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Abstract

Points of Canonical Height Zero
on Projective Varieties

by

Anupam Bhatnagar

Advisor: Distinguished Professor Lucien Szpiro

Let k be an algebraically closed field of characteristic zero, C a smooth

connected projective curve defined over k, K = k(C) the function field of

C. Let Y be a projective K-variety, L a very ample line bundle on Y and

ψ : Y → Y a K-morphism such that ψ∗L ∼= L⊗d. We prove that a projective

integral C-scheme Y is isotrivial when it is covered by a projective integral

k-scheme X := X0 ×k C, where X0 is a k-scheme. This result provides a

setup for a conjecture of L. Szpiro on parametrization of points of canonical

height zero of the dynamical system (Y, L, ψ).
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Chapter 1

Introduction

Let k be an algebraically closed field of characteristic zero, C a smooth

projective connected curve over k, K = k(C) the function field of C. Let Y

be a projective variety over K and L a very ample line bundle on Y . Let

ψ : Y → Y be an endomorphism such that ψ∗L ∼= L⊗d, d > 1.

In this thesis we provide the setup to state a conjecture (due to L. Szpiro)

on parametrization of points of canonical height zero of the dynamical system

(Y, L, ψ). The main tools used are Theorems 3.15, 4.2 and 4.14.

We briefly state the number field analogs of results known in this direc-

tion. For Y a projective variety defined over a number field, equipped with

L and ψ as above, it is well known that a point P ∈ Y is preperiodic for ψ

if and only if it has canonical height zero [9]. Moreover over number fields,

Northcott’s Theorem [9] states that the set of preperiodic points (or equiva-

lently, the points of canonical height zero) form a finite set. Over a function

1



CHAPTER 1. INTRODUCTION 2

field K, the Northcott principle fails [2] : if the ground field k is algebraically

closed, then for sufficiently large M , the set of points of bounded canonical

height

{P ∈ Y (K) : hψ(P ) ≤M}

is infinite.

The layout of the thesis is as follows: Chapter 2 discusses some basic

properties of heights. Some of the lemmas are function field analogs of similar

facts over number fields in [14]. In Chapter 3 we discuss the Hilbert scheme

of graph of sections of Y q→ C, where Y is a model of Y over C and in

Theorem 3.15 we show that a subscheme of the the universal family of the

Hilbert scheme has a product structure. Chapter 4 contains the core for

the conjecture on parametrization of points of canonical height zero. We

prove that if an integral projective C-scheme X is covered by an integral

projective k-scheme W := W0 ×k C and W
f→ X satisfies f∗OW ∼= OX ,

then XK → Spec(K) is isotrivial (see Definition 4.1). The proof requires,

existence of the scheme of isomorphisms and a result of Greenberg [6] on

existence of rational points over henselian discrete valuation rings. Finally

we put together the results on heights, hilbert scheme and isotriviality in

chapter 5 to state the conjecture on parametrization of points of canonical

height zero of (Y, L, ψ). The conjecture states:
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Conjecture (L. Szpiro): Let k be an algebraically closed field of char-

acteristic zero, C a smooth projective connected curve over k with function

field K. Let Y be a projective K-variety, L a very ample line bundle on Y

and ψ : Y → Y a morphism such that ψ∗L ∼= L⊗d for some d > 1. Then

the points of canonical height zero of the dynamical system (Y, L, ψ) is a

finite union of the constant points of closed irreducible preperiodic isotrivial

subvarieties Xi, for 1 ≤ i ≤ n.

Notation/Conventions: k denotes a algebraically closed field of charac-

teristic zero, C a smooth, projective, connected curve and K = k(C), its

function field. For a projective variety equipped with a line bundle, hL(P )

denotes height of P with respect to L. For ψ : Y → Y a polarized endo-

morphism of degree at least 2, hψ(P ) denotes the canonical height of P . We

write pa(C) for the arithmetic genus of C and gC for the geometric genus.



Chapter 2

Heights

Let k be a field of characteristic zero, C a smooth projective connected curve

over k, K = k(C) the function field of C. Let Y be a projective variety

over K and L a very ample line bundle on Y . We have an embedding

Y ↪→ P(H0(Y, L)) ∼= PNK , where N = dimK H
0(Y, L)− 1.

Definition 2.1. Let X be a K-variety and L a line bundle on X. A model of

(X,L) over C is a scheme X → C and L a line bundle on X such that (X ,L)

is isomorphic to (X,L) over the generic fiber. We say the model (X ,L) is

ample if L is relatively ample on X .

Let Y be the Zariski closure of Y in PNC . Y is a projective model of Y .

Let p2 : PNC → C be the projection on the second factor. Since Y is proper,

4



CHAPTER 2. HEIGHTS 5

giving P ∈ Y(K) is equivalent to having a section sP of q := p2|Y .

Y i //

q

��

PNC

C

sP

CC

For P0 ∈ C, define the line bundle L = OPN (1)|Y ⊗ p∗2OC(P0)|Y on Y . L

is a model of L and it is ample on Y .

Definition 2.2. We define the height of P ∈ Y(K) relative to L, denoted by

hL(P ) as:

hL(P ) = deg(s∗PL)

Let C ′
f→ C be a finite covering of C and K ′ be the function field of C ′.

Let Y ′ := Y ×C C ′, and L′ the pullback of L to Y ′. We have the following

diagram:

Y ′ //

q′

��

Y
q

��

C ′ //

sP ′

CC

C

For P ′ ∈ Y(K ′)

hL(P ′) =
deg(s∗P ′L′)
[K ′ : K]

where sP ′ is a section of q′.

Definition 2.3. Let X be a projective scheme over k and F a coherent sheaf
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on X. We define the Euler characteristic of F by

χ(F ) =
dimX∑
i=0

(−1)i dimkH
i(X,F )

By the Riemann-Roch theorem for curves [8], for a positive integer t, we

have

χ(C, s∗PL⊗t) = deg(s∗PL) · t− gC + 1 (2.4)

where χ denotes the Euler characteristic. Fixing hL(P ) yields a unique poly-

nomial (the Hilbert polynomial of C relative to s∗PL) which we denote by

F (t). In this chapter our goal is to describe the set of points of Y(K ′) of

bounded height for any finite extension K ′ of K. Before we proceed further,

we introduce some properties of heights.

Lemma 2.5. For any P ∈ Y(K̄), hL(P ) is invariant under any change of

field of definition of P .

Proof : Let C1, C2 be two distinct finite coverings of C with function fields

K1, K2 respectively and let P be defined over K1 and K2. There exists a

curve C3 covering C1 and C2. Let K3 be the function field of C3. Then we

have the following diagram:

Y3
f1
//

q3
��

Y1
f2
//

q1
��

Y
q

��

C3 g1
//

sP3

II

C1 g2
//

sP1

II

C

sP

II
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where Yi = Y ×C Ci for i = 1, 2, 3. We have

hL,K3(P ) = deg(s∗P3
f ∗1 f

∗
2L) · [K3 : K]−1

= deg(g∗1s
∗
P1
f ∗2L) · ([K3 : K1][K1 : K])−1

= deg(s∗P1
f ∗2L) · [K1 : K]−1

= hL,K1(P )

Similarly, hL,K3(P ) = hL,K2(P ). This shows that the height of P is invariant

under any change of field of definition of P . �

Remark: Since the height is independent of the choice of field of definition

of the point we do not indicate the field in the subscript.

Definition 2.6. The support of a Cartier divisor D is the closed subset

consisting of those x ∈ X at which 1 ∈ Γ(X,OX) is not a local equation. We

denote the support of D by Supp(D).

Definition 2.7. Let Y q→ C be a model of Y over C. A Cartier divisor D

on Y is vertical if q(Supp(D)) is a finite set of points in C.

We need the following theorem for the next lemma:

Theorem 2.8. Let f : X → Y be a proper morphism of noetherian schemes

with Y = Spec(A) affine, and F a coherent sheaf on X, flat over Y . There

is a finite complex K · : 0→ K0 → K1 → . . .→ Kn → 0 of finitely generated

projective A-modules and an isomorphism of functors

Hp(X ×Y Spec(B),F ⊗A B) ∼= Hp(K · ⊗A B), p ≥ 0
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on the category of A-algebras B.

Proof : [12] �

Lemma 2.9. For q : Y → C as above, if L and M are ample models of L

over Y, then there exists a positive constant B such that

∣∣hL(P )− hM(P )
∣∣ ≤ B for all P ∈ Y(K̄)

Proof : Without loss of generality we may assume that L,M are effective.

If required replace L,M by L ⊗ nH,M ⊗ nH repectively, where H is a

hyperplane on Y and n� 0.

Claim: If L,M are generically isomorphic i.e. LK ∼=MK , then there exists

Cartier divisors D1 ∈ |L|, D2 ∈ |M| such that D1,K = D2,K .

Proof of Claim: Choose an affine open cover C1 ∪ C2 of C such that L is

flat over C1 and M is flat over C2. Let Ci = Spec(Ai),Yi = q−1(Ci), for

i = 1, 2. Using the previous theorem let R·, S· be finite complexes of finitely

generated projective modules corresponding to L and M such that

Hp(Yi ×Ci B,L ⊗A B) ∼= Hp(R· ⊗A B) p ≥ 0, i = 1, 2

and

Hp(Yi ×Ci B,M⊗A B) ∼= Hp(S· ⊗A B) p ≥ 0, i = 1, 2
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Since LK ∼=MK , we have H0(Y,LK) = H0(Y,MK). Observe that

H0(Y1,L)K
α1→ H0(Y,LK) is an isomorphism since

H0(Y1,L)K ∼= H0(C1, q∗L)K ∼= H0(Y,LK)

Similarly, α2 : H0(Y2,L)K → H0(Y,LK), β1 : H0(Y1,M)K → H0(Y,MK)

and β2 : H0(Y2,M)K → H0(Y,MK) are isomorphisms. Let t be a nonzero

element of H0(Y,LK), and denote the associated divisor by D. Patching

the local isomorphisms αi, βi, we get s1 ∈ H0(Y ,L), s2 ∈ H0(Y ,M) such

that (s1)K = (s2)K = D, where (si) denotes the associated divisor. Set

D1 = (s1), D2 = (s2). This proves our claim.

Let D̄ be the Zariski closure of D in Y . Denote the horizontal and vertical

components of Di by Dh
i , D

v
i respectively. Note that D̄ = Dh

1 = Dh
2 . Now

D1 −D2 = Dv
1 −Dv

2 is a difference of two vertical divisors. In other words,

L ⊗M−1 ∼= O(Dv
1 −Dv

2)

Pulling back the line bundles to C along sP we get

deg(s∗PL)− deg(s∗PM) = deg(s∗PD
v
1)− deg(s∗PD

v
2)

The right side is bounded above by B := deg(q(Supp(Dv
1 − Dv

2)) and B is

independent of the section along which the divisors are pulled back to C. We

now have the desired inequality. �
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Lemma 2.10. Let Y be a projective K-variety, Y1,Y2 two models of Y over

C, f : Y1 → Y2 a finite morphism and L1,L2 ample line bundles on Y1,Y2

respectively such that f ∗L2
∼= L1. Let P ∈ Y1(K̄), Q ∈ Y2(K̄) such that

f(P ) = Q. Then hL1(P ) = hL2(Q).

Proof : We have the following diagram

Y1

α

  
AA

AA
AA

A
f

// Y2
β

~~~~
~~

~~
~~

C
sP

SS

sQ

KK

where sP and sQ are sections of α and β respectively. Then

hL1(P ) =
deg(s∗PL1)

[K(P ) : K]
=

deg(s∗Pf
∗L2)

deg(f) · [K(P ) : K]
=

deg(s∗QL2)

[K(Q) : K]
= hL2(Q)

�

Lemma 2.11. Let Y be a projective K-variety, L a very ample line bundle

on Y and (Y1,L1), (Y2,L2) be two ample models of (Y, L) over C. Then

there exists a positive constant B such that

∣∣∣hL1(P )− hL2(P )
∣∣∣ ≤ B for all P ∈ Y(K̄)

Proof : Let X be the Zariski closure of the graph of the diagonal embedding

Y
∆→ Y ×K Y in Y1 ×C Y2. Note that X is a model of Y dominating Y1 and

Y2. Let pi : Y1 ×C Y2 → Yi, i = 1, 2 be the projections, M′ := p∗1L1 and
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N ′ := p∗2L2 be line bundles on Y1×C Y2 andM =M′|X ,N = N ′|X . By the

previous Lemma hL1(P ) = hM(P ) and hL2(P ) = hN (P ). Applying Lemma

2.9 toM and N we conclude that the height is independent of the model of

Y and L up to a constant. �

Theorem 2.12. Let Y be a projective K-variety, L a very ample line bundle

on Y , ψ : Y → Y a morphism satisfying ψ∗L ∼= L⊗d, d > 1 and (Y ,L) an

ample model of (Y, L) over C. Then there exists a positive constant B such

that ∣∣hL(ψ(P ))− d · hL(P )
∣∣ ≤ B for all P ∈ Y(K̄)

Proof : Let X be the Zariski closure of the graph of ψ in Y ×C Y . Let

p1 : X → Y , p2 : X → Y be the projections on the first and second factor re-

spectively. Then generically p∗2L ∼= p∗1L⊗d i.e. (p∗2L)K ∼= (p∗1L⊗d)K . Applying

Lemma 2.9, to p∗2L and p∗1L⊗d we get the desired result. �

Canonical Height

Theorem 2.13. Let Y be a projective K-variety, L a very ample line bundle

on Y and ψ : Y → Y a morphism satisfying ψ∗L ∼= L⊗d , d > 1. Then there

is a unique function

hψ : Y (K̄)→ R



CHAPTER 2. HEIGHTS 12

called the canonical height on Y , relative to L and ψ. It is defined as:

hψ(P ) := lim
n→∞

hL(ψn(P ))

dn

and satisfies the following properties:

1. hψ(P ) = hL(P ) +O(1) for all P ∈ Y (K̄)

2. hψ(ψ(P )) = d · hψ(P ) for all P ∈ Y (K̄)

3. hψ(P ) ≥ 0 for all P ∈ Y (K̄)

Proof : [3] �

To show that the limit exists we prove that the sequence
{hL(ψn(P ))

dn

}
con-

verges by verifying that it is a Cauchy sequence. The following computation

is due to John Tate. Take n > m and compute∣∣∣hL(ψn(P ))

dn
− hL(ψm(P ))

dm

∣∣∣ =
∣∣∣ n∑
i=m+1

1

di

{
hL(ψi(P ))− d · hL(ψi−1(P ))

}∣∣∣
(2.14)

≤
n∑

i=m+1

1

di

∣∣∣hL(ψi(P ))− d · hL(ψi−1(P ))
∣∣∣

(by triangle inequality)

≤
n∑

i=m+1

B

di
(by Theorem 2.12)

=
(d−m − d−n

d− 1

)
B (2.15)

The last term tends to 0 as m,n → ∞, which proves that the sequence is

Cauchy.
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Definition 2.16. We say a point P ∈ Y is preperiodic for ψ if its orbit

{P, ψ(P ), ψ2(P ), . . .} is finite.

Corollary 2.17. Let Y be a projective K-variety, L a very ample line bundle

on Y and ψ : Y → Y a morphism satisfying ψ∗L ∼= L⊗d, d > 1. If P ∈ Y is

preperiodic, then hψ(P ) = 0.

Proof : Since P is preperiodic, its orbit under ψ is finite. Let

M = max
n
{hL(ψn(P ))}

Then

hψ(P ) = lim
n→∞

hL(ψn(P ))

dn
≤ lim

n→∞

M

dn
= 0

�

Proposition 2.18. Let Y be a projective K-variety, L a very ample line

bundle on Y and ψ : Y → Y a morphism satisfying ψ∗L ∼= L⊗d, d > 1. Let

(Y ,L) be an ample model of (Y, L) over C. Then

∣∣hψ(P )− hL(P )
∣∣ ≤ B

d− 1
for all P ∈ Y(K̄)

Proof : In 2.14 taking m = 0, n→∞ gives us the desired inequality. �

Observe that in contrast with the number field case the converse of Corol-

lary 2.17 does not hold true [2]. If k is infinite, then for M sufficiently large
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the set {P ∈ Y (K) : hψ(P ) ≤ M} is infinite. Indeed, if P ∈ Y (k), then

hL(P ) = 0 and hψ(P ) ≤ B for all P ∈ Y (k) by Proposition 2.18. In particu-

lar, the set {P ∈ Y (K) : hψ(P ) ≤ B} is infinite.

Corollary 2.19. Let Y be a projective K-variety, L a very ample line bundle

on Y and ψ : Y → Y a morphism satisfying ψ∗L ∼= L⊗d, d > 1. Let (Y ,L) be

an ample model of (Y, L) over C. Then hψ(P ) = 0 if and only if |hL(ψn(P ))|

is uniformly bounded for every n ≥ 0.

Proof : (⇐) Assume |hL(ψn(P ))| is uniformly bounded by some constant

(say M) for every n ≥ 0. Then,

0 = lim
n→∞

−M
dn
≤ hψ(P ) := lim

n→∞

hL(ψn(P ))

dn
≤ lim

n→∞

M

dn
= 0

(⇒) By proposition 2.18 for any P ∈ Y(K̄) we have

|hψ(P )− hL(P )| ≤ B

d− 1

For any n ≥ 1, we have

|hψ(ψn(P ))− hL(ψn(P ))| ≤ B

d− 1

By Thm 2.13, hψ(ψn(P )) = dnhψ(P ). Since hψ(P ) = 0, |hL(ψn(P ))| is

uniformly bounded for every n ≥ 0. �



Chapter 3

Hilbert Scheme

Let k, C,K, Y, L,Y ,L, F (t) be defined as in chapter 2. Let Hilb
F (t)
Y/k be the

Hilbert scheme of Y over k relative to F (t). Let X be universal subscheme of

Hilb
F (t)
Y/k ×k Y . In this chapter we show that a subscheme X ′ of the universal

family X is isomorphic to H ′×kC where H ′ is an open subscheme of Hilb
F (t)
Y/k .

Definition 3.1. Let S be a graded ring. A graded S-module is a S-module

M , together with a decomposition M = ⊕d∈ZMd, such that Sd ·Me ⊆Md+e.

Definition 3.2. We define the Hilbert function φM of M as

φM(l) = dimkMl

for each l ∈ Z.

Theorem 3.3. (Hilbert-Serre) Let S = k[x0, . . . , xn], M a finitely generated

graded S-module. Then there is a unique polynomimal PM(z) ∈ Q[z] such

that φM(l) = PM(l) for all l� 0.

15
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Proof : [8] �

Definition 3.4. The polynomial PM of the previous theorem is called the

Hilbert polynomial of M . If Y ⊂ Pn is an algebraic set of dimension r we

define the Hilbert polynomial of Y to be the Hilbert polynomial PY of its

homogeneous coordinate ring.

Definition 3.5. For any k-scheme T , let

Hilb
P (t)
Y/k (T ) =


flat families X ⊂ Y ×k T of closed subschemes

of Y parametrized by T with fibers
having Hilbert polynomial P (t)


Since flatness is preserved under base change [8] this defines a functor:

Hilb
P (t)
Y/k : (k − Schemes)◦ → (Sets)

called the Hilbert functor of Y over k relative to P (t).

We recall the theorem connecting flat families and Hilbert polynomials.

Theorem 3.6. Let T be an integral noetherian scheme. Let X ⊆ PnT be a

closed subscheme. For each point t ∈ T , we consider the Hilbert polynomial

Pt ∈ Q[z] of the fiber Xt considered as a closed subscheme of Pnk(t). Then X

is flat over T if and only if the Hilbert polynomial Pt is independent of t.

Proof : [8] �
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Definition 3.7. A numerical polynomial is a polynomial P (z) ∈ Q[z] such

that P (n) ∈ Z for all n� 0, n ∈ Z.

Theorem 3.8. For every projective scheme Y and every numerical polyno-

mial P (t), the functor Hilb
P (t)
Y/k is representable. The scheme representing

Hilb
P (t)
Y/k is a projective k-scheme and is called the Hilbert scheme of Y over

k relative to P (t), denoted by Hilb
P (t)
Y/k .

The concept of Hilbert scheme and its representability was introduced in

[7]. For a detailed proof of the representability of the Hilbert scheme we refer

to [13].

Universal Property of the Hilbert Scheme

Hilb
P (t)
Y/k has a universal element (say X) i.e. there is a flat family X of

closed subschemes of Y , parametrized by Hilb
P (t)
Y/k , having Hilbert polynomial

P (t) with the following universal property:

for each scheme T and for each flat family W ⊂ T ×k Y of closed sub-

schemes of Y having the Hilbert polynomial P (t) there is a unique morphism

from T to Hilb
P (t)
Y/k such that W = T ×

Hilb
P (t)
Y/k

X ⊂ T ×k Y . We express the

universal property in the following diagram (H denotes Hilb
P (t)
Y/k ):
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W� _

��

// X� _

��

T ×k Y //

��

H ×k Y

��

T //_____________

&&LLLLLLLLLLL H

xxqqqqqqqqqqq

Spec(k)

Lemma 3.9. Let f : X → Y be a finite morphism of smooth connected

projective curves, then gX ≥ gY . Moreover if gX = gY ≥ 2, then X ∼= Y .

Proof :[8] Let R be the ramification divisor of f , deg(f) = n and deg(R) = r.

The Riemann-Hurwitz formula states:

2gX − 2 = n(2gY − 2) + r

If gY = 0, then gX ≥ gY since genus is always nonnegative. If gY = 1, then

gX = 1 + r/2 ≥ 1 since r ≥ 0. We rewrite the Riemann-Hurwitz formula as:

gX = gY + (n− 1)(gY − 1) +
r

2

If gY ≥ 2, it follows that gX ≥ gY since n ≥ 1, r ≥ 0.

If gX = gY ≥ 2, then the Riemann-Hurwitz formula reduces to

(n− 1)(gY − 1) +
r

2
= 0

Equality holds if and only if n = 1 and r = 0. In other words, X ∼= Y . �
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Definition 3.10. Let V be a discrete valuation ring with fraction field F

and algebraically closed residue field k. We say a curve over Spec(F ) has

semi-stable reduction if it is the general fiber of a regular curve W proper over

Spec(V ), whose closed fiber is reduced and has only ordinary double points.

Let F (t) be the Hilbert polynomial of C relative to s∗PL (cf.2.4) and

denote the Hilbert scheme of Y over k relative to F (t) by H.

Proposition 3.11. Let V be a discrete valuation ring with fraction field F

and θ : Spec(F ) → H a morphism. Let WF be a curve in Y defined over F

with Hilbert polynomial F (t) and let WV be the regular minimal model of WF

over V . Let X be the universal family in H ×k Y and XV the base change to

Spec(V )×k Y i.e. the diagram below is a fiber square

XV
//

��

Spec(V )×k Y

��

X // H ×k Y

Then XV
∼= WV .

Remark: It is well known (cf. [10], [11]) that the regular minimal model for

two dimensional schemes exist.

Proof : Since H is projective, Spec(F ) → H extends to Spec(V ) → H.

Observe that WV → Spec(V ) is flat and WV , XV have the same Hilbert

polynomial. Thus XV
∼= WV . �
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To show that the universal family X ⊂ H ×k Y has reduced fibers we

need the following result from [1]:

Theorem 3.12. Let W be a smooth proper cuve of genus g over the fraction

field F of a discrete valuation ring V with algebraically closed residue field k.

Then there is a finite field extension F ′ of F such that WF ′ has semi-stable

reduction over the integral closure V ′ of V in F ′.

Proof : [1] �

We denote the k-points of H by H(k).

Theorem 3.13. Let C be a smooth projective connected curve of genus at

least 2, X the universal family in H ×k Y. Let φ := ((Id × q) ◦ i) be the

composition of morphisms

X
i // H ×k Y

Id×q
// H ×k C

where q is the composition Y i
↪→ PnC

p2→ C. For h ∈ H(k), let Xh be the fiber

over {h} × C. Then Xh is reduced for every h ∈ H(k).

Proof : There exists a generically smooth discrete valuation ring V with

closed fiber Xh, fraction field F , algebraically closed residue field k and a

morphism Spec(V )
θ→ H. Indeed, using Bertini Theorem [8] we get a curve

W in H passing through h. If required, normalize W and then localizing at

a suitable prime p we obtain a d.v.r. V with the required properties.
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Xh′

��

}}{{
{{

{{
{{

// XV ′

��

||yy
yy

yy
yy

XF ′

��

||zz
zz

zz
zz

oo

Xh

��

// XV

��

XF
oo

��

k

zzzzzzzzz

zzzzzzzzz
// V ′

||xx
xx

xx
xx

x
F ′

||yy
yy

yy
yy

y
oo

k // V Foo

In the diagram above we omit the word Spec in the base. Let Xm
V denote the

regular minimal model of XV . By the previous theorem there exists a finite

extension F ′ of F such that for some d.v.r. V ′ (in the integral closure of V

in F ′), Xm
V ′ has semi-stable reduction. By Proposition 3.11 we have

Xm
V ′
∼= XV ×Spec(V ) Spec(V

′)

and XV ′ := XV ×Spec(V ) Spec(V
′) by definition, so XV ′

∼= Xm
V ′ . Thus XV ′

has semi-stable reduction. In particular, Xh′ is reduced. By the base change

property of the Hilbert scheme [13], pp. 223 we have

Hilb
F (t)
XV /V

×Spec(V ) Spec(V
′) ∼= Hilb

F (t)
XV ′/V

′

Using the commutativity of the left face of the above diagram and observing

that Xh′ and Xh have the same Hilbert polynomial we conclude that Xh is

reduced. �
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Lemma 3.14. Let X be the universal family in H ×k Y, φ : X → H ×k C

as in the previous theorem and p1 : H ×k C → H the projection on the first

factor. Define H ′ = {h ∈ H : Xh → C is surjective}. Then H ′ is an open

subscheme of H.

Proof : For any (h, c) ∈ H ×k C, its preimage φ−1(h, c) in X is the empty

set or a finite set of points or a one dimensional subscheme of X. By the

semicontinuity theorem ([8], pp. 288) we know that for φ : X → H ×k C,

dimk((h,c))H
1(Xh,c,OXh,c) is an upper semicontinuous function on H × C.

Equivalently, by [8] (Remark 12.7.1, pp 288) the set

V = {(h, c) ∈ H × C : dimk((h,c))H
1(Xh,c,OXh,c) ≥ 1}

is a closed subset of H × C. Note that H0 := p1(V ) is closed in H. By

definition, H ′ is the complement of H0 in H, hence it is open and inherits

the subscheme structure from H. �

Theorem 3.15. Let C be a smooth projective connected curve of genus at

least 2, X the universal family in H ×k Y. Let φ : X → H ×k C be as in

Theorem 3.13, H ′ be the open subscheme of H defined in the previous lemma

and X ′ = X ×(H×kC) (H ′×k C). Then X ′h → C is an isomorphism for every

h ∈ H ′(k). Moreover X ′ ∼= H ′ ×k C.
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Proof : X ′ is the family of curves in Y with Hilbert polynomial F (t). Since

X ′h and C have the same Hilbert polynomial, pa(Xh) = pa(C) (say g). By

the previous theorem we know that X ′h is reduced for every h ∈ H ′(k). We

now show that it is irreducible and isomorphic to C. We split the proof into

two cases:

Case 1: X ′h is connected

Case 2: X ′h is not connected

Proof of Case 1: Let X̃ ′h be the normalization of X ′h, pa(X̃
′
h) = g̃. By

Lemma 3.9 applied to X̃ ′h → C we have g̃ ≥ g. Since X̃ ′h
α→ X ′h is birational,

we have the short exact sequence of sheaves on X ′h

0→ OX′h
α#

→ α∗OX̃′h → N → 0 (3.16)

where N = Coker(α#), which induces the long exact sequence on cohomol-

ogy:

0→ Ker(β)→ H1(X ′h,OX′h)
β→ H1(X ′h, α∗OX̃′h)→ H1(X ′h, N)→ 0 (3.17)

Since dim[Supp(N)] = 0, H1(X ′h, N) = 0. pa(X̃
′
h) = dimkH

1(X̃ ′h,OX̃′h) by

definition. Since α is finite it is an affine morphism. Therefore,

H1(X̃ ′h,OX̃′h) ∼= H1(X ′h, α∗OX̃′h)

Computing the dimension of the cohomology groups (as k-vector spaces) we
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get g̃ ≤ g. So g = g̃. By Lemma 3.9, X̃ ′h
∼= C. The isomorphism X̃ ′h

∼→ C

factors through X ′h so by verifying at the local rings we get X ′h
∼= C.

Proof of Case 2: Assume X ′h has two components, say X ′h = X1∪X2. Let

X̃ ′h be the normalization of X ′h. Then X̃ ′h = X̃1qX̃2, the disjoint union of X̃1

and X̃2. Note that X̃1 ∩ X̃2 = ∅. Let pa(X̃
′
h) = g̃, pa(X̃1) = g̃1, pa(X̃2) = g̃2.

Applying Lemma 3.9 to X̃ ′h
f→ C we have g̃ ≥ g. Restricting f to X̃1 and

X̃2, we get g̃1 ≥ g and g̃2 ≥ g respectively. As before the sequences (3.16)

and (3.17) yield,

dimkH
1(X ′h,OX′h) ≥ dimkH

1(X ′h, α∗OX̃′h)

Moreover α being finite it is an affine morphism so

H1(X ′h, α∗OX̃′h) ∼= H1(X̃ ′h,OX̃′h)

and

H1(X̃ ′h,OX̃′h) ∼= H1(X̃ ′h,OX̃1
)⊕H1(X̃ ′h,OX̃2

)

Computing the dimensions of the cohomology groups (as k-vector spaces) we

have g ≥ g̃1 + g̃2. From the inequalities, g̃1 ≥ g, g̃2 ≥ g and g ≥ g̃1 + g̃2

we conclude that either g̃1 = 0 or g̃2 = 0 i.e. X̃1
∼= P1 or X̃2

∼= P1. This

cannot be the case, since there does not exist a finite surjective morphism

P1 → C when gC ≥ 2. Thus we conclude that X̃ ′h has one component. Hence
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X ′h has one component. A similar argument works if X ′h has more than two

components. Thus we are reduced to Case 1 where X ′h has one component

and is isomorphic to C for every h ∈ H ′(k). So X ′(k) ∼= (H ′×k C)(k). Since

k is algebraically closed, we have X ′ ∼= H ′ ×k C.



Chapter 4

Isotriviality

Definition 4.1. Let S be a variety defined over k and π : Y → S a family of

varieties. We say π is trivial if Y ∼= Y0×kS for some k-variety Y0. π is called

isotrivial if there exists a finite extension S ′ → S such that Y ∼= Y0 ×k S ′.

In this chapter we show that if a projective integral C-scheme X is covered

by a trivial projective integral k-scheme W and f : W → X is a morphism

satisfying f∗OW ∼= OX , then XK → Spec(K) (the generic fiber of X → C)

is isotrivial. To achieve the conclusion we need to study the deformations of

X which are controlled by the sequence of differentials. We proceed to show

that the sequence of differentials on X is split exact.

Theorem 4.2. Let C be a smooth connected projective curve over k, K

the function field of C. Let W0 be a projective integral k-scheme and W =

W0 ×k C so that π : W → C is a trivial family and X a projective integral

26
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C-scheme. Let U be a nonempty open subset of C such that X is flat over

U . For Q ∈ U , let R be the local ring at Q and f : W → X a morphism

defined over C such that f∗OW ∼= OX . Consider the diagram

W
f→ X

p→ Spec(R)→ Spec(k) (4.3)

Then the associated sequence of differentials

p∗ΩR/k
φ→ ΩX/k → ΩX/R → 0 (4.4)

is split exact.

Remark: We write R instead of Spec(R) in the subscript of the sheaves.

Proof : Since W is trivial over C (hence also over R) the sequence

0→ f ∗p∗ΩR/k → ΩW/k → ΩW/R → 0

is split exact. Pulling back the sequence of differentials on X to W along f

we get the exact sequence

f ∗p∗ΩR/k
θ→ f ∗ΩX/k → f ∗ΩX/R → 0 (4.5)

W
f→ X induces morphisms between the above two exact sequences, yielding

the following commutative diagram:

f ∗p∗ΩR/k
θ //

ρ

��

f ∗ΩX/k
//

��

f ∗ΩX/R
//

��

0

0 // f ∗p∗ΩR/k
// ΩW/k

// ΩW/R
// 0

(4.6)
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We claim that ρ : f ∗p∗ΩR/k → f ∗p∗ΩR/k is the identity map. Since

differentials contain local information it suffices to check the commutativity

locally. Let S ⊂ W,T ⊂ X be open affine subsets and A = Γ(S,OW ) and

B = Γ(T,OX).

From the k-algebra homomorphisms k → OR → A and k → OR → B we

get a A-module homomorphism α : ΩOR/k ⊗OR A → ΩA/k and a B-module

homomorphism β : ΩOR/k ⊗OR B → ΩB/k. Commutativity of the square

f ∗p∗ΩR/k
θ //

ρ

��

f ∗ΩX/k

��

f ∗p∗ΩR/k
// ΩW/k

is equivalent to commutativity of the square (of A-modules) below

ΩOR/k ⊗OR B ⊗B A //

ρ

��

ΩB/k ⊗B A

��

ΩOR/k ⊗OR B ⊗B A // ΩA/k

which in turn is equivalent to the commutativity of the diagram below (as

OR-modules).

ΩOR/k //

##H
HH

HH
HH

HH
ΩB/k

��

ΩA/k

Commutativity of the triangle is clear. Thus ρ is the identity map and we

obtain a section of θ by going down, across (to the left) and up (along ρ).
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Hence

f ∗ΩX/k
∼= f ∗ΩX/R ⊕ f ∗p∗ΩR/k

Since the isomorphism is preserved under the push forward f∗ we have

f∗f
∗ΩX/k

∼= f∗f
∗ΩX/R ⊕ f∗f ∗p∗ΩR/k

We have the natural map ΩX/k → f∗f
∗ΩX/k inducing the following diagram:

p∗ΩR/k
φ

//

f#

��

ΩX/k
//

��

ΩX/R
//

��

0

0 // f∗f
∗p∗ΩR/k

// f∗f
∗ΩX/k

// f∗f
∗ΩX/R

// 0

Observe that p∗ΩR/k
∼= OX and f∗f

∗p∗ΩR/k
∼= f∗OW . Since f# is an isomor-

phism by assumption, we obtain a section of φ by going down, across to the

left and up via f#. Thus (4.4) is split exact. �

We now consider an infinitesimal deformation of X over a henselian dis-

crete valuation ring and proceed to show that XK → Spec(K) is isotrivial.

Before we proceed we need the following definitions:

Definition 4.7. We say a local ring A is henselian if every finite A-algebra

B is a product of local rings.

Definition 4.8. Let A be a local ring. We define the henselization of A

to be a pair (Ã, i), where Ã is a local henselian ring and i : A → Ã is
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a local homomorphism such that: for any local henselian ring B and any

local homomorphism u : A → B there exists a unique local homomorphism

ũ : Ã→ B such that u = ũ ◦ i. We have the following commutative diagram:

A
i //

u
��

??
??

??
?? Ã

ũ

��

B

Let R = OU,Q, the local ring at Q,m its maximal ideal and let R̃ denote

the henselization of R. Define R̃n := R̃/m̃n+1 = R/mn+1 for each n ≥ 0. We

have the natural maps Spec(R̃) → Spec(R) and Spec(R̃n) → Spec(R̃n−1)

for each n ≥ 1 induced by the projections R̃n → R̃n−1. Defining X̃ :=

X ×R Spec(R̃), X̃n := X̃ ×R Spec(R̃n), for each n ≥ 0 yields the following

commutative diagram (we omit the word Spec in the bottom row):

XK
//

��

X

p

��

X̃oo

��

. . .oo X̃n
oo

pn

��

. . .oo X̃0
oo

p0

��

K // R R̃oo . . .oo R̃n
oo . . .oo koo

(4.9)

Lemma 4.10. In the preceding diagram we have, X̃n
∼= X̃0×k Spec(R̃n), for

every n ≥ 0.

Proof : To prove we do induction on n. The case n = 0 is clear. Suppose

it holds true for n ≤ m − 1. Then pulling back (4.4) along the natural

map Spec(R̃m) → Spec(R) and using the characterization of differentials of
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a closed embedding, we see that the sequence:

0→ p∗mΩR̃m/k
→ ΩX̃m/k

→ ΩX̃m/R̃m
→ 0 (4.11)

is split exact. By Theorem A.3 (Appendix A), we see that

X̃m
∼= X̃m−1 ×R̃m−1

Spec(R̃m) ∼= X̃0 ×k Spec(R̃m)

Thus, X̃n
∼= X̃0 ×k Spec(R̃n) for each n ≥ 0. �

Definition 4.12. If X, Y and T are S-schemes, an S-isomorphism from X

to Y parametrized by T will mean a T -isomorphism from X×S T → Y ×S T .

The set of all such isomorphisms will be denoted by IsomS(X, Y )(T ).

The association T 7→ IsomS(X, Y )(T ) defines a contravariant functor

IsomS(X, Y ) : (S − schemes)◦ → (Sets)

The functor IsomS(X, Y ) is representable whenever X, Y are flat and pro-

jective over S. We present a proof of this fact in Appendix B. Denote the

scheme representing the functor IsomS(X, Y ) by IsomS(X, Y ). To conclude

that XK → Spec(K) is isotrivial we need the following result of Greenberg:

Theorem 4.13. Let R̃ be a henselian discrete valuation ring, with t the

generator of the maximal ideal. Let Z̃ be a scheme of finite type over R̃.

Then Z̃ has a point in R̃ if and only if Z̃ has a point in R̃/tn for every

n ≥ 1.
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Proof : [6]

Theorem 4.14. With the hypothesis and assumptions as in Proposition 4.3

and X̃0 as in diagram 4.10, we have XK → Spec(K) is isotrivial i.e.

XK ×Spec(K) Spec(K
′) ∼= X̃0 ×k Spec(K ′)

where K ′ is some finite extension of K.

Proof : Observe that X̃ and X̃0 ×k R̃ are flat, projective over R̃. Let

IsomR̃(X̃, X̃0 ×k R̃)(T ) be the set of isomorphisms from

X̃ ×R̃ T → (X̃0 ×k R̃)×R̃ T

Let Z̃ = IsomR̃(X̃, X̃0 ×k R̃) be the scheme representing the functor

IsomR̃(X̃, X̃0 ×k R̃). Note that Z̃ is of finite type over R̃ and Z̃ = Z ×R R̃,

where Z = IsomR(X, X̃0). By Lemma 4.10 X̃n
∼= X̃0 ×Spec(k) Spec(R̃n) for

each n ≥ 0, thus Z̃ has a R̃n-point for every n ≥ 0. Applying Theorem

4.13 to Z̃ we see that Z̃ has a R̃-point i.e. X̃ ∼= X̃0 ×k Spec(R̃). Note that

R̃ = lim−→Rα and Z̃(R̃) = lim←−Z(Rα). Hence, there exists an etale cover R′ of

R such that XR′
∼= X̃0 ×k R′, thus K ′ (the quotient field of R′) satisfies the

requirements of the theorem. �

Using model theoretic techniques Chatzidakis-Hrushovski [4] have re-

cently obtained a result similar to Theorem 4.14. The result states:
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Theorem 4.15. [4] Let K1 ⊂ K2 be fields, with K2/K1 regular and let

(V2, φ2) be a dynamical system defined over K2. Assume that (V2, φ2) is

primitive and deg(φ2) > 1. Assume furthermore that for some n ≥ 1, (V2, φ
n
2 )

is dominated by a dynamical system (V1, φ1) defined over K1.

1. There is some variety V3 defined over K1, a dominant constructible map

φ3 : V3 → V3 also defined over K1, and a constructible isomorphism

h : (V2, φ2)→ (V3, φ3).

2. Assume that the characteristic is 0 or K1 is perfect, and dim(V2) = 1.

Then (V2, φ2) is rationally isotrivial i.e. there is some dynamical system

(V3, φ3) defined over K1 which is isomorphic to (V2, φ2).



Chapter 5

Applications

Let k, C,K be as in Chapter 2. We assume that gC ≥ 2. Let Y be a projective

K-variety with a very ample line bundle L, ψ : Y → Y a morphism satisfying

ψ∗L ∼= L⊗d, d > 1. As in chapter 2, let Y be the Zariski closure of Y in PNC

and for P0 ∈ C, L := OPN (1)|Y ⊗ p∗2OC(P0)|Y .

Theorem 4.14 provides us the setup to state a conjecture on parametriza-

tion of points of canonical height zero of (Y, L, ψ), due to L. Szpiro.

Let F (t) be the Hilbert polynomial of C relative to s∗PL (cf. 2.4). Follow-

ing the notation in chapter 3, we denoteHilb
F (t)
Y/k , the Hilbert scheme of Y over

k relative to F (t) by H, let X be the universal element in H×kY , H ′ the open

subscheme of H as defined in Lemma 3.14 and X ′ = X ×H×kC (H ′ ×k C).

From Theorem 3.15 we know X ′
θ∼= H ′ ×k C. Let f be the composition

X ′
i→ H ′ ×k Y

p2→ Y . Using the isomorphism θ we get the following commu-

34
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tative diagram

H ′K //

fK
��

H ′ ×k C
f

��

Y //

��

Y
q

��

Spec(K) // C

where H ′K = H ′ ×Spec(k) Spec(K). Let Z := Image(fK) ⊂ Y . Denote by

H(k) the k-points of H and let T be the set of points of canonical height

zero of (Y, L, ψ).

Since ψ acts on Z the intersection S := ∩∞n=0(ψ−n(Z)) is a well defined

subscheme of Y . Note that the set of points of S is equivalent to the set of

points whose height (w.r.t. L) remains uniformly bounded under any forward

iterate of ψ, which in light of corollary 2.19 is equivalent to the set of points

of Y with canonical height zero (w.r.t. ψ).

Define W := H ′(k) ∩ S and assume that W is a k-scheme. Then, with

the notation above, we have the following diagram:

W ×k C � � //

g

��

H ′ ×k C
f

��

T
� � // Y

where g = f |W×C . We need a few definitions to state the conjecture.

Definition 5.1. Let Y be a isotrivial variety defined over K i.e. for some
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k-variety Y0, YK′
θ∼= Y0 ×k Spec(K ′). We say P ∈ Y (K) is a constant point

if P ∈ θ(Y0(k)) ∩ θ(Y0 ×k Spec(K ′)(K ′)).

Definition 5.2. Let X be a projective variety and ψ : X → X an endomor-

phism of X. We say the subvariety Y ⊂ X is preperiodic for ψ if for some

integers m > n ≥ 1, ψm(Y ) = ψn(Y ).

Conjecture (L. Szpiro): Let k be an algebraically closed field of char-

acteristic zero, C a smooth projective connected curve over k with function

field K. Let Y be a projective K-variety, L a very ample line bundle on Y

and ψ : Y → Y a morphism such that ψ∗L ∼= L⊗d for some d > 1. Then

the points of canonical height zero of the dynamical system (Y, L, ψ) is a

finite union of the constant points of closed irreducible preperiodic isotrivial

subvarieties Xi, for 1 ≤ i ≤ n.

Applying Stein factorization [8] to W × C g→ T factors g as W × C α→

T ′
β→ T where α satisfies α∗OW×C ∼= OT ′ and β is a finite morphism from T ′

to T . The condition α∗OW×C ∼= OT ′ is required in Theorem 4.14. Applying

Theorem 4.14 to W ×C α→ T ′ we have the existence of the closed irreducible

isotrivial subvarieties stated in the conjecture up to a finite cover of the points

of canonical height zero.



Appendix A

Extensions of Schemes

Let X → S be a morphism of schemes. The conormal extensions control the

square zero deformations of the scheme. We show that if the extensions are

trivial then there are no non-trivial deformations.

Definition A.1. An extension of X/S is a closed immersion X ⊂ X ′, where

X ′ is a S-scheme, defined by a sheaf of ideals I ⊂ OX′ such that I2 = 0.

To give an extension X ⊂ X ′ of X/S is equivalent to giving an exact

sequence on X:

E : 0→ I → OX′
φ→ OX → 0

where I is an OX-module, φ is a homomorphism of OS-algebras and I2 = 0

in OX′ . We call E an extension of X/S with kernel I.

Definition A.2. Two extensions OX′ and OX′′ are called isomorphic if there

is an OS-homomorphism α : OX′ → OX′′ inducing the identity both on I and

37
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OX .

It follows that α must be an isomorphism. We denote by Ex(X/S, I) the

set of isomorphism classes of extensions of X/S with kernel I.

Definition A.3. Let X ′ → S be a morphism of schemes. For X ⊂ X ′,

V (I) = X, we define the relative conormal sequence of X ⊂ X ′ to be:

I/I2 → (ΩX′/S)|X → ΩX/S → 0

Since isomorphic extensions have isomorphic relative cotangent sequences

we have a well defined map:

c : Ex(X/S, I)→ Ext1OX (ΩX/S, I)

Let

ξ : 0→ I → A p→ ΩX/S → 0

define an element of Ext1OX (ΩX/S, I). Letting d : OX → ΩX/S be the canon-

ical derivation, consider the sheaf of OS-algebras B = A×ΩX/S OX : for any

open set U ⊂ X we have Γ(U,B) = {(a, f) : p(a) = d(f)} and the multipli-

cation rule is

(a, f)(a′, f ′) = (af ′ + a′f, ff ′)
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Then we have an exact commutative diagram

eξ : 0 // I //

Id

��

B //

d̄

��

OX //

d
��

0

ξ : 0 // I // A // ΩX/S
// 0

where d̄ : B → A is the projection. This gives us a well defined map:

e : Ext1OX (ΩX/S, I)→ Ex(X/S, I)

Theorem A.4. Let X → S be a morphism of finite type of algebraic schemes.

Given an extension η of X/S with kernel OX such that the isomorphism class

of the relative conormal sequence of X ⊂ X ′ is trivial (i.e. the conormal

sequence is split exact), then the extension η is trivial.

Proof : Let

η : 0→ OX · ε→ OX′ → OX → 0

be an extension of X/S with kernel OX such that [cη] ∈ Ext1OX (ΩX/S,OX)

is trivial i.e.

cη : 0→ OX → ΩX′/S|X → ΩX/S → 0

is split exact. In other words, ΩX′/S|X ∼= OX ⊕ ΩX/S. Set A := ΩX′/S|X .

Letting d : OX → ΩX/S be the canonical derivation, consider the sheaf of

OS-algebras B = A×ΩX/S OX as above. Note that

B = A×ΩX/S OX ∼= (OX ⊕ ΩX/S)×ΩX/S OX ∼= OX ⊕OX
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Then we have an exact commutative diagram:

η : 0 // OX · ε //

α

��

OX′ //

f

��

d′

��

OX //

β

��

0

ecη : 0 // OX // B //

d̄

��

OX //

d
��

0

cη : 0 // OX // A // ΩX/S
// 0

where d̄ : B → A is the projection and OX′
d′→ A is the canonical derivation

restricted to X. d′ along with the natural map OX′ → OX gives us a map

from OX′ → ΩX′/S×ΩX/SOX . Restricting ΩX′/S to X and by the universality

of fiber product we obtain f : OX′ → B. Note that the bottom two rows are

split exact. Since α and β are identity, it follows that f is an isomorphism.

Thus η ∈ Ex(X/S,OX) is trivial. �



Appendix B

Scheme of Isomorphisms

We present a proof of the representability of the IsomS(X, Y ) functor.

Definition B.1. If X and Y are schemes over S, then for any S-scheme

T , a S-morphism from X to Y parametrized by T will mean a T - morphism

from X ×S T → Y ×S T . The set of all such morphisms will be denoted by

MorS(X, Y ). The association T → MorS(X, Y )(T ) defines a contravariant

functor:

MorS(X, Y ) : (S − Schemes)◦ → (Sets)

Similarly, for any S-scheme T , a S-isomorphism from X to Y parametrized

by T will mean a T -isomorphism from X ×S T → Y ×S T . The set of all

such isomorphisms will be denoted by IsomS(X, Y ). The association

T → IsomS(X, Y )(T ) defines a contravariant functor:

IsomS(X, Y ) : (S − Schemes)◦ → (Sets)

41
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Lemma B.2. Let S be a noetherian scheme, f : X → S and g : Y → S

be proper flat morphisms. Let π : Y → X be any projective morphism with

g = f ◦ π. Then S has open subschemes S2 ⊂ S1 ⊂ S with the following

universal property:

1. For any locally noetherian S-scheme T , the base change πT : YT → XT

is a flat morphism if and only if the structure morphism T → S factors

via S1.

2. For any locally noetherian S-scheme T , the base change πT : YT → XT

is an isomorphism if and only if the structure morphism T → S factors

via S2.

Proof : [5], pp. 132.

Proposition B.3. Let S be a notherian scheme, X a projective scheme over

S and Y a quasi-projective scheme S. Assume that X is flat over S. Then

the functor MorS(X, Y ) is representable by an open subscheme MorS(X, Y )

of HilbX×SY/S.

Proof : [5], pp.133

Theorem B.4. Let S be a notherian scheme, X, Y flat, projective schemes

over S. Then the functor IsomS(X, Y ) is representable by an open subscheme

IsomS(X, Y ) of MorS(X, Y ).
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Proof : This follows from Lemma A.2 �



Bibliography

[1] M. Artin, G. Winters. Degenerate Fibers and Stable Reduction of Curves.
Topology Vol. 10, 1971, pp. 373-383.

[2] M. Baker. A Finiteness Theorem for Canonical Heights Attached to Ra-
tional Maps over Function Fields. J. Reine Angew. Math 626, 2009, pp.
205-233.

[3] G. Call, J. Silverman. Canonical heights on varieties with morphisms.
Compositio Math. 89, 1993, pp. 163-205.

[4] Z. Chatzidakis, E. Hrushovski. Difference fields and descent in algebraic
dynamics II. http://arxiv.org/abs/0711.3865.

[5] B. Fantechi, G. Lothar, L. Illusie, S. Kleiman, N. Nitsure, A. Vis-
toli. Fundamental Algebraic Geometry. Grothendieck’s FGA Explained.
Mathematical Surveys and Monographs, 123, American Mathematical
Society, Providence, RI, 2005.

[6] M. Greenberg. Rational points in Henselian discrete valuation rings.
Publ. Math. I.H.E.S., 31, 1966, pp. 59-64.

[7] A. Grothendieck. Technique de descente et théorèmes d’existence en
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