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Abstract

Points of Canonical Height Zero
on Projective Varieties

by

Anupam Bhatnagar

Advisor: Distinguished Professor Lucien Szpiro

Let k£ be an algebraically closed field of characteristic zero, C' a smooth
connected projective curve defined over k, K = k(C) the function field of
C. Let Y be a projective K-variety, L a very ample line bundle on Y and
Y :Y — Y a K-morphism such that ¢¥*L = L®¢ We prove that a projective
integral C-scheme Y is isotrivial when it is covered by a projective integral
k-scheme X := X, x; C, where X, is a k-scheme. This result provides a
setup for a conjecture of L. Szpiro on parametrization of points of canonical

height zero of the dynamical system (Y, L, ).
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Chapter 1

Introduction

Let k£ be an algebraically closed field of characteristic zero, C' a smooth
projective connected curve over k, K = k(C) the function field of C. Let Y
be a projective variety over K and L a very ample line bundle on Y. Let
1Y — Y be an endomorphism such that *L = L® d > 1.

In this thesis we provide the setup to state a conjecture (due to L. Szpiro)
on parametrization of points of canonical height zero of the dynamical system
(Y, L, ). The main tools used are Theorems 3.15, 4.2 and 4.14.

We briefly state the number field analogs of results known in this direc-
tion. For Y a projective variety defined over a number field, equipped with
L and 1 as above, it is well known that a point P € Y is preperiodic for ¢
if and only if it has canonical height zero [9]. Moreover over number fields,
Northcott’s Theorem [9] states that the set of preperiodic points (or equiva-

lently, the points of canonical height zero) form a finite set. Over a function
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field K, the Northcott principle fails [2] : if the ground field & is algebraically
closed, then for sufficiently large M, the set of points of bounded canonical
height

[P eY(K): hy(P) < M)
is infinite.

The layout of the thesis is as follows: Chapter 2 discusses some basic
properties of heights. Some of the lemmas are function field analogs of similar
facts over number fields in [14]. In Chapter 3 we discuss the Hilbert scheme
of graph of sections of Y 4, C, where ) is a model of Y over C' and in
Theorem 3.15 we show that a subscheme of the the universal family of the
Hilbert scheme has a product structure. Chapter 4 contains the core for
the conjecture on parametrization of points of canonical height zero. We
prove that if an integral projective C-scheme X is covered by an integral
projective k-scheme W := W, x;, C' and W L X satisfies f:Ow = Ok,
then Xy — Spec(K) is isotrivial (see Definition 4.1). The proof requires,
existence of the scheme of isomorphisms and a result of Greenberg [6] on
existence of rational points over henselian discrete valuation rings. Finally
we put together the results on heights, hilbert scheme and isotriviality in
chapter 5 to state the conjecture on parametrization of points of canonical

height zero of (Y, L,1). The conjecture states:
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Conjecture (L. Szpiro): Let k be an algebraically closed field of char-
acteristic zero, C' a smooth projective connected curve over k with function
field K. Let Y be a projective K-variety, L a very ample line bundle on Y
and 1 : Y — Y a morphism such that *L = L®? for some d > 1. Then
the points of canonical height zero of the dynamical system (Y, L,?) is a
finite union of the constant points of closed irreducible preperiodic isotrivial
subvarieties X;, for 1 <i <n.

Notation/Conventions: k denotes a algebraically closed field of charac-
teristic zero, C' a smooth, projective, connected curve and K = k(C), its
function field. For a projective variety equipped with a line bundle, hz(P)
denotes height of P with respect to L. For v : Y — Y a polarized endo-
morphism of degree at least 2, hy(P) denotes the canonical height of P. We

write p,(C') for the arithmetic genus of C' and g¢ for the geometric genus.



Chapter 2

Heights

Let k be a field of characteristic zero, C' a smooth projective connected curve
over k, K = k(C) the function field of C. Let Y be a projective variety
over K and L a very ample line bundle on Y. We have an embedding

Y — P(H(Y, L)) = P¥, where N = dimg H°(Y,L) — 1.

Definition 2.1. Let X be a K-variety and L a line bundle on X. A model of
(X, L) over C is a scheme X — C and L a line bundle on X such that (X, L)
is isomorphic to (X, L) over the generic fiber. We say the model (X, L) is

ample if L is relatively ample on X.

Let Y be the Zariski closure of Y in PY. ) is a projective model of Y.

Let po : PX — C be the projection on the second factor. Since ) is proper,
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giving P € Y(K) is equivalent to having a section sp of ¢ := paly.

yHin

For Py € C, define the line bundle £ = Opn (1)|y @ p5Oc(Py)|y on Y. L

is a model of L and it is ample on Y.

Definition 2.2. We define the height of P € Y(K) relative to L, denoted by
he(P) as:

he(P) = deg(spL)

Let ' L C be a finite covering of C' and K' be the function field of C'.

Let Y =Y xc C', and L' the pullback of L to Y'. We have the following

diagram:
yV—Y
7
ol
¢'—C
For P' € Y(K')
deg(sp L")
AN P
he(F) = (K" K]

where spr is a section of ¢'.

Definition 2.3. Let X be a projective scheme over k and % a coherent sheaf
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on X. We define the Euler characteristic of .F by

X(F) =) (-1) dimy H (X, .F)

1=0

By the Riemann-Roch theorem for curves [8], for a positive integer ¢, we

have
X(C,sHL%) = deg(shL) -t — go + 1 (2.4)

where x denotes the Euler characteristic. Fixing h,(P) yields a unique poly-
nomial (the Hilbert polynomial of C relative to s;L£) which we denote by
F(t). In this chapter our goal is to describe the set of points of YV(K') of
bounded height for any finite extension K’ of K. Before we proceed further,

we introduce some properties of heights.

Lemma 2.5. For any P € Y(K), he(P) is invariant under any change of

field of definition of P.

Proof: Let C,Cs be two distinct finite coverings of C' with function fields
Ky, K5 respectively and let P be defined over K; and K. There exists a
curve C3 covering C and Cy. Let K3 be the function field of C'5. Then we
have the following diagram:

vty -y

X
5Py {lqs 5Py iqtn sp {TJQ
\ \ \

Cs g1 ¢ g2 ¢
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where YV, = )Y x¢ C; for i = 1,2,3. We have

Similarly, Az g, (P) = he k,(P). This shows that the height of P is invariant
under any change of field of definition of P. B
Remark: Since the height is independent of the choice of field of definition

of the point we do not indicate the field in the subscript.

Definition 2.6. The support of a Cartier divisor D s the closed subset
consisting of those x € X at which 1 € I'(X, Ox) is not a local equation. We

denote the support of D by Supp(D).

Definition 2.7. Let Y % C be a model of Y over C. A Cartier divisor D

on Y is vertical if ¢(Supp(D)) is a finite set of points in C.
We need the following theorem for the next lemma:

Theorem 2.8. Let f: X — Y be a proper morphism of noetherian schemes
with Y = Spec(A) affine, and F a coherent sheaf on X, flat over Y. There
is a finite compler K : 0 — K° — K! — ... — K" — 0 of finitely generated

projective A-modules and an isomorphism of functors

HP(X xy Spec(B),F @4 B) =2 H(K ®4 B), p>0
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on the category of A-algebras B.
Proof: [12] B

Lemma 2.9. For q:)Y — C as above, if L and M are ample models of L

over ), then there exists a positive constant B such that
|he(P) — ha(P)| < B for all P € Y(K)

Proof: Without loss of generality we may assume that £, M are effective.
If required replace L, M by L ® nH, M ® nH repectively, where H is a
hyperplane on Y and n > 0.

Claim: If £, M are generically isomorphic i.e. L = My, then there exists
Cartier divisors D; € |L|, Dy € |[M| such that Dy x = Ds k.

Proof of Claim: Choose an affine open cover C; U Cy of C' such that L is

flat over C; and M is flat over Cy. Let C; = Spec(A;), Vi = ¢ H(C;), for
1 = 1,2. Using the previous theorem let R, S° be finite complexes of finitely

generated projective modules corresponding to £ and M such that

HP(Y; x¢; B,L®4 B) = H'(R ®4 B) p>0,i=1,2

and

HP(Yi x¢, B,M®4B) = H'(S @4 B) p>0,i=1,2
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Since L & My, we have H(Y, L) = H°(Y, M[). Observe that

HO(Y), L) =5 H(Y, L) is an isomorphism since
HO, L)k = HY(Cy, q.L) e = H(Y, L)

Similarly, ap : H°(Ds, L) — HO(Y,Lk), B1 : HO (W, M) — HO(Y, M)
and By : HY(Vs, M) — H°(Y, M) are isomorphisms. Let ¢ be a nonzero
element of H°(Y, Lx), and denote the associated divisor by D. Patching
the local isomorphisms «y, 3;, we get s; € HY()V, L), sy € H°(Y, M) such
that (s1)xk = (s2)k = D, where (s;) denotes the associated divisor. Set
Dy = (s1), D3 = (s2). This proves our claim.

Let D be the Zariski closure of D in ). Denote the horizontal and vertical
components of D; by DI D? respectively. Note that D = D" = D} Now

Dy, — Dy = D} — Dj is a difference of two vertical divisors. In other words,
L&M= O(D} — D3)
Pulling back the line bundles to C along sp we get
deg(spL) — deg(spM) = deg(sp DY) — deg(spD3)

The right side is bounded above by B := deg(q(Supp(D} — D3%)) and B is
independent of the section along which the divisors are pulled back to C. We

now have the desired inequality. H
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Lemma 2.10. Let Y be a projective K-variety, Y1, Ys two models of Y over
C, f:Y1 — Yo a finite morphism and Ly, Ly ample line bundles on Vi, Vs
respectively such that f*Lo = Ly. Let P € Y1(K),Q € Yo(K) such that

f(P) = Q Then hﬁ1(P) = hﬁ2(Q)

Proof: We have the following diagram

deg(spLs) deg(spf"Ls) deg(spLs)

hei(P) = 2P K]~ deg(h) - [K(P) K~ [KQ) K|~

Lemma 2.11. Let Y be a projective K-variety, L a very ample line bundle
on'Y and (Y1, L), (Mo, Ls) be two ample models of (Y, L) over C. Then

there exists a positive constant B such that
he, (P) — he,(P)| < B for all P € Y(K)

Proof: Let X be the Zariski closure of the graph of the diagonal embedding
=0 X Y in Vi X¢ Vo. Note that X' is a model of Y dominating ); and

Vo. Let p; : Vi x¢ Vo — Vi, © = 1,2 be the projections, M’ := piL; and
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N := p3L5 be line bundles on Y x¢ Yo and M = M'|x, N'= N'|x. By the
previous Lemma hg, (P) = hap(P) and hg,(P) = ha(P). Applying Lemma
2.9 to M and N we conclude that the height is independent of the model of

Y and L up to a constant. W

Theorem 2.12. Let Y be a projective K -variety, L a very ample line bundle
onY, ¥ :Y —Y a morphism satisfying v*L = L% d > 1 and (Y,L) an
ample model of (Y, L) over C. Then there ezists a positive constant B such
that

\he(¥(P)) — d - he(P)| < B for all P € Y(K)

Proof: Let X be the Zariski closure of the graph of ¢ in Y x¢o ). Let
p1: X — YV,py: X — Y be the projections on the first and second factor re-
spectively. Then generically p3£ = pi L% ie. (p3L)r = (piL%) k. Applying
Lemma 2.9, to p3£ and p;L£%? we get the desired result. B

Canonical Height

Theorem 2.13. Let Y be a projective K-variety, L a very ample line bundle
onY and Y —Y a morphism satisfying *L = L®? | d > 1. Then there
s a unique function

th(K)%R
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called the canonical height on'Y , relative to L and 1. It is defined as:

hy(P) == lim he (9" (P))

n—o00 dr

and satisfies the following properties:

1. hy(P) =hr(P)+O(1) for all P € Y(K)

2. hy(Y(P)) =d-hy(P) for all P € Y (K)

3. hy(P) >0 for all P € Y(K)

Proof: [3] W
To show that the limit exists we prove that the sequence {%} con-
verges by verifying that it is a Cauchy sequence. The following computation

is due to John Tate. Take n > m and compute

ho(@"(P)) hL(W(P))‘
dr dm

- S Hmwen-a e

i=m-+1
(2.14)

"1
2 F

i=m-+1

IN

B (W (P)) = d - by (7 (P))

(by triangle inequality)

~ B
< Z i (by Theorem 2.12)
i=m-+1
A" — d—"
= (= )m (2.15)

The last term tends to 0 as m,n — oo, which proves that the sequence is

Cauchy.
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Definition 2.16. We say a point P € Y is preperiodic for i if its orbit

{P,(P),¢?(P),...} is finite.

Corollary 2.17. LetY be a projective K -variety, L a very ample line bundle
onY and ) : Y — Y a morphism satisfying *L = L%, d>1. [fP €Y is

preperiodic, then h,(P) = 0.

Proof: Since P is preperiodic, its orbit under ¢ is finite. Let
M = mas{hy (4"(P))}

Then

hy(P) = lim he(W"(P)) < lim M =0

n—00 dnr ~ n—oo "

Proposition 2.18. Let Y be a projective K-variety, L a very ample line
bundle on'Y and ) : Y — Y a morphism satisfying *L = L® d > 1. Let

(Y, L) be an ample model of (Y, L) over C. Then

|hy(P) — he(P)] < % for all P € Y(K)

Proof: In 2.14 taking m = 0,n — oo gives us the desired inequality. H

Observe that in contrast with the number field case the converse of Corol-

lary 2.17 does not hold true [2]. If k is infinite, then for M sufficiently large
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the set {P € Y(K) : hy(P) < M} is infinite. Indeed, if P € Y (k), then
he(P) =0 and hy(P) < B for all P € Y (k) by Proposition 2.18. In particu-

lar, the set {P € Y(K) : hy(P) < B} is infinite.

Corollary 2.19. Let Y be a projective K -variety, L a very ample line bundle
onY and® Y — Y a morphism satisfying *L = L% d > 1. Let (Y, L) be
an ample model of (Y, L) over C. Then hy(P) = 0 if and only if |he (4™ (P))|

1s uniformly bounded for every n > 0.

Proof: (<) Assume |hz(¢"(P))| is uniformly bounded by some constant

(say M) for every n > 0. Then,

0= hm#Shw(P):: limwg im 2 _

(=) By proposition 2.18 for any P € Y(K) we have

|hy(P) — he(P)| < T 1

For any n > 1, we have

|hy (" (P)) — he(¥"(P))] < 1

By Thm 2.13, hy(¢"(P)) = d"hy(P). Since hy(P) = 0, |he(¥™(P))| is

uniformly bounded for every n > 0. B
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Hilbert Scheme

Let k,C,K,Y,L,Y, L, F(t) be defined as in chapter 2. Let Hz'lbiﬁ) be the
Hilbert scheme of Y over k relative to F(t). Let X be universal subscheme of

H ilbiﬁ) X1 Y. In this chapter we show that a subscheme X’ of the universal

(1)

family X is isomorphic to H' x;,C' where H' is an open subscheme of Hilb), I

Definition 3.1. Let S be a graded ring. A graded S-module is a S-module

M, together with a decomposition M = @gcz My, such that Sy M, C My, ..
Definition 3.2. We define the Hilbert function ¢y of M as

o (1) = dimy, M,
for each | € 7.

Theorem 3.3. (Hilbert-Serre) Let S = k[xo, ..., x,|, M a finitely generated
graded S-module. Then there is a unique polynomimal Py(z) € Q[z] such
that ¢pr(1) = Pa(l) for all 1> 0.

15
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Proof: [8] N

Definition 3.4. The polynomial Py, of the previous theorem is called the
Hilbert polynomial of M. If Y C P™ is an algebraic set of dimension r we
define the Hilbert polynomial of Y to be the Hilbert polynomial Py of its

homogeneous coordinate ring.

Definition 3.5. For any k-scheme T, let

flat families X CY x; T of closed subschemes
Hilbiﬁ) (T) = of Y parametrized by T with fibers
having Hilbert polynomial P(t)

Since flatness is preserved under base change [8] this defines a functor:

Hz’lbi}? : (k — Schemes)® — (Sets)

called the Hilbert functor of Y over k relative to P(t).
We recall the theorem connecting flat families and Hilbert polynomials.

Theorem 3.6. Let T be an integral noetherian scheme. Let X C P% be a
closed subscheme. For each pointt € T', we consider the Hilbert polynomial
P, € Q[z] of the fiber X, considered as a closed subscheme of Py Then X

15 flat over T if and only if the Hilbert polynomial P, is independent of t.

Proof: [8] W
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Definition 3.7. A numerical polynomial is a polynomial P(z) € Q[z] such

that P(n) € Z for alln>> 0,n € Z.

Theorem 3.8. For every projective scheme Y and every numerical polyno-
mial P(t), the functor Hilb;? 15 representable. The scheme representing
Hilb;% s a projective k-scheme and is called the Hilbert scheme of Y over

k relative to P(t), denoted by Hilb;%g.

The concept of Hilbert scheme and its representability was introduced in
[7]. For a detailed proof of the representability of the Hilbert scheme we refer
to [13].

Universal Property of the Hilbert Scheme

H ilbi;tk) has a universal element (say X) i.e. there is a flat family X of
closed subschemes of ), parametrized by H ilb;%g, having Hilbert polynomial
P(t) with the following universal property:

for each scheme T and for each flat family W C T x; Y of closed sub-

schemes of ) having the Hilbert polynomial P(t) there is a unique morphism

riy X CT %X, Y. We express the

from T to Hilb;% such that W =T x
V/k

Hilb

universal property in the following diagram (H denotes H ilb;%):
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T x,Y H %Y
T\ - / H
Spec(k)

Lemma 3.9. Let f : X — Y be a finite morphism of smooth connected

projective curves, then gx > gy. Moreover if gx = gy > 2, then X =Y.

Proof:[8] Let R be the ramification divisor of f, deg(f) = n and deg(R) = r.

The Riemann-Hurwitz formula states:
29x —2=n(2gy —2) +7r

If gy = 0, then gx > gy since genus is always nonnegative. If gy = 1, then

gx = 1+471/2 > 1 since r > 0. We rewrite the Riemann-Hurwitz formula as:
r
9X29Y+(n—1)(gy—1)+§

If gy > 2, it follows that gx > gy since n > 1,r > 0.

If gx = gy > 2, then the Riemann-Hurwitz formula reduces to
r
(n = 1)(gv —1)+ 5 =0

Equality holds if and only if n =1 and r = 0. In other words, X =Y. B
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Definition 3.10. Let V' be a discrete valuation ring with fraction field F
and algebraically closed residue field k. We say a curve over Spec(F') has
semi-stable reduction if it is the general fiber of a reqular curve W proper over

Spec(V'), whose closed fiber is reduced and has only ordinary double points.

Let F(t) be the Hilbert polynomial of C' relative to spL (cf.2.4) and

denote the Hilbert scheme of ) over k relative to F'(t) by H.

Proposition 3.11. Let V' be a discrete valuation ring with fraction field F
and 0 : Spec(F') — H a morphism. Let Wg be a curve in'Y defined over F
with Hilbert polynomial F(t) and let Wy be the regular minimal model of W
over V. Let X be the universal family in H XY and Xy the base change to

Spec(V) X Y i.e. the diagram below is a fiber square

Xy —— Spec(V) xi Y

| |

X—H X, Y
Then Xy = Wy,.
Remark: It is well known (cf. [10], [11]) that the regular minimal model for
two dimensional schemes exist.
Proof: Since H is projective, Spec(F) — H extends to Spec(V) — H.
Observe that Wy, — Spec(V) is flat and Wy, Xy have the same Hilbert

polynomial. Thus Xy = Wy. R
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To show that the universal family X C H Xxj ) has reduced fibers we

need the following result from [1]:

Theorem 3.12. Let W be a smooth proper cuve of genus g over the fraction
field F' of a discrete valuation ring V' with algebraically closed residue field k.
Then there is a finite field extension F' of F' such that W has semi-stable

reduction over the integral closure V' of V in F'.

Proof: [1] A

We denote the k-points of H by H (k).

Theorem 3.13. Let C' be a smooth projective connected curve of genus at
least 2, X the universal family in H X Y. Let ¢ := ((Id X q) o i) be the
composition of morphisms

X s Hx, Y % g, C

where q is the composition Y < Py 25 C. For h € H(k), let X, be the fiber

over {h} x C. Then X}, is reduced for every h € H(k).

Proof: There exists a generically smooth discrete valuation ring V' with
closed fiber X}, fraction field F', algebraically closed residue field £ and a
morphism Spec(V) 2, H. Indeed, using Bertini Theorem 8] we get a curve
W in H passing through h. If required, normalize W and then localizing at

a suitable prime p we obtain a d.v.r. V' with the required properties.
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X Xy Xpr
X, J Xy < l Xp
/

A

In the diagram above we omit the word Spec in the base. Let X7 denote the

regular minimal model of Xy,. By the previous theorem there exists a finite
extension F” of F' such that for some d.v.r. V' (in the integral closure of V/

in F’), X{ has semi-stable reduction. By Proposition 3.11 we have
XU = Xy Xgpeevy Spec(V')

and Xy := Xy Xgpecvy Spec(V') by definition, so Xy = X7, Thus Xy~
has semi-stable reduction. In particular, X is reduced. By the base change

property of the Hilbert scheme [13], pp. 223 we have
Hilby"), X specry Spec(V') 2= Hilby" .,

Using the commutativity of the left face of the above diagram and observing
that X, and X} have the same Hilbert polynomial we conclude that X}, is

reduced. W
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Lemma 3.14. Let X be the universal family in H X, Y, ¢ : X — H x;, C
as in the previous theorem and p, : H X, C — H the projection on the first
factor. Define H = {h € H : X, — C is surjective}. Then H' is an open

subscheme of H.

Proof: For any (h,c) € H x; C, its preimage ¢~ *(h,c) in X is the empty
set or a finite set of points or a one dimensional subscheme of X. By the
semicontinuity theorem ([8], pp. 288) we know that for ¢ : X — H x; C,
dimp((p,e)) HY (X}, Ox,.) is an upper semicontinuous function on H x C.

Equivalently, by [8] (Remark 12.7.1, pp 288) the set
V= {(h,C) e HxC: dimk((h7c)) H1<Xh7c, OXh,c) > 1}

is a closed subset of H x C'. Note that Hy := pi(V) is closed in H. By
definition, H’ is the complement of Hy in H, hence it is open and inherits

the subscheme structure from H. B

Theorem 3.15. Let C' be a smooth projective connected curve of genus at
least 2, X the universal family in H X3 Y. Let ¢ : X — H x; C be as in
Theorem 8.13, H' be the open subscheme of H defined in the previous lemma
and X' = X Xux,0) (H %3, C). Then X} — C is an isomorphism for every

h € H'(k). Moreover X' = H' x;, C.
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Proof: X' is the family of curves in ) with Hilbert polynomial F'(¢). Since
X, and C have the same Hilbert polynomial, p,(X,) = p.(C) (say g). By
the previous theorem we know that X is reduced for every h € H'(k). We
now show that it is irreducible and isomorphic to C'. We split the proof into
two cases:

Case 1: X is connected

Case 2: X is not connected

Proof of Case 1: Let X be the normalization of X}, p,(X}) = §. By

Lemma 3.9 applied to X}’L — C we have § > ¢. Since X;L < X is birational,
we have the short exact sequence of sheaves on X,

0— OX;l Oé—#> oz*(’)j(},L — N —0 (3.16)

where N = Coker(a#), which induces the long exact sequence on cohomol-

ogy:
0 — Ker(8) — H'(X},0x;) > H'(X},0.0%,) — H'(X},N) = 0 (3.17)

Since dim[Supp(N)] = 0, H (X}, N) = 0. p(X}) = dimy Hl(j(,’l,o)gl,i) by

definition. Since « is finite it is an affine morphism. Therefore,
1/ v/ _ ~ 1 / _
H (Xh,OX},I) ~H (Xh,a*OX;L)

Computing the dimension of the cohomology groups (as k-vector spaces) we
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get § < g. So g = §. By Lemma 3.9, X = C. The isomorphism X} = C'
factors through X; so by verifying at the local rings we get X; = C.

Proof of Case 2: Assume X has two components, say X; = X;UX5,. Let

X} be the normalization of X}. Then X, = X, II X5, the disjoint union of X;
and X,. Note that X; N Xy = (). Let pa(f(;L) = §,pa(X1) = §17pa(X2) = Jo.
Applying Lemma 3.9 to )N(;L L, ¢ we have G > g. Restricting f to X; and
X,, we get §; > g and §y > g respectively. As before the sequences (3.16)

and (3.17) yield,
dimy H' (X}, Ox;) > dimy H'(X},, .O%/)
Moreover « being finite it is an affine morphism so
H' (X}, 0.0%,) = H'(X}, Ox,)
and
H'(X},0x,) = H'(X}, 0x,) ® H'(X;,Ox,)
Computing the dimensions of the cohomology groups (as k-vector spaces) we
have g > g1 + go. From the inequalities, §; > ¢,G2 > g and g > §1 + §o
we conclude that either g = 0 or g = 0 i.e. Xl >~ P! or XQ =~ P!, This

cannot be the case, since there does not exist a finite surjective morphism

P' — C when g¢ > 2. Thus we conclude that X », has one component. Hence
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X, has one component. A similar argument works if X; has more than two
components. Thus we are reduced to Case 1 where X has one component
and is isomorphic to C for every h € H'(k). So X'(k) = (H' x; C)(k). Since

k is algebraically closed, we have X' = H' x, C.



Chapter 4

Isotriviality

Definition 4.1. Let S be a variety defined over k and 7w : Y — S a family of
varieties. We say m is trivial if Y = Yo xS for some k-variety Yy. 7 is called

isotrivial if there exists a finite extension S’ — S such that Y = Yy x4 S".

In this chapter we show that if a projective integral C-scheme X is covered
by a trivial projective integral k-scheme W and f : W — X is a morphism
satisfying f.Ow = Ox, then Xy — Spec(K) (the generic fiber of X — ()
is isotrivial. To achieve the conclusion we need to study the deformations of
X which are controlled by the sequence of differentials. We proceed to show

that the sequence of differentials on X is split exact.

Theorem 4.2. Let C' be a smooth connected projective curve over k, K
the function field of C. Let Wy be a projective integral k-scheme and W =

Wo X C so that m : W — C is a trivial family and X a projective integral

26
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C-scheme. Let U be a nonempty open subset of C' such that X is flat over
U. For Q € U, let R be the local ring at Q@ and f : W — X a morphism

defined over C' such that f,Ow = Ox. Consider the diagram
wlhx 2 Spec(R) — Spec(k) (4.3)
Then the associated sequence of differentials
P Qg % Qg — Qxyr — 0 (4.4)
1s split exact.

Remark: We write R instead of Spec(R) in the subscript of the sheaves.

Proof: Since W is trivial over C' (hence also over R) the sequence
0— f " Qrk — Qwir — Qwyr — 0

is split exact. Pulling back the sequence of differentials on X to W along f

we get the exact sequence
%k 0 * *
F 0 Qrpe — [ Qxpe — [ Qx/p — 0 (4.5)

W L X induces morphisms between the above two exact sequences, yielding

the following commutative diagram:

I A

0—— P Qrit —— Qe —— Qw/r —— 0
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We claim that p : f*p*Qgr; — f*p*Qg/ is the identity map. Since
differentials contain local information it suffices to check the commutativity
locally. Let S € W,T C X be open affine subsets and A = I'(S, Oy) and
B =T(T,Oy).

From the k-algebra homomorphisms & — Or — A and k — Or — B we
get a A-module homomorphism « : Qo /x ®o, A — Q4 and a B-module

homomorphism 3 : Qo /i ®o, B — Qp/. Commutativity of the square

F o Qi —2— [*Qxm

P

I 0" Qri —— Qi

is equivalent to commutativity of the square (of A-modules) below

Qop/k @0y B A——Qp), @p A

k J

Qop/k ®or BRp A—— Qi
which in turn is equivalent to the commutativity of the diagram below (as
Op-modules).

Qop/k — Qpi

N

Qayp

Commutativity of the triangle is clear. Thus p is the identity map and we

obtain a section of # by going down, across (to the left) and up (along p).
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Hence
I Qxm = " Qx/r © 0" QUryic
Since the isomorphism is preserved under the push forward f, we have

Fof " Qx Z o Qxr @ fuf 0" QR

We have the natural map Qx/ — f.[*Clx/x inducing the following diagram:

PRk ¢ Qx /i Qx/r 0

| J |

0—— fif P Qri —— fuf " Qxpi —— fuf " Qx/p —— 0
Observe that p*Qg/, = Ox and f, f*p* Qg = f.Ow. Since f* is an isomor-
phism by assumption, we obtain a section of ¢ by going down, across to the
left and up via f#. Thus (4.4) is split exact. W
We now consider an infinitesimal deformation of X over a henselian dis-
crete valuation ring and proceed to show that Xx — Spec(K) is isotrivial.

Before we proceed we need the following definitions:

Definition 4.7. We say a local ring A is henselian if every finite A-algebra

B is a product of local rings.

Definition 4.8. Let A be a local ring. We define the henselization of A

to be a pair (121, i), where A is a local henselian ring and 1 : A — A s
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a local homomorphism such that: for any local henselian ring B and any
local homomorphism u : A — B there exists a unique local homomorphism

@: A — B such that u = @oi. We have the following commutative diagram:

A—— ]

RN

B
Let R = Oy, the local ring at ), m its maximal ideal and let R denote
the henselization of R. Define R, := R/@™*' = R/m™*! for each n > 0. We
have the natural maps Spec(R) — Spec(R) and Spec(R,) — Spec(Ry_1)
for each n > 1 induced by the projections R, — R,_;. Defining X =
X xp Spec(R), X,, := X xp Spec(R,,), for each n > 0 yields the following

commutative diagram (we omit the word Spec in the bottom row):

J Jp J J{Pn Jpo
K R R - Rn ceg k

Lemma 4.10. In the preceding diagram we have, X,, = X x;, Spec(Ry), for

every n > 0.

Proof: To prove we do induction on n. The case n = 0 is clear. Suppose

it holds true for n < m — 1. Then pulling back (4.4) along the natural

map Spec(R,,) — Spec(R) and using the characterization of differentials of
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a closed embedding, we see that the sequence:
Oﬁp:zQRm/k_)QXm/k_)QXm/Rm — 0 (4.11)

is split exact. By Theorem A.3 (Appendix A), we see that

X & X1 X5, Spec(Rm) ~ Xy Xp Spec(ém)
Thus, X, = Xo X Spec(Rn) for eachn > 0. B

Definition 4.12. If X|Y and T are S-schemes, an S-isomorphism from X
to Y parametrized by T will mean a T'-isomorphism from X xgT — Y xgT.

The set of all such isomorphisms will be denoted by Isomg(X,Y)(T).

The association T' — Isomg(X,Y)(T') defines a contravariant functor
Isomg(X,Y) : (S — schemes)® — (Sets)

The functor Isomg(X,Y) is representable whenever X,Y are flat and pro-
jective over S. We present a proof of this fact in Appendix B. Denote the
scheme representing the functor Isomg¢(X,Y’) by Isomg(X,Y). To conclude

that Xy — Spec(K) is isotrivial we need the following result of Greenberg:

Theorem 4.13. Let R be a henselian discrete valuation ring, with t the
generator of the mazimal ideal. Let Z be a scheme of finite type over R.
Then Z has a point in R if and only if Z has a point in R/t” for every

n > 1.
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Proof: [6]

Theorem 4.14. With the hypothesis and assumptions as in Proposition 4.3

and Xy as in diagram 4.10, we have X — Spec(K) is isotrivial i.e.
XK XSpec(K) Spec(K') = XO Xk SPGC(K/)
where K' is some finite extension of K.

Proof: Observe that X and X, x, R are flat, projective over R. Let

Isomp(X, Xo ¥ R)(T) be the set of isomorphisms from
X xzT — (Xo xx R) x5z T

Let Z =1 somR(X . Xo X ﬁi) be the scheme representing the functor
MR(X', Xo Xy R) Note that Z is of finite type over R and Z = Z xp R,
where Z = Isompg(X, XO). By Lemma 4.10 X,, & X, X Spec(k) Spec(fin) for
each n > 0, thus Z has a R,-point for every n > 0. Applying Theorem
4.13 to Z we see that Z has a R-point i.e. X = X, x;, Spec(R). Note that
R= lim R, and Z(R) = lim Z(R,). Hence, there exists an etale cover R’ of
R such that X = X, x; R, thus K’ (the quotient field of R') satisfies the
requirements of the theorem. W

Using model theoretic techniques Chatzidakis-Hrushovski [4] have re-

cently obtained a result similar to Theorem 4.14. The result states:
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Theorem 4.15. [4] Let Ky C Ky be fields, with Ky/K; regular and let
(Va, ) be a dynamical system defined over K. Assume that (Va,¢g) is
primitive and deg(¢a) > 1. Assume furthermore that for somen > 1, (Va, ¢%)

is dominated by a dynamical system (Vi, 1) defined over Kj.

1. There is some variety V3 defined over Ky, a dominant constructible map

¢3 V3 — V3 also defined over Ky, and a constructible isomorphism

h: (‘/27¢2) - (VE’anB)

2. Assume that the characteristic is 0 or K is perfect, and dim(V3) = 1.
Then (Va, ¢9) is rationally isotrivial i.e. there is some dynamical system

(Vi, ¢3) defined over Ky which is isomorphic to (Va, ¢2).
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Applications

Let k,C, K be as in Chapter 2. We assume that g > 2. Let Y be a projective
K-variety with a very ample line bundle L, ¢ : Y — Y a morphism satisfying
YL 2 L% d > 1. As in chapter 2, let Y be the Zariski closure of Y in PY
and for Py € C, L := Opn(1)|y @ psOc(Py)ly.

Theorem 4.14 provides us the setup to state a conjecture on parametriza-
tion of points of canonical height zero of (Y, L, ), due to L. Szpiro.

Let F'(t) be the Hilbert polynomial of C relative to sL (cf. 2.4). Follow-
ing the notation in chapter 3, we denote H ilbg%, the Hilbert scheme of ) over
k relative to F(t) by H, let X be the universal element in H x;), H' the open
subscheme of H as defined in Lemma 3.14 and X' = X Xpy, ¢ (H x;, C).

0
From Theorem 3.15 we know X' = H' x;, C. Let f be the composition

X S H x, Y2y Using the isomorphism 6 we get the following commu-

34



CHAPTER 5. APPLICATIONS 35

tative diagram

Hi—— H' %, C

-

Y ——)

| I

Spec(K) —— C
where Hye = H' Xgpeery Spec(K). Let Z := Image(fx) C Y. Denote by

H(k) the k-points of H and let T" be the set of points of canonical height
zero of (Y, L, ).

Since ¢ acts on Z the intersection S := N> (¢ ~"(Z2)) is a well defined
subscheme of Y. Note that the set of points of S is equivalent to the set of
points whose height (w.r.t. £) remains uniformly bounded under any forward
iterate of ¢, which in light of corollary 2.19 is equivalent to the set of points
of Y with canonical height zero (w.r.t. ).

Define W := H'(k) NS and assume that W is a k-scheme. Then, with

the notation above, we have the following diagram:

W x, C—— H' x;, C
| |
T7——)Y

where g = f|lwxc. We need a few definitions to state the conjecture.

Definition 5.1. Let Y be a wsotrivial variety defined over K 1i.e. for some
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0
k-variety Yy, Yir =2 Yy Xy Spec(K'). We say P € Y(K) is a constant point

if P € 0(Yy()) N 6(Yy x, Spec(K')(K")).

Definition 5.2. Let X be a projective variety and v : X — X an endomor-
phism of X. We say the subvariety Y C X 1s preperiodic for v if for some

integers m >n > 1, Yy™(Y) = ¢"(Y).

Conjecture (L. Szpiro): Let k be an algebraically closed field of char-
acteristic zero, C' a smooth projective connected curve over k with function
field K. Let Y be a projective K-variety, L a very ample line bundle on Y
and ¢ : Y — Y a morphism such that ¢*L = L®? for some d > 1. Then
the points of canonical height zero of the dynamical system (Y, L,%) is a
finite union of the constant points of closed irreducible preperiodic isotrivial
subvarieties X;, for 1 <1 < n.

Applying Stein factorization [8] to W x C' % T factors g as W x C'
T' 2 T where « satisfies . Owxc = Op and [ is a finite morphism from 7"
to T'. The condition a,Ow«c = Oy is required in Theorem 4.14. Applying
Theorem 4.14 to W x C' % T we have the existence of the closed irreducible
isotrivial subvarieties stated in the conjecture up to a finite cover of the points

of canonical height zero.



Appendix A

Extensions of Schemes

Let X — S be a morphism of schemes. The conormal extensions control the
square zero deformations of the scheme. We show that if the extensions are

trivial then there are no non-trivial deformations.

Definition A.1. An extension of X/S is a closed immersion X C X', where

X' is a S-scheme, defined by a sheaf of ideals T C Ox: such that I? = 0.

To give an extension X C X’ of X/S is equivalent to giving an exact
sequence on X:

8:0—>I—>(’)Xri>(’)x—>0
where Z is an Ox-module, ¢ is a homomorphism of Og-algebras and Z% = 0

in Oxs. We call £ an extension of X/S with kernel Z.

Definition A.2. Two extensions Ox: and Oxn are called isomorphic if there

1s an Og-homomorphism a : Ox: — Oxn inducing the identity both on Z and

37
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Ox.

It follows that o must be an isomorphism. We denote by Fxz(X/S,T) the

set of isomorphism classes of extensions of X/S with kernel Z.

Definition A.3. Let X' — S be a morphism of schemes. For X C X',

V(Z) = X, we define the relative conormal sequence of X C X' to be:
I/Iz — (QX'/S)lX — Qx/s — 0

Since isomorphic extensions have isomorphic relative cotangent sequences

we have a well defined map:
¢ : Ex(X/S,T) — Exty (Qx/s,T)

Let

§:0—>Z—>A£>QX/S—>O

define an element of Ext}QX(QX/S,I). Letting d : Ox — Qx/g be the canon-
ical derivation, consider the sheaf of Og-algebras B = A xq, /s Ox: for any
open set U C X we have I'(U, B) = {(a, f) : p(a) = d(f)} and the multipli-

cation rule is

(a, /)@, ') = (af' +d'f, [ [)
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Then we have an exact commutative diagram

ee: 0 A B Ox 0

1

£:0 T A Qx5 ——0

where d : B — A is the projection. This gives us a well defined map:
e : Exty (Qxs,Z) — Ex(X/S,T)

Theorem A.4. Let X — S be a morphism of finite type of algebraic schemes.
Given an extension n of X/S with kernel Ox such that the isomorphism class
of the relative conormal sequence of X C X' is trivial (i.e. the conormal

sequence 1is split exact), then the extension n is trivial.
Proof: Let

N:0—0x-€—0x —Ox —0
be an extension of X/S with kernel Ox such that [c,] € Exty, (Qx/s, Ox)
is trivial i.e.

cy:0— Ox — Qxrglx — Qx/9 =0

is split exact. In other words, Qx//s|x = Ox @ Qx/s. Set A := Qx//g|x.
Letting d : Ox — (x5 be the canonical derivation, consider the sheaf of

Og-algebras B = A X0y Ox as above. Note that

B=A X Qx5 Ox = (OX D Qx/g) X Qs Ox =20xdOx
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Then we have an exact commutative diagram:

n:0——0Ox-¢ Ox Ox 0
N

€c, - 0 Ox =B Ox 0
ol

¢y 0 Ox A Qx/s ——0

where d : B — A is the projection and Ox» . A'is the canonical derivation
restricted to X. d' along with the natural map Ox, — Ox gives us a map
from Ox: — Qx5 XQy/s Ox. Restricting {2x//5 to X and by the universality
of fiber product we obtain f : Ox, — B. Note that the bottom two rows are
split exact. Since v and [ are identity, it follows that f is an isomorphism.

Thus n € Fz(X/S,Ox) is trivial. B
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Scheme of Isomorphisms

We present a proof of the representability of the Isomg¢(X,Y’) functor.

Definition B.1. If X and Y are schemes over S, then for any S-scheme
T, a S-morphism from X toY parametrized by T will mean a T- morphism
from X xgT — Y xgT. The set of all such morphisms will be denoted by
Mory(X,Y). The association T — Morg(X,Y)(T) defines a contravariant
functor:

Morg(X,Y) : (S — Schemes)® — (Sets)

Similarly, for any S-scheme T, a S-isomorphism from X toY parametrized
by T will mean a T-isomorphism from X xgT — Y xXgT. The set of all
such isomorphisms will be denoted by Isomg(X,Y"). The association

T — Isomg(X,Y)(T) defines a contravariant functor:

Isomg(X,Y) : (S — Schemes)® — (Sets)

41
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Lemma B.2. Let S be a noetherian scheme, f : X — S and g : Y — S
be proper flat morphisms. Let w :' Y — X be any projective morphism with
g = fom. Then S has open subschemes Sy C S1 C S with the following

universal property:

1. For any locally noetherian S-scheme T, the base change wp : Y — Xp
s a flat morphism if and only if the structure morphism T — S factors

via S7.

2. For any locally noetherian S-scheme T, the base change mr : Yr — X
is an isomorphism if and only if the structure morphism T — S factors

via Ssy.
Proof: [5], pp. 132.

Proposition B.3. Let S be a notherian scheme, X a projective scheme over
S and 'Y a quasi-projective scheme S. Assume that X is flat over S. Then
the functor Mor¢(X,Y) is representable by an open subscheme Morg(X,Y)
of Hilbxygy/s-

Proof: [5], pp.133

Theorem B.4. Let S be a notherian scheme, X,Y flat, projective schemes

over S. Then the functor Isomg(X,Y') is representable by an open subscheme

Isomg(X,Y) of Morg(X,Y).



APPENDIX B. SCHEME OF ISOMORPHISMS

Proof: This follows from Lemma A.2 B

43
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