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Abstract

SYNCHRONIZATION, BANDWIDTH OCCUPANCY AND EFFECTS OF

TRANSMISSION ERRORS IN DIGITAL COMMUNICATION SYSTEMS

by

Martin Braff

Adviser: Professor Donald L. Schilling

This research is concerned with the following three
areas: a) Synchronization of digital networks, b)
Correlation and spectral density of a Convolutional Encoder,
and <¢) Chennel errors in Delta Modulation.

a) The increased use of digital transmission in
telephone networks motivates attempts to perform the
switching function in digital form also. Such a digital
network, however, requires carefully synchronized clocks to
perform correctly. 1In this dissertation we present a new
technique for synchronizing such clocks called "Peak
Synchronization". This technique will be studied and
compared to others that have been previously investigated.

b) When a digital signal is encoded for channel error
protection, the resulting encoded signal may have statistics
differing greatly from the original signal. The correlation

of the encoded signal is especially important as it allows

(iii)



for the determination of the signal‘'s power spectrum. The
correlation also provides information about the density of
transitions, which is important in bit synchronizer design.
We will study the correlation of signals encoded by a
convolutional encoder, with both purely random and first
order Markov inputs.

c) Delta Modulators have been extensively studied to
determine their quantizing and slope overload distortion.
However, the distortion introduced by channel errors has
received little attention. Here we will determine the
effect of channel errors on the performance of a Delta
Modulator. Both independent random errors and errors

occuring in bursts will be considered.
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Chapter 1

SYNCHRONIZATION OF DIGITAL NETWORKS

1.1 INTRODUCTION

Digital transmission in the form of Pulse Code
Modulation (PCM) has been used in telephone communications
since the early 1960's. This early introduction of PCM into
telephony was due both to the more economical digital
hardware that became available, and the inherent advantages
of digital communications over the conventional analog
techniques [1]. Specifically conversion to digital offered
the following benifits:

a) The quality of a digital signal does not
significantly deteriorate with transmission distance. This
is because digital repeaters can remove noise and restore
the signal provided that the noise level is below some
threshold. Thus tandem digital lines do not accumulate
noise, and a uniform voice quality can be available over the
whole network. The digital "bit probability of error®
decreases very rapidly with increasing signal power, and can
easily be made negligible.

b) A single high speed piece of digital hardware can be
effectively shared among many users, thus resulting in
substantial savings. For example a high speed A/D converter

followed by a digital multiplexer can Time Division



Multiplex many incoming analog signals. This is in contrast
with the FDM case where a separate modulator is needed for
each audio signal.

PCM was first introduced into telephony for point to
point communication links. Here as illustrated in Fig. 1.1
a group of voice channels are each sampled at 8000
samples/sec., A/D converted and transmitted in TDM form over
a digital link. Since all the voice channels must be
sampled and transmitted 8000 times per second, the time
available for each sample is 125/n usec., where n is the
number of incoming channels. A single sample from a channel
in PCM format is said to occupy a time slot. The time slots
containing samples from all the channels collectively form a
frame. Since for correct demultiplexing it is imperative to
know where a frame begins, framing information is added to
the voice samples,

In this usage of PCM, synchronization is achieved by
the receiver clock, phase locking to the incoming digital
signal. 1In addition frame synchronization is acquired by
use of the built-in framing bits. Point to point digital
transmission thus allows for the use of independent
transmitting clocks with inaccuracies of up to 10—5 [21.

When PCM is used only for point to point transmission
as described above, all switching must be done with signals
in analog form. Thus as shown in Fig. 1.2 a signal may

undergo several A/D and D/A conversions as it passes through



the network. It is apparent that the full advantages of
digital transmission would be realized only if both the
transmission and switching functions were performed
digitally. This would eliminate the expense of repeated A/D
and D/A conversion, the quantizing noise which accumulates
each time an A/D conversion is performed would be reduced,
and the network would be able to handle data communication
much more effectively. However, instituting digital as
opposed to analog switching greatly complicates the

synchronization problem.

1.2 DIGITAL SWITCHING

A digital switch in general contains several incoming
and outgoing TDM lines, Switching is accomplished by
transferring digital signals appearing at a given time slot
on an incoming line, to a preassigned time slot on an
outgoing line. 1In order for the digital switch to perform
correctly an incoming signal must be available at the exact
time when it is needed to fill the appropriate outgoing time
slot. Since the arrival rate of data on the incoming TDM
lines will change with oscillator drift and delay time
variations, it is necessary to provide an elastic buffer for
each received bit stream to store the data until it is
needed and to absorb incoming rate fluctuations. Data is
read out of each buffer under the control of a local clock

at the digital switch. At the same time data is arriving at



the buffers with a rate determined by the remote
transmitting clock. Unless these clocks are properly
controlled to maintain precisely the same average frequercy,
buffer overflow or underflow is sure to occur. This would
result in the deletion or repetition of a frame of data, an
occurrence which 1s called a "slip".

The subject of Network Synchronization is concerned
with the development of techniques to control the clock
frequencies in order to prevent slips. A great deal of
research effort has been devoted to the study of many
proposed techniques (see references). In this research we
investigate a new method of synchronizing remote clocks. 1In
the method to be studied, called Peak Synchronization, each
switch selects the incoming line that contains the largest
filled buffer, and phase locks its clock to that incoming
line. 1In the discussion that follows we will present a
mathematical model for a digital network, summarize some of
the previous work done in Network Synchronization, and

motivate the use of the Peak Synchronization technique.

1.3 MATHEMATICAL MODEL

A digital network can be represented by a directed
graph. The nodes of the graph representing the switching
centers, and the directed edges representing the
transmission channels. Let N be the number of nodes and M

the number of edges. If the network is connected, that is



there is a directed path from any node to every other node,

then we must have:
N < M < N(N-1)

The lower limit representing the case of all nodes being
connected in a single loop, and the upper limit representing
an edge between every pair of nodes.

The switching activities at each node are governed by a
local clock. Let fi(t) denote the frequency of the local
clock at node i. Signals arriving at node i from node j,
arrive with a frequency fj(t) determined by the transmitting
clock, and are processed and retransmitted at the frequency
of the receiving clock fi(t)' We denote by bij(t) the
contents (in bits) of the buffer at node i from node j.

Then bij(t) is given by:
t
bij(t) = JB [ fj(s - Tij) - fi(s) Jds + bij(o) (1.1)

where T;s represent the transmission delay to node i from

j
node j, and we have assumed that these delays are constant,.
In the more general case of time varying transmission
delays, the received frequency would be modified by a

doppler shift. 1In this case we would have:

t
bij(t) = {)[(1—7{3. (s))fj(s—‘rij (s)) - £,(s)1ds + bij(O) (1.2)

Fig. 1.3 shows a node with several input buffers.



Clearly if a frequency difference between any two nodes
persists a buffer will eventually overflow or underflow. In
this situation a frame of information will be lost or
repeated resulting in a "slip". It is the primary function
of the synchronization control to prevent such slips. 1In
addition, it would be advantageous to ensure that the buffer
contents can be kept small. The obvious reason is that
buffer memory is costly. Also important is that large
buffers will increase the transmission delay of a signal,
which can be critical in speech transmission. Note that
buffer readings can really only take on integer values.
However if the buffer range is large enoﬁgh it is possible
to treat the buffer reading as the continuous variable given
by (1.1).

The network configuration will be described by a
connection matrix {aij}, with aij equal to 1 if there is a
transmission path to node i from node j, and zero otherwise.
In addition, we will denote by Si the set of nodes that

transmit to node i.

1.4 SYNCHRONIZATION TECHNIQUES

The problem of devising a control scheme that will keep
all local clocks at the same long term average frequency has
received a great deal of attention. Basically the various
approaches that have been studied fall into the following

three categories: Independent Clocks, Mutual



Synchronization and Master Slave Synchronization.
Conceptually the simplest method is for each node to
have a sufficiently accurate independent clock, so as to
reduce the occurrence of slips to a tolerable level. This
approach has become known as Plesiochronousf12}. The
feasability of this approach is due to the extremely
accurate and stable atomic clocks that are available. For
example, if a system is operating at a frame rate of 8000
frames/sec. and the slip rate objective is 1 slip per 5

hours, then the clock accuracy requirement is:

(8000 frames/sec.) (18,000 sec./5 h)(Af/f) = 1 slip
therefore

Af/f = 7 x 1072,

If as is expected this objective is to be maintained over an
end to end connection consisting of several switches [24],
the required clock accuracy would become approximately 10—9.
While atomic clocks can easily meet this objective, they
present problems of high cost, reliability, power
consumption and frequent maintenance [171. Nevertheless
this seems to be the method of choice for international
network interconnections [25].

In the Master Slave technique one node, presumably

containing a highly reliabhle and stable oscillator, is

designated as the mester, and all other nodes phase Jock



their oscillators to a signal derived from the master clock.
Thus as is illustrated in Fig. 1.4, certain communication
links are specified as being used for synchronization
purposes. This subnetwork is a directed tree with every
node except the master having one incoming link.

While attractive for its simplicity, the master slave
technique suffers from being extremely vulnerable to a
failure in either the master clock or a link being used for
synchronization. Two schemes have been proposed to help
mitigate these weaknesses. First in case of a failure in a
synchronization path, an alternate path could be chosen by
the receiving node on a preassigned basis. This method has
been called Preselected Alternate Master Slave, and has the -
advantage of enhancing the reliability of Master Slave
synchronization without requiring any internodal
communication. It has been chosen for the switched digital
network in the U.S.[16]. A more elaborate scheme proposed
by Darwin and Prim[26] allows for the network to reorganize
itself in an optimum fashion in the event of a failure in a
line or clock. Though more reliable than the Preselected
Alternative method, it requires that a channel be available
for nodes to exchange synchronization information. It will
be seen that Peak Synchronization has many of the
characteristics of the self organizing Master-Slave

approach.



Mutual Synchronization

Mutual Synchronization is a method that was proposed to
completely eliminate the dependence on a master clock.
Instead each node participates in the determination of the
final system frequency. It has the advantage of maintaining
network synchronization in the event of both oscillator and
link failure, and does not require any internodal
communication of synchronizing information, as is required
by the self organizing Master-Slave approach.

The control scheme for Mutual Synchronization is as
follows: Each node forms an average of the phase
differences of all incoming clocks, relative to the phase of
its own clock. This error signal is then filtered and used
to modify the local clock's free running frequency. The

control can be expressed mathematically as follows:

N
= * 3 - -
Pi(t)= £, + hy(t) :Elaijtpj(t Ti3) =Py ()] (1.3)
Here aij are averaging coefficients that satisfy Z}éij= 1,
J
fio is the free running frequency at node i, hi(t) is the

impulse response of the filter at node i and * denotes
convolution. The phase at node i is defined by,

t

P (t) = fofi(t) dt + P, (0) (1.4)

It is assumed here that all clocks are free running for t<O,
and that at time t=0 the controls are applied. From the

definition of the buffer contents given in (1.1) we see that



bij(t) = Pj(t_‘ﬁj) - Pi(t) + fjo ﬁj +Pi(0)—Pj(0)+bij(0)

Thus the buffer conterits and phase differences are related
by an additive constant. Therefore a formulation of Mutual
Ssynchronization very similar to (1.3) would be

N

PI(t) = £, + h (t)* 2 a..b

io j=1aij (t) (1.5)

i)
The filters h; (t) are assumed to possess the properties of

causality, stability in the sense of a bounded input

producing a bounded output, and positive D.C. gain, that is:

H, (0) = L;> 0.

where Hi(s) is the Laplace Transform of hi(t). A diagram of
the control scheme implied by (1.5) is shown in Fig. 1.5.
The performance of systems governed by controls
similiar to (1.3) and (1.5) have been extensively studied
[3-12]. Gersho and Karafin[3] found a sufficient condition
for such a system to be stable, that is for all clock
frequencies to approach some common value. Specifically

they show that stability is ensured provided that:

H; (3w) <1, w#o. (1.6)
jw + Hi(jw)

It is easy to see that for a flat filter response (i.e. no
filtering), Hi(jw)=Li, and (1.6) is always satisfied. If

Hi(s) is a simple one pole low pass filter defined by:

- 10 -



Hy(s) = L;/(1 + G;s)

then substituting into (1.6) yields,

2
i <1 (1.7)
2 2..2,..2

L

which is satisfied provided LiGi < 1/2. We shall see that it
is appropriate to choose L; to be quite small, so that (1.7)
is not difficult to satisfy. It has been shown{[4] that the
common frequency attained by all the oscillators is given

by:

25 b.f.
£ = j=3 1t 1° (1.8)
N
i§1 bi( 1 + LiTi)

Here by is the cofactor of any element in the ith row of the
matrix L(I - A ). L is a diagonal matrix with elements Li’
Ti is the average delay to node i, and A is the averaging
matrix.

In order for the system frequency not to depend on the
transmission delays, it is necessary to choose the L;'s such

that

Li ‘ri<< 1 (1.9)

in which case we have from (1.8)

- 11 -



£ =~ 3 1o (1.10)
Z by

1

In this case the system frequency becomes a simple weighted
average of the free running clock frequencies.

Though the performance of the Mutual Synchronization-
scheme outlined above is satisfactory from the point of view
of achieving a common system frequency, this is not
sufficiert to ensure a properly functioning digital
switching network. 1In order to prevent the loss of
information due to slips, it is necessary that the control
scheme prevent the buffers from overflowing. While it is
known that the buffer sizes in Mutual Synchronization will
remain finite, the problem of finding a bound to the buffer
size that can be easily computed has not been solved. There
is no simple expression available, comparable to the one for
system frequency, giving the final or asymptotic buffer
sizes.

The problem of determining buffer sizes in Mutual
Synchronization was considered by Moreland[15], who pointed
out that unlike system frequency, buffer sizes were
critically dependent on network configuration. Moreland
conjectured that the "dumbell" configuration (Fig. 1.6),
which consists of two equal size groups of nodes with full
interconnection in each group and only a single intergroup

link, would be the worst case for buffer size. He then



shows that the largest buffer in a dumbell network would
have a value proportional to N2, where N is the number of
nodes. This dependence of buffer size on network
configuration and network size is an important drawback of
Mutual Synchronization. It means that extensive
modification may have to be made to an existing network in
order to allow for expansion.

In order to improve the performance of Mutual
Synchronization with regard to buffer size, several
authors[13,14] have suggested substituting non-linear
control laws for the linear one given by (1.3). These
control laws share the common property of giving more weight
to the larger buffers. Karnaugh[l4] approaches the problem
by formulating a control law that will minimize a convex
penalty function R(B), where B is a vector with components

b the buffer contents. In order to minimize R(B) he

ij’
chooses a control which has components in the direction of the

negative gradient of R(B). Specifically his control has the

form:

Pi(t) = £, - 5 &;5 _?R(B) (1.11)
J

where

bij = [ Pj(t) - Pi(t)] + bij(O)

A possible form for R(B) which is suggested is:

- 13 -



Unfortunately, stability for the above scheme is only
demonstrated for the case of zero delays and no bounds are
found for the buffer contents.

More pertinent to this research is the work done by
Sandberg(13]. Sandberg considers a system of controls of
the form

£,(t) = £iot ‘pi[fﬁ?eij(bij(t)] i= 1,2,...,N (1.12a)

where as before

£
by (£)= fo [ £5(s-7;5) - £5(5)1ds + by (0) (1.12b)

The functions eij(x) are monotonic functions chosen to
reduce the likelihood of buffer overflow. For this purpose
they should have moderate slope near the origin, and large
slope for buffer values near overflow. Clearly in this way
they emphasize the larger buffers. The functions ¢;(x) on
the other hand are chosen to reduce the tuning range
required of the oscillators. These functions therefore have
moderate slope near the origin, and very small slope far
from the origin. Sandberg shows that the system described
by (1.12) is stable provided the following conditions are

satisfied:
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a) 0 < w;(x) < o , (1.13a)

b) either eij(x)EO, or 0 < e;j(x) < » (1.13b)
c) The directed graph defined by eE.(O) is (1.13c)
connected J

eEj(O) defines a directed graph in the following sense. TIf
egj(O)#O, then there is a directed edge to node i from node
j. It is 2lso shown that bounds on the buffer contents
exist, but again no simple method for finding these bounds

is presented.

Peak Synchronization

In this dissertation we will investigate the behavior

of systems governed by the following control rule:
fo(t) = £, + Ly ?22‘ { bij(t)} (1.14)
i

Here only the largest buffer appearing at node i is
considered in determining the 2mount to offset the freauency
of that node. This scheme has the obvious advantage that
the nonlinear function required is easily implemented. We
shall study the stability of the above system, its dynamic
response, and determine a bound on the size of the buffers.
The analytical work will be verified by computer simulation.
We will show that in Peek Synchronization, we can find a

very easily computable bound to the buffer csize, that is

totally independent of network configuration or size.
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The concept of Peak Synchronization is clearly a
natural extension of the nonlinear controls suggested by
Sandberg and Karnaugh, that are aimed at emphasizing the
larger buffers., An important distinction though is that in
Peak Synchronization only the most positive buffer is
considered rather than the buffer largest in magnitude.
This approach was originally proposed by J. Kella[27]
because of the observation that a large negative buffer
representing a potential underflow is less damaging than a
positive buffer with overflow likely. Underflow can be
handled by inserting a special bit sequence that would be
recognized and removed by the receiver. Overflow on the
other hand represents an irreversible loss of information.

It is now apparent however that in most common
situations preventing buffer overflow also prevents
underflow. If we make the very reasonable assumption that
all communication links are bilateral (the matrix {aij} is
symmetric), then for every buffer bij there will be a buffer

b We shall show that these two will be approximately

3i°

complementary (bi -b..) and therefore an underflow would

3% 775
imply an overflow and vice-versa. In this case ensuring
that there is no overflow also ensures no underflows.

It is of interest to note that we can approximate Peak
Synchronization, with arbitrarily small error, by controls

that have the same form as those studied by Sandberg. To

see this let us choose

- 16 -



X

eij(x) = a,.M ' wi(x) = Lilong (1.15)

1]

where M is a large positive number and {aij} is the

connection matrix of the network. 1In this case (1.12a)

becomes:
= bj5(t)
To see that this approaches (1.14), let bimax = ?2; bij(t)'
then 1
bimax bij(t) bimax
logMM < logM %}aijM J < logM NM
bj4(t)
bimax < logM %}aijM J < logMN + bimax
since
lim 1log,, N = 0
M+ M
we have

im logy ?aijmbij(t) = Pinax
So by making M large enough we can make (1.15) arbitrarily
close to (l.14). For any fixed M the conditions indicated
by (1.13) are satisfied and Sandberg's proof of stability
applies. However, if M goes to infinity (which is required
to get Peak Synch), these conditions are no longer
satisfied and a new stability proof is needed.

Peak Synchronization can also be regarded as a form of
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self organizing Master~Slave Synchronization. Here as in
the Master-Slave technique a subnetwork of the original
network is used for synchronization purposes. 1In
Master-Slave Synchronization we saw that the subnetwork was
a directed spanning tree. A spanning tree with N nodes
contains N-1 edges. In Peak Synchronization each node
chooses one incoming link, and phase locks its oscillator
to that signal. Therefore the synchronization subnetwork
consists of N links. We shall see that this subnetwork is a
directed tree, with one directed loop. The nodes which are
part of the directed loop mutually synchronize, and all
other nodes are slaved to the frequency established by the
synchronization loop. In case of a failure in a transmission
link (if that link happened to be used for synchronization),
the network would automatically reconfigure itself,

maintaining synchronization.

Hybrid Synchronization Techniques

It may be advantageous for a network to simultaneously
employ several synchronization techniques [23]. An example
of this is a scheme being adopted by the British Post Office
[20]. Here the network nodes are divided into four
hierarchical levels. Nodes within a given level mutually
synchronize, whereas nodes at a higher level act as masters
to nodes at a lower level. Fig. 1.7 shows the network

configuration. 1In normal operation the level one clock is



master for the entire network. Should the level one clock
fail, the nodes in level two would collectively take over
control of all lower level clocks. This structure allows
each of the mutually synchronizing parts to be kept small,
thus averting the large buffers that can be associated with

a large mutually synchronized network.

Parameters

In general we may express the frequency of node i as:

£,(t) = F + E; + g, (t)

where F is the nominal or average frequency of all nodes, E,
is the frequency offset of node i due to oscillator
inaccuracy, and gi(t) is the applied control signal. g;(t)

has the following forms:

gi(t) L; %>aijbij(t) ; Mutual Synch no filters.

gi(t) L, max b..(t) ; Peak Synch.

i je s, ij

We wish to determine an appropriate value for the
parameters L;. Since the smallest amount the buffer
readings can change is unity, the quantity L; represents the
smallest frequency shift applied by the controls, Clearly
this amount should be much less than the natural inaccuracy

of the clocks. If d represents the maximum fractional clock



inaccuracy, then Ej < d-F, for all i. A reasonable value

for L; would be given by:

Li = (d-F)/10

If F is 2x106 Hz, then the values of Li for several

values of d are:

d Li l/Lisec.
crystal 10-7 2x10-2 50
oscillators 10-8 2x10-3 500 (8.3 minutes)
atomic clock 10-11 2x10-6 500,000 (138 hours)

The quantities l/Li will be seen to be proportional to the

time constants of the system. We see therefore that the very

stable clocks require slowly applied control signals.
Considering now the requirement given by (1.9) which

is:

and noting that the transcontinental transmission time is

L. = 4x10"%

approximately .02 seconds, then for d = 10 v TiLy

which easily satisfies (1.9).
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Multiplexer Demultiplexer

S [y S Digital Channel —E:— 1
SCeE / S =
. A/D D/A .

filters ’ filters

Figure 1.1 Point to point PCM transmission.

Analog Destin-

Source |-— A/ D/A|{Amaleg ] fa/p D/At—suiteh ation

Switch [ |

Figure 1.2 Analog switching and digital transmission. Repeated A /D
and D/A conversions are necessary resulting in accumulated
quantizing noise.
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. Figure 1.3 Elastic buffers at node i. Data is stored until needed for
transmission.

Master Clock

——  Synchronization and
communication

= == Communication only

Figure 1.4 Master Slave synchronization. The synchronization links
form a directed tree.



Inputs from neighboring nodes

— bi ll(t) |
f
biz ® io
L H;(s)
£5(t)
by (8

buffer reading

Figure 1.5 Block diagram of Mutual Synchronization

Figure 1.6 Dumbell Network
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Master Clock

Level 1

Level 2

Level3 3

Level 4

Figure 1.7 Hybrid Synchronization. Both Mutual and
Master Slave Synchronization techniques
are used.
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Chapter 2

STABILITY OF PEAK SYNCHRONIZATION

2.1 INTRODUCTION

A synchronization technique is generally considered
stable if it insures that all clock frequencies will even-
tually approach some common value. This common fregquency must,
however, be suitably restricted for proper network operation
to result. First, the common frequency must iie within the
tuning range of the oscillators and second, since the network
must interface with external equipment, the common frequency
must lie within a range suitable for that equipment. Addi-
tionally, in order to prevent the loss of information due to
slips, a synchronization technique should limit buffer size
to some predeterminable amount.

In this chapter we will study the performance of Peak
Synchronization with regard to the above mentioned criteria.
Specifically we will show that the following properties are
satisfied by Peak Synchronization:

a) No oscillator frequency ever goes above the highest
uncontrolled frequency, or below the lowest uncontrolled
frequency.

b) The oscillators reach a common frequency which must
clearly lie in the above mentioned range.

c) The buffer sizes are bounded by an amount that is
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independent of network size or configuration.

2.2 MATHEMATICAL FORMULATION
The control rule for Peak Synchronization was stated in

Chapter 1 as:

fi(t) = £,

i0 + Li max {b..(t)}, (2.1)

jeSi 1]

where, as before, Si is the set of nodes that sends to node i,
bij(t) is the contents of the buffer at node i from node j,
and in is the uncontrolled frequency at node i.

We begin by rewriting (2.1) in a more suitable form,

namely:

N
£,(8) = fi0+LZAij(t) by (t). (2.2)
j=1

The Aij(t)s now perform the operation of choosing the largest

buffer at node i. Therefore the functions Aij(t) can be de-

fined as follows:

Aij(t) =1 1if bij(t) is the largest buffer at node i
(2.3)

A..(t) = 0 otherwise

If several buffers at node i are equal to the largest
value, we will assume that one is arbitrarily chosen as the
maximum. Therefore at any instant exactly one of the Aij(t)'
1 <3j <N, is equal to one, all others being zero. Differen-

-

tiating (2.2) we have:
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£, (t) = LyLT Agye) By (£) + : A;5(t) by (8)] (2.4)
We wish to show that the second summation is equal to zero.
The Aij(t)s are constants equal to 1 or 0 except at those
instants when a new buffer becomes the largest. Only those
instants therefore need to be considered. Suppose that T is
such an instant, and that Ail(t) =1 for t < T and Aiz(t) =1
for t > T. That is, biz(t) becomes the largest buffer at
time T. This situation is shown in Figures 2.la and 2.1b.

At time T we have for the second summation in (2.4)

5 Aij (T) bj_'(T) = Ail (T) bil (T) + Aiz(T) biz(T)

j J
= =8 (t-T) bil(T) + §(t+T) biz(T)
=0

since b, (T) = b, (T). Thus (2.4) reduces to:
11 12
L] N L]
fi(t) = Li E Aij(t) bij(t) (2.5)
j=1
It is important to note that since bil(T) = biz(T) the

oscillator frequencies will not suffer any jump discontinu-
ities when a new buffer is chosen as maximum. This situation
is, however, somewhat of an idealization, since in a practical
system the transition would not occur exactly at time T, but
rather at some T + AT. The actual and idealized frequency
variation is shown in Fig. 2.2.

Using the definition of bij(t) given in (1.1), we can
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write (2.5) as:

fi(t) =L § Aij(t)[fj(t-Tij) - £,(t)] (2.6)
and using the fact that z Aij(t) =1, (2.6) becomes
J N
fi(t) + Lifi(t) = Li, E Aij(t)fj(t_Tij) (2.7)
j=1

This is the basic equation that will be used throughout this

chapter to characterize Peak Synchronization.

2.3 MONOTONIC BEHAVIOR OF THE OSCILLATORS

The first part of our stability proof consists of showing
that the oscillator frequencies have an important monotonic
behavior. This section follows closely a similar argument
used by Sandberg [13].

Let us denote by f(t) and f(t) the largest and smallest

oscillator frequencies at time t, respectively. Thus

f(t) = max fi(t)
i
f(t) = m%n fi(t).

i
In addition, let
T = max Tij

1)

and let £(t) and {(t) denote the largest and smallest frequency

in the interval [t-T,t]. That is:
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£(t) = max _ f(s)
SE[t-T 't]

() =min  f(s) .
selt-T,t]

The monotonic behavior of the oscillators mentioned above

can now be stated as follows:

Theorem 2.1

The function f(t) as defined above is monotonically

non-increasing, likewise £(t) is monotonically non-decreasing.

Proof

Let T be any fixed point in time. We first show that for
any time ty > T the following hold:
a) max f(t) g £(T)
[T,tol

b) min £(t) 2 £(T)
[T,tg]

That is for all time greater than T, all frequencies remain
less than or equal to f(T), and greater than or equal to ;(T).

We first note that there must be a time t1€[T'to]' and
a node i such that

fi(tl) = max F(t)

[T,tol

The relationship between the time instances and the maximum

frequencies with their respective intervals is shown in Fig. 2.3.



Integrating (2.7) we have for fi(tl):

~L; (£, =T) Jtl N -L; (£, -1)
fi(tl) = fi(T)e + Ll - . Aij (T)fj (T-Tij)e dT
=1 (2.8)
Let
f = max £(t)
X -7, )

Then we have from (2.8)

L, (t,-T) g -L. (t,-7)
fi(tl) < fi(T)e + Li max JT ZE: ft)e dr.

3=1 (2.9)
Making use of the fact that Aij(T) =1, (2.9) becomes
J
-L. (t, -T) -L, (t_ =T
171 11
fi(tl) < fi(T)e + fmax[} e i} (2.10)

We will prove this theorem by contradiction. Assuming

therefore that part (a) is incorrect, we have

max E(t) = £,(t,) > £(t)
[T,t,]

which implies that fmax = fi(tl)' As a result (2.10) yields
fi(tl) < fi(T).

From which it follows immediately that
£.(t) < £(T)

and this is a contradiction, so that (a) is proved.

The proof of part (b) is entirely analogous. In this
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instance we let

f.(t,) = min £(t)
SRR ¢

and

f . = min (t).

f
min [T-f,to]

From (2.8) we can then write:

-L, (t,-T) -L, (t,-T)
£ (t,) 3 £.(Me * 7 +fminE.—e i :] (2.11)

Again by contradiction we assume that

£.(£) < £(T).

]}

Then fm'

in fi(tl)' and (2.11) yields

£ (t,)

W

£5(T)

which is a contradiction and (b) is proved.
The statements of the theorem now follow directly.
For if

max F(t) g £(T),
[T, tg]

then clearly

N

f(t,) = max _F(t) ¢ E(T)

)
0 -~
[to-T,to]

and similarly for the second part of this Theorem.



Since the functions f(t) and éjt) are monotonic and
bounded it follows immediately that these functions must
monotonically approach limiting values at t+». Therefore
there must exist guantities fa and fb such that

Lim f£(t) = £

t>o a

Lim g(t) = £

to>

b

The remaining part of our treatment of stability will be
concerned with showing that under certain restrictions these
two limits must be identical. Thus all oscillators must
asymptotically approach a common frequency.

In order to prove the equality of fa and fb’ we first
show that for an arbitrarily large number T, we can find a
time interval of length T such that there will be an oscilla-
tor remaining arbitrarily close to fa' and one that will be
arbitrarily close to £, for the entire time interval. Specific-

b
ally we shall prove:

Theorem 2.2

Let T be a positive number no matter how large, then for

every ¢ > 0 there exists:
1) a time t, such that for all t > t there is a nodal

frequency f, (1) that satisfies

lfi(r) - f < € for Ttelt,t+T]

ol
2) a time t2 such that for all t > t, there is a nodal
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frequency f, (1) that satisfies
k

Proof lfk(T) - fbl < g for telt, t+T]

The time instants bertinent to this proof are illustrated
in Fig. 2.4.
Since
lim %(t) =f,
t-ro0
then from the definition of the limit we know that for every

€, > 0 there exists a t, such that for all t > t;

|[£(t) - £,] < €,

The fact that f(t) is monotonic further implies that

£ ¢ £(t) ¢ £, + e, fort > t,;. (2.12)

Recalling the definition of f(t) we can now write

f(t) < £_ + e, , t>t -7 (2.13a)

orxr

j=1,2,...,N, t >t =-7T. (2.13b)

fj(t) < fa + €,

Let us choose

€
e = € (2.14a)
1 eL(T+T)_l

where

L = max L. . (2.14b)
1

Assume that t > t,. There must be a node i and a time



t* c[t+T, t+T+7] such that

£, (t%) = E(t+T+7).
Clearly then

fa < fi(t*) < fa + e . (2.15)
Let toe[t,t+T]. Then from (2.8) we have:

N

-L; (£*=t,) £* ~L; (t*-1)
* = -
fi(t ) fi(to)e + Lg E jt Aij(T)fj(T Tij)e dr.
=t "0 (2.16)
Making use of (2.13) and (2.15) the above becomes:
t*
=L, (t*-1)
-L, (t*-t ) J i
A N 0"+ L. (£ +e,) £, e drt (2.17)

where we have once again made use of the fact that

N
:E: Aij(r) = 1.

J=1
Performing the integration in (2.17) we obtain:

L, (£*-t,) L, (t*-t )
£, (ggde © o fa—(fa+el)[;-e * O.]

or

fi(to) > fa - eﬂe ~-1)

or

T



iUty 3 £, - e (BT gy,

Substituting from (2.14a) gives:
£,(ty) 2 £ -e.

Also fi(to) < fa + e,y and since ¢ > €, this implies that

fi(to) ¢ £, + €. Therefore we can write

| £ (tg) - fal < e for tpelt, t+T]

which proves the first vart of the Theorem, namely that with-
in the interval [t, t+T] there is an oscillator fi(t), whose
frequency is within ¢ of fa‘ The proof of the second half
of this theorem parallel's the first half.

Since lim f(t) = fb’ then for every e, > 0 there exists

£t
a t such that for t > t2

l£8) - £ | < ¢
or
fb - g, < f(t) ¢ fb.
This implies that for t 2 t, - T, fj(t) > fb - €, for each

node j. Let e, and L be defined as in (2.14) and let t > t,,
then there must be a node k and time t* ¢[t+T,t+T+1] such

that
fk(t*) = g(t+T+T).

Analogous to (2.16) we now have:
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- *
Ly (%=t )

*) =
£ (E%) = £ (¢ )e + L, I

t* -Lk(t*-T)
j Akj (T)fj (T-Tkj)e dT

0 (2.18)

where toe[t, t+T].

Using fj(t) > £ - e,

> £ for t > t, - T, and since £, (t%) < £

(2.18) becomes:
=Ly (t*=t ) ~I, (t*-t

)
2 £, (tg)e + (£ -0) |1-e 0

k (2.19)

which reduces to

K e
Lk(t to)

£, (k) < £+ €, e - 1]

A

or

f,. + €.

£ (£g) b

A

-

Since in addition fk(to) > fb - £, wWwe can write
|fk(t0) - fbl $ e for tgelt,t+T],

which completes the proof of the second part of this theorem.
We have shown that for every € > 0 and T > 0, there are
times t1 and t, such that for all time intervals of length T
beginning after t, an oscillator remains within e of frequency
fa' and that for intervals beginning after t, an oscillator
remains within e of fb. Combining these two results we have
that if t > max[tl,tzl, then for all te[t,t+T] there must be

nodes i and j, not necessarily distinct, satisfying

Ifi(T) - f | < ¢

al
and

Ifj(T) - fbl < e.



The above theorem states that we can find an arbitrarily
long time interval during which some node remains arbitrarily
close to frequency fa’ and some node remains arbitrarily
close to fregquency fb. This fact plus the connectivity
properties of the network will be used to proVe that fa must

equal fb.

2.4 BOUNDON THE BUFFER SIZE

In order to continue with the stability proof, we must
first establish some bounds on the size of the buffer con-
tents. As discussed in the introduction, the fact that we
can compute simple buffer content bounds that are indepen-
dent of network size or configuration is an important
advantage of Peak Synchronization over other techniques.

We are assuming that for t < 0 all oscillators were free

running. That is fi(t) = in for +<0. From this we see that

f(O) = max f(t) = max fiO
[-T,0] i
likewise,
3(0) = min E(t) = min in'
[-7T,0] i
Define

fo = max £,

and



Then from Theorem 2.1 it is clear that

t > 0, i=l,2'-c-'N (2-20)

From (2.1) we have that

£.(t) - £,
A _ i i0

bimax(t) max {bij(t)} = i (2.21)

jsSi i

Using (2.20) and (2.21) we have:
£, - £
0 =0 _ AF

bimax(t) < L, B L (2.22)

where AF = EO - £ is the maximum uncontrolled frequency

difference between two oscillators. Equation (2.22) provides
an upper bound on how full a buffer at node i can get (a half
full buffer has value zero). The largest buffer anywhere in

the network is clearly bounded by

Prax < %? (2.23)

where L = min L,.

We wouid also like to specify a lower bound on the buffer
size. That is a bound on how negative or depleted a buffer
can become. Such a bound is however not as simple to arrive
at. In fact, the existence of a lower bound depends on the
network being strongly connected. A strongly connected

network is one in which there is a directed path from every

node to every other node. For simplicity, and because the
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assumption would generally be satisfied in practice we will
assume that all communication links are bilateral (the con-
nection matrix {aij} is symmetrical). In this case the net-
work is automatically strongly connected if it is connected.
With the assumption that the network is connected, and
that communication links are bilateral, we now establish a
lower bound for the buffer contents. The lower bound follows
from the upper bound and the fact that the sum bij(t)+bji(t)
remains small. Let us assume that bij(O) = bji(O) = 0.

From (1.1) we have

t
bij(t) = Jolfj(s_Tij) - fi(s)]ds (2.24)
Using the fact that fj(t) = ij for t < 0 this becomes
-Tij t
bij(t) = ijTij + . fj(s)ds - jo fi(s)ds. (2.25)

Since we have assumed that all links are bilateral there must

be a buffer b, , (t) which is similarly given by:

ji
t-Tji t
bji(t) = inTji + fo fi(s)ds - jo fj(s)ds (2.26)
Therefore we can write:
t
bij(t) + bji(t) = ijTij + inTji - Jt—r fi(s)ds
ji
t
- I £f.(s)ds (2.27)
t-T.,. 3
ji

Using (2.20) we have:



bij(t) + bji(t) 2 Eo(Tij+T--) - fO(T--+T--)

J1 Ji 1]
or
bij(t) 2 - bji(t) - ZTAF. (2.28)
Finally, since bji(t) < AF/L we have
AF - _ 1 -
bij (t) > —L—' 2TAF = AF(L + 271)

which is the desired lower bound. Referring back to the
section on parameters in chapter 1, it is of interest to note
that generally 1/L >> 27, and that therefore the positive

and negative buffer bounds are approximately symmetric.

2.5 PROOF OF STABILITY

We are now in a position to complete the proof of
stability. That is, we can now show that the limits of the
functions E(t) and £(t) are identical. From this it imme-
diately follows that all oscillators approach a common

frequency.

Theorem 2.3

If the network is strongly connected then

Lim £(t) = lim £(t)

t-roo to>o

Proof
The proof is by contradiction. We assume that the

Theorem is false and that the limits are distinct. Therefore
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fa # fb. We will show that as a consequence of this assump-
tion the buffer bounds previously demonstrated cannot be
satisfied.

From Theorem 2.2 we know that for every ¢ > 0 and T > 0

we can find a time interval [t,t+T] and nodes i and j that

satisfy
£ (1) - fa[ < €
lfj(T) - fbl < g, for Tel[t,t+T] (2.29)

If nodes i and j are the same, then from (2.29)

lfa - fbl < 2¢. Since e is arbitrarily small we can conclude

that fa = f Therefore we need only consider the case when

b*
i=j.

Since the network is connected there must be a directed
path from node i to node j. Let k denote the numbers of in-
termediary nodes along one such path and call these nodes
Ny N, e Ny, This situation is illustrated in Fig. 2.5.

To simplify notation, node i is called ng, and node j is called
Pr+1°

We now compute the sum of all the buffer contents along

this path at time t+T. This sum is given by:

B. = b (t+T) (2.30)
T E ngmy_

Substituting from (1l.1) gives:
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B, = b (t+1) + i [£ (s-1 ) - £_ (s)lds
S I T | A A TR T W
J (2.31)
k+1
define bTO = b (t+T) then from (2.31) we can write:
oy 371
J=1
Jt+T t+T
B, = b + - f_ (s-7 ) ds - I £ (s)ds
i £+T
+ j [f (s-1 ) - £ (s)]ds (2.32)
=R I Lo P B

Making use of (2.29) and (2.20), we can establish the follow-

ing bound:

BT > bTO + (T-T)[}fa—s) —(fb+€{] -kTAF
or
Bn 2 bTO + T(fa—fb) - 2¢T - T[fa-fb-kAF-Ze] (2.33)

By assumption fa # fb’ and therefore fa > fb. Since
T and ¢ are completely arbitrary positive numbers, the right
hand side of (2.33) can be made arbitrarily large. Therefore
the sum of the buffer contents cannot be bounded. This is a
contradiction and the theorem is proved.

The preceding theorem established the fact that

Lim £(t) = Lim £(t) = £

t+oo t+oo c

where fc is now used to represent the common value of fa and
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f Since for each i

b

£(8) g £,(8) ¢ E(t)

we must have that

Lim f£.(t) = f

toro 1 c
which establishes the stability of Peak Synchronization in the
sense that all oscillators eventually achieve a common

frequency.

2.6 COMPARISON OF PEAK SYNCHRONIZATION WITH MUTUAL AND
MASTER SLAVE SYNCHRONIZATION
We have seen that in Peak Synchronization the buffer con-

tents satisfy the bounds

>

-AF(1/L + 27) < by (e) < T

and that these bounds are independent of network size. We
have already mentioned in chapter 1, that for a "dumbell net-
work" mutual synchronization exhibits a growth in buffer size
proportional to N2, where N is the number of nodes in the
network. We will now show that with Master-Slave synchroniza-
tion, the maximum buffer size can increase linearly with N.
Consider the Master-Slave network illustrated in
Fig. 2.6. In the figure the master node and all nodes on

the left-hand side have uncontrolled fregquency 100. The
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nodes on the right-hand side have uncontrolled frequency 50.

The frequency at each node is governed by the equation

fi(t) = fio + L, bij(t)

where bij(t) represents the buffer being synchronized from.
Therefore, assuming Li = 1, each buffer on the right-hand
side will develop a contents of 50 bits, whereas the buffers
on the left-hand side will contain zero. For simplicity

we will assume that the transmission links have zero delay,
and that bij(o) = 0 for all i,j. In this case the sum of
the buffer contents around a closed loop will always be zero.
This is because every oscillator in the loop is filling one
buffer at the same rate as it is emptying another. Thus

the total contents of all the buffers cannot change, and must
remain zero. Using this fact, we can compute the contents

of the buffer labeledlaf Namely:

b, + 4-50 =0
or

b1 = =-200.

Since buffers b1 and b2 form a loop they must sum to zero,
which means b, = +200 bits. This value greatly exceeds the
Peak Synchronization bound of AF/L, which in this case would
equal 50 bits.

It is easy to see that increasing the size of the net-

work, while maintaining the same structure, would make the
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conténts of b, (and b,) increase linearly with the network

size. Specifically the contents of b; would be given by

where again N is the number of nodes.

To summarize, in Mutual Synchronization the maximum
buffer size can increase as N?, in Master-Slave Synchroni-
zation it can increase linearly with N, but for Peak Syn-
chronization the maximum buffer size is bounded independent

of network si:ze.

2.7 CONCLUSION

In this chapter we have demonstrated some of the main
features of Peak Synchronization that make it attractive as
a synchronization technique. We have shown that the system
is stable, independent of the size of the transmission delays
or gain factors, and that the monotonic behavior of the oscil-
lators insures that the final system frequency will lie within
the range of the uncontrolled clock frequencies.

Concerning buffer sizes, we have proved that the buffers
are bounded, and that this bound depends simply on the oscil-
lator inaccuracies and gain factors. The positive and nega-
tive buffer bounds were shown to be approximately symmetric
for the small delays expected in a terrestrial network. For

two other common network synchronization schemes, Mutual
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Synchronization and Master-Slave Synchronization, we noted
that both had the potential for buffer size increasing with

network size.
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bi 1 (t)

biZ(t)

Fig. 2.1a At time T biz(t) overtakes bﬂ(t).

A4 ®

Ajp®

Fig. 2.1b IDlustrates Ail(t) and Aiz(t) at a switching instant,
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Lt -1

* byt

Ideal Frequency Variation

= = = Actual Frequency Variation

T T+AT t

Fig. 2.2 A small frequency discontinuity that would result in a

practical system.

£
iy
T-F T t; tg t
e e
f(T) £, (t,)

Fig. 2.3 IDlustrates the time instances involved in Theorem 2.1, and

the various maximum frequencies discussed there.
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t+T tY t+T+T
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Fig. 2.4 Relationship between the time instances involved in Theorem 2. 2.

nO n'k+1

Fig. 2.5 A directed path from node i to node j.
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100 e master clock

100

100

100

100

Fig. 2.6 Example of Master - Slave synchronization. Solid lines
show the synchronization subnetwork.
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Chapter 3

DYNAMIC RESPONSE OF PEAK SYNCHRONIZATION

3.1 INTRODUCTION

In the previous chapter we were able to conclude that in a
network employing Peak Synchronization all oscillators will
eventually settle down to some common frequency. This chapter
will address the problem of describing the transient response,
and of determining the value of the steady state frequency.

We are able to calculate the response of Peak Synchroni-
zation because a synchronization subnetwork is formed whose
structure is independent of the nature of the original network.
Thus the first part of this chapter will be devoted to determin-
ing the structure of the synchronization subnetwork. We shall
show that this subnetwork always consists of a directed tree
with an additional link forming a loop. The nodes in the
loop mutually synchronize, and all other nodes are slaved to
the loop nodes.

In studying the response of the nodes in the synchroniza-
tion loop, we shall find that the problem is greatly complicated
by the presence of transmission delays. Specifically, the time
delays result in a characteristic equation that is transcen-
dental and has an infinite number of poles. Fortunately, how-
ever, we will see that for the small values of delay expected,

the response can be very accurately approximated by considering
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only one non-zero pole. We will also present an exact time
domain method for computing the response. This will be used
to verify the accuracy of the approximate technique.

Finally, we will study the effect of oscillator jitter.
This is done by assuming that a random "noise process" is
added to the free running oscillator frequencies. We will
then determine how much random variation is imposed on the
controlled oscillator frequencies. It will be shown that the
variance of the controlled frequencies is less than that of the

input noise process.

3.2 STRUCTURE OF THE SYNCHRONIZATION SUBNETWORK

In Peak Synchronization a part of the original network is
used for synchronization purposes. This synchronization sub-
network arises since each node chooses one of its incoming
links to synchronize from. It is the collection of these
"chosen" 1links that form the synchronization subnetwork. 1In
order to study the dynamic response of Peak Synchronization,
we first need to determine the structure of this subnetwork.
We shall see that this structure is independent of the original
network.

Before proceeding we will first state some definitions
and theorems that apply to directed graphs. The proofs of

these theorems can be found in Deo [39].

Definition 1: The Indegree of node i is equal to the number

of edges incident into node i. Similarly, the Outdegree of
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node i is the number of edges incident out of node i. The

degree of node i equals the sum of its indegree and outdegree.

Definition 2: An Arborescence is a directed graph with no

loops, and precisely one node i of zero indegree. Node i is

called the root of the arborescence.

Theorem 3.1

An arborescence is a tree in which every node other than

the root has indegree of exactly one.

Theorem 3.2

In an arborescence there is a directed path from the root
to every other node.

We will also refer to an arborescence as a directed tree.
An example of an arborescence is shown in Fig. 3.1.

The synchronization subnetwork may in general consist of
several separate or unconnected parts. In light of the fact
that the entire network must reach a common frequency, it is
necessary for the synchronization subnetwork to evolve into a
connected network, if it didn't start out as one. However,
we will deal with the general situation in which separate parts
may exist. The nodes in a single separate part are by defini-
tion connected. We now establish the following important

result.

Theorem 3.3

Each separate part of the synchronization subnetwork
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consists of a directed tree (arborescence) plus an additional

link that forms a single directed loop.

Proof

Let nodes @ysay/e -0, form a separate part. Clearly
this separate part contains r links and therefore must contain
a loop. To show that this is a directed loop, let us remove
one edge from the loop. Say that the removed edge went from
node a; to node aj. What remains is a connected network with
r-1 edges, hence a tree. In addition, since each node except
aj has indegree of one, the remaining network is an arbores-
cence with root aj (Theorem 3.1). By Theorem 3.2 there must
therefore be a directed path from node aj to node a,. Replac-
ing the removed edge completes a directed loop by connecting
a; to a.. Thus the theorem is proved.

An example of a synchronization subnetwork with two sepa-
rate parts is shown in Fig. 3.2. As can be seen in this
figure, each separate part contains a single loop. In addition,
if all communication links are bilateral, then each loop will
consist of eactly two nodes. This is because each separate
part contains a highest frequency node, to which all neighbor-
ing nodes will synchronize. Also, the highest node will syn-
chronize from its neighbor of highest frequency, thus estab-
lishing a two node loop.

If we restrict our consideration therefore to networks

where all communication links are bilateral, we obtain a very



simple form for the synchronization subnetwork. Each separate
part consists of a loop of two nodes, with these two nodes
mutually synchronizing. All other nodes are slaved directly

or indirectly to one of the two nodes in the loop.

3.3 DYNAMIC RESPONSE OF A TWO NODE LOOP

We are now in a position to study the dynamic response
of Peak Synchronization. We will first study the behavior of
the two nodes forming the loop. Following this, we will con-
sider the response of the slave nodes.

Let us assume that nodes 1 and 2 form a loop as shown in

Fig. 3.3. The behavior of these two nodes is governed by the

equations:
fl(t) = f10 + L1b12(t) (3.1a)
f2(t) = f20 + L2b21(t) (3.1b)

Differentiating (3.1) we obtain:

il(t) Ly [E,(tm1y,5) = £1(8)] (3.2a)

fo(8) = Lylf) (-T,7) - £,(0)]. (3.2b)

We assume that the loop above was formed at time t=0, and pro-
ceed to determine the response for t > 0. Clearly the calcu-
lated response is only correct for the time interval during
which the loop persists. Taking the Laplace Transform of

(3.3) yields:
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“STy2 (0 -st |
sFy(s)-£,(0) = L; {e U fo(t)e ™" dt+F,(s) | - F;(s) (3.3)
"2 —
In this instance, and in the future, we generally specify
results only for node 1. The corresponding results for node
two are obtained simply by changing subscript 1 to 2 and 2 to 1.
If we assume that the response time of the system is much
greater than the time delay, then we may approximate
fl(t) = fl(O) ts[—Tzl,O]
fz(t) P f2(0) te[—112,0]

With this simplification we can obtain from (3.3)

SFl

sF2

£, (0) -sT -sT
(s) = £ (0)+L, [ﬁzs (1-e  Py+e 2 (s)-F, (s)

(3.4a)

£.(0) -ST -sT
(s) = f2(0)+L2 (-15 (1-e 21)+e 21 Fl(s)—Fz(s{]

(3.4b)

These equations can be solved to yield:

f

L.L “Tp1S =Tq4S L,L -TqnS
1(O) s+L2+-—l§g (1-e 21 e 12]+F2(0) L1+ 1 2(l-e 12 i]

S

Fils) =

-(T,,+TH,)S

127721

(s+L,) (s+L,) - L.L.e
1 2 12 (3.5)

3.3.1 Asymptotic Behavior of the Oscillators

We can now employ the Laplace Transform final value

theorem to find fl(w) and f,(»). Specifically this theorem
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states that

fl(“) = lim sFl(s) (3.6)
s>0

Applying this theorem to (3.5), we get

. _ fl(O)[L2+L1L2121] + f2(0)[L1+L1L2112]
1(°°) = (3.7)
L1+L2 + L1L2(T12+121)

We note that fl(w) = fz(w) as is required by stability. Sub-

stituting for fl(O) and f2(0) from (3.1) the above becomes:

£ (m) = [flo+LlBlz(0)](L2+L1L2121)+[f20+L2B21(0)](L1+L1T12)
1
L1+L2 + L1L2(T12+T21)

(3.8)

If we consider the simple case where Typ = Typ = T and

Ll = L2 = I,, then the above reduces to

f. +f
_ 710 ~20 L
fl () = ‘——5“'— + 5 [312(0) + B21 (0)] (3.9)

In the previous chapter we showed that B;,(t) + B,;(t) always

remains small. We can therefore conclude that

f

~ 20
fl(w) - —— . (3.10)

Thus we see that the final steady state frequency is approxi-

mately the average of the free running frequencies of the two
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oscillators forming the loop.

3.3.2 Approximate Calculation of the Dynamic Response

In order to determine the dynamic response of the two
node loop we could, in principle, find the inverse transform
of (3.5). This equation is, however, extremely complex, and
so we will only consider the simpler case where the time delays

and gains are equal. In this case (3.5) becomes:

L2 ~-STy,. =ST L2 -ST
fl(O) s+L+?;-(1-e e fz(O)[L+ ?;(1-e )]
(S+L)2 _ L2e-25f (3.11)

Fi(s) =

If we turn our attention first to the simplest case of no time
delay (1=0), this equation simplifies to
£, (0) [s+L] + Lf, (0)

Fl(s) = (3.12)
s(s+2L)

In this case we can easily invert the Laplace Transform using

a partial fraction expansion to obtain

£.(0) + £.(0) £,(0) - £,(0) _
Fl0) = 20— 2 L 2 2Lt (3.13)

Thus we see that for zero time delay the two node loop has a
simple exponential response, with time constant 1/2L. We

found in chapter 1, that for crystal oscillators an appropri-
ate value for L is = 10-2. Therefore the time constant would

be ¥ 50 seconds.
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We will now consider the case of very small time delays.

In this case we use the approximation
e ® =1 - x. (3.14)

Substituting in {3.11) we get

fl(O)[S(l-LZTZ) + L(1+LT)] + f2(0)[L(1+LT)]
Fl(s) = (3.15)
s[s+2L (1+LT) ]

Performing a partial fraction expansion, we obtain for the

corresponding time function

£ (0) = 000 + 5,0 £, (0) [1-217%1 -, (0) (~2L(1+L7) t (3.16)
2 2

We note that the asymptotic value expressed above is
correct, however, the initial value of fl(t) is somewhat in
error due to the approximation in (3.14). It is of interest
to note that the effect of the small time delay is to lower
the time constant, and therefore hasten the response of the
network.

In order to determine the dynamic response when the de-
lays are not small we need to invert (3.11l). One method for
doing this would be to determine the zeros of the denominator
(the poles), and perform a partial fraction expansion. The
denominator however, is transcendental and may have an infinite

number of zeros. We can, however, approximate the response
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by locating and considering only the dominant poles (those
that have the largest real part).

By factoring the denominator of (3.11) we have that the
poles are given by the solutions of
ST,

(s+L-Le ™ 5%) (s+L41e™5T) = 0 (3.17a)

or

s + L = tLe ST (3.17Db)

Suppose that the roots of (3.17) are so,sl,sz,... then the in-

verse transform of (3.11) can be written in the general form

©o

£,(t) = zg: pr(t)esrt (3.18)

r=0

where pr(t) represents a polynomial whose degree is less than
t
the order of the pole at s,[40]. pr(t)esr is, in fact, the

residue of Fl(s)eSt

at the pole S,
In order to simplify the discussion that follows we

normalize (3.17) by substituting

and as a result (3.17) becomes

~

; + 1 = 2 ¥ , where olLT. (3.19)

We now wish to show that the poles are, in fact, all simple.
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To do this we use the fact that if f(s) has a zero of order 2

or greater at s, then f(s,) = 0, and £'(s;) = 0. We consider

r

the following three possibilities separately:

N

Usy _

1>

1) gl(gr) gr + 1 - e_

gi(§r) =1 + ae *°r = 0

Solving these two equations lezads to

e(a+l) -1/a

which is impossible since o is real and positive. Therefore

gl(§) has only simple roots.

2) gy(5) - 8, +1 +e %r=0
gé(gr) =1 - ge %°r = 0
These two equations lead to
A _ _ [otl (a+l) _
S. = (_E—] ' e = 1/a.

Solving the second equation for o yields
a=a, = .27846

and the corresponding value of §r is easily found to be

~

§ =-4.6. Thus we see that as long as a # o, qz(g) also has
only simple roots.
3) We now wish to consider whether a root of gl(G) can also

be a root of gz(g). That is:
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which clearly cannot be satisfied.
WWie can summarize therefore by saying that provided
o # o the poles of (3.11) are all simple. Since a can be ex-

pected to be of the order of 10_2 or 10_3 the condition o # o
can safely be assumed. With all poles simple, the polynomials
in (3.18) reduce to constants and therefore we have for the

inverse of (3.11)

£, (t) = Z c e5rt (3.20)

where C, is the residue of Fl(s) at the pole S, Further,
since Fl(s) is the quotient of two analytic functions, we
have for c, [40]

N(s_ )

c, = —— (3.21)
]

D (sr)

where N(s) and D(s) are the numerator and denominator of

Fl(s). Since zero is a pole of Fl(s) we have from (3.21)

_ N0 _ fl(O) + f2(0)

€5 = D' (0)

2
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Therefore (3.20) becomes

£(t) = c_ + c e f (3.22)

Location of the Real Roots

In order to determine the real roots of (3.19) we let

= %, and therefore (3.19) becomes

0>

% 4+ 1= te 0% (3.23)

Fig. 3.4 contains a plot of the three functions X + 1, e *¥

and -e %*. Aalso -e %% is plotted for ¢ = .1 and a = 0g- It

is clear from this figure that X = 0 is always a root. 1In

addition, we see that for 0 < g < Oq there are two additional

negative real roots. For example, for a = .1 the roots are
X = -2.25 and x = -35.4. For o = g there is a second order
root at X = -4.6. For a > g there are no real roots other
than % = 0.

It is clear from this figure that for the small values

of a that are generally expected (in the order of lO-2 or

—3), there will be a real root close to X = -2, and a second

10
real root that is much more negative. For example, with
@ = .01 the real roots are located at X = -2,02 and % = -647.1.

-647 will be

Clearly the response due to the pole at X

negligible compared to the effect of the pole at X * -2.



Location of the Complex Poles

Identifying the location of the complex poles is more :
difficult. If we let § = £ + jy, and equate the real and

imaginary parts of (3.19), we get the following two relations:
£+ 1 =12 cos ay | (3.24a)

= ze~** sin ay. | ' (3.24b)

=~

Dividing (3.24a) by (3.24b) yields

X = -y cotay - 1. (3.25)

Substituting this into (3.24b) and rearranging terms yields

nes

Sin u ucotu e”® , where u = ay (3.26)

=%

£ (u) Y
]
Fig. 3.5 shows a plot of Log|f(u)|. The roots correspond-
ing to o = .01 are found graphically by equating the function
log|f(u) | to log[lOOe_°01] ¥ 2. Having found the roots {u,},
the corresponding values of {ﬁi}can be found simply from (3.25).

th

As seen from Fig. 3.5 the N root of uy occurs in the interval

(N7, (N+%)n). These roots tend to approach (N+%)m as N in-

Creases.

In Table 3.1 we list the values df uy; and ii for the first
ten roots corresponding to @ = .01l. It can be seen that for
this value of o the complex roots have a time'constant over
300 timeé shorter than the dominant real root which was

previously found to be x * =2.
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We can now summarize the preceding section by saying
that when the gains and delays are small enough so that
o < .01, the response of the two node loop is strongly domi-

-

nated by the single real pole located at x - -2.

3.3.3 Ezxact Solution for the Two Node Loop

The previous sections provide a simple and accurate
solution for the behavior of the two node loop when the time
delay-gain product (a) is small. For large values of o many
terms in (3.22) would have to be computed making that method
impractical. In this section we will use a "step-by-step"
method to find a closed form solution for an arbitrary wvalue of
o.

We begin with equation (3.2), which assuming equal gains

and delays is:
fl(t) = L[fz(t-r) - fl(t)] (3.27)

This equation can be integrated to yield

t
£,(t) = fl(nT)e_L(t°nT)+ e_Ltf LeLsfz(s-T)ds (3.28)
nT

where nt ¢ t ¢ (n+l) 1. Again we are not explicitly writing
the corresponding equations for f2(t). Assuming as before that

fl(t) = fl(O) and fz(t) = f2(0) for tel[-1,01, (3.28) can be

evaluated for n = 0 yielding

- 65 -



‘ -Lt
fl(t) = f2(0) + [fl(O) - f2(0)]e (3.29)

The corresponding expression for fz(t) in the interval [0,T]

can now be used to evaluate (3.28) for n = 1. The result is
n=1,1Tg<tg21

£,(8) = £,(0) + [fl(O)-fz(O)]{e—Lt-[1+L(t—T)]e‘L(t‘T)}
(3.29)

continuing the above procedure yields:
n=2, 2t <tg 31
fl(t) = f2(0) + [fl(O) - f2(0)].

2
{e Tt [14n (£-1) ]e'L‘t'T)+[1+ -1-'2——(t—2'r)2+(t+2T)]e_L(t—2T)}

Continuing in this manner, we can see that the general solu-

tion is:

1 N
fl(t) == {fl(O) + f2(0) + [f2(0)—f1(0)](—1) } o+

N i .
(£, (0)-£, (0) )[Z(—l)i L(-in N [L(E-in 1 (3.30)
i=0 j:o j!

where N = [t/Tt], the integer part of t/r.
Fig. 3.6 shows a graph of the calculated exact response
for o & Lt = .1. This is compared with the response for zero

delay which is obtained from (3.13) It is seen that the
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response is somewhat hastened but not substantially affected
by a time delay of this magnitude. The response for larger
values of o is illustrated in Fig. 3.7. We see there that
for large time delays, the response takes the form of a dampened
oscillation. This is in agreement with the previous section
where we found that for o > ay = .2785, the only real pole
is at x = 0, all other poles being complex. Therefore the
response must be oscillatory.

We have also evaluated the response for small values of
a, using only the first two terms of (3.22). The accuracy of
this approximation is illustrated in Table 3.2 where the ap-
proximate and exact calculations are compared for o = .1l.
It is seen that there is a small initial error in the approxi-
mate formula, but that this quickly disappears. For smaller
values of o the initial error becomes correspondingly smaller.
This justifies our previous statement that the response is

~

strongly dominated by the real pole located at x 3 -2.

3.4 BEHAVIOR OF THE SLAVE NODES

In Fig. 3.8 we illustrate a slave node that is synchroniz-
ing from its immediate master. If fM(t) denotes the master
frequency and fs(t) the slave frequency, then these two

frequencies are related by:

fs(t)

Lify (t-1) - £_(t)] (3.31a)

or
t

fS(O)e"Lt + e It [ rel? £, (A-1) da (3.31b)
@)
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If the master node is part of the synchronization loop
its frequency is known and given by (3.30). We can therefore
integrate (3.31b), and obtain the slave frequency response.

By repeating the above procedure we can compute the response
of slave nodes located further away from the synchronization
loop.

We will restrict ourselves to carrying cut the computation
for the zero delay case only. For zero delay the master clock
frequency, fl(t), is given by (3.13). Substituting from (3.13)
into (3.31b), therefore gives the response of a first level
slave node. The result is:

£1(0)+£,(0)

Lt
+ 2

e-ZLt

(3.32)

To obtain the response of a second level slave node, fsl(t) is

used as the master in (3.31b). Performing the integration
gives:
£ (00+£,(00 £, (0)-5,(00 _opy (3.33)
fsz(t) = 5 + 3 e

. -Lt
+ {ISZ(O)—f1(0)+Lt[fsl(0) f2(0)J} e
Clearly, the same procedure can be repeated to obtain the
response of lower level slave nodes.
In Fig. 3.9 we illustrate a network containing a synchroni-

zation loop and two levels of slave nodes. The calculated
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response of these oscillators for the shown free-running
frequencies is illustrated in Fig. 3.10. We see there, as
would be expected, that the lower level slave node responds

more slowly than the higher level node.

3.5 OSCILLATOR JITTER

Until this point we have assumed that each oscillator
has an uncontrolled frequency that is exactly constant. Prac-
tically, however, the frequency of every oscillator will ex-
hibit some random variation or jitter. To account for this
oscillator jitter we will assume that a zero mean random pro-
cess is added to each uncontrolled frequency. Thus the un-

controlled frequency of node i becomes:

fio(t) = fio + Nio(t)

where Nio(t) is a random process representing the jitter in
oscillator i.

In this section we will study the effect of oscillator
jitter on the response of peak synchronization. We will con-
sider first the response of the two nodes that form the syn-
chronization loop.

If we rewrite (3.1) including the oscillator jitter we

have

fl(t) = f + Nlo(t) + Lblz(t) (3.34a)

10

fz(t) = f55 + Nzo(t) + Lb21(t) (3.34Dp)
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Taking the Laplace Transform of the above we obtain

f10+Lb12(0)

S

£, (0)
+ Nlo(s) + % [——2-—-—--(1-e-sT)+e-ST Fz(s)-Fl(sJ

Fl(s) = 3

(3.35)
and a similar expression for Fz(s).

We wish to consider only the random component of the re-
sponse. Therefore, we will drop the constant terms flo,blz(O),
and f2(0). The resulting equations for Fl(s) and Fz(s) can
now be solved to obtain:

S(S4LINj g (s) + sLe °T N,/ (s)

F.(s) = — (3.36)
1 (s+L) 2-L2e 2sT

Thus the response consists of a term due to Nlo(t), and a term
due to NZO(t)' If we let s = jw we can write (3.36) in the

form
Fl(jw) = Hl(jw)Nlo(jw) + Hz(jw)Nzo(jw) (3.37)

If we assume that N1o(t) and Nzo(t) are independent, then the
two terms that contribute to fl(t) will also be independent.
The Power Spectrum of fl(t) is therefore the sum of the spec-
tra of the individual terms. Thus we have for the spectrum

of fl(t)

G, (w = [H (Gu|*c O |H2(jw)|2Gn2(w) (3.38)

n
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where G, (w) is the spectrum of Nlo(t), and G_ (w) the spec-
1 R

trum of Nzo(t). If, as might be expected, Nlo(t) and Nzo(t)

have the same statistics, and we denote their common spectrum

by Gn(w) then (3.38) becomes
G (@ = [HGw |® ¢_(w) (3.39)
2 2 2
where |H(jw)| = IHl(jw)I +|H2(jw)|

2
We can now evaluate |H(jw)| by making use of (3.36),

(3.37) and the preceding definition. The result is:

4 2.2
N 4+ 20 L (3.40)

w4+2L2[w2+L2+(w2—L2)COS 2wuT+2Lw sin 2wTt]

[HGw | =

Let us first consider the simple case when there is no

time delay. Setting T = 0 above gives:

2 2
2
|[H(3w) | = 95—14357 (3.41)
w- + 4L

It is apparent that in this case |H(jw)|2 < 1. Thus we can
conclude that the power spectrum of the random component of
f,(t) is always less than the spectrum of Nlo(t)‘ From this
it is evident that the response, fl(t), has less total power
or variance than the variance of Nlo(t).

For the case of arbitrary time delay IH(jw)I2 may assume
values greater than 1. However, in this case we still have

2
lim |H(jw)] = 1. If we restrict ourselves to small values of
W=



and approximate e* ® 1 + x in (3.36) we obtain for IH(jw)Iz:

2 2

2
[H(jw) | = 2L . (3.42)
w” + 4L (14LT)

Numerical evaluation of (3.40) and (4.42) shows that the
approximation is very accurate provided Lt < .1, Comparing
(3.41) and (3.42) it is clear that for Lt ¢ .1, the presence
of time delay further decreases the amount of jitter in the

response fl(t).

Jitter in Slave Nodes

Let us suppose now that node 1 is a slave node whose
immediate master is node 2, 1In this case (3.35) still correct-
ly describes the behavior of fl(t), with the understanding
that Fz(s) is now a known quantity.

Again, dropping the constant terms we have from (3.35)

Le ST

NlO(s) + s+L

_ S
Fl(s) = 41 F2(s). (3.43)
From this the power spectrum of the random component of

Fl(t) is

w2 L2
Gl(w) = 53 Gn(m) + 7 R Gz(w) (3.44)
w L L

+ w® +

where G,(w) is the spectrum of Nlo(t) and Gz(w) is the spec-

trum of the random part of fz(t). From (3.44) we see that
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the spectrum of fl(t) consists of a high pass filtered N1o(t)
plus a low pass filtered fz(t). This situation is intuitive-
ly plausible for the following reasons.

If the slave node frequency varies rapidly the synchroni-
zation system will not be able to respond rapidly enough to
undo these variations, slow variations in the slave node will
however be compensated, and therefore these variations are
attenuated in (3.44). Likewise a slow variation in the master
frequency will allow the slave node to respond, and therefore
this will be unattenuated. The slave node cannot, however,
respond to rapid master frequency variations. We note that in
both cases the transition frequency occurs at w = L, which

indicates a response time of the order of 1/L.
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LOCATION OF THE COMPLEX POLES FOR a =

TABLE 3.1

ug/n ®;
1.16 -664
2.25 -691
3.31 -715
4. 34 -735
5.36 -752
6.38 -768
7.39 -781
8.40 -793
9.41 -803
10.42 -813
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TABLE 3.2

COMPARISON OF EXACT AND APPROXIMATE RESPONSES
OF A TWO NODE LOOP FOR a= ,[1]1

Lt Fl(t) exact Fl(t) approx
0 10.000 19,037
.1 9.524 9,526
.2 9.117 9.117
.3 8.791 8.791
.4 8.531 8.531
.5 8.323 8.323
.6 8.157 8.157
.7 8.024 8.024
.8 7.919 7.919
.9 7.834 7.834

1.0 7.767 7.767

2.0 7.528 7.528
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/ root

Fig. 3.1 An Arborescence or directed tree.
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Fig. 3.2 Ilustrates a synchronization subnetwork consisting of two
separate parts. The solid lines show the synchronization

subnetwork.
blz(t) / 7'12
—ol—— —
/ To1
*.-ﬁ
b21(t)

Fig. 3.3 A two node loop.
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Fig. 3.7 Response of a two node loop when the delay is large.
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£ T 4

Master Node Slave Node

Fig. 3.8 A slave node synchronizing from its immediate master.

£1(0)=10 £5(0) =5

Fig. 3.9 A network with two levels of slave nodes.
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Fig. 3.10 Response of the slave nodes.
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Chapter 4

SIMULATION OF PEAK AND MUTUAL SYNCHRONIZATION

4.1 INTRODUCTION

In our discussion of the dynamic response of Peak
Synchronization we assumed that the structure of the
synchronization subnetwork did not vary with time. For
those time intervals during which this assumption holds, our
calculations show the type of response to be expected. In
the course of attaining synchronization, however, one buffer
may overtake another, and this may cause the synchronization
subnetwork to change. This subnetwork may also change due
to oscillator drift or jitter. 1In this chapter we will use
computer simulation to determine the dynamic response of
Peak Synchronization. This will allow us to see how the
dynamic response is affected by the changing synchronization
subnetwork. We will also be able to verify some of the
analytical results derived in the previous chapters.
Finally, by also simulating Mutual Synchronization, we can
compare the performance of the two systems.

We will consider two networks in this chapter. The
first is a small five node network, and the second is a
twelve node "dumbell" network. For the five node network we
will find that Peak and Mutual Synchronization perform about

equally well, They lead te about the same size buffers, and



noisy oscillators cause about the same amount of disturbance
to the controlled frequencies and the buffer sizes. 1In the
case of the dumbell network we know that Mutual
Synchronization should perform badly. Specifically we
expect that large buffer contents will result. We will find
that the performance of Peak Synchronization with the
dumbell network is not impaired, and that the buffer bounds
derived in chapter 2 are satisfied. Though the dumbell
network may seem unreasonable as a practical network, it
demonstrates the vulnerability of Mutual Synchronization to
network configuration.

In order to determine the effect of oscillator jitter
we add to the uncontrolled oscillator frequencies computer
generated low pass Gaussian noise. We then observe the
resulting variations in both the controlled oscillator
frequencies and the buffer sizes. We will also determine
the effect of varying the correlation between successive

samples of the Gaussian noise.

4.2 DESCRIPTION OF THE SIMULATION PROGRAM
The systems that we wish to simulate are governed by

the following equations:

fi(t) = fio + Ni(t) + L. max b.j(t) ;: Peak Synch
Jes,
i
N
fi(t) = tio + Ni(t) + L, jzé aij bij(t) ; Mutual Synch



where N;(t) is the random jitter associated with node i, and
{éij} is an averaging matrix that satisfies ? aij= 1.

For the purpose of the simulation the time axis is
divided into intervals of lenth T. The value we have used
for T is .01 seconds. The buffer contents are first

initialized to zero and then computed recursively according

to the following formula
: = - T -
bij(kT) fj(kT ij) fi(kT) (4.1a)

bij((k+l)T) =T bij(kT) + bij(kT) (4.1b)

In order to simulate the time delays, we need to store
both the current and past values of each oscillator
frequency. For each node we form a circular array to store
these frequency values, and a pointer is used to indicate
the location of the current frequency. The location of any
desired past frequency is computed relative to this pointer.
The elements of each array are originally initialized to the
free running frequency of the corresponding node. Clearly
all delays must take on values that are integral multiples
of T.

After computing the buffer contents at time (k+1)T
using (4.1), we can then find the next frequency values as

follows:
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Peak Synch;
fi((k+l)T) = fio + Ni(k+l) + L ?Eg {bij[(k+1)T]} (4.2a)
Mutual Synch;
£,0(k+1)T] = £, + N, (k+1) + L, ?) 85 by (k+1)T]  (4.2b)
Our simulation therefore consists of repeatedly applying
(4.1) and (4.2).
For the Nj(k) we use a sequence of first order Markov
Gaussian random variables. This corresponds to samples of
RC filtered white Gaussian noise. The sequence {N;(k)} is

generated recursively from the following relationships:

N; (k) = PN, (k=1) + V1 - P2 X(k), k> 1 (4.3a)

Ni(O) X(0) (4.3b)

where {X(k)} is a sequence of independent Gaussian random
variables. A noise sequence generated in this fashion is

stationary and has for its correlation function

R(n) = E(n(k)n(k+n)] = p" 02,

with c§= E[Xz(k)]. As mentioned previously {N(k)} can be
considered as samples of a continuous noise process N (t),
with N(k) = NC(kT). The process N_(t) corresponds to RC low
pass filtered white Gaussian noise. The 3db cut off

frequency of this filter is given by:
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We will perform simulations for various values of W in
order to see the effect of varying the frequency composition

of the noise.

4.3 A FIVE NODE NETWORK

In Fig. 4.1la we illustrate the network to be considered
in this section. Also shown are the free running oscillator
frequencies and the synchronization subnetwork that is
formed initially. This set of free running frequencies was
chosen specifically so that the synchronization subnetwork
would begin with two separate parts.

Fig. 4.2 illustrates the response of this network with
no oscillator noise, L=.5, and T =.01 seconds. We are
using the same values for gain and delay throughout the
network and therefore we have dropped the subscripts. This
example illustrates how a synchronization subnetwork that
starts out as two separate parts eventually becomes
connected. We will now describe this process in detail. At
the start of synchronization nodes 1 and 4 form a loop and
begin to move exponentially towards a frequency of 60. Nodes
3 and 5 also form a loop and start to move towards 45. Node
2 is slaved to node 1 and therefore also heads towards 60.
At time .6 seconds node 4 overtakes node 5 in frequency.

This does not have an immediate effect, however it should be



clear that the buffer a2t 2 from 4 must eventually exceed the
buffer at 3 from 5. This happens at 1.2 seconds and at that
time node 3 starts to synchronize from node 4. A similar
change occurs at time 2.4 seconds when node 5 a2lso begins to
synchronize from node 4. The final form of the
synchronization subnetwork, which clearly must be connected,
is illustrated in Fig. 4.1b,

We can describe the response shown in Fig. 4.2 as
piecewise exponential, with the "breaks" occurring at the
times when the synchronization subnetwork changes
configuration. The largest buffers that developed during
this simulation were by1=100 and by,=-100.2. These values
are well within the bounds specified in chapter 2.

We next consider the effect of adding noise to the free
running oscillator frequencies. Figures 4.2 and 4.4 show a
section of the resulting response. In both figures the
noise hes a standard devietion of oy= 5, however in Fig.
4.3 the low pass filter cut off fregquency is we =1 rad/sec,
whereas in Fig. 4,4 it is Wy = .1 rad/sec. Thus in Fig. 4.4
the noise is more predominately low frequency. The
difference between the low frequency and high frequency
noise is readily apparent from these figures. The high
frequency noise causes the controlled oscillator frequencies
to deviate more wicdely than the low frequency noise. The

important facts concerning these two simulations and also



the no noise case are summarized in Table 4.1.

TABLE 4.1

SIMULATION RESULTS FOR PEAK SYNCHRONIZATION
FIVE NODE NETWORK

Type of T N W Maximum Maximum
simulation freq. dev. buffer size
No noise .01 c - - -100.2,100
Noise .01 5 1 46-74 -1i8.5,+118

=5.60 .
Noise .01 5 -1 49-70 -125,+4124
=4.20

The maximum quantities listed are those observed over a
simulation time of 1,000 seconds. Notice that the low
frequency noise, although causing less frequency variation,
causes more variation in the buffer contents.

For comparision, we now consider the performance of
Mutual Synchronization using the same five node network.
Fig. 4.5 shows the response for noise free oscillators. The
largest buffers that develop in this case are *114 bits.
This compares to *#100 bits in the Peak Synchronization case.
Comparing Fig. 4.5 to Fig. 4.2, we see that the response
time for Peak and Mutual Synchronization are about the same.
Table 4.2 summarizes the results obtained for this noise

free simulation and two simulations with noisy oscillators.
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TABLE 4.2

SIMULATION RESULTS FOR MUTUAL SYNCHRONIZATION
FIVE NODE NETWORK

Type of T Oy W Max imum Max imum
simulation freq. dev. buffer size
No noise .01 0 - - ~-114, +114
Noise .01 5 1 26-53 -131, +131

=5.40
Noise .01 5 .1 31-49 -137, +137
=3,60

Again, as in Peak Synchronization, the lower frequency
oscillator noise (wc = ,1) causes larger maximum buffer
sizes, and smaller frequency deviations. On the whole we
can say, that both systems perform about equally well for
this small five node network. Peak Synchronization has a
somewhat smaller maximum buffer size, but this difference is
not very substantial. 1In the next section we will consider
a twelve node dumbell network and again compare the

performance of both systems.

4.4 A TWELVE NODE DUMBELL NETWORK

Thg dumbell network is known to cause Mutual
Synchronization to generate very large buffer contents.
Peak Synchronization, however, was shown in chapter 2 to

have buffer bounds that are independent of network
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configuration. 1In this section we will simulate the
performance of both Peak and Mutual Synchronization on a
twelve node dumbell network. This will serve to verify
further the buffer bounds expected in Peak Synchronization.
The network to be used is illustrated in Fig. 4.6. 1In
this network each node on the left hand side has an
uncontrolled frequency of 25, whereas the nodes on the right
hand side have an uncontrolled frequency of 50. The
response of this network using Peak Synchronization and no
oscillator noise is shown in Fig. 4.7. The time needed to
achieve synchronization is about 11 seconds which is very
close to the synchronization time of the five node network.
The largest buffers that developed were -55 and +50. 1In
this simulation we have used L = .5, and 7= .1. Since
AF=25 it 1s clear that the above range of buffer values

exactly satisfy the bounds of chapter 2, namely:

1 = AF
- AF(T: + 27) < bij(t) < I

The simulation results for Peak Synchronization
including several cases of oscillator noise are summarized
in Table 4.3. Once again we notice that the lower frequency
noise (wc =,]1) causes less frequency deviation, and larger
maximum buffers. Notice also that the buffer sizes here are
smaller than for the five node network. That is because
this network has a smaller value for AF. Thus, as expected,

we find that the buffer sizes depend only on AF and the
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gains (L;) . and not on the network size.

TABLE 4.3

SIMULATION RESULTS FOR PEAK SYNCHRONIZATION
TWELVE NODE NETWORK

Type of T UN W Maximum Maximum
simulation freq. dev. |[buffer size
No Noise .1 0 - - -55, +50

=6.20
Noise .1 5 .1 (42,65) -93, +87
=4.6o

Again for comparison we simulate the performance of
Mutual Synchronization on the 12 node dumbell network, using
the same values for uncontrolled frequencies, delay and
gain. The resulting response for noise free oscillators is
illustrated in Fig. 4.8. We see from this figure that the
time needed to achieve synchronization is approximately 170
seconds. The largest buffers that developed during this
simulation were *802 bits. Both of these quantities greatly
exceed the corresponding amounts that occurred using Peak
Synchronization. Thus we have found, as expected, that the
performance of Mutual Synchronization greatly deteriorates
with large dumbell networks.

The simulation results for Mutual Synchronization with
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the 12 node dumbell network are summarized in Table 4.4

below.

TABLE 4.4

SIMULATION RESULTS FOR MUTUAL SYNCHRONIZATION
TWELVE NODE NETWORK

Type of T On Wo Maximum Maximum
simulation freqg. dev. |buffer size
No Noise .1 0 - - -802, +802

Noise .1 5 1 (23,53) -844, +844
=60

Noise .1 5 .1 (30,46) -869, +869
=3.20

In Table 4.4 we see again the same pattern that occurred in
all the previous cases. The higher frequency noise causes

smaller maximum buffers and larger frequency deviations.

4.5 CONCLUSION

We have studied by computer simulation the performance
of Peak and Mutual Synchronization, and many of the expected
properties of these two systems have been verified. For a
small five node network with a fairly uniform structure, it
was shown that both systems perform about equally. However,
when a twelve node dumbell network was simulated we saw a

very marked deterioration in the performance of Mutual
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Synchronization. For both networks we were able to verify
that Peak Synchronization satisfies the buffer bounds of
chapter 2.

The maximum deviations in the controlled oscillator
frequencies were found to be about 6 times the standard
deviation of the noise. This is approximately equal to what
we would expect for the maximum variation of the
uncontrolled frequencies. Thus we verify that the random
variation in the controlled frequencies is no more than that
of the uncontrolled frequencies., Further, it was shown that
when the noise is low frequency the variations in the

controlled oscillator frequencies are reduced.



40

Fig. 4.1a A five node network used for simulation. Solid lines show
the initial (unconnected) synchronization subnetwork. The
uncontrolled frequencies are shown for each node.

Fig. 4.1b The final form of the synchronization subnetwork is shown
here by the solid lines.
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Chapter 5

CORRELATION OF A CONVOLUTIONAL ENCODER

5.1 INTRODUCTION

When a random binary data sequence is used to generate
a digital signal consisting of a random sequence of pulses,
the spectral density of the digital signal can be found from
the correlation properties of the original data
sequence[28]. The spectral density is an important
parameter in system design as it allows one to determine the
bandwidth necessary for transmission, and to estimate the
interference that will result to other signals. In
addition, the correlation of the original data sequence
provides useful information for the design of bit
synchronizers. High correlation indicates a tendency for
long strings of identical bits, thereby hindering the
performance of a bit synchronizer, whereas low correlation
indicates a greater tendency for the occurrence of
transitions.

In this study we consider the output data sequence
produced by a binary convolutional encoder, and present a
method for calculating the correlation of this output. We
treat first the case of random statistically independent
inputs, and then consider inputs generated by a first order

Markov source.
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A binary convolutional encoder consists of a K stage
shift register and v modulo-2 adders. For a rate 1/v
encoder the data is shifted in one bit at a time. More
generally for a rate A/v encoder the data is shifted in
bits at a time. An example with K=4 and v=2 is shown in

Fig. 5.1.

5.2 CORRELATION OF THE OUTPUT WHEN A= 1
The output of the encoder for the case X = 1 can be

written as:
1<j<gv (5.1)

where yij is the output of the jth mod-2 adder just after
the ith input bit (xi) has entered the shift register, and
g£j=1 if the &th stage of the shift register is connected to
the jth mod-2 adder, and 0 otherwise.

We assume here that the input bits are statistically
independent and take on the values 0 or 1 with probability
1/2. In this case an output bit yij is also equally likely to
be 0 or 1. To see that such is the case, note that Yij is
the mod-2 sum of N input variables, where N equals the number
of non-zero terms in the vector g.= (ng'glj' ""gK—l,j)'

J
Therefore we can write
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where Xq 0 1<i<N, denotes the ith term of the sum in (5.1)
i
that has a non-zero coefficient. The result is obvious for

N=1, therefore by induction, set

Z=x @ l..@x L]
3 aN-1

Then

Y. = 2 ® X

ij aN
Pr (yij=l) = Pr(z=l,xa =0) + Pr(z=0,xa =1l).
N N

Therefore

Pr (Yij=1) = 1/2

since z and X, are independent.
N

To find the correlation of two output variables yij and

Yon' let us assume for convenience that the ouput symbols are

(1,-1). That is we consider the output values (1,0) to be
transformed into (1,-1) according to the rules 1+ 1, 0+ -1.

Then the correlation coefficient P is given by:
= E(ylj * ymn)

which can be written as

P 1 - 2[Pr(1,-1) + Pr(-1,1)]

or equivalently

Consider two arbitrary output variables yij and vy,

i+n,k"*
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Then from (5.1) we have

K-1
yij®yi+n,k= =0 Xi+n-g gzk®xi-zggj
K-n-1 K-1
= 2 %X;_.9 ®L Xi ,9,:- (5.4)
g=—pn 1% 2+n,k g=g 172723

If n>K, then all the input variables appearing above are

distinct, and since (5.4) has the same form as (5.2), we have

Pr{ (yij ®yi+n,k)=l} =1/2,

substituting into (5.3) yields P =0. For n<K, (5.4) can be

written as

-1 K-n-1
Yi5®Yi4n,k ~ z?_n Xi-394n,k @ 24:-'0 X2 9g4n,k®9y3)
K-1
@2 X: ,9,.. (5.5)
g=K-n ' 2743

In this case unless all the coefficients of the input
variables in (5.5) are zero, we again have a situation as in

(5.2), and as before P =0. On the other hand, for all the

coefficients to vanish we must have
9o = O 0 < 2 < n-1 (5.6a)
gps =0 k-n < & < K-1 (5.6b)

0 < & < K-n-1 (5.6c)
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in which case (5.5) becomes

Yi3® Yiyn,k = 0

which implies P=1. Note that for n=0, (5.6) reduces to

glk=g£j 0_<_2_<_K-'1

We see from the above discussion that two output bits
from a convolutional encoder, whose input is a statistically
independent sequence, can only be completely uncorrelated
(p=0) or perfectly correlated (P=1), with no intermediate
values possible. 1In addition, the output bits Yij and Yi+n,k
are correlated with pP=1, only if 95 and g, are a shifted
version of one another in the sense of (5.6). Two output
bits occurring at the same time, i.e. n=0, are correlated
only if the vectors gj and g, are identical.

In examining the optimum convolutional codes found by
Odenwalder[29], we find only one code that satisfies the
conditions indicated in (5.6). This code has K=3, v=3 and

is defined by

g, =111
g9, =111
g; =101

In this case 9; = 9, and the outputs of 9 and g, are

correlated. Since only one of the optimum codes has

- 108 -



correlated outputs, we are justified in making the statement
that for almost all good codes the output is uncorrelated

for statistically independent inputs.

5.3 CORRELATION WHEN A > 1.

For the more general case of a /v rate encoder, (5.1)

becomes
K-1
Yij = B, *ai-z 93 (5.7)

from which we get

K-1

Y139 ¥i4n,67 2,

A (1+n) =292k @ ¥ri-g 903" (5.8)

Following the same argument as before it is readily

shown that for aAn>K, P=0. For an<K, P=0 unless

ok = O 0 <2 < n-1 (5.9a)
909 T 0 K-an < 2 < K-1 (5.9b)
0 < & < K-an-1 (5.9c)

Ie+an,k = 93

in which case pP=1.

Note that condition (5.9c) implies that gk and gj must
be shifted by a multiple of » with respect to one another.
Paaske[30] has found optimum convolutional codes for code
rates 2/3 and 3/4. The examination of these codes shows

that none of them satisfy the conditions in (5.9).
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Therefore these optimum codes always produce uncorrelated

outputs for random statistically independent inputs.

5.4 CORRELATION OF THE OQUTPUT WITH MARKOV INPUTS

In this section we consider the correlation of the
output bits when the input sequence is generated by a
stationary first order Markov source. We treat only the
case ir=1.

Define the state of the encoder at time i as the binary

number formed by the contents of the shift register, that is:

(5.10)

then

Zi € { 0' 1' . . oy R—l } With R = 2K

Using this notation we have an input sequence X XoXqeeo o

generating a sequence of states Z , and a sequence of

12223...
output vectors XIXZXB"‘ , where Yi= YiqrY¥igreser¥ige The

input sequence which is assumed to be first order Markov is

characterized by its transition matrix

\
/roo o1
\rlo SN

r = Pr(xi=b/xi_1=a). (5.11a)
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The steady state probabilities are given by

r
r, = Pr(x;=0) = 10 (5.11b)
10t oz
and
r
r, = Pr(x;=1) = 01 (5.11c¢)
Lot Toa

Forra symmetric source, r0= rl= 1/2 and rlo=r01, r00=rll.
The sequence of states {Zi} resulting from a first
order Markov input is also first order Markov. The

transition matrix of this sequence is
_H—= {ij}

where pjk = Pr(Zi=k/Zi_l=j) and 0 < j,k < R-1. Since

zi = xi+ (2Zi_l) mod-R, we have
rOO if k=23 mod-R and j=0 mod 2 (5.12a)
| 10 if k=23 mod-R and j=1 mod 2 (5.12b)
pjk = rol if k=23+1 mod-R and j=0 mod 2 (5.12c¢)
£ if k=2j+1 mod-R and j=1 mod 2 (5.124)
0 otherwise (5.12e)

Let w@= Pr(Z,=j), that is w% is the probability of
j i
being in state j at time i, Define the state distribution

vector at time i as
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i i i i
W™= (wy Wy o o o Wp_q).

Then in matrix form we can write

wl - wi—l -u-

wn WO-ﬂ-n

Let p?k denote an element of ﬂJﬁ that is p?k=Pr(Z =k/Zi=j).

i+n
The steady state probability of a state o, will be
denoted w,. W, can be calculated from the known input

statistics as follows: Let the binary representation of «

be
@ =@y ) . . . Oy g
then
Wy = Pr(xi=aK_l/xi_1=aK_2)-Pr(xi_1=aK_2/xi_2=aK_3)...
PrX a2/ oke1™%) " P (Xg g1 =%)
or
K-2
Wy = ra,0 5!; qﬁ’aj+1 (5.13)
where the quantities rao, and rqrayﬂ are defined in (5.11).
Let Aj= {k| Zi= k -+ yij= 1} j=1,2,...,v. Then Aj is the

set of states for which the output of the jth mod-2 adder

represent two output

equals 1. Again let yij and yi+n K
r

variables, then we can write
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PEYjgn, kTheYyy=h) = PriZy,n € B2 € Ay)
= 2 Z Pr(z, =B,Z.=a)
BGAk QGAj i+n 1

= 2 > Pr(z;, =B/2;=%)-Pr(z;=a)

BEAk QGAj

> X phow (5.14)
o3 "o
BeAk aeAj

where we assume that the system at time i is in steady state.

Likewise we have

Pr(y. ~1,y..=-1) = 2 Z pr w (5.15)

i+n, k- ij B€Kk aij o

where'Kk is the complement of Ag. In terms of the above

quantities we have

E(y ) = 2Pr(y =Ly SDAPE(Y -1,y =-D - 1

(5.16)

i3’ 1+n

Using (5.14), (5.15) and the relations[31]

§>%ﬁ Yo T VY3
n

IR wo= 1

3 &

(5.16) can be written as

425 2 pB 2Pr(yij=l) - 2Pr(y; =1) + 1,

E(y.. Y. ) =
ij *i+n,k Q€AJ B€Ak

(5.17)
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which gives the correlation of the two output variables Yij
and Yitn.k* To see the behavior of this correlation for

r
large values of n, note that

1lim pSB = vg. (5.18)

N+ o

Thus, using (5.18), we have from (5.17)

Lin  E(Yi3¥ign,) = (20571 (20-D)
where Qj is defined as Pr(yij=1).

When the source is symmetric then by (5.13) every state
has the same probability as its complement. In this case if
the number of taps used to generate yij is odd, then yij
will also be symmetric, that is Pr(yij=1) = 1/2. This
statement cannot be made if the number of taps is even.
Codes for which all modulo-2 adders are connected to an odd
number of taps are called transparent.

The average correlation of two output variables that

occur m output bits apart can be written as

v
Ry(m7) = 1/v j=1 E(Yi5'Yi4n,k

where

3
]

[ (3+m-1)/v]

=
1

j + m - nv

here [y] denotes the integer part of y, and Tois the output

- 114 -



bit time = (l/v)Ti, the input bit time.

Plots of Ry(m?b), obtained by the evaluation of the
preceding expressions for various code configurations are
shown in Figs. 5.2 and 5.3. Also shown in these figures is
Rx(mTi), the correliation of two input symbols that occur m
input bits apart. For the symmetric sources considered the
input correlation is given by[32]

m

rOl) .

Rx(mTi) = (rll

As can be seen from the examination of these figures,
for small values of m, the output of the convolutional
encoder is much less correlated than the input. 1In the case
of the transparent code of Fig. 5.2, it is seen that for
values of m> v(K-1), the input and output correlations are
nearly identical, and both correlations approach zero at the
same exponential rate. 1In the case of the non-transparent
code of Fig. 5.3 the correlation of the output is zero when
m is odd. 1In addition, since for the non-transparent code
the output is not symmetric (Q2= .39), the correlation of
the output does not approach zero. Note that when the
correlation does not approach zero, the spectral density
will have line components. Thus, we see from this example,
that the output of a non-transparent encoder may have line
spectral components, even though the input contains no such

compohents.,
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5.5 CONCLUSIONS

We have presented a method of calculating the
correlation of the output of a binary convolutional encoder.
For statistically independent inputs we have shown that the
output of a convolutional encoder is uncorrelated, for most
good codes. For first order Markov inputs we have seen that
for short sequence lengths, the convolutional encoder output
is considerably less correlated than the input. For
transparent codes we have seen that the correlation function
goes exponentially to zero when the input is symmetric. On
the other hand, for non-transparent codes the correlation

function can have a periodic or D.C. component.
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x1X2x3...

i-3)7i-21"1-1] "1

Fig. 5.1 A convolutional encoder for K=4, and v=2.
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Fig. 5.2 Correlation of the output and input bit streams for a transparent
code. Input is a Markov source with T =Too = ,8 and o1 = 0 =,2,
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Fig. 5.3 Correlation of the output and input bit streams for a non-transparent

code. r.,~r..=.8, r _ =r. _=.,2, ‘ro=1, and Ti=2'

11 700 01 "10

- 119 -



Chapter 6

CHANNEL ERRORS IN DELTA MODULATION

6.1 INTRODUCTION

Delta Modulation is a method of analog-to-digital conversion in
which samples of an analog waveform are compared to predicted values, and
the difference is encoded by a 2 level (1 bit) quantizer. The Delta
Modulator's estimate of the analog sample is then formed by combining the
predicted value with the output of the quantizer. In Linear Delta
Modulation the quantizer levels are fixed, whereas in Adaptive Delta
Modulation the quantizer levels vary with local signal conditions.
Compared to conventional PCM, Delta Modulation offers the advantages of
conserving bandwidth by requiring lower bit rates, simpler implementation
and greater tolerance to channel noise.

In studying the performance of Delta Modulator systems most authors
have considered only the degradation due to the quantization process. 1In
this study we will be concerned only with the noise which is caused by
the presence of transmission errors.

The effect of channel errors in Linear Delta Modulation has received
some attention in the past, however much of this has been of an
approximate nature, and often analog as apposed to digital systems were
studied. Typical of the approximate methods is the one presented by
Johnson{33]. Here the received bit stream is considered as consisting of
the original error free bit stream plus a random sequence of pulses due

to the presence of errors. However, the error pulses are dependent on
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the transmitted bit stream and this dependence is ignored. Wolf[34] and
later Figueiras-Vidal[37] studied the effect of transmission

errors in Delta Modulation taking into account the dependence of the
error pulses on the statisties of the signal bit stream. However, to
obtain results they had to assume unrealistic statistical properties for
the signal bit stream. In addition, they do not predict a zero
signal-to-noise ratio when the probability of error equals 1/2, as would
be intuitively expected.

Channel errors not only introduce noise but also on the average
reduce the output signal power. This fact although recognized by Wolf was
not incorporated into his analysis. It turns out that when reduced
signal power is taken into account, the characterization of the noise
becomes much simpler and the S/N formula goes to zero for probability of
error 1/2. The same phenomenon of signal suppression due to channel
errors occurs also in PCM. An analysis of the performance of PCM systems
including the effect of signal suppression was presented by Yates-Fish
and Fitch[35], but no similar analysis seems to be available for Delta
Modulation.

In this study we will derive exact formulas for the noise power in a
Linear Delta Modulator, considering both independent and burst errors.

We will also abtain approximate formulas for the case of Adaptive Delta

Modulation.
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6.2 RANDOM ERRORS IN LINEAR DELTA MODULATION

Noise Voltage

Consider a linear DM as showm in Fig. 6.1. The system is described by

the following equations:

x[(k+1)T1 = x(kT) + Se(kT) (1a)

e(kT) = sgnlm(kT)-x(kT)] (1b)
where m(kT) is the sampled input signal, x(kT) is the DM estimate of the
sampled signal, S is the step size and T = 1/f‘s is the sampling period.

From (1a) we can write:

k
X, = x(kT) = X, + S 521 e; (2)

where e; = e(iT). We now define x(t) such that:

x(t) = x KT < t < (k+1)T (3

k ?

where x(t) is the Delta Modulator's approximation to the input waveform.

Using (2) and assuming for convenience that Xy = 0 we may write:

x(t) = ¥ Se U(t-kT) (4)
k=1 K

where U(t) is the unit step function.
Now let y(t) denote the received waveform at the output of the

decoder. Then we have that:

yt) = o SepU(t-kt) ‘ (5)
k=1
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where e& represents the received bit when e, was transmitted. We assume
that the channel errors are independent of one another and define a

sequence of independent identically distributed random variables {nk} as

follows:
-1, if ek is received incorrectly, Probability = Pe
Ny = (6)
1, if e is received correctly, Probablity = 1-Pe
Thus we have
e& = e, (7
and y(t) can be written as:
y(t) = 2 SeknkU(t-kT) (8)

k=1
The error voltage is simply the difference between the transmitted and

received waveforms, and is given by:

E(t) = y(t)-x(t) (9)
Channel errors are illustrated in Fig. 6.2. As shown each error
contributes a step of magnitude 2S to the error voltage.

The expected value of the received waveform is:

Ely(t)] = 2 SekE[nk]U(t-kT)
k=1
= ax(t)
where
a = E[nk] =1 - 2Pe'
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Thus we see that on the average the effect of the channel errors is to
decrease the magnitude of the received signal. We will consider
E[y(t)] = ax(t) to be the signal component of the received waveform

and the random deviations about this average to be the noise. Thus we

may write:
y(t) = ax(t) + N(t)
or
N(t) = y(t) = ax(t)
N(t) =S8 2 &, (n, = a JU(L=KT) (10)
k=1

With this definition for the noise we have

E[N(t)] = O.
Other studies of Delta Modulation have considered the noise to be
what we are calling the error waveform. However, using (8) and (9)

gives for the expected value of the error waveform:

E[E(t)] = —2Pex(t)

which shows that the error waveform has an average value proportional to
the transmitted signal. This makes it unreasonable to treat the error
waveform as noise.
Defining bkznk-a, it is clear that:
l=a , wWith Probability 1-Pe

bk= an
-l=-a , with Probability Pe
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and from (10) N(t) becomes:

N(E) = 2 Se
k=1

kka(t—kT). (12)

Power Spectrum of the Noise

Having found a representation for the noise voltage due to channel
errors we now proceed to determine its power spectral density (p.s.d.).
From the p.s.d. we will compute the amount of inband noise power. The
power spectrum of a signal can be calculated by one of two distinct
methods. The first method is to find the autocorrelation function, R(%),
and then take its Fourier Transform. The second method which is often
simpler to apply is as follows. First find the Fourier transform of a

sample of the signal in a finite time interval, i.e.,

-j2nft

MT
Sy(f) = f N(t) e dt. (13a)

0

Next evaluate the following:

GM(f) = 2E[|SM(f)|2/MT] (13b)

Finally the p.s.d. of the signal is given by
G(f) = Lim GM(f). (13e)
M+
It should also be noted that G(f) as defined above is the single
sided p.s.d. due to the factor of 2 in (13b). In our analysis we
will use the second approach. This method has been used by Bennett
and Rice[36] to calculate the spectrum of waveforms resulting from

frequency shift keying.
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We begin by substituting for N(t) in (13a), and then interchanging
the order of integration and summation. Next performing the integration

we find

M . .
S0 = B 5Pk (enI2IKT _omJenthT (14)
k=1 jerf
. 2 *
We next obtain the product ISM(f)I = SM(f)'SM(f), where ¥ denotes
complex conjugate, and then taking the expected value of both sides

yields:

M M
ELIS,(D)F] = 3 2

E(e e b b )+ (15)
Keln=1 ue?ge Kok

(e-J2TfKT _ -j2rfMIy jenfnT __J2rfMTy

Note that the e, s and bys are mutually independent. Also note that for
- . - - - 2y. -a)? 1=
k#n, E(bkbn)_ E(bk) E(bn)_O and for K=n, E(bkbn)- E(bk)_ E[(nk a)® J=

UPe(1-Pe). Neglecting terms for which k#n we have from (15)

M

2
ENs, (D1 = 2 P Pe) o = coserro T, (16)
n2f? k=1
We now make the observation that:

M M=1
25 cos2rf(M-k)T = 2  cos2nfkT (17a)

k=1 k=0
= 1+ sin(@2M-1D)afT (17b)

2 2sinafT

Combining (17b), (16) and (13b) we obtain
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GM(f) =’-IS’Pe(1-Pe)

1=1 [1 + sin(2M-1)nfT
M [? 5SinTfT ] (18)

LA ¥
This is the power spectral density of the noise when we consider
only the finite time interval (0, MT). We would now like to evaluate
G(f) as the limit of Gy(f) as M»=. However we shall see that this limit
does not exist for all values of f. We consider the following three
cases separately:
Case 1: fT not an integer and f#0. In this case the quantity in

brackets in (18) remains finite and so we have:

2
G(f)=1im GM(f)=“S fsPe(1-P)

Moo (19a)

.n.Zf\Z

where fo= 1/T is the sampling rate of the DM. It should be noted

that for audio signals (19a) defines the inband noise spectral

density since fT:f/fé < 1and f > 0 for all audio frequencies.

Case 2: fT is an integer, f#0. In this case we have that cos2nf(M-k)=1

and so from (16) we have that

G(f) = 0. (19b)

Case 3: f=0. To find GM(O) we apply L'hospital's rule to (18). The

result is

2
GM(O) = 85 Pe(1-Pe)T(2M2-3M+1)/6 (19¢)

or for large M

GM(O) = (8/3)SzPe(1-Pe)TM’. (19d)
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Clearly GM(O)+m as M=

Total Average Noise Power

We now derive an expression for the total average power, P,

which is given by

pT = < E[N?(t)] > (20)

where < > denotes time average. Using (12) we have

E[N?(t)]= 22 > S®E[e,e b b JU(t-kT)U(t-nT). (21)
k=1 n=1 k'n'k n

As before we can neglect terms for which k#n, and the above reduces to

EIN?(t)]= 2 4SzPe(l—Pe)U(t—kT) . (22)
k=1

Averaging this on the interval [0,MT] yields

_ 2
PT— 2S Pe(l-Pe) (M-1) (23)

This last result indicates that in the presence of errors the total
average noise power increases linearly with time (M). Clearly this
situation is unacceptable, since hardware overload will inevitably
occur. In the next section we describe a modification of the Delta

Modulator that alleviates this difficulty.

Delta Modulation Using a Leaky Integrator

In order to prevent the continual increase in noise power, we
modify the DM by introducing a leaky integrator. This is done by

altering the encoder and decoder eguations to read
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Lx + Se ; encoder (24a)

k ° k-1 Kk

and

Yy = Ly,_q + Se} ; decoder (24pb)

where L is the leak factor. It is important to choose L sufficiently
large so as not to degrade the quality of the received signal. For
audio signals with 256 quantization levels, L shéuld be approximately

00 9990
Using (24) we obtain

K
X, = X% +s 3 KTe (2lc)
(o] r
r=1
k K por
Yy = L Yo + S 291 L e; , e; = ne, (24d)

To see the effect of the leaky integrator assume that due to previous

errors X # Yo but that no new errors occur, then:

k
Xp = ¥y = L (xo - yo)
and the difference between Xy and Yy decreases exponentially. To obtain
an expression for the noise voltage due to channel errors assume x0=y0=0.
We again find that the expected value of the received signal is:

k-r
L E[nr]er = eX,

w M

E[yk] =S 1

Again this is the signal component of the received signal, the noise

component is
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Nk = Y - ex,

k
N =SS KT (n -ade. (25a)
k ~ r r

r=1

k ,

k-r

Nk =S 221 L brer (25b)

Power Spectrum of the Noise with Leak Factor

We now calculate the p.s.d. of the noise voltage for a DM using a
leaky integrator. The procedure is similar to that used in the previous
case. Using the fact that N(t) = Nk for kT<t<(kT+T) Qe substitute
in (13a) for N(t). The result is

M=1 (k+1)T )
L —jorft
sty = 3 N e dt. (26)
M 121 JLT K

Evaluating the integral, substituting from (25b) and then interchanging

the order of summation we obtain

. M1 Me1 .
S(6) = 5(1-e32MTy 5 bel™ o LeJ2nfT)k 27)
. r=1 k=r
jomf

The second summation is a geometric series, which can be evaluated to

yield
L —joufT, M1 —J2TFrT  Mer _=jonfMT
SM(f) = S(1 - e _ ) brer[e -L e ]. (28)
jonf(1 - Le=32™Ty oy
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We now form ISh(f)F , take the expected value and note once again
that only terms for which r=n need be retained. Thus we have

S*p (1—Pe) 2(1-cos2wfT)

ElSy(Dff = —2 . (29)
n2£2 (1412 =2Lcos2wfT)

M1
z; 14L2MT) oy Mor oot ()T
r=1

Evaluating the summation and substituting into (13b) we obtain

4S?P_(1-P) ﬂ oM
Gh(f)s e e 1-cos2nfT ] SN IVR (30)
Tn2f? 14L% =2Lcos27fT| M z L -1

_o | U leos2rr(u-1)T-LMeos2ntMr-LeosaneTs
1 + 12 - 2Lcos2nfT

Considering the terms in the braces on the right hand side of (30),

as M tends to infinity all terms except the first one remain finite

provided L < 1. Thus letting M go to infinity we have

4s?p (1-P )f
L e e’’s [1 - cos2rfT .] (31)

G (f)=1im GM(f)—
Mo n2f? 1 + [? -2Lcos2nfT

which exists at f=0 provided L#1.

Equation (31) can be rewritten as follows

. 2
51nvf/f4 1

— , (32)
nf/f J (ALsin®nf/f )+ (1-L)

GL(f)= 8Pe(1—Pe)SzT
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This is the p.s.d. of the noise resulting from a LDM with a leaky
integrator. The p.s.d. and its integral have been numerically
evaluated. Figures 6.3 and 6.4 show plots of these functions. From

(32) we note that

2
8Pe(1 - Pe)S T

G, (0) =
L (1 -L)?

We now find the total noise power using a leaky integrator.

Total Noise Power wiin Leaky Integrator

Using (20) and (25b) we have for the noise power with leaky

integrator
. M=1 (k+1)T k k
L_ lim 1 2 K-r k-n]
PT_M"“’ E f E [S Z Z brbnerenL L dt
r= Nn=

Evaluating (34) we obtain

2
4s Pe(1 - Pe)

P =
1-1

which remains finite provided L < 1. We next establish as a figure

of merit the ratio of the inband noise power to total noise power.

Inband Noise Power

Consider the factor [MLsin’uf/fs + (1-L)?] in (32). Since
(1-L) = 107, then within the audio band HLsin?wf/f >> (1-L)%.

This is true provided fs << 2x10°Hz and the lower limit of the
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audio band is assumed to e 300Hz. With these assumptions we can

neglect the (1-L)? temm in (32), and as a result (32) reduces to

2
2 Pe(l - Pe)S fs .

G, (f) = 37
L L2 gl ) (37)
Integrating this over the audio range of 300 to 3000Hz yields the
inband noise power
0.006 P_(1 - P_)S’f
P, = g == (38)
L 72
From this we find the ratio of the inband noise power to total
noise power, R, as
0.0015 fs(l - L%)
R = (39)

L n?

Two values for R are shown in Table 6.1 for fs =8 x 105. Thus we note

the important fact that most of the noise power lies outside of the

useful band.

6.3 RANDOM ERRORS IN ADAPTIVE DELTA MODULATION

We now investigate the characteristics of the inband noise power
in an Adaptive Delta Modulator (ADM). The ADM we are considering
here is shown in Fig. 6.5 [41]. Its operation is described by the

following equations:

Encoder: e, = sgn (mk - xk) (40a)
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X = X g + S (40b)
S, = lsk_1le + 8 e, 1 (40c)
Decoder: vy, = ¥,_; + S| (41a)
SV S VRS A (41b)

Once again in the decoder equations the symbols eﬁ and Sé represent
quantities that have been perturbed due to channel errors. It has been
found experimentally that this algorithm is particularly suited to the
encoding of audio signals.

For the LDM we found that a single channel error causes a deviation
of magnitude 2S between the transmitted and received signal. This simple
situation allowed us to calculate the p.s.d. of the noise. In the ADM
the situation is much more complex. To appreciate this fact notice that
when a channel error occurs, not only is the decoder output Vi different
from the encoder estimate xj, but the decoder step size S& is also
affected. This step size error may not disappear in some cases and as a
result the error voltage will continually fluctuate.

Fig. 6.6 1illustrates x(t), y{t) and E(t)=y(t)-x(t) when a single
error occurs at bit €L We consider here the eight possible values of

the three bits e and e, .. As we see from Fig. 6.6, in the four

k-1"K k+l
cases for which € i €l the step size error disappears at time k+1,
and the error voltage is identical to the LDM case. In the four other

instances it is seen that the step size error will not disappear.
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As a first order approximation to this highly complex problem we
will neglect the effects of step size errors, and assume that the correct
step size is available at the decoder. This would correspond to the
situation where step size information is transmitted to the receiver in
an error protected format. Such schemes have been suggested in the
literature [38] for differential Codecs operating in a noisy environment.

The ADM equations can be written in an alternate form as follows:

Encoder: x, = X, _; + 1S, ley (42a)
IS, 1= 1S, _ql + S8 s 1S,_q1% 0 (42b)
IS, 1= S, 18, _41= 0 (42c)
Decoder: Vi = Vpeq * ISkle& (43)

From (42) and (43) we obtain:

k

X, = X+ > ISiIei
i=1
k

Y 2V, + D ISiIe{ .
i=1

When a leaky integrator is employed these equations become:

tad
"

ka_1 + lSkIek ;encoder

=Ly, 4+ ISkle& ; decoder

>
~
[}

- 135 -



or
k
X = L X, *+ 32 L ISrIe

k
k k-r
Yy = L Vo *+ 221 L ISrle;

Following the same procedure as for the LDM we have:
E[yk] = ox, j @s 1 -2Pe
Ne = Y = oxy

or

k-r
Nk 1L |Sr|brer un)

]
w M

We see that (44) is identical to (25b) which applied for the LDM except
that Ser is replaced with ISrIer' Referring to (29) we see that it is
simply necessary to replace S? by E[S; ] to find the p.s.d. of the noise

for the ADM. We then have:

. 2
51nﬂf/f;] . 1

G (£)=8P_(1-P )E[SZ]T (45a)
"E/f J (MLsin?nf/f )+(1-L)?
where Gﬁ(f) is the p.s.d. of the noise for the ADM with a leaky
integrator. The inband noise power is given by:
3000 A
PR GMD af . (45b)
300
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It should be noted that the sampling rate of the ADM is much less than
the sampling rate for a LDM. Therefore, the approximation that
MLsinznf/fs > (1-L)? is also valid over the audio band. The inband

noise spectrum is then given by:

GL(f) = 2P_(1-P )E[S2IF /Lnf? (L50)
thus

A _ 2 2
PI = 0.006 Pe(1—Pe) E[Sr]fs/L" (45d)

We have experimentally determined the distribution of S; .
These results are showm in Table 6.2 and Figs. 6.7a and 6.7b. The ratio

of the inband noise power to total noise power for the ADM is

R, = 0.0015 fs (1 - L2)/Ln? . (45e)

A
Two values for RA are also given in Table 6.1 with fs= 32KHz. Here we see
again that relatively little of the noise is inband. If we form the

ratio of the inband noise power in the ADM to that of the LDM we find

- 29 pA 2L
RP = E[Sr] fs /S fs . (usf)
For £z 32Kz, i = 800Khz and E[S2] = 325 (see Table 6.2) we find that

RP= 1.28 = 1.07 dB. Thus we see that the inband noise power in an ADM is
about 1 dB greater than in an LDM. This is understandable since the
expected value of the step size squared is 32 times as great in the ADM
as compared to the LDM, but this is offset by the lower sampling rate for

the ADM.
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6.4 BURST ERRORS IN LINEAR DELTA MODULATION

In this section we discuss the effect of errors that do not occur
independently but rather occur in bursts. As first approximation we
assume bursts of fixed lengths occurring periodically in time. This
situation is shown in Fig. 6.8. We assume that during the burst interval
which lasts IT seconds, the probability of error is .5. The sequence
{nk} which specifies the occurrence or nonoccurrence of errors is in the
present case not a sequence of identically distributed random variables

as was the case for random errors. Rather their distribution is as

follows:
1, with probability 1/2
nk = k=nD+i, 1<i<I (46a)
-1, with probability 1/2
n, = 1, with probability 1 otherwise (46b)

Thus the ny are -1 or +1 with equal probability during an error burst,
and are always +1 during the error free period. It is reasonable to
assume that the phase of the periodic errors is random with respect to
the beginning of Delta Modulator transmission. Such an assumption is
necessary in order for the received bit stream to be stationary. To
provide for this random phase we introduce a random variable ¢ which can
take on the values 0,1,...,D-1 with equal probability. When bit ¢, is
transmitted the received bit is P Thus the output of an LDM
decoder without leaky integration is given by:

y(t) =8 T n e U(t—KT) (47)
k=1
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The expected value of the decoder output is:

E[y(t)] =S 2 E[nk+e] e, U(t=kT) (u48a)
k=1
but
D-1
1 . D-I1 I
Eln, J=z—=3 Eln, /e=il=""=1- = (48b)
k+6 D - k+6 D D

The sum above involves an entire period of the sequence {nk} and
thus will contain I terms for which E[nk+e]=0 and D-I terms for which

E[ J=1. Also the average number of errors in a period of D bits is

n
k+6
I/2. We can therefore say that Pez I/2D. Thus we have from (48)

E[y(t)] = (1-2Pe)x(t) = ax(t) (49)

From this point on the development proceeds as in the previous sections.

We have for the noise voltage:

N(E) = y(t) - ax(t)
= 8321 (nk+e - a) € U(t-kT) (50)
Define bk = Npe % then
N(t) =S 2 bkek U(t-kT) (51)
k=1
and
E[bk] = 0, E[bﬁ] = MPe(1-Pe) (52)

Equation (51) is identical to equation (12) which was derived for random

errors. Also (52) is identical to the conditions that held for random
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errors. We can therefore conclude that the spectrum of the noise with
burst errors would be given by the same formulas that held for random
errors [i.e. (18) and (19)]. It is important to bear in mind however

that for burst errors as defined here Pe =1/2D.

Burst Errors With Leaky Integration

Again the development here follows closely the one given for random

errors. Refering back to (24e), we have for the output of the encoder:

k .
=S 2L e. ; encoder (53)
r=

Where we assume that X, = 0. The decoder output in the presence of

burst errors is then given by:

k
k-r
v, =S Z: LTn e (54)

As shown in the previous section E[n, 1 =1 - 1/2D = 4. Therefore:

k+6

E[yk] = ax (55)

The noise at time k is therefore:

Nk = yk —a,xk
k
k-r
=S 221 L (nr+e - a) e,
k
k-r _
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Once again this formula is identical to (25b) which was found for
random errors. The spectrum of the noise for burst errors is thus given
by (32), and all other results found for random errors hold also

for burst errors provided Pe is set equal to I/2D.
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Figure 6.2 Illustrating the effect of channel errors on the error voltage
in a LDM.

- 143 -



AR

~70 |

=)
T -80 -
e
=
v
_90 | © L=.999, f =800 KHz, S=8 mV, Pg=.001
A L=.999, f,=~100 KHz, S=8 mV, Pg=.001
-100 +
-110 }

Figure 6.3 Noise Specfral

20 102
FREQUENCY (Hz)

Density for LDM with Leak Factor

108



SVT

[y nat (mw)

« 137

. 12-

» 114

1

.08-

.05-

03"

. 02+

» 017

FAN
3

© L=.999, f,=800 KHz, S=8mV, P,=.001
A L=.999, f =100 KHz, S=8mV, P_=.001

—— : At} A e S
2 3 4 10 20 " 10% ' o108
FREQUENCY (HZ)

Figure 6.4 Integral of the Noise Spectrum



- 9v1T -

| B
=~
-
{+
by
Z
v

Figure 6.5 Adaptive Delta Modulator

j Ct flek) o' D | | Ty I

y(k-1)




Ll L
B L T T
T T T | :
—l_.rx(f)_ - —I—___L E‘ - —J-

x(t) T _!_—""‘—‘— N

I T
Lol 1

Figure 6.6 The 8 Possible Error Patterns in an ADM

- 147 -



0.10+4

009+

0.081

0.07

006

0.05

- 8T -

004
003

0.02}

001}
\

ettt —t A A —t+——t
0 5 10 15 20 40 "~ 60

Figure 6.7a Probability Distribution of the Step Size for 1024 Levels, fg = 32 KHz



- 6Vl -

P |
0.247

0221

0.204

0.184

0.16-

0.14+

0.121

0.104

008+

0.067

0.04

002

I
L) ¥ T L] T ¥

5 10 15 SIS,

Figure 6.7b Probability Distribution of the Step Size for 256 Levels,fs=32 KHz



- 0ST -

/——Burst Error Interval

1 4
¥ A T

o IT—]

Y

1
L}

le—TT—s]

DT

Figure 6.8 Illustrating Periodic Burst Errors

DT



TABLE 6.1

RATIO OF INBAND TO TOTAL NOISE POWER

LDM ADM
f_ (KHz) R L R, f, (KHz)
800 0. 24 0. 999 0. 00973 32
800 0.024 0. 9999 0. 000973 32
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8/80=
S/750=
8/50=
S/80=
5/50=
8/50=
S/80=
5/780=
S/80=
8/80=
5/780=10
S/80=11
§/780=12
S/50=13
5/50=14
5/7860=13
8/80=16
5/80=17
S/60=18
§/780=19
S/50=20
§/780=21
S/780=22
S/780=23
5/750=24
S/80=25
S5/7860=26
S/80=27
S/50=28
S/780=29
5/780=30
5/780=31
5/750=32
5/780=33
5/780=34
5/750=35
5/50=36
§/7860=37
5/50=38
§/50=39
§/50=40

CANDOUDULUWRNRO

STEFSIZE DISTRIRUTION

FROE=,035544
FROE=,087056
FROR=,091404
FROE=.067035
FROR=,049642
FROE=,043603
FROR=,041170
FROE=,038451
FROE=,035068
FROE=,032176
FROB=.029616
FROR=,027279
FROR=,025439
FROE=,023784
FROEB=,022476
FROEB=,021128
FROR=.,019705
FROB=,0184659
FROEB=,017724
FROE=,016742
FROB=.015874
FROE=.,015176
FROB=,014411
FROE=,013671
FROE=,01305%5
FROE=,012501
FROB=,012102
FROR=.011749
FROE=.011347
FROE=,010711
FROEB=,010108
FROE=,0094636
FROE=,008998
FROE=,008153
FROE=,007450
FROE=,006942
FROE=,0046322
FROE=,006543
FROR=,005202
FROE=,004848
FROBR=.,0045964

ELS/801=13.217

ELS/7S0%%21=339.94

TABLE 6.2a
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5/50=41
5/50=42
S/50=43
8/750=44
5/750=45
§/750=46
§/50=47
S/50=48
5/50=49%
S/760=50
6/780=51
S/50=52
5/780=53
5/750=54
$/50=55
8/80=56

S/80=57

5/50=38
5/50=59
5/750=60
5/80=61
5/780=62
5/50=63
§/80=64
S/780=65
§/7850=66
5/780=67
5/780=68
5/780=69
§/80=70
S/60=71
5/780=72
§/750=73
§/780=74
§/780=75
5/780=76
8/780=77
§/80=78
8/780=79
§/50=80

FROB=.004337
FROE=. 004089
PROE=,003870
PROE=. 003585
FROE=,003346
FROE=,003167
FROE=,002918
FROE=,002628
FROE=. 002359
FROE=.002096
FROE=,001832
FROE=,001596
FROE=.001386
FROE=,001192
FROE=,001016
FROE=,000876
FROB=,000801
FROE=.000751
FROE=,000703
PROE=,000653
FROE=, 000581
FROE=,000500
FROE=. 000432
PROE=,000399
FROE=.000379
PROE=, 000323
FROE=,000247
FROE=, 000202
FROE:=, 000145
FROKE=,000114
FROK=, 000091
FROE=.000071
FROE:=, 000057
FROE=,000049
FROE=, 000032
FROE=,000018
FROE:=,00001 1
FROE=,000007
FROE=,000003
FROE=,000001



ELS/501= 4,016

ELCS/80%%21=32,340

STEFSIZE DISTRIEBUTION
5/80= 0 FROE=,092666
§/80= 1 FROE=,222241
§/50= 2 FROB=.191297
§/60= 3 FROE=,103111
§/50= 4 FROE=,.073478
8/80= & FROE=,058510
§/80= 6 FROE=,048192
S/80= 7 FROE=.040111
. 8/80= 8 FROEB=,03361%
g§/80= 9 FROE=,028030
§/80=10 . FROE=,023210
S/60=11 FROE=,018949
8/780=12 FROE=,015445
§/80=13 FROB=,0125158
§/50=14 FROE=,009942
$/80=15 FROE=,007804
§/80=16 FROE=.006000
§/60=17 FROR=,004477
§/750=18 FROE=.,003224
§/80=19 FROR=,002267
8/50=20 FROE=,001634
§/60=21 FROE=,001174
§/80=22 FROE=,000790
§/80=23 FROR=,000340
8/50=24 FROKE=,000350
§/80=205 FROR=,000202
S/50=26 FROE=,000106
8/50=27 FROR=,000051
§/60=28 FROE=,000034
8/80=29 FROR=,000020
5/780=30 FROE=,000009
§/7860=31 FROE=.,00000%
§/80=32 FROR=,000002
TABLE 6.2b
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