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ABSTRACT

EFFECT OF HIGH TEMPERATURE AND FIBER DISTRIBUTION 
ON MATRIX MICROCRACKING AND TOUGHNESS OF CERAMIC 

MATRIX COMPOSITES

by

Yongli Xu 

Adviser: Professor Feridun Delale

The ceramic material has long been recognized as a material of 
potential uses owing to its very appealing features such as 
stability under high temperature and lightness. Nevertheless, due 
to low strength and fracture toughness, its structural use was 
limited. Through these years extensive efforts have been made to 
improve the toughness and strength of ceramic materials and ceramic 
composites are developed.

In this dissertation microcracking in ceramic matrix 
composites is studied. It is believed that behaviors of microscopic 
microcracks in the ceramic matrix composite have significant effect 
on the overall toughness and strength of the material. The aim of 
this study is to investigate effect of fiber distribution, and 
temperature on matrix microcracking and toughness of the material, 
because ceramic matrix composites are expected to work under high 
temperature circumstances.
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In chapter II, III and IV, two theoretical models of 
microcracking (two-fiber model and ring model) are proposed and 
used for the analyses of microcracking. Stress intensity factors or 
strain energy release rates are calculated for radial, interfacial 
and matrix cracks for both mechanical and thermal loading. Effect 
of fiber distribution and mismatch of mechanical constants of fiber 
and matrix materials are investigated.

In chapter V, experimental results are reported. Effect of
temperature on toughness of ceramic matrix materials (SiC and 
CAS II) is studied experimentally by using micro-indentation 
technique. Further, effect of fiber distribution as well as 
temperature on matrix microcracking are investigated. Experimental 
results are compared with theoretical predictions.

In chapter VI, fiber debonding tests are reported. Debonding
test data are used for the calculation of bonding strength of
fiber-matrix interfaces in conjunction with a theoretical model and 
finite element procedure. A formula for the evaluation of the 
bonding strength under elevated temperature using shear stress
criterion is proposed.
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CHAPTER I 
INTRODUCTION

1.1 BACKGROUND AND OBJECTIVES
In developing light-weight, high-temperature-resistant 

materials which are indispensible in some important industries such 
as aerospace and engine industries, ceramics have drawn much more 
attention than any other materials owing to some of their very
appealing properties such as low environmental degradation, 
lightness and high resistance to oxidation under high temperatures. 
However, as is known to all, monolithic ceramics are very brittle 
and fragile, in other words, they have very low toughness which is 
the main impediment that prevented them for years from wide
engineering applications. Having recognized their potential use, 
extensive efforts have been made through the years to improve 
toughness and strength of ceramic materials. For instance,
structuralization of ceramic materials is one of such measures, 
namely, construction of whisker reinforced ceramic composites, 
fiber reinforced ceramic composites, laminates, etc. Thanks to such 
efforts and especially owing to some important breakthroughs in 
technologies for manufacturing and processing ceramic composites 
some ceramic matrix composites exhibit considerably high strength 
and toughness, and have been successfully employed as structural 
materials[1].

Since brittleness is the vital weakness of ceramics, naturally
toughness of the material is always of special concern in the
development of ceramic composites. From the viewpoint of fracture 
mechanics it is believed that the fracture failure of brittle 
materials usually originates from some imperfections in the 
material. For ceramic materials such imperfections could be voids 
or microcracks formed in the manufacturing process due to some
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reasons such as fiber-matrix thermal expansion mismatch, phase 
transformation, or thermal anistropy, etc. The deleterious effect 
of voids on the mechanical properties of ceramic materials has been 
extensively studied and documented in [2-9], therefore the present 
study focuses on the effect of microcracking on the toughness and 
strength of ceramic matrix composites. Although according to some 
authors[2], a controlled amount of microcracks can even improve 
toughness of ceramic materials, it is generally believed that 
microcracking has detrimental effect on the toughness of ceramic 
matrix composites.

The failure mechanism of ceramic matrix composites is very 
intricate due to the existence of fibers. But observation of 
tensile tested specimen reveals that failure of the ceramic 
composite generally starts in the matrix and occures in successive 
stages, i.e., multiple matrix cracking( microcracks propagate and 
join up and develope into multiple matrix cracks ), fiber breaking, 
fiber pullout, and final fracture failure (see Fig.l). This 
observation, if perfectly true, is extremely important and 
significant because it discloses that behavior of microcracks 
including factors that influence microcracking must have 
substantial bearing on the overall strength and toughness of 
ceramic composites.

According to their geometries, microcracks can be classified 
as matrix cracks, radial cracks and interfacial cracks (see Fig.2). 
Among these cracks matrix cracks and radial cracks are considered 
more hazardous than interfacial cracks, because interfacial cracks 
at worst would just cause complete debonding and disable involved 
fibers, while matrix cracks and radial cracks would possibly join 
up to form multiple cracks and lead to catastrophic fracture 
failure.
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As far as microcrack propagation is concerned, fiber-matrix 
bonding strength at the interface is also very important. It is 
found that a weak bonding will make crack deflection possible, 
i.e., if fibers have a not-very-strong bond with matrix at the 
interfaces, when a crack propagates towards a fiber it would cause 
fiber debonding but then possibly be arrested there (crack 
deflection) (see Fig.3 ).

In this dissertation microcracking in ceramic matrix 
composites is studied (Nicalon/SiC specimen is used in 
experiments). Based on above analysis, also bearing in mind the 
fact that ceramic matrix composites are expected to work under high 
temperatures, the aim of this study is to investigate effect of 
temperature and fiber distribution on matrix microcracking and 
toughness of ceramic matrix composites. It is hoped that study will 
reveal an insight in analyzing microcracking in ceramic matrix 
composites.

Study is conducted from following aspects:

a) theoretical analysis is conducted by using microcracking 
models. Based on observation of some ceramic composite specimens 
under optical and scanning electron microscopes two theoretical 
models of microcracking are proposed and used in the analysis. The 
first one is two-fiber model which defines two equal-sized circular 
fibers embedded in infinite matrix. Both radial and interfacial 
cracks (interfacial crack is actually partial debonding of the 
fiber-matrix interface) are considered. The purpose of two-fiber 
model is to analyze the effect of fiber interaction on 
microcracking. The second theoretical model is ring model which 
describes a crack in an infinitely extended matrix and surrounded

3.



by a circularly distributed array of fibers (a ring-shaped 
composite zone is formed by the surrounding fibers and matrix). 
Effect of fiber distribution in the ring model is reflected on 
volume fraction of fibers for the composite in the ring in an 
average sense.

b) parallel to theoretical analysis, experiments are 
performed. First using micro-indentation technique and monolithic 
SiC specimens, we determine fracture toughness of matrix material( 
Nicalon/SiC composite), and then study temperature effect on 
toughness of the matrix material. Next, using micro-indentation
technique again and Nicalon/SiC composite specimens, we study the
effect of temperature and fiber distribution on matrix cracking. 
Experimental results are compared with theoretical results.

c) debonding tests (Nicalon/SiC specimen) are performed; 
fiber-matrix interfaces are forcefully debonded to obtain critical 
loads at debonding initiaion. Data are then used to evaluate
bonding strength of fiber-matrix interfaces.

Following a briefing on modeling of microcracking in chapter
II, theoretical analysis using two-fiber model is given in chapter
III. Approximate approaches for the evaluation of stress intensity 
factors or strain energy release rates (for both radial and
interfacial cracks) are developed by using single-fiber solution 
and the combination of finite element and singular integral 
equation techniques.

Theoretical analysis using ring model is given in chapter IV, 
exact analytical solutions for stress intensity factors of matrix 
cracks (for both mechanical and thermal loading) are obtained by 
using singular integral equation technique.
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Effect of temperature and fiber distribution on matrix 
microcracking was also studied experimentally. Experimental 
results, i.e., "apparent critical stress intensity factors" versus 
"local volume fraction of fibers" for temperature ranging from room 
temperature to 800°C are given in chapter IV. Experimental results 
are compared with theoretical anticipation. The concept of 
"apparent critical stress intensity factor" is of evident practical 
significance for the estimation of microcrack propagation in 
ceramic matrix composites.

Results of debonding tests (Nicalon/SiC specimen) are given in 
Chapter VI, and a finite element procedure is developed to relate 
debonding load to stresses on the fiber-matrix interface; critical 
shear stress or shear bonding strength is calculated. A generic 
formula which includes the effect of temperature for the evaluation 
of bonding strength in light of maximum shear stress criterion is 
also proposed.

1.2 REVIEW OF PREVIOUS WORK

Since monolithic ceramics, particulate ceramic composites and 
fiber reinforced ceramic composites all belong to ceramic materials 
with low toughness and microcracking being their common concern, 
information from microcracking study in monolithic ceramics and 
particulate composites is also useful for the study of 
microcracking in fiber reinforced composites. Nevertheless, due to 
its specific microstructure, microcracking in the fiber reinforced 
composite has its own unique charateristics. In this section the 
previous work on fiber reinforced ceramic composites is reviewed. 
Some important literature on microcracking in monolithic ceramics 
and particulate composites may be found in [10-28],
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As for ceramic matrix composites ( from now on throughout this 
dissertation, the term "ceramic matrix composites" will be used to 
refer to fiber reinforced ceramic matrix composites ), although 
the relevent literature is extensive, most of the previous studies 
are concerned with the tensile and flextural strength of these 
materials. Tensile and bending tests were reported to have been 
done for a variety of ceramic matrix composite systems [29-34], 
Toughness or mechanism of fractural failure of these materials were 
studied by means of in situ observation and/or fractographic 
analyses of failed specimens. Failure mechanism of ceramic - 
fiber/ceramic-matrix composites was discussed by D.B.Marshall and 
A.G.Evans [34], In their study it was noted that failure under 
tension occurs in a succession of stages, namely, multiple matrix 
cracking, fiber pullout and fiber breaking. The study includes 
another extremely important observation that there may not be 
chemical bonding between fibers and matrix and that at the fiber- 
matrix interface loads are carried by frictional forces. Needless 
to say, this finding is extremely important in modeling of the 
fiber-matrix interface. The same study also explored the indentaton 
method [35] to measure the frictional and residual stresses. In 
another study by the same authors [36] mutiple matrix cracking 
problem was analyzed, the effect of fibers that bridge the cracked 
matrix is represented by closure tractions applied on the crack 
surfaces, the stress intensity factor for the mutiple matrix crack 
was evaluated. Fiber-matrix bonding strength problems were also 
studied by several other authors [37][38][39]. Fiber pullout or 
pushout tests were performed in these tests and fibers were forced 
to slip relative to matrix, the frictional force between fibers and 
matrix was measured and bonding strength was thus defined and 
calculated. Fiber debonding tests were reported to have been
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performed in [AO] and bonding strength at debonding initiation was 
defined and calculated by using finite element method.

As for analytical approach to microcracking problems, i.e., 
studying microcracking by using theoretical models, only a few 
papers were found. Complex variable method and singular integral 
equation are the major techniques used in those studies. Usually 
strain energy release rates or stress intensity factors were 
calculated, and in some study critical fiber size below which 
microcracks can practically be suppressed, was also calculated.

Among those studies microcracking due to residual stresses was 
studied by F. Delale [41] using single-fiber model. Strain energy 
release rates and critical fiber sizes were calculated for both 
radial and interfacial cracks geometries (see Fig.4).

C.Atkinson studied interaction between a radial crack and an 
inclusion embedded in an infinite media subjected to uniaxial 
tension at infinity [42](see Fig.5). F.Erdogan and G.D.Gupta 
extended C.Atkinson's discussion to more general cases and 
considered two collinear radial cracks with all possible 
configurations [43] (see Fig.6). Crack tip singularities for all 
possible crack configurations were analyzed and stress intensity 
factors were calculated. M.Toya considered debonding of a partially 
embedded inclusion in an infinite media subjected to biaxial 
loading at arbitrary orientation [44] (see Fig.7). 
Muskihilishivili's complex variable method was used, strain energy 
release rate of the interfacial crack was calculated.

As one may see from the brief summary given above, previous 
analytical studies on microcracking in fiber reinforced composites 
are all based on single-fiber model without considering the 
influence of neighboring fibers. The advantage and usefulness of 
single-fiber model lies mainly in the fact that its simplicity 
lends itself to a relatively simple analysis and one may thus
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determine without elaborate calculation the major factors 
influencing microcracking. Nevertheless a close examination of 
ceramic composite specimens under the electron microscope reveals 
that in the real material fibers may be closely packed, therefore 
effect of fiber interaction ought to be taken into consideration in 
the study of microcracking. In addition effect of temperature on 
microcracking has barely been studied. Therefore emphasis in this 
study is placed on effect of fiber distribution and temperature on 
matrix microcracking and toughness of the material.



CHAPTER II 
MODELING OF MICROCRACKING

From observations of ceramic composite specimens under optical 
and scanning electron microscopes, it is found that distribution of 
fibers in the materials is quite random and fibers have circular 
cross sections but varies in their diameters (see Fig.8). Since 
modeling based on some real particular distribution of fibers in 
the composite is not only extremely complicated but also lacks
generality, thus modeling of microcracking is done in this study by 
just simulating some typical patterns of fiber distributions that 
one may find in ceramic composites. From the observation one may
find isolated single fibers, isolated two fibers, circularly
distributed array of fibers, and random but closely clustered 
fibers, etc. In this study, the following two models are proposed 
for analysis of microcracking:

II.1. Two-fiber model
Two-fiber model describes two equal-sized fibers embedded in 

infinitely extended matrix (see Fig.9). Cracks under consideration 
may either emanate from one fiber in radial direction (radial 
crack) or lie along fiber-matrix interface (interfacial crack). 
Two-fiber model is not only the simulaton of a pattern of fiber 
distributions in the composite material, but also the simplest way 
to study interaction between fibers and a crack. Assuming the 
distance between two fibers as 25R (where R is average radius of 
fibers, 5 is a dimensionless parameter), by varying S and comparing 
results with that from single-fiber model effect of neighboring 
fiber on stress distribution or microcrack propagation may be
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determined. In addition, analyses based on two fiber model may be 
used to estimate geometrically much more complicated cases.

II-l. Ring model

Ring model defines a matrix crack in an infinitely extended 
composite material and surrounded by an array of circularly 
distributed fibers (see Fig.10). Ring model consists of three 
regions defined as follows:

Region 1: circular region of matrix defined by r<a in plane
polar coordinates, a radial crack lies in the matrix at 0=0 , 
-a<a1<x<b1<a.

Region 2: annular domain, ring of composite defined by a<r<b, 
material in the domain is assmued isotropic with Young's modulus 
E2, Possion's ratio i/2 and thermal expansion coefficient a2 being

determined by virtue of the rule of mixture as follows:

2 2 2 2 
nR b - a - n R

E2= f 2 2 m 2 2 (2-1)
b - a b - a

nR
+ Um~

2 2 2 
b - a - n R

2 2 
b - a

( 2 - 2 )

a2= f-
nR
2 2 

b - a
■ a + m

2 2 2 
b - a - n R

2 2 
b - a

(2-3)
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where n is number of fibers in the ring, a and b are radii of inner 
and outer circular boundaries respectively. R is average radius of 
fibers.

Region 3: composite material, infinitely extended domain
defined as b<r. Material in this region is assumed mechanically 
transversely isotropic and thermally isotropic. Young's modulus, 
Possion's ratio and thermal expansion coefficient of the material 
are determined by following formulas (fiber aligned along x3

direction) (see Fig.10b):

E3 = VfEf + (l-Vf)Em (2-4)

V = i/31 =V f i/ f + (l-Vf)l/m (2-6)

a = V_a_p + (1-Vr)a (2-7)f f f m

where V,. is overall volume fraction of fibers, E,. and E are f f m
Young's moduli of fibers and matrix respectively, v^ and v are m
Poisson's ratios of fibers and matrix, a _ and a are thermalf m
expansion coefficients of fibers and matrix respectively. E is 

Young's modulus in Xj-x2 plane (see Fig. 10b), E3 is Young's 

modulus in x3 direction, u being Poisson's ratio in X j - x 2 plane,

11.



u31 being Poisson's ratio for transverse strain in any direction in 

plane due to stress in x3 direction (see Fig. 10b), 

accordingly we have following relation

^31 V13

The effect of surrounding fibers in ring model is accounted 
for in an average sense. The extent of such effect depends on the
width of the ring and the number of fibers n in the ring. When
number of fibers in the ring or the width of the ring is changed, 
volume fraction of fibers r£ng -̂n t îe ri-ng i-s changed, thus

Young's modulus E2, Possion's ratio i/2 and thermal expansion

coefficient a2 will all be changed, and effect of the ring (fiber

cluster) will be different. By comparing results from different
Vf r^ng> effect of neighboring fibers can be assessed.
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CHAPTER III
SOLUTION OF TWO-FIBER MODEL PROBLEM-- ANALYTICAL APPROACH I

III.I. Introduction

As is defined and discussed in chapter II, two-fiber model 
consists of two equal-sized fibers embedded in an infinite matrix 
with a spacing 2<5R between them. ( R is radius of fiber, 5 is a 
dimensionless parameter, see Fig.9). Two crack configurations are 
considered in this analysis: (a) a radial crack and (b) an
interfacial crack as shown in Figs 9(a) and 9(b) respectively. The 
loading could either be mechanical or thermal one. Due to the 
complexity of the geometry, numerical and approximate methods have 
been used. To approach the model problems, first the stress fields 
for the uncracked geometry are determined using finite element 
technique, then by superposition, solution of the original problem 
can be translated into that of a perturbation crack problem in 
which the only loads are the crack surface pressures which are
equal to the negative of stresses in the uncracked geometry case
(see Fig.11) ( since for crack problem we are mostly concerned with 
propagation of the cracks, and as far as crack tip singularity is 
concerned the perturbation problem is identical to the original 
one, therefore instead of original problem, we can alternatively 
solve a perturbation problem). After that, for radial crack case
an approximate approach for the evaluation of the stress intensity 
factors or strain energy release rates is developed using single 
fiber solution and singular integral equation technique. For
interfacial crack case an approximate approach for the calculation 
of strain energy release rate is developed using single-fiber 
solution and analogy technique.

13.



III.2. Solution of uncracked geometry

To find out the stress distribution in the matrix and at 
fiber-matrix interface in uncracked geometry, finite element 
technique is used and the finite element mesh is shown in Fig.12. 
By symmetry only a quarter of model is used in the calculation, and 
of course certain restraints such as vanishing shear stresses and 
normal displacements as well as zero rotation angles along the two 
cut-out lines are imposed. By changing the spacing (center
distance) between the two fibers and comparing the stress fields 
thus obtained, effect of interaction of the two fibers on the 
stress field can be determined. By assuming different values for 
the mechanical constants and comparing stress fields thus obtained 
the effect of mismatch of mechanical properties between fiber and 
matrix materials can be assessed. Finite element computer 
procedures using ANSYS [45] which gives stresses and displacements 
for in-plane mechanical and thermal loadings have been developed, 
the accuracy of FEM solutions was checked by comparing with some 
available analytical results. For instance when the two fibers are 
far away results were compared with the single-fiber solution. When 
Young's moduli of fibers are assigned a very small value, problem 
is reduced to an infinite domain containing two holes, results were 
compared with analytical solution for unidirectional traction case. 
When fiber and matrix are of the same material results were
compared with homogeneous media case. Stress distributions of two-
fiber model due to mechanical or thermal loading are shown in Figs. 
13-24. In either case effect of Young's modulus ratios and fiber 
spacing is investigated. It is found the stress distributions are 
strongly affected by fiber interaction, especially when the
material is subjected to mechanical loading.
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III.3. Radial crack case

For the radial crack, an approximate approach using single­
fiber solution and singular integral equation technique is 
developed.

Dundurs and Mura's dislocation solution [46]( infinite domain 
with an embedded inclusion and an edge dislocation, see Fig.25) is 
used as a Green's function, after integration a singular integral 
equation is obtained, the stress intensity factor or energy release 
rate at the crack tip is related to the solution of the singular 
integral equation and can be evaluated accurately by using 
collocation technique.

The approximation is due to the fact that the Green's function 
used in the approach is from the single-fiber case while the crack 
surfaces are still loaded with the stresses obtained from two-fiber 
model.

The formulation of a radial crack emanating from a single 
fiber embedded in an infinite matrix for uniaxial loading is given 
in [43], Referring to [43], after some simplification, the problem 
in terms of the crack surface displacement derivative f(t) can be 
written as (see Fig.26):

7r(/c +  1)m_______   , s.

(R < x < R+c) (3-1)

where f(x)= ~^[v(x+ , 0)-v(x‘, 0) ] , c<x<R+c,

with the single-valueness condition:
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I R+c
f(x)dx - 0 (3-2)

where

k^ s (x’t) = “7 ^ “
1 r s Aĵ 2 2

(Ax+ A2) 2̂ “ + — ~(3s - R )(1- —  ) 
x

Ai

2 2 3 2 2 2
4s s(s - R )  s ( s - R )

(!' *. ) 2 2 
X (t-s)

4 3
R t(t-s)

AjR 2 3R R

x X 2t tx
— ) - [M(«f  + 1) - 1]

2tx
2 >

2
R m(/c +1) 1 - mmwith s = ----- , M = 7--;-- rt---- , , 0 N , A, =v  1 f lt -i- m \ ( is _ l X ) m l  f 1x ’ (Kr+ m) (Kj.- l+2m) 1 1  1+ m/cf f m

k ^-iuk f m
«£+ m

Mf
m = , x = 3-4i/ , Kj-= 3-bvr. (3-3)u m m ’ f f v ''m

For the problem under consideration the external load p(x) is 
replaced by the negative of the stress obtained for the uncracked 
two-fiber geometry.
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To solve singular integral equation (3-1) with (3-2), the 
following normalization is performed:

x= ~2~P + R + — for R < x < R+c and -1 < p < 1;

t= ~ r  + R + ~y ~ for R < t < R+c and -1 < r < 1;

thus

f(t) = g(r); k lls(x,t) = K llg(p,T);

p(x) = q(p); kllf(x,t) = Kllf(p,r). (3-4)

eqs (3-1) and (3-2) become

r g(r) dr + -s-f [Kll ( p , r )  + K X1f (p,r)]g(r)dT 
J -1 t■ - p J.l

7r(/C + 1)
 m  q(p)» -1 < p < l (3-5)2 nm

and

1
g(r)dr = 0 (3-6)

The normalized crack surface displacement g(r) is singular at 

t =  ±1 and may be written as:
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G(r)
g(r) =     J- (3-7)

J 1 - r (1 + r )

where G(r) is a bounded function , -l</3<0, determined by [43] from 
the following equation:

2cos7r/3 + (A1+ A2 ) - 4A1(/3+l) = 0 (3-8)

At the crack tip the stress intensity factor can be defined
as:

k(c) = lim 7 2(x-R-c)a (x,0) . .
v ' r., yy matrixx-+R+c J J 1

1 + Km
—  y c 2^G(1) (3-9)

Noting that K^= J n k(c), then the strain energy release rate 

is found to be:

2 2
M l ' "  ) 2 2

GI = - e m = I T  ^3- 10>m m

o k(c) 27T M  „ C_ V 7 2
or G! - —  (1- % } Ri r ( } (3'n)m y c

c k(C) 2 
Defining = e, — ===- = ~ k'(e) and g(e) = e [ k' (e) ] , eq (3-9)

7 c
becomes:
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G1 = ~ ~  (l-i/*) Ra2g(e) (3-12)
ra

Note that the quantity g(e) is dimensionless, and thus called the

normalized strain energy release rate.
The numerical results are computed for various material 

properties and fiber spacings (25R) and displayed in Figs 27 to 30.
The results indicate that (a) material properties have very 

little effect on the normalized strain energy release rate g(e) as 
shown in Fig.29 (for radial crack case); (b) the spacing between 
the two fibers plays a significant role on whether crack arrest is 
possible or not (e. g. Fig.28 indicates that when 5 is large, i.e., 
the fibers are far from each other, the normalized strain energy 
release rate passes through a maximum making crack arrest possible; 
on the other hand when 5 is small, i.e., when the fibers are close 
to each other, there is no possibility of radial crack arrest); and 
(c) the variation of the normalized strain energy release rate g(e) 
is drastically different between the single-fiber and two-fiber 
geometries.

III.4. Interfacial crack

For the interfacial crack case, again an approximate approach 
using Toya's single-fiber solution [44] and least square technique 
is developed. First it may be noted that Toya's solution 
(Fig. 31(a)) can be considered as the superposition of an uncracked 
geometry case (Fig.31(b)) and a crack case in which the crack is 
loaded with the negative of stresses from the uncracked geometry 
case (Fig.31(c)). Then the strain energy release rate can be
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computed by considering the perturbation problem shown in Fig. 31(c) 
only.

Next the tangential and radial stresses at the fiber/matrix 
interface (of the considered case), obtained from finite element 
analysis, can be approximated in the least square sense to yield 
the crack surface tractions prescribed in Fig.31(c).

Stress fields for a single fiber embedded in infinite matrix 
subjected to biaxial traction N, T at arbitrary orientation (see 
Fig.31a) can be found to be:

N+T R 2 N-T R 4 R 2
*rr= — —  [1-4A(— ) ]- — —  [1+12B(— ) - 16B(— ) ] cos2 (6 -<p)

(3-13)

N+T R 2 N"T R 4
—  [1+4A(— ) ]+ — —  [1+12B(— ) ]cos2(0-<p) (3-14)

N-T R 4 R 2
Trf)= — —  [-1+12B(— ) - 8B(— ) ] sin2 ( 6-<p) (3-15)

where,

a -2vf ^ m  - (1'2% ^ f
4[(l-2i/f )/im + /xf ] (3-16),

at fiber-matrix interface, r=R, it becomes
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N+T N-T
CTrr= T ~ ^ - 4A)- “ T “ (1' 4B)cos2(^-(P) (3-18)

N+T N-T
ad T  “ T “ (1+4A>+ “ “ (1+12B)cos2(0-<p) (3-19)

N-T
rrd= -Y-(-l+4B)sin2(ff-V) (3-20)

To find N , T and <p , which yield stresses on the fiber-matrix eq eq e9
interface in 31(c) with the amount approximately equal to that in 
the two-fiber model obtained by finite element method, least square 
technique is employed,
Assume

m r r N+T N-T i2
^ J l l  [ ("I- ( 1 ’4A)- 2 (1' 4B)cos2(V ( p )-arrij +

N-T -.2
-(-l+4B)sin2(0.-<p)- rrffiJ j- (3-21)2

where a ., r .. are stresses of two-fiber model from finite r n  rfli
element analysis. It is obvious that A is the sum of difference of 
normal and shear stresses (between that from single-fiber case and 
two-fiber case) at the interfacial collocation points. Then Neq
T and cp can be determined in such a way that A be the minimun. eq ^eq J

To do this we take derivatives of A with respect to N, T, ip as 
follows:
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(3-22)

8A

dip =0,

from the resulting simultaneous equations N , T and <p can be° eq eq eq
determined.

For specific cases, i.e., when the crack lies along fiber- 
matrix interface symmetrically with respect to x axis or y axis , 
take cp=0. For example, if crack lies symmetrically with respect to 
x axis, using polar coordinates as is shown in Fig.32, let ip=0, 
replacing 6 in eqns (3-21), (3-22) with ix-8 , then stresses on the 
fiber-matrix interface can be written as

N+T N-T
arr= — J — (1-4A)- - y - ( l -  4B)cos28 (3-23)

N-T
tt0= — — (-l+4B)sin20 (3-24)

and
N-T

[ (3-25)
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then, to minimize A, taking derivatives with respect to N and T and 
equating them 0, we obtain:

—-rz-==2(Sl.N+S2.T-S3)=0OJN
(3-26)

3A
t^-=2(S2.N+S4.T-S5)=0 0 1

where

[ — Y ~ (1-4A)-— (l-4B)cos2flij + [ — :—  (-l+4B)sin20.J j-

(3-27)

S2=i§1 [ — (1-4A)2- — \— (1- 4B)2] (3-28)

S3=J l {  [ — d - 4A)-— (l-4B)cos2^.]arri+— (-l+4B)sin20.rr^ij-

(3-29)

S4=i§i{ — -— (1-4A)+ — g ^ B ) c o s 2 « J  + [ — —̂ (- 1+4B) sin2tfj J-

(3-30)

S5- J l {  [ - r < 1-4A) - r ( 1-4B)“ s2#i]‘’r r i - r <-1+4B>sln2#irr»i}

(3-31)
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thus, we have the following simultaneous eqns:

S2.N+S4.T=S5
S1.N+S2.T-S3 (3-32)

from which, N and T can be determined as follows: eq eq

S3 S5 S2 S4 
Teq= ^~SI - i 2 - i 2 > (3'33)

S3 S2
N=eq - H  <3'34>

For single-fiber model and interfacial crack case, the strain 
energy release rate at the crack tip is given as [43]:

G = —  kR Aq C ^ A q2)^! N j sinoe2A°(7r'a) ;

where N1= (c0- - ^ )  + ~ ^ ( N  - T )e[i(2<P-«) i+2A0 (a-*) ] .

k 1+/C 1+/Cj-
a . -  - r - < ----   + --------~ ) ;

4 '‘f

c0~ Go+ iH0>

Gq= { -r~(N + T ) [ 1- (cosa + 2A0sina) e2A° (7r'a)

24.



2 2 
■̂ “ (l-k) (1+4A0) (N - T )sin acos2<p) /

{ 2 - k - k(cosa + 2A0sina)e^°^ a^

where

H0= { ——  (1-k) (1+4A0) (N - T )sin asin2<p

+ ~ [1+(cosa + 2A0s i n a ) e ^ ^ ° ]} 
m

k[l+(cosa + 2A0sina)e^° ̂  ]

1 4/i ie
with d_ i = — (N + T ) + — —

m

A0= - (ln^)/2tt



where em is the rotation at infinity, Nxis the complex conjugate of 

N lf and R, a and cp are shown in Fig 31a. For a constant crack

—  a
surface pressure a, in [41], it was shown that ^eq= 1 4A

and cp = 0 , and the normalized strain energy release rate at the
interface becomes:

GE
G' -  m -2 (3-36)

2(1+1/ ) a R m

For the problem under consideration, T , N and angle cp in eqn (3-

35) are replaced by N , T and cpc J eq eq eq
The numerical results are displayed in Figs 33 to 38 for

thermal and mechanical loading, where the normalized strain energy
release rate is plotted against the interfacial crack angle a. The
material properties and the fiber spacings are varied and the
results are compared with single-fiber case. It is found that
mismatch of mechanical properties of the constituents and the
spacing between fibers may affect the interfacial crack propagation
considerably. Furthermore, contrary to the radial crack case, the
variation of G' is qualitatively similar for both the single-fiber
and the two-fiber cases, making interfacial crack arrest possible
(see Figs.36 to 38).
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CHAPTER IV
SOLUTION OF RING MODEL PROBLEM-- ANALYTICAL APPROACH II

IV.1. Introduction

The definition of the ring model has been given in chapter II, 
and its geometry is shown in Fig.10. Both mechanical and thermal 
loading are considered in this analysis and exact analytical 
solutions of stress intensity factors for matrix cracks are 
derived. To approach the problem, dislocation solution is sought
first in section IV.2, then the dislocation solution is applied as
a Green's function to solutions of crack problems in IV.3. Since a 
crack can be regarded as pile-up of dislocations in an appropriate 
way, by integrating the dislocation solution a singular integral
equation is obtained. Stress intensity factors at the crack tips
are related to the solution of the singular integral equation and 
can be evaluated accurately by using a collocation technique.

IV.2. Dislocation solution

The geometry for the considered problem, as is shown in 
Fig.39, consists of three domains, i.e., circular disk (matrix) 
containing an edge dislocation, circular ring (composite) and 
exterior infinite domain (composite). The materials for the 
circular disk and ring are isotropic, and the outside infinite 
domain transversely isotropic.

To formulate the problem under consideration, Michell's 
general solutions are employed for the three domains, i.e., general 
annulus solution for the circular ring and exterior solution for 
the outside infinite domain. For the internal circular domain, 
since a dislocation is embedded in it, the solution is constructed
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by superposition of the following two, Michell's general interior 
domain solution [47] and an infinite plane containing an edge 
dislocation, the latter is obviously to account for the main 
feature of the edge dislocation. Stress field in the disk then can 
be obtained by the following superposition:

containing an edge dislocation and that of the uncracked circular 
disk respectively.

(a) Solution for infinite plane containing an edge dislocation

Consider an infinite plane with an edge dislocation having a

Referring to [48], the Airy stress function of the problem may 
be expressed as (Fig.40)

(4-1)

where a.

Burger's vector b =-f located at the point r=t, 8=0 (Fig.40). The 

plane elasticity problem may be solved by assuming that

0 < r < °° 8 =0, 8 =7r (4-2)

■^“ [u0(r,O+)-u^ (r,0') ]= fS(r-t), 0 < r < « (4-3)

2^i
# i ( r ,0 )  = - 7r(l+/c) frxlog rx cos 81

28.



t*l
7T(i ) f(r c o s ^"t )-*-°§(r +t -2rtcos0) (4-4)

where y,1 is shear modulus of disk material, /c1=3-4i/1 for plane

strain, /c1=(3-i/1)/(1+j/1 ) for the generalized plane stress (solution

is sought for plain strain case in this study), being the

Poisson's ratio of disk material. From (4-4) stresses are obtained 
as follows

a (r,6) = --rr r
3$!
ar

2
a

2 2 
r 36

2 2 2
2fi1f rcos# - t - 2tsin 6 2t sin 0(rcos0-t)

t 2 2 ■ 2 2 2] (^*5)
1 r + t - 2rtcos0 (r + t 2rtcos0)

2/̂ 1 f sin0(2tcos0 - r)
*<!+«,)1 r2 + t2 . 2rtcos#

2tsin0(rcos#-t)(r-tcos0)
2 2  2

(r + t - 2rtcos0)
(4-6)

2
a

— T -
3r

2^1 f
tt(1+«;1 ) [-

2cos6(r-tcos0)+rcos0-t - -
r + t - 2rtcos0

2(rcos#-t)(r-tcosfl)
2 2 2] (4-7)

(r + t - 2rtcos0)
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displacements can be found as

f 1 - 2is i 2 2
ur(r,0)= - n(1+K ^[ — 2----cos01og(r +t -2rtcos0)

2
trsin 8 r rcos0-t

l- — ---- 2---------- - 2 ) tan" (— — j— ~— )sin0] (4-8)
r + t - 2rtcos0

f 1-2^  2 2
u0(r.0)= W(1+K )[ — 2--- sin01og(r +t -2rtcos0)

(r-tcos0)rsin# x rcos0-t
+ 2(l-i/1)tan" (— rsin0— ) cos $ ] (4-9)2 2 

r + t - 2rtcos0

In order to combine the infinite plane solution with the disk 
solution, we express stresses and displacements along the circle 
r=a in the plane in terms of the following Fouries series:

4if v-
o „(a,9)= 777— r ) A (t)sinn# (4-10)r8 ^(l+zci) / n' ' v1

Mif Y
o (a,8)= - 777 r ) B (t)cosn0 (4-11)rr' ^(l+zc!) I n v ' v '

ur(a, 8)-- 7r(l+/c1) C (t)cosn# n (4-12)
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V a*®>“ - T(Ti^ 7  ) Dn (t)Sinn^ (4-13)

where Fourier coefficients are given by

7T ( ! + « ! )  2 r  n7T ̂  .Lt/v i ) fy p 7T

An(t) = ~ T 7 f  V  J o *r0(a,*)sinn*d* (4-14)

7r(l+«;1 ) 1 p 7T
B0 (t) = -  -z —  a (a,6)d6 (4-15)
ov '  /J.1 f  7T J o r r

^(l+Ki) „ P n
B (t) = -----r  --- a (a,0)cosn0 6.9 (4-16)
n v f i 1 f  7T J 0 rr'

^(l+K!) .. p n
C0(t) =- ----£----- J  Ur(a,fl) d0 (4-17)

^(l+Ki) „ r ^
C„(t) - -  t U (a,0) cosnfl d0 (4-18)

1 “  J o rn

7r(l+/c1) 2 P w
Dn (t) = '  f IT J o Ue(B'9) Sinn8 dd (4-19)

while arr, , ur and u0 are given by (4-5),(4-6),(4-8) and (4-9).

Integrals in (4-14) to (4-19) can be evaluated in closed form, 
for example,
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A (t) =
7T ( 1+/C j ) 2

n Mif
2 r *“ J o  ar^(a.̂ )sinnfld#

^ p 7r sin0(2tcos0 - a) 2tsin0 (acos# -1) (a-tcos#)
- [ - - . - - -
J 0 a + t - 2atcos0 (a + t - 2atcos0)

define s= — , then a

A n (fc) = A n (as) = Gj(s) +  G 2 (s ) + G 3 (s )

with

„ p 7r sin20sinn0
Gi(s)= * ~ T  ------------- ~ d90 1 -2scos#+s

„ p 7r „ sin# sinn#
G2(s )= --T- -f- ------------- “ d#

 ̂ 0 1 -2scos#+s

„ p 7r s sinn#
Ga(s)= 2 j [sin2#(l-2scos#+s

n J 0 a(l -2scos#+s )

4sin#(s-cos#)(l-scos#)]d#

Using tables in [48], from (4-21) and (4-22), we obtain:

Gi(s)- 1(l+s2) (4-24)

2sn' ■*"G2(s)~ - “ " (4-25)

]sinn#d#

(4-20)

(4-21)

(4-22)

) +

(4-23)
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note that,

G 3 (s)= s ^ ~ [ G x (s ) + G 2 (s )

sn_1 2 2[n(s - 1) + (s +1)] (4-26)

then,
n-1 2 2

A (t)=A (as)= ~z [n(s - 1) + 2s ] (n>2) (4-27)n  il a

or
( +9'n-n+l

A (t)=   - -n£--- (n>2) (4-28)n n+2 n va a

In a similar manner, we obtain

2
Ai(t)= -^1  - —2— (4-29)

B0 (t)= -~2^ —  (4-30)

2
Bi(t)= -   + - f -  (4-31)

aa

B (t)= - <‘n + 2 j t--- + (n+2)t--- (n>2) (4-32)n x n+2 n
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For another example,

ttCI+zcj) 2 r n
C (t) = - ---------   f u (a,0) cosn# dd (n>2)n v ' f 7r J 0 r

2 p 7r l-2i/1 2 2 tasin
 ̂ cos01og(a +t -2atcos0) +— ^«/ 0 n 2

a + t - 2atcos(

! acos0-t
2(l-^1)tan (---- :— ~— )sin01cosn0 dd (4-33)1 asinS

Define

Cn(t)= -f- [Cnl(t) + Cn2(t) + Cn3(t)j (n>2) (4-34)

with
f * l-2ul 2 2

Cnj_(t)= J — 2---- cos01og(a +t -2atcos0) c. snd dd (4-35)

x acos#-t
Cn2(t)= - 2(l-i/1)tan (— — )sin0cosn0 dd (4-36)

C (t)= f — ---- -̂----------  dd (4-37)
0 a + t - 2atcos#

2
ix tasin 6 cosn#

Among them C ^(t) can be readily found to be
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n+1 t-n'l
Cn3<t >- (^ T I  '  “ V i  > (n^ 2) (4 ' 38)a a

but for C^Ct) and woul^ i*e convenient first to find

their derivatives C^(t) an£i ^ 2 ^ ^   ̂prime means derivatives with 

respect to t ) , then find ^n^(t) and C^Ct) integrations.

For example,
p 7T 1" 2l^ j 2 2

Cn2_(t)= J  — 2---cos01og(a +t -2atcos0) cosnfl dd

note that,

IIr , N l-2i/i p n 2cos0 (t-acos0)cosn# 
-Cnl(t)= — r   5-- 5-----------  dd

a + t - 2atcos0 
which can be readily evaluated

(l-2i/i)7r _n-2 n1 t  . t
4—  (- ^ n + <4-39>a a

by integration
t  a

Cnl(t>- J 0^ Cnl<t>dt + Cnl<°>

(n-1) n-1 + (n+1) n+1 1 (ra2> <4-40>
(l“2i>,1)7r t-n'l n+1

for
acos^-tp 7r x acoso-t

C 0(t)= - 2(l-i/i)tan ---- :— ■—  sin0cosn0 ddn2 J o  asmS

also note that,
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2
d r , v p it asin 9 cosn9
— Cn2tt;= 2(1-^) J  q—  5-----------  d9

a + t - 2atcos0

2(1-u,)
t n3C ,(t)

, tn tn-2(-TTT - ) <t*2>2 n+1 n-1a a

t  a
then Cn2(t)= J Q— Cn2(t)dt + Cn2(0)

since from equation (4-36):
r It _ !

Cn2(0)= - 2(1-1/!) tan (ctanfl)sinflcosnflJ 0
d0

r l+(-l)n+1 l+(-nn+1
n + 1 n - 1

thus,
( 1 - i/ x ) 7T t n + ^ t n  ^

Cn2(t)= 2 [ (n+1) n+1 " (n-1) n-1 ^a a

(1~ ^ )7r . i + ( - n n+1 i + ( - n n+1
2 L n + 1 ‘ n - 1

and,

(4-41)

(4-42)

(4-43)
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Cn (t)= tCnl(t) + Cn2^t) + Cn3(t)  ̂ (r̂ 2)

(n+2 -4î x) tn 1 (n+2)tn+1 2(l+(-l)nl,]:ia  . (4 44)
2 (' 2(n-1) n-1 + (n+1) n+l> + * . (1 " l} (4 44)v 'a a n - 1

In a similar way we obtain

co(t)= <4-45>

2
Cj (t)=  1--- - (1-i/J + (l-2i/1)loga (4-46)

a

2
Dx(t)- “J 1--- - (2-j/j) - (l-2„1)loga (4-47)

a

.. 1 , (n'4+4,/i)tn 1 (n+2)tn+1 (l+(-l)n+1)
n 2 (- (n-1) n-1 + (n+1) n+l}'2(1^ *)n * ( ^ 48)n - 1

b. Disk solution

For the problem under consideration stresses and displacements 
should satisfy the following symmetry conditions:

arr(r’̂  = arr^r ’ (4-49)

ogg(r,6) = crgg(r,-6) (4-50)
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°T fl(r,0) = ~axQ^''QS> (4-51)

ur(r,fl) = ur(r,-0) (4-52)

u.(r,0) = -u0(r,-6) (4-53)

Using Michell's general solution, taking regularity of 
solutions and symmetry conditions into consideration, stresses and 
displacements for the disk solution can be assumed as

00

arrl(r ’̂ )=^c°1+2di1r c o s 9 [an^n(n-l)rn bn^(n+l)(n-2)rn]cosn0
2

(4-54)

CT^iCr,#) = 2c0 1+6d1 ̂ costf-t-̂  [an^n(n-l)rn"^+ b^^(n+l) (n+2)rn] cosn^
2

(4-55)

CTr0l(r ’̂ )=2diirsin5+^ [an^n(n-l)rn bn^n(n+l)r11]sinn0 (4-56)
2

correspondingly, displacements can be written as 

1 - u\(2(1-2^) (1-4^)
uri(r)0)=- _ _ |   c01r+ ! . Vx d „ r  cos0 + ^ [(- ^ anlr

n-1
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2(l-2i/1) -n >
+ bn^( j"    )r ]cosn0j + (l+i/1)a1ATr + S2cosd (4-57)

1 - vi r (5-4i^1) 2 V i
U^l(r-^)= 1 - Vl d“ r Sin  ̂ + ) [( +

2

n + 4 -4v1 , ^
      )rn Jsinn^j- - S2sin0 (4-58)

c. Ring solution

By the same analysis stresses in the ring can be assumed as

b02 2c12 (3+i/2) (R sin0+R cosd)
arr2('X ' 9^ ~ 2~+2c02 + (-— 3 "t"2di2 r)cos 0 -— ^  2

r r

[an2n(n-l)rn +̂bn2(n+l) (n_2)rn+cn2n(n+l)r n̂+2 +̂

d^Cn-l)(n+2)r n]cosn0 (4-59)

b02 2c12 (1 -122) (R sin#+R cosd)
°692('r ’0') = '— ~  +2c02+ (---3 +6d12r)cos0 + — — -----2------ *----- +

r r

[an2n(n-l)rn‘2+bn2(n+l)(n+2)rn+cn2n(n+l)r‘ n̂+2^+
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d^Cn-l) (n-2)r n ]cosn0 (4-60)

2c 12 (1-i/2) (R cos0+R sin#)
CTr#2(r’̂ )=‘(— ~  ' 2di2r)sin?--^-----x +

r
00

^ [an2'n(n-l)rn ^+bn2n(n+l)rn-cn2n (n+l)r -dn2n(n-l)r n ]sinn#
1

(4-61)

where and R^ are components of resultant force acting on the

inside of the annulus, and for our case R =R =0.x y
Displacements in the ring can be written as

1 - ^ 2  r  b 0 2 2 2 ( 1 - 2i / 2 ) >- i2 ^
u„0(r,#)= ^ ^ c02r+(1 2 +r2 ’ E V i  - i/, r 1 - i/0 t'°2iT^1- „r

(1 - 4|/ 2 ) 2 V r, r,.1 n -2+ 4l/2.)rn+1 +^ - ^ 2) 2 Y n n-1
d>*r )oos# + ) it;2a„2r • b„2<n2 1 -

1 ^ 2 4.1 ) 
cn2r n + dn2^~”1---~v n ]cosn^j + (l+i/2)u2 ATr + S3cos#

(4-62)

2
1 - i/2 /• c12 n (5-4i/2)2 f 12 1 2 V ^

u02(r>0)= {^1 - l/2 2 + 1 . ^  d12r )sin#+ ^[- Y^;
n-1 a „r + 2 n2 

2
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n +4- 4i/~ , n -4+ 4i/2 ,, 'vz. n+1 n -n-1 . , -n+1, . „1b 0(—:------- )r +   c „r + d „(— ; )r smnShn2x 1 - v2 ' 1 -v2 n2 n2' 1 - u2 J

S3sin0 (4-63)

d. Infinite domain

In the same fashion, stresses in the outside infinite domain 
can be written as

XX+YY XX-YY (3+1/ ) (R sin0+R cosd)
a Q(r ,6)= --- —̂  + ----—  cos2 6 - — z------ ^ ~  +rr3 2 2 4?r r

b03 2c 13
2

r
cosd - y [ cn2n(n+l)r

d^^Cn-l)(n+2)r n ]cosn0 (4-64)

XX+YY XX-YY (l-i/ ) (R sin0+R cosd)
<’»»3(r’(')- 2 ' 2“  oos2# + ^ i ~

b°3 , 2ci3 0 ( , ,nv -(n+2)
r
2 r 3 cosd + ) [ cn2n (n+l)r +

2

-nd^Cn-l) (n-2)r ]cosn0 (4-65)
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org3(r,e) -
XX-YY 2Ci
 n—  sin2tf -

3 (l-i/ ) (R costf+R sintf)
3“  sintf - —  x ^

[cn2^ ( n + l ) r " d n3n(n-l)r n ]sinntf (4-66)

where XX and YY represent cartesian components of stresses acting
at infinity, R and R are cartesian components of resultant force x y
acting on the boundary r-b, and for the considered case, R^=R^= 

XX-YY—0 .
For transversely isotropic materials, general constitutive 

equations are as follows:

:rr3

:tftf 3

zz3

rtfz3

rzr3

'rtf 3

1
T

v

T

v

~E~

1T

31

3 1 3 1

0 0

'3 1

1

0 0

0 0

0 0

0 0

0 0

0 0

2(l+t/)

CTrr3 a

atf tf 3 a

azz3 a

rtfz3 0

rzr3 0

rrtf 3 0

AT
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Definition for the five engineering constants are as follows:

E : Young's modulus in x1-x2 plane (see Fig.10)

E3: Young's modulus in x3 direction (see Fig.10)

v : Poisson's ratio in x^Xj plane (see Fig.10)

i/31 : Poisson's ratio for transverse strain in any direction

in X j - x 2 plane due to stress in x3 direction (see Fig.10).

Accordingly we have relation — r  = —  ---k3 E

G3: shear modulus in plane parallel to x3 axis.

Since the model is applied to a fiber reinforced composite material 
with fiber being aligned along x3 direction, these engineering

constants can be determined by following formulas:

(4-67)

1
E = V + (l- v

(4-68)
f

Ef Em

(4-69)

(4-70)
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where V~ is the overall volume fraction of fibers, E,., E beingf f m °
Young's modulus of fiber and matrix respectively, u^, u being

Poisson's ratio of fiber and matrix respectively, a^, being

thermal expansion coefficient of fiber and matrix respectively. 
Note that this domain is assumed thermally isotropic.
For plain strain case, ezz3=0 > we obtain

V 3 l  U 3 1  1
<7 o — aOQ? + ”7“ o + q3AT =0 (4-71)'zz3 E3 wrr3 E3 “993 ' E3 ^zz3 ' 3

therefore,

CTzz3 = (CTrr3 + °993)u^  ' (4'72)

3 1
-5 -“S °aai - “S + «3AT (4-73)rr3 E rr3 E 993 E, zz3

1 v v 31
993~ E “993 " E "rr3 ' E ~  "zz3e a a i I? aaa,i " 17 ° “ u ° O3AT (4-74)

substituting (4-72) into (4-73) and (4-74), we obtain

€ rr3 = _ Er( arr3 ‘ u '°993) + (1+,/3 i) (4-75)

:993 E' ̂ °9 93 " "'ffrr3^ + (1+"3i) Q3AT (4-76)
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E 2
" + “e T " 31 
 —  (4'77)
1 ' E ^31 3

it can readily be shown that

l + i/' l + i/
E 1 = E

thus displacements can be found as follows:

, 00 
i f 03 c 13 T -(n+1)ur3(r,0)= -rrj -— -— (1+t/ ') + ---— (l+i/')cos0+Mcn3n(l+i/')r

L r k

+dn3((n+2)+i/' (n-2) )r^ n ]cosn0|- +(l+i/3x )a3AT + S4cos0 (4-78)

CO

u03(r,0)= -yrj — (l+i/')sin0 + \ [ cn3n(l+i/' )r~ ̂ n+1  ̂+
L r £

dn3((n - 4 +ni/'))r'*' n ]sinn0|- - S4sin0 (4-79)

e. Boundary conditions

After assuming basic form of solutions, the unknown constants 
in those equations can be determined by simply substituting them 
into the following boundary and continuity conditions:

arr (a ’ ̂ ) + arri(a>^ = CTrr2  ̂ (4-80)

where E' =-------- ~-----E 2 
1 ' ~E ^313
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ar (̂ a,9) + <7r01( a,9) = cî e2(a,9) (4-81)

ur(a,^) + url(a,9) = ur2(a,9) (4-82)

ud(a,9) + u^1(a,0) = u&2(a,i9) (4-83)

arr2(h’0) “ arr3(b’°  (4'84)

W b ’*> = W b ’*> (4'85)

r2

a02

where a

arrl ’ o

CTrr2 ’ o

CTrr3 ’ a

(b ,9) Ur3 (b ,9

(b ,9) = U03 (b ,9

rr ’ ar9 ’ °99'

r:91 ’ °991’ url

x92 ’ a 992’ Ur2

r03 ’ °993’ ur

(4-86)

(4-87)

and (4-78) to (4-79) 
Define

Hif Mif
anj_ ' jrU+Kj) Qnj ’ bnj“ ‘ 7r(l+/c1) ^nj

/iif fj.1 f
c .= -— jt-— - 7 . d .= -— — -- 5 . (n=0,1,2,3,...)nj ^(l+zcj 'nj nj jrfl+Kj) nj (j=l 2 3)

After substituting into eqns (4-80) to (4-87), we obtain

P02
^7oi " 2 ^7o2 = "®o (4-88)
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2(l-2i/1)(l+i/1) (l+^2) 1 2(1-2i/2) (l+i/2)
Ex a701 + E2 a ^°2 ’ E2 a7°2

C0 7T(l+/c ) [ (l+i/2 )a2 - (l+i/j)q1 ] ATa ^  gg^

^02 /̂ 03
2 "*■ 2 7 o 2 ‘ 2 = C (4-90)

(l+l/2) 1 2 (1+1/ 2 ) (1 - 2l/ 2 ) (1+!/') 1
E2 b P°2 + E, b7°2 + E' b ^O3

7r (l+/c 1) [ (l+i/ 3 1) a 3 - (l+i/ 2 ) a 2 ] ATb (4-91)
f n 1

27i 2
25n a + — i-  * 25i2a = -Bj (4-92) 

a

27i 2
25n a + — ~  " 2^i2a = Ai (4-93) 

a

(l+i/1) (1 - 4i/1) 2 (l"̂"i/ 2 ) 1 (1 ■ 4+ 2) ( 2) 2 _ Cj
p a ^ii" p 2 7i2- p a ^12 1 " 77”^1 * 2 a ^2 Mi

(4-94)

(l+i/1)(5-4i/1) 2 d + ^ 2) 1_ (5-4i/2 ) (l+i/2) 2 _St= Dj
2̂
(4-95)

Ex a 5l1 " E2 2 7l2" E2 a 5l2 1 Mi
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2712 7i3
3 " 2512b ■ 3 = 0 (4-96)

b b

(l+i/2) 1 (1+i/2)(1-4i/2) 2 (l+i/') 1
J T  7l2+ ^  b 5l2' E' , 2 7l3+SU =0 (4-97)/ b 2 b

(1+j/2) 1 (1+i/2)(5-4i/2) 2 (1+^') 1
g 2 7l2+ g ^ ^12 gi 2 7l3~Sjj—0 (4-98)
2 b 2 b

n(l-n)an (n+1) (2-n)an/3n^+ n(n-l)an 2an2+ (n+l) (n‘2)an/®n2+

n(n+l)a‘n'27n2+ (n-1)(n+2)a'n6n2 = -Bn (4-99)

n(n-l)an 2«nl+ n(n+l)an/3nl- n(n-l)an 2c*n2- n(n+l)an^n2+

n(n+l)a n 27n2+ n(n-l)a nSn2 = An (4-100)

l+"l n.! 1+i2l n+l 1+"2 n_1 1 + ̂2
"17 na Qnl+ “ 17 [2(l-2i/1)-n]a ^ +  —  na an2+ —  (n-

- . . n+1- l+!22 -n-1 l+1/2 -n+1 r Cn2+4)/2)a ^ 2 - —  na ^  (n+2-4«/2)a 5r2 =- ^

(4-101)

1+)/, - 1 + )/, , - 1 + 1/o  - 1+)/1 n-1  3, . , , . n+1-  2 n-1 2
E 7 na “nl+ —  (n+4-4^)a 0^- ~ —  na a^- —  (n+4-
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, n+1, -̂+u2 .n _i 1+^2 -n+1. °n
4"2)a ^n2 ' ~ r 2 na 7n2‘ ~ T 2 (n’4+^2)a Sn2 -  ^

(4-102)

n(n-l)bn '2an2+ (n+1) (n-2)bnyfln2+ n(n+l)b'n"27n2+ (n-1)(n+2)b'n§n2- 

n(n+l)b'n'27n3- (n-l)(n+2)b'n5n3 = 0 (4-103)

n(n-l)bn 2an2+ n(n+l)bn/?n2 - n(n+l)b n 27n2‘ n(n-l)b n5R2+ 

n(n+l)b n 27n2+ n(n-l)b nSn3 = 0 (4-104)

1+i/, — l+i/, — l+i/, - l+i/, 2 , n -1  2 , „ . , n+l_ .  2 , -n-1 2
nb an2" ~ T ,  ('>-2+4‘'2)b 0„2+ “ i; nb T„2+ ~ E 7  (n+2

,i l+i/' , n+2+(n-2)i/' .
4" 2>b \ 2 - —  nb'n ^n3-    b' 6n3 "° (4 ' 105)

1+1/2 n-1 1+1/2 n+1 1+1/2 -n-1 1+"2nb a„9+ (n+4-4i/2)b fl + — —  nb 7 + — ~  (n-E2 n2 E2 v 2/  ̂ Pn2' e2 /n2' e2

, l+i/' - n-4+ni/' ..
4+4i/2)b" 5r2 - —  nb —  S ^ -  — =0 (4-106)

(n-2,3,4,...)
where A^, B , and are known functions of t and given by eqns 

(4-28) to (4-32) and (4-44) to (4-48), consquently, coefficients
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a ., b c . and d . (n=0,1,2,..., j=l,2,3) calculated from eqnsnj nj nj nj
(4-88) to (4-106) will also be functions of t.

Examining those equations it can be seen that for n=0 or n>2, 
there are equal number of equations and unknown constants for each 
n, therefore these unknown constants can be uniquely determined, 
but when n=l, there are 7 equations but only 6 unknowns. It is 
conceivable that one of the 7 equations must be redundent. This 
is, in fact, suggested by the pair equations (4-92) and (4-93), 
because the two equations indicate that if

Ai+Bj =0 (4-107) ,

then they are identical, and one of them will be redundent. 
Referring to (4-14) and (4-16), it may be seen that

7T ( 1+/C ) - 2 ̂
A i +Bi  J Q [CTr0 (a ’ ̂ ) sin# - CTrr (a, 0 )cos0 ] a d9 (4-108)

Consider now an infinite plane containing an edge dislocation at 
r=t, 9=0, it is clear that the integral in (4-108) is nothing but 
the x component of the resultant of stresses acting on the circle 
r=a. Since the dislocation problem is a self-equilibrating case, 
the resultant force on the boundary r=a must be zero and thus 
proves the validity of (4-107).

After determining all the coefficients, stresses and
displacements for all the three domains are determined by eqns 
(4-5)-(4-9), (4-54)-(4-66) and (4-78) to (4-79). Remember that
stresses and displacements in the disk should be the combination of 
eqns (4-5)-(4-9) and eqns (4-54)-(4-58) in light of eqn (4-1).
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IV.3. Crack problem

To find stress intensity factors for the matrix cracks in the 
ring model, first by superposition, original problem is reduced to 
a perturbation problem in which the only loading is the pressure on 
the crack surfaces (see Fig.41). If a crack lies (in the ring 
model) at 6=0, -a^a^x^bjiSa, then in the perturbation case, we have

the following condition:

g= 0, 0 < r < oo 8 =0, or 9 =n (4-109)

agg( r,0)=P(r), a^x^bi , 8 =n (4-110)

u^(r,0)=0, -oo < x < a1 or bi < x < °o, 8 =0 (4-111)

where p(r) is equal to the negative of aOD in the corresponding
V U

uncracked geometry (see Fig.41c).
Now assume that the crack is formed by distributing the 

dislocations along the line 8=0, a1<r<b1 with f as a funtion of t,

then crgg(r,9) in the disk may be evaluated by integrating while

using dislocation solution (4-7) and (4-55) as Green's function. 
Specially, for 9=0, r=x from (4-110) we find

i> bj f(t) p bj 7r(l+/c1)J  —  dt + J  k(r, t)f (t) dt=— ^ --- P(r) , a ^ r c ^  (4-112)
ai ai

where the Fredhom kernel is
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k(r,t)=— £— ^ 2 701 + 6Jn r + ^ [n(n-l)rn 2anl + (n+1) (n+2)rn^nl] j-
2

(4-113)

and anl> /?  ̂ (n=2,3.....), 701 and SX1 are known functions of t

which are determined by eqns (4-88) to (4-106). If the crack is an 
embedded crack, (i.e., if -a<a1<b1<a) then from the definition of

f(t), it follows that

f(t) dt - 0 (4-114)
ai

The stress intensity factor of the matrix crack is related to 
the solution of the singular integral equation. If the crack is an 
embedded crack the index of the singular integral equation (4-114) 
is +1 and the function f(r) can be written as the following form

F(r)
f(r)= —/i (a^rCbi) (4-115)

[(r-a1)(b1-r)] '

where F(r) is a bounded function. After evaluating F(r), the stress 
intensity factor at the crack tips x=a1 and r=bx may be defined and

obtained as follows:

k(ax) = lim J 2 ^ - r )  a^(r,0) 
r-*^
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2m i   2m , F<ai)
lim J 2(r-a,) f(r) — ---- — - (4-116)

1 r-+aj 1 J (b1-a1)/2

k(bx) = lim 7 2(r-bj) a tf(r,0) 
r->b:

2Ml   2m, F(bl>
limy 2(b,-r) £(r) - (4-117)

1 r->bj 1 7 (b1-a1)/2

IV.4. Numerical results and discussion

The singular integral equation (4-112) with (4-114) can be solved 
numerically by Gaussian quadrature method.
First, equations are normalized by assuming

b ̂ - a ̂ b i+ai
r= ---1— p + —  --- , where, a1< r < b x , -1 < p < 1;

bj-aj b!+aj
 7— t + — 7--- , where, a1< t < b 1, -1 < r < 1;

f(t) = g(r); k(r,t) = K(p,r);

P(r) = q(p) . (4-118)

eqns (4-112) and (4-114) hence become
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r 1 / s (bj-aJ p 1 7r(/c + 1)
6 dr+ 2--- K(p,r)g(r)dr= q(p) , -1 < p < 1
r - p  v - x ' m

(4-119)

and

j -i
r) dr = 0 (4-120)

The function g(r) is singular at r= ±1 and may be written as 
follows [49]:

G(r)
gO) =  2 1 /2 (4-121)

(1-r ) 7

where G(r) is a bounded function.

At the crack tip the stress intensity factor can then be 
calculated by the following eqns:

J 2p ---------
k (ai )= - Y T 1 T  J G<-1> (4-122)

m

J 2p ---------
k(bi)- -x + ™ J (bt-at) G(l) (4-123)

m

Using Labato-Chebyshev numerical integration method, following 
a standard procedure in [50], [51], the integral equation can be
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solved by reducing it to a set of linear algebraic simultaneous 
equations as follows, from which G(l) and G(-l) can be evaluated 
accurately:

n G (rp) (bi-a^ n 2u
kio Ak tv -p, + 2 k^O AkK(rk ’ pk)G(Tk)=l + k q(pk)k rk m

(4-124),

where

7T ', when k=l,n,
\ = {  2̂ J (4-125)i-l)

— £t: , when k=2 , 3 , . . . , n-1,n-1

t. 's, p, 's are roots of Chebyshev polynomials as follows:

Tn-l(pr)=° ’ r=1’2.....n_:L’ (4-126)

d-rk )un.2(rk)=0’ k=1’2.... n'2 ’ and Tk"±1* (4'127)

Results are compared with available analytical solutions for 
specific cases for verification of the solution. For example, when 
Young's moduli in ring and external infinite domain are set a very 
small value, considered problem is reduced to a cracked disk case, 
for which the solutions for various loadings have been given by 
Tweed and Rooke, Bowie, Isida, Erdogan and Delale, et al., 
comparison are made for both radial and edge cracks with various 
loadings [58] and listed in Table 1. For another specific case, if 
the infinite domain of the problem has the same mechanical
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constants as the ring domain, considered problem is reduced to a 
single fiber embedded in infinite matrix with a fiber crack, 
comparison is made with Erdogan's solution [43] and listed in Table 
2 .

Analysis of matrix microcracking for mechanical and thermal 
loadings is conducted using ring model. Superposition technique is 
used, i.e., first the uncrack geometry case is solved, then by
superposition the considered case is transformed into a
perturbation case, in which the only loading is self-equilibrating
crack surface pressure. Solutions for uncracked geometry cases can 
be found in Appendix I.

To study effect of fiber distribution on microcracking, 
different crack geometries (different crack lengths), volume 
fractions of fibers for the composite in the ring, various widths 
of the ring and volume fractions of fibers for the composite in the 
infinite domain are considered. Extensive results are obtained and 
exhibited in tabular and graphical forms in Figs 42-49 and Tables 
3-10.

Results for the ring model subjected to uniaxial traction at
infinity are displayed in Figs 42-45 and listed in Tables 3-6.
Among them, Effect of V_ . (volume fraction of fibers for the ° f-nng
composite in the ring) and mismatch of fiber and matrix materials
on the microcracking is presented in Figs. 42-43 and Tables 3-4.
It can be seen in Fig.42 that for "reverse" composite material
(i.e., if E > E,. ) , when crack is a short one, or not very close m f J

to the surrounding fibers, its tendency to propagate will be
diminishing with increasing r^ng > with decreasing

stiffness of the ring material), but if the crack is relatively 
long, or close to surrounding fibers, it will tend to propagate 
with increasing ring > with decreasing stiffness of the
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ring material). Effect of r n̂g on microcracking for E^> Em> is

given in Fig. 43 and Table 4. It is observed that for all sizes of
cracks they will be less tending to propagate with increasing

. (i.e., with increasing stiffness of the ring material),f-nng v ’ ° °

When the crack is relatively long or close to nearby fibers such
effect becomes more evident. Effect of the width of the ring on
microcracking (for uniaxial traction case) is displayed in Fig.44
and listed in Table 5. It is found that such effect is evident for
b/a within 2-3. However, for b/a>4 the increasing width has hardly
any effect on the normalized stress intensity factors. This also
tells that effect of surrounding fibers in ceramic composites on
the microcracking to a great extent is due to those situated within
a local area of b/a<3. Effect of overapp (volume fraction of

fibers in the infinite domain, this is also the volume fraction of
fibers of the composite) on the microcracking is displayed in
Fig.45 and listed in Table 6. It is observed that for V,.° f-overall
ranging from 0.0-1.0 the effect is evident, but usually for ceramic
composite, V,. ,, is between 30%-40%, therefore such effectr f-overall
is only about 10%.

Results of ring model under thermal loading are displayed in
Figs 46-49 and listed in Tables 7-10. Among them, effect of
Vr . as well as mismatch of constituent materials onf-ring
microcracking are displayed in Figs 46-47 and listed in Tables 7-8.
It is observed that the effect of V,. . is significant, but suchf - n n g  &
effect is evenly exerted on all sizes of cracks, i.e., for long 
cracks or short cracks, such effect is almost the same. Effect of 
the width of the ring on microcracking is given in Fig.48 and 
Table 9. It is observed that such effect is significant for b/a < 
5, after that the increasing b/a has hardly any effect on
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normalized stress intensity factors. Effect of ,, onJ f-overall
normalized stress intensity factors is displayed in Fig.49 and
listed in Table 10. It is observed that unlike mechanical loading
case, the V,. ,, has sizable effect on normalized stressf-overall
intensity factors.
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CHAPTER V 
EXPERIMENTAL APPROACH 

USING MICRO-INDENTATION TECHNIQUE TO INVESTIGATE EFFECT OF 
TEMPERATURE AND FIBER DISTRIBUTION ON MATRIX MICROCRACKING AS WELL 
AS TOUGHNESS OF THE MATERIAL

Parallel to theoretical analysis, experiments are carried out 
using Nicalon/SiC composite specimens to investigate effect of 
temperature and fiber distribution on matrix microcracking and 
toughness of the composite material.

Two sets of experiments are conducted in this study. The first 
one is using micro-indentation technique and specimens of 
monolithic ceramic matrix materials (SiC and CAS II) to determine 
the fracture toughness of matrix materials, and further to

study effect of temperature on fracture toughness K^c of the matrix

materials. The second set uses micro-indentation technique again 
and specimens of ceramic matrix composite (Nicalon/SiC ceramic 
composite) to study the effect of fiber distribution and 
temperature on matrix microcracking. Experimental results are 
compared with theoretical predications.

V.l. Set up of experiments
Part of the experiment set-up is shown in Fig. 50. An ATS 

series 3320 split-tube laboratory furnace (Applied Test Systems, 
Inc., Butler, PA) and a diamond Vickers indenter (Wilson 
Instruments, Inc., Bridgeport, CT) are used for heating specimens 
and carrying out micro-indentations at elevated temperatures. The 
furnace can be set up to any desired temperature within allowed

o
range and be heated up to 3000 F in 30 minutes. Temperature in the
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furnace is measured by two type B platinum/platinum-30% rhodium 
thermocouples and real-time LCD displayed on the panel of the 
furnace controller.

The Vickers indenter is glued at the tip of an alumina
cylindrical bar (inside the furnace) using high-temperature cement.
The other end of the cylindrical bar is attached to a vernier screw 
mechanism (outside the furnace), which is designed to raise or
lower the cylindrical bar as well as the indenter precisely. In the 
indentation test the specimen is placed on a refractory base, the 
indenter is moved downward by turning the screw mechanism and
indent the specimen. The indentation load is measured by an ultra 
precision, 10-lb super-mini load cell and displayed on the panel of 
the load cell readout (Interface, Inc., scoattsdale, AZ).

In addition a NIKON UM-2 universal microscope is used for 
measuring the length of the indentation-generated microcracks, and 
Tukon 300 microhardness tester with the Vickers indenter (Wilson 
Instruments, Inc., Bridgeport, CT) is used for room temperature 
tests.

V.2. Effect of temperature on toughness of ceramic matrix 
materials

Indentation technique [59][60] is employed in this experiment 
for determination of fracture toughness of matrix materials (SiC 
and CAS II). Further, effect of temperature on fracture toughness 
of matrix materials is investigated.

Equipment for the test is the series 3320 split-tube
laboratory furnace and the Vickers diamond indenter. Specimens are 
monolithic SiC purchased from Amercom, Inc, Chatsworth, CA. and 
monolithic CAS II from Corning, Inc., New York. The SiC specimen 
consists of a l/2"xl/2"xl/8" graphite base coated with a 0.02"
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layer of SiC by the CVD (Chemical Vapor Deposition) technology (see 
Fig.51). Specimens are mounted in bakelite molds and polished for 
the preparation of the tests. They are polished in two steps: 7.5 
micron grit diamond paste is used first in the lapping process, 
then 1.0 micron grit diamond paste is used for improving the finish 
of the testing surface.

For each test the specimen is first heated up to and kept at 
desired temperature for certain amount of time, then indented with 
certain load. The indentation-generated semi-penny-like crack (see 
Fig.52) is measured for its length under the NIKON UM2 universal 
microscope, and toughness of the material can be calculated by 
using the following formula [61]:

where P is the applied load, D the half crack length and ip is half

of the indenter's vertex angle (for Vickers indenter, ij) = 68 ).
Details about the indentation technique can be found in [18], [61]
by Lawn et al.

To study the effect of temperature on toughness of ceramic
matrix materials, tests was conducted under various temperatures

o o
ranging from room temperature 25 C to 800 C. The toughness of SiC
(and CAS II) for changing temperatures are presented in Fig.53. It 
is observed that the toughness of the ceramic matrix material SiC 
(as well as CAS II) decreases significantly with increasing 
temperature.

1 P

D
3/2— ) (5-D

O
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V.3. Effect of temperature and fiber distribution on matrix
cracking

As is stated before matrix microcracking is one of the major 
detrimental factors for low toughness of ceramic matrix composites. 
Parallel to analytical work, experiments are also conducted to 
investigate the effect of fiber distribution as well as temperature 
on the matrix microcracking. Micro-indentation technique is used 
again, the facilities are still the series 3320 split-tube
laboratory furnace and the Vickers diamond indenter. The specimen 
is l/2"xl/2"xl/8" Nicalon/SiC composite with fibers aligned normal 
to the testing surface (Nicalon is SiC yarn from Nippon Carbon Co.) 
The specimen (purchased from Amercom, Inc., Chatsworth, CA) is 
prepared in a way similar to that for monolithic SiC specimens as
described in the preceding section.

In the experiment microcracks were generated in the matrix of
the composite at various temperatures ranging from room temperature

o
to 800 C. To ascertain the effect of fiber distribution,
indentations were also performed at locations with different 
densities of fiber distribution and the fracture toughness was 
calculated still using formula (5-1). It must be pointed out that 
the formula (5-1) is only applicable to homogeneous brittle
materials, but here it is used as if fibers did not exist. 
Therefore the toughness thus obtained contains the effect of the 
fiber distributions, and it is defined as "apparent fracture 
toughness" of the matrix material. (The practical significance of 
"apparent fracture toughness" will be explained later in this 
section.) The effect of surrounding fibers is introduced and 
defined by local volume fraction of fibers. Local volume fraction 
of fiber reflects the fiber distribution density in the vinicity of 
the crack. To measure the local volume fraction of fibers, a square
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sample cell containing the indentation imprint and surrounding 
fibers is selected. The size of the cell is taken in proportion to 
crack length (say, if the crack length is 2a, then b/a=3, 2b is the 
side length of the square cell) (see Fig. 54). The local volume
fraction of fibers is then defined as the ratio of the total cross 
sectional areas of all the fibers in the cell to the area of the 
cell. The experimentally obtained apparent fracture toughness

o
versus local volume fraction of fibers for temperatures of 25 C,

o o o
250 C , 600 C and 800 C are presented in Figs 55-58 and summarized
in Fig.59, in which the experimental data are presented as
regressional straight lines.

It is observed that the "apparent fracture toughness" of SiC 
decreases with increasing local volume fraction of fibers and also 
decreases with increasing temperature. This means that it is easier 
to generate microcracks in Nicalon/SiC composites or if already
there is a microcrack it is more likely to propagate at a location
where the density of fibers is larger or when the temperature is
higher.

The result that the "apparent fracture toughness" of the
matrix material (SiC) decreases with increasing local volume
fraction is not supprising and actually expected, since Nicalon/SiC
composite is so-called "reverse" composite, meaning that the matrix
is stiffer than the fibers. Here the Young's modulus of the matrix

6
material (SiC) is Em=55xl0 psi and the Young's modulus of fibers

6
(Nicalon) is E^=26xl0 psi. (If fibers are stiffer than matrix

material, apparent K is expected to increase with increasing1 L<
local volume fraction of fibers, which will be seen later in this 
section.)
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V.4. The theoretical model

A theoretical model, shown in Fig. 60, is used to predict 
the experimental results ( see also [62] ). The mechanical 
constants used in the analysis for the Nicalon/SiC composite are as 
follows:

MAtrix material (SiC):
6

Young's modulus: Em=55 x 10 psi,

Possion's ratio: v = 0.2,m
_ 4 o

Thermal expansion coefficient: a^= 4.3 xlO / C.

Fiber material (Nicalon):
6

Young's modulus: E^=26 x 10 psi,

Possion's ratio: 0.2,
_ 4  o

Thermal expansion coefficient: a^= 3.0 xlO / C.

Mechanical constants of the composite in the ring can be determined 
by rule of mixture using a volume fraction of fibers equivalent to 
that in the cell. Uniform pressure a0 is applied on the crack edges

to simulate indentation force. Temperature effect is also accounted 
for as thermal loading.

Since for a given composite material the mechanical constants 
of the constituents are known, from the dimensional analysis, it 
can be shown that the stress intensity factor of the crack in the 
model problem can be written as

K - a j  n a f(Vf, R/a, AT) (5-2)
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where is the local volume fraction of fibers, a0 is the pressure

on the crack surface, R is the fiber radius, a is the half crack 
length. Note that when o0 reaches the critical value

(aa)c , Kj becomes the critical stress intensity factor of the

matrix material (K ) . . Thus the "apparent fracturej.c matrix
toughness", for this case can be written as:

(Kt ) = (a0) J 7T a , (5-3)Ic app c

which can also be expressed in terms of , R/a and AT as:

(Kt ) „ -(v v Ic matrix_____ (c,
Ic app f(Vf, R/a, AT) K '

KIwhere f(V^, R/a, AT) =  = =  , (5-5)
aaJ 7ra

is the normalized stress intensity factor.
The stress intensity factor is determined by using

analytical solution as well as finite element technique. A finite 
element procedure using the finite element code ABAQUS (Hibbit, 
Karlsson & Sorensen, Inc., Providence, RI) is developed and the 
finite element model is shown in Fig.61. The results for R/a=0.55,

o o
temperature ranging from 25 C to 800 C are displayed in Figs.62-65 
and summerized in Fig.66. Each of them is plotted against 
corresponding experimental result. It is observed that the
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theoretical results match the experimental results exceptionally 
well.

For the same model and same loading (uniform pressure p), the 
kl(al)

results ----—  (normalized stress intensity factors) versus
p / c

Vr . (volume fraction of fibers for the composite in the ring) f-nng
for different crack lengths and different E / are given in Table

11-12 and displayed in Figs 67-68. It can be seen by the same
reasoning that when Ep> E , apparent K would increase with ther m -LO
increasing ^Qca^(local volume fraction of fibers), in other

words, if fibers are stiffer than matrix material, it is more 
difficult to generate a crack at a spot where the density of fiber 
distribution is higher.

The concept of "apparent fracture toughness" of matrix has 
obvious practical significance for the estimation of crack
propagation and thus is useful for the design of the ceramic matrix 
composite(see Fig.69). With the concept of "apparent fracture 
toughness" the propagation of a matrix crack may be easily assessed 
without going through solution of an extremely complicated
elasticity problem, i.e., to estimate possible propagation of a 
crack in the ceramic matrix composite, one can simply find the

which is the stress intensity factor for the same crack geometry 
but in the homogeneous case, then compare it with K^c which can

be obtained from experiments, for instance, using the results given 
in Figs 55-58. Homogeneous crack problems usually will not pose any 
difficulty and many of the solutions have been documented in 
handbooks.

66.



CHAPTER VI
DEBONDING TESTS TO DETERMINE FIBER-MATRIX 
BONDING STRENGTH AT DEBONDING INITIATION

Debonding tests are performed to determine fiber-matrix 
bonding strength at debonding initiation. Equipment for the purpose 
is Tukon 300 microhardness tester and Vickers indenter, the 
specimen is Nicalon/SiC composite. Since usually debonding force is 
much less than that which will induce a microcrack in fibers, 
therefore Vickers indenter was used, instead of using some
specifically-designed probes, to push the fiber and force fibers
debond from matrix. In debonding tests indenter presses the center 
of the fiber and load is applied incrementally until complete 
debonding takes place, when a dark circle highlightening the fiber- 
matrix interface can be observed.

After a number of debonding tests, it is found through a
regressional analysis (actually it is expected from dimensional 
analysis) that the debonding loads are proportional to the
crosssectional areas of the debonded fibers (see Fig.70). This
finding indicates that the results of debonding tests will be 
consistent no matter what size of fibers are taken for the test as
well as for the calculation of the bonding strength.

A finite element procedure was developed using ANSYS code to 
relate the critical loading to the stresses on fiber-matrix
interface (see Fig.71). Axisymmetric elements are used in the FEM 
model and a concentrated force or distributing pressure is 
specified at the center of the fiber. Results are compared with 
Boussinesq's solution when the fiber is assigned with the same 
mechanical constants as the matrix to check the accuracy of the FEM
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solution. In this aspect, a similar model was developed in [40] for 
study of the interfacial strength of fiber reinforced composites.

Normalized stresses on the fiber-matrix interface due to the 
concentrated load are given in Fig.72, and the effect of 
temperature on the interfacial stress distribution is presented in 
Fig.73.

Using maximum shear stress criterion, fiber-matrix bonding 
strength at the fiber-matrix interface can be evaluated by the 
following formula:

P
r . .. = K, — 7p- + K2 a E AT (6-1)rz(critical) D 2 m mK

where for given materials, Kx, K2 can be determined by finite

element analysis, for example, for Nicalon/SiC composite, K 1=0.1,

K2=0.095. Pcr is the critical load at debonding initiation,

Young's modulus of matrix, thermal expansion coefficient of

matrix, R the radius of the tested fiber, A T the change in 
temperature.
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VII. CLOSURE

VII.1. Concluding remarks

As a result of the study on microcracking in ceramic matrix 
composites the following conclusions may be made:

1) Indentation tests reveal that temperature affects the toughness 
of ceramic matrix materials considerably. For the selected tested 
materials(SiC and CAS II) it is observed that the toughness of the 
ceramic matrix materials declines with increasing temperature. This 
means that when temperature goes up it is easier to generate cracks 
in matrix, consquently toughness of the ceramic matrix composites 
will decline.

2) Both experimental and theoretical studies show that fiber 
distribution has significant effect on stress distribution and 
microcrack propagation in the ceramic matrix composite. It is 
observed that for a "reverse composite", i.e., if Em>E^, it is

easier to generate a crack in matrix at a location with a higher 
desenty of fiber distribution. Nevertheless, it is expected that if 
Em<E^, it is more difficult to generate a crack at locations with

higher fiber distribution densities, in other words, the material 
appears tougher than its monolithic form due to the existence of 
fibers.

3) Concepts of Apparent and local volume fraction of fibers,

proposed in this study, have obvious practical significance for the 
estimation of microcrack propagation.
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4) Analyses of microcracking based on two-fiber model indicate that 
neighboring fibers have significant effect on radial and 
interfacial microcracking only when neighboring fiber stays very 
close. It is found that when S>3, i.e., the spacing between fibers 
is larger than 3 times the fiber diameter such effect is 
negligible. Single fiber solution will work farely well under such 
circumstances. But if fibers are close, say S<3, it seems that 
interfacial crack arrest is still possible, while radial crack
arrest seems unlikely once crack propagation initiates.

5) Analyses of microcracking based on ring model show that effect 
of neighboring fibers on matrix crack propagation is significant 
only when b/a < 3 for uniaxial traction, and b/a<5 for thermal 
loading.

6) Debonding tests are performed and a formula for the calculation
of bonding strength of fiber-matrix interfaces in conjunction with
maximum shear stress criterion ( with temperature effect being 
included) is proposed.

VII. 2. Future development

Much work can be done for the further study of microcracking 
in ceramic matrix composites, for instance, in the immediate
future, improvement may be made from the following aspects:

1) It is worth trying again to find exact analytical solutions for 
the two-fiber model problems. It seems likely that there exist 
closed form solutions for two-fiber model problems.
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2) Effect of fiber distribution can be taken into consideration in
the further study of bonding strength of fiber-matrix interfaces at
debonding initiation.

3) "sizing effect" can be considered. In the manufacturing of
ceramic composites, fibers are coated with a thin layer of material 
usually referred to as "sizing" (see Fig. 74). It is believed that 
this layer may have a significant effect on the bonding strength of 
fiber-matrix interfaces, as well as interfacial crack propagation. 
Therefore it should be incorporated into the analytical model.

4) different geometries of matrix cracks in ring model may be
considered, for example, an arc crack or arbitrarily oriented 
linear matrix crack can be considered.
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T ab le  1. Comparison w i t h  Bowie and N e a i ' s  
r e s u l t s  ( c i r c u l a r  d isK  c o n t a i n i n g  
a c e n t r a l  c ra c k  s u b j e c t e d  t o  
uniform  e x t e r n a l  t e n s i o n ;

a/R Bowie and Neal’s 
Results

Present
Results

0.04 1 1.0024
0.1 1.02 1.015
0.2 1.06 f.06
0.4 1.24 1.2432

0.6666 1.74 1.7425
0.7407 1.98 1.9794

0.8 2.24 2.2385
0.8333 2.43 2.4313
0.8696 2.71 2.7085

0.91 3.17 3.179
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Table  2. Comparison w i t h  E rdogan 's  t e s u l t s .
( s i n g l e  f i b e r  embedded i n  i n f i n i t e  m a tr ix  
s u o j e c t e d  t o  u n ia x ia j .  t r a c t i o n  w i t n  a 
c ra c k  i n  t h e  f i b e r )

al/a b1/a

v V 1'3

k l( a l ) k l(b l) k l( a l) k l(b l)

o j  c a 0J c a 0J c a 0J c

Erdogan’s
Results

Present
Results

Erdogan’s
Results

Present
Results

Erdogan’s
Results

Present
Results

Erdoa^n’s
Results

Present
Results

-0.1 0.1 1.283 1.2834 1.283 1.2834 0.6046 0.6046 0.6046 0.6046
-0.25 0.25 1.332 1.3317 1.332 1.3317 0.5796 0.5796 0.5796 0.5796

-0.5 0.5 1.491 1.4907 1.491 1.4906 0.5144 0.5144 0.5144 0.5144
-0.75 0.75 1.752 1.7518 1.752 1.7517 0.4437 0.4438 0.4437 0.4437

-0.9 -0.75 0.5886 0.5886 0.595 0.595 1.324 1.324 1.309 1.3089
-0.9 -0.5 0.5416 0.5417 0.5684 0.5685 1.451 1.4506 1.376 1.3765
-0.9 -0.25 0.5032 0.5034 0.5452 0.5452 1.572 1.5709 1.438 1.4383
-0.9 0 0.4719 0.472 0.5219 0.5219 1.684 1.6822 1.501 1.501
-0.9 0.25 0.445 0.4456 0.4969 0.4969 1.79 1.7861 1.572 1.5718
-0.9 0.5 0.422 0.4227 0.4682 0.4682 1.89 1.8845 1.664 1.6639
-0.9 0.75 0.402 0.4025 0.43 0.4303 1.99 1.9822 1.822 1.8214
-0 9 0.9 2.062 2.0483 2.062 2.0483 0.39 0.3913 I 0.39 0.3913



Table  3. N orm alized  s t r e s s  i n t e n s i t y  f a c t o r s  v s .
n o r m a l iz e d  crack  l e n g t h s  f o r  v a r io u s  
volume f r a c t i o n s  o f  f i b e r s  i n  th e  r i n g .

b/a=2 Em/Ef= 3

c/a
k l ( a l )

* Vf=0.0 Vf=0.2 Vf=0.4 Vf=0.6 Vf=0.8 Vf=1.0
0.05 1 0.9976 0.9881 0.9671 0.9264 0.8496

0.1 1 0.9982 0.9894 0.9691 0.9293 0.8532
0.15 1 0.9992 0.9915 0.9725 0.934 0.8592

0.2 1 1.0005 0.9943 0.977 0.9403 0.8672
0.25 1 1.0022 0.9979 0.9826 0.9481 0.8773

0.3 1 1.0041 1.0019 0.989 0.9572 0.889
0.35 1 1.0062 1.0064 0.9962 0.9674 0.9023

0.4 1 1.0085 1.0113 1.0041 0.9784 0.9167
0.45 1 1.011 1.0165 1.0124 0.9903 0.9323

0.5 1 1.0135 1.0219 1.021 1.0027 0.9487
0.55 1 1.0161 1.0275 1.0301 1.0156 0.966

0.6 1 1.0188 1.0333 1.0394 1.0291 0.9841
0.65 1 1.0216 1.0393 1.0492 1.0432 1.0032

0.7 1 1.0246 1.0458 1.0597 1.0583 1.0237
0.75 1 1.0278 1.0528 1.0712 1.075 1.0465

0.8 1 1.0316 1.0609 1.0844 1.0944 1.0731
0.85 1 1.0362 1.071 1.101 1.1187 1.1067

0.9 1 1.0424 1.0848 1.1241 1.1533 1.1552

*Vf  means Vf _ r i n g
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T ab le  4 .  N orm alized  s t r e s s  i n t e n s i t y  f a c t o r s  v s .
n o r m a l iz e d  c r a c k  l e n g t h s  f o r  v a r i o u s  
volume f r a c t i o n s  o f  f i b e r s  in  the  r in g  
( u n i a x i a l  t r a c t i o n  a t  i n f i n i t y )

Em/Ef=1/3 b/a=2

c/a

k l( a l )  

^  /  c
* Vf=0.0 Vf=0.2 Vf=0.4 Vf=0.6 Vf=0.8 Vf=1.

0.05 1 0.9855 0.9576 0.9259 0.8939 0.8629
0.1 1 0.984 0.955 0.9225 0.8899 0.8585

0.T5 1 0.9816 0.9509 0.9171 0.8835 0.8514
0.2 1 0.9784 0.9453 0.9097 0.8749 0.8418

0.25 1 0.9744 0.9385 0.9008 0.8644 0.8301
0.3 1 0.9699 0.9306 0.8907 0.8525 0.8168

0.35 1 0.9648 0.922 0.8794 0.8393 0.8023
0.4 1 0.9594 0.9128 0.8675 0.8254 0.7868

0.45 1 0.9538 0.9032 0.855 0.8108 0.7707
0.5 1 0.9479 0.8932 0.8421 0.7958 0.7542

0.55 1 0.9418 0.883 0.8289 0.7805 0.7373
0.6 1 0.9356 0.8724 0.8154 0.7648 0.7202

0.65 1 0.9291 0.8616 0.8015 0.7488 0.7026
0.7 1 0.9223 0.8502 0.7869 0.7321 0.6844

0.75 1 0.9149 0.8379 0.7714 0.7144 0.6652
0.8 1 0.9066 0.8243 0.7543 0.695 0.6443

0.85 1 0.8967 0.8083 0.7345 0.6728 0.6206
0.9 1 0.8837 0.7877 0.7094 0.6449 0.5912

*Vf  means Vf _ r i n g
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Table 5. Results from ring model
Normalized stress Intensity factors vs. 
normalized crack lengths for various ring widths 

(uniaxial traction at Infinity)

Em/Efa>1/3 V f-ringal V(-royerall“ 0.0

O'

b/a
k l(a l)
°o«/C

c/a=o.l c/a®0.2 C/a=0.3 c/a=0.4 c/a=0.5 c/a=0.6 c/a=0.7 c /a = 0 .8 c /a = 0 .9
2 0.8585 0.8418 0.8168 0.7868 0.7542 0.7202 0.6844 0.6443 0.5912
3 0.8104 0.7925 0.7661 0.7345 0.7008 0.6663 0.6312 0.5931 0.5441
4 0.7926 0.7743 0.7473 0.7151 0.6808 0.646 0.6107 0.5728 0.5248
5 0.7842 0.7657 0.7384 0.706 0.6714 0.6363 0.6009 0.563 0.5154
6 0.7796 0.761 0.7336 0.701 • 0.6663 0.631 0.5955 0.5576 0.5101
7 0.7768 0.7582 0.7307 0.698 0.6631 0.6278 0.5922 0.5543 0.5069
8 0.775 0.7564 0.7288 0.696 0.6611 0.6257 0.5901 0.5522 0.5048
9 0.7738 0.7551 0.7275 0.6947 0.6597 0.6243 0.5886 0.5507 0.5034

10 0.7729 0.7542 0.7266 0.6937 0.6587 0.6233 0.5875 0.5496 0.5023
11 0.7723 0.7535 0.7259 0.693 0.658 0.6225 0.5867 0.5488 0.5016
12 0.7713 0.753 0.7254 0.6925 0.6574 0.6219 0.5862 0.5482 0.501
13 0.7714 0.7526 0.725 0.692 0.657 0.6215 0.5857 0.3478 0.5005
14 0.7711 0.7523 0.7246 0.6917 0.6566 0.6211 0.5853 0.5474 0.5002
15 0.7703 0.7521 0.7244 0.6914 0.6563 0.6208 0.585 0.5471 0.4999
16 0.7703 0.7519 0.7242 0.6912 0.6561 0.6206 0.5848 0.5468 0.4996
17 0.7705 0.7517 0.724 0.691 0.6559 0.6204 0.5846 0.5466 0.4994
18 0.7703 0.7515 0.7238 0.6909 0.6558 0.6202 0.5844 0.5465 0.4993
19 0.7702 0.7514 0.7237 0.6907 0.6556 0.6201 0.5843 0.5463 0.4991
20 0.7701 0.7513 0.7236 0.6906 0.6555 0.62 0.5841 0.5462 0.499
21 0.77 0.7512 0.7235 0.6905 0.6554 0.6199 0.584 0.5461 0.4989
22 0.7699 0.7512 0.7234 0.6905 0 6553 0.6198 0.584 0.546 0.4988
23 0.7699 0.7511 0.7234 0.6904 0.6553 0.6197 0.5839 0.5459 0.4987
24 0.7698 0.751 0.7233 0.6903 0.6552 0.6196 0.5838 0.5458 0.4986
25 0.7698 0.751 0.7232 0.6903 0.6551 0.6196 0.5837 0.5458 0.4986

Table 6.
Results from ring
model. b/a=2 EF/E =3 1 m
c/a=0.75 V F . =1f - n n g
f-overall_ 0 •0

Vf
(overall)

kl(al)

0 0.6652
0.1 0.6556
0.2 0.6438
0.3 0.6298
0.4 0.6138
0.5 0.5952
0.6 0.5738
0.7 0.549
0.8 0.52
0.9 0.4854

1 0.4437



T a b le  7 .  R e s u l t s  from r i n g  model

N o r m a l iz ed  s t r e s s  i n t e n s i t y  f a c t o r s  

v s  n o r m a l i z e d  c r a c k  l e n g t h s .

b/a=2 Vf-overall=0. 

Ef /E n r 3

c/a
I

k l ( a l )
I (a--a )AT nr f  nr

* Vf=0.2 Vf=0.4 Vf=0.6 Vf=0.8 Vf=1.0
0.05 0.023 0.0882 0.189 0.3193 0.474

0.1 0.0229 0.088 0.1884 0.3181 0.472
0.15 0.0229 0.0876 0.1875 0.3162 0.4688

0.2 0.0228 0.0872 0.1862 0.3137 0.4645
0.25 0.0227 0.0867 0.1847 0.3106 0.4593

0.3 0.0226 0.086 0.1829 0.307 0.4533
0.35 0.0225 0.0854 0.181 0.3031 0.4467

0.4 0.0224 0.0846 0.1789 0.2989 0.4397
0.45 0.0223 ' 0.0838 0.1767 0.2946 0.4324

0.5 0.0222 0.083 0.1745 0.2901 0.4249
0.55 0.0221 0.0822 0.1722 0.2855 0.4171

0.6 0.0219 0.0814 0.1698 0.2807 0.4092
0.65 0.0218 0.0805 0.1673 0.2757 0.401

0.7 0.0216 0.0795 0.1647 0.2705 0.3923
0.75 0.0215 0.0785 0.1618 0.2648 0.383

0.8 0.0213 0.0773 0.1585 0.2585 0.3725
0.85 0.0211 0.0758 0.1546 0.2508 0.36

0.9 0.0207 0.0739 0.1495 0.2409 0.3438

*VC meansf  f - r x n g
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T a b le  8 .  R e s u l t s  f r o m  r i n g  model
N o r m a l iz ed  s t r e s s  i n t e n s i t y
f a c t o r s  v s  n o r m a l i z e d
c r a c k  l e n g t h s  ( t h e r m a l  l o a d i n g )

Em/Ef=3 b/a=2

c/a EJm

k l ( a l )
'a -ac)AT m f '

*  Vf=0.2 Vf=0.4 Vf=0.6 Vf=0.8 Vf=1.0
0.05 0.0078 0.0307 0.0672 0.113 0.1585

0.1 0.0078 0.0308 0.0673 0.1134 0.1592
0.15 0.0078 0.0308 0.0676 0.1139 0.1603

0.2 0.0078 . 0.0309 0.0679 0.1147 0.1618
0.25 0.0078 0.031 0.0683 0.1157 0.1638

0.3 0.0078 0.0311 0.0687 0.1168 0.166
0.35 0.0078 0.0313 0.0692 0.118 0.1686

0.4 0.0079 0.0314 0.0697 0.1194 0.1715
0.45 0.0079 0.0316 0.0703 0.12091 0.1746

0.5 0.0079 0.0318 0.0709 0.1225 0.1779
0.55 0.0079 0.0319 0.0716 0.1241 0.1814

0.6 0.0079 0.0321 0.0722 0.1259 0.1851
0.65 0.008 0.0323 0.0729 0.1277 0.1891

0.7 0.008 0.0325 0.0737 0.1298 0.1935
0.75 0.008 0.0327 0.0746 0.132 0.1983

0.8 0.008 0.033 0.0755 0.1346 0.204
0.85 0.0081 0.0333 0.0768 0.1379 0.2112

0.9 0.0081 0.0338 0.0785 0.1425 0.2214

means Vr t f - n n g
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Table  9 .
R e s u l t s  from r i n g  model  
N o rm a lized  s t r e s s  i n t e n s i t y  
f a c t o r s  v s . n o r m a l iz e d  r i n g  
w id th s  ( t h e r m a l  l o a d i n g )

b/a c/a Vf
(RING)

k l ( a l )
E (a -a P)AT m in f

2 0.9 1 0.2214
3 0.9 1 0.271
4 0.9 1 0.2898
5 0.9 1 0.2987
6 0.9 1 0.3036
7 0.9 1 0.3067
8 0.9 1 0.3086
9 0.9 1 0.31

10 0.9 1 0.3109
11 0.9 1 0.3117
12 0.9 1 0.3122
13 0.9 1 0.3126
14 0.9 1 0.313
15 0.9 1 0.3133
16 0.9 1 0.3135
17 0.9 1 0.3137
18 0.9 1 0.3138
19 0.9 1 0.314
20 0.9 1 0.3141
21 0.9 1 0.3142
22 0.9 1 0.3142
23 0.9 1 0.3143
24 0.9 1 0.3144
25 0.9 1 0.3144
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Table  10 .  R e s u l t s  from r i n g  model ( therm al  l o a d i n g )
N orm alized  s t r e s s  i n t e n s i t y
f a c t o r s  v s  o v e r a l l  volume f r a c t i o n s
o f  f i b e r s  i n  th e  i n f i n i t e  demain

E /E .= 3  Vp . = 1 .0m' f  f - n n g

Vf
(OVERALL

c/a
)

Vf
(RING)

kl(al)
E (a -a.)AT m' m f'

0 0.9 1 0.2214
0.1 0.9 1 0.1211
0.2 0.9 1 0.0316
0.3 0.9 1 -0.0487
0.4 0.9 1 -0.1212
0.5 0.9 1 -0.1869
0.6 0.9 1 -0.2468
0.7 0.9 1 -0.3016
0.8 0.9 1 -0.3519
0.9 0.9 1 -0.3983
1 0.9 1 -0.4412
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T ab le  1 1 .  R e s u l t s  from r i n g  model (un i fo r m  p r e s s u r e  
on c r a c k  e d g e s )

N orm alized  s t r e s s  i n t e n s i t y s  vs  volume f r a c t i o n s  
o f  f i b e r s  in  the  r i n g

Em/ E £- 3  b / a = 2 .1 Vf - o v e r a l l = 0

Vf
k1(a1) 
p F

(RING) c/a=0.1 c/a=0.3 c/a=0.5 c/a=0.7 c/a=0.8 c/a=0.9
0.1 1.0004 1.0031 1.0076 1.013 1.0165 1.022
0.2 1.0008 1.0065 1.0158 1.0272 1.0346 1.0462
0.3 1.0012 1.0102 1.0248 1.0428 1.0545 1.0729
0.4 1.0017 1.0142 1.0346 1.0601 1.0767 1.1028
0.5 1.0022 1.0186 1.0456 1.0793 1.1015 1.1366
0.6 1.0028 1.0235 1.0578 1.1011 1.1296 1.1751
0.7 1.0035 1.029 1.0716 1.126 1.162 1.2197
0.8 1.0042 1.0352 1.0875 1.1548 1.1998 1.2722
0.9 1.005 1.0423 1.1059 1.189 1.2448 1.3355

1 1.006 1.0506 1.1278 1.2304 1.3001 1.4141



Table  1 2 .  R e s u l t s  from r i n g  model ( c o n s t a n t  p r e s s u r e  on c r a c k  

e d g e s )  N orm alized  s t r e s s  i n t e n s i t y  f a c t o r s  v s  
volume f r a c t i o n s  o f  f i b e r s  i n  th e  r i n g  f o r  v a r i o u s  
c r a c k  l e n g t h s
E /Ep=0.3 b / a = 2 .1 y ,, =0

m t f - o v e r a l 1

Vf
k1(a1)
P /c

(RING) c/a=0.1 c/a=0.3 c/a=0.5 c/a=0.7 c/a=0.8 c/a=0.9
0.1 0.999 0.9918 0.9804 0.9666 0.9578 0.9444
0.2 0.9982 0.985 0.9643 0.9396 0.9239 0.9002
0.3 0.9975 0.9793 0.9508 0.9169 0.8957 0.8639
0.4 0.9968 0.9742 0.9391 0.8976 0.8718 0.8334
0.5 0.9963 0.9698 0.9286 0.8809 0.8512 0.8075
0.6 0.9958 0.9659 0.9198 0.8662 0.8332 0.785
0.7 0.9953 0.9623 0.9117 0.8532 0.8173 0.7653
0.8 0.9949 0.9591 0.9044 0.8415 0.8032 0.7478
0.9 0.9946 0.9562 0.8978 0.831 0.7905 0.7323

1 0.9942 0.9535 0.8917 0.8214 0.779 0.7183



a) Microcracks exist in 
Che ceramic materials

b) Microcracka join into 
multiple matrix cracks

c~

c) Fibers are pulled out d) Fibers are broken

Fig. 1 Failure process of ceramic-fiber/ceramlc-matrix 
composite materials
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radial crack

matrix crack

interfacial crack
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a) when bonding is strong 
crack propagates through 
fiber and propagates ahead

b) when bonding is not very 
strong crack is deflected 
and stops there

Fig. 3 Crack deflection



*T AJ

c  -

jH v /

e^ “f

a) radial crack interfacial crack

Fig. 4 Delale's solution to microcracking 
due to residual stresses

86



I I I T I LJ

I I  I I I I I
cr

Fig.5 C.Atkinson's solution to
inclusion-radial crack problem
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Fig. 6 Erdogen and G.D.Gupta's solution to 
inclusion-radial crack problem
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Fig. / M Toya's solution to inclution-interfacial 
crack problem Fig. 8 Fiber distribution in ceramic 

composites
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(a) Radial crack in matrix (b) Interfacial  crack

Fig. 9 Two-fiber model



F i g . i o aR in9 model

X;

10b ) Coordinate system for calculation 
of elastic parameters
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a) Original problem b) corresponding uncracked 
problem c) Translated crack problem

F%. 11 Superposition of the crack problem



Fig. 12 Finite element model for two fiber case
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Point D
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at point D with 4 for various E / E,Fig.13 Variation of
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Fig 15 Variation of °gg/ °o

with x for various E / E.
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F i g . 25 Dundurs and Mura's  

d i s l o c a t i o n  s o l u t i o n
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Fig26 Singular integral equation approach 
for radial crack case
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107 two-fiber-mode1 
6-2.7

«o I

6 = 2.7

Fig27Variation of normalized strain energy
release rate g(e) vs c/R for different 6

single-fiber-model
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Fig 28Variation of normalized strain energy
release rate g(e) vs c/R for different 6

6- 2.1

<5-0.2

4-0.11

s ingle-f iber-model
e-c/R
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Fig.Decomposition of Toya’s solution
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Fie39 Dislocation solution Fig. 40 Edg® dislocation emoeddea6 in infinite media
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FlS-50 Configuration of series 3320 split-tube 
laboratory furnace
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a) monolithic SiC 
coating by CVD 
technology on 
graphite base

b) Nicalon/SiC  
composite

Nicalon
fibers
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Fig. 52 Indentation te s t  to  determine K̂ c  
of ceramic matrix m aterials
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Fig. 69 application of apparent Klc-app 
for the estimation of crack 
propagation
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Fig. 74 s iz in g  e f fe c t
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APPENDIX I
SOLUTION OF UNCRACKED RING MODEL PROBLEMS

The definition of ring model has been given in chapter II.
In brief, ring model consists of the following three domains:

1) circular disk domain, r<a, matrix material with Young's modulus
E , Possion's ratio v , thermal expansion coefficient a . m ’ m  ̂ m

2) annular domain, a<r<b, composite, isotropic material with 
Young's modulus E2, Possion's ratio v2 anc* thermal expansion

coefficient a2.

3)infinitely extended domain, b<r, composite, assumed mechanically 
transversely isotropic and thermally isotropic material, 
constitutive equation can be found in chapter IV and definitions 
for the engineering constants of this domain are as follows:

E : Young's modulus in X!-x2 plane (see Fig. 3)

E3: Young's modulus in x3 direction (see Fig. 3) 

v : Poisson's ratio in Xj-x-2 plane (see Fig. 3) 

i/31 : Poisson's ratio for transverse strain in any direction

in xx-x2 plane due to stress in x3 direction (see Fig. 3).

^31 U 13
Accordingly, —  --- - —  ---
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G3: shear modulus in plane parallel to x3 axis.

FORMULATION OF THE PROBLEM

To formulate the problem under consideration, Michell's 
general solutions are referred to. After assuming proper stress 
functions for the disk, ring and infinite domains, and matching 
stresses and displacements at the interfaces the constants in the 
stress functions can be determined. The stresses and displacements 
in all the three domains are also determined. In this chapter both 
mechanical (uniaxial traction) and thermal loading cases are 
considered.

Assumption of solutions for disk, ring and infinite domains

a. Disk

For the problem under consideration stresses and displacements 
satisfy the following symmetry conditions:

arr(r’̂  “ arr^r’

“ agg(v >-9') 

or g (T,9) -  v,-6)

ur(r,0) - ur(r,-0)

u ^ ( r ,$) - -Ug(r,-0)
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After taking regularity and symmetry conditions into consideration, 
stresses and displacements for the disk domain can be assumed as

arrl^r ’̂ “2coi'2a21cos20 ^

o g e i(r,0) - 2c01+(2a21+ 6t>21r )cos20 (2)

or9i(r ,9) " (2a2i+ 6b21r )sin2^

displacements are found to be

1 - 2C1-21/J) 2 4i/j 3
url(r’S)- ~ i 7 ~ !  l". c»*r -<T^,a21r + bnl 1 - )r )°os2#l+

(l+j/1)a1ATr + S2cos0 (4)

2
1 - i/i 2 6 *4i/i 3 )

Ufll(r>,?)“  ET " ( I ^ aa21r + b21 1 -v j "r )sin2*j - S2sin^ (5)

c. Ring

Stresses and displacements in the ring can be assumed as:

b 2 .4 .2
crrr2^r,^ “— 2~+2co2 - (a22+ 6c22r + 4d22r '>cos2e
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t>0 2
aed2 r̂ ,S)“ ~— 2 +2coz+ (2a22+ 12b22r + 6c22r )cos26

ar62(-r,d  ̂ ” 2^a22+ 3b22r ' 3c22r" _d22r" )sin20

1 - i/2 b02 2(1-2j/2) 2 ^ 2
ur2(r’9>- i r f - r r r ;  t + ~ i c»’r ■ ( rn;Ja22r+i T T 7

3 2 -3 -1 1 
bn2r " 1̂ 1/ c22r " ^d22r )]cos20j + (l+^2)a2ATr + S3cos0 (9)

2
1- j/2 2 l 4i/2 3 2 -3 ”2"*"

U5 2 (r ’ ̂ ) ”~E2 (l ^ 2a22r + l-i/2 b22r +i ^ 2C22r + l-i/2 d22 

r" )sin20 (10)

d. Infinite domain

Stresses for the infinite domain can be assumed as

a 0  b 0 3  a 0  . 3  _ 2

arr3^r ’̂ “ — 2—  + ---  ' (— 2—  +6c23r* + 4d23r" '*cos2er

° 0  b 0 3  ° 0  . 3

aeez('T,6^~ — 2—  ' — ~  + —̂ 2—  +6c23r" )cos2d (12>

org3(r,0) - -(-— 2—  +6c23r' + 2d23r" >sin2e <13)

157



where a 0 is uniaxial traction acting at infinity in y direction, 

displacements can be written as :

c23r’3+4d23r'

°o 1
— (l+i/')r]cos20 + (l+«y31)a3AT (14)

u ^ 3 (r, 0)=~, [ 2 ( l + u' )c23r " +2(-l+j/')d23r‘ +—  (1+y' )r]sin20 (15)

e. Boundary condition

Having assumed the basic form of solutions, the unknown 
constants in those equations can be determined by substituting them 
into the following continuity conditions:

arrl^a ’̂  “ arr2^B ’̂

CTr01 â ’̂  “ ar62(-a ’9  ̂ ('17^

url(a,C) - ur2(a,0) (18)
ufll(a,0) - u02(a,e) (19)

arr2(b,^) ” <7rr3(b,^) (20)
W b **> -  W b ’*> (21)
ur2(b,0) - ur3(b,0) (22)

ufl2(b,0) « u03(b,0) (23)
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By substituting eqns (1-15) into eqns (16-23), we obtain two sets 
of simultaneous equations as follws:

2c
'02

0 1 "  2
a

- 2cq2 *= 0 (24)

2(1-21/,) (l+i/,) (l+i/2) 1 2 (1-2j/2) (l+i/
aCo1 + E, a b°2

(25)

'02 u 03
2 + 2c0 2 ' 2 (26)

(l+i/2) 1 2(1+i/2) (1-2i/2) (l+i/') 1
E, b b°2 + -bc02 + E' b '03

— — ---- b +[(l+i/31)a3-(l+t/2)a2]ATb (27)

2 2 .4 .2

2a21+ 6a b2l" 2a22’ 6a b22+ ^a c22+ 2a d22 “ 0

*2a21+ 2a22 + 6a'4c22+ 4a‘2d22

2)
ac0 2

(28)

(29)
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2 (1+1/1 ) 1+1/j 3 2(l+l/2) l+i/2 3 2 (1+1/2 ) _3
' e7 -aa2i'4l/i e7 3 b21+ i7 ~aa22+4l/2“E7 a b22" _a °22

1+U2 .1
4(1-i/2)—  a d22 -0 (30)

2(l+l/j) l+i/2 3 2 (1+1/2) 1+1/2 3 2 (l+i/2)
£7 -aa2i+<6-4i'1)-£7* b„r— 17 -aa22-(6-4,,*>i7 a  b 22 -— e;

3 1 + ^ 2  .1
c22 "(4*/2-2)-jjT' a d22 ”°

2(l+i/2) l+i/2 3 2(l+i/2) _3 I+1/2 _i
b b 22+E, ba22‘4l/2 E, b b22+ E„ b c22'4(1’*/2) E b d22'

2(1+i/2) 1+i/2 3 2(l+i/2) 3 l+i/2 i
■ —  “ba22'4^2~i^ b b22+ E^ _b C22'4(1_l/2)^ 7  b d22

22(1+1/') g 1  ̂ 2(1+1/')
E7 b °23 -"^b d23 “ ‘ E7 bCT° ^32^

2(l+i/2) l+i/2 3 2(l+i/2) 3 l+i/2 1
E^ -ba22+ ^6"4t'2^_E7 b b22+ E^ ~b C22+ ^4i/2'2^~e7 b d22'

2(l+i/') _3 2(l-i/') 2(l+i/')
E7 b c23 + E7 b d23 “ E7 ba° ^33^

. 4 .2 .4 .2 ao
■2a22* 6b c22*4b d22 + 6b c23+ 4b d23 “~~2—  ^34^
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2 . 4  . 2  . 4  . 2  ° 0

2a22+6b b23‘ 6b °22'2b d22 + ^b c23+2b d23 ”~2—

After solving the simultaneous equations, stresses and 
displacements in all the three domains are determined and given by 
eqns(l-15). If AT-0, a0*0, solution is reduced to that for uniaxial

traction case, If a0=0, ATV0, solution is reduced to that for

thermal loading case. When both of them are not zero, the solution 
is for combined mechanical and thermal loadings.
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