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ABSTRACT

RENORMALIZATION OF QCD UNDER
LONGITUDINAL RESCALING

by

JING XTAO

Under a longitudinal rescaling of coordinates z°% — \z%3 A\ < 1, the
classical QCD action simplifies dramatically. This is the high-energy limit,

1/2 where s is the center-of-mass energy squared of a hadronic

as A ~ s~
collision. We find the quantum corrections to the rescaled action at one loop,
in particular finding the anomalous powers of A in this action, with A\ < 1.
The method is an integration over high-momentum components of the gauge
field. This is a Wilsonian renormalization procedure, and counterterms are
needed to make the sharp-momentum cut-off gauge invariant. Our result for
the quantum action is found, assuming | In A |« 1, which is essential for the
validity of perturbation theory. If A is sufficiently small (so that | In A [> 1),

then the perturbative renormalization group breaks down. This is due to

uncontrollable fluctuations of the longitudinal chromomagnetic field.
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Chapter 1

Introduction

Finding a consistent and complete theory behind the strong interaction was
a monumental task. The simple ideas proposed by Heisenberg and Yukawa
to describe the nucleon were known to be inadequate by the 1950’s. By
then it was clear that there are an unlimited number of hadrons and their
scattering amplitudes have a complicated phenomenology. By the 1970’s
it was generally agreed that the theory of quantum chromodynamics (QCD)
was the only sensible candidate to describe the data. Unfortunately, what can
be calculated in QCD is limited in certain respects. Perturbation theory has
only been successful for large transverse-momentum scattering. The theory is
expected to describe nature at large distances and small transverse momenta.
There are scenarios to connect the theory to experiment in these regions, but
no straightforward analytic methods. Numerical lattice methods appear to

account for the low-energy features of hadrons. An important kinematic
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regime is at very high energies and small transverse momenta, in collisions
of hadrons and of nuclei. This kinematic regime is of major importance at
RHIC, and will be further explored at the LHC.

One approach to extending the range of analytic tools for QCD was pro-
posed in the 70’s by Fadin, Kuraev and Lipatov and by Balitski and Lipa-
tov [1]. They suggested how Regge behavior could take place in the large-s,
small-z region of the theory, which could be tested experimentally. An ef-
fective vertex, describing emission of gluons from charges (either quarks or
gluons), leads rather naturally to Reggeization of color-singlet amplitudes,
1.e. Pomeron behavior. This vertex is usually called the Lipatov vertex, and
the approach to high energy QCD is called the BFKL theory.

Another approach is a QCD-inspired picture of nuclear scattering, called
the color-glass condensate [2], [3]. This picture consists of an effective action,
consisting of a Yang-Mills action with background color sources, to which the
eikonal approximation is be applied. A similar action, without the sources,
was proposed by Verlinde and Verlinde [4], who derived it from a simple
rescaling of longitudinal coordinates. Verlinde and Verlinde derived the Li-
patov vertex from this effective theory and discussed an alternative approach
to Reggeization. These developments show a close connection between the
color-glass-condensate picture and the BFKL approach.

The rescaling done by Verlinde and Verlinde was classical. In this thesis,
we will discuss longitudinal rescaling in quantized gauge theories, based on

joint work with P. Orland [5]. We find that there are anomalous dimensions
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which appear in the rescaled action. In particular, we find that some of the
couplings become strong at high energies.

Generally the color-glass condensate is thought of as a weakly-coupled
theory, by many people working in the field. It is a theory for which trans-
verse forces are strong and longitudinal forces are weak. We point out that,
as a quantum theory, the color-glass condensate is actually strongly-coupled.
The motivation for the color-glass condensate is that at high velocities, the
electric and magnetic flux of a charge is squeezed toward the plane per-
pendicular (transverse) to the motion. At ultra-relativistic velocities, this
flux is called a Weizsédcker-Williams shock wave (effective actions based on
this idea can be found in References [6], [7]). In the color-glass action the
longitudinal-magnetic-field-squared term is ignored. This is also true in the
Verlindes” approach. By doing this, however, quantum fluctuations of the
longitudinal magnetic field become very large. In this sense, such theories

are strongly coupled, as was first stated explicitly in Reference [§].



Chapter 2

Classical Longitudinal

Rescaling

The gluon field of QCD is an SU(3)-Lie-algebra-valued Yang-Mills field. In

this thesis, we will often just consider the gluon field 4, 1 =0,1,2,3, to be

SU(N)-Lie-algebra-valued, for some integer N greater than or equal to 2.
The Yang-Mills action is (we use the Einstein summation convention and

sum over repeated raised and lowered indices)
1 4 uv
SYM = _Z_l d*x TI'F#VF y (21)
where

F/u/ = aHAV - a,u,Al/ - lg[Aua Al/] ) (22)
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0, = 0/0z" and F* = nron“SF,5 where n* is the Lorentz metric tensor,
with signature (4, —, —, —). This action is invariant under a gauge transfor-

mation G(x) € SU(N), under which fields transform as
Au(z) = G(2)A,Gx) + ;G(x)aﬂG(m)_l . (2.3)

We will chose a set of generators of SU(N), t,, a = 1,..., N> — 1, normal-
ized according to Trt,t, = 04, and define structure coefficients by [t,,t,] =
122 Japle:

Imagine a hadron-hadron collision at very high center of mass energy /s,

3. We define the longitudinal coordinates to be z* =

along the direction x
(2%, 23) and the transverse coordinates to be z+ = (x!',2?). Verlinde and
Verlinde [4] considered the longitudinal rescaling 2% — Azl, 2t — zt. The
motivation for this rescaling is that momenta will also be rescaled, according
to pr, — A 'pr, p. — pL. Hence s — A 72s. As we take )\ to zero, the
center-of-mass energy goes to infinity.

It is convenient to use light-cone coordinates, z* = (2° + 2°)/v/2. In
such coordinates, the longitudinal derivatives and gauge field components
are 0y = (0y & 03)/v/2 and A = (Ag+ As3)/V/2, respectively. We now write
xl = (27, 27). The metric tensor is given by n,_ =n_, =1, n; = —1, for
1 = 1,2, with all other components zero.

Under a longitudinal rescaling, the longitudinal components of the gauge
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field are also rescaled, Ay — A\"1A;. The Yang-Mills action becomes
1 2
Svn=5 / d*z Tr <Zl FE—F2, + \2F} — >\2F122>
1 2
=3 / d*z Tr (;1 F2 4+ 22F2 A2F122> : (2.4)

or

2
1, . N
§(E+ Fio+> ) Fi2i)+7(E+ By —Fp)

+ =1

SYM:/d4JITI' y (25)

where Ey is a Lie-algebra-valued auxilliary field. One of the equations of
motion is Fy_ = —2\72F, _

The extreme high-energy limit is obtained by dropping the second term in
(2.4). Physically, this means that the curvature in longitudinal planes F', _,
is zero. Following Reference [4], however, we will first consider A > 0.

We shall later discuss how the classical rescaling of terms in the actions
(2.4) and (2.5) is modified in the quantum theory. There are anomalous
powers of X\ in all these terms. Calculating these is the main goal of this
thesis. In this chapter, however, we will only consider classical rescaling.

In addition to the Yang-Mills field, there are also quark fields ¢ and v in
QCD. These 4-component spinor fields appear in color N-plets. The quark

action, after rescaling, is

Sq = _i/d%a AT (0x — igAL) + 7418 — igA))] ¥,
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where we sum over i = 1,2. If we rescale the spinor fields by ¥ — A\~1/23),

1) — A\~Y24), this action becomes

Sa= =i [ a0 (0.~ igA) + 000~ ig4)] b, 2.6)

and in the classical high-energy limit, the second term can be neglected.
Another motivation for longitudinal rescaling is that transverse transport
of glue is suppressed and longitudinal transport is enhanced. This can be
most easily seen in the Hamiltonian formalism. If the scale factor X is small,
but not zero, the resulting Hamiltonian has one extremely small coupling
and one extremely large coupling. Let us change the normalization of the

gauge field by a factor of gg, to obtain

2 2
1
522—92/ d4l’TI' ()\_QFO23+ E FOQJ_ g Fj23 - )\2F122> ) (27)
0 j=1 j=1

where F,, = 0,A, — 0,A, —i[A,, A)]. The resulting Hamiltonian in Ay =0

gauge is therefore

H= [ & 9—352+LB2+A2 9—352+LB2 (2.8)
N 2 o2t 273 22707 ‘

where the electric and magnetic fields are & = —id/dA; and B; = €7%(9; A +

Aj x Ay), respectively and (A; x A)* = fi AYA;. Physical states U must
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satisfy Gauss’s law

(0L EL+ 038 —p) ¥ =0, (2.9)

where p is the quark color-charge density. If the term of order \? is neglected,
all the energy is contained in the transverse electric and magnetic fields.
Chromo-electromagnetic waves can only move longitudinally. This is most
easily seen in an axial gauge A3 = 0, in which case the A = 0 Hamiltonian
contains no transverse derivatives [8].

What does not often seem to be stressed in the literature is that (2.7) is
a theory with a large coupling - namely the inverse coefficient of the longi-
tudinal magnetic field Fi5 = Bs. This is also apparent in the Hamiltonian
formulation (2.8). This field may be classically small, but will have large

quantum fluctuations [8].



Chapter 3

Quantum Longitudinal

Rescaling

As we have remarked in the previous chapter, the longitudinal rescaling in
Reference [4] is classical. How does such a rescaling change the action of a
quantum field theory?

Imagine regularizing QCD on a cubic lattice; the details of the particular
lattice cut-off are not important. We want to find a new lattice action whose
Green’s functions have been longitudinally-rescaled. If we just carry out the
rescaling, the lattice spacing a is rescaled to Aa in the longitudinal directions.
The lattice spacing is not affected in the transverse directions. Thus, the

effect of rescaling looks like the following (with A = 0.5):
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ot xt

A A

L

-
Thus the effect of a simple rescaling changes the ultraviolet cut-off, as well
as the action. Clearly, this is not what should be done. The cut-off after
rescaling should not be changed. Unless we can modify the procedure to keep
the cut-off invariant, the continuum limit of the rescaling procedure will make
no sense. Therefore, what we must actually do is a two-step process; we must
integrate out some degrees of freedom to restore the isotropic cut-off. The
“integrating-out” proceedure can be done either before or after the rescaling;
but it must be done. The integrating-out procedure is just a renormalization-
group operation, otherwise known as a Kadanoff transformation or block-spin
transformation. Our procedure is now a two-step process. First we integrate
over some degrees of freedom to increase the size of the lattice spacing in the

longitudinal direction to A™!a (as in our previous picture, A = 0.5):
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ot xt

A A

The dashed lines on the right indicate where degrees of freedom have been
integrated out. Once the block-spin transformation is done, we perform the
longitudinal rescaling. Now our lattice has its original dimensions. The
action on the blocked, rescaled action is the effective action we seek.

In practice, lattice real-space renormalization is very difficult for gauge
theories. It is more straightforward to begin with some other cut-off and
renormalize using perturbation theory. This can be done using Wilson’s
renormalization procedure [9], instead of a Kadanoff transformation. We
briefly review this procedure here, providing a more complete discussion in
the next two chapters. We start with a momentum cut-off A, and restrict
our gauge fields to have no Fourier components larger than A:

— ﬁefip-x
Au(z) = /pr oy T A), (3.1)

in Euclidean four-dimensional space. In the standard Wilsonian approach,
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we would introduce a new cut-off A < A, then split A,(z) into a “fast” field

a,(z) and a “slow” field A, (x):

Au(w) = Ay(x) + au(z), (3.2)

and

A= [ ARerama@= [ S 69
p2<A2 (27T)4 AZ<p2<A? (27")4
Then the fast field a, is integrated out of the functional integral, leaving
a new effective theory with a smaller cut-off A. Physical quantities in the
effective theory are the same as those of the original theory, provided that
they are defined so that no fluctuations with Fourier components with [p| > A
are included.

Sharp-momentum cut-offs violate gauge invariance, unlike lattice or di-
mensional regularization methods. Counterterms restoring gauge invariance
must therefore be included in both the original action (with cut-off A) and
the effective action (with cut-off A).

For longitudinal renormalization, we should not simply follow the stan-
dard Wilsonian procedure. In particular, we do not just want to integrate
out the degrees of freedom with Fourier components in a spherical shell be-
tween radii A and A. Instead we want to integrate from a sphere of radius

A to an ellipsoid. This ellipsoid has major axes 2A, in the transverse (p!



CHAPTER 3. QUANTUM LONGITUDINAL RESCALING 13

and p?) directions, and minor axes 2A/ \/Z, in the longitudinal (p° and p!)
directions, for some number b > 1. Thus the longitudinal momenta will be
cut-off at a smaller scale than transverse momenta. This is similar to our
lattice discussion, in which the longitudinal lattice spacing increases, but the
transverse lattice spacing is unaffected, after integrating out some degrees of
freedom. We can see that the constant b should be interpreted as b= A2
We integrate over the hatched region in the following picture:

pL

A

]

20V ——

I

\ #‘4—1.

i

This region is the “onion skin” of Wilson. The outer boundary of the

w‘ﬁ

onion skin is the original sphere of radius A and the inner boundary is the
new ellipsoidal momentum cut-off. After the renormalization-group transfor-
mation (which we call a “renormalization”, as the term is used in condensed-
matter physics), the fields have Fourier components in the interior of the

ellipsoid.
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After the renormalization, we must carry out a longitudinal scale trans-

L 1

formation, z¥ — A%, 2t — 2. This rescales the longitudinal components
of momenta pr, = (po, p3), by pr — A 'pr, leaving transverse components of
momenta p; = (po, p1), unaffected. As a result of this rescaling, the cut-off
has been restored to a sphere of radius AA/ \/: =A.

The anisotropic renomalization group was discussed long ago in Refer-
ences [10]. These authors were motivated, to some extent by Verlinde and
Verlinde’s ideas, but did not actually perform the calculation for Yang-Mills
theories.

In the next chapter, we will outline the how the renormalization will be

carried out. The details of the integrations are provided in Chapter 5 for the

spherical case and Chapter 6 for the ellipsoidal case.



Chapter 4

Wilsonian Renormalization

It is interesting to consider integrating over momenta from one ellipsoidal
cut-off to another. We choose A and A to be real positive numbers with

U and b and b to be two dimensionless real numbers, such that

units of em™
b>1and b>1. We require furthermore that A > A and that A% /b > /~\2/5
We define the region of momentum space P to be the set of points p, such
that bp? + p2 < A%. We define the region P to be the set of points p, such
that bp? + p> < A2. The Wilsonian onion skin S is S = P — P.

The basic cut-off functional integral is

ZA:/

where S.; ap contains counterterms needed to maintain gauge invariance

[14A®)

peP

1
exXp _‘97 S = /d4$4—g2TI' F/WF/W + Sc.t.,A,b (41)
0

with the sharp-momentum cut-off A and anisotropy parameter b. One can

15
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view S¢; ap as simply an ingredient of the regularization scheme; its inclusion
is needed to make the cut-off action gauge invariant.
The cut-off is implemented in the measure of integration in (4.1). We can
write the Fourier transform of the gauge field as
d*p .
A = | — A e
)= [ A e
Following Wilson’s procedure, we split the field A, into slow parts flu,

and fast parts a,, defined by

Au(ﬂj) = /@(ZTP;AL Au(p) eTipe , au(w) — /S(;lTp;‘l Au<p) o—ipa ’

so that A,(z) = A,(x) 4+ a,(z). We may also write in momentum space:

A,p) = flu(p) + a,(p), by defining

_ A,(p), peP, 0, peP,
A,(p) = . au(p) = : (4.2)
O, pE S A;},(p), pE S

Our goal in this chapter is to integrate out the fast components a,,, of the

field to obtain

Zy = et7Z;y, Z :/ HdA(p) exp =5,

pelP

1 .
/ d*z 7 Tr Fpu F*™ +S,, x5 » (4.3)

U
I
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where f is an unimportant ground-state-energy renormalization, gy is the
coupling at the new cut-off /~\, l;, Fuu = (%/L — 0,,;1# — j[}iu, Au}a and Sc‘t‘,[\j,
contains the counterterms needed to restore gauge invariance with the new
cut-off. We will find the form of both S.; A, and Sc.t.;’,;.

Before we integrate over the fast gauge field, yielding the new action in
(4.3), we need to expand the original action in terms of this field to quadratic

order:

1 . .
$ = = [ de T {FuF* —4[D,, F*]a,
495

+ (D) = (D, au)((D*, 0] = [D¥, %)) = 2iF™[a0,] }, (4.4)

where f)u =0, —iflﬂ is the covariant derivative determined by the slow gauge
field.

The action is invariant under the gauge transformation of the fast field:

Au_’;lua ay — @y + [Dy — iy, w] .

A variation da,, orthogonal to these gauge transformation satisfies [D,,, da,] =

0. We can add with impunity the term % [ d*aTx[D,, a,]? to the action.
There is a linear term in a, in the action (4.4). After we integrate out

the fast field, the only result of this term will be to induce terms of order

[D/u F#)2in S. These terms are of dimension greater than four or nonlocal,
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so we ignore them, as they will be irrelevant. We therefore replace (4.4) with

1 o _ ) .
[ / d'z TeF,, F™ 4+ — / d'z ([Du, a,][D", a’] — 2iF™|a,, ay]) ,
495 295

In terms of coefficients of the generators ¢, b = 1,..., N2 — 1, this expression

may be written as

1 -~
S:@/dzlmFsnyy-i-So—FSI-l—SII?
0

where

S0= 55 [ L4 Cgate) (45)
292 Js (2m)* . bR

i d*q d*p i . -
= — A€ di_g —
S 2 ) @y /@>(27r)4q focat, () A5,(p) ag,(—q — p)

1 dq d*p d*l J
“ 58 ey s gy oo 40
x AL (p)AL(D) af(—q —p), (4.6)

and

1 d*q d*p -
S5 | o || i@ Walp =) (@)
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The gluon propagator can be read of from the expression for Sg in (4.5):

(ap(q)as(p)) = 956" 60" (g +p)g > . (4.8)

We define the brackets (W), around any quantity W to be the expectation
value of W with respect to the measure N exp —Sg, where AN is chosen so
that (1) = 1.

One more term must be included in the action. This term depends on the
anticommuting ghost fields G%(x), H}(z), associated with the gauge fixing

of al(x). The ghost action is

1 d4q d4p n b Ac d
Sghost—g—g /S @n) /P 2m)i foeaG"(q) Ay (p) H(—q — p)

RS dq d*p d*l dr N FeqNif g
+298/S‘(2ﬂ_)4/@(27T>4/Iﬁt<27r>4fbcdfbng (q)Ap(p)Au(l)H( q p)a

which is similar to Sy, except that the fast vector gauge field has been replaced
by the scalar ghost fields. Integration over the ghost fields eliminates two of
the four spin degrees of freedom of the fast gauge field.

To integrate out the fast gauge field and its associated ghost fields, we use
the connected-graph expansion for the expectation value of the exponential

of minus a quantity R:
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When evaluating a functional integral, each of the terms of a given order is
can be represented as a sum of connected Feynman diagrams. We now briefly
discuss the derivation of this expansion. The expansion for the left-hand side

of (4.9) begins
(e =1-(R) +O(R?),
So we write

(e ) = e W)
= B {1 +(R) + %<B>2 + O(R3)}

X {1 —(R) + %<R2> + O(R?’)}

= ¢ (B {1 + %((Rz) —(R)?) + O(RS)} .

Having found this result, we write

and expand the factors in square brackets on the right in powers of R, to

find the term of third order. Continuing this procedure yields (4.9).
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The connected-graph expansion gives to second order

N 1 o 1
exp—S = exp <—E/d4x Fﬁng‘ ) <exp (—§SI—SH>>
i Lis
o [ e LR exp | =550

b = (807 + (s - (5w (1.10)

2
D
g
|

We remark briefly on the coefficients in the last exponential in (4.10). We
can represent these by Feynman diagram with slow fields as dashed external
lines and fast propagators as solid internal lines. The coefficient of (Si) has a
contribution —1 from a fast gluon loop and 1/2 from a fast ghost loop. This

contribution corresponds to the diagram:

O

The coefficient of (S7) — (S1)? has a contribution 1/2 from a fast gluon loop

and —1/4 from a fast ghost loop. This corresponds to the diagram:

Q

The coefficient of (S%) — (Sir)? has no ghost contribution. This has external

slow field strengths, represented as crosses in the diagram:

()
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Other terms in the exponential, of the same order, vanish upon contraction
of group indices.

The terms in the new action (4.10) are given by

3080 = 187 = (509 = T [ SR AP ABPl).

4 (27)
_ [ da [ qulp+2q,) O
Fiulp) _/s (2m)* { (g o2 4q2] ’ @1

where Cly is the Casimir of SU(N), defined by 4 fhed = Cy6" and

1 9 o0 Cn d4p b [b
5 =) = =5 [
dq 1
/S 2m)t¢*(p+q)* 412

Next we will evaluate the integrals in (4.11) and (4.12).

Consider the integral I(p), defined as

o) = [ L1 poc
s (2m)* ¢?(q + p)?

Then I(p) + I(—p) = 0. We can see this by changing the sign of ¢ in the
integration. We can replace the polarization tensor P, (p) in (4.11) by the

manifestly symmetric form II,,, (p):

3050 = (51 = (50 = O [ 55 A=) AL )

_ d4q . (pu + 2Qu)<pu + 2ql/) 5ﬂ
Hw(p)—/g(%)4 { PEIPERE + 4q2] . (4.13)
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The polarization tensor is symmetric, but breaks gauge invariance. This is
because at this order in the loop expansion, p,I1,,(p) # 0. The reason for
this is clear; gauge symmetry is explicitly broken by sharp-momentum cut-
offs. The purpose of the counterterms S.; A, and Sc.t.,i\j) in (4.1) and (4.3),
respectively, is to restore this symmetry.

There are other pieces of the renormalized action which are the contri-
butions to the cubic and quartic Yang-Mills vertices, consisting of three and
four external lines, respectively. These are completely determined by the
Slavnov-Taylor identities of the Yang-Mills theory, so we do not have to cal-

culate them separately.



Chapter 5

Spherical Cut-offs

In this chapter we will carry out Wilson’s renormalization for pure Yang-
Mills theory from a spherical cut-off of radius A to a smaller spherical cut-
off of radius A. This calculation is neither novel nor original, though we
provide more details in Chapter 4 and this chapter than appear elsewhere,
e.g. in Polyakov’s book [11]. The calculation may be regarded as a warm-up
exercise for the anisotropic renormalization group of the next chapter, which
is considerably more tedious.

We first evaluate I1,, (p) in (4.13), splitting it into a gauge-invariant part

and a non-gauge-invariant part. At p =0,

o f ]

If we change the sign of one component only of ¢, e.g. g0 — —qo, ¢: — @,

24
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i= 1,2, 3, the first term of the integrand changes sign for 4 = 0 and v =i.
Thus I1,,,(0) vanishes for ;1 # v. Hence

1 d*q 6 1 ~
I1 == £ = A? — A? .
u(0) g /S (2m)% ¢? 12871'2( )8uw

~

If we write II,,,(p) = 11, (p) + 11,,,(0), we find

oo [ da [ (u 200 +24,) | O
o 2) = /s (2m) { 8¢(q + p)? 8q2} '

If we subtract the polarization tensor at zero momentum by a counterterms

of identical form at each scale, or in other words

A? A2 -
Set A= ~ 98,2 /d4z A% Sy A= /d4x A% (5.1)

the result is gauge invariant, as we show below.
Next we expand the polarization tensor ﬂ,w (p) in powers of p. The terms
of more than quadratic order in p have canonical dimension greater than

four, so they can be ignored in the new action. To this order,

R d*q [pupy + 0P 2DPaPsals9.9y
fulp) = [ gy [Pt - |y

s (2m)t [ 8(¢?)? (¢%)*
The right-hand side of (5.2) is evaluated using Euclidean O(4) symmetry:
we emphasize this point, because in the aspherical case, we do not have

invariance under O(4), but only under its subgroup O(2) x O(2). Exploiting
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this symmetry, we write the nontrivial tensor integral in (5.2) in terms of a

scalar integral:

d'q Guasqua, 1 [ d'q 1
/S‘ (271')4 <q2)4 o ﬁ /S (271')4 q_2 (504551111 + 5au5,uﬁ + 50[#55,,) .

Hence the polarization tensor is

~ 1 A
I, (p) = 10972 In 1 (8w — Dupu) + -+ (5.3)

Gauge invariance is satisfied to this order of p, i.e. p“f[u,,(p) =0.
We also need to evaluate (4.12). Once again, the terms of dimension
higher than four can be dropped, by expanding the integral over S in powers

of p:

CN d4p ~b

1 2 2y _ YN _ o\ L0 d4q 1
50— s =~ [ SRR L) [+

_ Cn A d*p 0 ~
= Tiem % /HB(QW)4FuV<_p)FW(p)+---. (5.4)

Combining (4.13), (5.1), (5.3) and (5.4) gives the standard result for the

new coupling go in (4.3):

1 1 A 1 A 1 11 A
g 95 4m* A 12472 A g7 4872 A
Equation (5.5) is the well-known statement of asymptotic freedom [12]. If we

start with a very small coupling, at a very large cut-off, such as some unifi-
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cation scale or the Planck scale, then the effective coupling at low energies

becomes large. This is encoded in the beta function:

- 8@0 - 1lCN~3
Io0) = gna = s 0

or, dropping the tildes,

. 890 __110]\[ 3
T 9mA 4z

3(90) (5.6)

In the next chapter, we repeat this calculation with ellipsoidal cut-offs.

The results of this chapter are recovered, as isotropy is restored.



Chapter 6

Ellipsoidal Cut-offs

Integration over the region S is much more work with ellipsoidal cut-offs
than spherical cut-offs, because we have less symmetry to exploit. We take
advantage of the O(2) x O(2) symmetry by making a change of variables, from
qu to two angles ¢ and ¢, and two variables with dimensions of momentum

squared, v and w. The relation between the old and new variables is
g1 = Vu cosf, g = usinb, g3 =vw—ucos, qo =+vw —using (6.1)

(note that u = ¢* and w — u = ¢%), which gives

A? b=TA%+(1-071)
[ = L[ a ] d¢[/ du/ ”
LA24(1—b~
b—1A24 17b 1u
/ du/ dw] . (6.2)
A2 u

28
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The O(2) x O(2) symmetry group is generated by translations of the angles
0 — 60+ df and ¢ — ¢ + do.
We write the polarization tensor II,,(p) in (4.13), expanded to second

order in p, as the sum of six terms:

., (p) =10, (p) + 112, (p) + 1T}, (p) + 1T, (p) + 1T, (p) + 1T, (p) ,

where
) diq 1 1 d*q q.q

I _ — TI2 — __/_ﬂ

= famie T T L G

I (p) = Pube / d'q quqa | DePa / d'q quqa

e 2 Js@m)t (¢ 2 Js(2m)t (¢}

diqg 1 p* [ d'q quq

G _ _pupu/ ° _ _/ w4y

= L@ TS Ly
I8,(p) = —2papslis,,(p), where

d'q qaqpquq

IG — @ H1v . .
a/)’,uzx(p) /3(277-)4 (q2)4 (6 3)

We will evaluate each of these six terms of the polarization tensor (6.3),
by using the integration (6.2) over the variables (6.1). This is very tedious,
though straightforward. The details of the integration are given in the ap-
pendix to this chapter. Since the integrals are invariant under O(2) x O(2),
but not O(4), we introduce some notation. We assume the indices C' and D
take only the values 1 and 2, and the indices €2 and = take only the values 3

and 0. As is standard, the indices pu, v, etc., can take any of the four values
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1, 2, 3 and 0. Here is a summary of the results:

) A2lnb  A2Inb
I (p) = 2~ — = 4
(D) 647T2<b_1 b_1> , (6.4)
A%6cp b
I12 = — 1 1—b+1
cp(p) 12 { + <6_1)2( b+ nb)}
A%6¢p b .
1+ — 1—b+Inb
i +(b_1)2( +Inbd)| ,
A25Q: 1 Inb A26§2: 1 In B
M(p) = ———o — S (. —
a=(p) 647 {b—l (b— 1)21 Tom (-1 o1l
MEo(p) = Mae(p) =0, (6.5)
AN pepp | bInb b
I3 _ bcPp A _
eolP) = T~ | po1
pepp | blnb b
+ > | = - = ,
6472 | (b—1)2 b—1
= A pPap= 2bInb blnb b
=) = BT T o1 o1 T ho1
pap= | 2b1Inb blnb b
+ A - — + = :
647r2[b—1 b—1)2 b—1
A PcPa blnb
g (p) = B (p) = X2 =
ca(p) ac(p) 3972 nA 6472 b — 1
-
pcpo blnd (6.6)

64m2p—1"°
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4 pupy . A pup, [bInb  blnd
- — 1 - — = .
wP) = =62 M T Tog2 (b 1 5_-1)" (6.7)
25 A p?d blnb b
H5 _ p CDI o CD _
colP) = e T T o [po1r T ho1
p*ocp blnb B b
12872 [(h—1)? b-1|"
200z . N p*oo= [b(2b—3)Inb b
15— _ b Q“l 4 0=
o=t) = G MY T mee | o1 b=l
260z | b(20 — 3) Inb b
n ooz | b( d )In e |
12872 (b—1)2 h—1
H%Q(P) = H?zc(p) =0, (6-8)

and finally, we present the components of the tensor I35, (p) (from which

the components of I, (p) can be obtained)

]gccc(P):#ln% - Wz—l)?’ {mb B 2(bb— b, 52%—21}
- R .
128W2?5_1)3 [lnb_ 2(b5 D b2621] |
]16122(17):% gCCC(p) )
J&aa(p)zﬁln% - m [lnb— 2b—1) + 622— 1}

1 . . b —1
+—|Inb—-2(b—-1) + ,
64m2(b —1)3 [ ( ) 2 ]
1
13033(17):5](62999(])) )
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] 1A

ccon = 19272 nA
1 [3b(2b—3)1nb 20 1Inb 3b 2b—1 b2—1]

T | =12 G—1P b—1' b o
L] 3b(2b—3)Inb  26°Inb N 3b +2E—1+l§2—1 (6.9)
38472 | (b—1)? (b—1)3 b-1 b 22 |

All other nonvanishing components of I8, (p) can be obtained by permuting

afuw
indices of those shown in (6.9). See the appendix for further discussion.

Note that H{w(p), j =1,...,6 changes sign under the interchange of A
and b with A and b, respectively. We can eliminate II%,(p) and 112, (p) by a
mass counterterm. The sum of the other pieces of the polarization tensor,
2?13 117, (p), reduces to the expression in (5.3) if b = b; integrating degrees of
freedom with momenta between two similar ellipsoids yields the same result
as integrating degrees of freedom with momenta between two spheres.

Next we set b = 1 and expand b = 1 + Inb + ---. We drop the part

of the polarization tensor of order (In l~7)2 We write the polarization tensor

as matrix whose rows and columns are ordered by 1,2,3,0. Expanding to
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leading order in In b, we obtain

. 1 A
]._.[j = lﬂ = 1 — T
3Pt — 03 — Bl — Sp1p2
—5D1D2 —3pf — tpt — 2o}
n Inb
6472 7 7
—4P1P3 —yP2P3
- §p1 Po - 71]72170
- %plp:% - gplpo
- ;Zprg - Lzlpﬂ?o
, (6.10)
3+ 2p3 + Lt 13 pspo
2 pspo 203+ 105 + 30t

where 1 is the four-by-four identity matrix and the superscript 1" denotes the

transpose. The first term on the right-hand side of (6.10) is the polarization
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tensor found in the previous section (5.3). The second term does not depend
on A or A. Had we taken b > 1, and expanded in b = 1+ Inb—+ ---, the
quantity Inb in (6.10) would have been In(b/b).

The second term on the right-hand side of (6.10) violates gauge invariance
(multiplying the vector p by the matrix in this term does not yield zero).
This means that an additional counterterm is needed. The most general
local action of dimension 4, which is quadratic in /Nlu and which does not
change under O(2) x O(2) transformations, and is gauge invariant to linear

order is

Suna = [ (jT]; Tt A(=p) @M (0) + asMo(p) + asMa(p)]Alp)

where ai, as and a3 are real coefficients and

P —pipa 0 0 00 0 0
2
—pip2 pr 00 00 0 0
M (p) = , My(p) = ,
0 0 0 0 00 p3 —pspo
0 0 00 0 0 —pspo P
P% 0 —P1iP3s —P1Po
0 p? —paps —DPapo
Ms(p) =
—pips —p2ps Pl 0

—P1Po  —P2Po 0 pi
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We must now determine ay, as and as such that the difference

d*q i T A
Saif = /@WTTA(_Z?) Mais(p)A(p)

= /P (dl Tr A(—p)"

o) V(p)A(p) — Squaa  (6.11)

.
Il o
w

is maximally non-gauge invariant. By this we mean that the projection of

tensor Mg (p) to a gauge-invariant expression:

T T
pp pbp
(1555 ) pant (1-222)

has no local part. This gives a precise determination of Sgig, which is pro-
portional to the counterterm to be subtracted. To carry out this procedure,
we break up the second term of (6.10) into a linear combination of My, M,

and M; and a diagonal matrix:

6
. 1 A
I (p) = In= (1—pp"
Z b) = {952 HA( pp")
7=3
Inb [7 13 7
— M, (p) — — M. -M
b [ —Cpt+Epi) 0
+ o , (6.12)
0 —(12p3 — P31

where [ denotes the 2 x 2 identity matrix. The diagonal matrix is maximally

non-gauge-invariant. It is local, O(2) x O(2) invariant and of dimension four;
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we remove it with local counterterms, rendering our ellipsoidal cut-offs gauge

invariant, to one loop. We have thereby found

Inb 7 Inb 13 Inb 7

T 120 T T 120 B

“ Y ECR

Removing the last term from (6.12) leaves us with our final result for the

polarization tensor

6 = 3.2 |, 172
. . b [ —(Gpt +Epi)l 0
(p) =Y W) - = )
: 6472 17,0 T,2N]
Jj=3 0 _(EPL - ZpL)
1 A Inb [7 13 7
= In= (1—pp’ —M - —M -M

One of the terms to be induced in the renormalized action by integrating out

fast degrees of freedom is

3050 = 18 — (0% = O [ G A AL) )

- o [ 2 B A { g (-

61411171(')2 {1—72M1(p) — E]\/[2(17) + —Mg(p)} } . (6.13)

The other term induced by this integration, namely —((S%) — (Si)?)/2, will
be discussed next.
We showed in Chapter 4, that the term —((S%) — (Si)?)/2 is given by

(4.12). We may expand this term in powers of p, as we did for the spherical
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case in (5.4). The result is

R o . Cn d'p -, b / dq 1
2(<SH> (Su)?) = 2> Ji @)t F;w( p)FW(p) s 2t ()2 +
_ 1 A blnb N blnb
TN e TR 202 —1) | 32m2(h— 1)

X

[@%Fﬁy(—p)ﬁﬁy(m +oee (6.14)

For b = 1, to leading order in Inb, (6.14) becomes

1, ., ) 1 A Inb / d'p -, -
2(<SII> (Sm)”) Cn <167T2 n A + 3271’2) 5 (2m)4 ,uu( p uz/(p)

Lo (6.15)

Our final expression for the new action S = [ d*zL, is obtained by putting

together (6.13) and (6.15):

- 11 11Cy. A COylnb\ /2y =0 20 =
L= T IHK - s > (FOQ1 + Fp, +F123+F223>
L1 ucy, A 37CxInb) -,
i\ s YT 1022 )
1{1 110y, A 17CxInb) =,
i - kel I 3 A 1
TI\Z T ®e "R Tiee ) 12 (6.16)

In the next chapter, we will discuss the implications of (6.16).
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6.1 Appendix: Integrals Between Ellipsoids

In this appendix, we explain how to evaluate Feynman integrals between
ellipsoids. Let us define u = ¢2 and v = ¢7. The restriction within the
outer ellipsoid is u + bv < A%, and the restriction outside the inner ellipsoid

is u 4 bv > A2 We can split this region S into two regions:

A2 A2 —
Si: 0<u<A? Bu<v< bu

A% —u

b b

Su: A2<u<A? 0<v<

or, replacing v with w = u + v,

_, A2 1 A? 1
Si: O<u<A?] —+(1—-=)<w<—+(1-=)u
b b b b

A? 1
Si: A% <u< A% u<w<?+<1—g)u,

An integral over S is the sum of the integral over S; and Sy, giving (6.2). We
will use this to evaluate the expressions in (6.3).

First we turn to the quadratically-divergent parts of the polarization ten-
sor, 1T\, (p) and I? (p). These terms will eventually be removed with coun-

terterms, but their evaluation is useful as preparation for the other integrals
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to be determined. We find

. w? b l4-(1-b~HU
. (p) = / do / do dU / AW
# ( ) 2567T4 w25—2+(1—l~)—1)U

1 b (1-b"HU 1
AW | — 6.A.1
- [/ =, (6.A.1)

where U = u/A%, W = w/A? and w = A/A. Performing the integrals over

S~

—_

the angles and W yields

1 A25NV ! 1 1
Mo = ok {/O AU b + (1 — b0

w? 1
- / dU In[w?b™ + (1 — b~ Hu] — / dU In U} .
0 w?2

The remaining integration is done by changing variables to r = b~! + (1 —
b~1)U in the first term and 7 = w? ' + (1 —b~")U in the second term, giving
the result (6.4).

The expression for wa (p) will vanish if g # v. To see this, notice that the
measure and limits of the integral do not change, upon changing the sign of

4., but not g,. After carrying out the angular integrations, IT1%,(p) becomes

IZ,(p) = _Mdop [ / AUU / S )U

6472 2b1+1b1

1+ 1-b— 1)U 1
/“)2 dUU/U aw| . (6.A.2)

We next carry out the integration over W and define r and 7, as before, to
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obtain
A%6cp b? w? r—w2h!
11 = — = dr ————
b2 1 r— Mbel
- dr ———— 4+ (1 -
(b — 1)2 /wa—l " r + ( “ ) ’

which yields the first of (6.5). The other non-vanishing components of II?, (p)

are given by

A28z b=l +(1-b" 1)U
Ge(p) = ——= dU
a=(p) 6472 [/ /osz L (1-b- 1)u
b~ 1+(1-b"1)
U
g dW](W_W).

The first term is proportional to the right-hand side in (6.A.1) and the second

term is proportional to the right-hand side in (6.A.2). We can put these
results together, to obtain the remainder of (6.5).

Each of the two terms in IT,(p) in (6.3) contain the integral

1 [ dq qags
Jaﬁ‘z/@w) @)y

As in the case of IT(p), an examination of how the integral changes under

the sign change of one component of momentum shows that it vanishes,
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unless a = 3. Performing the angular integrations,

Scp b1 +(1-b— 1)U
Jop = / /
6472 | Jo w2b=14(1-b~
1 b=14(1-b—
/ JU / i,
w? U w3

and

b1+ (1-b"
/ /2b Ly (1-b-

b l+(1-b—HU
+ /dU/ dw m—aﬂ_h,

do=
- 6472

which reduce to

Scp . N dep b - b
J - = = 1 b—~—
0= Gamz MR 128 [(b_1)2 ! b—l]
dcp b - b
- Inb— A.
12872 {(b—1)2 nb b—J ’ (6.4.3)
and
Soz . A b= 2b b - b
Joz = 2= 0 = 2 b+ ——
= 647T2nA+1287rZ{[b—1 G-12| " +b—1}

oz doz 2 b . b
1287212872 | [b—1 (b— 1) b—1]"

which lead to (6.6).
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We may write IT},, (p)

PuPv
wa(p) == M4 ZJMH
I
giving (6.7) and I, (p) as
wa(p) = p2J,uu s

giving (6.8).
Finally, to evaluate 1T, (p), we need to work out the tensor lng,.,(p)°,

defined in (6.3) as

d'q 4a959u9
]gﬁw(p) :/ 1 ﬁzi :
s (2m)* (¢?)
We discuss below how to evaluate the following special cases of this tensor:

]16111(]9):]26222(17)7 ]gooo(p):[§333(p)a 1?122(29)’ 18033(17)’

]gon(p) = —]3022(17) = [16133(29) = 126233(29) .

All other non-vanishing cases can be obtained by permuting indices of this
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fully-symmetric tensor. We find

b1+ (1-b~
Iy = dU
i p 1287’(’2 / /2b Ty(1— —_b 1)u

b=l4(1-b" 2
1 b - 20—-1) (b-1)(b+1)
_= —1 - — = 1 b - ~ ~
6in? "R 28R (1 by | T
1B 2b—1) (b—1)(b+1)
- Inb—
12872 (1 — b)3 [n b ’
“lr1-o—HU
I8 - / dU/ AW
0000 12877'2 [ 0 2p=14(1—=b—)u
b1 (1-b" (W _ U)Q
/ of 7 an| S
S b—1)(b+1
S S WL SR SR S Y AP A Gty U
6472 A 12872 (1 — D)3 2

1 1 (b—1)(b+1)
~ B {lnb—2(b—1)+—2 }
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. 1 b—1+(1-b— 1)U
]0011(]7): @ / /b i
(./.)2 1+

b 14(1-b1! 2
Uw —U
/dU/ W ——
=Ju — 116111]))
7 _ 7 73
= L lné—l— L bE )lnb+~3b — ~Qb Inb
64m2 A ' 38472 | (b —1)2 b—1 (b—1)3
26—1 (b—1)(b+1) 1 [3b(2b—3) 3b
. A — Inb+ ——
A ST i | =12 U=
27 2—1 (b—1)(b+1)
— = _Inb
G—1p T 203 }

and I795(p) = 17111(P) /3. I§033(P) = Iooo(p)/3. This completes the integrals
needed in TI6,, (p).
There is one remaining quantity to consider, namely (6.14). The integral

we need to evaluate is

d4
i =2

which gives the right-hand side of (6.14).



Chapter 7

The rescaled Yang-Mills action

The main result of Chapter 6, equation (6.16), is the action resulting from
aspherically integrating out degrees of freedom. In this chapter, we will write
this in a way which allows comparison with standard renormalization with
an isotropic cut-off, i.e. (5.5). We define gy using (5.5). To leading order in

Inb, the effective coupling in the first term of (6.16) is given by

1 1 11Cy, A CNlnE_ll;_cN~2

2 @ 48 R e @

Setting b = A2, we find to leading order in In A

G2 = G ATI (7.1)

45
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and

~ 1 ~ ~ ~ ~ 17CN ~2 ~ TCN =2 ~
eff

where the dots represent corrections of order (In\)2. Next we rescale the

longitudinal coordinates, % — Ax”, drop the tildes on the fields, and Wick-

rotate back to Minkowski signature, to find the longitudinally-rescaled effec-

tive Lagrangian

17CpN ~
Loo= 3 T (Fo 4+ By = Fy = Ffy + AT ad gy

B 4%
TCnN ~
A2+ﬁ93F32> e (72)

Once again the corrections are of order (In \)?. If we compare (7.2) with the
classically-rescaled action (2.1), we see that the field-strength-squared terms
are anomalously rescaled.

If we simply take the A — 0 limit of (7.2), all couplings become zero or
infinite, except ge [4]. For very high energy, that is for small A, this effective
coupling becomes strong, as can immediately be seen from (7.1). We are
fortunate, however, that the energy where this happens is far larger than

what is experimentally accessible. If we take gq of order one, then
G2 ~ AT | (7.3)

This tells us that g% is less than a number of order ten, unless A is roughly less
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than an inverse googol, A ~ 1071%. Thus the experimentally accessible value
of geg is small. We still have a problem, nonetheless, because the coefficient
of F?, in the effective Lagrangian is very small as A\ — 0. This is also for the
classically rescaled theory (2.1) [8]. This tiny coefficient means that there
is very little energy in longitudinal magnetic flux. Hence the longitudinal
magnetic flux fluctuates wildly. If we denote the coefficient of this term in

the Lagrangian as 1/(4g? ), then

7N =2

91 = gogA D (7.4)

This coupling explodes for small A, even if g.g is small.



Chapter 8

Extrapolating to High Energy

We have determined how a quantized non-Abelian gauge action changes un-
der a longitudinal rescaling A < 1, but A = 1. Our analysis suggests the
form of the effective action for the high-energy limit, A\ < 1, but this ef-
fective action cannot be derived perturbatively. The main problem is how
the Yang-Mills action changes as A is decreased. The coefficient of the lon-
gitudinal magnetic field squared, in the action, decreases, as \ is decreased.
Eventually, we can no longer compute how couplings will run.

Our difficulty is very similar to that of finding the spectrum of a non-
Abelian gauge theory. Assuming that there is no infrared-stable fixed point
at non-zero bare coupling, a guess for the long-distance effective theory is a
strongly-coupled cut-off action. The regulator can be a lattice, for example.
One can then use strong-coupling expansions to find the spectrum. The

problem is that no one knows how to specify the true cut-off theory (which

48
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presumably has many terms, produced by integrating over all the short-
distance degrees of freedom). The best we can do is guess the regularized
strongly-coupled action. Such strong-coupling theories are not (yet) derivable
from QCD, but are best thought of as models of the strong interaction at
large distances.

Similarly, we believe that (2.7) for A < 1, and variants we discuss below,
cannot be proved to describe the strong interaction at high energies. Thus
it appears that the same statement applies to the the BFKL/BK theory
(designed to describe the region where Mandelstam variables satisfy s >
t > Agep) (1], [13]. Two closely-related problems in this theory are non-
unitarity and infrared diffusion of gluon virtualities. These problems indicate
that the BFKL theory breaks down at large length scales. There is numerical
evidence [14] that unitarizing using the BK evolution equation [13] suppresses
diffusion into the infrared and leads to saturation, at least for fixed small
impact parameters. This BK equation is a non-linear generalization of the
BFKL evolution equation. The non-linearity only becomes important at
small x, at large longitudinal distances, where perturbation theory is not
trustworthy.

In the color-glass-condensate picture [2], [3], the Yang-Mills action with
In A = 0 is coupled to sources. The classical field strength is purely trans-
verse. If this action is quantized, however, this is no longer the case. The
fluctuations of the longitudinal magnetic field B3 will become extremely large

(this can be seen by inspecting (2.7) and (2.8)). In principle, we would hope
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to derive the color-glass condensate by a longitudinal renormalization-group
transformation, with background sources. The obstacle to doing this is pre-
cisely the problem of large fluctuations of Bs.

Finally we wish to comment on an approach to soft-scattering and total
cross sections. In Reference [8] an effective lattice SU(N) gauge theory was
proposed. This gauge theory is a regularization of (2.8) and (2.9). This gauge
theory can be formulated as coupled (14-1)-dimensional SU(N) x SU(V) non-
linear sigma models and reduces to a lattice Yang-Mills theory at A = 1 (in
which case, it is equivalent to the light-cone lattice theory of Bardeen et.
al. [15]). The nonlinear sigma model is asymptotically free and has a mass
gap. These facts together with the assumption that the terms proportional
to A\? are a weak perturbation leads to confinement and diffraction in the
gauge theory. Similar gauge models in (2 4+ 1) dimensions were proposed
as laboratories of color confinement [16], and string tensions for different
representations [17], the low-lying glueball spectrum [18], and corrections of
higher order in order A to the string tension [19] were found (these calcula-
tions were performed using the exact S-matrix [20] and form factors [21] of
the (1 + 1)-dimensional nonlinear sigma model). In such theories (whether
in (2+1) or (3+ 1) dimensions), transverse electric flux is built of massive
partons (made entirely of glue, but not conventional gluons). These partons
can only move and scatter longitudinally, to leading order in A. The picture
which arises from such gauge-theory models is very close to the that of the

forward-scattering amplitude suggested by Kovner [22].
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The effective gauge theory of Reference [8] has a small value of geg, as
well as a small value of A, in the Hamiltonian (2.8). We have found in
Section 5 that g.g grows extremely slowly, as the energy is increased. If we
can naively extrapolate our results to extremely high energies, this effective
gauge theory appears correct. We should not, however, regard this as proof
that the effective theory is valid, since the perturbative calculation of Chapter

6 breaks down at such energies.



Chapter 9

Discussion

In this thesis, we determined how the action of an SU(N) gauge changes
under longitudinal rescaling A, at one loop. We found, in particular, the
anomalous dependence of the coefficients in this action on A. The technical
tool we used was Wilson’s formulation of renormalization generalized to a
more general cut-off. As the energy increases, the coefficient of F7 in the
action eventually becomes too small to trust the method further. Therefore,
neither classical nor perturbative methods may be entirely trusted beyond a
certain energy. The breakdown of these methods at high energies is similar to
the breakdown of perturbation theory to compute the force between charges
at large distances, in an asymptotically-free theory. Nonetheless, high-energy
effective theories, inspired by the longitudinal-rescaling idea, may be phe-
nomenologically useful.

There are two obvious further projects to be done. Our calculation should
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be redone including Fermions. Aside from the importance of considering
QCD with quarks, it would be interesting to study how longitudinal rescaling
affects the QED action.

The second project would be to determine how the action changes under
a longitudinal rescaling by a different method. The idea would be to study

Green’s functions of the operator

D(x) = 1%Too(z) + 2°Tos3(7) | (9.1)

where 7, (x) is the stress-energy-momentum tensor. The spacial integral of
this operator generates longitudinal rescalings on states. Correlators of prod-
ucts of D(x) and other operators could be studied with simpler regularization
methods (such as dimensional regularization) instead of our sharp momen-
tum cut-off. The commutator of D(x) and an operator O(y) will reveal how
O(y) behaves under longitudinal rescaling. Such an analysis should be easier
than the method we have used here. In particular, we expect calculations

beyond one loop should be feasible.
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