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ABSTRACT

A SELF CONSISTENT AVERAGE PHONON
EQUATION OF STATE FOR SOLIDS
by

KANHIYA LAL SHUELA

Advisor: Professor Arthur Paskin

In the present thesis the author hes {investigated the
thercodynemical properties of =olids arnd an equetion of state for
solids with particular reference to the rare gas solids and the
ionic solids by developing a self consistent average phionon
approximation scheme.

The <celf consistent phoncn (SCP) forrnzlisms heive proved to be
very useful in czlculating the enharconic conteibutions tc  the
lattice properties. Replacing the sucs over the frequencies in the
SCP foruwalism by appropriate functions of the average phonon
frequencies yields simple equations of state for solids. This
rethod is referred to s the =elf ccnsistent average phonon (SCAP)

formalism.
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In the first chapter the thermodynamical properties of Ne, Ar,
Kr and Xe are presented. Using the Lennard-Jones potential, the
lattice parameter, compressibility, coefficient of expansion etc.,
have been calculated. The SCAP results are compared with the
experimental results as well as with ISCP. The agreement with the
experiments is found to be very good.

In the second chapter, a first principle self consistent
average phonon equation of state and the thermodynamical
quantities of the ionic s=olids with reference to NaCl have been
studied. Using the Gordon and Kim potential the equation of state
lattice constant, compressibility etc., have been obtained in the
SCAP formalism. It is found that in the low and medium temperature
range the agreement between the experimental values and the SCAP
results is good but in the high temperature region near the
melting point the agreement is not good.

It is also found that at a critical temperature T , a lattice
instability occurs when B =9 0.0 at a physically unobservable
temperature (above the melting point). Therefore such an
instability does not have any physical significance relative to
melting. In the quasiharmonic approximation such an {nstability
occurs at a temperature close to the melting temperature. This
closeness between the critical temperature and ‘melting' is a
consequence of overestimating the vibrational pre;sure in the

quasiharmonic approximation.
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1.1--INTRODUCTION

Lattice dynamical theory was initially developed by M.Born
and T.von Karmanl for insulating crystals. Failure of this

2 forced

thecory when applied to the rare gas solid helium
theoretical physicist to look for new methods, particularly the
many body techniques. Two distinct schemes were developed. In one

3 the motion of the individual atom is

of the schemes
considered in the :zelf consistent potential of all other particles
in the crystal. A phonon or lattice vibration mode is a collective
mode of the crystal due to the disturbance. In the second scheme
the crystal is considered to be in equilibrium with all the
phcnons and the system is described by a set of harmcnic
oscillators,

Exciting progress has been made in physics of the noble gas
crystals Ne, Ar, Kr, and Xe during the past years both
theorntically and experimentally. Preparation of very good single
crystals of these solids made it possible to measure lattice
parameter, comprescibility, coefficient of expansion etc; from low
to high tempratures up to the melting point.

Theoretically, with the development of high speed computer,
many body techniques gave results which almost reproduces the

experimental results. Several approximate formalisms are currently



available. In the quasiharmonic approximation (QH), the
interatomic potential 1is Taylor expanded in powers of the
dynamical displacements and terms up to quadratic are Kkept.
Properties of the crystal in the harmmonic or quasiharmonic

m

approximation are described in detail by A.A.Maradudin®’ et

al., A fairly good account of the old work on the rare gas
crystals is described in the review article by Pollacks.

The effects of the terms other than the quadratic terms in the
expansion of the interatomic potential are known as anharmonic
effects. It 1is well known that the anharmonic effects are
significant, particularly at high temperatures near the melting
point. To investigate these anharmonic effects ordinary
perturbation theory (PT), Self Consistent Phonon theory (SCP),
Improved Self Consistent Phonon theory (ISCP), Cell Model (CM),
and Self Consistent Cell Model (SCCM) etc; have been used.

A detailed account of these methods as applied to the rare gas
solid crystals is given in a recent review article by Glyde and
Klein6. The conclusion drawn from this work is that the
quasiharmonic approximation is unreliable particularly at high

temperatures. Feldman, Horton7

8

and Feldman, Klein and
Horton~ carried out calculations using the quasihammonic
approximation. Recently Klein et al 9 applied the ordinary

perturbation theory to evaluate the free energy of the system




including the anharmonic effects. The perturbation theory gives
good results up to one third of the melting temperatures when
applied specifically to Ar, Kr, and Xe. Above one third of the
melting temperatures, the anharmonic effects were unrealistically
large.

To include the anharmonic effects due to large amplitude of

9-22

the 1lattice vibrations several investigators have

10

developed many ideas. Choquard's' =~ second order theory is the

most comprehensive known theory for the anharmonic theory of
crystals. Computationally it is very difficult to use the full

N used a

second order theory of Choquard. Bocara and Sarma
variational approach. In this approach they replaced the true
Hamiltonian by an effective Hamiltonian in which the force
constants were considered to be variational parameters to minimize
the free energy. Koehler12'1u investigated the anharmonic

properties using an approach similar to that of Bocara and Sarma.

15 combined the variational approach and the

diagrammatic per:urbation techniques applied by Ranninger16.

Hornor

The first order theory of Choquard, called Self Consistent Phonon
theory has been used by Gillis, Werthamer and Koehler17 for

the rare gas solids Ne and Ar. In the Self Consistent Phonon (SCP)
theory the odd order derivatives of the interatomic potential do

not contribute to the free energy but all even order derivatives



do contribute. SCP formalism calculates the frequencies of the
normal modes and the dynamical displacement variables of atoms
self consistently.

For the anharmonic effects, the contribution of the odd
powers of the derivatives of the interatomic potential in the
Taylor expansion are also important. Goldman, Horton and
Klein'®20 jncluded the correction due to the odd
powers(cubic) to the self consistent free energy using ordinary
perturbation theory. These authors applied this Improved Self
Consistent Phonon theory (ISCP) to Ar and Ne and later to Ar, Kr
and Xe?!, It is found that, in general, ISCP gives better
agreement with the experimental results than SCP.

Welch, Dienes and Pask1n23 and Dienes, Welch and

Paskinzu

have used a classical version of the Self Consistent
Cell Model (SCCM) to obtain an equation of state for solids. The
classical version of SCCM was found to be suitable at high
temperatures as 1is usually the case. These authors improved the
SCCM by an adhoc addition of quantum correction and found that the
quantum corrected SCCM equation of state for solids Ne and Ar is
in very good agreement with experiments both at high and low
temperatures.

The SCP and ISCP theories have proved to be valuable in

calculating the anharmonic properties of crystalline solids, such



as phonon dispersion, lattice parameters, compressibility,

specific heat etc.,!1-22

. This procedure requires extensive
numerical calculation of the characteristic frequencies of the
crystalline solids for each set of the volume and the temperature.
In calculating the properties such as pressure, specific heat,
compressibility etc., the results are obtained in numerical form
after summing over all the normal modes. In such summations the
overall effects of the detailed phonon spectrum are averaged out.
This suggests that a self consistent theory formulated in terms of
the average phonoh frequency might be wuseful in predicting the
thermodynamical properties as well as reducing.the numerical work.
Thus, an alternative approach to obtaining an equation of state is
to replace the sum over of the various functions of the normal
modes by appropriate functions of the average phonon frequency of
the system.

Welch, Dienes, Paskin®

3 and Dienes, Welch and Paskinzu

have used a classical version of the Self Consistent Cell Model
(SCCM) to obtain an equation of state for solids in analytic form.
Quantum corrected SCCM was found to be useful over the entire
range of temperature from low to high up to the melting point.
Because of the success of the quantum corrected SCCM equation of

state, it was of interest to investigate the SCP formalism to see

if replacing the sum over the normal modes of the crystal by



appropriate functions of the average frequency of the solid will
lead to accurate but relatively simple equations of stata2 for
solids. This approach will be referred to as the Self Consistent
Average Phonon (SCAP) formalism.

SCAP has the advantage over the SCCM of being a quantum
formalism and thus applicable at all temperatures. It has the
advantage over the SCP formalism of being simple to use to
calculate the thermodynamical properties of solids.

In this spirit a SCAP formalism has been developed and as a
test the SCAP has been used to obtain an equation of state for the
rare gas solids Ne, Ar, Kr and Xe. The thermodynamical properties
such as lattice parameter, bulk modulus, average Gruneisen
parameter, coefficient of expansion, specific heat etc. have also
been calculated25'26.

The calculated values of the lattice parameter,
compressibility, specific heat, coefficient of expansion etc. are
not only compared with the experiments but also with the detailed
calculations of SCP and ISCP. The agreement is found to be good to
excellent. In general the SCAP3 results are better than SCP

results but somewhat less reliable when compared to ISCP.



1.2--INTER-ATOMIC POTENTIAL

Rare gas solids are simple to deal with. They have tightly
bound complete electronic orbitals. The interatomic
pot,ent:ia127"29 in these solids is very complicated and not
known with sufficient detail. It is reasonable to assume central
pairwise interaction between these atoms. The most commenly used
central pairwise potential in the study of the noble gas crystals
are the Mie-Lennard-Jones and Exp-6 potentials. In the crystalline
phase, there 1is some evidence(at 1least for Ar) that the
contribution of the three body interaction is also important. The
three body interaction is generally approximated by the
'Triple-dipole' interaction of Axilrod and Teller3C,

In the absence of a reliable interatomic potential, a
phenomenological central pairwise potential of the Lennard-Jones
type has been used,

v(R(NP)) = € [ (RO/R(NP))12 -2 (RO/R(NP))6] ceo1.2.1

where € and R) are two constants, R(NP) is the interatomic
distance between the atom N and the atom P. The constants RO
and ¢ are usually determined by fitting the zero temperature
properties of the solid such as the lattice parameter and the
sublimation energyzg. These constants are listed in table--1.1

and are used in the SCAP calculation.



These parameters Ro and & are really the effective
parameters for the additive pairwise central forces. Indirectly
these parameters include some effects of the three body, non

additive forces.



1.3-- SCAP FORMALISM

To obtain the SCAP equation of state for solids, the SCP
approach is followed to obtain the temperature and the volume
dependence of the phonon frequencies and the free energy of the
system, but replace the sum over the normal modes by appropriate
functions of the average phonon frequency.

A perfect crystal of point atoms with one atom per unit cell
is considered. Let R,(N) be the i-th component of the position
of the atom N in the static lattice in a cartesian system. The
index N (capital letters) is used to denote a set of three
integers Ny, N and ny defining the position of the
atoms with respect to the primittive 1lattice vectors aqy
a5 and a3 of a Bravails lattice. i.e.,

R(N) = ny a; +ny a5 + ny az. ...1.3.1
Now if the crystal 1is disturbed, the displaced position of the
atom r(N) can be written as

r(N) = R(N) + u(N) eee1.3.2
where u(N) is the dynamical displacement vector measured relative
to the atom at the site N,

Considering only the central pairwise interaction, the
potential energy of the crystal can be written as

$ = (/227 vir(np)) ...1.3.3
NP

where



R(NP) + u(NP)
[(R(P)-R(N)] + [ u(P) - u(N)] R

r(NP)

is the vector from the position of the atom N to the position of
the atom P. In summation N and P are summed over all the possible
triplets of the integers. The Hamiltonian H, of the system can be

written as

H =2K‘,[p12(m/2m)] + P . .e.1.3.5
t
Expandingéusing the static equilibrium condit:ions31 one

obtains
P =% + /2001/721)) % (NP) uy (NP) u;(NP)
.NP
+(1/3!)ZZ:: Jk(NP) ug (NP) uJ(NP) uk(NP)
+(1/741) 2’_;! <)%kl(wp) u (NP) u j(NP) uy (NP) uy (NP)
+-= 1, creesesl 3.6
where

{fﬁ(np) = 32w P uyhp),  ...1.3.7

%jk(NP) = a3V/aui(NP)aUJ(NP)auk(NP), oo .1-3.8

10



i

E2) 1 (NP) = Qv/Ru, (NPYJu (NPYIu, (NP (NP) ...1.3.9
In the harmonic or quasiharmonic approximation, the terms up to
second order in u are kept and the other anharmonic terms
depending upon u3, u“, -~-- are neglected. The coefficients

53%3(NP) are the harmonic force constants. The Hamiltonian in

quasiharmonic approximation is

H, =Z:[ p;2/2m) + (1/2)(1/2!)Z u (NP) 2 (NP) u (NP,
N 1)
NP .oo1o3o10

Using ordinary perturbation theory the effects of u3 and

u“ terms are generally included to find the contributions of

the anharmonic terms. In the self consistent phonon scheme, the

trial Hamiltonian Ht is written as
B = B+ (1/2))_[v(rONP)) =)(1/72) ug (NB) 5 (NPYu (NP) ]
t h i ij J
NP 1
eeel3.11
and the trial free energy Ft can be written as

Fp = Tr{f ( H + g‘ln 2]

- < Ht + -k]lnft, >. 000103012

1"



The harmonic free energy Fh is given by
. -1
Fl, = Trl fh( H,+ B 1n Yh)], eee1.3.13
= < }|h+-dlnh >, 000103013

where fh is thc harmonic density matrix and P: 1/KBT

and KB is the Boltzmann constant
'ﬁ] = [exp(- th)J/Co, ...l.3.1u
Co = Trlexp(- pH)].
Angular bracket <—--> denotes the harmonic or the thermal average
defined by (1.3.12).
In fact for any Hamiltonian, H, the density matrix is given by
f= exp(- gH)/C,

C = Tr(exp(- fH)).

The free energy is given by

12



m

= (-1/p)[In(Tr(exp(-f H))))

(=17 BC)[(Trexp(- BH))e1nC]

(-1/p) Tri(1nC)(exp(-pH))/C]

(-1/p) Tr[ £ -pH - 1Inf)]

Trl $CH+ (1/8)1nf 1.

Since the actual density matrix f is not known, the trial free
energy is obtained by approximating the true density f by the
harmonic density j’h.

The displacement-displacement correlation t‘unct:ion17

diJ-(NP) is defined as
The essence of the SCP formalism lies in the fact that the force
constants 43} and displacement-displacement correlation function

are determined by minimizing the trial free energy Ft with
respect to t.fle parameters dij(NP) and %J(NP)

13



aFt/BéiJ =0,
aFt/adiJ = 0. cees1.3.16
Now < v(r(NP)) > is given by
v(r(NP))> = v(r(NP)) + Z‘:%i(NP)<ui(NP)>
v (1/21) Eﬂ_ FNP) < uy(NP) UjNP) > 4 === ..11.3.17
where
F() = (R/R) v (RONP)), cee1.3.18
ﬁ%j(NP) . (RiRJ./RZ)[v" - V'/R] + (VR L3019
3
%JK(NP) - (Riajnk/R3)[v"' - 3v''/R + 3v'/RP)
+ (Rydy + Ry, + RS J)[(v - v'/R)/E®)]

e

1
qPi‘]kl(mv) = (RRBA/RDL <6 /R

15y /R - 15yl + LV = 3VU/R 4+ 3v/RD)

4



*(RyR; dey + BB, J}l + RyR ij

J
+ [C vy = vt/RX( éij Jkl + Jik 6jl + é;l ij)/Rzl,

3
+ RJRk Jil + R.R) J;k + R Ry Jij)/R ]

where ' means the derivative with respect to the bond length

R(NP) .

In the harmonic averaging process, the average of the odd

powers of the displacement vanishes, i.e.,
< ug(NP) > = < uP(NP) > = - = 0.0,

m n, _ m n
<Ui L) UJ > - <ui ><UJ >0 cao1.3-21

Also in the harmonic approximation

y
<ui >

3<u12>2,

65

<ui 15<u12>3; ete.

Using equation(1.3.21) in equation (1.3.17) one
finds that

<v(r(NP))> = exp[(1/2)( 2 d; ((NP)V,V )] v(r(NP)). ...1.3.22
t ,’ J J

15



Thus the free energy Ft can be written as

NP ...1.3.23
Now the free energy Ft is minimized by considering the force

constant ffij(NP)and diJ(NP) the variational parameters.
Mininmizing the free energy with res pect to these parameters one

finds that
dj(NP) = 4 AF/AF (NP, ...1.3.28
and

F (N) = < V3,0 (HP)) >, ce1.3.25

Equations (1.3.24) and (1.3.25) show that variationally (in the
harmonic averaging process) the optimum values of ij’ the force
constants, are given by the harmonic or the thermal average of
the second derivatives of the potential evaluated at the actual
position of the atoms. In the quasiharmonic approximation the
force constants are evaluated at the equilibrium positions. The

SCP force constants <ﬁa and hence the characteristic frequencies

16



of the system depend both on the volume and the temprature while
the quasiharmonic force constants and nomal mode frequencies
are dependent only on the volume and independent of the
temperature.

To obtain the SCP phonon normal modes, the Fourier

representation is defined by

% ) - (1/~0)Zk't1 - exp(-ik-ROP))] F (),
%j(k) - ZPH - exp(ik-R(NP))] fJ(NP). vee1.3.26

The phonon frequency W(kA) for a given wave vector k 1is obtained

by the diagonalization condition

&+, = m’;ei(k;\) PkD e A,  ...1.3.27

where e(kA) are the polarization vectors. Using equation (1.3.26)

equation (1.3.27) becomes
P = 2 Loy (k) Fy(0P) e (MI0T - exp(ik-R(OP))],
P

...1.3.28

17



where

R(OP) = R(P) - R(0)
i.e., the lattice separation with respect to the zeroth cell which
is located at the origin. Also the hamonic free energy Fh

can be written as

Fp = 3 PBl1n(2s1nh(0.58 nw(kA))] ve1.3.29
KA

dj j(NP) =) [(h coth( g( kA))/mNgw ([ -exp(ik-R(NP)))

kA v (kA) e (kA), veee1.3.30

where
&(kN = 0.580 wlin).

Equations (1.3.28) and (1.3.30) must be solved self consistentiy
for each wave vector k and for several values of volumes to
obtain the volume dependence of the phonon characteristic
frequencies. Hence the volume and the temperature dependence of
the free energy, which ultimately determines the thermodynamica.
properties of the system by summing over all the modes of the

system,

18



The self consistent phonon formalism has proved to be valuable
in the calculation of the anharmonic properties of the system,
such as the phonon spectrum. The SCP formalism requires extensive
numerical calculation. For each set of volume and temperature, one
first calculates the normal modes of the crystal to get the phonon
spectrum and then one finds the free energy from each of the modes
and sums over all modes to get the total free energy of the
crystal. Once the free energy of the crystal is obtained as a
function of volume and temperature, all other thermodynamical
properties such as pressure, bulk modulus, and the specific heat
etc., can be obtained.

In such calculations of equation of state and the
thermodynamical properties the details of the temperature and
volume dependence of the phonon spectrum are averaged out when
summed over all the phonon characteristic modes. In fact the
thermodynamical properties of the system are the average
properties of the system, therefore, it was of interest to
investigate, and, obtain an equation of state of the system by an
appropriate function of the average phonon frequency.

This procedure, replacing the sums over the normal modes by
the functions of an average phonon frequency will be called "Self
Consistent Average phonon" (SCAP) formalism. The SCAP formalism

leads to simpler analytical expressions for the average squared

19



frequency, mean square displacement, pressure etc. This procedure
i.e., SCAP, 1is much simpler for the computation of the
thermodynamical properties.

The SCAP procedure has the advantage over the SCP and ISCP
formalisms of being simple to calculate the thermodynamical
properties of the system. It has the advantage over the
quasiharmonic  approximation of being a self consistent and
quantum calculation. The SCAP frequencies are functions of both
the volume and the temperature due to the self consistancy while
the quasiharmonic frequencies are independent of the temperature.
It also has the advantage over the self consistent cell model of
being a quantum formalism and thus applicable at all temperatures.

To proceed furthur, one needs the average squared frequency.
To obtain the average squared frequency <« adz > the SCP

expression for the normal modes17 has been used.

mF ) =2 [1 - exp(1k-ROP)] e, (k) Fr (OP)e,(kA)...1.3.31
{jP

In the continuum approximation it may be assumed that all the
modes are purely longitudinal or purely transverse. For each mode

vector k = k e_, one can write the polarization vectors as

20



elk,1) =e,,

e(k,tI) = l1ex + lzey’

e(k,tz) - —lzex + 116 ¢¢o1o3o32

y,

where e,, e, and e, are three mutually orthogonal unit

y
vectors and 11, 12 and 13 are the direction cosines.

Thus, for each wave vector k, using (1.3.32), one can write

< . -4
.{?ﬂei(kh) s%(op) e (k) =Z<Zfi(op). ...1.3.33
<

Now the average squared frequency <¢92> is defined by
<> = QTN WPl
KA
=(1/30gm) 2_ [1 - exp(ik-ROOP))] e, (k) F,(OP) e (kA).
TP KA ~

00010313,'.

Using equation (1.3.33) in equation (1.3.34) and the properties of

the lattice Fourier series
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(1/N0)};exp(1k-a(op)) = dyps

where 60P is the kronecker delta function, the mean

square frequency < w?> is given by

CuRy = (1/3m)ZP%i(op). ...1.3.35
1

The essence of the SCAP formalism is to use the square root of

<w2> as the phonon frequency i.e.,
W= <P vres1.3.36

of the crystal and approximate the summation over kA by the

functions of the average phonon frequecy w i.e.,

) £@XkA) - gl(k RAP), eCid)) = £(w)) g((k-RIPI), eCiA)). ...1.3.37
3 )

=) ey 4y
]
=7 (0 coth(E(kA))/mNP(kAI[1 - exp(ik-R(OP)) 1le;e e, (k1) 12

= 31/mw ) cothg , ves1.3.38
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where a: 0.5 'hﬂla). The average square frequency < w2> : w? is

<> = (1/3m ) < v 2 v(r(op)>.
L

Taylor expanding v(r(OP)) and using the properties of the harmonic

average one finds following expression for the average frequency
e 2 4
w =(1/3m)( 32 + (u /6)313 + (u /72)86 + -—-], e.e1.3.39

S, = [ v (R(OP)) + (2/RCOP)V'],
P

sy =2 vV« crreopv' 'y,
P
in general for any n=even

n n _1 n..1 . ooo1o3'uo
s, =Z[(d v/dR™) + (/R (™ w/dR™ ) Ip o0y

The equations (1.3.38) and (1.3.39) must be solved self consistently.
These are the basic equations in the SCAP formalism. The values

of L.)Z and u2 that are obtained by solving equations (1.3.38)
and (1.3.39) self consistently are used to calculate the free energy
and the other properties like pressure, 'P, coefficient of linear

expansion, &« , specific heat, CV , ete.
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1.4-- THERMODYNAMICAL PROPERTIES
A-- FREE ENERGY
The Helmholtz free energy per atom, FSCP' in the self
consistent phonon formalism, of a crystal with NO atoms 1is
given by
Fscp = (1/N09)%ln[?sinh(((k)))]-za)(k/\)coth ¢ (kA)/4Ny) ]
k)

+ (1/2N,) %< v(r(NP)) >, N R

Using equation (1.3.37) and summing over kA one obtains the free

energy, FSCAP = F , in the SCAP formalism

F = (3/p) 1nl2sinh()] ~ (3hw/U)cothy + fy, ...1.4.2
where

fo = (1/2)[ Sy + (W/6)S, + (u'/T2)8,

+(u071296)8 + -— 1, o143

U



¢= 0.5fnw.
In terms of the mean square displacement
w®> = u® = 31 cothg /mw, a1,y
The free energy of the system can be written as
F = (3/)1n2sinng ) - (WP w? + £, ...1.04.5

0

B~-PRESSURE
The pressure, P, is obtained by differentiating equation (1.4.5)
with respect to volume at constant temperature
P = ( - aF/aV) = (-R1/3V)(aF/aR1)o oo.1ouo6
From equation (1.4.5) one can write
/AR, = -(mw?/8)RQu/3R,) + AYAR, . ...1.4.7
But

/AR, = (1/2)[ (dSy/dR,) + (P/6)(dS,/dR,) + -==]

+ (m P70 (/AR cee1.4.8 .

25



Substituting the expression for afb/aR1 into
equation (1.4.6) the following expression for the pressure

is obtained
P = (-Ri/6V)((dSy/dR,) + (uP/6)(dS,/dR,) +
. (uu/72)(dsu/dR1) v 1. vee1.0.9

The pressure P can be calculated using expression (1.4.9) for a
set of near neighbor distances R1. The equilibrium near
neighbor distance R1 can then be obtained graphically by the
intersection of the pressure versus near neighbor distance R1
curves with P=0.0 curve. Actually zero pressure lattice parameter
can be obtained directly from the computer but this requires a lot
of computational time.

C BULK MODULUS

The isothermal bulk modulus, BT, is obtained using the

following thermodynamical expression

Bp = -V(AP/dV) = (-R,/3)(aP/3R,)
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=(R,2/18VI( ((d%S/dR,®) - (2/R,)(dSp/dR,))
2 2 2
+ (u</6)((d S,/dRy ) - (2/R1)(dsz/dR1))
y 2 2
+(u/72)((d%S,/aR,%) - (2/R,)(dS,/dRy))]
+ (R,2/108V) (Qu?/3R, ) [ (dS/dR,) + (u7/6)(dS,/dR,)
4 memooam ]' ’ ...1.“.10
where
Qw/AR,) = -AQ OP/AR),  ...1.4.11
A= (v + (312H/2m) (coth, - 1N1/2w% . ...14.12

The quantity A a function of order u2. Differentiating

092 with respect to R1
AWY/aAR, = (1/3mA)[(dS,/dR;) + (u5/6)(dS,/dR;)

+ Cu'/12)(dSg/aRy) ¢ —= 1, ...1.8.13



Ay = [1 4 (M18m)(Sy + (u2/6)(Sg) + —— 1. ...1..18

D. SPECIFIC HEAT

The internal energy per atom is obtained from the thermo dynamical

expression
U=F +par/ap . cea1.4.15
Differentiating u° and 2 with respect to B,

@ FPAB) = (1/18m QUZABI(S, + (W¥/6)(Sg) + - ]
c 1816

and
@?/3P) = (3 12/2mA[1 - coth®l. ... 1407

and differentiating the expression for the free energy with

respect to P
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QF/ ) = (-3/@)(1n2sinhg) + mP 0?/2B,  ...1.4.18
gives the following expression for the internal energy

U=mu?w?/l s 1. ce 1819

The specific heat, CV’ of the system is obtained by

differentiating U with respect to the temperature T
Cy = (dU/dT) = Ky U/AP)

=Ky WIPQROYP) +2 WP @3B, ...1.4.20

E. COEFFICIENT OF EXPANSION
The coefficient of 1linear expansion, of , at constant pressure
(P=0.0) 1is obtained by the differentiation of the pressure with
respect to temperature, T,
dP/dT = OPF/AVAT -(dV/dT)R%F/v2) = 0.0
or

K = ~((Q°F/AVAT)/3B,)
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= (RiKg $2/9VBLL APF/APAR, 1. ...1.4.21

Differentiating equation (1.4.18) with respect to R, and using

the expression for A from equation (1.4.12) one finds that
FFAPR, = (3 12/8)QAP/ARNIT - coth®]. ...1.4.22

Thus the expression for the coefficient of expansion,« ,

can be written as

- 2 2

Alternatively the coefficient of expansion, & , may also be
obtained by differentiating the expression (1.4.,7) for the

pressure with respect to the temperature, T or /3 ’

A= (KgR, @/108VB.) (@u°/3B)[(dS,/dRy)+(u/6)(dS,/dR,)
+-—-]o -001-"'.2“

These two expressions for o« are equivalent,
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F. GRUNEISEN PARAMETER

The Gruneisen parameter, Y , arises naturally in the discussion of
the thermal and elastic properties of the solids. The simplest
Gruneisen parameter Y (kA ) describes the isothermal volume
dependence of individual normal mode frequency (kA ), and is

usually defined as

YO kA) = -aln[wW(k))1/d(1nV). cees 125
An average Gruneisen parameter, Y, is defined by

Y= (1/3N5)) [-aLn(@(kA))/A(1nV) ]

KA
= (-R,/6W?) A O?/AR,).

The mean square frequency ()2 can be calculated self
consistently and then the thermodynamical quantities such as
pressure, P, internal energy U, specific heat, Cv, etc. can be
calculated with SCAP formalism., Up to now no approximation has

been made to what order of u the thermodynamical properties must

be evaluated. .
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1.5-- Various SCAP Approximations
In the SCAP(1) formalism all the expressions are evaluated to

order u?. The quantities A and au2/aRl are of the

order of u2 the self consistent expressions fornJ? and

u2 can be written as

o =[S, + (W65, 1/3m,  ...1.5.1
u? = (3 cothg V/maw. ce1.5.2

The expressions for the free energy, F, pressure, P, and the bulk

modulus, Br in the SCAP(1) approximation can be written as

F = (3/p)[1n2sinhg ] - (wi)lw? + £, ...1.5.3

0
where
fo = (1/2)[ Sy + (W2/6)S, + (u'/72)5,]. ...1.5.4
P = (-R;/6V)[(dSp/dRy) + (uP/6)(dS,/dR)T ...1.5.5
- 2 2
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+ (U2/6)((d?S,/dR,2) - (2/R;)(dS,/dR,))
+ (R, 2/108V)(QuP/3R T (dS,/dRDT ... 1.5.6
where
@u/aR,) = -AQ W/AR,),
A= [P+ (31eB/am)(coth® - NI/2 W2, ..1.5.7

The quantity A is of thc order of u2. Differentiating
of with respect to R,

WP/, = (1/3mag)[(dS,/dR,) + (uP/6)(d3,/dR,)].
cee1.5.8

Ay = [1+ (A18m)(SD] ...1.5.9

To order u2, the expressions for the internal energy, U,

specific heat, CV' are given by

U= mPW?/4 + (1/2)[8, + (W/6)S, +(u*/72)5,1...1.5.10
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Cy =(-kgf WP @ AP + 28 @PAP].  ...1.5.11
(Qu?/3P) = (3 P2/2mA (1 - cothgl.  ...1.5.12
AWP/AP = (12712802 (1 - cothR)S,. ...1.5.13

The average Gruneisen parameter, ¥,and the coefficient of

linear expansion,o( , are
Y= (-Ry/6Ag)1(dS,/dRy) + (u/6)(dS,/dR,)]

(s, « 2/6)8,17"  L..1.5.14

and

K = (Kghy FH/20B0) (1 - coth)QF/AR)) . .. 1.5.15

B -- SCAP(2)

In the SCAP(2) approximation all the expressions are evaluated to

order uu. To order uu, the self consistent consistent

expressions for u2 and 002 are
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u? = (3 h/mw)cothg, . veee1.5.16

W’

(1/3m(S, + (LP/6)S, + (u*/72)8g] ...1.5.17

Thermodynamical quantities such as the Helmohltz free energy, F,
pressure, P, and the bulk modulus, BT' are given by the

following expressions:

F = (3/p)In2sinhg ) - (wiPw? & £, ...1.5.18
£y = (1/2)0 S5 + (W2/6)S, + (u*/72)8

0= 0 2 4

« W71296)85)  L..1.5.19

P = (-R;/6V)[(dSy/dRy) + (u?/6)(dS,/dR,) +
+ (u*/72)(ds,/dR,)) ce01.5.20
_ (r.2 25 sun 2
Br = (R*/18V)[ ((d°Sy/dR;) - (2/R;)(dSy/dR,))

+ (P/6)((d?S/dR,?) - (2/R,)(dS,/dRy))
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+(u'/72)((a%8,/dR,2) - (2/R,)(dS,/dRy )]

+ (R,%/108V)(Qu2/QR,) [(dS,/dRy) + (uP/6)(dS,/dR,)]
vee1.5.21

where
@u?/3R,) = -AQ WZ/R,),
A= [l + (3 n2A/2m) (coth®, - 1172 W2, ...1.5.22

The quantity A is a function of order u2. Differentiating

w?e

with respect to R1
3WP/AR, = (1/3mAg)[(dS,/dR;) + (u7/6)(dS,/dR,)
+ Cu'/T2)(dSg/aR)]  ..01.5.23

Ay = [1+ (W/18m)(Sy + (WP/6)(S1.  ...1.5.24

The internal energy, U, and the specific heat, CV’
are obtained by the following expressions:
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v=ml?/u 4 1, c0:1.5.25

and

Cy = (Kpff WP QARYRP) + 2F A/3P), ..1.5.26
@0%/aP) = (1/18m) Qul/AB)(S, + (u%/6)(S) ...1.5.27
and
@2/AP) = (3 4°/2mA3)(1 - coth®g].  ...1.5.28
The average Gruneisen parameter, Y, and the coefficient
of linear expansion, & , are given by
Y= (R/6)[ ( 30? /AR 0P 1,
K= (KgRy B2 2 /24BV) (1 - coth®g ) Quf /AR)...1.5.29

C--SCAP(3) OR HYBRID SCAP

All the thermodynamical quantities in SCAP(1) and SCAP(2) are

2, and uq, respectively. The free

2

evaluated to order u
energy F has to be evaluated to one higher order in u” to evaluate
other quantities such as the pressure, P, compressibility X ,

specific heat, Cv, to correct order.
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Thermodynamical quantities can be evaluated which in a sense are
mixture of the two approximations, the SCAP(1) and the SCAP(2).
This approximation is refered as 'SCAP(3)' or 'Hybrid SCAP'. The
average square frequency u)‘ and the mean square displacement

are evaluted as in the SCAP(1) approximation i.e. ,

=
]

(3 n/mw)cothg, , «.1.5.30

g

2 = (1/3m(S, « (2/6)5,).  ...1.5.31

But all other thermodynamical quantities such as the pressure,
P, bulk modulus, Br, specific heat, Cy, coefficient of
linear expansion, € , etc., are cvaluated from the expressions

(1.5.20), (1.5.21), (1.5.26) and (1.5.29) of the SCAP(2) formalism.
Average Quasiharmonic Approximation

In the average quasiharmonic approximation the average frequency
13 does not depend upon u.z. The average square freguency
13 and mean square displacement u»z are given by

W? = S,/3m, cee1.5.32

u = (34 coth(0.5hBR ))/mw .  ...1.5.33
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The expression for the free energy, F, pressure, P, are

=
i

(3/p)lin(2sinh )] + Sy/2,  ...1.5.34

P

(-Ry/6V)[ (dSy/dRy) + (u2/6)(dS,/dRy)T. ...1.5.35
Knowing the expression for the free energy, F, all other
thermodynamical quantities can be evaluated by usual

thermodynamical relations:

Bp = -V(dr/dv),

U=F+ PP,

Cy = au/ar.
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1.6-- COMPARISION GF VARIOUS SELF CONSISTENT
AVERAGE PHONON FORMALISMS

In the SCAP(1) approximation equations (1.5.1),(1.5.2) have
been used to calculate the average square frequency and mean
square displacement. Equations (1.5.3), (1.5.%), (1.5.6),
(1.5.11), (1.5.14) and (1.5.15) have been used to calculate the
free enrgy, pressure, bulk modulus, constant volume specific heat,
Gruneisen parameter and coeficient of expansion respectively.

Equations (1.5.16), (1.5.17), (1.5.18), (1.5.20), (1.5.21),
(1.5.26), (1.5.29) have been used to calculate the mean square
displacement, average square frequency, free energy, pressure,
bulk modulus, specific heat and coefficient of expansion
respectively in the SCAP(2) approximation.

In the SCAP(3) approximation equations (1.5.1) and (1.5.2)
have been used to calculate the frequeny and mean square
displacement self consistently. Equations (1.5.16), (1.5.17),
(1.5.18), (1.5.20), (1.5.21), (1.5.26) and (1.5.29) of SCAP(2)
approximation have been used to calculate the free energy,
pressure, bulk modulus, specific heat and coefficient of expansion
respectively.

In table--1.2 the parameters Ry and € are given that have

been used for calculating the various thermodynamical properties
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of Ar in SCAP, SCP and ISCP formalisms. The parameters of
potential in the SCAP approximation have been chosen to fit zero
pressure, zero temperature lattice parameter and the classical
energy.

The SCP 17,18 and ISCP21 formalisms use interatomic
potentials extending to near neighbor or all neighbors. SCAP
treatment restricts the interaction to two neighbors only. This
requires a change in the values of the parameters RO and €
compared to the values used in the SCP and ISCP formalisms.

The SCP formalism takes into account the contributions from
all the even derivatives of the interatomic potential. Due to the
harmonic averaging process, the contribution from the odd
derivatives of the interatomic potential vanishes. The improved
self consistent phonon scheme includes the contributions from the
odd derivatives particularly the third derivative of the
interatomic potent.ial through three phonon processes. It is known
from the work of Klein, Horton and Feldman9 and Feldman, Klein
and Horton7 that the odd derivatives are of importance and
have significant effect on the results. Thus a meaningful theory
must try to include the effects of the odd derivatives of the
interatomic potential. The inclusion of the contribution of the
odd derivatives to the free energy shows an improved agreement

with the experimental data, compared to the self consistent phonon
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(SCP) theory, in magnitude as well as in the volume and
temperature dependence21. Significant discrepancies still
exist21 but in general ISCP gives better fit to the
experiments both at low and high temperatures. For this reason
ISCP curves have been used as the "Standard Curve" to be fit by

the other theoretical calculation such as SCP and the SCAP.

Figures 1.1, 1.2 and 1.3 show for Ar, respectively, the zero
pressure  isothermal bulk modulus, BT' zero pressure volume
expansitivity and the zero pressure constant volume specific heat,
Cy» using the SCP , ISCP, SCAP(1), SCAP(2), SCAP(3) or the
hybrid SCAP. Since it is known that ISCP gives best fit to the
observed experimental data, therefore, it was appropriate to
compare SCAP(1), SCAP(2), SCAP(3) and SCP calculations to ISCP
calculation., Observations of figures 1.1 to 1.3 clearly show that
the hybrid SCAP is the best fit of the SCP, SCAP(1) and SCAP(2)
schemes. For this reason in all the other calculations the author
has compared hybrid self consistent average phonon calculation
with the experimental results and also with ISCP, It is observed
that the SCP and SCAP(1) and SCAP(2) schemes give almost the same
results in the low to medium range of temperatures. ISCP shows
deviations from these results in the medium range and high

temperature ranges from these approximations.
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It is concluded that the hybrid self consistent average phonon
formalism compares well with the improved self consistent phonon
formalism and it will be seen that it gives very good agreement

with the exporimental data.
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1.7--RESULTS

The calculated results(SCAP3) for the lattice parameter, bulk
modulus ( compressibility ), specific heat, coefficient of
expansion, melting curves etc., are presented. Equations (1.5.1)
and (1.5.2) have been used to obtain the average square frequency

a; and the mean square displacement self consistently.
Equations (1.5.18), (1.5.20), (1.5.21), (1.5.26) and (1.5.29) have
been used, respectively, to obtain the free energy, pressure, bulk
modulus, specific heat at constant pressure and coefficient of

expansion.

A-Lattice Parameter

The nearest neighbor distance R1(T) or the lattice
constant a(T) as a function of temperature for the rare gas solids
Ne, Ar, Kr and Xe has been obtained by calculating the pressure,
P, for a set of nearest neighbor distance. In the present
calculation a set of sixteen such values of R, = 0.98R0 to
1.13Ro has been used. The nearest neighbor distance R1
was obtained by the intersection of and the pressure versus

R1 curves with the P=0.0 curve.
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Computationally, the zero pressure thermodynamical properties
were also obtained when the total pressure P was less than one
bar.

The calculated 2zero pressure, 2zero temperature lattice
parameter for argon is a :5.3124K while the experimental value is
a =5.31125§. In table--1.3 the calculated and the experimental
lattice constant and the relative expansion (4 a/a ), where .aa =
(a(T)-a) are given. [Figure 1.4 shows the calculated nearest
neighbor distance R, , in the SCAP, the SCP and ISCP formalisms
along with the experimental data. The experimental data has been
taken from the work of Peterson, Batchelder and Simmons33 The
lattice constant was measured using a massive single crystal of
argon by means of X-ray diffraction and a large oscillating back
reflection camera. The accuracy of the experimental results was 15
parts per million.

From figure--1.4 and table--~1.3 it can be seen that the hybrid
self consistent average phonon formalism results are in excellent
agreement with the experimental data33. Figure--1.4 also
indicates that the SCAP results are better than those of the SCP
and ISCP.

The calculated zero presure, zero temperature lattice constant
for Kr is a =5.6R61K, while the X-ray measured extrapolated value

is a =5.6u587x. Figure--1.10 shows the results for the nearest
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neighbor distance R1 in the hybrid SCAP, ISCP and also the
experimental values. In table--1.4 the calculated and the
experimental lattice constant and the relative expansion (Aa/a )
are given. The experimental data has been taken from the paper of
Losee and Simmons3u, who measured the lattice parameter on a
large single crystal by X-ray diffraction techniques. Both SCAP
and ISCP predict a higher lattice constant compared to the
experimental result but the SCAP values are slightly closer to the
experimental data compared to ISCP.

Figure--1.16 shows the predictions about the nearest neighbor
distance R, for the Xe as calculated from the lattice
dynamical theories, ISCP and SCAP and also the experimental data.
Table--1.5 shows the lattice constant a(T) and the volume per mole
of the solid. The calculated and the experimental zero pressure
and the zero temperature lattice constant are a = 6.132£’and
6.13ZK respectively. From figure--1.16 and table--1.5 it may be
concluded that the SCAP calculated values are in excellent
agreement with the experimental results given in the article of
Trefny and Serin35, over the entire range of temperature, low
to high up to the melting point.

In figure--1.22 the ISCP and the SCAP results for nearest
neighbor distance R.(T) for Ne has been compared with the

experiments. The experimental values have been taken from the
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article of Batchelder, Losee and Simmons36. In table--1.6
calculated and the experimental results for the lattice constant
and the relative expansion (aa/a ) are given. Table--1.6 and
figure-~1.22 show that, as with other rare gas solids Ar, Kr and
Xe, the calculated values for Ne are in very good agreement with
the experimental work36.

The nearest neighbor distance or the lattice parameter
obtained by the self consistent average phonon formalism are in
much better agreement with the experiments over the entire
temperature range, compared to the SCP results for neon. It
appears that the SCP results were not matched to the low
temperature data. If they were, perhaps the results would not be
very much different.

Neon being the lightest of all the rare gas solids which have
been considered here, therefore, it is expected that it will have
large quantum effects. This is 1indeed the case. The quantum
corrections are more important at high temperature and expanded
volumes. It is observed that the deviation between the SCAP
calculation and the experimental values increases as the
temperature rises. For neon there is poorest fit of all the rare

gas solid crystals consisdered here.
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B-BULK MODULUS

Calculated values of the isothermal bulk modulus, By, using
SCAP(1), SCAP(2), SCAP(3), the SCP and ISCP formalisms are shown
in figure--1.1. From figure--1.1 it is observed that the hybrid
SCAP values are quite close to the ISCP values which are chosen as
a standard to be fit.

Figure--1.5 shows the zero pressure bulk modulus, BT,
obtained by SCAP(3) and the ISCP formalisms along with the
experimental du*a for Ar. The experimentul data has been taken
from the paper of Peterson, Batchelder and Simnons33 who
measured the compressibility X = 1/BT by X-ray
diffraction techniques. In table--1.7 the calculated and the
experimental compressibility for Ar are given., At low to middle
range of temperatures, SCAP results are in very good agreement
with the experiments. At high temperatures near the melting point,
the results are about 10-15% lower than the measured values.

From figure--1.5 it may be observed that ISCP values are close
to the experimentally observed values at low and high temperature
ranges. ISCP results are about 10% off in the middle range of

temperature,
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At high temperatures the SCAP bulk modulus is about 10-15%
higher than the observed valuves. This suggests that at high
temperature the hybrid SCAP scheme does not take anharmonicity
into account properly. This may be considered as a failure of the
SCAP approximation to account for the anharmonicity satisfactorily
of a perfect crystal or it is just possible that the deviation
from the high temperature experimental data may be due to the
imperfections in the crystal. Imperfections, particularly
vacancies modify the interatomic potential. Thus the volume and
the temperature dependence of the average phonon frequency and
hence the free energy is modified. SCAP formalism does not include
the effects of an imperfection. A physically meaningful tneory,
near the melting point must try to include the effects of the
imperfections.

For Kr, the zero pressure isothermal bulk modulus, B,
calculated by the SCAP and the 1SCP approximations along with the
X-ray measured data of Uras, Losee and Simmons32 are shown in
figure--1.11, Table--1.8 shows the calculated and experimental
data for Kr. The results are similar to that for Ar. The
calculated values are about 10% off the experimental values. At
low and high temperatures the ISCP results are better than the
SCAP results, on the other hand, in the middle temperature range
SCAP results are sligtly better. Over all, the self consistent
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average phonon scheme gives very good agreement with the observed
values.

At high temperatures, near the melting point there is
experimental evidence that vacancies are formed as reported by
Losee and Simmons3u. If the vacancies are present, the bulk

compressibility differs from the perfect crystal isothermal

compressibility:
X=X +nvH3v, Ky T

where n is the concentration of the vacancies, vfis the volume
of formation of a vacancy, %‘is the volume per atom. If vf =
Va s

X = XO"'nva/KBT
and at temperatures near the melting point, the vacancies
contribute as much as 10% to the isothernial compressibility. This
contribution is due to the pressure dependence of thé vacancy
enthalpy. If this contribution is taken into account, the
corrected bulk modulus will be in very good agreement with the
experiments.

A physical description of the lattice dynamics must try to

include a prescription to deal with the anharmonic effects arising

from the imperfections in the crystal. It will be a worth while
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effort to include the corrections to thermodynamical properties
due to the imperfections. These imperfections will modify the
average phonon frequency and therefore the disagreement between
SCAP and the measured values must be taken with some reservation.

Figure--1.17 shows the predictions about the bulk modulus
(compressibility) for xenon using SCAP and the SCP theories and
also the experimental data from the article of the Trefny and
Serin35.

They actually took the compressibility data from the paper of
Packard and Swenson37. At low and high temperatures ISCP gives
better results compared to SCAP and in the middle range of
temperatir @ SCAP does better than ISCP. This has been the case
with Ar and Kr also. From table--1.10 it can be seen that the SCAP
bulk modulus is 36.34 kbar and is in excellent agreement with the
measured value 36.0 kbar but at higher temperatures, near the
melting point, the SCAP values are poor.

In the case of krypton there is experimental evidence of
vacancy formation3u and the law of corresponding states3u
suggests that the contribution from such imperfections is not only
important for Kr but also for other rare gas crystals, namely, Ne,
Ar and Xe. At high temperatures the measurements are really
performed on imperfect crystal. Hence the high temperature

disagreement between the calculated values and the experiments may
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be due to lack of taking into account the contribution from the
vacancies etc., to the free energy.

Figure--1.23 shows the isothermal bulk modulus, BT' for
Ne, obtained by the use of the lattice dynamical theories such as
SCAP and SCP . Due to lack of the experimental data, complete
comparison between theories and the experiments could not be made.
Figure--1.23 shows the experimental results of Stewarts38 at
4.2 K. Within experimental deviation both SCAP and the SCP match
the experimental data. In table—1.11 the calculated values of the

compressibility (bulk modulus) are given.
C-SPECIFIC HEAT

Figure--1.3 shows the constant volume specific for Ar in
SCAP(1), SCAP(2), SCAP(3), the SCP and ISCP approximation schemes.
SCAP(1), SCAP(2), SCAP(3) and the SCP results are almost the same
and lower than that of ISCP. Figures --1.7 and 1.8 show thz
specific heat at constant volume and pressure respectively.
Table~-1.12 shows the constant volume specific heat for Ar. Frcm
these figures one can see that in general ISCP results are better
than those of SCAP and the SCP compared to the experiments. The
experimental values were taken from the article of Beaumont,

Chihara and Morrison37 and Flaubacher Leadbetter and
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38 respectively. The discrepency between SCAP and the

Morrison
experiments increases with the temperature.

Figures --1.13 and 1.14 show the predictions of the SCAP and
the ISCP formalisms about the specific heat at constant volume and
constant pressure for Kr respectively. These results are compared

4 and Uras,

to the experimental data of Losee and Simmons3
Losee and Sinmons32 Again both the SCAP and the ISCP agree
qualitatively with the experiments with ISCP doing a slightly
better job.

In figures --1.18 and 1.19 Cv versus T and CP versus
T curves for xenon are shown. The experimental values are from the

lu1 and Trefny and Ser1n35.

work of Crawford and Danie
Again the behavior is similar to that for Ar and Kr. The values
are about 10-15% off the experimental values.

Values of the constant volume and constant pressure specific
heat for Ne from the present work i.e., SCAP are shown in figures
1.24 and 1.25 respectively. The values of Cvare also tabulated in
table--1.14 .The experimental data for Ne has been taken from the
paper of Fenichel and Serinuz. As can be seen from these
figures and table--1.14 neon gives the poorest fit of all the
rare gases solids. This poorest agreement between the SCAP and the

experiments for neon is not surprising becéuse of the light mass

of the neon atom. The lighter the mass the larger is the quantum

53




correction. Thus the SCAP approximation does not provide a very
accurate description of "very quantum crystals" such as Ne and He.

D-COEFFICIENT OF EXPANSION

In figure--1.6 the SCAP, the SCP and ISCP results for argon
are compared to the experimental results of Peterson, Batchelder
and Simmons33. The calculated coefficient of volume expansion
and the experimental values are listed in table--1.15 for argon.
From figure--1.6 it may be noted that ISCP gives good results at
low and high temperatures where SCAP does not give results as good
as ISCP, On the other hand ISCP results deviate from the
experiments in the middle range of temperature where SCAP gives
some what better results.

At high temperature there is experimental evidence of vacancy
formation. The formation of vacancies increases the volume
expansitivity. For Kr lLosee and Simmons3u have estimated that
the compressibility increases by 10% near the melting point. On
the basis of 1law of corresponding states it is expected that
similar reéults hold good for Ar and the other rare gas crystals,
Thus the high temperature disagreement between the SCAP calculated
values of expansitivity and the experiments may be due to the
neglect of accounting for the contribution of the vacancies and

the other imperfections.
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Figures --1.12, 1.20, 1.26 and tables --1.16, 1.17, 1.18 show
the results of the present work for the volume expansitivity of
Kr, Xe and Ne respectively. The results are similar to that for Ar
i.e., at 1low and high temperatures ISCP gives better results and
in the middle range of temperature SCAP results are some what
better. For neon the fit is found to be poorest of all the rare
gas crystals considered here which reflects the very quantum

nature of neon.
GRUNEISEN PARAMETER

The Gruneisen parameter, Y, has been calculated for the rare
gas solid crystals Ne, Ar, Kr and Xe. The calculated values for Ne
at 0 K and 23 K are 2.459 and 2.079 respectively are in very good
agreement with the SCP values 2.465 and 2.086 respectively The
SCAP calculated Gruneisen parameter for Ar at O K and 80 K are
2.925 and 2.167 respectively. These values are also in very good
agreemcnt with the SCP?2 results 2.853 and 2.083 respectively.

The agreement between the SCAP results and the experimental
data for Kr and Xe is very good as can be seen from tables--1.19

and 1.20 except at very low temperatures.
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MELTING CURVES

The pressure along the melting line is a useful relationship
for testing an equation of state for a solid. Excellent results
have teen obtained for Ar and Kr as can be seen from figures 1.9
and 1.15. The ratio, root mean square displacement to the nearest
neighbor, the Lindemann parameter was assumed to be independent of
pressure at the melting point. The Lirdemann parameter has been
chosen from the zero pressure *valué Yt the known melting point. It
was found that for Ar, Kr and Xe the Lindemann parameter L=0.081,
descticed  the experimental data very well. For Ne L=0.091 was a
good choice.

For Ar and Kr the agreement between the experiments and the
calculated values was found to be excellent as can be seen from
figures 1.9 and 1.15. A recent study of melting curves on Xeu3
shows that the experimental values are in very good agreement with
the values predicted by SCAP formalism. But for Ne the agreement
with the experiments is not as good as with Ar and Kr.

It is of interest to see how well the Simon equa'oion“3
can be written in the form

P+ac= a(T/To)c.
where a and ¢ are constants to be chosen and To is the

temperature of the triple point.
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To compare with the Simon equation, curves were plotted in the
form P+a versus T. The values of a were chosen to give an
approximately linear curve on a log-log plot. The chosen values
are given in table 1,1, which gave linear graph over the available

data.
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CONCLUSION

Starting with the self consistent phonon formalism, which has
proved to be very useful in describing the anharmonic
contributions to the lattice dynamical properties of solids, a
self consistent average phonon formalism has been developed.

The crystalline solid is described in terms of an average
frequency which has to be calculated self consistently. The self
consistent condition was obtained between the average square
frequency ua and the mean square displacement u2.
Considering the system to be descriable in terms of an average
frequencyLJZ, the free energy F, and all other thermodynamical
properties of the system such as pressure, compressibility,
lattice constant, specific heat, melting curves etc., were
calculated for the rare gas solids Ne, Ar, Kr and Xe.

Using the emperical potential of the Lennard - Jones type the
equation of state and the other thermodynamical properties of the
inert gas crystalline solids were calculated. The SCAP calculated
results have been compared not only with the experiments but also
with the more detailed calculation such as the improved self
consistent phonon approximation, since in general ISCP, which
utilizes the full phonon spectrum, gives better agreement with the
experimental data over a wide range of temperatures. The agreement

with the experimental data and the SCAP calculated results has

been found to be very good in general.
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The SCAP formalism describes thermodynamical properties of the
inert gas crystals very well in the low and medium rarge of
temperatures. At high temperatures there are still discrepancies
which may be taken as a failure of the SCAP formalism for not
accouﬁting for the anharmonicity of a perfect crystal or it may be
due to the imperfections in the solids or it may be due to the
lack of knowledge of the crystal poential. In pratice the crystal
is imperfect at temperatures near the melting temperatures. The
contribution due to the vacancies, dislocations, fractures and the
surfaces are important. The effects of the imperfections have not
been taken into considerations in the present analysis.

This investigation clearly showg the usefulness of the
simplicity of the self consistent average phonon formalism
developed here. It was worthwhile to extend the SCAP formalism to
more complicated solids. An attempt has been made to study an

ionic solid. This is discussed in next chapter.
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2.1-~INTRODUCTION

The theoretical study of ionic crystals was initiated by
M.Bornuu. M.Born proposed that the ions could be regarded
as point charges. The cohesion of the system is by the coulomb
interaction between the ions and the crystal is stabilized by the
short range interaction. Such a rigid ion model has been used by
several authors.

In 1940 Kellermanus applied Born's rigid ion model to
obtain the phonon frequencies of the ionic crystals, particularly
NaCl. The rigid ion model was further eloborated by Fumi and

46 and Tosi and Fumiu7. Cowleyue’ug

Tosi
applied quasiharmonic and perturbation theory to a model of
NaCl, and from this study it may be concluded thatso the

quasiharmonic approximation was useful up to 30% of the melting
temperature and that perturbation theory gave good results up to

o1 calculated

80% of the melting temperature. Later Karo
the dynamics of the alkali halides when the experimental data
became available. The theoretical results were in qualitative
agreement with the experiments. Inadequacies of the rigid ion
mcdel lead to the proposal of two simple models, namely, the shell
model and the deformation dipole model. The displacement of the
ions from the equilibrium position destroys the high symmetry at

the lattice sites. This leads to the appearance of dipole and
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quadrupole moments at the lattice sites. A shell model was used by
Dick and 0verhauser53 to calculate the phonon frequencies

of Nal. Wood et al.,Su studied Nal and KBr. Later Cowley

et. al.,55 incorperated the non central forces into the

shell model.

Hardy and Karo56

proposed a deformation dipole model.
Karo and Hardy57 applied this deformation dipole model to
an investigation of the phonon spectrum and other properties of
the alkali halides. The agreement was found to be very good with
the experiments. The detailed description of the model and its
applications are giver in a recent book by Hardy and
Karo>?,

The equation of state of the crystal such as NaCl has been

60

investigated by several reseachers. Barrons and

61 used the Kellerman model to calculate the 1low

Blackman
and the high temperature Gruneicen parameters. Using the
quasiharmonic model and the Born-Mayer repulsive energy

62 obtained an equation of state valid up to high

Decker
pressures. Robert and Ruppin63 calculated the Gruneisen
parameters form the thermodynamical data.

By expanding the free energy in terms of a strain parameter
Hardy and Karo58 have made a self consistent calculation

of the thermal expansion, heat capacity and the Gruneisen
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parameters of the alkali halides(NaCl, KC1, RbCl). Also

64-66 obtained an equation of state for NaCl and KCl

Boyer
using the expansion of the free energy in the quasiharmonic
approximation. His predictions about the relative expansion and
the compressibility(at room temperature 293 K) are quite good. But
the lattice parameter is consistently higher than the experimental
values and the discrepancy increases at higher temperatures. Boyer
has predicted a lattice instability BT=::> 0 as a possible

cause of the melting. The critical temperature TC at which

BT::=> 0 is quite near the melting temperature Tm

of NaCl and KCl. It is this closeness between the critical
temperature and the melting temperature which lead him to suggest
such an instability as a possible cause the melting.

Self consistent phonon(SCP) and the improved self consistent
phonon (ISCP) formalisms have proved to be valuable in predicting
the anharmonic contributions to the thermodynamical properties of
the rare gas crystals‘7'22. This procedure requires a
great deal of numerical calculation for each mode k and a set of
volumes and temperatures. In the calculation of the
thermodynamical properties such as the pressure, P, etc., the
details of the phonon dispersion is averaged out. Therefore an

attempt was made to develop the self consistent phonon formalism

in terms of an average phonon frequency and such a self consistent
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average phonon formalism turned out to be successful in predicting
the properties of the rare gas crystals Ne,Ar, Kr and
Xe29126

The unit cell of a rare gas solid crystal is a primitive cell
i.e., it contains one atom per unit cell. The self consistent
average phonon formalism was extended to nonprimitive lattices. If
the unit cell contains two atoms per unit cell then there are six
modes for each wave vector k. Three of the phonon modes are the
acoustic modes and the other three are the optical modes. For a
crystal with N, cells two kinds of averaging processes are
defined:

(a) An average phonon frequency < uJ2> over all the

6No modes can be defined as

< w2 - (1/6No)Xz3(k/\), a2,
KA
where ')=1, 2, 3 (acoustic modes) and A=4, 5, 6(optical
modes) .In this case it is found that the coulomb interaction does
not contribute to the average phonon frequency <ad2> the sole
contribution comes from the short range part of the
interaction67. The coulomb interaction of course contributes

to the free energy through the average interaction energy.
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(b) The averaage acoustic frequency < 0’2>a and the

average optical frequency < 602>p can be defined

separately:

3
<w?>, = w? = (SNO)"%U?(RA) 2,122
=1

<c.>2>p = w2 (3N0)"iw2(kx) vee2.1.3
kA=u
Now the free energy has contributions from the acoustic and the
the optical phonon frequencies separately.

A first principle calculation has been performed to obtain an
equation of state and the other thermodynamical properties for
sodium chloride, using the Gordon and Kim potential72.

Several years ago Gordon and Kim developed a theory from which
reliable pair potential for a closed shell systems can be
calculated from the charge densities of the free ions. Gordon and
Kim expressed the ground state energy in terms of the charge
density of the system, as if it were a free electron gas. This is
a parameter free calculation in the sense that no experimentally
determined thermodynamical quantities such as the 1lattice
parameter, cohesive energy, compressibilty etc., have been used to
find the parameters in the repulsive part of the interaction

energy.
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To the author's knowldge this is the first self consistent
phonon, first principle, extensive calculation of equation of
state for NaCl. The self consistent average phonon equation of
state results are compared with the experiments as well as with
the quasiharmonic (non self consistent) calculation of
Boyer6u'66. It 1is found that the self consistent average
phonon equation of state for NaCl is quite different from the
quasiharmonic equation of state. It is found that BT===>O
instability occurs at temperatures much higher than the
experimental melting tcmperature and thus lies in the unphysical
region. Applying of the quasiharmonic and perturbation theories to
NaCl, Cowley'®'"9 has found that the quasiharmonic
approximation overestimates the vibrational pressure. Therefore it
is difficult to Dbelieve that such a lattice instability
BT=:=>0 is the cause of the melting. Further, at the
experimental melting temperature Tm the compressibility

'X=1/BT is finite, not infinite as suggested by the 1lattice
instabillity, in agreement with Jackson and Liebermann73
who argued that the shear modulus is finite at the melting.

Inclusion of the anharmonic effects 1lowers the thermal (or
vibrational) pressure. This in turn will raise the critical
temperature Tc, the temperature where the lattice

instabilty BT===>0 occurs and will be higher than the

65



prediction of the quasiharmcnic results. Thus, the lattice
instability will set in at a temperature higher than the actual
melting, a region which can not be reached experimentally.

For a complete analysis of the system's thermodynamical
properties anharmonic effects must be included. The cause of the
melting is still an open question, whether the lattice instability
BT===>0 or any other lattice instability or the
imperfections in the solids such as the vacancies, dislocations,

cracks etc., are really responsible for the melting of the solid.
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2.2-~INTERATOMIC POTENTIAL

The ions of a crystal interact with one another through the
long range coulomb interaction and the short range repulsive

44 of ionic

interaction. According to the Born theory
crystals, the lattice sites are the ions with unit charge positive
or negative. The binding of the crystal is due to the long range
coulomb interaction between the ions and the crystal is stabilized
by the short range interaction which arises due to the distortion

of the electronic states of the ion. In the rigid ion model the

potential energy of the crystal system is

= (172) S eye /(r(NY,PM) + v_, ..2.2.1
Yy sr

v
NP

where the first term is due to the coulomb interaction and the
second term is due to the short range interaction and r(Nv,Prr) is
the distance between the ions Nv, PW.

Several years ago Gordon and Kimﬂ

2 developed a theory

from which a realiable pair potential for a closed shell system
could be calculated from the charge densities of the ions. Such a
charge density was calculated without any experimental data of

64-66

thermodynamical nature. Recently Boyer obtained an

equation of state of the alkali halides in the quasiharmonic

67



approximation using the Gordon and Kim potential. Boyer has
emphasized the first principle nature of his calculation because
the input data wused in calculating the potential were of a
fundamental nature such as the electronic charge, mass and the
Planck constant etc. No experimentally measured quantities such as
the lattice parameter, cohesive energy etc., were used. Boyer

expressed the short range potential in the form

M.

Vsr(r) = A“exp(-B“ r)o 00-002-202

8
L\
L

This short range: potential has ccncributions from the (a)
short range coulomb, (b) kinetic, (c) exchange and (d) the
correlation interactions. The values of the constants A and B have
been listed in the reference66.

The potential energy per molecule of the crystal is

Y4 Yy
4_} = -°6 ez/R1 + 6;’A‘exp(—!§‘R1) + 62;?‘_exp(-B,.R2),
i} T L2243

where R1 and R2 are the near neighbor and the next

near neighbor distances, respectively and OQ) is the
Madulung constant. Here the interaction between the Na-Na ion has
been neglected but the NaCl(near neighbor) and Cl-Cl(next

neighbor) interactions are included.
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The purpose of the present work is to obtain an equation of
state for the ionic crystals, particularly sodium chloride using
the method of self consistent average phonon approximation, which
was developed and applied successfully to obtain equation of state
for the rare gas solids Ne, Ar, Kr and Xe25'26.

Use of the Gordon and Kim potential gives the author an
opportunity to compare the self consistent average phonon results
not only with the experiments but also with the quasiharmonic
results. It is observed that there are some significant
differences between the quasiharmonic and the self consistent

average phonon equatinng of state.
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2.3--SCP FORMALISM

A perfect crystal of point ions is considered with two ions
per unit cell and N cells. Let R(NY) be the equilibrium position
of the ion (NV),

R(N ) = R(N) + R(¥), eee 2.3.1
where R(N) 1is the position vector of the cell N and R(¥Y ) is the
position of the ¥ th type of the ion within the unit cell. Now if
the ion is displaced from the equilibrium position, the displaced
position of the ion is given by

r(N?) = R(NY) + u(Nv), eee 2.3.2

where u(Nv) is the dynamical displacement of the ion from the
equilibrium position R(NY),

For a central pairwise interaction, the potential energy of

the crystal can be written as
é - (1/2)2V(P(NV,PI')), 000020303
NP
F(NV,PT) = r(Pr) = r(NY). ... 2.3.4

The Hamiltonian, H, of the system can be written as

H=D (/2m)lp 1P + F , ... 2.3.5.
INY
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where m J is the mass of theyth type of ion (¥ =1 for sodium and
Y= 2 for chlorine) and gt(N*) is the i-th component of the momentum
of the y-th ion in the N-th cell. Expanding §? » using the

static equilibrium condj.tions31
P = F + L1/2D) %g%j(uv.m ug (N9 v, (P

R (1/3:)Z;i’)kwv,pn,or)u‘(un u; (PP u, (@P)
)

np
VP
+ etc., 1, eeee2.3.6
where
&, awpm) s PuRu (N (Pm,  L..2.3.7

W, PT,0P) = B/, (N (PR (QP),  ...2.3.8
etc.

In the harmonic approximation, the second order terms in the
displacement are kept and the other so called anharmonic terms
depending upon u3,u“, etc. are neglected. The

coefficients 1J(N')',Pﬂ') are called the harmonic force

constants.

I



The effective harmonic energy ﬂ is introduced and the

Hamiltonian can be written as

H=H + (- 8§), ...2.3.9

where

0= 2 G, them utiugem ...2.3.10

t)
5,
NP
is the effective harmonic energy and the effective harmonic

Hamiltonian, Hh , is

H =Zv(;/2m,)[p1(Nv)]2 «1/2) 2}: Q Wy, pau (W (pm.
1

yw
~P oou203o11

In the harmonic approximation the thermal or harmmonic average of

free energy F is defined by
CF>=Tr(f (H+ @ln£), ...2.3.12

where the angular braket <{-——--> denotes the harmonic average and

fh is the harmonic density matrix

£ = ¢ N Cexn(-p ), v 2.3.13
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Co = Tr [exp("'Plh)], v 203.1“
where 3= 1/KgT, Ky is the Boltzmann constant.

The displacement - displacement correlation function

d1 3 is defined by
dij(NV,Pﬂ) = < uy(NY) uJ(Pn? de  ees 2.3.15

To find the effective harmonic force constants qJ(Nv,prr)
a variational principle 1is used in which the force constants
Sﬁj(uv,m and the displacement-displacement correlation
function di J(N1’ yPT) are regarded as the variational
parameters. The minimization of the free energy with respect to
%J(NP) and d4 j determines the effective or optimum force
constants. The effective force constants ﬂij(NV ,PT) may
also be obtained by the use statistical perturbation
theor'y68 such that the effect of perturbation on é—- )
is negligible. In both cases it is found that the optimum values
of the force constants must be determined by the harmonic or the
thermal average of the second derivatives of the crystal potential

1.3-,
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eiJ(NV,Pn) = <32v/au‘.<~v) Qu;(Pm >. ... 2.3.16

Due to the thermal averaging of the second derivative of the
crystal potential, the force constants ﬁij(NV,Pn') are
temperature dependent. On the other hand the quasiharmonic force
constants‘iiJ(NV,Pﬂ') are temperature indpendent. This
results in a significant difference between the self consistent
phonon and the quasiharuionic approximations. The SCP frequencies
are temperature and volume dependent. Because of the self
consistancy between the frequency «WP(kA) and the mean
square  displacement 2NV )>, thc SCP frequencies

F(KA) are higher compared to the quasiharmonic
frequencies, The effect of the temperature is particularly
important at temperatures near the melting point. At  high
temperatures in the quasiharmonic approximation very large ionic
excursion from the mean position are obtained but in the SCP
formalism the ionic excursion is limited due to self consistancy.

This results in important differences between the two approaches.

In the harmonic approximation, the partition function

Zh is

Z, = Trlexp(- ﬁHh)], eee2.3.17
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the harmonic free energy Fh is
F,=-7 1nz
h="f£ h
= <CH o+ ‘,1 Inf >. .e.2.3.18

The crystal free energy F, in the harmonic averaging approximation
is

F:th}(%-B)h. 1002-3019

To diagonalize the harmonic Hamiltonain Hh the

transformations are defined as

ug (D) =) GvaNgn, WA 72 exp(1 k- R(NW))
-~ ka

(AGA) +ff ()] w kN ... 2.3.20
and

3 (W) = (B /.’:*Nom,,co(kz\))v2 exp(1 k-R(NY))

o AT (k) - AGA)] wVkd), ... 2.3.21
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where Kf(kA) and A(kA) are the creation and the destruction
operators of the phonons of mode kA. The position and the momentum

operators satisfies the usual commutation relations
[u (W), uy(PM] = [u (W), Uy(Pm)] = 0, ...2.3.22
[ug (N, y(Pm] = (itvm) & 5 &8 ..2.3.23

Using the transformations (2.3.20) and (2.3.21) the harmmonic

Hamiltonian reduces to

Hh :z_hh’(k,\)[ A+(kh) A(kd) + 172 1. ... 2.3.24

KA
The eigenvalues are obtained by the diagonalization condition
- wt M-

[uf (DE o 4 KON Okm) wTkeD]=0.0,  ...2.3.25
where
My (V) = (m,m)~ /2 % § (0%, Pexp(1kR(0¥,PT)].  ...2.3.26

The dynamical matrix Mij(v’kno isa6 X 6 hermitian

matrix For each wave vector k there are six characteristic modes (
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A=1, 2, -- 6). Three of the modes are the acoustic phonon modes (
A= 1, 2, 3 ) and the other three modes are the optical modes (A= 4,

5, 6 ). The phonon occupation number is

< A > = lexp@raaem - 1171 & 8y, ...2.3.27

’

< A (kA)A (kls >=L kaA)‘&kk) >=0. eee 2.3.28

Using equations (2.3.27) and (2.3.28) it is found that in the self
consistent phonon approximation, the displacement- displacement

correlation function dij = < ui(Nv) uj(Pr)> is
dyy = (gmm)/2 %m coth(F(kA)/2 (k)]
e [exp(ik-R(NY,Pm)] wi'(VkA)wj(ﬂ'kA) vee2.3.29

In the self consistent phonon approximation the mode
frequencies cdz(kA) from equation (2.3.25), the force
constants 913(N1),Pﬂ) from equation (2.3.16) are evaluated
self consistently through the use of equation (2.3.29). This
procedure requires extensive numerical iterative calculation of

ﬁ(k)),gij(Nf,Pﬂ) and dij for each wave

vector k and a set of values of volume and temperature to obtain
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volume and temperature dependence of the eigenmodes which
ultimately determine the dependence of the free energy on volume
and temperature.

To evaluate the thermodynamical quantities such as the
pressure, P, of the system a sum over the phonon characteristic
modes has to be performed. In such a summation the details of the
phonon dispersion are averaged out. This suggested that a self
consistent theory may be developed in terms of the average phonon
frequency. Such an approach was useful in predicting an equation
of state for the rare gas solid crystals Ar, Kr, Xe and
Nezs’26 and the other thermodynamical properties.

The self consistent average phonon formalism is now extended
to solids which are non primitive. The thermodynamical properties
of the ionic crystals, particularly sodium chloride, will be
studied. For NaCl the self consistent average phonon scheme may be
formulated in two ways. In one of the schemes a single average
square frequency cd? is defined over all the six modes,

acoustic as well as the optical modes i.e.,

W = Wf = (NI SR, ...2.3.30
kA

This scheme will be referred as the single frequency self

consistent average phonon approximation. In the second of the
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schemes, two average square frequencies are defined corresponding
to two distinct kinds of phonon modes, the acoustic and the
optical modes. The average square acoustic frequency ai; is
defined by

3

<w?y = W’ % (3N0)“;__w2(ka) cee2.3.31
=l

and the average square optical mode frequency &ﬂf is

defined by
¢
3 Ay 2
<w2>’_b;p - ij (3Ng) )Z“_—:, (KA.  ...2.3.32

The second of the schemes will be called the two frequencies self
consistent average phonon formalism.

The free energy Fgop in the self consistent phonon

formalism is
Fsep = o %[lnmSinhé‘(kA)] - [(hW(kA)/4)coth(3(kA))]]

+ <§ >h, 0-02.3033

where

(kN = 0.5 w(kD.
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The internal energy U of the crystal system is

v =Z-:w(k7«)/u>cothq(k/\) + <P L2.3.3
R

The self consistent phonon free energy FSCP has

contributions from the even derivatives of the interatomic
potential. Due to the harmonic averaging with respect to the
effective phonon modes, the contribution frcm the cdd derivatives
of the interatomic potential vanishes. In this way the self
consistent phonon formalism only partially takes into account the
anharmonicity. Improvement to F can be made by including the
contribution froem the odd derivatives by ordinary perturbation

theory.
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2.4-- ONE FREQUENCY SELF CONSISTENT
AVERAGE PHONON APPROXIMATION

The average square frequency (.; over all

6N0 modes is defined by
w2 = (6N ! 2(kN) 2.4.1
- 0 % w . ev el eV,

The sum of the eigenvalues of the dynamical matrix

Mij(Yﬂk) is the trace of the matrix M i.e.,
2 WAKN) = Tr M. ...2.8.2
A
Using (2.3.26) one obtains
Tr M =2 M) = (mm)™2) 6, (ov,pm)
1 tP
[exp(ik-R(OV,Pm)]. eee2.4.3
The equation (2.4.1) can be written as
W = (1/6) 2 6,.(0¥,00)/m,

Ty
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/
= 176 ) 2_ 6 0%pm/m, . 2.0
TYPI
For a central pairwise interaction the potential energy of the

system is

P = (1/2)Zv(r(Nv,Prr)). vee2.4.5
YT
NP
For such a potential, the mean square fr'equencyw2 is
R
w7 = (1/6) ST < (r(0v,P))>/m, cee2.4.6
1Y P
where the derivatives are to be evaluated with respect to the bond
length r(uv ,Pr) = r(Pm) - r(0v). There are six near neighbors
and twelve next near neighbors in the sodium chloride structure.

The equation (2.4.6) reduces to
WPz (1/myat/my)< §Pv(Na,C1)>s2/my< PY(CL,CD)>, oo 20T

where v(Na,Cl) is the interaction between the sodium and the
chlorine ions, v(C1,Cl) represents the interaction between the

Cl1-Cl ions. The potential energy of interaction for a crystal with

No unit cells ( or per molecule ) may be written as
7] ]

vz Nyl («e?/R,) +i§'6exp(-BdR1) +)Abexp(-B.R,) ],
of=! =
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where of o 18 the Madelung constant and Ry is the near
neighbor distance i.e., the distance between the sodium and the

chloride ions. The displacement-displacement correlation function

d1J is given by equation (2.3.29)

d; = (Mgmm) Y2 T [h coth(4(kM)/2 @ (kN)]

ij 77
Lexp(ike-RON%,PA)T w; "G (TKA) . +0.2.8.9

In the self consistent average phonon formalism all the mode
trequencies are repleced by the average frequency W . Further
using the orthonormality and the completeness relations of the

polarization coefficients
S w kN w0k = & 4
- wi wi( kA) = »)I’ 00120 .10
Y
»
2 Wy Okd) W (TkA) =$iJ dp  eee2.8.10
A
one obtains

< ug (W) uy(Pm> = (*h cothg /2my & ) &5 dyp vm-
ee2.4,12
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The displacement-displacement correlation function between

sodium and chlorine ions can be written as
U2(NaC1)=‘Z<(u1(O,Na) - uy(p,c1N?

= U%(Na) + U2(C1)

= (3 cothg /2u@), ...2.4.13

where A4 is the reduced mass

Aem e,

my= mass of the sodium ion,

m,= mass of the chlorine ion,

U2(Na) = mean square displacement of sodium ion,
U2(Cl) = mean square displacement of chlorine ion.

and the mean square displacement of the chlorine icn is given by
WP(C1)=) (1/2)<(u;(0,CL) - u, (P,C1)P>
¢
= (3N coth?‘/Zmzu? e o..2.4.18

The harmonic average of the interatomic potential energy between

the ions (0¥) and (PT) is

84



<(r(OY,PM)> = [ v(r(0%,Pm) + 172 3 <u2(0¥,Pm>
[3

. '32v/3u?1(01) JPr) 4+ -

000201"015

Now Lhe derivatives are evaluated with respect to the bond length

r(0Y ,Pm). The effective interaction between the Na and Cl1 ions

(near neighbcr, short range ) may be written as

<v(Na,CL)> = [ Sy + (FP(NaCL)/6)S, + (UM (NaC1)/72)8,

+ (“6(th(:] o "12‘)6)36 T

where 4
Sp = v(Na,Cl) =o(Z‘Aa‘ exp(-B“R1),
21

S, = \72 v(Ma,C1)

y

=) A (B,
A=

2
- 2 B,/R)exp(-B/Ry),

Sy= ()2 v(Na,Cl)
y

n
=78, B - uB3/Rexp(-BR).
K=1
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The thermal average of the interaction energy between the

chlorine- chlorine ions ( second neighbor interaction ) is

<w(C1,C1)> = [ Fy + (LP(C1I/3IE, + (UHCL/1BIF,

+ (b(c1)/162)F 4+ ---1, .ol 2.4.17
where Y
Fo = v(C1,C1) =ZA‘_exp(-B,_R2),
d‘;l
¢ 2
.= o v(C1,C1)

4
2
=) 882 - 28 /R)) exp(-§.R,),
o=

F, =( )2 v(c1,cD)

Yy
=2 A (B} - 4B_3/R )exp(-B_R,)
vl « (T2 eXPR=RFo

Now the harmonic average of the potential energy of the crystal

becomes

<P o= Ngl- (e®/R)) + 6<u(Na,CL)> + 6<v(C1,CL)>]. ..2.4.18

In the harmonic averaging approximation
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Ffaz 1 Z’z 1n[2sinh(Z(kA)]. ...2.4.19

Using equations (2.4.18) and (2.4.19), neglecting the Na-Na

interaction, it is found that

Fsep = P ikl)\ [1n2sinh( g (KAD] + <P >

-~ (hw(kd) (coth g (kA))/4). cee2.4.20

Replacing the mode frequency w(kA) by the average frequency and
summing over 2ll the modes kJ, from Fcpy the SCAP free

energy F can be obtained
=1
F = 6Ny plln2sinhg] - (3Njh @/2) cothg + <P >p. ...2.4.21

The internal energy U is obtained from equation (2.3.34) in a

similar way
U= (3N;hw/2) cothg + <P 5.  ...2.4.22
The equations (2.4.7) for the average frequency w*, and (2.4.21)

for the free energy, (2.4.13) and (2.4.14) for the mean square

displacements are the basic set of equations in the self
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consistent average phonon formalism. The values of 402 and

U2(C1) and UZ(NaCI) are obtained self consistently and

then the free energy is evaluated. The pressure, P, is obtained by

differentiating the free energy (Equation 2.4.21) respect to

volume at constant temperature,

P = ( - R /3V)(aF/aR,), 0-0020u023
] ] y ’
(QF/3R,) = ANy(S, + (U2(NaCl)/6)82 +(U*(NaC1)/T72)8; ]
+ 62 Ny[Fy" + (VB(C1)/F," +(ut(c1)/18)F, ']

+ N, &

2/ 2
b % € /R1 .

where ' means the differentiation with respect to the

i.e.,
Sg = ( dSy/dR,),
1

The bulk modulus BT is obtained by the thermodynamical

identity

BT= ~V( Qr/dv )
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= (RyZ/9VI[C FF/ARP) - (2/R,)( /AR, ...2.4.28

where
( PE/R}) -
6N LS, ' + (UP(NaCL)/6)S,"" + (UhiNac)/T2)s)" " ]
s 12 [Fy" "+ (Pe1/3)F,"" + when/1F, "
+ Ny (A UP(NaCL)/AR, D[S, + (WP(NaC1)/6)8,’
+ (U(NaC1)/T2)86 "1 + Ny(2fZ (B UF(C1)/RRy)
[F, + (Pc1)/3F," + (Whecn/8)Fg')
- 2 &Ny €2/R,3,
where
(d UB(NaCL)/DR,) = = Ay A WP/BR,), ...2.4.25

Ayc = (3 /BueP)[(cothg /w)+ (hf2)(cotng - 1],

2
(9 UP(CI/AR,) = - A, ( A W2/AR)), ...2.8.27
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Ay = (3 W/limyw?) [(coth /@ )+(Atv2) (cothy - 1)1, ...2.4.28
(3 w2 /3R, ) =

(g™ HLOLS," + (WP (NaC1)/6)s,” + (U (NaC1)/72)54 1]
+ 2[2 (/mIF," + (P(C1/3)F," + (ut(c1)/18)F, "1,

By = 1+ (Ac/6M)L Sy + (FP(NaC1)/6)Sg)
+ (Ay/3m)0 Fy + (UP(CL))/Fg).
The internal energy U of the crystal is

U=zF+ POF/Af

= uf UP(NaCl) + < & >, ...2.4.30
The specific heat Cy is obtained by differentiating the

internal energy U with respect to temperature
2
Cy = -Kg p°( 9 U/ap)
= Ky p FL2wPC A UP(NaCL)/AR)

+ P(NaC1)( A WPARAP)],  ...2.8.31
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where
( 9 UP(NaC1)/AP) = (3 1/4 ;)1 - coth g )
- (3 UMW) Aw2AP)[(cothg /) + (h B/2)(coth®s, - 1],
vee2.8,32
(A W27 =
L3 1274 48)(1 - coth®)1[S,/6 + (UP(NaC1)/36)Sg)]
+ [31272m,2)(1 - coth?g) (Fy/3 + (LP(C1)/9)FQ)].

eee2.4.33

The coefficicnt of linear expansion « is obtained from the
relation

o = -( A °F/aVar)/3By

=[(R,/3V)(Ky B°/3B)( @ %F/ARQAP),  ...2.4.34

where

(A %F/AR, APB) = 36/8)(1 = coth®g)[ AW/aAR, ],
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The specific heat at constant pressure is obtained from the

thermodynamical identity

CP = Cv + 9TvBr d20 ...2.".35
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2.5— TWO FREQUIENCIES SELF CONSISTENT
AVERAGE PHONON FORMALISM

Sodium chloride has two interpenetrating Bravais lattices.
For a crystal with two ions per wunit cell there are six
characteristic modes for each k, the wave vector. Three of the
modes are the acoustic modes and the other three are the optical
modes. The average frequencyauz, defined over all the 6N0
modes, where N0 is the number of units cells in the crystal,
does not depend upon the long range coulomb interaction. In such
an averagirg process oniy the short runge interaction contribntes
to the average frequency. For sodium chloride there are two
possibilities One can define the average square frequency

ng of the acoustic phonons as follows:

3
2
W2 - (1/30y) gaf(k)\) .02.5.1

and the average square frequency 052 of the optical

phonons as follows:

6

2

«“ = (/3N L P, ...2.5.2
kA=Y
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In the self consistent phonon formalism, the characteristic phonon
frequency (,J?(k/\) is obtained by the diagonalization condition
(2.3.29).

() ¥ 0 Ky 00 wimo) = 20T 2 0, ..2.5.3

I.r'"’
where the dynamical matrix M is given by (2.3.26)

My 00k) = (my m”)-1/2;[ f {(09,Pr)exp(ik-R(07,Pm)].
vee2.5.4

The polarization coefficients satisfies the orthonormality

and the conpl-teness rclations:

;wi.(\/k‘t\) W WkA) = & v0e2.5.5
*
%wi WA w k) = &5 6, ..e2.5.6

The new polarization coefficients are defined as
e; (kN = wi(Vka)exp(ik-R(M). vee2.5.7
Now the diagonalization condition can be written as

1 %
W - 1) e, i) G @m0 e )] = 0. ...2.5.8
cypm
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The dynamical matrix G is a 6X6 matrix and therefore there

are six characteristic modes for each wave vector k. The dynamical

matrix can be written as

ol

»
where f,, f,, g4=g, are 3X3 matrices.

“AX(1|k) ?xy(11k) ze(11k)

£y = ny(11k) ny(11k) Gyz(Ilk)

G (1) Uy (1K) Gy (N[ 402,510

i

and -

[ G, (120 G (20 6,120

gy = ny(12k) ny(12k) Gyz(12k)

G (126) G, (12k) G, (12K) [.0.2.5.11

|
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The dynamical matrix G is a hermitian matrix
]
GiJ(VKk) = Gji (ﬁyk) - Gji(ny-k)' co.2.5.12
The eigen value equation may be written as

[ ¢ ) rw{ rw1

g f W W eee2.5.13
2 ZJ | 2] X 2J
where W1 and w2 are 3X1 polarization matrices. The

diagonalization condition requires that

£, - WfkN 3

8> £, - «fN | = 0. ...2.5.14

The equation (2.5.14) is a quadratic equation in uJZ(kA)

giving two roots corresponding to the acoustic and tkhe optical
modes. Summing over k and A=( 1, 2, 3 or 4, 5, 6) and replacing
the frequency aﬁ( kA) by the average frequencyc.} ’

equation (2.5.14) reduces to
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3Ny of - a.lzzk':l‘r(q + £,) 4§-Tr(f1f2 - 8, &) =0
K

...2‘5.15

The roots of equation (2.5.15) are

W2 2 [ by - (0,2 - 122216, ...2.5.16
W2 < [ by + (o2 - 128) V216, ...2.5.17
where
by = N0'1[ZK_.Tr(f1 + £)1, .0.2.5.18
ag = N0'1[ZK-Tr(f1f2 - g gl ...2.5.19

Summing over all k-modes one finds that

/
by = - Z’:D”[ Qorep + B c02,pml.  ...2.5.20
1

Keeping only the Na-Cl and Cl-Cl interactions equation (2.5.20)

reduces to
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by = 6[S, + (P(NaC1)/6)S, + (UH(NaCL)/T2)S¢ + /e

+ 12[F, + (PP(C1)/3)F, + (WH(C1/18)Fg + —-1/m,
cee2.5.21
Also

-1
ZN (Tr(f,£,)] =
< 0 rits

ZZl 6GJ(01,P1) 0 etj(OZ,PZ)]/m1m2 cee2.5.23
ijP
and

-1 *
j%; Ng [‘I‘r(g1 g1)] -

g; B, 5(01,p2)1%/mym, . ceer2.5.20

The value of a; depends upon the non diagonal elements
QJ(01,P1), qj(OZ,PZ) and qj(m,PZ) and therefore

has contributions from the long range coulomb interaction also.
Further it is also dependent on the product of the short range
force constants and the long range force constants. In general
long range force constant (due to coulomb interaction ) varies as
R3 and the product of the force constants will vary as

6

R°6. Thus the contribution to a, varies as R*° and the

lattice sums may be terminated after a few neighbors. For this
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reason the lattice sums have been evaluated for a crystal whose

extension was -3R to 3R. Evaluating the sums it is found that

2,3y @°
3y = 12[S,(S, + 2F,) + (6e7/R,°)( @ (Ry)
s s 2,0 3)2
B (R =3 G (R)) + ( 6 (R)) ~e2/8,3)
s
+0.5C 8, (r)) - 2¢%/R,3)? - 1.566¢"/R,01,
o¢00205.25

where

S, = S, + (P(NaCL)/6)s, + (Uh(NaCL)/72)54,
F, = Fy + (P(C1/3)F, + (W C/18)F,
B (R = F (R + (uz(uacl)/s)za’ iR
+(Uu(NaCl)/72)Z%xkkll(R1)], c002.5.26

Yy
E (R = 2 [AEXP(-BRDIIB/R)],  ...2.5.2
o=l

i%xkk“ﬁ) = E:U&,(exp(— B /R (5“3/131)
K =1

-2 RS -2 /R,  ...2.5.28
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4
$ () = d};’[g‘exp(-g,n,)mj , ...2.5.29
4
YL (R = 2 1- B+ 20 8./R) + u(BZ/RD)
3 o=
+ 40 B,/R3) 18 exp(-BR,), ceee2.5.30
s
Oratre) = U F, (R) + (P13 2, (Ry)
+ (Wcn)/18) Fiz%zkknmz)], r:2.5.31
s
BucR) = 1 Fy(h) + (P13 D B, (R)
. _
+ (u¥(c1)/18) % P (Bl ...2.5.32
The mean square displacement U2(09, P7) can be written as
12(07,Pm) = 2. <C uy(09) - u (PmD. ...2.5.33
<

The polarization coefficients ei(¥k70 satisfies the

normalization condition,

!
Z_’ei*('/kh) e kM = &py' © .\.2.5.34
t
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For the acoustic modes the ions may vibrate in phase and
the center of mass m, = m1 + m, plays an important

role. Apart from the phase factor one may choose
1/2
ei(yk» = (m.‘)/mc) 000205035

such that the normalization condition is satisfied. For the
optical phonons the ions may vibrate in opposit phase and the

reduced massd, /ﬁj

= m1"1 + m2"'1 plays an
important role. Apart from the phase factor the polarization

coefficient may be chosen as
172
ei(‘t)k)) = (/u/m‘/) ’ 000205036

so as to satisfy the normalization condition and also the
completenéss relations.

In the continuum approximation, it is assumed that the phonon
modes are purely longitudinal or purely transverse. For each wave

vector k, the polarization coefficients are written as

e M = [ mym) 2 OR (4/m)V/2] e,
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(C my /mc)V2 OR (/‘4/m1)1/2] e

etI(-/kA)

1/2 1/2
et2(1lk%) (¢ my /m,) OR (M/m,) "' “)] ey
Using these polarization coefficients and replacing
the mode frequency w‘?(k}\) by ‘*32 or wz,

p
equation (2.3.29) gives

<ug(0%) ug(Pm> = (h coth &/2m ) d;48,, ...2.5.37

. 2
<ug (0 uy(PM> = (i coth & /om, ) d;:byp ...2.5.38

where

%

0.5n B - e,

L
[}

=051 B,

Using Eqs. (2.5.37) and (2.5.38), the mean square displacenents
U2(NaCl) and UZ(C1) are found to be
v2(NaCl) = 2 < u,(0,Na;P,c1)2>
1

or

U2(NaCl) = (3 /m, W?2) cothé,

102



+ 302 W (M/m? + MmP)eoth & 2.5.39

p’ LR ]
V2D =(1/2) Z<Cu,(0,c1; P,C1))3>
4

=(3f1/2mcb~)a)coth Ca + (3 ,uﬁ/2m22wp)coth l\p ..2.5.40

Replacing the mode frequency w2 (k) by 6%2 orlﬂsz as

the case may be into equation (2.3.33) for Fgepy it is found
that the free energy in the two frequecies self consistent

average phonon formalism can be written as
F = (3N
(3 O/F)[ 1n(2sinh( i‘a) + 1n(2sinh( &p))]
- (30Ny/W)[ (¢, coth &) + (&, coth §))
+ <P oy, ceer2.5.01

where <<b >l is given by equation (2.4.18). The internal
energy U is obtained from equation (2.3.34),

U=(3NGh/4) [ eycoth &, + Wicoth &1 + <P . ...2.5.42
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Having obtained the free energy and the internal energy all other
thermodynamical quantities such as the pressure, bulk modulus,

specific heat etc., can be obtained by the usual thermodynamical

relations.

P = —(JF/V), ...2.5.43

Bp = -V(IP/AV). ...2.5.44
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2.6--ONE FREQUENCY AVERAGE QUASIHARMONIC APPROXIMATION

In the one frequency AQH, the average square freequency

does not depend on the mean square displacement. The frequency

qu and the mean square displacement are given by

of = (Umy 4 1/my)S, + (2/my)F,,
U?(NaC1) = 3 cothg /24,
12(C1) = 3 coth 2 /2 myeo |

The expressions for the free energy, F, and pressure, P, are

m
1

= (6 Ny/g)[ ln(2sink § )] - 3Ny h w/2) cothdy + &

NoL -% €2/Ry + 65, + 6F, 1,

wH

o
]

= (-Ry/3V)( OF/3R,)
AF/BR, = 6N Syt + (PP(NaC1)/6)S,"]

+ [Te 6Ny Fy' + (WP(CLI/3IF,] + Ny & /R, %"
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2.7--TWO FREQUENCIES AVERAGE QUASIHARMONIC APPROXIMATION

The average acoustic frequency bJaz and the average
optic frequency %2 are still given by equations
(2.5.16) and (2.5.17), but by and ay are now indepedent of
U2(NaCl) and U2(C1). The mean square displacements are
given by equations (2.5.39) and (2.5.40).

The free energy, F, and pressure, P, are given by

m
'

= (3N0/{3)[1n(251nhr?,a) + 1n(2sinh &p)] + @ ,

(-aF/gV).

o}
]
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2 ,8--RESULTS
EQUATION OF STATE

In the one frequency SCAP approximation equations (2.4.7),
(2.4.13) and (2.4.14) were used to calculate the frequency w2
and the displacements v®(NaC1)  and U2(Cl) self
consistently. The thermodynamical quantities such as the
pressure, P, bulk modulus, specific heat, coefficient of expansion
were calculated using equations (2.4.23), (2.4.24), (2.4.31) and
(2.4.34) respectively.

In the two frequencies approximation equations (2.5.16),
(2.5.17), (2.5.39) and (2.5.40) were used to calculate the average
square acoustic and optical frequencies and ionic displacements
self consistently. Equations (2.5.43) and (2.5.44) were used to
calculate the pressure and bulk modulus.

The total pressure, P, is the sum of the static pressure
Pst = 0 é /OV and the vibrational pressure or the thermal
pressure Pth' When the thermal pressure just balances the
static pressure the crystal is in equilibrium and one finds the
equilibrium lattice constant by the condition that the total

pressure is zero.
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The isothermal curves of P versus the nearest neighbor
distance R1 are plotted in figure--2.1. The figure --2.1 also
includes the isothermal cuves in the average quasiharmonic
approximation.

The critical temperature, Tc, is the temperature at which
the isothermal curve just touches the curve P=0 i.e. above this
temperature the isothermal curves do not intersect the curve P=0
and therefore the zero pressure 1lattice constant can not be
determined and the crystal is unstable. From figure 2.1 it is
clear that in the average quasiharmonic approximation the critical
temperature T, {s about 140CK (above the melting point) and in
the self consistent approximation the critical temperature is much
above the melting temperature Tm = 1073K. At the critical
temperature the bulk modulus BT tends to zero.

Recently Boyer'w'66

using, the Gordon and Kim potential
reported the quasiharmonic equation of state for sodium chloride
and the other alkali halide crystals. Boyer found that the
critical temperature Tc for NaCl was 1100K, which was very
close to the melting temperature 1073K. This closeness between the
melting temperature and the critical temperature 1lead him to
suggest that the lattice instability BT =z=> 0 is a possible
important cause of the melting of the alkali halide solids and

solids in general.
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The quasiharmonic approximation overestimates the vibrational
pressure or the phonon pressure because the phonon frequencies are
independent of the temperature explicitly but depend only on the
volume. The overestimation of the phonon pressure by the
quasiharmonic approximation has previously been commented upon and
discused by [-Z.R.Cowleyua’u9 and H.H.Demarest7u. Because of
the overestimation of the vibrational pressure the lattice
instability BT ===> 0 occurs at a lower temprature and gives
lower critical temperature,

In the self consistent average phonon approximation considered
here the phonon frequencies are functions of both the temperature
and the volume. As the temperature rises the vibrational amplitude
of the ions increases and the vibrating ions are able to sample a
region of high repulsion. This sampling of the high repulsive
region increases the effective force constants which in turn
increases the characteristic frequencies and reduces the amplitude
of the vibration of the ions. This feedback mechanism between the
ion's amplitude and the phonon frequencies of the system lowers
the thermal pressure. Also this feedback mechanism between the
normal mcde frequencies and the mean square displacement prevents
the amplitude of oscillation to be unphysically large in the self
consistent formalism but in the quasiharmonic approximation ion
displacement can be unphysically large giving rise to high

vibrational pressure.
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Thus for the same interaction potential the critical
temperature would be higher in the self consistent average phonon
formalism (also in any self consistent phonon formalism) compared
to the quasiharmonic approximation. The analysis in the sclf
consistent average phonon formalism shows that the critical
temperature 1is higher than the normal melting temperature. Thus
the lattice instability BT=:=>O occurs in a  physically
unobservable region. Therefore in the author's opinion it is
reasonable to say that the lattice instability BT===>0 does
not play a significant or important role in the melting of the
solids., Further exper 'mcctally the bulk modirlus  or  the
compressibility is observed to be finite at the melting
temperatures, not unphysically large as predicted by the
quasiharmonic approximation.

What causes the solid to melt is still an open question?
Whether the lattice instabilities such as BT===>O or other
lattice instabilities or the imperfections in the crystals such as
the vacancies, dislocations, fractures and the surfaces or both
cause the solid to melt. In fact theories have been formulated in
terms of the lattice 1mperfections75'77. One may say that
near the melting temperature the properties of the solid are

largely governed by the lattice imperfecticns.

-
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The experimental data and the SCAP calculated results of the
coefficient of expansion are given in table--2.4, From this
table--2.4 one can see that the SCAP results are much lower than
the experimental results. The discrepancies increase with the rise
in the temperature. The quasiharmonic values are also 1lower than
the experimental values but sligtly greater than the SCAP values.
Although quasiharmonic results are questionable in the high
temperature and 1low density regions the agreement with the

experiments is very good.
LATTICE PARAMETER

The lattice parameter a(T) as a function of the temperature
has been calculated by calculating the total presure, P, for a set
of near distances. The zero pressure thermodynamical properties
were also obtained numerically when the total pressure was less

6 dyne/cmz.

than 10
The table--2.1 and figure --2.3 show the variation cf the
lattice constant a(T) as a function of the temperature. In
table--2.1 the experimental data79 along with the calculated
results in the one and the two frequencies formalisms and the

quasiharmonic (non self consistent) formalism(Boyer's) are given.

From table--2.1 it is concluded that:

m



(a) Lattice constant a(T) in the one and the two frequencies
SCAP formalisms is practically the same almost over the entire
temperature region.

(b) The agreement between the calculated and the experimental
data is very good in the low to the medium range of the
temperatures but in the high temperature region the results are
low compared to the experiments. The discrepancy between the
calculated and the experimental data increases with the rise in
the temperature. The zero pressure, zero temperature value of
the lattice constant of NaCl in the one and the two frequencies
approximations are 5.62M7K end 5.6257K respectively compared to
the experimental value 5.5967K. At room temperature (300K) the
calculated values are 5.65893 and 5.6632K compared to the
experimental value 5.6u023.

(c) Boyer's quasiharmonic results are in very good agreement
with the experiments. At high temperatures the quasiharmonic
values are greater than the SCAP results for the same interaction
potential. This result is not surprising since the quasiharmonic
frequencies are functions of the volume only while the SCAP
frequencies are function of both the volume and the temperature
because of a self consistancy condition between the mean square
displacement and the mean square frequency. This feedback

mechanism lowers the thermal precsure giving rise to lower lattice
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constant and higher bulk modulus and therefore higher critical
temperature, the temperature where the isothermal bulk modulus
tends to zero.

The discrepancies between the SCAP results and the
experimental results may be due to the failure of the SCAP
approximation to account for the anharmonicity of the perfect
crystal properly or may be due to the imperfections in the crystal
which become increasingly important with the rise in the
temperature or may be due to the incomplete information about the
interaction potential or the several approximations involved in
estimating the interaction energy such as pair wise interaction
approximation and the free ion charge density approximation in the
Gordon and Kim potential etc.
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COMPRESSIBILITY

The calculated values of the isothermal compressibility using
the one frequency and the two frequencies SCAP formalisms are
shown 1in table—-2.2 and figure--2.4 along with the experimental

8o and of Stepanov and Eidu381.

data of Hunter and Siegel

At low temperature the agreement between the experiments and
the SCAP calculated results is very good. But at high temperatures
the calculated results are in poor agreement with the measured
values. Near the melting temperature the calculated results are
about 30% off compared to the experimental data of Hunter and
Siegel and about 40% off compared to the experimental results of
Stepanov and Eidus.

These lower values of the compressibility are perhaps due to
the 1lower estimation of the lattice constant. If the lattice
constant were predicted correctly the agreement would have bean

better.
SPECIFIC HEAT

In the one frequency SCAP approximation the constant pressure
specific heat for NaCl are shown in table--2.3 along with the
experimental data of Leadbetter and Settatreeaa. The

agreement between the experimental end the calculated values of
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specific heat is very good. The calculated values are low compared
to the measured values. The discrepancy is probably due to the
underestimation of the coefficient of expansion and the neglect of
the polarizability in the rigid ion model. Neglect of the
polarizability leads to overestimation of the phonon frequency

which in turn underestimates the specific heat.
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2.,9~-CONCLUSION

The self consistent average phonon formalism has been
developed and has been applied successfully to study the equation
of state and other thermodynamical properties of the primitive
solids with reference to the rare gas solid crystals, Ne, Ar, Kr
and Xe. The SCAP formalism has also been extended to the
nonprimitive solids and has been used to obtain an equation of
state for solids such as the ionic solids, particularly sodium
chloride.

A first principle, self consistent average phonon equation of
state for NaCl has been obtained using the Gordon and Kim
potential. The Gordon and Kim potential is a parameter free
potential since such a potential was derived without making use of
any physically measurable quantities such as the lattice constant,
compressibility, cohesive energy etc. Further a quasiharmonic
equation of state ( a non self consistent ) is also available for
comparison.

Using the Gordon and Kim potential, in the quasiharmonic
approximation, Boyer obtained an equation of state for NaCl and
emphasized the importance of the lattice instability BT===>0
to the melting of the solid. Boyer found that the critical

temperature Tc, at which BT==:>0 sets in, is very close to
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the melting point of NaCl. Because of this closeness between the
critical temperature and the melting temperature, he suggested
such an instability BT:==>O with a possible cause of the
melting of a solid.

In the self consistent average phonon formalism the average
phonon frequencycdz, which is the characteristic frequency of
the crystal system, has to be determined self consistently,
because of a self consistent condition between the mean square
displacement and the mean square frequencycdz. Due to this
self consistancy condition it is found that:

(a) The self consistent frequency is a function of both the
volume and the temperature. On the other hand the quasiharmonic
frequencies are depedent only on the volume.

(b) At a given temperature and volume the self consisfent
frequencies are higher than the corresponding quasiharmonic
frequencies. This effect inceases with the rise in temperature
and, thus, the anharmonic effects are significant near the melting
temperature of the solid.

(c) The amplitude of oscillations can be arbitrarily large in
the quasiharmonic approximation, which may even be unphysical.
Also, at nigh temperatures and expanded volumes the vibrational
amplitude is large enough so that the contribution of the
anharmonic effects is important. When the ionic displacement is



large enough, the ion is able to sample a region of high repulsion
which in turn increases the effective force constant and hence the
effective frequencies of vibration. An Increase in the mode
frequency tends to decrease the ionic displacement and thus the
vibrational amplitude cannot be unphysically large. This feedback
is more important at high temperatures and the ionic displacement
is greatly reduced. A reduction in the ionic displacement reduces
the thermal pressure and the coulomb interaction is able to
stabilize the crystal at a lower value of the interatomic
distance. Thus in general the self consistent lattice constant
will be smaller compared to the quasinatmonic lattice constant. In
other words the quasiharmonic approximation overestimates the
thermal or the phonon pressure. Because of the overestimation of
the vibrational pressure the lattice instability BT===>0
occurs at a lower tenmperature which may even be less than the
actual melting temperature., Such an effect has also been observed
in the study of equation of state of Ar.

The isothermal curves of P versus nearest neighbor distance
for Ar are plotted in figure--2.2. From this figure one can see
that in the SCAP approximation the critical temperature for Ar is
about 135K which is much above the melting temperature 83K. Due
to overestimation of the vibrational pressure in the average

quasiharmonic approximation the critical temperature is lowered to



about 7TOK. Thus in the average quasiharmonic approximation the
critical temperature at which the lattice instability BT===> 0
sets in, 1is a physically unobservable region. Hence such an
instability is unlikely to be related to the melting of a solid.
The self consistent study of the equation of state for Ar and NaCl
points out that the lattice instability BT z==> 0 does not
play a significant role in the melting of a solid.

The study of equation of state for NAaCl in the SCAP formalism
reveals that the lattice instability BT==:>0 sets in at a
temperature which is much higher than the normal melting point.
In other words the colid destabilizes before the lattice
instability actually sets in. Further, the compressibility of the
solid is finite at the experimental melting temperature not
infinitely large as suggested by the lattice instability under
consideration. As a result it may be concluded that the lattice
instabilization of the crystal is in fact an effect of the use of
the quasiharmonic approximation in the calculation of equation of
state. Since the critical temperature is in the physically
unobservable region in the self consistent approximation, it may
be reasonable to conclude that the lattice instability 1is not
very important as far as the melting of the solid is concerned.

In the SCAP formalism the lattice constant, compressibility,

the coefficient expansion etc. have been calculated. It is found
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that the agreement is very good at low and the medium range of
temperatures. At high temperatures the agreement is not as good
as was expected.

The present calculation 1is a parameter free calculation and
the success of the SCAP approximatién is very good. It. is found
that the agreement could be improved by taking a model potential
and adjust the parameters. It will be worth while effort to
develop a full self consistent phonon theory and apply it to the
ionic solids. In full self consistent phonon theory the long
range coulomb interaction may give rise to some difficulties in
findirg the lattice sums; and may require a large number of
iterations to obtain the self consistent values.

The poor agreement between the experiments and the SCAP
calculated results may be due to: (a) Failure of the SCAP
forma) ism not to account for the anharmonicity of the perfect
crystal properly. (b) Not taking into the imperfections in the
real crystals. Such imperfections are very important near the
melting. A theory can be formulated in terms of imperfections. (c)
Insufficient knowledge about the interaction between the ions. (d)
Approximations, such as pair wise additive interaction, free ion
charge density approximation used in deriving the Gordon and Kim

potential etc.
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TABLE--1.1

Values of the constants € ( 10'16 ercgs) and

10‘10w) in the Lennard-Jones potential.

o ¢
. 2.1/2
Values of the Linderann pareweter, L =z <u™> /R1 and

R

the constant a used in Simon's equation are also given.

le Ar Kr Le
€ 61.7T35 212.C07 =G .532 409.149
RO 3.U536 3.7410 3.5950 4,3553
L 0.091 0.061 0.0061 0.061
a( kver) 1.2 2.11 2.5 3.0
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TABLE--1.2

The paraneters Ro and €& used in calculating the

various theruodynamical properties of Ar. R, ( 10-10:11)
-16

and € ( 10 ergs).
Formalisn Ro € Interaction
SCAP 3.7410 212.007 Two neighbors?o?el
scp (3.507)e21/6 165 All neighbors'?
SCP 3,707 236.2 liezr neiphbors®e
ISCP 3.709 236 liear neighbor?’
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TABLE~-1.3

-10

Lattice parameter( 10" '“m) and the relative

expansion( 1072/K) for Ar.
Temp. K Lattice Lattice Relative Relative
parancter paraueter expansion expansion

Calculated Experimental Calculated Experimental

1.0 5.3124 5.3113 0.0G00 0.0600
10.0 5.3126 5.3118 0.4461 1.06
20.0 5.3188 5.3180 11.23 12.79
25.0 5.3243 5.3236 22.33 23.31
30.0 5.3317 5.3306 36.33 36.45
35.0 5.3003 5.3387 52.55 51.73
40.0 5.3459 5.3478 70.52 68.84
45.0 5.3603 5.3577 49G.08 €71.52
50.0 5.3714 5.3666 111.0 107.9
55.0 5.3832 5.3802 133.3 129.9
60.0 5.3957 5.3930 150,06 153.5
65.0 £.1089 5.4063 151.6 176.2
70.0 5.4229 5.4210 210.0 20€.9
75.0 5.4376 5.4371 235.7 236.7
60.0 5.4533 S.U547 265.3 270.1
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TAE LE-- 1 3 u

The lattice parameter (10'1°m) and the relative expansion
(107%/K) for Kr.

e R R G e T D G G D TR D G G S G R e T S P Y P S S D G G G S D D D G D G R e e G e

Terp. K Lattice - Lattice Relative Relative
------ parameter paremeter expansion expansion
------- Calc, Expt. Calc. Expt.
1.0 5.6461 5.6U459 0.00000 0.0000
10.0 5.6467 5.6469 1.033 1.74
20.0 5.6535 5.6531 13.20 12.8
30.0 5.6657 5.6639 34.67 32.0
0.0 5.6805 5.6773 60.85 55.7
50.0 5.6968 5.6923 89.78 82.3
60.0 5.7144 5.7105 120.9 1144
70.0 5.7332 5.7268 154,.2 143.3
80.0 5.7531 5.7465 189.6 178.2
90.0 5.7745 5.7680 227.3 216.3
100.0 5.7954 5.7914 267.9 257.8
110.0 5.8219 5.8181 311.5 305.1
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TABLE=--1.5

The lattice paremeter (10‘1°m) and the rcolar voluxe

in cm3 for Xe.

Lattice Lattice lfolar Yolar

parameter pareameter volume volume

Calc. Expt. Calc. Expt.
6.132 6.132 34,72 34.72
6.132 6.133 34,72 34.73
6.139 6.137 34.83 34.80
6.151 6.142 35.04 34.89
6.160 6.154 35.20 35.10
6.170 6.164 35.36 35.26
6.185 6.181 35.63 35.55
6.201 6.196 35.91 35.86
6.213 6.210 36.10 36.07
6,224 6.223 36.31 36.29
6.242 6.242 36.60 36.63
6.255 6.256 36.84 36.87
6.274 6.277 37.19 37.25
6.268 6.202 37.43 37.51
6.309 6.314 37.82 37.91
6.324 6.328 38.09 38.15
6.348 6.340 38.52 38.40
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The calculated and the experimental values of the

lattice parameter (10'1°m) and the relative expansion

(10'5/K) for Ne,

TABLE--1.6

Lattice
parameter
Calc.

Lattic
parame

Expt.

0.5
2.0
4.0
6.0
8.0
10.0
12.0
14.0
16.0
18.0
20.0
22.0
24,0

L, u654
4,46%4
4.,5654
h,u654
4.,4657
4,4669
14,4693
4.4732
4.4787
4,4860
4.4949
4.5054
8.5177

44644
h.46 44
4.4645
I, 4649
4.4662
4.4685
4.,4722
4.4776
4. 4847
4.4935
4.5045
4.5178
4,5338

e Relative Relat

ter expansion expans
Calc. Expt.
0.0000 0.0000
0.0000 0.0000
0.0000 0.12
0.0000 1.1
0.6718 3.72
3.359 9.07
6.734 17.53
17.47 29.62
29.78 45.50
46.13 65.29
66.06 89.79
89.58 119.6
117.1 155.4

ive

ion
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TABLE--1.7

The calculated znd the experimental values of the

compressibility (1012 cmzldyne) for Ar.

Temp., K Compressibility Compressibillity
-------- Calculated Experimental
0.000 3.801 3.75

10.0 3.812 3.7

15.0 3.874 3.8

20.0 3.987 3.9

25.0 h.135 5.0

30.0 4.307 4,2

35.0 4,500 4.3

40.0 §,712 4.5

45,0 4.943 4.8

50.0 5.195 5.1

55.0 5.471 5.4

60.0 5.773 5.8

65.0 6.104 6.2

70.0 6.472 6.3

75.0 6.878 7.4

80.0 7.338 8.2
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TABLE--1.8

The calculated and the experimental values of the

compressibility (1012 cu?/dyne) .or .

Temp. K Compressibility Cowpressibility
------- Calculated Experimental
0.000 3.117 2.9

10.0 3.136 2.9

20.0 3.278 2.9

30.0 3.483 3.1

0.0 3.718 3.3

50.0 3.981 3.5

60.0 . 274 3.9

70.0 4,603 4.3

80.0 4.972 4.8

90.0 5.395 5.4

100.0 5.884 6.1

110.0 6.455 7.0
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TABLE--1.,9

The calculated and the experimental values of the

compressibility (1012 cmZ/dyne) for Xe.

- e 4 W = - - - - - CL Y T L T Y L Y

Temp. K Compressibility Coupressibility
------- Calculated Experimental
0.000 2.752 2.778

8.0 2.758 2.609

20.0 2.867 2.857

32,0 3.023 2.933

k0.0 3.136 3.000

43.0 3.257 3.106

60.0 3.451 3.333

72.0 3.662 2.623

60.0 3.813 3.821

88.0 3.974 4,032

100.0 4,236 L,348

108.0 4,426 4,608

120.0 4,737 5.051

128.0 4,967 5.405

140.0 5.349 6.024

148.0 5.632 6.494

160.0 6.115 7.299
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TABLE-~-1,10

The calculated and the experimental values of the
compressibilty (1012 cmzldyne) for Ne.

Temp. K Compressibility Compressibility
-------- Calculated Experimental
0.5 9.834 = eecea-

2.0 9.8348 00000 e;ceaa

4,0 9.834 9.0 + 0.2
6.0 9.837 9.1 + 0.4
8.0 9.889 9.2 + 0.4
10.0 10.03 9.4 + 0.6
12.0 10.27 9.6 + 0.8
14.0 10.64 7 10.0 + 0.8
16.0 11.13 10.7 ¢+ 1.0
18.0 11.73 12.4 + 1.5
20.0 12.47 16.2 £ 1.5
22.0 13.35 = eeececceee-
24,0 .40 0 eeccccaaaa
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TABLE--1.11
The calculated and the experiwmental valuces of the
constant volume specific heat (J/mol/K) and the calculated

values of the averzie frequency (1012 Hz) and the mean

square displaceuent (10'18cm2).

Tewp. K Specific heat Specific heat <|.02>1/2 <u2>
0.000 06.006G0 0.0000 S.446 5.641
10.0 1.641 3.294 8.445 5.660
20.0 10.97 12.16 8.417 6.135
30.0 16 .40 17.49 €.350 71.253
4o.0 18.68 20.25 g.254 8.782
50.€C 19.%0v 21.54 g.136 10,61
60.0 19.85 <2.19 7.988 12.70
70.0 19.C1 JOW 00 (<835 15.07
0.0 19.04 cse34 14085 17.78

e . S ey
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TA2LE--1.12

The calculated and the expcrimental values of the

constant volume specific heat {J/mol/K) and the colculated

values of Lhu averauge [requency 1102 H~) anc tl.« wean

square displacemunt (iO"scm?) for Kr.
Texp. K Specific heat Specific heat <WAHe <u?
cmem—a- Calculated Experinental Cale. Cale,
0.000 0.6C00 0.0000 €.439 3.500
10.0 4,343 5.907 6467 .£50
20.0 14,97 15.95 6.476 4,159
30.0 19,11 17.75 6.3¢f 6.9L7
40,0 20.61 ~1.59 C.32¢9 §.0n3
50.0 21.i3 22.35 6.204 5.5€2
60.0 21.23 22.83 6.192 11.26
70.0 21.14 <3408 6.113 15.11
80.0 20.95 22,07 5.020 15,08
90.0 20.69 23.12 5.5%1 122
100.0 z0.41 £3.18 5.027 18.9
110.0 20.09 22.70 5.710 22.%6
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TABLE--1,13

The calculated and the experimental values of the
constant volume specific heat and the calculated values

values of the average frequency (1012 Hz) and thc mean

square displacerent (10”18cm2) for Ye.
Temp. K Specific heat Specific heat < &>V2 2
-------- Calculated Experimental Calc. Calc.
0.00 0.0000 0.0000 5.702 2.552
8.0 2.22 4.93 5.701 2.5Th
20.0 16.75 17.49 5.686 3.217
32.0 20.66 21.00 5 .657 4,349
0.0 21.5%5 22.1 5.635 5.253
4g,0 21.95 23.2 5.(9 6.193
60.0 22.12 23.2 5.568 7.680
72.0 22.04 23.4 5.522 9.249
80.0 21.93 23.5 5.490 10.34
88.0 21.80 23.5 5.455 11.48
100.0 21.56 23.5 5.400 13.25
106.0 21.38 2345 5.351 14,49
120.0 21.10 23.6 5.290 16 .. 44
128.0 20.91 23.8 5.254 17.81
140.0 20.61 24,0 5.182 19.99
148.0 20.41 24,1 5.132 21.53
160.0 20.10 30.4 5.050 24,02
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TABLE-~1.14

The calculated and the experimental values of the
constant volume specific heat (J/mol/K) and the cclculated

values of the average frequency (1012 Hz) and the rean

square displaceuent (10'18cm2) for he.
Temp. K Specific heat Specific heat <a)2>"2 <u2>
------- Calculated Experimental Calc. Calc.
0.5 0.0000 0.0000 7.394 12.89
2.0 0.0000 0.039 7.394 12.89
h.0 0.002371 0.345 7.394 12.69
6.0 0.1802 1.35 7.394 12.69
8.0 1.069 3.04 7.390 12.91
10.0 2.813 5.04 7.383 13.0C
12.0 5.031 1.73 7.365 13.18
14,0 7.294 10.04 7.336 13.47
16.0 9.354 11.91 7.295 13.89
18.0 1.1 13.54 7.241 14,54
20.0 12,54 14.95 - T.176 15.12
22.0 13.66 16.50 7.C97 15.492
24.0 14,55 17.32 7.0C€ 16,48
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TABLE--1.15

The calculated and the experimental values of the

coefficient of volume expansion (10'“/K) for Ar.

Temp. K Calculated Experiuental
0.000 0.0000 0.0G00
10.0 0.8145 1.38
15.0 3.211 3.48
20.0 5.657 5.55
25.0 7.564 7.4
30.0 6.992 8.54
35.0 10.09 9.69
40.0 10.98 10.68
us.o 11.74 11.64
50.0 12.41 12.54
55.0 13.05 13.M9
60.0 13.66 14.5C
65.0 14,29 15.6%
70.0 14.93 16.99
75.0 15.61 18.55
60.0 16.34 20.31
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TABLE--1,16

The calculated and the experimental values of the

coefficient of volune expansion (IO'LQK) for Kr.

Temp. K Calculated Experimental
0.000 0.0000 0.0000
10.0 1.513 1.68
20.0 5.403 4.71
30.0 7.215 6.54
40.0 8.159 7.54
50.0 .79 8.26
60.0 9.310 a,04
70.0 9.803 9.79
80.0 10.30 10.87
90.0 10,84 12.0%
100.0 11.45 13.76
110.0 12.14 16.40

- - - G S - S G D e G G G = e T S S G T G Gs W e G D P D G - e e . e e
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TABLE-=-1.17

The calculated and the experimental values of the coefficient

of volume expansion (IO‘Q/K) for Xe.

Temp. K Calculated Experimental
0.000 0.00000 0.000
8.0 0.7807 0.74
20.0 4,186 2.80
32.0 5.361 4,35
40.0 5.738 b.91
48,0 6.000 5.39
60.0 ' (.29 6.00
72.0 6.551 6.35
0.0 6.712 0453
68.0 6.876 710
100.0 T7.13 7.52
106.0 7.307 7.80
120.0 7.597 8.30
128.0 7.811 8.72
140.0 2.162 2,50
148.0 8.419 10.3
160.0 6.862 1.2
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TABLE~-1.18

The calculated and the experimental values of the

coefficient of volumc expansion (10'"/K) for HNe.

Terp. K Calculated Experimental
0.5 0.0000 0.0000
2.0 0.0000 = @ —eeeee-~
h.,0 0.0048 0.48
6.0 0.3659 2.u42
8.0 2.181 5.91
10.0 5.81% 10.23
12.0 10.63 1£.2
14.0 15.92 20.81
16.0 21.24 26,54
18.0 26,46 32.85
20.0 31.51 Lo.17
22.0 36.48 48.39
24.0 1,49 57.69
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TAELE--1.19

The calculated and the experimental values of the
Gruneiscn paraueter for Ar and Kr.
Argon Krypton
Temp. K Cale. Expt. Terwp. K Calc. Expte.

0.0 2,94 eoee- 0.00 3.01 =ee--
10.0 2.94 2.50 10.0 3.00 ccee-
20,0 2.36 2.63 20.0 2.92 2.778
30.0 2.75 2.66 30.0 2.83 2.6G4
40.0 2.0% 2.67 4.0 2.74 2.91
50..0 2.5% "G 50.0 6 2.878
66,0 2445 2.66 €0.0 .59 2.634
7G..0 2.36 765 70.0 252 2.7383
8Q.0 2.28 .09 oC.0 ¢ .5 2.T33

4G .0 “.39 2.700

100.0 .33 2.1

110.0 22T  wmmm-
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TABLE--1.20

The calculated and the experiwental values of the

Gruneisen parameter for Xe and lNe.

Temp. K Cale. Expt. Tercp. K Calc. Expt.

0.00 3.05 = ——ee- 0.00 2.77  =——e--

8.0 3.0  eeme- 2.0 2.7 =-e=ee

20.0 2.98 2.33 4.0 -2 & A——

32.0 2.89 ——— 6.0 2.77 ————

40.0 2.84 2.52 6.0 2.76 ———

43.0 19 W mce== 10.0 274  wcocma=

60.0 2.72 2.73 14.0 A e

72.0 2,65 = ~ece- 14.0 2.6 @ wmcuee-
£0.0 2.61 2.80 16.90 D 7 I

86.0 251 meee- 10.9 P ate
100.0 2.51 .68 20,0 2.50 eme--

106.0 2,17 ———— 22.0 T4 eeaee

120.0 2oul .98 cb,y €e3s  mme=--

126.0 2.36  cmeem

140,0 2.33 3.10

146.0 2,30  ceee-

160.0 2.27  meee-
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TABLE--2.1

The calculated and the experimental values of the

=10,) in the one =nd the

lattice parameter( 10
two frequencies SCAP anc the quesiharuonic approximation(Eoyer's)

- o - - A W OB S T G - G S G G e G G SR e e TP GF e W D G O S e T @ @ D G A e S . . -

Tewp. K Expt. QH One freq. Two freq.
------- —————— ———— SCAP SCAP
0.00 5.5967 5.6: 80 5.6247 5.6257
100.0 5.6023 5.6320 5.620€ 5.6304
200.0 5.6201 5.ch84 5.6425 5.6456
300.9 5.6402 5.b6€EN ©.h559 5.0332
4Cu.d L6650 PR Le6Th 5.6316
500.9 £.0901 5.70¢2 5.6942 5.7004
660.0 ST 9 VLD Rl PR 5.7192
700.0 PRy LI £.1316 5.7362
£00.0 LTI heTu29 5704 5.7.571
cCc.9 £.5112 - ——— 5.777°7 5.7740
160, 5.8h72 5.8481 547910 £.794¢
1070.0 ==eee= - Cm—— Secubd 5.0048

- e T o & v W P A e = P e R R W e G B e e R S e - e R S N G e S ER S & NG e e e s
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TiELE-~-=2.2

The calculated and the experimental values of the

conpressibility ( 1012 ;uz/dyne) for HuCl.

Temp., K Expt. Expt . One freq. Two freq.
------- (Ref. 80) (Ref.81) SCAP SCAP
1.0 = ececmee ceree- 3.536 3.540
100,0 = =—cccew | ~eeeee 3.585 3.593
200,00 2 ccocme | eeee- 3.709 3.726
300.0 b1y 4.4 3.847 3.873
400.,0 L.31 4.30 3.994 4,027
500.0 4.56 4,16 4,148 4,187
6C0.0 5.01 4.37 4,309 4,352
700.0 .48 4.98 4,479 4,519
800.0 5.93 6.00 L.656 4.667
900.0 6.31 7.35 4.847 4,853
1000.0 6.57 8.80 Z.,0U6 5.014
1070.0 6.72 ———— 5.191 5.122

L R e el e R A L LT Ty R S T T P T
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TABLE--2.3

The calculated and the experimental values of the
constant pressure specific heat (cal/mol/K) feor hLaCl,
The calculaled values of the cverege rhoncn froquency

(1013Hz) and the Grunelsen puremeter zre 2130 given,

P T T P Y Y T Y P Y L T P P L L T L e T L Y

Terp. K Expt. Calc. < wH/2 Y

0.0C00 0.GC000 0.0000 3.215 1.405
100.0 = ceew- 7.402 3.212 1.395
200,00 = e,eaw- 10.60 3.202 1.372
300.0 12.40 11.40 3.190 1.351
K90.0 12,50 1.3 3,115 1.330
500.0 12.88 11.92 3.162 1.309
500.0 13.20 12.04 3.148 1.2¢0
700.0 13.66 12.13 3.132 1.271
800.0 14,23 12.22 3.117 1.253
900.0 | ~eee- 12.30 3.110 1.235
1000.0 = ecewe 12.38 3.02; 1.218
1070.0 = =cee- 12.43 3.070 1.206

143



TAPLE--2.4

The calculated anu the experiwentel values of the
coefficient cf linear expancsion (10'6/K) fer

IlaCl in one frequency SCAP forialisu,.

Temp. K Experinental Calculated
0.0000 0.0000 0.0030
00,0 eeeeea 19.2
29,0 33.8(1731) 27.2
300.0 26.9(2750) 30.0
k00,0 29.7(373k) 3141
560.0 b2 304700 31.9
600,0 b6.3(5730) 32495
700.0 ©1.9(6720) 35,1
00,0 63T FEAYY
930.0 60.9(ET3R) Si et
1G00.0 7-.3(972x) ah
1070.0 = eemceee-- - meee-
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