A)

- I f  A = K , th e n  j „ ( ( 2 K) +) = ( ( 2 ^ " ) ) * ) ® ^  .
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S in ce  |PU l t u (ou (K))[ ^  | KP(k ) 1 $ 2 K , we a re  d one .

As i t  i s  shown in  th e  fo llo w in g  r e s u l t ,  l a r g e  c a r d in a l  assu m p tio n s

a re  n e c e s s a ry  to  move ( 2 X) + •

P ro p o s i t io n  3 .5  * L et j : V  be such  t h a t  WM c  M . I f  th e r e  i s  an

in a c c e s s ib le  c a r d in a l  A such  t h a t  j ( ( 2 X) +) > ( 2 X) +, th e n  th e r e  i s  

an in n e r  model o f  " 3  r ( o ( v ) =  V++) " .

P ro o f: L e t u s  show f i r s t  t h a t  j ( ( 2 X) +) > ( 2 X) + im p lie s  j ( A ) > A  •

I f  j (A)  = A ,  -then j ( ( 2 X) +) -  ( ( 2 i ( A ) ) +) M -  ( ( * A) +) * <  ( 2 X) +» « * !•

c o n t r a d ic t s  th e  h y p o th e s is .

Hence we can  a p p ly  Lemma 3 .4 :

(4 ) e i t h e r  th e r e  i s  y < A  such  t h a t  j ( y ) > A  .

(2)  o r  th e r e  e x i s t s  a  com m utative d iagram  V — -— > M

i
y
N

such  t h a t  i (A )  = A and th e  c r i t i c a l  p o in t  o f  k  i s  A •

I f  A i s  th e  c r i t i c a l  p o in t  K o f  j  , we s im p ly  s e t  i  = i d e n t i t y  and 

k  « j  .

In  c a se  (4)» s in c e  WM CM , th e  p r o p o s i t io n  i s  a  consequence o f  Theorem 

2 .7  * In  c a se  ( 2 ) ,  l e t  u s  check  th e  fo llo w in g :

Claim  : ( 2 X) M >, 2 X .

P ro o f: S in ce  i (A)  ** A , th e  em bedding i  i s  i n j e c t i v e  from  P(A) in to  

P^CA). T h e re fo re  JP^(A)j  = 2 X .

We have a ls o  P^(A) C PM(A) b ecause  th e  c r i t i c a l  p o in t  o f  k  i s  A , con  

s e q u e n tly  }p M(A)1 = 2 X . F in a l ly  t h i s  g iv e s  u s  ( 2 X) M ^ 2 ^ .



We n e x t c o n s id e r  th e  model H = j(M) and th e  embedding e t V  ,

d e f in e d  by e = j  = j ( j )  « j  .

Claim  s e ( A ) ^  ( 2 * )+ .

S in ce  WH c  H , we w i l l  be a b le  to  co n clu d e  by Theorem 2 .7  •

P ro o f: e(A) i s  in a c c e s s ib le  in  H and A < j (X)  e n t a i l s  j ( A ) <  e(A) •

Hence ( 2 ^ ^ ) H< e ( A )  • We have seen  in  th e  f i r s t  c la im  (2 ^ )M̂  2 ^  •

I f  we a p p ly  j  ,  we g e t  ( 23 ^ ) H i  ( 2 3^ ) M •

L et u s  show now ( 2 ^ X) ) M ^ ( 2 X) +.

I f  th e  c o n v e rse  w ere t r u e :  ( 2 j ( X ) ) "  <  U V  , th e n  j ( ( 2 X) +) -  ( ( 2 i ( A ) ) +) M

* ( 2X) +

and we would g e t  a  c o n tr a d ic t io n #

T h e re fo re  we o b ta in :  e(A) > ^ ^  ( 2 * )+ and th e  p ro o f  i s

i s  com plete#  V



IV. NON-SEPARATIVE P-POINTS

We in tro d u c e  now th e  n o tio n  o f  s e p a ra t iv e  K - u l t r a f i l t e r s .

D e f in i t io n  4 .1 ( o f  Kanamori and T a y lo r)*  A K—u l t r a f i l t e r  U i s  term ed  sep a­

r a t i v e  i f  i t  s a t i s f i e s  th e  fo llo w in g  *

Whenever f , g 6 KK a re  unbounded (mod U) and such  t h a t  [ f ] y  /  C^lu 

th e r e  e x i s t s  X in  U such  t h a t  f 'X  A g"X = 0  .

L e t u s  n o t i c e  f i r s t  t h a t  t h i s  can  be fo rm u la te d  w ith  th e  R u d in -K e is le r  

o rd e r in g  *

F a c t* L et U be a  K - u l t r a f i l t e r  and  f , g e KK be unbounded (mod U ), th e  

two fo llo w in g  a s s e r t i o n s  a r e  e q u iv a le n ts

-  th e r e  i s  X eU  su ch  t h a t  f"X  f) g"X = 0

-  f*U /  g*U .

P roof* L et X 6 U be so  t h a t  f 'X  A g"X = f  • S in ce  f " X € f * U  and 

g"X e  g“U , we n e c e s s a r i l y  have f*U f  g*U •

C o n v e rse ly , i f  f*U ^  g*U> th e n  th e r e  i s  Y c  K such  t h a t  Y i s  

in  f*U and n o t  in  g*U . L et u s  ta k e  X = f  (Y) A g -1  (Yc) . We o b ta in  

XSU and f"X  A g"X -  0  . ■

A s e l e c t iv e  K - u l t r a f i l t e r  i s  s e p a ra tiv e *  f o r  any unbounded f u n c t io n  

(mod U) f  i n  kk , [ d ] f#D i s  s im p ly  [ f ] y  • T h e re fo re  a l l  th e  f*U , w ith  

[ f j y  i n  [K,;J ( k) [  a r e  d i f f e r e n t .

To f in d  exam ples o f  n o n - s e p a ra t iv e  K - u l t r a f i l t e r s ,  l e t  u s  c o n s id e r  

th e  p ro d u o t U®U w here U i s  an  a r b i t r a r y  K - u l t r a f  i l t e r .  I f  P4 and



57

d en o te  th e  p r o je c t io n s  o n to  th e  f i r s t  and th e  second c o o rd in a te s ,  

th e n  we h av e : [P,] U0t J  +  [ A I u q u  311(1 P ,*(U®U)  = U = P^*(U®U) .

But a r e  th e r e  o th e r  exam ples o f  n o n - s e p a ra t iv e  K - u l t r a f i l t e r s  ?

He answ er i n  t h i s  c h a p te r  a  q u e s tio n  o f  A. T a y lo r  :

"  l e t  U he a  n o n - s e p a ra t iv e  K - u l t r a f i l t e r .  Does t h e r e  e x i s t  a  K - u l t r a -  

f i l t e r  N s u c h  t h a t  N®N £ R_K U ? "

I f  N ® N ^ R K U, th e n  th e  number o f  s k ie s  o f  U must he >  2 . T here­

f o r e ,  we s h a l l  answ er in  th e  n e g a t iv e  by p ro v in g  th e  fo llo w in g  r e s u l t :

2 KP r o p o s i t io n  4 el : (a )  i f  K i s  2 -su p e rco m p a c t, th e n  th e r e  i s  a  n o n - 

s e p a r a t iv e  p - p o in t .

(h ) Con(ZFC + th e r e  i s  a  m easu rab le  c a r d in a l )  im p lie s  

Con(ZFC + th e r e  i s  a  n o n - s e p a r a t iv e  p - p o in t )

P ro o f: ( a ) :
2

2L et j :V  >M w ith  c r i t i c a l  p o in t  K be such  t h a t  M C  M . He th u s

have ( ( 2 2  ) +) M = ( 2 2  ) + . Hence (2 2  ) + b e lo n g s  to  th e  f i r s t  sky because

(2 2  ) + = j ( f ) ( k ) ,  w h e r e  f ( < x )  = ( 2 2  ) + f o r  « * < K  .

2k .
For  e a c h  ' f  € [ k , ( 2  ) [  , w e  d e f i n e  t h e  K - u l t r a f  i l t e r  Uj  s
r t 2*= j^XcK: j ( X ) J  • The n u m b e r  o f  K - u l t r a f i l t e r s  i s  2 , h e n c e  t h e r e

must e x i s t  i *  f  in  [ k , ( 2 2  ) + £ such  t h a t  U / =* U / .

He n e x t c o n s id e r  th e  u l t r a f i l t e r  ^  on K x K d e f in e d  a s  fo llo w s :

l e t  X  C K k K .  X  G  U  /  , i f f  )  e  j ( x )  .
T, t T i  ' *

L et P, and P^ be th e  p r o je c t io n  maps* He o b ta in :

■ V p . x * , ^ )  = P * ° 7 ‘ . a  m d  x = ®jcp*)(3} . * >  ■ p*‘ u * a  •

By d e f i n i t i o n  o f  ^  , [p* lu ^  y. i  -P^Ujfc *  iS  e q u iv a le n t  to  A  ^ A  

F in a l ly  we c la im  t h a t  U / j  i s  iso m o rp h ic  to  a  p - p o in t .



L et u s  c o n s id e r  th e  com m utative d iagram :

V t
TT1 S t  

U*'?L
where k ([(<x ,ft) 6  ^Ki— » f(r f ,f t) ]n  ) -  j ( f ) ( ' / '  , ^ » ) .

U**A. 1 1
I(jr e le m e n ta r i ty  o f  k  , i t  would s u f f i c e  to  show t h a t  k " ( k) i s

t ' h .
in c lu d e d  in  one sky ( r e l a t i v e l y  to  j ) .

I f  [ f ] TT <  j TT, (K) » we d e f in e  g e * K  : l e t  f t< K .
H ' t i .  r

g ( f t )  » Sup £f(<x,ft):  <x<ft j  .

T h is  g iv e s  u s  j ( g ) ( ^ )  ^  j ( f ) ( 9 f  , f L )  • S ince  7 ^ e S k ( K ) ,  j ( f ) ( 7 f  , 7^ ) € S k ( K )

and we a r e  d o n e . ■

The f a c t  t h a t  e x is te n c e  o f  n o n - s e le c t iv e  p - p o in ts  and m e a s u ra b i l i ty  

a r e  e q u ic o n s is te n t  h a s  been p roved  by G i t ik  in  [G i] . We s h a l l  u s e  h i s  te c h ­

n iq u e  i n  th e  p ro o f  o f  ( b ) .

(b)  The method c o n s i s t s  o f  ad d in g  a  fu n c t io n  f  in  K )  w h ile  p r e s e rv in g
2 * ^  v rGl

th e  m e a s u ra b i l i ty  o f  K • L e t VjjB] be th e  e x te n s io n  and c* = ( (2  ) ) *- •

T h is  f u n c t io n  f  w i l l  l i n k  th e  f i r s t  and th e  h ig h e s t  sky o f  th e  em bedding

i  . so t h a t  th e  e x ten d ed  em bedding i  *  , w i l l  have o n ly  one sk y .
0 ^ + 1  0^+4

S in ce  u s in g  th e  same argum ents a s  in  p a r t  (a )  o f  th e

p r o p o s i t io n ,  we s h a l l  be  a b le  to  c o n c lu d e .

F o llo w in g  G i t ik ,  we u se  S i l v e r 's  F o rc in g  to  add a  fu n c t io n  in  Kk  •
X l |

L et u s  d e f in e ,  by in d u o tio n  on £ K , th e  ex. i t e r a t e  ( c f  £ j e ] )

-  F or <*£K , i s  th e  Cohen F o rc in g  in  V1*0* f o r  ad d in g  a  g e n e r ic  

f u n c t io n  from  to  <x :

= [ f  e : f  p a r t i a l  f u n c t io n  from  cx to  and J f  •

. I f  «  i s  r e g u la r  and o \  ^  ft+ f o r  ft l i m i t  c a r d in a l ,  th e n  we s e t
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PA + 4  “ P* *  *

. O therw ise  P . = p » dot ^
-  At l i m i t  s te p s  o f  th e  i t e r a t i o n , we u se  d i r e c t  l i m i t s  when th e  o r ­

d in a l  i s  i n a c c e s s ib le , and  in v e r s e  l i m i t s  o th e rw is e .

We th u s  c o n s id e r  th e  i t e r a t e d  F o rc in g  P o f  le n g th  K+4 .

L et U be a  K - u l t r a f  i l t e r .  Given an o r d in a l  ec , d e n o te s  th e  u s u a l
XL

embedding from  V in to  i t s  e* i t e r a t e d  u l tra p o w e r  , w ith  r e s p e c t

t o  U . r e p r e s e n ts  th e  u l t r a f i l t e r ,  o b ta in e d  from  U , on th e  a lg e b ra  

o f  s u b s e ts  o f  w ith  f i n i t e  s u p p o r t .  I f  n < w  , th e n  U& i s  sim ply

® U .n

We alw ays assume GCH h o ld s  in  V .

L et i o 2 :V  811(1 Ki ® ^oi » Kz.® i o L ^ *  ** i s  P °s s il5 le  S i l ­

v e r ’ s method to  f in d  G^ in  v [ g |  so t h a t  G^ i s  - g e n e r ic  o v er i 0 ^(P)  

and i o i ”G C Ĝ  . T h e re fo re  one can  ex ten d  th e  p re v io u s  em bedding i oL to

— > » i M  •

Lemma 4 .4  ( G i t ik ) s  F o r an  a c c u ra te  ch o ice  o f  G^ , th e r e  e x i s t s  a  fu n c t io n  

f  e KK in  V[G] such  t h a t  i * t ( f ) ( K )  -  K, .

Proof* We have i o i (P) = PK + , *  PK+< K + 4 ( o f  f a c t o r  lemma i n  [ J e ] ) .

G i s  N ,-g e n e r ic  o v er P., . , i t  th u s  rem ain s  to  choose G' in  V[Ĝ J

w hich would be N ^ G ^ g e n e r ic  o v er PK + 4  K + 4  (w® u se  th e  same n o ta t io n

f o r  th e  name PK+J K +| and i t s  i n t e r p r e t a t i o n  Kq(Pk+ , K^+ l ) ) .

.  The F o rc in g  P i s  K - c lo s e d  .K+i ,Kt +l

. There a r e  K* dense s u b s e ts  o f  P^ because  | ( 2 K»-)Nt G l ( 2 Kl)NtJIS + j  ̂ I

and  | ( 2 K0 Ntl ^ 2 K .



From th e s e  th r e e  e le m e n ts , one can deduce th e  e x is te n c e ,  in  V[g] o f  a 

(G ]-g en e ric  G' o v er PK+  ̂ K +<j • M oreover i f  IT = U £ p ( k )  :p  e  gJ , we 

can r e q u i r e  t h a t  < d , i , - - - , ‘1, 'TrU(K,K,)> b e lo n g s  to  G*. We f i n a l l y  s e t  

G^ ■ G * G ' . I f  p  = P j Â p ( k) ,  th e n  i o t (p)  =  »4»p OO> by de­

f i n i t i o n  o f  CK .  Hence i f  p e G ,  th e n  p(k)  ^  ITU ( k ,  K,) and i 0 ^ ( p ) 6 G ^ 

Let u s  n o te  G = GK * H K w here GK i s  g e n e r ic  o v e r  PK and HK i s  

v [g k ] - g e n e r ic  o v e r  CK . In  th e  same way, G^ = .

L et f  = U HK . f  b e lo n g s  to  KK • S ince  i ^ ^ ( 5 K) = HKi and 

(k , K,) €  U H ^ ,  we o b ta in  i * ^ ( f ) ( k )  = K, • S

We would l i k e  to  o b ta in  a  s im i la r  r e s u l t  f o r  an a r b i t r a r y  s u c c e sso r  

o r d in a l  «+4 t i 0 *+(, ( f ) ( K) "  *<* w here = i ow(*<)

-  [■«**■<'— > ,(o ° K * <
( f o r  th e  l a s t  e q u a l i t i e s ,  c f  £ K u .4 j)

T h is  can be done f o r  *<&) b ecau se  we o n ly  n eed  th e  c lo s u re  o f  u n d e r

K -sequences to  c a r r y  o u t th e  p r o o f .

L et u s  make now a  d ig r e s s io n  t o  e x p la in  why a  n a tu r a l  a tte m p t to  p ro ­

ve (b ) f a i l s .  Bjy th e  p re v io u s  rem ark , we can c o n s id e r  i ^ v Q j ]  > ^ 4 ^ 4 !

and U K “ [ x e V [G ]  * X c K k K  and i0*(x)J .

U„ ^  co u ld  be a  good example o f  p -p o in t  , b u t n o th in g  p ro v es  t h a t :

UKi = (xeV [G ]:K 2e  i 0*4 ( x )J and * [ x  6  V[G] : K3 e  i ^ X ) ]  a re  th e  sa ­

me K - u l t r a f i l t e r .

In  f a c t  one can  show t h a t ,  w ith  a  s im i la r  n o ta t io n ,  UK , UK( and UK  ̂ a re

3 d i f f e r e n t  K - u l t r a f i l t e r s  though UK O V  = UK O V  = Ul < r \ V  = U •
* &

L et u s  r e tu r n  to  th e  e x te n s io n  o f  th e  embedding ^  » we

s h a l l  need  a  l i t t l e  more w ork.
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Lemma 4«2 : The fo llo w in g  diagram  i s  com m utative: l e t  o<<( ^<y

v ,

i

=*Y—» N'*+4 ' '  * ]f+4

I f  y  i s  a  l i m i t  o r d in a l ,  th e n  Wy+>j i s  th e  d i r e c t  l i m i t  o f  th e  

system  £ , i * £  : and i  , f o r  <*<y , a r e  th e  c o rre sp o n d in g

em beddings•

P ro o f: L e t u s  show f i r s t  t h a t  i ^ ^  i s  an e le m e n ta ry  em bedding from 

in to  N^+j| . L e t x e N ^ +jJ and t|> be a  fo rm u la  such  t h a t  (= f  (x ) .

We have th e  e q u iv a le n c e s  : 6  H« +< =“ * V h *  f ( l )

N . N  x e  u l tra p o w e r  o f  th e  u n iv e r s e  modulo 
i eo((U) and t h i s  u l tra p o w e r  fc* ^  (x )

i^ ^ (x )  6  u l t ra p o w e r  o f  th e  u n iv e rs e  mo­

d u lo  i Q̂ (U ) and t h i s  u l t r a p o w e r |a tp ( i ^ x ) )

W x ) c V t  “ a  V ^ ' f ( i "f><3c))’

L et u s  check  .

Let x eV . i 0K+, ( i )  -  V » +1( i . x ( i ) )  -  d, („)(*<>.<(*)). i f  «• aPPly W  > 

we o b ta in t  V ft( i 0 ol+. , M )  -  d, j.
^(a On

Lo(i

-  V + 4 (x ) *
Hence th e  d iagram  i s  com m utative .

L et M be th e  d i r e c t  l i m i t  o f  th e  system  £ N^+>( , i * ^  : 

and l e t  , f o r  cK < y , be th e  c o rre sp o n d in g  em beddings :



We c o n s id e r  th e  f u n c t io n  t h M — »N„ . d e f in e d  a s  fo llo w s : l e t  x eM  .y+4

There e x i s t s  « <  y such  t h a t  x = k^ (y ) , w ith  y e N ^  , we th u s  s e t

6  i s  an  e le m e n ta ry  em bedding: f o r  any  fo rm u la  ip , M |a lf(x ) 

N«-M*= f W
N . . t =  f d - j y ) )

(one checks e a s i l y  t h a t  0 (x ) does n o t  depend on th e  c h o ice  o f  o( and y) 

0  i s  s u r j e c t i v e  o n to  s le i; * e l *y+<4 * s *nce * e N |f * th e r e  i s  <*<y ,

y €  such  t h a t  x  = i  (y )  • L e t u s  show y  e  N« +< •
If

h Wy h  x €  u ltra p o w e r  o f  th e  u n iv e r s e  modulo i 0 y(u)

M |̂=s y e  u l tra p o w e r  o f  th e  u n iv e r s e  modulo i Qo<(u)

We f i n a l l y  o b ta in  x  = ( y ) ) .
0

I f  we c o n s id e r  th e  t r a n s i t i v e  c o l la p s e  o f  M , th e n  we must have 0  = Id ,

and s in c e  e « k L*y , we o b ta in  i 0<y = •

We a r e  now re a d y  t o  p ro v e :

Lemma 4 .3  : F o r any o r d in a l  <x , t h e r e  e x i s t s  G^+  ̂ , - g e n e r ic  on

io«+ ^(P ) ^i n  VC°]) such  t h a t  th e  fo llo w in g  d iagram  i s  com m utative:
i *

f o r  4 « f t < Y V [ G ] _ ^ U N y+H[Gy+;ll

. *

w here i  „ e i ! , .  i  . C  i J l Li i« . .  C i / w  .ofj+i o|i+i , oy+i oy+l py P f

P ro o f: We s h a l l  p ro ceed  in d u c t iv e ly .  L et (J> be an o r d in a l .  We assume t h a t  

f o r  any 4 s  o< $ y  < th e  fo llo w in g  d iagram  i s  com m utative:



*+A L «*+4 -I

and th at i f  <*<£> , then = C p Ik +4 s p g GWm } i s  N« “&eneric

o v e r *

L et u s  check  f i r s t  t h a t  th e r e  i s  Gg w hich h as  th e  p r o p e r ty  o f  Lem­

ma 4*4 and such t h a t  G_i i s  N, - g e n e r ic  o v er i A(. ( P ) .
2 ,K,+ t

Me h ad  i o4 (P) = PK+< » PK+ i,K,  + t » PK1+ ),Ki + 1 • I n s te s d  o f  o h o o sin «

w raj g e n e r ic  o v er ( P , , ,  i n  one s tro k e  a s  "before, we
2 U J K+(,K,  + 1 K | + 1 ,K^+i '

w i l l  ta k e  f i r s t  H , N, [G]  g e n e r ic  o v e r  K . I f  we a rg u e  in  V[G]

th e  same argum ents w ork . At th e  n e x t s te p ,  we a rg u e  in  N, £g] [ h ] to  f in d

H*, Ng[G][H] g e n e r ic  o v e r  P^ +4j ^   ̂ such  t h a t  < 4 , ------,4 , ttU( k, K, )> £  H1«

Thus Gg = G *H nH1 i s  th e  r e q u i r e d  g e n e r ic .

S u ccesso r c a s e  : There i s  6  such  t h a t  = 8 + 4  . We s t a r t  from  Gg+ 1  >

Ng+^ -g e n e r ic  o v e r  i Qg+  ̂(P ) such  t h a t  Gg+<jl i s  N g -g en e ric  over
I Kc ̂  I

i o s ( p ) .

We have i  c L. (P)  = P„ # P w . u and th e  c o rre sp o n d in g  g e n e r ic s
ofc+4 K%' H »Kfc+i +

Gg+  ̂ -  H0 # H, w here H0 i s  Ng+4- g e n e r ic  o v er PKg+, and H, i s  Ng+ , [ H01 

g e n e r ic  o v e r

Me have a l s o  i oS+2 (P ) - pk8>i+<* PK j,|+ <, «s , 4+< end 

^ S + i ^ K j + i )  = PKS < , + 1  

H s + / PK8 +<, Kj 41+<) "  PKs4 ,+ < ,« S 4 i->-l •
Hence th e  problem  i s  to  f in d  g e n e r ic s  H0 and H, r e s p e c t iv e ly  Ng^ - g e ­

n e r i c  o v e r P., , ■ and Nr , _ [H0] - g e n e r ic  o v er (P„ , j „  .) such
K S + i + ^  « +2  K S + i  + d »  K S + i + ‘l

t h a t :  i gg+4 ‘'H0 c H 0 and i M+<"H, C  I ,  .



— L et u s  d e a l  f i r s t  w ith  H0 :

th e n  i

i t  rem ain s  t o  choose H£ , Ng+2 ^ 0̂  “ Se* ie ric  o v e r PKg+d , Kg + • *

I f  p e P ^ ^  , th e n  i g g+d(p)  "  P A <4 >-------- , ' l»p(Kg)> • Hence we s e t

e = U { p ( K s ) : p £ 0 S t J ]  .

By h y p o th e s is ,  H0 i s  N g -g e n e rio , hence l e t  n s  a rg u e  in  Ng£H0] s

We th u s  deduce th e  e x i s te n c e ,  in  Ng[H0”] o f  a  Ng+J [H 0] - g e n e r i c  HJ o v er

P„ . . .  , 4 such  t h a t  < 4 ,  - - -  , 4 , e >  £  H* .

We th e n  s e t  H0 = H0 * HJ , and th e  in d u c t io n  h y p o th e s is  i s  s a t i s f i e d  s in ­

ce  H0 i s  Ng+^ - g e n e r ic •

We a r e  a l s o  a b le  t o  e x te n d  th e  em bedding =Ns +, P U — ^ 6 + t [ff0l  .

I f  x  i s  a  name f o r  x  = Kjj ( x ) ,  th e n  Tgg+^ (x )  = Kjj

-  C hoice o f  H, :

We u s e  h e re  G it ik * s  id e a  [G iJ . L e t D be in  Ng+2 [H0]  an open dense  sub­

s e t  o f  P .  , ^  . . We want t o  p rove  t h a t  th e r e  e x i s t s  D* in
KS+i + ^ KS♦<,+ ,

Ng+ ) (H0 ] w hich  i s  an  open dense  s u b s e t  o f  PK^+4 ,Kg , + i 8,1011

W D,) c D •
I f  we assume i t  i s  t r u e ,  th e n  th e  s e t  :

O e P KU | - M , K 8 t i + 4 * 3,1 E H - r o C h  t h a t

i s  th e  e x p e c te d  g e n e r ic  H, .

I f  D = Kg (D) , t h e r e  i s  p e H 0 such  t h a t  :
O
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2
S in ce  Ng+ 2  « U l t^  ^ ( u ) ( N$) * t h e r e  e x i s t  p i Kg — *Ng and

f : 2 K%------- >NS such  t h a t  p = [ ( r j , ^ ) i -> p ( ^ » % ) ] (8  i 0 &(u)  311(1

D -  1 ® i o « ( u ) *

U sin g  Ks+J( = f ( r |  ,%)i ±  ({j\ » we o b ta in  t h a t  th e  fo llo w in g  s e t

x  = [(»}*■&) * p (»i »%)i h  (*(• ]»%)  i s  an open d en se  s u b se t  o f  K+<J and

\ +4 ,K+i i=  % - c lo s e d )}  

b e lo n g s  to  ®

L et u s  d e f in e  in  N- , g (^ )  = f l  f C r j , ^ ) .  On Xfl {"(*}»%) s *}< \ \  » gC%) i s
*1^ %

an open d ense  s u b s e t o f  ^ +/j ^ +J and  f  (>)»%) C  g(%) • Thus, we h av e i

P lh  [(* l.W i------- » « (V ]  ®  lo 8 (D) i s  “  °PS“  d e n s 6  ^ s e i  o f  pk U i
4

a n d  f i n a l l y :

Ng+2 tH 0]  H Kg  »«(%)] ® i  (U) iS  311 0pen denS® sul3se't o f

* K %*a + * ’ K %+1.+A  #
I f  tf i s  a n  a r b i t r a r y  K - u l t r a f  i l t e r ,  t h e n  w e  h a v e  s  f o r  h e K K

j ^ ( { j p t <  k  ►—— > h ( o < ) l  => C ( ^ > ^ ) g  K  1 * h ( f t ) 3  jyj x  jg1 •

T h e re fo re  i n  o u r  c a s e ,  t a k in g  i Qg(u)  in s t e a d  o f  M , we o b ta in  s

H s + ^ V — >*(D ] i , s (« ) )  -  [(*!»*> •— *«<*)] B i o 8 (u ) •

And by a p p ly in g

KH0( [ T  *e ( 1 ^ i o 6 (U) i s  “  ° P“  d e n S 0  SUbSet ° f  PK ,-H ,K U , +< •

S in c e  Kg ( [(>) ,%)l >g(% )] -  ±  s ( „ ) )  C  D , i t  s u f f i c e s  to  s e t

L ' s* Kr  ( f t j i — >g(*^X3 ^ 311(1 Proo:^ th e  s u c c e s s o r  c a se  i s  com­

p l e t e .  G _ i s  H0 *!r, and  we can d e f in e sQ+C.

C  ! W » s « l — > HS+2 [<W  •

L im it c a se  :

^  i s  a  l i m i t  o r d in a l ,  and we assume t h a t  we have a  sequence o f  g e n e r ic s  

< G(A+ 4  8,101:1 t h a t ,  i f  p e G ^  i f f  i ^ y ( p ) s G ^ +/j ,
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and such  t h a t  i s  N ^ -g e n e ric  on i oe((P)»
’ 0{

We know from  Lemma 4*2 t h a t  N^+/j i s  th e  d i r e c t  l i m i t  o f  th e  system

^o r  • Hence we d e f in e  on W P) SS f o l “

lo w s: P € ® ^ +/j i f f  th e r e  i s  « < |ft such  t h a t  p = 311(1

* e a *+4 •

T h is  i s  a  f i l t e r ,  l e t  u s  check th e  d en sen ess  c o n d i t io n :

I f  3) i s  a  d ense  s u b s e t  o f  i 0 ji+^ ( p )» th e r e  i s  <*<ft such  t h a t  D = i ^ ^ E ' )

and D* i s  dense  i n  Hence l e t  G D ' f l G ^ ^  • T h is  im p lie s

v w e v * nD •
The d e f i n i t i o n  o f  y i e ld s  th e  fo llo w in g  d i a g r a m s  f o r

i*
*Y M

\ + 4 L''r+ '« j
w here i * ^  , i *  , i * ^  a r e  d e f in e d  from  i ^  ,  i ^  , i ^  in  th e  u s u a l  

way.

L e t u s  v e r i f y  t h a t  ®js+4 |k ^ + 4  *s  - g e n e r ic  on i c ^ ( P ) .

I f  A i s  a  d en se  s u b s e t  o f  i D̂ ( p ) i R , t h e r e  i s  o i <  A such  t h a t

A = i ^ (  A ’ ) where A ' i s  a  d ense  s u b s e t  o f  i 0 * (p ) in  .

By h y p o th e s is ,  +jj i s  - g e n e r ic  o v er i 0 (X(P) • Hence th e r e  i s

p c 0 «+< “ < * « * *  p i k „ + -i€ a '  • V - i  ™ d s in o e  1 8

( i ^ ( p ) ) | K +H > we a r e  d o n e*

To d e f in e  th e  em bedding i Q̂ +  ̂ , we s e t :

- f o r  ft = i o* +< = i 6* +< .  i(> » + 4  .

-  f o r  ft l i m i t ,  i  * . » i ^ . o i * , ,  where c* i s  an a r b i t r a r y  o r d in a l  < ft 1 ’ o/i+l o<*+4

F in a l ly ,  we o b ta in  :
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Lemma 4 .4  s L e t A . The e x ten d ed  embedding i 0* +<| sV[ G3 -----

h a s  o n ly  one slcy and  a t  l e a s t  (<*| c o n s t e l l a t i o n s .

Remark : th e  l a s t  f a c t  does n o t  p la y  any r o l e  in  th e  p ro o f  "bat shows t h a t  

we do n o t  in tro d u c e  to o  many fu n c t io n s  in  K .

P ro o f : We have seen  t h a t  we can  choose so t h a t ,  f o r  some f  e K  ,

i * 2 ( f ) (K )  = K ,, and th e n  c a r r y  o u t th e  in d u c t iv e  c o n s t r u c t io n .  S ince

i „ « +l = i ' « » i o*2 > we o M a ln  *

* £ ♦ .< '> < “ } "  "  K«  •

L e t u s  show t h a t  K* i s  in  th e  h ig h e s t  sky  o f  i ow+(J •
E

I f  % < i  , ( k ) ,  t h e r e  e x i s t  E f i n i t e  c. of. and gs K k K — >K such  t h a tOoC“r \
% -  [ S € * + I K ! - - - - - - - - - - > g ( s j E , s ( « ) ) ]

<V M

We th u s  d e f in e  h  e  KK s f o r  y < K ,

h (y )  = Sup £ g ( t , y )  s t e EK and S up(t"E ) £ y } •

The s e t  X *» [ s e ^ K  s S u p (s"E )£  s(«*)} b e lo n g s  to  U^+>( , and i f  s e )

th e n  h (s(< x ))^  g ( s j E, s ( « ) ) .

S in ce  K = [ s  e * + K |--------* s  ( * ) ] . .  ,  t h i s  im p lie s  :

>  C " ' «  > ^  •

L et u s  check  now t h a t  th e  Ky , f o r  , a r e  in  d i f f e r e n t  c o n s t e l -

l a t i o n s .  We assume th e  co n v e rse  i s  t r u e  : t h e r e  e x i s t s  g e  n such  t h a t

=Kr  for r < W * c '
We th u s  o b ta in  ( i 0 * , + ^ ( g ) ( Ky)) = Ky' » w hich i s  im p o ss ib le  s in c e  Ky,

i s  th e  c r i t i c a l  p o in t  o f  i* ,^  • ■

To co n c lu d e  th e  p ro o f  o f  th e  p r o p o s i t io n ,  i t  s u f f i c e s  to  ta k e

*  = ( ( 2 2  ) +)^ £ G3 = ( ( 2 2  ) +)^  , and th e n  to  a p p ly  t o  t*1® same me­

th o d  a s  in  p a r t  ( a ) .  ■



V. INDISCERNIHLES FOR Cw‘ .

In  an a lo g y  w ith  G B d e l's  model L, Chang [Ch] in tro d u c e d  th e  model C"' 

c o n s tr u c te d  hy u s in g  th e  i n f i n i t a r y  lan g u ag e  LW( ^ .

T h is  lan g u ag e  c o n s i s t s  o f  : -  ts, v a r i a b le s

-  th e  p r e d ic a te s  £ and =

-  th e  c o n n e c tiv e s  1  , A vp > V _ f o r

-  th e  q u a n t i f i e r s  3 ^ ^  v<* » v x  f ° r

An e lem en t x  i s  d e f in a b le  in  ^  o v e r  a  model A from  a  coun­

t a b l e  sequence  s e UA i f  th e r e  i s  a  fo rm u la  vp e  LCJ CJ| such  t h a t

x  = £ u e  A : AJ» vp(sAu ) J  •

The c u m u la tiv e  h ie r a r c h y  < C* s <*eOrd> i s  d e f in e d  a s  fo llo w s  s

-  C„ -  0
-  C  ̂ i s  th e  s e t  o f  a l l  s u b s e ts  o f  C #  , d e f in a b le  in  kcJ.tJ, o v e r

from  a  c o u n ta b le  seq u en ce  o f  e lem e n ts  o f  C* .

-  Cv = U  C* i f  V i s  a  l i m i t  o r d in a l  .
o ev<y >

Cw' i s  th u s  U  -  ,  C* .o\ e Ora w

ibrom now on, we w r i te  C in s t e a d  o f  Cw* • The d e f i n i t i o n  o f  C i s  

" p se u d o -a b s o lu te "  s i f  M i s  an in n e r  model su ch  t h a t  w M C  M , th e n

(C )M = C . Hence C i s  th e  l e a s t  in n e r  model su ch  t h a t  U C C C  ,

Many p r o p e r t i e s  o f  L can be ex ten d ed  to  C ( se e  QChJ) .  A g r e a t  d i f ­

f e re n c e  betw een th e  two m odels co n ce rn s  th e  axiom  o f  c h o ic e  s hy F o rc in g

o r  u n d e r th e  a ssu m p tio n  o f  CO, m easu rab le  c a r d in a l s  pCu• 3 ] ,  one can  ob­

t a i n  a  model C w hich does n o t s a t i s f y  th e  axiom  o f  ch o ice*



In  t h i s  c h a p te r ,  we s h a l l  d e a l  w ith  th e  n o t io n  o f  i n d i s c e r n i h l e s .  

S i lv e r  h a s  s tu d ie d  th e  r e l a t i o n  betw een i n d i s c e r n ih l e s  f o r  L and 0 ^  , 

s im i la r  r e s u l t s  can  he o b ta in e d  f o r  L[u] and 0* (S o lo v ay ) o r  th e  Core 

Model K and m e a s u r a b i l i ty  (Dodd and Je n se n )  • The e x is te n c e  o f  " i n d i s c e r -  

n ib l e s "  f o r  C i s  a l s o  l in k e d  to  l a r g e  c a r d in a l  a s su m p tio n s .

D e f in i t io n  5»4 * G iven two seq u en ces  s and s '  o f  l e n g th  fi , th e  n o ta ­

t i o n  s  s* means t h a t  t h e r e  e x i s t s  a  f i n i t e  s u b s e t  X o f  (h

such  t h a t ,  f o r  any y G fb ^ X , s (y )  = s '  ( y ) .

L et < s S < be an  in c r e a s in g  en u m era tio n  o f  a  s e t  o f  o r ­

d in a l s  A o f  o r d e r - ty p e  .  F o r , we d e f in e  A^ = £yw ^ +n: n < u

and i f  s € W<*A i s  s t r i c t l y  in c r e a s in g ,  we n o te  s ^  = ’’th e  r e s t r i c ­

t i o n  o f  s  o n to  A^M, t h a t  i s  *
qJ,

s ^ (n )  = th e  (n+4) e lem en t o f  R a n g e (s )0  A^ .

G iven a  fo rm u la  ip (v . ,v .  , ---------,v .  , --------) i n  L ,. 0  , wherei i 0 1 , i|* «*/,<*/«

i*  8  >cjo< and |S U  U  , we w r i te  C ^  <f( s )  f o r  C ^  4>(s ( i0) , - -  - , s ( i ^ ) ,

Hence th e  e x p re s s io n  C ^  vp ( s )  i s  c o h e re n t even i f  £ cJ, •

D e f in i t io n  5 .2  s A s e t  o f  o r d in a ls  A o f  o rd e r - ty p e  cot*, i s  a  s e t  o f  i n d i s -  

c e m ib le s  f o r  C , i f  A s a t i s f i e s  th e  fo llo w in g  :

w henever S j S ' e  , s t r i c t l y  in c r e a s in g  a r e  su ch  t h a t  s  s ’ 

and =f  s ^  f o r  a l l  (2><<X , th e n  C <f(s)  <— » < f ( s ' )  , f o r  any

fo rm u la  if in  ^ .

Remark: I f  o . t ( A )  = CJ , th e  d e f i n i t i o n  becomes : f o r  any s , s ' £  WA, s t r i c ­

t l y  in c r e a s in g ,  ( s  s '  ) im p lie s  ( C N ip(s)<—► i f ( s ' )  , f o r  if e  LW|CJ| ) 

The e lem en ts  o f  A a r e ,  in  p a r t i c u l a r ,  i n d i s c e r n ih le s  in  th e  u s u a l  m eaning



P ro p o s i t io n  5 .4  s L et cd, . I f  th e r e  e x i s t  c* m easu rab le  c a r d in a l s ,  

th e n  th e r e  i s  a  s e t  o f  i n d i s c e r n ih l e s  f o r  C , o f  o r d e r - ty p e  cjo< •

P ro o f: L e t < K ^ : | i < < x >  be an in c r e a s in g  sequence  o f  m easu rab le  c a r d i ­

n a l s .  I f  i s  a  - u l t r a f i l t e r ,  f o r  fi>< <X ,  we c o n s id e r  th e  s e t

Aa  = f  i Û  (K^) :n  < col and  we c la im  t h a t  A = U A a  i s  th e  ex p ec ted  s e t  P  t  on J 1

o f  i n d i s c e r n i h l e s .

F o r each  l e t  s ^ , s ^ e WA^ , s t r i c t l y  in c r e a s in g  be such  t h a t

S(i =f  s j ,  .  We assume m oreover t h a t  [  ^ : i  £ i s  th e  s e t  o f  o r d in a ls  ft

su ch  t h a t  s ^  /  s ^  •

I f  C t5 « f ( < S p > * ( ^ < < x > )  ( th e r e  i s  a g a in  an abuse  o f  n o ta t i o n ,  we 

sh o u ld  w r i te  i p « s ^  * fl £ A > ) ,  f o r  A C cx and  ( A | ^ C J  in  th e  c a se  d  =  ( J , )  

l e t  u s  show C I* *P(<s^ : ^  <(s fr * I f  i s  t r u e ,

we can  r e p e a t  th e  p r o c e s s ,  f o r  a l l  , i $ p  , and a f t e r  a  f i n i t e  num­

b e r  o f  s t e p s ,  we w ould o b ta in  th e  ex p e c te d  r e s u l t  : C fc* ^ ( < s ^  :

We w r i te  f o r  w here $ < *  and n<£J  •n  on

I f  s A = <k(J° : n < e o >  and s* = <K^® : n < u )  , l e t  n 0 be such
a  5 ? ^

t h a t  K^ 0 = K1̂  f o r  n » n 0 .

Pn ^  AL e t m <w  and • i ^  r e p r e s e n t s  th e  u s u a l  em bedding from  V in to

i t s  m^k i t e r a t e d  u l t ra p o w e r  n £  , modulo •
CJ A a (i0

L et r  be th e  i n t e g e r  p • S in ce  Nl o c Ni*> i  i s  an e le m e n ta ln 0 r  r  o r

r y  em bedding from  C i n t o  i t s e l f .

L e t u s  check  i^ * ( s ^ )  = s ^  f o r  (i /  (10 , o r  e q u iv a le n t ly  t h a t  i ^ “ (K^) 

i s  e q u a l to  f o r  /  fi>0 and n  <  c j  •

• I f  , i t  i s  s t r a ig h t f o r w a r d .

• I f  t  i s  i n a c c e s s ib le  i n  th e  model • S ince



"belongs to this model, we are done.
T here e x i s t s  (r : r n o > w f  >A such t h a t  s A j r  r  “  8

u  (»o P o 1 Ln o»WL o r

i t  s u f f i c e s  to  ta k e  <J*(n) * f o r  n ^ , n 0 • We u s e  h e re  th e  e q u a l i -
Pn~

t y  i  , o i  = i  ,  f o r  any k , m < w  . T h is  i s  a  consequence o f  th e  f o l ­

low ing  r e s u l t*  i f  U and D a r e  two K - u l t r a f i l t e r s ,  th e n  j UxD = %  °

( c f .  [Ka* Ma.] ) •

H e n c e fo r th , C }=. tp (< s ^  : £ < < * > )  can  "be w r i t t e n  :

c t= f>

and f i n a l l y  t

C £= i ) w here C i s  d e f in e d  from  <" s a  : 3314 O" •o r  (i0 | n 0 »

We have to  a p p ly  now a  c l a s s i c  r e s u l t  o f  i n d i s c e m i h i l i t y ,  in  o u r f i n i t e  

c a s e ,  l e t  u s  o n ly  ch eck  th e  fo llo w in g  r e s u l t :

I f  U i s  a  K - u l t r a f i l t e r  and  = i ^ ( K )  , f o r  n  < CJ , th e n  f o r  

any  in c r e a s in g  sequence  i 0 < i ,  < - - < i  < r  ,

®, U .
-q ~  '  q + 4

9L Q J .J
I t  s u f f i c e s  to  s e e  t h a t ,  by d e f i n i t i o n  o f  U , f o r  X c  K, we have

th e  e q u iv a le n c e s :

a X e  u .,
‘i  J  ,k:l

q
{ * o < K  : ( « , < *  : ( ----------------------------------------- » --------------- > £ X ^ e u } - - ] e U

{-i/K.fV*  K„<K ,<«i0>---’\ > eX]SU}--}£D

rx e  U . q+4
Hence i f  we d e f in e  th e  u l t r a f i l t e r s  U (s) and U ( s ' )  s 

X e U ( s )  i f f  « * • ) .  s ^ j ^  6  i o r (X)

Xe d ( s ' )  i f f  n£»|= s '  . E i Q r(x )

th e n  we o b ta in  U(s )  = U ( s ' )  = ® U
n o
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L et X be th e  s e t  £ t  e n ° K ^ jC y ( t , t ) j  •

Sinee Sf , | n . £  & W  «— ► S% „U 0 £ > we
i ^ ' ( c )  i s  a l s o  s* ir r  ,  h en ce  th e  p ro o f  i s  com plete  : 

o r  PalLa o»U|.
C N ^ ( < 8 ^  : ^ < / i 0 > A s ^  A< s ^  s p o <{*><*>) ■

T here i s  a  p a r t i a l  co nverse*

Theorem 5 » 4  : ( a )  L e t ctf be a  n a t u r a l  i n t e g e r  o r  cj • I f  th e r e  e x i s t s  a  

s e t  o f  i n d i s c e r n ih l e s  f o r  C , o f  o r d e r - ty p e  CJ<rt, th e n  th e r e  i s  an 

in n e r  model w ith  ok m easu rab le  c a r d i n a l s .

(b )  The e x is te n c e  o f  a  s e t  o f  in d i s c e r n ih l e s  o f  o r d e r - ty p e  

A), im p lie s  th e  e x is te n c e  , f o r  any  t  o f  aa  in n e r  model w ith  c*

m easu rab le  c a r d i n a l s .

P ro o f : The p ro o f  o f  ( a )  and (b ) i s  common to  a  la r g e  e x t e n t .

L et and  A = £ be a  s e t  o f  i n d i s c e r n i h l e s .

I f  (i<cx, we d e f in e  th e  u s u a l  f i l t e r s  F^ on X ^  = Sup(A^) (w here A^ was 

th e  3 e t  s )> A®* x  C A/t, •

X S P ji i f f  3 n V p i n  yuft+ !)e x  .

N ext we c o n s id e r  th e  m odel l [<F^ : ( t< < x ^ |. i f  Pa = P^OI*[<P(t *

th e n  we s h a l l  w r i te  F* f o r  < F ^  : |^ < « ^ . I f  & < * ,  Tf± w i l l  d en o te  th e  

sequence < y u frm  i n < ( o >  .

Lemma 5.4 : F o r any fi>< <* f L [? ]  F^ i s  a  T -co m p le te  f r e e  u l t r a f i l t e r
on Afi.

P ro o f: L et ,  f o r  fb<(* ,  be th e  Skolem H u ll o f  in  L^f']:

-  H ^ C A ^ u f p } ) .

L e t u s  show t h a t  F^ i s  a  (T-com plete u l t r a f i l t e r  on A ^ .



Since < LjFj , we shall be done.

F^ i s  an u l t r a f i l t e r  :

L et X eH ^ , Z c  y  T here e x i s t s  a  Skolem te rm  t  and n  < £J such  t h a t

X = ____, » P)  • The w e l l - o rd e r in g  o f  L[f']  can  be e x p re sse d  by

a  2 ,(F ) fo rm u la  ( c f .  [D ev .])  and 40C G C, hence th e r e  i s  a  fo rm u la  y  

in  Lww su ch  t h a t :

C |=5 X i s  th e  u n iq u e  x  su ch  t h a t  ^ ( x , ^ ^ , ----------- ’ Yw/Vm ̂  ’

T here e x i s t s  a  fo rm u la  w hich  d e f in e s  F from  < cr^ : S /  ^  > and from

^ 1̂ + 2 , ^  f o r  9X17 P > n  *
We s h a l l  w r i t e  ^  f o r  T h e re fo re  th e  e x p re s s io n  yW|3+p £  *

can  be w r i t t e n :

° t=  — ’ L ( i « ’ W  > ^  4  P + 2  ’ < ^ ! s  ^ fi>} > f o r  3o” » f o r , r a la  v

* *  W

By i n d i s c e m i b i l i t y ,  we o b ta in :

0  N  ’ )lu|V«l, ^fc>(i+p+ ,̂ ° ^ 4 p+2 ’ < 'r8 '  * ’

“ d l m p - h i ) 6  x  •
Hence f o r  any p > n  , y ^ + p  e  X <—> £ X . T h is  im p lie s  e i t h e r  X

o r  Xc b e lo n g s  to  F^ •

(T -corap le teness :

L et T = < X : n < u )  be an (o -se q u e n c e  o f  e lem en ts  o f  F- and n 1

I f  m,q a r e  such  t h a t  n < q < m  , F can  be d e f in e d  from  <"0^: % ^  fa >  and 

®£>m+ 4  * A gain ^  i n d i s c e r n i b i l i t y ,  we o b ta in  :

1 0N^ . e  th e  p th  * « ■  o f   .yUli * * 1f)

ot=w e  th e  q th  te rm  o f  t ( irw^  >--------- >
We have assum ed t h a t  each  X f p < 0  , b e lo n g s  to  , th e r e f o r e  i t  must

P



"be th e  c a s e  t h a t  * <1> n]  i s  in c lu d e d  i n  any  te rra  o f  t (  - -  ,F )

and f i n a l l y  0  X £ Fa • ■* n<y n

The e x is te n c e  o f  a  (T-com plete f r e e  u l t r a f i l t e r  on A^ im p lie s  th e  

e x is te n c e  o f  a  m easu rab le  c a r d in a l  K £ A^ ( o f .  Lemma 5*4 h e lo w ). T here­

f o r e  i f  o . t ( A )  =  Cj j  we a r e  d one . O therw ise  we know t h a t  th e r e  i s  a  mea­

s u ra b le  c a r d in a l  below  eao h  A^ ,  f o r  b u t n o th in g  p ro v e s  t h a t  i t  i s

n o t  th e  same one f o r  a l l  /*><<* •

To a v o id  t h i s  s i tu a t io n *  we s h a l l  u s e  th e  n o t io n  o f  m inim al s e t  o f  i n d i s -  

c e r n ib le s ,  i n s p i r e d  from  S i l v e r 's  n o t io n  o f  r e m a r k a b i l i ty  (o f  [[Je-] )  •

F o r ( b < «  , we n o te  any tu p le  o f  th e  form  < y wft+r, -  -

and  we w r i te  {y ^ |  f o r  r+ q  . The t r a n s l a t e d  o f  y^ i s  th u s  th e  tu p le

te<Sp " < W r+ i ’  ’Ifoft+r+q > and t r M ( &  = tr(trk(^’)) .
I f  x  e and x  = t ( y £ , F ) ,  th e r e  i s  a  fo rm u la  ip such t h a t  f o r  any

n > | y £ j  , C [s x  i s  th e  u n iq u e  z such  t h a t  ^ ^ > n  : *

Hence f o r  n > 2 l ^ J  , we haves

C h  3 !y  such  t h a t  vp ( y , t r ( y £ ) ,  <<Jg >n : $ < < * > )  .

( th e  symbol ! means u n iq u e ) .  L et u s  c a l l  t h i s  e lem en t t r ( x ) ,  one can  see  

by i n d i s c e r n i b i l i t y ,  t h a t  t r ( x )  do es  n o t  depend on th e  c h o ic e  o f  th e  f o r ­

mula ip and on th e  t u p le  y^  •

Lemma 5 .2  s I f  f o r  any o r d in a l  x  t r ( x )  = x , th e n

H(̂  N i s  A ^-com ple te .

P ro o fs  ’E y  i n d i s c e r n i b i l i t y ,  i t  s u f f i c e s  to  show s

F^ i s  Ijj^ I -c o m p le te .

L et T “ ^ X ^ s  f o r  a  se(lu en ce  e lem en ts  o f  F^ and

l e t  T « t ( y £ , F ) .



We u se  now th e  same id e a  a s  p re v io u s ly  : i f  | | £ 1  < r < s  and ,

i  th e n  we w ant t o  p ro v e  th e  e q u iv a le n c e :

^ t h  t e r “  o f  

' l r u ( i + s e ^ t h  te rm  o f  * % ’ * }  *

S in ce  % = t r ^ C ^ ) ,  f o r  a l l  k < c j  ,  we have % » t . t (y ,P )  w here y* i s  a  

t u * l e   f 0 r  1 > S *
I f  we d e f in e  F* from  < ^ m+  ̂ : $<oc> , th e n  th e  e q u iv a le n c e  i s  o b ta in e d

by i n d i s c e r n i b i l i t y .
■fell —•

S in ce  th e  \  te rm  o f  T b e lo n g s  t o  F ^  » we m ust have :

( w + p  ‘ ' f c 1 * !>< u 1 c  te rm  •
and f i n a l l y  H X. 6  PA .  ■

* < 1  *  r
in

Our g o a l i s  now t o  c o n s t r u c t  a  s e t  o f  i n d i s c e r n ih l e s  w hich s a t i s f i e s  

th e  h y p o th e s is  o f  th e  lemma.

We assum e t h a t  A = : & <cj[a. |  i s  a  s e t  o f  in d i s c e r n ih l e s  and t h a t

| i  i s  a  c a r d in a l  £ K, •

F o r l e t  u s  c o n s id e r  th e  s e t  o f  o r d in a ls  u<x . .s u c h  t h a t  th e r e

e x i s t  and  vp € LWCJ w hich s a t i s f y :  f o r  any n  > | y^ J ,

C {s u  i s  th e  u n iq u e  x  su ch  t h a t  v p (x ,y ^ , * f c e A >)  , w here A c  p.

and | A | £  • L et u s  n o t i c e  t h a t  i s  such  an  e le m e n t.

F o r n >  2 |^ £ | , we o b ta in  :

C 3! y  su ch  t h a t  ip (y»"b3r(y ^ ) * < <T̂ n  : . L e t u s  c a l l  t h i s  e l e ­

ment © ( u ) • Once a g a in ,  0 (u ) does n o t  depend on th e  d e f i n i t i o n  o f  u  . 

u w ^  i s  th u s  d e f in e d  a s  th e  l e a s t  u  such  t h a t  u < 6 (u ) . There i s  such

“  • ! » « * s in o e  rW(!,< e <run,) -  r u(i . n  •

For k « o ,  l e t  ^ tk  = ek l? ^ ( u u(S) .



7 6 .

%  i n d i s c e r n i b i l i t y ,  u u ft< e ( u ^ )  Im p lie s  6 p (uuft) < e p+' (U[jft) f o r  p < u  

and "ofl+k* “ofi+k+l f o r  k < u  •

L et u s  check  now u t j £ '  *>or • Assume i f

u M<l,u w^  a r e  r e s p e c t iv e ly  d e f in e d  "by th e  fo rm u la s  ip^ , ip^, from  th e  t u ­

p le s  , y^, and th e  s e t s  A ^ , Aja/ , th e n  we haves f o r  n >  S up(2 |y^|,Iy^J)

C \ s  th e  u n iq u e  x  such  t h a t  vp̂  (*»](£» < * S €. A^")) = th e  u n iq u e  y  such

t h a t  <k ,(y» jj£  *<7-s > n  t i e b p ) * ) .

T h is  g iv e s  hy i n d i s c e m i h i l i t y :

G j= th e  ! x  such  t h a t  i p f x j t r f v . ? ) ,  * &£A| i>)  = th e  ! y  such  t h a t

'P /l '(y > 7 ^ > < <rS>n * s e % > > -

And we w ould o b ta in  = ucj({' ’ a^n ce  we •*iave  supposed  = u ^ /  ,

t h i s  i s  a  c o n tr a d ic t io n *

L et u s  assume now u <y/2/* t a k in g  n  > S u p ( k j y ^ | , I y£,| ) ,  we

w ould show au(i+k < u ^ , .

S in ce  th e  f u n c t io n  u  s ( i  i i s  i n j e c t i v e  and we have supposed

fju was a  c a r d in a l ,  we h av e  o b ta in e d  a  new s e t  I  = 8 £<(**» n < c j ^  •

Claim  t I  i s  a  s e t  o f  i n d i s c e r n ih l e s  f o r  C .

P roofs (we a r e  aw are t h a t ,  may b e , u  > n eo(L' f o r  )

I f  fb<|*. , l e t  1/^ = [ u w ^ ^  8 n < w } • We c o n s id e r  < s ^  s f i < | * >  and 

< s ^  s fi<(u.)> such  t h a t  < s ^  s (i< |* >  =f  < S ^ S  fi < K>» » 3 h> s t r i c t l y  in ­

c r e a s in g  i n  U  1 ^  and s ^  =f  s ^  f o r  a l l  

We assume C t=<p(<s^ s (i -- ) f o r  A c  f*- and 1 A | ^ K 0 •

L et (b0 be th e  l e a s t  o r d in a l  f i  such  t h a t  ° h '  I f  we c o u ld  show

CN vpk sf j  s f i e  A ,  fi<(i»0 > A s ^ A  < 3 ^  s f ie  A , f i > f \ »  ,

th e n  a f t e r  a  f i n i t e  number o f  s im i la r  s te p s ,  we would o b ta in  s



ON ¥ ( < s ^  t ( i e A > )  , and  we would "be d o n e .

S in ce  s .  = s '  , -there  e x i s t s  n < £j such  t h a t  s  = s '  .
( i0 f  l̂ o ’ (l0 ^ n  (iB i n

I f  V . (n )  = V . +kn  ’ thB"  "  S 0 t 1 0  = 1 ^ 1  '  k”  '
F o r each  ( ^ € 6  » th e r e  i s  a  fo rm u la  ip^ w hich d e f in e s  u w^  from  and

th e  s e t  • Hence each  s ^ ( p ) ,  f o r  p< w  ,  i s  o f  th e  form  s

%(p) = V-Hl = ^ 8  ! I  snoh tha-t <f.(i,trV?(vl(y’ ),<cs> xiet i f )
1 p p»p

and we can  ta k e  n^  p > S u p (r 0 ,CLp|y’ j ) .

l e t  3 p,0ln  = < uu(!.0 +lc0’ ’Uufl„+kI1_ |>  “ d

SfroU  =<^tt» (io + l» ’ ’1>(4»+in _ ,>  f o r

k „ <  < k„ _ l < k n  311(1 i « < - - - < i n - i <j£n  *

F or any fo rm u la  tp c  cJ( :

 ’V . +v , ) 4— ” (V . -------- ,'W i n_1)
becau se  +^ and + ( j + | )  » f o r  0 <£J» u se  d i s j o i n t  s u b s e ts  o f

0 » M s  > B < r ° ]  •

When we add th e  r e s t  o f  th e  e x p re s s io n  : th e  te rm s  < s ^  : ( S € A , ( 3 ^

and s„ v , we s t i l l  have th e  e q u iv a le n c e , b ecause  th e s e  te rm s do n o t

in v o lv e  e lem e n ts  in  +s * 3 < r o]  •

We th u s  o b ta in  th e  e x p e c te d  r e s u l t  :

¥ « s /»» * £ e A , ^ < /i °>/Nsd 0̂ sd 0 * iT £ • » •  ■

L e t u s  n o t i c e  t h a t  i f  p- i s  a  n a tu r a l  in t e g e r  and i f  we s t a r t  from  a  s e t

A o f  i n d i s c e r a ib l e s  f o r  , th e n  we o b ta in  by t h i s  way a  new s e t  I  o f

in d i s c e r n ih l e s  f o r  L UCJ • By i n d i s c e r n i b i l i t y  f o r  1>c j q  > we mean t h a t  i f
u \» .

s , s * £  A s t r i c t l y  in c r e a s in g  a r e  such  t h a t  s  s '  and s ^  s ^  , f o r  

(!><p.* th e n  C p  ^ ( s ) < —>ip(s*)> f o r  any fo rm u la  ip £ I*urcj«

L et c \ -  p. i f  p. < (V, and  t* be an a r b i t r a r y  o r d in a l  < , o th e rw is e .
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The s e t  B = { u g  x 8 <w<*j i s  a l s o  a  s e t  o f  i n d i s c e r n i h l e s .  Let c ,

f o r  (!><<*, he th e  sequence  : n c c a ^  .u)|Vm

As p r e v io u s ly ,  we can  c o n s id e r  th e  f i l t e r s  F^ on = S u p f u ^ ^  : n c c jj 

f o r  (i<c< , and th e  sequence  F* •

I f  (*><o( , i s  th e  Skolem H a ll in  L [F ] o f  s n < e j]  U [ f ] .

By t r a n s l a t i n g  th e  e lem en ts  u  . , n < c j  , we had  d e f in e d  in  th e  b e g in -

n in g  o f  th e  p ro o f ,  th e  t r a n s l a t e d  t r ( x )  o f  an e lem en t x  in  .

Lemma 5 .3  : I f  we s t a r t  from  th e  s e t  o f  i n d i s c e r n ih l e s  B , th e n ,  f o r  

|»><<x and x  in  such  t h a t  x < u ^ ,  t r ( x )  = x  .

P ro o fs  L et x  = t ( u ^ ,F )  and x  < u ^  where u ^  --------»u0/i+p> •

T here e x i s t s  a  fo rm u la  if) 6  L ^ ^  such  t h a t  s f o r  any n > I u^  | ,

C h  x  i s  th e  ! y  suoh t h a t  y ( y ,u ^ , < <rlg >n * £<<*>)

Hence f o r  n >  2 | u ^ l ,

t r ( x )  i s  th e  ! y  suoh t h a t  tp ( y , t r ( u ^ )  ,< (j*1̂ >n s £ < « > ) .

F o r rj< tx , t h e r e  e x i s t s  a  d e f in a b le  fu n c t io n  f ^  such  t h a t  x

u cjn = f n (^ » < ^ > n  * , f o r  any n > i f ^ |  .

Hence u  k  = f ^ t r * 1̂  ( ^ ) » < a%> n  * % £ & * { > )  , f o r  n > ( k + l ) I f y |  .

I f  we r e p la c e  th e  e lem en ts  Up , p<£J<X , hy t h e i r  e x p re s s io n  in  [ y  : %<Qf*}

We o b ta in  a  fo rm u la  tp , in  L^ w i f  p - ^ X 0 » i n LW£J i f  X 0 , such  t h a t

C fc— x i s  th e  ! y  such  t h a t  ip (y,V* ><0c v x S e  U A * »• xx a > n  q«*  *

w here » > | j £ | . | 5 ^ |  and  « 9 < I . |u ^ |> .

T h e re fo re  x  i s  one o f  th e  e lem en ts  u  we c o n s id e re d  f o r  th e  d e f i n i t i o n

o f  th e  s e t  I  • S in ce  x  < u ^  , by m in im a lity  o f  u w^  , we must have 

0 (x ) = x  .

0  i s  d e f in e d  by t r a n s l a t i o n  o f  th e  e lem en ts  yw^+n > n< c j  , w hereas t r
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i s  o b ta in e d  from  th e  e lem en ts  f  u  „ s n < u l  . Bat tar d e f i n i t i o n  o fL Oft+n J *
th e  e lem en ts  u^ +n > n<co , t r ( x )  = 0 ^fal (x ) , hence  we o b ta in  

t r ( x )  « x  • a

To co n c lu d e  th e  p ro o f  o f  th e  th eo rem , i t  s u f f i c e s  to  a p p ly  Lemmas 5*2 

and 5*3 • ■

As a  p a r t i a l  co n seq u en ce , we o b ta in  :

P ro p o s i t io n  5 .4  * The fo llo w in g  a s s e r t i o n s  a re  e q u ic o n s is te n t :

(a )  th e r e  e x i s t s  a  m easu rab le  c a r d in a l

(b ) th e r e  i s  a  s e t  o f  in d i s c e r n ih l e s  f o r  C and LWCJ o f  o rd e r - ty p e  to

(c )  th e r e  e x i s t s  an  e le m e n ta ry  em bedding from  C in to  i t s e l f .

P ro o f: (a)<— >(b) h a s  a l r e a d y  been p roved  .

More p r e c i s e ly ,  i f  A i s  any s e t  o f  i n d i s c e r n ih l e s  o f  o rd e r - ty p e  co and

F th e  u s u a l  f i l t e r  on Sup (A),  th e n

L[f] t h e r e  e x i s t s  a  m easu rab le  c a r d in a l

( a ) — > ( c )  : i f  U i s  a  K - u l t r a f i l t e r ,  th e n  th e  r e s t r i c t i o n

i s  e le m e n ta ry  from  C in to  i t s e l f .

( c ) - - > ( a )  : l e t  j : C  s*C be e le m e n ta ry . I f  K i s  th e  c r i t i c a l

p o in t  o f  j  , and = j n (K) , f o r  n<tO , a r e  th e  i t e r a t e s  o f  K , th e n

we d e f in e  th e  f i l t e r  F on X = S u p f K : n<C*A by **- n  **
i f  X c  X ,  X e  F i f f  3 n  V p»  n K p  £ X .

Thus j :L [F ]  ---- > L [ f ]  i s  e le m e n ta ry , and by u s u a l  K unen 's  argum ents (s e e

P ro p o s i t io n  3.4 , 2n(* c a s e  o f  p ro o f  2 ) ,  one can  show t h a t  F O L [ F ]  i s  a

A - u l t r a f i l t e r  in  L [F ] . ■

L et X be a  r e g u la r  c a r d in a l .  We can  c o n s id e r  th e  model C* d e f in e d



from  -the lan g u ag e  . W ith a  n a t u r a l  e x te n s io n  o f  th e  n o t io n  o f  i n -

d i s o e r n ib l e s ,  i t  i s  p o s s ib le  to  p ro v e  s im i la r  r e s u l t s  f o r  i

. L e t oc ^ X . I f  t h e r e  a re  c* m easu rab le  c a r d in a ls  above ot , th e n

th e r e  i s  a, s e t  o f  i n d i s c e r n ih l e s  o f  o r d e r - ty p e  cj<* f o r  C ^ and  .

• L et p-<X be a  c a r d i n a l .  I f  t h e r e  i s  a  s e t  o f  in d i s c e r n ih l e s  f o r

and L ^  o f  o rd e r - ty p e  c j  p . , th e n  th e r e  i s  an in n e r  model w ith  im­

m easu rab le  c a r d in a l s  above ,

A ll th e  in n e r  m odels w ith  m easu rab le  c a r d in a l s  w ere in n e r  m odels o f 

G, and C h a s  th e  fo llo w in g  p ro p e r ty :

F a c t : . I f  t h e r e  i s  an  in n e r  model o f  V w ith  a  m easu rab le  c a r d in a l ,

th e n  th e r e  i s  a l s o  an in n e r  model o f  C w ith  a  m easu rab le  c a r d in a l .

. But t h e r e  i s  no m easu rab le  c a r d in a l  in  C if C satisfies AC.

P ro o f: . I f  N |s= U i s  a  K - u l t r a f i l t e r  , th e n  L [F]|s Supf j # u (K) :n<cj j  i s
n

m e a su ra b le .

w here F i s  th e  u s u a l  f i l t e r  on Sup £ j  * n < u } *

* L e t u s  assume now C )=■ D i s  a  K - u l t r a f i l t e r  . We alw ays suppose 

t h a t  th e  axiom o f  c h o ic e  h o ld s  in  V .  We can c o n s tr u c t  th e  u ltra p o w e r  

U ltj j(c )  , g iv e n  an e lem en t x  in  U l t D(C) ,  we a r e  a b le  ( in  V) to  f in d  

f e Kc n c  such  t h a t  x  =» [ f ] D •

I f  f f  : n < £ J ^  i s  an  £ j-s e q u e n c e , th e n  s in c e  f  6  C, < f  : n < £ o >€ C . ̂ xi* d  n n

T h i3  im p lie s  t h a t  U l tD(C) i s  w e ll- fo u n d e d , a n o th e r  consequence i s  t h a t  

U lt j j (c )  i s  c lo s e d  u n d e r c j - s e q u e n c e s • Hence U ltj j(c )  = C.

Let u s  c o n s id e r  th e  em bedding j  • I f  we assume K i s  th e  l e a s t  m easura­

b le  c a r d in a l  in  C , th e n  U l tD(c ) |=  Ojj(k ) i s  th e  l e a s t  m easu rab le

c a r d in a l  •
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Bat we have k » h en ce  we have g o t a  c o n t r a d i c t io n .  •

L et u s  r e tu r n  t o  th e  s e t  o f  i n d i s c e r n ih l e s  A = , f o r

c*<  £0 , . We have seen  t h a t  u n d e r  some c o n d i t io n s  o f  m in im a lity , th e  a s so ­

c i a t e d  model L [F ] h a s  m easu rab le  c a rd in a ls *

I f  w = 4 , th e n  f o r  any s e t  A , L [f ] (s th e r e  e x i s t s  a  m easu rab le  c a r d in a l  

I f  oc = CJ , l e t  u s  show th e  fo llo w in g :

P ro p o s i t io n  5 .2  : I f  A = : $<coco^ i s  a  s e t  o f  i n d i s c e r n ih l e s  f o r  C
%

and L ^  such t h a t  Sup(A) i s  m in im al, th e n  th e  model L [F] has

CO m easu rab le  c a r d i n a l s .

P ro o f : We rem ind  t h a t  = Sup {yWp +n : n < w j  , ^  i s  th e  f i l t e r  on 

f o r  a l l  p<co , and : p<cj> •

We a lr e a d y  know from  Lemma 5 t h a t  f o r  each  p<W  :

L£F|jl=Fp i s  a  c r-co m p le te  u l t r a f i l t e r  on .

I f  t h e r e  e x i s t s  an i n f i n i t e  in c r e a s in g  sequence * n < c j >  such  t h a t

L IF J 1= th e r e  i s  a  m easu rab le  c a r d in a l  p. such  t h a t  ^ p ( m - 'i )

th e n  we a r e  done*

Hence l e t  u s  assum e t h e r e  i s  n 0 <CJ such  t h a t ,  f o r  a l l  p ^ n 0 

( i )  : L [F ] j= th e r e  i s  no m easu rab le  c a r d in a l  p- such  t h a t  A& < p - ^ A p •

L et u s  show t h a t  in  t h i s  c a s e ,  we can c o n s tr u c t  a  s e t  o f  i n d i s c e r n ih le s  

A' = -T n : S < u c j ]  su ch  t h a t  Sup(A’ ) 4: \  , c o n t r a d ic t in g  th e  m in im a li-

t y  o f  Sup(A ). We w i l l  n ee d  th e  fo llo w in g :

Lemma 5»4 ( i n  ^Je-] f o r  / =  W, )  :  L et V  be a  r e g u la r  c a r d in a l  ^ c j  .  I f  

th e r e  i s  a  Y -c o m p le te  f r e e  u l t r a f i l t e r  on K , th e n  th e r e  i s  a  mea­

s u ra b le  c a r d in a l  p. such  t h a t  V^<p-$K •



P ro o fs  L et [*• be th e  l e a s t  c a r d in a l  o v er w hich th e r e  i s  a  V -co m p le te  

f r e e  u l t r a f i l t e r  U . I f  U i s  n o t  ^ - c o m p le te ,  th e n  th e r e  e x i s t s  a  p a r ­

t i t i o n  £ X^ : <* < Y ] f o r  y <  p. such  t h a t  ^  U , f o r  a l l  <*< y .

L e t f  i p .  *,y he d e f in e d  a s  fo llo w s :  f ( x )  = <* i f f  x e X ^  .

We th u s  c o n s id e r  D = f*U : i f  X c  y * X eD  i f f  f  "l ( x ) c  U •

One can  show t h a t  D i s  v  -c o m p le te  on P(y)  • Le t  (*<y • S in ce  X^ f t  U

we m ust have f  0  U and D . Hence D i s  a  Y -com plete  f r e e

u l t r a f i l t e r  on y  . S in ce  p. was ch osen  m in im al, we have o b ta in e d  a  con­

t r a d i c t i o n .  T h e re fo re  p . must be m e a su ra b le . ■

Lemma 5«4 and ( i )  im p ly  t h a t ,  f o r  any  p > n 0 ,

L [P ] P i s  n o t  |A j +-c o m p le te  .
P 0 _ ,

We c o n s id e r  : n  <  tô J U ] ) and th e  fu n c t io n  t r  from

H in to  i t s e l f .
P

L et T =<X_ s ^ < A  > i n  H , b e a  sequence o f  e lem en ts  o f  P . Exac-
'  \  * n 0 P P

t l y  a s  p r e v io u s ly ,  we can  show t h a t  i f  t r ( ^ )  = 'I f o r  a l l  ^  in  H *

below  A , th e n  fl T € F .  Hence th e r e  e x i s t s  oc < A . such  t h a t  
n 0 P P n o

tr(oc )>  o< (o th e rw is e  we would o b ta in  a  s t r i c t l y  d e c re a s in g  se q u e n c e ) . I f  
P P

%  = ■ * ( ? , . ' ) .  w® 3 e t  l u p  = « p  ***  lupH k+ 1  -  t r l r p  (’lup+k;) f o r  k < u  • 

i n d i s c e r n i b i l i t y ,  one can  p ro v e  f] eJp+ic< ^ n f o r  k < t o  .

I f  we d e f in e  such  e lem e n ts  f ° r  a l l  p < to , we w i l l  o b ta in  a  new

s e t  I  = C l̂cop-rtc * P < ̂  • Same argum ents a s  b e fo re  would show t h a t

I  i s  a  s e t  o f  i n d i s c e r n i h l e s  th e  o rd e r - ty p e  o f  w hich i s  a t  l e a s t  to 

and such  t h a t  S u p ( l)^  A •

The p ro o f  o f  th e  p r o p o s i t io n  i s  th u s  c o m p le te . «

The fo llo w in g  d e f i n i t i o n  i s  m o tiv a te d  by th e  c o n s tr u c t io n  o f  th e  s e t  

o f  i n d i s c e r n ih l e s  I  i n  th e  p ro o f  o f  Theorem 5 .4  •
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D e f in i t io n  5 .3  : L et A = £ s 8  < o<*j, f o r  <*<D , "be a  s e t  o f  i n d i s c e r -

n i b l e s  f o r  C and l e t  F be th e  u s u a l  sequence o f  f i l t e r s  d e f in e d

from  A . I f  H fr f o r  f t« x  , i s  th e  Skolem H u ll HL^ ( [ y wft+nsn < u ]u [F ]) 

th e n  f o r  x  i n  , tij^x ) i s  th e  " t r a n s l a t e d ” o f  x .

A i s  m inim al i f  f o r  a l l  f t< «  , x e H ^  and x < yo ^  im p ly  = x  .

I f  A = : S< £J,j i s  a  s e t  o f  i n d i s c e r n i h l e s ,  th e n  A

i s  m inim al i f  f o r  a l l  CX<u, , ** £ y  s 8 < O m ]  i s  m inim al f o r  th e

p re v io u s  d e f i n i t i o n .

The in d i s c e r n ih l e s  c o n s tru c te d  i n  P ro p o s i t io n  5*'t w ere i t e r a t e s  o f  

m easu rab le  c a r d in a l s ,  c o n v e rse ly  we a r e  i n t e r e s t e d  now in  l a r g e  c a r d in a l  

p r o p e r t i e s  o f  th e  i n d i s c e r n i h l e s .

P ro p o s i t io n  5 .3  * I f  A i s  a  m inim al s e t  o f  i n d i s c e r n ih l e s  o f  o rd e r - ty p e

Dot, f o r  t * < w ,  , th e n  a l l  th e  e lem en ts  o f  A a r e  Mahlo and l i m i t s  o f

Mahlo c a r d in a l s  i n  L[F^I •

P roo fs  I f  A = £ y  : 8 <dJ* J , we want to  show f i r s t  t h a t  th e  s e t  o f  re g u -
O

l a r  c a r d in a l s  below y , f o r  /i<<rt , i s  s t a t i o n a r y .
•toft ra»

L et A ^ =  [ y ^ +n s n < c j ]  and -  H f o r  .

t r  i s  an e le m en ta ry  em bedding from  in to  i t s e l f .  T h is  can he shown

by in d u c tio n  on th e  co m p lex ity  o f  th e  fo rm u la s .

S in ce  A i s  m in im al, th e  c r i t i c a l  p o in t  o f  t r  i s  th e r e f o r e

Y AiS  re g n la r<  S in ce  t r  s , we can now u se  th e  c l a s s i c
tA/j #

p ro o fs  l e t  X he a  c lo s e d  unbounded s u b se t  o f  • ^ r (x ) i s

a l s o  a  c lo s e d  unbounded s e t  in  and t r ( X ) f \ y w^  = X . T h e re fo re

Y  6. t r ( x ) .  ( i t  i s  th e  same a s  to  a rg u e  in  th e  t r a n s i t i v e  c o l la p s e  where 

c lo s e d  unbounded s u b s e t  h a s  i t s  r e a l  m ean in g ).



L et T = Cf*-< yw ^ s ) r K i s  r e g u la r ^  , t r ( X f ) Y ) ,  th e r e f o r e  Y i s

s t a t i o n a r y .  S in ce  H^<c L[F*], we a r e  d o n e .

Let u s  show now t h a t ,  f o r  any fo rm u la  if e  LUCJ , A><<* and n<CJ  , 

we have IC P ] |=  V S < ^  ( ) .

I t  s u f f i c e s  t o  p rove  t h a t  i t  i s  t r u e  in  •

t r n :H ^ — > i s  e le m e n ta ry , s in c e  th e  c r i t i c a l  p o in t  o f  t r 11 i s  y ^ ^

and t r n (y  ) = Y . , th e  r e s u l t  f o l lo w s .

L et u s  assume now t h a t  i s  n o t  in a c c e s s ib le  i n  L [P j s th e r e

e x i s t s  such  t h a t  L [F J {= ^  we aPP^Y th e  p re c e d in g  r e ­

s u l t  t o  th e  fo rm u la  ip (x ,y )  s 2 x̂lj  | y l ,  we o b ta in  f o r  a l l  n<o>,

S in ce  =  Sup [ « * < “ ]  * L[PJ{= 2 ^  X ^  .

A i s  m in im al, t h e r e f o r e  X ^  i s  m easu rab le  in  L[F^1 and th e  l a s t  a s s e r ­

t i o n  i s  c o n t r a d ic to r y .

We want to  p ro v e  m oreover t h a t ,  f o r  ( h <  cx , i s  a  l i m i t  o f  Mahlo

c a r d in a l s  i n  LHP]. I n s te a d  o f  u s in g  th e  em bedding t r  f o r  t h i s  p u rp o se

l e t  u s  n o t i c e  t h a t  f o r  8 < y ^  , i f  L £ P } |s th e re  a r e  no Mahlo c a r d in a l s
betw een 8  sad

th e n  L[P3j= th e r e  a r e  no Mahlo c a r d in a l s  betw een 8  and y ^ ^ ,  •

S in ce  V „ i s  Mahlo, th e  f i r s t  a s s e r t i o n  can n o t h o ld .

F i n a l l y ,  by i n d i s c e r n i b i l i t y ,  we co n c lu d e  t h a t ,  i f  e v e ry  y ^ ^  , f o r  

(*><o< i s  Mahlo and l i m i t  o f  Mahlo c a r d in a l s ,  th e n  a l l  th e  e lem en ts  o f  A

have th e  same p r o p e r t i e s .  ■

C oncern ing  m e a s u ra b i l i ty ,  we have th e  fo llo w in g *

P ro p o s i t io n  5 .4  * I f  A i s  a  m inim al s e t  o f  i n d i s c e r n ih l e s ,  th e n  th e r e



i s  a  t r a n s i t i v e  model o f  ZFC in  w hich y 0 i s  m e asu ra b le .

P ro o f: L et P in  L [F ] be th e  u s u a l  f i l t e r  on A = Sup(A ). S in ce  A

i s  m in im al, l Cf ] ^  X i s  m e a su rab le .

I f  H i s  th e  Skolem H u ll H ^ ^ ( a U ^ p ] ) ,  th e n  we c o n s id e r  th e  e lem en ta ry  

em bedding t r  : H  w hich sen d s t(Y>P) on to  t ( t r ( y ' ) , P ) .  The c r i ­

t i c a l  p o in t  o f  t r  i s  y0 •

L e t N cL  H be th e  t r a n s i t i v e  c o l la p s e  o f  H and j  : N ------ * N be

ir o t r  o  Tf* • Thus we have a  N - u l t r a f i l t e r  on *TT( y0) and TT(X) i s  measu­

r a b l e  i n  If , b u t t o  o b ta in  th e  m e a s u ra b i l i ty  o f  i r ( y 0) ,  we can n o t a p p ly  

d i r e c t l y  K unen'  s  Theorem ([K u.'ljThm  6 . 9 ) becau se  N ^  N and n o th in g

p ro v e s  t h a t  th e  i t e r a t e d  u l t r a p o w e r s , modulo th e  N—u l t r a f i l t e r ,  a r e  w e l l -  

fo u n d ed .

Thus we w i l l  m odify  K u n en 's  a rg u m en ts .

S in ce  H <  L [P ] , If h a s  th e  form  LpJjjr"H0  p] ( o f .  [D e v ]) . S in ce  F £ K ,

N = l [T T (P )], j  does n o t  move 1T(P). Hence th e  w e ll  o rd e r in g  o f  N i s  

n o t  changed by j  •

L et u s  th e n  c o n s id e r  K = HN(ir(y 0)U  [^(X )}  ) •  We want t o  p ro v e  th a t  th e r e  

a r e  no o r d in a ls  rj in  K , such  t h a t  "n"(y0)^ >r]< IT (X) .

I f  rj £  K and r] = t^g^T I^A )) f o r  £*cT r(y0) , th e n  s in c e  th e  w e ll  o rd e ­

r in g  o f  N i s  p re s e rv e d , j(r ] )  = t N( j f l s ) ,  j ( i r (A) ) )  .

t r ( X )  = A , hence j (T ( X ) )  = T ( A ) .  S in ce  j ( e )  = £ , we o b ta in  j(f])  = •]. 

I f  KJ w ere in  th e  i n t e r v a l  [ i r ( y 0 ),Tt(A){[, th e r e  would e x i s t  n<CO such  

t h a t  ) 311(1 hence ^T(y’n + , ) £  jC1])  » w hich i s  c o n t r a d ic to ­

ry*

L et u s  f i n a l l y  c o n s id e r  th e  e le m e n ta ry  embedding TT*' s N -------- >L[f ] .

TT-'(K) -  u ( x ] )  and s in c e  K th e r e  a r e  no o r d in a ls  Vj such



t h a t  V ( y 0 ) <i ' | < i r (A)  , we o b ta in  :

H ^ i r  0 U  £ \ j  ) £a th e r e  a re  no o r d in a ls  o< such  t h a t  •

T h e re fo re  th e  t r a n s i t i v e  c o l la p s e  o f  ) s a t i s f i e s  :

" y o i s  m easu rab le  " .  ■

C oncern ing  s e v e ra l  m easu rab le  c a r d in a l s ,  we co u ld  o b ta in  o n ly  p a r t i a l  

r e s u l t s ,  f o r  exam ple:

-  I f  A = £ y ^ : $ < c j 2 j  i s  a  m inim al s e t  o f  i n d i s c e r n ih l e s ,  th e n  th e r e  i s

a t r a n s i t i v e  model o f  ZFC in  w hich A0 and a r e  m ea su rab le , o r  a

t r a n s i t i v e  model in  w hich v  and A. a r e  m easurable®
4co

-  F or a  c o u n ta b le  number o f  m easu rab le  c a r d in a l s :  i f  A = £ y ^  : S<w&Jj

i s  a  m inim al s e t  o f  i n d i s c e r n i h l e s ,  t h e r e  i s  an  in n e r  model in  w hich , a l l

Y , f o r  p > A  , a r e  m e a su ra b le .
OcoP '
By P ro p o s i t io n  5®3, th e  e lem en ts  v , p<£j  , a r e  in a c c e s s ib le  in

'  6j P
hence i t  s u f f i c e s  to  t r a n s m i t  th e  m e a s u ra b i l i ty  o f  Ap , f o r  p<co » t o

^co(p+4) ^  u s in g  8X1 i 't e r a ‘fce(i u l t r a p o w e r .

The fo llo w in g  r e s u l t  i s  a  s t r a ig h t f o r w a r d  consequence o f  K unen 's  

p ro o f  c o n c e rn in g  th e  n e g a tio n  o f  th e  axiom o f  c h o ic e  in  C £Ku ®33®

P ro p o s i t io n  5®5 s I f  t h e r e  e x i s t  dj, m easu rab le  c a r d in a l s ,  th e n  th e r e  i s

a  s e t  o f  o r d in a ls  o f  c a r d i n a l i t y  A/, w hich can n o t be co v ered  by a -  

ny  s e t  in  C o f  c a r d i n a l i t y  .

P ro o f: L et A = be th e  s e t  o f  m easu rab le  c a r d i n a l s .  We s h a l l

show t h a t  A i s  th e  ex p e c te d  s e t .  L e t u s  assume t h a t  th e r e  e x i s t s  B in

C such  t h a t  A C  B and [ B [ = H t •

We th e n  g iv e  w ith o u t p ro o f  th e  fo llo w in g  r e s u l t  ( c f . [ K u . 3 3 ) s



Lemma 5 .5  (Kunen) : F or each  x e C ,  -there a r e  a t  most co u n t a b ly  many-

m easu rab le  c a r d in a l s  K such  t h a t  f o r  a  K - u l t r a f i l t e r  U ,

i s  d i f f e r e n t  from  x  •

( t h i s  r e s u l t  i s  a  consequence o f  th e  f a c t  t h a t  o n ly  a  f i n i t e  number o f  

m easu rab le  c a r d in a l s  can  move a  g iv e n  o r d in a l )

Hence th e r e  i s  occcj ,  such  t h a t ,  f o r  any ft > and any K ^ - u l t r a f i l t e r

u ft ’ % ^ B  ̂ "  B * S i n c e  I B i = * • »  % ^ B  ̂ i s  s im p l y  a n d  we h a v e

j ^ ’B = B . b e lo n g s  t o  B ,  hence th e r e  i s  x  such  t h a t  j y ^ (x )  =

But s in c e  i s  th e  c r i t i c a l  p o in t  o f  ,  t h i s  y i e ld s  a  c o n t r a d ic t io n

( in  f a c t ,  i f  K 0 i s  th e  l e a s t  m easu rab le  c a r d in a l ,  A can n o t be co v ered  

by  any s e t  o f  c a r d i n a l i t y  g  K0 ) • ft

L e t u s  assume now t h a t  V = L[Ul w here U i s  a  K - u l t r a f i l t e r .

I f  s  i s  th e  sequence < j  a  * n<CJ^  » th e n  s in c e  WC c  C , L [s ]  i s
n

in c lu d e d  in  C .

I f  = i V (U) , we know t h a t  U ^  i s  e x p r e s s ib le  from  th e  sequenceoco
+v r

s  • T h e re fo re  th e  c j  i t e r a t e d  u l tra p o w e r  = L[UV i s  in c lu d e d  in

L [s ]  .

Dehom oy [B e] h a s  shown t h a t  s  i s  P r ik r y  g e n e r ic  o v er and t h a t

N, Fs"l -  ^  N w here N = U l t  TT , f o r  n <  co •co1- * n<cj n  n  ® u 1n
Hence 0  N C L [s l  C C . S in ce  K N c  N , f o r  a l l  n < u  ,  we o b ta in  n<cj n > n n
C = H n = L T s ]  . n<cj n  *- J

( i t  i s  a l s o  p o s s ib le  t o  check  by hand t h a t  ^ C s]  *s d o s e d  u n d e r K - s e ­

quences)

I f  g  : o « f t> ,  f o r  i s  a  c o u n ta b le  sequence o f  m easu rab le

c a r d in a l s  and <11^ s <*<ft> th e  a s s o c ia te d  u l t r a f i l t e r s ,  th e n  we can



o b t a i n  s i m i l a r  r e s u l t s  f o r  t h e  m o d e l  :<*</?>>] * C i s  a l w a y s

c l o s e d  u n d e r  c j ,  - s e q u e n c e s .

We say  t h a t  an in n e r  model M s a t i s f i e s  th e  X, - c o v e r in g  p ro p e r ty  

i f  any s e t  o f  o r d in a ls  o f  c a r d i n a l i t y  X, i n  th e  r e a l  w o rld , can be 

c o v e red  by a  s e t  i n  M o f  c a r d i n a l i t y  H , •

Hence a  n a t u r a l  q u e s t io n  we p la n  t o  s tu d y , co n ce rn s  th e  p o s s ib le  

e x is te n c e  o f  a  c o v e r in g  Theorem f o r  C . A m ajor o b s ta c le  t o  a p p ly  known 

m ethods a s  exposed  in  £Ho], i n  th e  c a se  o f  L , i s  th e  ab sen ce  o f  a  ca ­

n o n ic a l  w e l l - o rd e r in g  o f  C .

A nother c o n v in c in g  e lem en t i s  th e  fo llo w in g :

P r o p o s i t io n  5*6 : I f  t h e r e  e x i s t  CJ, e le m e n ta ry  em beddings i ^  : C  > G

w i t h  c r i t i c a l  p o i n t  ,  f o r  < *  <  C J ,  s u c h  t h a t  t h e  s e q u e n c e  

< 1 ^ :  < * < C J , >  i s  s t r i c t l y  i n c r e a s i n g ,  t h e n  f o r  a n y  ,  t h e r e

i s  a n  i n n e r  m o d e l  w i t h  (*> m e a s u r a b l e  c a r d i n a l s .

P ro o f :  We u se  th e  same argum ents a s  in  th e  second  p ro o f  o f  Theorem 2.-1 • U

We can  summ arize th e  p r e s e n t  s i t u a t i o n  in  th e  fo llo w in g  diagram  :

th e r e  e x i s t  co, 
i n d i s c e r n ih l e s  f o r  C

th e r e  e x i s t  w, 
m easu rab le  
c a r d in a l s

th e r e  a r e  cj, e lem en ta ry  
em beddings from  C in to  
i t s e l f  w ith  in c r e a s in g  
c r i t i c a l  p o in ts

=>

C does n o t  s a t i s f y  
th e  X ,-c o v e r in g  

p ro p e r ty

f o r  any oc < c j ,  ,  

t h e r e  i s  an in n e r  
model w ith  oc mea­
s u ra b le  c a r d in a l s



BIBLIOGRAPHY

[Ch] C.C.CHANG , S e ts  c o n s t r u c t ib l e  u s in g  LKK , P ro c . Symp. Pure

M ath. 13 P a r t  I  , Amer. M ath. Soc. (1974) (p  1 -8 )

jDeh] P.DEHORNOY , I t e r a t e d  u l t ra p o w e rs  and P r ik r y  F o rc in g  , Ann.

M ath. Log. 15 (1978) (p  109-160)

(jtevj K.J.DEVLIN , A sp ec ts  o f  c o n s t r u c t i b i l i t y  , L e c tu re  n o te s  in

M ath. 354 , S p r in g e r  (1973)

(Gi] M.GITIK , On non m inim al p - p o in ts  o v er a  m easu rab le  c a r d in a l

Ann. M ath. Log. 20 (1981) (p  269-288)

[Ho] R.HOLZMAN , J e n se n * s  C overing  Theorem, an e le m e n ta ry  p ro o f  ,

M an u scrip t

[Je] T.JECH , S e t Theory , Academic P re s s  (1978)

[K a .l]  A.KANAMORI , U l t r a f i l t e r s  o v e r  a  m easu rab le  c a r d in a l  , Ann.

M ath. Log. I I  (1976) (p  315-356)

[Ka.2] A.KANAMORI , On p - p o in ts  o v e r a  m easu rab le  c a r d in a l  , J o u r .

Symb. Log. 45 ( 2 ) ( 1 9 8 0 ) (p  333-340)

jjCa.Ma] A.KANAMORI and M.MAGIDOR , The e v o lu t io n  o f  la r g e  c a r d in a l

axiom s in  S e t Theory , H igher S e t Theory , L e c tu re  N otes in

M ath. 6 6 9  , S p r in g e r  (1978) (p  99-275)

[ke] J.KETONEN , U l t r a f i l t e r s  o v e r  m easu rab le  c a r d in a l s  , Fund.

M ath. 77 (1973) (p 257-269)



9 0 .

[K u .l] K.KUNEN , Some a p p l i c a t io n s  o f  i t e r a t e d  u l tra p o w e rs  i n  S e t

Theory , Ann. M ath. Log. I  (1971) (p  179-227)

[k u .2 ] K.KUNEN , On th e  GCH a t  m easu rab le  c a r d in a l s  ,  Logic

C olloquium  69 , N orth  H o llan d  (1971) (p  I 0 7 - I I0 )

[K u.3j K.KUNEN , A. model f o r  th e  n e g a tio n  o f  th e  axiom  o f  c h o ic e  ,
Cambridge Summer School in  M ath. Logio , L e c tu re  n o te s  i n  

M ath. 337 , S p r in g e r  (1973) (p  489-494)

[M i.l]  W.J.MITCHELL , S e ts  c o n s t r u c t ib l e  from  seq u en ces  o f  u l t r a ­

f i l t e r s  ,  J o u r .  3ymb. Log. 39 (1974) (p  57-66)

[M i.2] W.J.MITCHELL , The Core Model f o r  a  sequence o f  M easures ,

( to  a p p ea r)

[M i.3] W.J.MITCHELL ,  S k ie s ,  s a tu r a te d  I d e a ls  and d eco u p led  F o rc in g

( to  a p p e a r)

[So.Re.Ka] R.SOLOVAY, W.N.REINHARDT and A.KANAMORI , S tro n g  axiom s o f  
i n f i n i t y  and  e le m en ta ry  em beddings , Ann. M ath. Log 13 

(1978) (p  73-116)

[SuJ C.SURESON , C om plexity  o f  K - u l t r a f i l t e r s  and in n e r  m odels

w ith  m easu rab le  c a r d in a l s  ( to  a p p ea r i n  J o u r .  Symb. L og .)


