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CHAPTER I 

INTRODUCTION

For systems of b io lo g ic a l or chem ical in te res t, there are o ften  p res­

ent many m olecules w h ich  are p h ys ic a lly  and chem ica lly  in te rac tin g  w ith  

each o the r. These in te rac tions  are m anifested through c o llis io n s  and 

various types o f fo rce s . Because o f these in te rac tions , the ro les o f d i f ­

fus ion  and k in e tic  theory are be lieved  to  be s ig n ifica n t in  determ ining the 

properties o f such systems as they  evolve in  time and va ry  in  sp a tia l 

com position .

A ra ther extensive lite ra tu re  has been devoted to  m athem atica lly 

ana lyz ing s in g le -re a c tio n  systems in  w h ich  severa l species o f m olecules 

are s im u ltaneously  d iffu s in g  and chem ica lly  in te rac ting  through a g iven 

sp a tia l vo lum e. These s itu a tio n s  are ty p ic a lly  characterized by a se t o f 

coupled n o n -lin e a r p a rtia l d iffe re n tia l equations. Secor and Beutler (1) 

studied the revers ib le  reac tion  V „ A + V 8 B  s= *

from a ve ry  general po in t o f v ie w  w h ich  encompassed plane, c y lin d r ic a l,  

and spherica l geom etries. The resu ltan t fou r coupled n o n -lin e a r p a rtia l 

d iffe re n tia l equations are so lved by a fin ite -d iffe re n ce  method and s o lu ­

tions are presented in  g raph ica l form . Perry and Pigford (2) analyzed 

the revers ib le  reaction  A + B — »2C fo ra  s e m i- in fin ite  medium. The ir 

num erical resu lts  are a lso  presented in  g raph ica l fo rm . Toor and Chiang 

(3) trea t ce rta in  types o f d iffu s io n -c o n tro lle d  reactions w h ich  are tra n s ­

formable in to  equations of pure d iffu s io n  fo r spec ia l ca se s . They derive



s im p le  re la tionsh ips between the d iffu s io n  rate w ith  and w itho u t reac­

tio n s  w h ich  are independent o f geometry, hydrodynam ics, and boundary 

c o n d it io n s . O lander (4) studied severa l types o f chem ical reactions in  

w h ich  the reacting  species are assumed to  be present in  equ ilib rium  con­

cen tra tions at a l l  points along the d iffu s io n a l pa th . Results are pre­

sented fo r s teady-s ta te  cond itions and fo r some spec ia l tra n s ie n t-s ta te  

cases . In his te x t on the mathematics o f d iffu s io n , Crank (5) presented 

exact m athem atical so lu tions fo r some sim ple irre ve rs ib le  reactions and 

th e  f irs t-o rd e r  revers ib le  re ac tion . Rashevsky (6) considered d iffu s io n - 

reac tion  phenomena occuring w ith in  c e lls  and tissu e s  in  great d e ta il. 

A na lyz ing  the im portant process o f oxygen consum ption in  liv in g  c e lls , 

Rashevsky obtained good agreement between experim ental data and theo­

re t ic a l so lu tio n s . In another b io lo g ic a l a p p lica tio n , Bierman (7) stud ied the 

s te a dy-s ta te  s itu a tio n  for w h ich  a reac tion  A -*B  takes place in  one re ­

g ion  o f a c e ll and the reverse B-*A takes place in  another reg ion .

The area o f m u lti-re a c tio n  d iffu s io n a l systems has a lso  been treated 

in  some d e ta il.  Hearon, in  a series o f papers (8 ),studied the properties 

o f so lu tio n  fo r such system s. He showed tha t there e x is t ce rta in  con­

se rva tion  re la tionsh ips between lin e a r com binations o f concentrations 

o f reacting  spec ies . A lso, Hearon was able to  prove tha t w ith  ce rta in  

boundary cond itions, any tw o  of the fo llo w in g  three c o n d it io n s --s ta tio n -  

a r ity , f lu x  equ ilib rium , and chem ica l e q u ilib r iu m — im piy the th ird . In 

another study Hearon (9) analyzed m u lti-re a c tio n  b io lo g ica l systems and 

presented so lu tions fo r steady -  sta te  c o n d it io n s . He a lso dea lt w ith



energetic aspects o f d iffu s io n -re a c tio n  processes. Rashevsky (6), a lso , 

considered m u lti-re a c tio n  system s. He studied s itua tio ns  in vo lv in g  

sim ple tim e -p e rio d ic  so lu tio n s . W einberg  (10) studied a tw o -re ac tio n  

system possessing spherica l symmetry and tim e -p e rio d ic  s o lu tio n s .

In the lite ra tu re  e ither s teady-s ta te  cond itions or trans ien t s itu a ­

tio n s  are considered; the la tte r  u su a lly  g ive  r ise  to  systems o f coupled 

n o n -lin e a r p a rtia l d iffe re n tia l e q u a tions . The n on -s teady-s ta te  approaches 

lead to num erical so lu tions often in vo lv in g  too many parameters fo r an 

e ffe c tive  d e sc rip tio n . Instead o f proceeding along s im ila r lin e s , i t  w i l l  

be shown in  Chapter I I  tha t by the use o f ce rta in  s im p lify in g  assumptions 

re su lts  were obtained w h ich  can be e a s ily  v is u a liz e d . A lso , by using 

these assumptions i t  is  poss ib le  to  extend the resu lts  to  the broader 

range o f m any-reaction  systems w h ich  have not been treated p rev ious ly  

by th is  p a rticu la r approach.

In Chapter I I  the reaction  A+B C is  studied fo r the b io lo g ic a lly  

common s itua tio n  in  w h ich  on ly  one m olecular species A free ly  d iffu se s .

The other species B and C are assumed to be e ithe r re la tiv e ly  immobile 

large m olecules or fixed  w ith in  a n o n -d iffu s ib le  structure or g e l. I t  is  

shown tha t o n ly  a s ing le  p a rtia l d iffe re n tia l equation is  needed to des­

cribe  the system whenever chem ical equ ilib rium  p reva ils  con tinuous ly  

throughout. The genera liza tion  to  a m u lti-re a c tio n  system o f the form 

A+Bj C..; i= l  , 2 , . .  .n ,  then fo llow s d ire c tly . As in  the previous case, 

o n ly  A is  m obile and B ̂  and C. are n o n -d if fu s ib le . Again i t  is



assumed th a t chem ica l equ ilib rium  preva ils  throughout fo r each reac tion .

U sing p a rticu la r boundary cond itions , the re su ltin g  d iffu s io n -re a c tio n

equation in  A(x, t )  is  so lved by ite ra tio n  methods; B.(x, t)  and C .(x, t)1 1

as a lgebra ic  functions o f A(x, t)  are then com plete ly s p e c ifie d . The re ­

s u lt  o f th is  ana lys is  is  d isp layed in  terms o f a few  s im ple  ph ys ica l par­

ameters o f the system . Since th is  aspect o f our research was e s se n tia l­

ly  com pleted in  1970 and subsequently pub lished [H a rt, Sugerman, and 

Shelupsky (11), referred to  hereafter as HSS], Chapter I I  w i l l  b a s ic a lly  

be a rev iew  o f th is  work .Therefore, fo r any te c h n ic a l d e ta ils , reference 

w i l l  be made to  HSS.

In  another aspect o f d iffu s io n -in te ra c tio n  study, attempts are made 

in  Chapter I I I  to  set up a model w h ich  makes poss ib le  a mathem atical 

d e sc rip tio n  o f the process o f p a rticu la te  aggregation . The general case 

is  considered in  w h ich  an aggregate can assoc ia te  w ith  another to  form 

a la rge r s ize  aggregate and, a lso , can d isso c ia te  to  form tw o sm alle r 

aggregates. Extensive work has been done in  ana lyz ing  systems for 

w h ich  on ly  a sso c ia tio n  o f pa rtic les  to  form la rger aggregates is  a llo w e d . 

A lm ost no study has been devoted to systems in vo lv in g  both assoc ia tion  

and d is so c ia tio n  o f aggregates .

The c la s s ic a l papers in  the theory o f aggregation are those o f 

Sm oluchowski (12). [See Overbeek (13) and Chandraeskar (14) fo r 

trans la ted  reviews o f Sm oluchowski's w o rk . ]  Sm oluchowski assumed: 

th a t in  the process o f aggregation no d isso c ia tio ns  take p lace; tha t a l l  

p a rtic le s  are o r ig in a lly  monodispersed, uncharged and sphe rica l; tha t



a l l  s ized  aggregates e x h ib it Brownian m otion; and tha t every encounter 

between pa rtic les  by random m otion leads to  a permanent con tac t.

Subsequent work by other authors has m ain ly invo lved  a p p lica tio n  o f 

Sm oluchowski's resu lts  to  va rious system s. For example, Booth (15) 

extended the Sm oluchowski model to  apply to  a coagu la ting  system  con ­

ta in in g  two d is t in c t types o f p a rt ic le s . C o llin s  and F risch  (16), H idy 

and Brock (17), and many others have applied his model w ith  some mod­

if ic a tio n s  to  the coagu la tion  o f ae roso ls . La M er and H ea ly (18) stud ied 

the adsorption and f lo c c u la tio n  of macromolecules using Sm oluchowski's 

w o rk . D e lb riick  (19) and Valentine and A lliso n  (20) used his theory to  

e xp la in  adsorption o f v iruses onto host c e lls .  C o llin s  and K im ball (21) 

and C o llin s  (22), however, presented a care fu l ana lys is  o f d iffu s io n -‘■con 

tro lle d  reaction  rates w h ich  ra ised  some v a lid  ob jections to  Smoluchow­

s k i's  theory . N everthe less, they  concluded tha t his fundam ental con­

cepts were v a lid .  They extended his work fo r the case where o n ly  a 

fra c tio n  o f reactant encounters lead to  reaction  (or aggregation).

In  Chapter I I I  a general k in e t ic  equation is  w ritte n  fo r the process o f 

aggregation w h ich  takes in to  account both assoc ia tion  and d is s o c ia tio n . 

As a spec ia l case, the Sm oluchowski model fo r coagu la tion  w h ich  in ­

vo lves  on ly  a sso c ia tion  is  rev iew ed. Returning to  the more general case 

a model system is  then described w h ich  could reasonably app ly to  many 

types o f b io lo g ica l and chem ica l processes. Examples o f such systems 

are presented. As a p re lim ina ry  in  ca lcu la tin g  the forward and reverse 

ra te  constants, w h ich  are extrem ely complex fo r the general case, the



d isso c ia tio n  rate constant r ^ ,  fo r a tw o - fo ld  pa rtic le , is  ca lcu la te d .

Even th is  ca lcu la tio n  is  com plex and much o f Chapter I I I  w i l l  be con­

cerned w ith  i t .  For th is  purpose a model o f tw o  spheres jo ine d  by a 

loose in e la s tic  string  is  used. The spheres represent macromolecules 

and the s tring  represents a b iva len t m olecu lar s tructure— such as an 

an tibody— w hich is  a ttached to  ac tive  s ites on the spherica l surfaces .

The general d isso c ia tion  rate constants r fo r  the d issoc ia tion  o f i+ j -  

fo ld  pa rtic les  in to  i -  and j- fo ld  p a rtic le s  are then expressed in  terms 

o f Tj j  fo r some s itu a tio n s . Factors in v o lve d  in  a determ ination o f the

forw ard rate constants f,. fo r the  assoc ia tion  o f i -  and j- fo ld  p a rtic le s
i j

in to  i+ j- fo ld  p a rtic le s  are then exam ined. F in a lly , some other approaches 

to  the problem o f aggregation are d iscussed .

Concluding remarks are p resen ted  in  Chapter IV.



C H A P T E R  I I

DIFFUSION-REACTION EQUATIONS IN GEL-LIKE MEDIA

A. A + B 3 = *  C Reaction 

Suppose tha t m olecules o f species A d iffuse  in to  a region conta in ing  

m olecules o f species B. When A and B m olecules meet, the reaction

A + B z= ± C

takes place w ith  C m olecules resu lting  from A and B ch e m ica lly  com­

b in ing . Each m olecular species i  w i l l  then s a tis fy  a co n tin u ity  equation 

o f the form

+  y . j .  _  r . ' (2 .1 )

where C. is  the concentration, J. is  the d iffu s io n  flu x , and r. is  the rate 1 i  x

o f production by chem ical reaction  o f species i .  Assuming tha t the sys ­

tem is  d ilu te  enough so tha t there are no d iffu s io n a l in te ra c tio n s  and the 

medium is  sta tionary, J is  g iven by F ick 's  Law as

, <2 - 2>

where D4 is  the d iffu s io n  co e ffic ie n t fo r species i .

Combining equations (2.1) and (2.2) y ie ld s :

=  V ; f C i  -+ h  . <2- 3>
i t

It  is  assumed th a t since the  system is  d ilu te  D  ̂ is  constan t.

I f  the  reaction  A + B 5= S C  is  not in f in ite ly  rap id, then



where k ,  and k, are, re spe c tive ly , the forward and reverse re ac tio n - £ b

rate constants. For th is  reaction , the m ass-action  constant K is  de­

fin e d  as

K = k f / k b, (2.5)

whether the reaction  is  in  chem ical equ ilib rium  or no t. Combining 

equations (2.4) and (2.5) w ith  (2.3) leads to  the fo llo w in g  set o f coupled 

n o n -line a r p a rtia l d iffe re n tia l equations:

5A = T>4VM - (AB-g.) , (2.6)

i l  = DrfB- ke(AB-£) ,
a t  K  (2-7)

a c  =  D V * C  +  <1 .
3 t  c K  (2 - 8)

When the reaction A + B z = x C  is  in  chem ical equ ilib rium , K is  a lso  

g iven by

K = C /AB . (2.9)

Assume now tha t a l l  reacting  species approach chem ical equ ilib rium  

concentrations everywhere (except perhaps at the o rig in  at t  = 0, see 

HSS). This cond ition  requ ires th a t e ithe r k^ or k^  or both approach in f in ity  , .ie ir  

ra tio  K can s t i l l  be f in ite )  as AB -  C A  approaches zero. The term 

k^(AB -  C /K) therefore becomes indeterm inate in  equations (2 .6 - 2 .8 ) .

This term can be e lim inated, however, by adding equations (2.6) and



(2 .8) and equations (2.7) and (2 .8 ) .  The resu lt is :

M  +  X  =  D  v M  +  3> 7 l C  ,
i t  > t  A c (2 . 10)

3B + ac = u  v'B + 2>cv"e .
3 t  «  8 <2 - n >

Let us now assume tha t the A m olecules are sm all and mobile w h ile  

the B and C are large im m obile m olecules such as prote ins (23) o r fixe d  

in  a g e l- l ik e  medium. It  then fo llo w s  tha t D = 0 and D-, = 0. There-D O

fore

B + C = (3(f), (2.12)

where p( r )  corresponds to  the  concentration of b ind ing s ite s  loca ted  

a t r .  Using Eq. (2.12), equations (2.10) and (2.11) reduce to :

aA + ac = v ‘A , (213)
n  i t  A (2- 3)

3B + 3C = o
at H  <2-14>

From equations (2.9, 2.12 and 2.13) the fo llo w in g  resu lts  are 

obtained:

l + K A

C * K A f c t f )
7 5 T T  - (2 ' 17)



A V

Solution o f the s ing le  n o n -line a r Eq. (2.15) fo r A w i l l  then determ ine B 

and C as w e ll.
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B. G enera liza tion  to  n Reactions

Consider now n reactions o f the form

A + B ^ C . ;  i  = 1, 2 9 •  •  • n.

The set o f equations analogous to  equations (2 .6 -2 .8 )  are

H

(2.18)

(2.19)

+  C < : )  
V  . V ' (2 . 20)

In a determ ination o f reaction  rate constants in  the mammillary system,

Hart, M a llik  and Sugerman (24) analyzed th is  n -re ac tio n  system fo r a

n o n -d iffu s io n  s itu a tio n  ("i.e . D = D_, = D^, = 0 in  equations (2 .18 -A B. C.

2 .20)].

Returning to  the d iffu s io n  s itu a tio n , i f  i t  is  assumed as in  the 

s in g le -re a c tio n  case tha t on ly  A d iffuses  then

where p ( r )  is  the  concentration o f b ind ing  s ites  fo r species i .  I f  i t  is  

again assumed th a t chem ical eq u ilib riu m  concentrations are approached 

throughout the system fo r each o f the n reactions then

(2 . 21)

and

Bi  + C i  = Pi  ( 7 ) ’ (2 . 22)

(2.23)



From equations (2 .1 8 -2 .2 0  and 2 .2 1 -2 .23 ) ,  i t  fo llo w s  that

fT+ i :  «£& eft 1 = D.V*A , (2.24)
L  i * '  ( /+  Ki A }1 J

B; =  ^ ( 7 ;  } (2.25)
1+KiA

C-i — k i A  ? j ( r )  . (2 . 26)
l  +  K ^ A

The set o f equations (2 .24 -2 .26 )  is  the g ene ra liza tion  o f equations 

(2 .15 -2 .17 )  fo r n re a c tio n s .



C . Formal Solution 

Since Eq. (2.24) is  non -linea r, any general attempt at so lu tion  fo r 

a rb itra ry  in i t ia l  and boundary cond itions  is  bound to  f a i l .  For s im p lic ity , 

then, the problem o f a s e m i- in fin ite  medium is  considered w ith  (3 con­

s tan t. For th is  e ffe c tiv e ly  one-d im ensiona l case, Eq. (2.24) reduces to :

[i + t  M l 714 = 9 ,0  . (2-27)
<'=' ( /  + K ; A )1 «

I f  the  fo llo w in g  in i t ia l  and boundary cond itions are chosen (see 

Figure 1),

A(0, t) = Aq, t>0;

A(», t) = 0, t<oc>;

A(x, 0) = 0, x>0;
(2.28)

A(x, cd) = Aq, xcco; (non-independent)

Bi (x, 0) = (3., x>0;

(^ (x , 0) = 0, x>0;

where AQ and are constants, then Eq. (2.27) can be transform ed in to

an ord inary d iffe re n tia l equa tion . Th is is  accom plished using the

/  1 / 2Bdtzrrann transform ation  y  = x /(4 D At)  . The resu lt is

d%A(y)___ 'ly<LM y)( I +  £  \  , ,
7 ?  ~  ^ 7  1  ^ c T T ^ i c S 1 /  ( 2 ' 29)

w ith

A(oo) = 0 and A(0) = AQ (2.30)

as the new boundary cond itions  in  the variab le  y .  Transform ation from



Gel
A= A, Bj (x, o )  = *3

C. (x, o ) = o

X = 0 X -* "C 0

A + B . -  C. I = | 2 n

A ( x , o  ) = o , x> o

A (co t t ) = 0 , t < ao

A (o, t ) = A 0 , t > o

A (x,  © ) =A0 , x< oo

Figure 1. In it ia l and boundary cond itions .



Eq. (2.27) to  Eq. (2.29) is  possib le  on ly  because o f the symmetry tha t 

A e xh ib its  fo r x  = 0 and t  = » and x  = « and t  = 0 in  Eq. (2 .28) .  S lig h tly  

more general cond itions than Eq. (2.28), fo r w h ich  the Boltzmann tra n s ­

form ation can be made, are b r ie fly  noted in  HSS.

It is  now convenient to  express our equations in  d im ensionless 

form . U sing the substitu tions

<*-(y) = A(y)/A0 , k = § A  , h = KcA, , <2-31>
equations (2.29, 2.30, 2.25 and 2.26) become, re spe c tive ly :

I t  =  f / +  £  fc. t;  *7 (2.32)

= 0 , O'(O) =  I >

B; _

(2.33)

6

C ’t =r K 'k t (2.35)

A form al im p lic it  so lu tion  to  Eq.(2.32)  is  e a s ily  obta ined by two 

in teg ra tions and using  the cond itions (2 .33) .  The re su lt is :

<Uy) - I -  f*du t*
 —-------— 1--------------------------   . . (2.36)

Jo U  t u f e x p { ~  r_ i+ Ic^w y*}

Equation (2.36) can be e x p lic it ly  so lved fo r a(y) by successive ite ra tion s
/

once a f ir s t  approxim ation a ^ z )  is  chosen fo r a(z).  S ubstitu ting  a^(z)



for  a(z) in to  Eq. (2 .36),  an a2(y) can be ca lcu la ted  by num erical in te ­

g ra tion . Assuming convergence, th is  method o f successive approx i­

mation can be continued u n t il a (y) = a , (y) to  the desired p rec is io n .n n - i

It is  shown in  the Appendix o f HSS tha t i f

then the  successive  approxim ation method converges to  the correct 

so lu tio n . Since the proof o f (2.37) uses many gross in e q u a litie s , i t  is  

to  be expected th a t Eq. (2.36) w i l l  converge fo r at leas t some values 

o f and b j w h ich  do not s a tis fy  cond ition  (2.37) .  This was, in  fac t, 

found to  be the case when re su lts  were obta ined by num erical in te g ra tio n .

(2.37)



D. Results

Since the method o f successive  approxim ations fo r both the n - 

reaction  and s in g le -re a c tio n  s itu a tio n  proceeds along completely p a ra lle l 

lin e s , fo r the sake o f s im p lic ity , re su lts  w i l l  be presented on ly  fo r the 

s in g le -re a c tio n  system. For th is  system n = 1, b^ = b = (3/Aq, and k j  = 

k = KAq in  Eq. (2 .36) .  The num erica l in teg ra tion  o f Eq. (2.36) was then 

carried  out using

<L,(x) = j[ trfc{0+kbf$ +Ltrfc{D+hl>(i+k)~y/ty }  (2<38)

as a f ir s t  approxim ation. How th is  form was chosen is  exp la ined in  HSS.

In Figure 2 the dependence o f a(y) upon some values o f the para­

meters k and b are presented. I f  k is  zero then no C is  formed and 

therefore no chem ical reaction  takes p lace . In th is  case: C = 0, B = (3, 

and a = e rfc  y .  For b = 0 there are no b ind ing s ite s  and again the pure 

d iffu s io n  case a = erfc y ho lds .

In Figures 3, 4 and 5 the dependence o f  the concentra tions upon y 

fo r b = 1 /2  and d iffe ren t values o f k are p lo tte d . As k becomes sm aller 

the concentra tion gradients become sm alle r and B -» p ,  C-—>0, and 

A -* -A0 e rfc  y a s k - » 0 .  A ll o f these figu res  d isp lay  the constra in ts  

kaB/AQ= C / A q and (B + C )/A q = b from equations (2.9) and (2.12), re ­

sp e c tive ly .

F in a lly  in  Figure 6 the tim e dependence o f the concentrations are

-5  2observed fo r a ty p ic a l d iffu s io n  c o e ffic ie n t o f D = 1.6  x  10 cm /s e c
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at a po in t x  = 2 cm from the boundary w ith  k = b = 1. Again the con­

s tra in ts  o f equations (2 .9) and (2 .12) are observed in  the graph.



CHAPTER I I I

ASSOCIATION AND DISSOCIATION OF PARTICLE AGGREGATES

A. K ine tic  Equation

Consider a system o f aggregates n j (t), n2(t) , . . .  nk(t) , . . .

n ,T(t) where n, (t) is  the num ber/vo l. o f k - fo ld  pa rtic les  a t time t  and 
N k

N is  the la rgest s ize  aggregate po ss ib le . I f  an aggregate can a sso c i­

ate w ith  another aggregate to form a la rger s ize  aggregate and can a lso  

d issoc ia te  in to  two sm alle r aggregates, then the fo llo w in g  com binations 

are possib le
.f

T; :

where f  and r_  are the appropriate forward (association) and reverse 

(d issoc ia tion ) rate constan ts , re sp e c tive ly .

I f  N = 2, then there is  on ly  one poss ib le  reaction

n i  + n i - n2

and the rates o f change are g iven by

dnl / d t =  ■f l l n l Z +  2 rl l n2'

dn2/ d t =  f l l n l 2 / 2 ' r l l n2 -

I f  N = 3, then there are two d is t in c t reactions



and the rates o f change are g iven by:

d n , / d t  =  - * t l K +  *  rnnt ~  j

<Lv\Jdt =  -  n, - 4 t% n,nx + r,x n3 ,

<£#3 / d t  =• ^3

For the general case, i t  can be demonstrated (Appendix A)

tha t there are N / 4  d is t in c t reactions fo r N even and (N + 1)(N -  l ) /4

d is t in c t reactions fo r N odd . The rate o f change fo r the k th  term

can be w ritte n  as

■+ 0 + ) fyo ^ k + p  U } (3.1)
where is  the Kronecker de lta , f . . = f . . ,  r . . = r.. and f  . = r  . = f , T,=

t-J i j  j i  l j  j i  o j o j N j

N j = 0. Since the to ta l number o f s ing le  p a rtic les  is  conserved 

N
k y\k ^  c ,ov\stu\t s. V)0 . ( 3 .2)

Itc/

Equation (3.1) is  the basic  k in e tic  equation o f in te re s t. I f  

i t  can be solved fo r n^(t) and a l l  f „  and r_  are known, the properties 

o f aggregation o f the system are w e ll determ ined. Now n^(t) can be 

so lved, a t le a s t in  p r in c ip le , by num erical m eans~  fo r example, by 

transform ing Eq. (3.1) in to  a set o f d iffe rence  equa tions . But the n^ 's  

w i l l  s t i l l  be functions o f f ^  and r ^  (as w e ll as tim e ). The f „  and r^ 

con ta in  the rea l dynamics o f the aggregation process and there in  l ie



the c ru c ia l ph ys ica l parameters o f the problem . Thus a determ ination o f

f . . and r . . is  o f m ajor concern, 
i j  i]

Up u n t il th is  po in t the system o f aggregates has on ly  been des­

cribed in  a general abs trac t w ay. I t  w i l l  now be necessary to fu rther 

define  the system by ass ign ing  ce rta in  properties to  the pa rtic les  making 

up the aggregates. This development is  needed because f  „  and r  depend 

upon the nature o f the p a rtic les  undergoing a sso c ia tio n  and d isso c ia tio n , 

the types o f b ind ing  between the component s ing le  p a rtic les  o f an aggre­

gate, the geometry o f aggregate con figu ra tions, and o ther sp e c ific  factors 

determ ined by s p e c if ic  assum ptions. Therefore, the development o f a 

model system is  necessary to  proceed toward a ca lcu la tio n  o f f  and r „ .



B. Sm oluchowski's M odel as a Specia l Case

By use o f the assumptions mentioned in  Chapter I ,  Smoluchowski

was able to  set up a form alism  w h ich  enabled him to ca lcu la te  the c o l l i ­

s ion  rate between i- fo ld  and j- fo ld  aggregates. S tarting w ith  a ca lcu la ­

tio n  o f the number o f c o llis io n s  a fixe d  s ing le  p a rtic le  suffers w ith  other 

s ing le  p a rtic les  as a re s u lt o f a d iffu s io n  f lu x , he generalized to  the rate 

o f c o llis io n  between i -  and j- fo ld  p a rtic le s . The re su lt is  [see 

Chandraeskar (14 )]:

where D., = D. + D, is  the re la tive  d iffu s io n  co e ffic ie n t and R., is  the lk  1 k lk

d istance to w h ich  two pa rtic les  must approach in  order to  coalesce and 

form an i  + k -  fo ld  p a rtic le . Now for most s itu a tio n s , the tim e in te r­

va ls  o f in te re s t >>/?,• so tha t the trans ien t tim e dependent

term can be dropped. [The s in g u la rity  in  the trans ien t term a t t  = 0 

was f ir s t  treated by C o llin s  and K im ball (21). They analyzed the prob­

lem in  a rigorous manner w h ich  avoided the s in g u la rity . ]  F in a lly , 

since he assumed tha t a l l  c o llis io n s  lead to aggregation and that there 

are no d isso c ia tio n s , i t  fo llo w s  that

(3 .3 )

(3 .4 )

(3 .5 )



Therefore Eq. (3 .1 ) becomes

7 t  = IM r ( *  fy k -;n: Ak - i -  < tT > k t RkpHvNp) . (3 .6 )

Smoluchowski then goes on to solve Eq. (3 .6 ) by use o f 

fu rthe r assum ptions. He assumed

R ij =  R j )  (3 .7)

where R. and R. are the ra d ii o f the spheres o f in fluence  o f the i- fo ld  
i  J

and j- fo ld  p a rtic le s . Using the S tokes-E inste in  formula fo r the d if fu ­

s ion  c o e ffic ie n t o f a spherica l p a rtic le

D - = i H  =  V / h
' 3Tr^ i  /?; <3- 8>

i t  is  poss ib le  to w rite

(3 .9 )

M aking the ra ther crude appoxim ation tha t R ^R ^, Eq. (3 .9 ) becomes

D .. R .. -  2D R. . .i j  l j  1 1  (3 .10)

Using Eq. (3 .10) and le tt in g  N-*o», Eq. (3 .6 ) takes the form :



Summing over a l l  k in  Eq. (3 .1 1 ), the re su lt is

(3 .12)

Therefore

<£ nk =  % ( l  + ^hrVfRfHet)
(3 .13)

where nQ = n ^O ). S ubstitu ting  Eq. (3 .13 ) back in to  Eq. (3.11), i t  is  

poss ib le  to success ive ly  generate a l l  so lu tions fo r n^, n^, e tc . The 

re su lt is

Thus Sm oluchowski was able to  construct a model fo r aggre­

ga ting  systems w h ich , in  the absence o f d isso c ia tio n s , qu ite  success­

fu l ly  p red icts the number o f k - fo ld  p a rtic les  as a func tion  o f t im e . Ex­

perim ental observation o f the to ta l number of pa rtic les  as a func tion  

o f tim e fo r rapid coagu la tion  has been carried  out by Tuorila  (25) and 

Zsigmondy (26) as w e ll as o thers. Their resu lts  ind ica te  genera lly  good 

agreement between Sm oluchowski's ca lcu la ted  re su lt Eq. (3 .13) and 

observed re s u lts .

n k = n .  C . t j

where •C = P , R , t  .

(3 .14)



C . A M odel System 

G etting back to the more general system in vo lv in g  both a sso c i­

a tio n  and d isso c ia tio n , i t  is  necessary to develop a model w h ich  re la tes 

to  the chem ical in te rac tions  tak ing  place and the b ind ing  s ites invo lved . 

The processes o f aggregate asso c ia tio n  and d is s o c ia tio n  w i l l  then be 

expressed in  terms o f the phys ica l parameters o f these in te ractions and 

s ite s . For th is  purpose i t  is  use fu l to assume the fo llo w in g  properties:

(a) There are nQ s ing le  uncharged spherica l pa rtic les  (S P )/vo l.

in i t ia l ly .

(b) There are m sm all G m olecules adsorbed and un ifo rm ly 

d is tr ibu te d  onto the surface o f each SP.

(c) Each adsorbed m olecule G has an "e ffe c tiv e  va lence" o f 

f  ( i.e .  f  a c tive  s ite s ).

(d) A ll a c tive  s ite s  are equa lly  a va ila b le  fo r reaction .

(e) The G molecules are perm anently fixe d  upon the SP surface.

(f) B iva len t B m olecules ( i . e .  two a c tive  s ites) in  so lu tion  

re ve rs ib ly  react w ith  s ites  G,, on the SP's according to  the 

scheme:

B + G .rjB G .; i  = 1, 2, . . .  fm,1 i

where

(B) = conc. in  m o le s /vo l. o f B m olecules in  so lu tion  

(G.) = conc. in  m o le s /v o l. o f i  th  s ite  on SP's;
i

(BGj) = conc. in  m o le s /v o l. o f combined B and Gi  a t



i  th  s ite  (w h ich  is  conc. o f f i l le d  i  th  s ites  on S P 's).

(g) Chem ical equ ilib rium  between B m olecules and s ites  

is  very rapid and occurs before any s ig n if ic a n t SP 

aggregation takes p lace .

(h) The number o f s ite s  is  very large compared to the num­

ber invo lved  in  aggregation b ind ing  and therefore e q u ili­

brium values are not changed s ig n if ic a n tly  by the pro­

cess o f aggregation.

(i) Each B m olecule acts as a loose in e la s tic  s tring  w ith

an a c tive  s ite  on each end and a fu l ly  extended length  L. 

The fra c tio n  f^ o f s ite  i  f i l le d  is  g iven by:

■p. =  (B e , )
' &;> ' (3-15)

A t equ ilib rium  o f B m olecules w ith  a l l  s ites

K i ( B * ) ( G ? ) =  ( B f , )
(3.16)

where K., is  the equ ilib rium  a sso c ia tio n  constant fo r the i  th  s ite  and 

the superscrip t "e " denotes e qu ilib rium  values fo r the concentra tions. 

M aking use o f Eq. ( 3 .16), f  is  then g iven by:

f * =  K; ( BV
l + K , ( B ‘ ) (3-17)

The to ta l number o f G. s ites  f i l le d  a t equ ilib rium  per SP s is  thus:



oc

I f  i t  is  now fu rthe r assumed tha t the free energy change AG°

o f a B m olecule com bining w ith  a s ite  G. is  the same for a l l  such s ites1

and is  not a ffected  by the number o f B m olecules a lready combined, i t  

fo llo w s  tha t the equ ilib rium  asso c ia tion  constant fo r the form ation of 

a s ing le  BG. is  the same fo r each s ite  i  (27). Therefore

(3.19)

S ubstitu ting  Eq. (3 .19) in to  Eq. (3 .18) y ie ld s : 

s = fmK(Be)

1 + K(Be> ’ (3 .20)

The to ta l number o f empty s ites  a t equ ilib rium  per SP q is  thus:

= • / > „  .
1 + K(BV ( ’

I f  in i t ia l ly  there are bQ m o le s /v o l. o f m olecules B in  so lu tion

andg m o le s /v o l. o f adsorbed G m olecules onto SP's ( g = mn /N_ o o o A

where isA vogadro 's  number) then

■fin
b =  ( B V  +  S '  (B C :* )

• iTl (3 .22)

and

4 w
s  ^  Z ( G f )  (3 .23)

i = I



Com bining equations (3 .1 6 , 3 .1 9 , 3 .2 2 , and 3.23) i t  is  possib le  

to  express (B6) in  terms o f the in i t ia l  concentra tions. The re su lt is :

( b * )  =  ^ { - £ > + k ( W 3

+ ( i C i + K t f y - L j J *  +  * k . K f }  . ( 3 . 24)

Thus s and q can be expressed in  terms o f the in i t ia l  concentrations 

too .

A ctua l s itua tions  to w h ich  our assumed system properties 

m ight app ly are:

(1) Polymer b ridg ing  systems in  w hich two p a rtic les  are 

bridged by adsorbed polym er chains or loops [see W alles (28)].

(2) Systems in  w h ich  anim al v iruses are neu tra lized  under 

ce rta in  cond itions by an tibod ies reacting  w ith  antigens upon 

the v irus  p a rtic le  surfaces [see  Fazekas de St. Groth, W atson 

and Reid (2 9 ) ].

(3) Aggegation o f red c e lls  by the com bination o f b iva le n t 

an tibody m olecules w ith  s p e c ific  an tigen ic  determ inants on 

the surface o f red c e lls  and subsequent c ro ss -lin ka ge  between 

c e lls  [.see M ing , Goodman and Brown (3 0 ) ].

(4) Systems o f polystyrene la te x  p a rtic le  d ispers ions w h ich  

are sens itized  by coa ting  w ith  a c tive  antigen s ites  and used

in  a g g lu tin a tion  procedures fo r the de tection  o f various diseases



[see  Oreskes and Singer (3 1 ) ].

(5) A c tua l an tigen -an tibody reactions in  so lu tio n  where in ­

stead o f each SP con ta in ing  m G m olecules i t  cou ld  be assumed 

tha t the SP its e lf  is  an antigen w ith  an e ffe c tive  f  valence 

and m = 1 [see  Goldberg (3 2 )].

Since the eva lua tion  o f f . . and r . . in  terms o f our model system
i ]  i ]

is  extrem ely com plicated fo r the general case, i t  seems prudent to  be­

g in  w ith  the s im p les t s itu a tio n . Therefore, in  the c a lcu la tio n  o f d is ­

so c ia tio n  ra tes, we s ta rt w ith  a determ ination o f r ^  . This d isso c ia tio n  

rate o f a tw o -fo ld  p a rtic le  is  the s im p lest poss ib le  d is s o c ia tio n  case.



D . C a lcu la tion  o f r

1. P re lim inaries

The tw o -fo ld  p a rtic le  is  considered as two id e n tic a l

spherica l p a rtic les  jo ined  by a loose, re la tiv e ly  m assless, in e la s tic

s tring  attached to  a po in t on each surface. The loose s tring  represents

a b iva le n t B molecule and the po in t on each surface corresponds to  a

s ite .  Both spherica l p a rtic le s  are p e rfe c tly  free to  trans la te  and

rotate in  random therm al motion independently o f each o ther as long

as the s tring  is  not fu l ly  extended. I t  is  a lso  assumed th a t the string

cannot wrap around the p a rt ic le s . Upon reaching the fu l ly  extended

length I ,  the tw o p a rtic le s  experience an im pu ls ive  force and to rque.

These tend to  a lte r th e ir lin e a r and angular v e lo c it ie s  in  such a w ay as

to  bring  them c lose r to  each other again unless th e ir  re la tive  v e lo c ity

along the d ire c tio n  L o f the s tring  is  greater than a "b ind ing  v e lo c ity "

V_ . The b ind ing  v e lo c ity  V depends upon the b ind ing  energy E ,
B B B

w h ich  is  the e ne rgy tle t holds the s tring  fixed  to  the p a rtic le  s ite , and 

upon the re la tive  o rien ta tions o f the tw o p a rtic le s  to  the d ire c tion  

L . I f  the re la tive  v e lo c ity  along L is  greater than V , the tw o -fo ldO

p a rtic le  w i l l  d issoc ia te  in to  tw o s ing le  p a rtic le s .

I t  is  poss ib le  to  form ulate an expression fo r r  j  as a product o f 

tw o fa c to rs .

Thus Tjj  is  g iven by



where

and

Pg s p ro b a b ility  o f sa tis fy in g  the (3 .27)
b ind ing  energy cond ition  a t 
extension L (see Part 3 o f th is  
S ection ).

The term A f is  the fra c tio n  o f pa irs tha t go from a d is tr ib u tio n  o f po in t 

separations to  the fu l ly  extended separation L in  a tim e in te rv a l A t .

2 . E va luation o f S j j

Assuming a M axw e ll d is tr ib u tio n  fo r tra n s la tio n  and ro ta tion ,

i t  is  shown in  Appendix B th a t the re la tive  v e lo c ity  d is tr ib u tio n

p(u )du in  the £ d ire c tion  between two po in ts  on the surfaces o f tw o iden - 
z z

t ic a l sphe rica l p a rtic le s  is  g iven by

 e x p f  ~ "*»u» ~|ttr (3.28)

where u is  the re la tive  v e lo c ity  in  the k d ire c tio n ,*« w /2 jcT , kT, 
z

and 0, and 0„ are the angles between the inward rad ius vectors 1 L
■4 ^  A

T j and r2 o f the two spheres, respe c tive ly , and the k d ire c tio n . This

s itu a tio n  is  illu s tra te d  in  Figure 7. In  Figure 8 p(u ) versus u isz z

p lo tted  fo r some ty p ic a l values o f 0 j and 02 . When 0 j =u , 02 = 0, there



X,

Figure 7. Typ ica l o rien ta tions fo r pa rtic les  1 and 2 and the spherica l 

cap re s tr ic tio n  fo r the center o f p a rtic le  2 .
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is  no ro ta tio n a l e ffe c t and the d is tr ib u tio n  p(u ) reduces to  the o r-z

d inary M a xw e ll d is tr ib u tio n  fo r the re la tiv e  v e lo c ity  o f tw o  p o in t p a r t ic le s .

When = ir/2  the  ro ta tio n a l e ffec t is  m axim al. At va lues o f S j

and 02 w h ich  g ive  appreciab le  va lues to  s in  and s in  02# P(uz) is

la rger than the o rd inary M a xw e ll d is tr ib u tio n  fo r la rge v e lo c it ie s  and

sm alle r fo r sm all v e lo c it ie s . I t  is  a lso  worth m entioning th a t, s ince (3

2
is  p roportiona l to  r  , p(u ) is  independent o f p a rtic le  s iz e . Taking thez

A A A Ad ire c tion  o f the fu lly  extended s tring  L in  the k  d ire c tion  ( i .e .  L = k ) ,

A
p(u ) then becomes the d is tr ib u tio n  o f re la tive  v e lo c it ie s  in  the L z

d ire c tio n .

Now to  consider the fra c tio n  o f pa irs Af w h ich  reach the fu lly  

extended leng th  L in  tim e  A t.  Since on ly  the l im it  At+0 is  o f in te re s t 

in  ca lcu la tin g  S j j , o n ly  those pa irs w h ich  are c lose  to  L have a chance 

to  reach the  fu l ly  extended leng th  in  the l im it  A t -♦ 0 . Therefore, on ly

the component o f re la tiv e  v e lo c ity  u along L = k need be considered .z

To reach the  leng th  L i t  is  requ ired tha t p a rtic le s  whose po in ts  are o r ig -

A A

A

in a lly  z apart in  the k d ire c tio n  are

(3.29)

apart in  tim e A t* Therefore i t  is  required tha t:

Uz zr (L-fc)/At . ( 3 . 3 0 )

I t  can be seen from Eq. (3.30) th a t as At-*0 on ly  those po in t

separations z -♦ L w i l l  lead to  f in ite  v e lo c it ie s  u .z

The m athem atical apparatus fo r ca lcu la tin g  is  now



a lm ost fu l ly  deve loped. Using equations (3 .28) and (3 .30) and

in teg ra ting  over a l l  poss ib le  con figura tions o f tw o  p a rtic les

separated by a po in t d istance z along the 1c ax is  and over a ll z from

0 to  L, A f can be w r itte n  as:

W  .  & / / *  AtA < ^ \  ^  OO

f  4 (cw>ftv>ttjKts)
Sin 0,16, JLif^sme^de,

(3 .31)

The angles (0 , p j )  and (02»<p2) are the appropriate angles in  spherica l 

coord inates fo r p a rtic le s  1 and 2, re spe c tive ly , as shown in  Figure 7. 

Since w rap-around is  neglected, y 7TJx a lw a ys . The

constra in ts  on the <p and 0 in teg ra tions  re s u lt from s te ric  h indrances.A w

a ce rta in  range o f va lues fo r 02 and <p2 are poss ib le  i f  the two spheres 

are not to  overlap . The tw o spheres, o f course, cannot overlap since 

they are considered as r ig id  p a rtic le s . Thus the center o f p a rtic le  2 

is  re s tr ic te d  w ith in  a spherica l cap fo r a g iven anc* z» as ind ica ted

in  Figure 7.

The eva lua tion  o f Eq. (3 .31) is  an extrem ely d if f ic u lt  under­

ta k in g  fo r a general va lue o f L . This is  true because the geom etrica l 

constra in ts  on va lues o f 02 and (p2 are qu ite  com plicated fo r L «  r .  I t  

can be shown (Appendix C) tha t the constra in t

I f  0  ̂ and cpj are fixed  a t a g iven z separation o f p a rtic le s , then on ly

C-0S ~ C0S COS o, +Z*<SM^5mQt

Cos9x (Z - t°s e t) - ( l  + ZcosO,-J? ) (3 .32)



holds among ( 0 ^ , ^ )  and ( ©2, <p2) and z .  The constra in ts  expressed 

by Eq. (3 .32) cannot be used to  g ive  e x p lic it  l im its  fo r the va lues

w i l l  be considered:

(a) L >  2r,

(b) L «  r .

(a) L > 2r

Since i t  has been shown tha t on ly  those po in t separations 

c lose to  L w i l l  reach the maximum separation L in  lim  A t -*0 and since 

fo r z > 2 r there are no constra in ts  on ©2 and <p2 , i t  is  reasonable to  

neg lect constra in ts  fo r z < 2r and therefore Eq. (3 .31) becomes:

Letting  jx = cos 0 ., n = cos 0_ , and putting  i n  the e x p lic it  form o f1 X u  u

in  Eq. (3 .3 1 ). Therefore, on ly  the fo llo w in g  two cases

A - f  (Ar-*o) -

t  a .ir  f  V  A f i  r

j  i z j  J  s'» t y K  X .

' (3 .33)i  r»rr a7T f X i r  p j r
I I . 1  I A

Since p(u ) is  independent o f <p. and <p_ and the denominator conta ins
Z 1 2

on ly  t r iv ia l  in teg ra tions , Eq. (3 .33) s im p lif ie s  to :

o Ju. o Z-~-
x A t

(3 .34)



p(uz ) from Eq. (3.28) in to  Eq. (3 .34) y ie ld s :

( n ~ o ) =  ±  J "x
L  “ IT  J o  - /  0

n Do

x  j  d u % &xf> r  * i

M  (3 .35)

Rewriting the la s t in te g ra l in  terms o f an e rfc  func tion  and rearranging 

the z in teg ra tion  order g ives:

A f  U t ~ 0) -  j l  J «  e r A [ ^ >  (  .36)

Letting |j.j and s=L -  z, Eq. (3 .36) becomes:

iJ ( 6 t - * o )  = J_  ^ d e t r f c ^ ^ p ) - *

Using

A , f  _________  Y'*
L 2-(*V*+ f )  -  ̂ (M f+ A Z )  J  (3 .3  8)

and in teg ra tion  by parts over the s in teg ra tion  y ie ld s :

I I £*1?
i f  ctt-o) = j l  r u t  u k .  ,U )  + *  ( I - 1  * * *  n

LJJf 0 * L  2 U t /  ji/J V J  . (3 .39)

(3 .3  7)



So fa r, the lim A t-* 0 has not been used. I t  is  now appro­

pria te  to  do so . For large va lues o f y the erfc  y can be expanded 

in  the asym pto tic  series (33).

- y
&nc.y = JL f  i i ) (3 .40)

l 7  " 3 7 *  +  " ‘ '  v  '

Therefore

LXv'

. A V  a*l *

(3.41)

In the lim  A t -» 0 , su b s titu tin g  Eq. (3 .41) in to  Eq. (3 .26) y ie lds :

S 5 = -_ f f <*A _L
"  Z t  ZLfn 'J *  ^  A (3.42)

Rewriting A in  terms o f | ij and from Eq. (3 .3 8) y ie ld s  the expres- 

ion:

^  ( 3 . 4 3 )



rt*a:

I f  x  = a /ij and y = a^ 2 , where

*  r  = 0 . 6 0
%(«?+$)

then Eq. (3 .43) becomes:

S n ® '■— ^ —  I ** f  t r J i - r - Y *  •11 a U 3 , | i r£  J ° "•

The in teg ra tion  over y is  now in  a standard form (34) and the re­

s u lt is :

>   _____
s  = j  r  J 1 / 5 + o - k * - ) s i \  1

The f ir s t  term o f the in tegrand is  o f the same form as the pre­

v ious in teg ra tion  over y in  Eq. (3 .45) and therefore

s » ' . i f e f  t  r* * * *

(3 .44)

(3 .45)

(3 .46)

(3 .47)



Since a = 0 .60  is  a pure number, the la s t in teg ra tion  in  Eq. (3 .47) 

is  e a s ily  evaluated num erica lly  by the trapezo ida l ru le  or any other 

su itab le  num erical in teg ra tion  m ethod. The re su lt fo r S.
11

(w ith  (3=I/2kT=mr2/5 kT ) is :

S = J W  , L > ar .
11 L *  to > (3 .48)

(b) L < < r

For L < < r ,  the spherica l cap o f poss ib le  loca tions  fo r the 

center o f p a rtic le  2 (see Figure 7) becomes very  sm a ll. The range o f 

poss ib le  02 va lues, therefore, is  a lso  very sm a ll. Thus, a fa ir ly  

reasonable approxim ation th a t can be made is  th a t a l l  02 va lues are 

equal to  the 0 va lue o f the line  passing through the spherica l cap 

cen te r. For th is  02 va lue , w ith  L < < r ,

6 % + 0,  TT .
(3 .49)

Therefore,

sm & sin e,
(3 .50)

and

V /a
  e x p
ih*e,+P) J a . ( * r  5mael +§.)^ (3 .51)



The 0_ approxim ation makes p (u ) independent o f the 0
C* Z b

in teg ra tion  in  Eq. (3 .3 1 ). The in tegra tions over constra in ts  can 

then be evaluated since they s im ply  y ie ld  the so lid  angle o f the 

spherica l cap

U
(  c o n  s - t r * )  H i s )

d y %SM&xd92 ~~ *~rr ( l ~  £ * * £ )  , (3 .52)

where e is  the h a lf angle o f the cone in  Figure 7. From the geometry 

o f the s itu a tio n  the cos e can be expressed in  terms o f 0 j  as

cos £  =  I + \  cos e, -
------------------------------------------- # (3 .53)

0  -  zzcose. *  v  r

Since z < L < <  r, to  f i r s t  order in  z /r :

C .o s  £  =  I  +  * 5  c o s  0 , .  (3 > 5 4 )

Using the re su lts  o f equations (3 .51, 3 .52 and 3 .54) in  Eq. (3 .31) 

y ie ld s :

Ai=ifH I8 *’l dr' f  l  ev I- 2 ̂ 's 'k  ♦»?]
jT it f  T i r  •

J K ttzW V j SIH9, COSfydff, (3 .55)
W0 J0 v/jl 

a

The in teg ra tions over <p and the denominator are a l l  t r i v ia l . A fter

performing these in teg ra tions  

l r '0’
I ot»- a xe  I-  ~|

t  V iir o? C w V ^ e .+ e)'* L * (3.56)



Equation (3.56) can now be w ritte n  as

.L .0

Af = f  zdz J mM  t r & f / l z S ) /-----ffi   1
r  J» l U t / V  j

where cos 0^. Le tting  s = L -  z and reordering the in teg ra tion  

over s y ie ld s :

a I ~ ~ Z  f A d j t ,  f (L rJ S )d S  * \ r f o  fs. / ----- ..........—— ' 1
J*  J - /  «/o ( . A t  V % f «  j r V /  - v ^ H  J  *

W ith

X =  X[ * r * ( l - M , %) + p ]

Eq. (3 .58) becomes:

A-f= P I rfx (L -s )# t r fc f .  
z r X ' - J i u  °  '•

s * Z l )
A t  J  *

The in teg ra tion  over s can be accom plished by in teg ra ting  by p a rts , 

The re su lt is :

A f = J L

- x j t ' e r f  (  h * Z %) 1
T   ̂ J

(3.57)

(3 .58)

(3 .59)

(3 .60)

(3 .61)



Since on ly  the l im it  A t^O  is  o f in te re s t here, the e rfc  and e rf terms

in  Eq. (3 .61) can be expanded according to  Eq. (3 .40) to  y ie ld :

A t  ( * + ' ) = ? _  f  « tx  J i L ' * ( * -  + ■- ■)
v f f r  o x / *  \  % f r r  ^ • J - x 7* ' ''V *

0 .6 2 )
x *■ JW  w * -  J J J  •

Taking the lim  A t-* 0» s im p lify in g  te rm s, and subs titu ting  Eq. (3.62) 

in to  Eq. (3 .26) leads to :

_S 2 . H  - _ ? —
11 zLJr  t*

X , / a  <£X

(3 .63)

In tegra ting  over x  in  Eq. (3 .63) is  e lem entary. The re su lt is :

v j & p f s r r e * * ^ - ' ]
(3 .64)

= LAI f k T  , L < t  r  .
L V m ’

Comparing equations (3 .48) and (3 .64), i t  is  in te re s tin g  to  note 

tha t, aside from the L * facto r, is  la rger fo r L « r  than fo r 

L > 2 r. This is  due to  the sm aller amount o f con figu ra tion  space 

a va ilab le  to  p a rtic le  2 when L < < r ,  fo r w h ich  the geom etric constra in ts  

tend to  favo r more po in t separations c loser to  L, than fo r the L > 2r



4 a

case . Equations (3 .48) and (3 .64) can be combined in to  the 

fo llo w in g  s ing le  equation

s =  c  firr  
II T - V T S -  ’  (3 ,65)

where

c  =  r ( . 6 7 ,

0 . ? i  > L > zr . {3 .6 6)

3 . Evaluation o f P_
B

Just before the s tring  is  fu l ly  extended, the to ta l energy 

o f the two p a rtic le s  is  g iven by

E  = £ wivi 3' +  +  (3 .67)

where V j and o>  ̂ are the lin e a r and angular v e lo c it ie s  o f pa rtic le
-4 “4

1 and v 2 and u>2 are the lin e a r and angular v e lo c it ie s  o f p a rtic le  2 ,
A

re sp e c tive ly . When the s tring  is  fu l ly  extended in  the L d irec tion , 

there w i l l  be an im pu ls ive  force and torque fo r tim e £ t .  The 

im pu ls ive  force F on p a rtic le  1 w i l l  be in  the L d ire c tio n  and, i f  the
A A A

string  is  oriented along the k ax is  ( i . e .  L = k), the im pulse is  g iven by:

g s = P . t = F « k - j t .  ( 3 - 6 8 )



.  —*  t  —*

The term J = | J | >0 since F acts to  try  to  loosen the s tring  aga in .
—* -*  .*

P artic le  2 w i l l  experience an im pulse -J . The torques X j  an<̂  t  2

are then g iven by:

-y.  ̂ A
=  - 3 r , A  k ,

i ; . - ? . * - ? -  .  p - ‘ »>

Letting  "p rim e" superscrip ts denote the lin e a r and angular v e lo c i­

tie s  a fte r im pulses are app lied

-*■/ -*  *
Vj =  V, +■ ^  ) (conservation o f

\7 t  £ lin e a r momentum)
Y * .®  j L  k  i

m

(3 .70)

and

I c $ '«  T V J ^ k ,
A (conservation o f (3 .71)

T  c S . ' s i a *  J t u k  . angular mementum)X  ̂ A

In Eq. (3 .71) use has been made o f the spherica l symmetry o f the 

p a rtic le s  whose moment o f in e rtia  tensor can be w r itte n  as 

i  - i ( t t  + £ j + i k )  . The energy E ',  a fte r the im pulses have acted,

is  g iven  by:



I f  the bond is  to  break, the lo ss  in  energy a fte r the im pulses 

must be equal to  the b ind ing  energy E_ „ ThereforeD

E - E '  = . (3,73)

Equation (3.73) is  the b ind ing  energy cond ition  p rev ious ly  mentioned 

in  Part 1 o f th is  s e c t io n . lt  is  a necessary and s u ffic ie n t cond ition  fo r 

the bond to  break. Equation (3.73) can be equ iva len tly  expressed in  

terms o f the lin e a r and angular v e lo c it ie s . Therefore, upon su b s titu tio n  

o f equations (3 .67 , 3 .7 0 , 3 .7 1 , and 3.72) in to  Eq. (3 .73 ), the re s u lt is :

where v  = v  -  v  . Since i t  is  required th a t J i  0 in  order fo r the bond
Ld X

to  b reak, a s im pler necessary and su ffic ie n t cond ition  can be derived 

from Eq. (3.74) because its  d isc rim inan t must beStO. Therefore

(3.75)



where use of the vector identity

60a Y" =  CO. r  a  w
(3.76)

has been made. Now accord ing to  Eq. (B3), the re la tive  v e lo c ity  be­

tween points 1 and 2 on p a rtic les  1 and 2 , re spec tive ly , is  g iven by:

Therefore, co nd itio n  (3 .75) sta tes tha t the re la tive  v e lo c ity  o f po in ts 1

and 2 a long the s tring  ( i . e .  in  the k d irec tion ) must be equal to or great­

er than an e ffe c tive  b ind ing  v e lo c ity  Vg fo r the p a rtic les  to separate.

The re la tive  v e lo c ity  o f the two po in ts in  the k d ire c tion , however, is  

s im p ly  uz . Therefore con d itio n  (3 .75) can be s im p ly  rewritten as:

U5l ^  VB * (3 .78

The p ro b a b ility  Pg can now be obtained by in teg ra ting  the re la tive  

v e lo c ity  d is tr ib u tio n  P(uz) duz , as given by Eq. (3 .28) , over a l l  poss ib le  

o rien ta tions a t the fu l ly  extended leng th , sub jec t to cond ition  (3 .7 8 ). 

Therefore PD can be w ritte n  as:

=  V +  <3,a?, (3 .77 )

A

CcoMst^nts a.t L ) (3.79)



OJ

We can w rite

|r ,A k |  »  r i i ’*  0, , 

/ k| -  •rs,'A e-x » (3.80)

Using Eq. (3 .80) and the d e fin it io n  (B5) fo r*a n d  P, Vg [d e fin e d  in  (3 .7 5 )] 

can be w ritte n  as:

VB g /E g  C ^ g -K x r*  (51**6, + j i m \ )  3V*pirr (3.81)

The in teg ra l over uz in  Eq. (3 .79) is  therefore:

f  f l =  (— - 4 ® ------------- 1
fa /n ^ + s in ^ + i& I  J

=  £  ^  ( J g .  .
(3.82)

Equation (3.79) , then, s im p ly  becomes

(3.83)



since the  in teg ra tion  over u turns out to  be independent o f a n g le s .z

An a lte rn a tive  de riva tion  o f Eq. (3.83) is  presented in  Appendix D using

a somewhat d iffe re n t but equ iva len t approach. N otice  th a t i f  E = 0
B

then, P = 1 /2 . This s im p ly  means th a t i f  there is  no b ind ing  energy 
B

when the s tring  is  fu l ly  extended, h a lf o f the p a rtic le s  w i l l  break away 

and h a lf  w i l l  move c loser to each o the r. This is  ju s t w hat one would 

expect on the  basis  o f random therm al m otion.

4 . Results

The d isso c ia tio n  ra te  constant r ^  can now be w ritte n  from 

equations (3 .25 , 3 .65 and 3.83) as

where C is  defined by Eq. (3 .66 ). Thus r ^  is  e s s e n tia lly  independent

o f Eg fo r Eg LL  kT and very s trong ly  dependent on Eg fo r E^>kT. For

E_ >  >  kT , r .  ,-*0 . I t  is  w orth  noting th a t s ince the va lue  o f C depends 
B 11

upon the  ra tio  L / r , Eq. (3.84) is  re la tiv e ly  dependent upon the radius 

r  o f the  spherica l p a rtic le s . In Appendix E the ca lcu la ted  re s u lt fo r r ^  

is  compared w ith  a d ia tom ic d isso c ia tio n  ra te  k^  ca lcu la ted  from a 

sim ple liq u id  m odel.

(3.84)



E. D eterm ination o f r ..
__________ i j

1. D iscuss ion  o f General Case

The general reverse ra te  constant r̂ , fo r an i+ j- fo ld  p a rtic le  d is ­

soc ia ting  in to  an i -  and j- fo ld  p a rtic le  is  now considered. I f  there are 

in tra-aggregate  reactions lead ing  to  c y c lic  connections ( i .e .  c losed 

loops) between the constituent spheres, then d isso c ia tio n  may depend 

upon more than one bond breaking (see Figure 9 fo r examples o f c y c lic  

connections). This makes the d isso c ia tio n  process more invo lved  than 

fo r n o n -c y c lic  connections s ince one or more s trings may not be fu l ly  

extended when others are. I f  a bond breaks, the SP's may s t i l l  be held 

together by other bonds and d isso c ia tio n  may not occur. In a d d itio n , 

i f  there are c y c lic  connections, the to ta l number o f these connections 

between constituen t SP's o f an i+ j- fo ld  p a rtic le  w i l l  be v a ria b le . This 

va ria tio n  w i l l  make the s ta t is t ic s  qu ite  form idable fo r a l l  those com­

b ina tions o f bond breakage w h ich  lead to  the end re s u lt o f an i- fo ld  

and a j- fo ld  p a rt ic le .

I f ,  in s tead , i t  is  assumed tha t there are on ly  s ing le  n o n -c y c lic  

connections between constituen t SP's o f an aggregate, then the  number 

o f these connecting s trings  is  f ix e d . For an i+ j- fo ld  p a rt ic le , there w i l l  

be i+ j-1  connecting s tr in g s . I t  w i l l  now be demonstrated tha t i t  is  pos­

s ib le  to  express the general r ^  ra te  constants in  terms o f r ^  fo r some 

s itua tions  in vo lv in g  on ly  s in g le -s tr in g  n o n -c y c lic  connections.



Figure 9 . Examples o f c y c lic  connections.



2. L inear Chains

For some n o n -c y c lic  cond itions , o n ly  lin e a r-c h a in  aggregation 

w i l l  take p la c e . Examples fo r the model system described in  Section 

C are as fo llo w s :

(1) When there are on ly  two G m olecules /SP and on ly  one a c tive  

s ite /G  m olecu le .

(2) When there are o n ly  two G m olecules/SP and very few B m ole­

cu les present in  the system, so tha t there is  ra re ly  more than 

one B m olecule attached to a G m olecule.

(3) When the SP i ts e lf  is  assumed to be a m olecu le— such as an 

a n tig e n --w ith  two ac tive  s ite s .

A t the in s ta n t when a connecting s tring  is  fu l ly  extended, the prob­

a b il i ty  o f any o ther connecting s tring  a lso  being fu l ly  extended is  a lm ost 

zero. Therefore when a d isso c ia tio n  occurs w ith in  an aggregate, i t  w i l l  

o n ly  e ffe c t the m otion o f the two pa rtic les  whose s tring  has d isconnected. 

The other spheres o f the aggregate w i l l  continue to move randomly as 

free p a rtic le s . Therefore, the d isso c ia tio n  rate constant fo r tha t break 

w i l l  be equal to r ^ .  For the general lin e a r cha in  in vo lv in g  an i  + j- fo ld  

p a rtic le , there are two possib le  ways o f ending up w ith  an i- fo ld  and a 

j- fo ld  p a rtic le  i f  i  /  j .  One way is  to  break the lin e a r cha in  so tha t there 

is  an i- fo ld  p a rtic le  to the le f t  o f the break and a j- fo ld  p a rtic le  to the 

r ig h t. The other way is  to  break the cha in  so there is  a j- fo ld  p a rtic le  

to the le f t  and a i- fo ld  p a rtic le  to  the r ig h t. For i  = j ,  there is  o b v i-



ous ly  no d is t in c tio n  between the  two cases and there fo re , on ly  one way 

o f breaking the cha in . I t  fo llo w s  tha t fo r the lin e a r i+ j- fo ld  p a rt ic le :

r . .
• j ir

» > I — S .
( linear
chain)

(3.85)

3 . Branching Chains

For the usual n o n -c y c lic  s itu a tio n , the process o f aggregation

case is  more com plicated than fo r lin e a r chains s ince more than one 

geom etric structure can e x is t fo r an i+ j- fo ld  p a rtic le  when i+ j£ 4 .

examples o f these d iffe re n t geom etric structures are il lu s tra te d . I t  is

d if f ic u lt  to  determ ine the to ta l number o f d iffe ren t geom etric s tructures

fo r a general i+ j- fo ld  p a rt ic le . Even i f  th is  can be done using modem 
graph theo ry , the frac tio n
o f each type o f structure  present is  not genera lly  known and, in  a d d itio n , 

is  probably a func tion  o f tim e . This is  true because, as tim e passes, 

some higher order aggregates w i l l  break down in to  sm aller ones and favor 

ce rta in  structures over o th e rs . I t  is  a lso  true  th a t in  the b u ild -u p  o f h igher 

order aggregates ce rta in  structures w i l l  be favored . Therefore, a t any 

g iven tim e , the fra c tio n  o f each type o f structure present w i l l  depend in  

a com plicated manner upon the ove ra ll e ffe c t o f assoc ia tion  and d is s o c i­

a tio n . The processes may a c tu a lly  act in  such a way th a t the fra c tio n

w i l l  lead to  chains w ith  branches. The determ ination o f r . .  fo r th is
i j

G enera lly , w i l l  be d iffe re n t fo r each s truc tu re . In Figure 10, some
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Figure 10. Examples o f d iffe re n t geometric s tru c tu re s .



ou

o f each geometric s tructure  present is  constant in  tim e a fte r some in it ia l  

period . This would be an equ ilib rium  s ta te . Since a general in qu iryf *

in to  th is  problem w ould invo lve  a h igh ly  com plex s ta t is t ic a l ana lys is

and is  not d ire c tly  w ith in  the scope o f  our work, we w i l l  not pursue th is

aspect any fu rthe r.

Instead o f dea ling  w ith  the gereral case, we w i l l  evaluate r „  fo r

the f i r s t  few  i  + j- fo ld  p a rtic les  in  w h ich  severa l d iffe re n t structures occur.

Furthermore we w i l l  assume, fo r the purpose o f il lu s tra t io n , th a t every

structure  is  equa lly  probable . Therefore, each structure  w i l l  be present

in  equal fra c tio n a l am ounts. F in a lly , i t  should be understood tha t r_

is  the ove ra ll re su lta n t d isso c ia tio n  rate constant fo r n. T *n . + n. re -
i + J i 3

gardless o f the geom etric s tructure  o f the i -  and j- fo ld  p a rtic le s . When

more than one structure e x is ts , the resu ltan t r . . is considered as the
i j

weighted average over r fo r each d iffe re n t s truc tu re .

Referring to  Figure 10, the fo llo w in g  resu lts  are obtained:

For i  + j = 4;

Vl3 =  |  ir(, }

•i2 = A O %) +1  (o) =  j. |r(( .mm A

For i  + j  = 5;

r i t =  W ) + £ < 3 l r n > =  3V), }

rt i = L ( * r l, ' ) * L ( o )  + ± ( \ r ll)  =  rn  ,



For i  + j = 6;

rj( =  £ ( » i g + £ (3

=  Z ' h ;

• V  =  J. ( » r „ )  + i ( Y „ )  + J - M , )

+ £ C W  +£Cc) + ± . (o)  =  r„  ,

r3, = '(*■„) + j ( r „ )  + <(‘>J 
* * 6  £ 6

tiCo; + x ( r n) +M ( 0  “ iV„ .

As would be expected, the to ta l rate o f d isso c ia tio n  in  each case is :



F. Factors Invo lved In  a Determ ination o f

Since to our knowledge no com plete ly sa tis fa c to ry  theory e x is ts  

fo r ca lcu la tin g  the fo rw ard  reaction  rate constants f^. fo r the  a sso c i­

a tion  o f i -  and j- fo ld  p a rtic le s  in to  i+ j- fo ld  p a rtic le s , th is  section 

w i l l  be lim ite d  to po in ting  out what factors are in vo lv e d . We can w rite  

f,^ as a product o f the fo llo w in g  three facto rs:

f . .  = C ..P ..E ... (3.86)
i j  i j  iJ iJ

The term is  the ra te  o f c o llis io n  between i -  and j- fo ld  p a rtic le s .

This fac to r brings the aggregates in to  phys ica l co n ta c t„ The P_ fac to r

is  the p ro b a b ility  o f a free Gi  s ite  coming in to  contact w ith  a free B

s ite  when i -  and j- fo ld  aggregates c o llid e . F in a lly , E „  is  an energy

a c tiva tio n  factor w h ich  requires c o llis io n s  to be energetic in  such a

way tha t causes reac tion  to  take place when complementary s ites  m eet.

The reaction  resu lts  in  bonds between the B and G m olecules adsorbed

onto the tw o d iffe re n t aggregate surfaces. These bonds thus create

one or more connections between i -  and j- fo ld  p a rtic les  and lead to

the form ation o f i+ j- fo ld  p a rtic le s .

I f  every encounter between i -  and j- fo ld  p a rtic le s  resu lted  in

assoc ia tion  then f  would be equal to and g iven by Eq. (3.4) w ith

P.. = I and Ej. = 1. For our system , however, th is  is  not the case 
i j  i j

since not every encounter leads to reac tion . C o llin s  and K im ball (21), 

C o llin s  (22) and Noyes (35) consider s itua tions where on ly  a frac tion  

o f encounters lead to  reac tion , but they on ly  dea lt w ith  irre ve rs ib le  

b im o lecu la r reactions o f the form A+B -* C . Our model system requires



cons ide ra tion  o f both assoc ia tion  and d is s o c ia tio n . Furthermore, 

s ince th e ir  reactions invo lved  c o llis io n s  between sim ple m olecules 

o n ly , the app lica tio n  o f th e ir  approach to m u lt i-p a r t ic le -m u lt i-p a r t ic le  

c o llis io n s  is  questionab le . However, they assumed th a t in  the v ic in ity  

o f each reactant m olecule a concentration grad ient for the other reactan t 

species is  set up by lo c a l reaction  whose ra te  o f flo w  is  governed by 

d iffu s io n . This is  probably true for our system to o .

In  a fa ir ly  recent paper, Schurr (36) studied the reve rs ib le  b i-  

m olecular reaction  A+B in  s o lu tio n . He was able to  extend the re ­

su lts  o f C o llin s , K im ball and Noyes to the reve rs ib le  reac tion  and suc­

ce s s fu lly  ca lcu la te  both  forward and backward reaction  ra te  con s tan ts . 

Schurr's re su lts  a lso  take in to  account in te rac tions  w h ich  a rise  from 

in term olecu lar p o te n tia ls . This was f ir s t  done by Debye (37) for the 

irre ve rs ib le  b im o lecu la r reaction  and app lied  to  io n ic  re ac tio ns .

Schurr's work is  lim ite d  in  several w ays , however, w h ich  make i t  o f 

doubtfu l u t i l i t y  to  our system . F irs t ly , Schurr ignores a l l  s inks and 

sources a ris ing  from reaction  fo r d istances greater than the reaction  

radius from a ty p ic a l m o lecu le . This is  on ly  ju s tif ie d  when steady state 

cond itions are reached before any s ig n if ic a n t extent o f reaction  takes 

p lace . Secondly, he im p lic it ly  assumes tha t a l l  the m olecular p a rt i­

c ipants A,B and C , in  the reaction  A+B £ C , are in i t ia l ly  present in  

re la t iv e ly  large concentra tions. This is  not analogous to  our system 

w h ich  o n ly  contains id e n tica l s ing le  p a rtic le s  in i t ia l ly .  T h ird ly , A,

B and C are a l l  sim ple m olecules in  Schurr's theory and not geom etrica lly



com plex m any-pa rtic le  aggregates as we are concerned w ith . F in a lly , 

Schurr makes no attem pt to ob ta in  q u a n tita tive  expressions w hich 

describe s te ric  or energetic con s id e ra tio n s . He s im ply lumps these 

in to  an undetermined fac to r p w h ich  is  the p ro b a b ility  o f reaction  when 

a m olecule crosses the reac tion  rad ius .

Since Schurr's work seems inadequate for our purposes in  c a l­

cu la ting  f  (or C „ ) , and other approaches to  ca lcu la tin g  forward ra te  

constants fo r revers ib le  reactions in  so lu tion  do not e x is t to  our know­

ledge , we are unable to  w rite  a reasonable expression fo r C „ .  We 

could w rite  tha t

ra d ii o f i -  and j- fo ld  p a rtic le s . The doubtfu l v a lid ity  o f th is  ex­

pression  fo r reactions in  so lu tio n , however, does not make its  fu rther 

use w o rthw h ile . By using a s im ple liq u id  model as an extension to  

the k in e tic  theory o f gases (see Appendix E), i t  may be poss ib le  to  

a lte r Eq. (3.87) to  reasonably apply to our model system .

The second fac to r P can be ca lcu la ted  in  terms o f some funda­

mental phys ica l quan tities  o f the system . Let

C j j  *  [ * r * T ( 2 .  ♦ £ ) ] (3.87)

from the k in e tic  theory o f gases (38), where r  and r. are the e ffe c tive

a = "e ffe c tiv e  area" o f a G. s ite ; 
g i

a, = "e ffe c tiv e  area" o f a free B s ite  on a SP; b
2

A = 4irr = area o f a SP.



The term "e ffe c tive  area" is  used to a llow  fo r the p o s s ib ility  th a t the

area w h ich  is  ava ila b le  for in te rac tion  when a G. and a B s ite  meet1

during aggregate c o llis io n s  may be la rger or sm aller than the actua l 

p h ys ica l area o f a s ite . This may be due to  s ite  charge cons idera tions, 

f le x ib i l i t y  o f B m olecules w h ich  could a llow  the a c tive  area ( i.e .  the 

rem aining free s ite  area) to  sweep about in  space, e tc . The frac tio n a l 

c o llis io n  area/SP w hich  has free s ites  a va ila b le  fo r in te ra c tion  w ith  

free B s ite s  on other SP's during c o llis io n  is  g iven  by:

K = =  i> »  i t  . (3- 88)
A  i+ k ( B * >  A

The fra c tio n a l c o llis io n  area/SP for B s ites  is  g iven by:

A B s s j i s  fy* l< (B e )  H  . ( 3 , 8 9 )
A  i +  k  (& *) A

These determ inations o f and A_. assume, o f course, tha t there isGr D

no overlapp ing o f s ite  areas. I t  is  a lso assumed tha t the d is tr ib u tio n  

o f s ite s  on SP surfaces is  un iform . The SP thus acts  l ik e  a g ian t 

s ing le  m olecule w ith  fm a c tive  free s ites  on its  surface before com­

b in a tio n  w ith  B m olecules and w ith  q free G. s ites  and s free B s ites1

a fte r equ ilib rium  is  estab lished w ith  B m olecules in  so lu tio n .

When two s ing le  SP's co llid e  the p ro b a b ility  P o f a free G j 

s ite  meeting w ith  a free B s ite  is  g iven by:

?„ s ABAfr +  A t AB =  z s q  K ( b ‘ )  M j  (3 . 90 )

h 1- D + K ( A *



For an i- fo ld  p a rtic le , co n s is ting  o f i  s ing le  SP's, s te ric  hindrances

due to its  geometric construction  w i l l  b lock  o ff  parts o f the surface

areas o f some o f the SP's from in te ra c tio n  a c t iv ity .  Therefore the e ffe c -

©fft iv e  surface area w ould genera lly  be much less  than iA . Since i t  

is  assumed tha t s ites  are d is tr ib u te d  un ifo rm ly  on SP surfaces, the pro­

b a b ility  P .. is  then g iven by:

1J .<u \  f  &  .  \
Pii* * [ 8 A; t i . = P„ • <3-91>

J 1 T  C A T  C J
V

Thus the p ro b a b ility  o f a free G.̂  and a free B s ite  meeting during c o llis io n  

is  independent o f the s ize  o f the aggregates on w h ich  the s ites  are lo ­

cated .

In genera l, the energy fac to r w i l l  be ve ry  com plicated and de­

pendent on the s ize  and mass o f both i -  and j- fo ld  p a rtic le s . When ag­

gregates c o llid e  and complementary s ite s  m eet, i t  may be required tha t 

c o llis io n s  be s u ff ic ie n tly  energetic  to  ac tiva te  a re a c tio n . C onverse ly, 

a h ig h ly  energetic c o llis io n  may cause two aggregates to meet and then 

re c o il w ithou t enough con tact tim e fo r reaction  to  take p lace . Probably 

a compromise between these two energy requirem ents must take p lace 

in  the successfu l c o llis io n  ( i .e .  a c o llis io n  lead ing to  a ssoc ia tion ).

These requirements w i l l  c le a rly  depend on the s ize  and mass o f the i -  

and j- fo ld  aggregates and the s ize  w i l l  a lso be dependent on the ra tio  

o f L / r .  I t  seems, a t the present tim e , th a t any expression fo r E^ 

would have to  be obtained e m p ir ic a lly .



G . Other Approaches

The properties o f aggregating systems have been stud ied using 

d iffe re n t approaches from th is  presentation w h ich  b a s ic a lly  re fle c ts  a 

k in e tic  ou tlook on the problem . M ost o f the o ther approaches have been 

s ta t is t ic a l in  nature and based on seeking the most probable d is tr ib u ­

tio n s  o f aggregate s iz e . It  is  o f in te re s t to  b r ie fly  examine a few  o f these 

o ther methods now.

Stockmayer (39), using s ta t is t ic a l methods, developed a theory 

w h ich  su cce ss fu lly  described many properties o f b ranched-chain  p o ly ­

m ers. As a sim ple illu s tra t io n  o f h is approach, consider a system com­

posed o f N id e n tic a l monomeric u n its . Each u n it has f(>  2) id e n tic a l 

fu n c tio n a l groups capable o f reacting  w ith  each o th e r. Let m be the

number o f po lym eric  m olecules composed o f n u n its . The fo llo w in g  

conservation  re la tio n sh ip  then holds:

The to ta l number o f m olecules M is  g iven by:

^  (3 . 9 2
=  M .

Stockmayer made the fo llo w in g  two assumptions [as Flory (40) d id  in  

e a rlie r work and v\e do in  th is  te x t]]:

n

(3.92)

n%. i

(a) In tram olecu lar re a c tio n s , lead ing to  c y c lic  s truc tu res , are 

postu la ted  not to  occur.



(b) At any stage during the re a c tio n , any unreacted functiona l 

group is  as re ac tive  as any other group regardless o f the s ize  or shape 

o f the m olecules to w h ich  i t  is  a ttached .

Since in tram o le cu la r reactions are excluded, an n-m er (n -fo ld  

pa rtic le ) conta ins n-1 in te r-u n it  connections and 2n-2 reacted func tiona l 

g roups. The extent o f reaction  is  thus g iven by:

<x =  £  t= a ( N - M )  (3.94)

* T m -fN

Using a re s u lt o f Mayer and M ayer (41), the to ta l number o f ways in

w h ich  N un its  may be d iv ided  in to  m. monomers, m_ d im e rs ,. . .  ,ml  2 n

n-mers is
T T  /m  . . .  I I  / w . \  n /

(3.95)s i.  » > ¥

where w ^ is  the number o f ways in  w h ich  n un its  may form an n-m er,

exclud ing in tram olecu lar re a c tio n s . Stockmayer maxim ized Si w ith

respect to  each m , for a g iven extent o f reaction  ( i.e .  for fixed  valuesn

o f N and M ) , to  find  the most probable d is tr ib u tio n  o f s ize s . This is  

analogous to  m axim izing entropy a t constant energy in  thermodynamic 

system s. U sing Lagrange's method o f undetermined m u ltip lie rs  and 

so lv ing  fo r w n by com binational m ethods, Stockmayer obtained the re su lt:

W. S t  N ( I - * ) '  f-fw-").1 C H d - * ? - ' ! "  . (3.96)
OC «!



Once Eq. (3.96) was obta ined, Stockm ayer was able to  describe many 

properties o f th is  aggregating system in  terms o f th is  d is tr ib u tio n .

Using s im ila r ana lyses, he was able to describe the properties o f more 

com plicated polymer system s.

Goldberg (32), using the same methods and assum ptions as Stockmayer, 

was able to describe an tigen-an tibody aggregation in  a fa ir ly  successfu l 

w ay. He ca lcu la ted  the most probable d is tr ib u tio n  o f species s ize  for 

a system assumed to be composed o f un iva len t and b iva le n t antibody 

and f-v a le n t an tigen . Using th is  d is tr ib u tio n , he developed a theory 

to  describe the properties o f p rec ip ita tio n  fo r several types o f an tigen- 

antibody system s. He was a lso  able to  suggest a m echanism , in  terms 

o f h is  theo ry , w h ich  expla ined when in h ib it io n  to  p re c ip ita tio n  is  

ach ieved . He obtained in h ib it io n  zones fo r ra tios  beyond whose lim its  

p re c ip ita tio n  cannot occur. H is  find ings compared w e ll w ith  expe ri­

m ental re s u lts .

In a d iffe re n t k ind  o f approach Magar (42) analyzed aggregating 

systems in  terms o f equ ilib rium  constan ts . He assumed a system for 

w h ich  a sso c ia tion  and d isso c ia tio n  take p lace in  monomeric steps o n ly . 

Therefore, the system appropriate to  h is  study is  represented by the 

fo llo w in g  set o f reactions



where ML is  the concentra tion  o f an i-m e r. The equ ilib rium  constant 

fo r the i-1  reaction  can then be w ritte n  as:

K- = -EL . (3.97)
' MA-,

Magar then went on to  a s ta t is t ic a l ana lys is  o f data in  terms o f p o ly ­

nom ia ls . As Steiner (43), Adams (44), and Ts'o and Chan (45) have 

demonstrated, a l l  data from aggregating systems a t equ ilib rium  can 

be represented by po lynom ia ls whose co e ffic ie n ts  are equated to  the 

equ ilib rium  constan ts . For exam ple, the m o la lity  m o f a so lu tio n  can 

be w ritte n  as:

rv\ =  W ,  + * K t ( w i )  *+ 3  - » »  . (3.98)

Least square and Lagrangian in te rpo la tion  methods were then used by 

Magar to  analyze data po in ts fo r these po lynom ia ls and thus to  deter­

mine the co e ffic ie n ts  w h ich  are equ ilib rium  constan ts .



Chapter IV

CONCLUDING REMARKS 

We have attem pted, in  th is  th e s is , to  analyze two d iffe ren t

aspects o f d iffu s io n -in te ra c tio n  phenomena in  b iochem ica l system s.

In both cases, ce rta in  s im p lify in g  assum ptions were necessary to  

make the systems amenable to  m athem atical trea tm ent. The re s u lts , 

to som e extent fo r tu ito u s ly , have proven to  be app licab le  to a broader 

range o f systems than those in i t ia l ly  s tud ied . In Chapter I I ,  fo r example, 

by assuming tha t on ly  one m olecular species d iffuses  and tha t chem ical 

equ ilib rium  p reva ils  throughout fo r each re a c tio n , i t  has been poss ib le  

to solve fo r the concentrations o f a l l  reactants in  a m u lti-re a c tio n  sys­

tem . In Chapter I I I  we have shown tha t h igher order d isso c ia tio n  rates 

could be expressed in  term o f r , the s im p lest d isso c ia tio n  ra te , by 

assuming a sim ple model.

I t  is  worth m entioning a spec ia l case fo r the aggregation problem . 

Consider what would happen i f ,  a t some po in t in  the process o f ag­

gregation , great quan tities  o f un iva len t m olecules were added to  the 

medium w h ich  had a greater a f f in ity  for s ites  than the B m olecules 

d id . For th is  s itu a tio n , a l l  free G.̂  s ite s  would ra p id ly  be f i l le d  by 

B j m olecu les. Since the B j m olecules are un iva len t a lm ost no further 

assoc ia tion  o f aggregates could take p lace and on ly  d isso c ia tio n  would 

be p o ss ib le . Therefore, a l l  f  would be c lose  to  zero and Eq„ (3.1) 

would reduce to  a set o f N lin e a r f irs t-o rd e r  d iffe re n tia l equations 

(k = 1 , 2 , . .  .N) w ith  constant coe ffic ien ts ,w hen  r ^  is  independent o f



tim e . Systems o f lin e a r d iffe re n tia l equations w ith  constant coef­

fic ie n ts  have exact so lu tions and each va riab le  can be expressed as 

a sum o f exponentia ls (46). Thus when on ly  d isso c ia tio n  occurs

iL  H \ t
i —I

where a, . are constant co e ffic ie n ts  and X. (i = 1 , 2 , . .  .N ) are the N k i  i

roots o f a ch a ra c te ris tic  equation . I f  there are m u ltip le  roots o f X 

then the general so lu tion  fo r n^ becomes js lig h t ly  more com plica ted .

For a roo t o f m u lt ip lic ity  j , the co e ffic ie n ts  a ^  fo r j terms are replaced 

by po lynom ia ls o f order j - 1 .

There is  c le a rly  a need fo r fu rther research in  the area o f aggre­

gating systems w h ich  in vo lve  both assoc ia tion  and d is so c ia tio n . The 

ana lys is  w h ich  we have attem pted here must be expanded i f  a compre­

hensive k in e tic  de scrip tion  o f such systems is  to  be accom plished.

A model must be developed w h ich  makes i t  poss ib le  to  ca lcu la te  f  

in  a reasonable w ay. Solutions to  the k in e tic  equation (3.1) can then

be obtained fo r s itu a tion s  when f .. and r . . are not com plicated functions
i j  i)

o f tim e . I f  e x p lic it  expressions can be w ritte n  fo r nk (t) the properties 

o f aggregation should be w e ll determ ined.



APEMDIX.A

n, + n ~ * n  2 < i  + j ^  N 
i i +]

The poss ib le  va lues tha t i  and j can take on are:

i  = 1, j = 1, 2, 

i  = 2, j = 1, 2, . .  ., N -  2

i  = k, j = 1, 2, . N -  k

i  = N -  1J  = 1 .

There are a lto g e the r(1 /3 )N (N -  1) com binations, but not a l l  o f these lead 

to  d is t in c t aggregation re a c tio n s . For example, i  = 2 and j = 1 y ie lds  the 

same reaction  as i  = 1 and j = 2 . Let be the number o f d is t in c t reac­

tio n  com binations fo r N £  2 . I t  is  easy to observe w hat C^. is  fo r the f ir s t  

few  va lues o f N:

C2 = 1,

C5 -  6, 

C6 = 9.



I t  can be seen tha t the fo llo w in g  recurs ion  re la tionsh ip  between the C ^ 's  

holds:

CV = i  N ( H - 0 -  C«-, (Al)

By repeatedly using th is  recurs ion  re la tion sh ip  and the fa c t th a t C = 1,C*

can be w ritte n  as:N

(? - l£n(N-0^(N~()(^~z)-h(N-%)(N-3)-+ *'• + ("0 fa ) (0j[

=  j ( i d - l )  ■

'=I

I f  N is  an even integer, then

C "‘"= 4-i t  [*'<(*’ -0 - &-0
w *  i- l

I f  N is  an odd in teger, then using equations (A l) and (A3):

(A2)

(A3)

(A4)



APPENDIX B

I f  a M axw e ll d is tr ib u tio n  is  assumed fo r an ensemble o f r ig id  spher­

ic a l p a rtic les  w h ich  are free to  trans la te  and ro ta te , the p ro b a b ility  o f 

find ing  a p a rtic le  w ith  cen te r-o f-m ass v e lo c ity  between v and v  + dv and 

angular v e lo c ity  about the center o f mass between m and w + d«T is  g iven 

by

-JE£ - I cq*-
Pf?,w).(VW N e*kT * 2kT A’v fo  .

(B l)

N is  the norm aliza tion , m is  the mass o f a p a rtic le , and I is  the moment 

o f in e r t ia . N is  g iven by

_  rr  - m *  _ xtS~ ->-i j a
I t tk r  t %kT ( f v f c o j  =  ( (B2)

( Z i r k T ) 3 *

Now the v e lo c ity  o f a po in t P on the surface o f a r ig id  sphere w ith  cen te r- 

o f-m ass v e lo c ity  v  and angular v e lo c ity  "w is

-  V +■ CO A Y

where “r is  the radius vec to r from the center o f a sphere to the po in t P.

3The p ro b a b ility  P(v. )d v  o f f in d in g  the v e lo c ity  o f po in t P between
P P

Vp and v'p + dvp can be obta ined by in tegra ting  Eq. (B l) over a ll combina­

tions  o f v  and m w h ich  s a tis fy  Eq. (B3). This can be accom plished by



use o f a D irac de lta  fu n c tio n . Thus

= N l \  f a  t j ^  S f r -V-ZJ-)  m

where, fo r s im p lic ity , the substitu tions

* = 3 r  » *  1  f ^ ‘ )  <B5)

are made. The in teg ra tion  over a l l  v  in  Eq. (B4) is  t r iv ia l .  The re su lt is

(B6)

Since the remaining in teg ra tion  in  Eq. (B6) is  over a l l  w and the o rien ta ­

tio n  o f the coordinate system is  a rb itra ry , i t  is  convenient fo r purposes

f*
o f in teg ra tion  to  choose r  = rk .  Eq. (B6) thus becomes

P ( v p) £ v p =  N<**Vp iCto’+pM + W f f U * !

. (B7)

The in teg ra tions  in  Eq. (B7) are a l l  fa ir ly  s tra igh tfo rw ard . The re su lt is

+ “ <‘ VW
/ . a  (B8)
(rr) ^  k ) V J -  J #

I t  is  easy to  see from the second form o f Eq. (B8) tha t i f ,  instead of
A

choosing r  in  the k d ire c tion , an a rb itra ry  d ire c tion  is  chosen the gen­



e ra liza tio n  is :

^  . (B9)

A
The p ro b a b ility  P(v̂ UVpg o f find ing  the v e lo c ity  in  the k d ire c tion

o f po in t P between v  and v  + dv is  obtained by in teg ra ting  Eq. (B9)Jr z srz iZ

over a l l  v px and v p^  components. Using spherica l coordinates fo r? :

Vp*!r =  r (  VpKs i A e c o s i f + v P zco£©') , (b io )

S ubstitu ting  Eq. (BIO) in to  Eq. (B9) and in teg ra ting  over a l l  v px and 

vpy y ie ld s :

p rv w )rfv ra

X / ' y*  ir ( .  Vu  V f j l

X  (  *■
aseVn \lfr  

. ( B l l )

The in teg ra tions in  Eq. ( B l l)  are not d if f ic u lt .  A fte r carry ing out the in ­

tegra tions and a lgebra ic  s im p lif ica tio n s  the re su lt is :

r_5i_— Y \ x P ( z ^ ! k  w .
fjrrC « r J  \  »(r +$ J  (B12)

I f  tw o id e n tic a l p a rtic le s  are now considered, the p ro b a b ility  

P(Vtj^V^yV/J;dV%% o f find in g  the v e lo c ity  in  the k d ire c tio n  o f a po in t on



the surface o f pa rtic le  1 between v  and v  + dv and o f a po in t on theJL Z 1Z 1Z

surface o f p a rtic le  2 between v 2z and v 2z + dv2z is

' P ( V , t , V l l )A V a iV l s  =  M,%
TT

X ^ p f -p [ - « e  (y , i  +  v ^ _ \ - |
(B13)

/

The P subscrip ts  have been dropped fo r b re v ity  o f no ta tion . I t  is  now 

desirab le  to  find  an expression fo r the re la tive  v e lo c ity  d is tr ib u tio n
A

in  the k d irec tion  between the tw o p o in ts —one on each spheri­

ca l p a r t ic le . Letting

,  C j,= - i(V i 2 +  V .O  ,

Eq. (B13) can be w ritte n :

P  (pjs j  ^  (**" S»h^-+

(B14)

r'/x

 ̂ r
X £Xp -I -  [(otfsiS'Q,

^ C«lir>Sin*0J+fO (Kr’iinVfO

i j -  . (B15)

The re la tive  v e lo c ity  d is tr ib u tio n  can now be obtained by in ­

tegrating Eq. (B14) over a l l  C . The re s u lt is :z
, 6*

►/- A . .  \ J/
'5SffU fc X U *  rfUa f  CR*Uj,)<*C

J-e© * *

* f ______ V’ r «x̂ug__
otU*,

( B 16)



APPENDIX C

Using the Pythagorean theorem and re fe rring  to  the coordinates 

in  Figure 7, the d is tance  d 12 between centers o f the tw o spherica l par­

t ic le s  1 and 2 is  g iven  by

cos Y'j-JTine, cos ) %  tr* (S in OxStn I f ^ - s  m  m  <f,

+ [ z  + r Ceos ©,-oos ©,
‘ (C l)

Since the two spheres cannot overlap, the minimum d istance between 

centers poss ib le  is

J m in ->d 12 = 2 r. (C2)

The greatest d is tance between centers fo r a g iven ) and z occurs 

when r  is  in  the d ire c tio n  zk -  r (see Figure 7). For th is  d ire c tio n —Cd 1

w h ich  goes through the center o f the spherica l cap comprised o f a ll 

a llow ab le  o rien ta tions  o f the center o f sphere 2— the d istance d J2 is  

a maximum and is  g iven  by:

mix / a a f/a.
d S ( r + z  -  t% rcose , )  +  r

(C3)

Therefore, com bining terms in  Eq. (C l) ,  com bining the cond itions o f 

Eq. (C2) and (C3) and d iv id in g  by r  y ie ld s :

(j~c°se^cos9,- £ L ( c o t )  +  *Z?y

^  - (C4)



Since the low er and upper in e q u a lity  lim its  are p o s itive , the in e q u a litie s  

s t i l l  ho ld  i f  each one is  squared. Therefore, a fte r squaring each in e q u a l­

ity ,  transposing terms, and s im p lify in g , the re su lt is :

-(l+Zc*sQr tf- \ '



APPENDIX D

We w ish  to  rederive Eq. (3 .83) fo r P_ using cond ition  (3 .75) in -
D

stead o f the equ iva len t cond ition  (3 .7 8 ). The p ro b a b ility  Pg can be

expressed as a M axw e llian  in te g ra tio n  over a ll poss ib le  lin e a r and

angular v e lo c it ie s  and orien ta tions w h ich  s a tis fy  cond ition  (3 .75 ).

This can be done instead o f w r it in g  P_ in  terms o f the re la tive  v e lo c ity
ti

d is tr ib u tio n  as in  Eq. (3 .79 ). Thus,

J . .  . 3 .

where E is  g iven by Eq. (3 .6 7 ).

Since E is  independent o f angles, Eq. (D l) can be w ritte n  as:

/  ^  «  vf a , £ u>^

J SiA#t i- 0| 
Jjr

Cconitr*4»ts a,t L-)

SlH  < t j

-£/hT
t  A

(D l)

(const at L')

f t r  r nr rsfCcoHstYmU c* D

J, d f l jLr Sl* 6'  ^ 'J  J K  ^
T

(D2)

where

w V ,v  . . M *

(D3)



— -  3 -3  -3 _J
— 'h i  I  ~  *  §

( z n k r ) 6, -rr6
(D4)

Letting

and using d e fin it io n s  (B5), Eq. (D3) becomes:

(D5)

& lA/
f y A X e ,  t

(D6)

Since the in teg ra tions  over a ll u is  independent o f the b ind ing  v e lo c ity  

cond ition , i t  can be in tegrated out and the re su lt is :

VBB (D7)

A lso since v .k  = v z> the v ^  and v ^  in teg ra tions  are independent o f the 

b ind ing  v e lo c ity  cond ition  and they, too, can be carried out s im p ly .



Thus Eq. (D7) becom es:

f .  = M j l )  1  r  -  -  -*v ,
(D8)

Using Eq. (3 .76) and le ttin g

a .s ^ A k  and «-vs ^ A K  ,
(D9)

Eq. (D8) becomes:

f 0* - f v j  
< tv ,  ^  x
&V*7X-  +(J»̂ flax +tiz.ybvy (DIO)

The fa c t tha t a and a are perpendicu lar to  k has been used in  Eq. (DIO)X W

Since there is  no w. or w dependence in  the b ind ing  v e lo c ity1Z bZ

cond ition , the in teg ra tions  over these va riab les  can be e a s ily  carried 

o u t. Thus Eq. (DIO) becomes:

f e = i  f e f x  u  i * j  i ^ j «
6 f t  U J ? J-(0 J’*> -*> Sj'*°

f'BO
X

* — O/vAiv — (Ai/i

y  fe

Vg -  0/^/^ -  0-̂ y ( D l l )

Let

K  - p / A j i ,
= O/yA-iy ^ ^ / ^ ly  j

*3 -  y 3̂ « P ^ t X  J
*.~U3̂ y j =‘ ? / < y  . (D12)



Equation ( D ll)  then becomes:

-*P

X | , t - t ' x V  '  (D13)& i S r

The absolute signs on the a^ and a2 components in  the denominator come 

about from consider ing  the e ffe c ts  these components have on the lim its

o f in teg ra tion  when they are p o s itive  or n e ga tive . Let 

Jl*.*  ± ( j c r j L  s---------------

x f c t K f o i K J Z & x c t  t t  )K  (D14)

where

- w ; r  ... -s-vi:

W ith

J |V . (D16)

the expression fo r I ( t  , t^ , t^ ) can be w ritte n  as:



I f
6 =  ~41: >

T*  (D18)

then Eq. (D17) becomes

p°*
X  =  J f f j  d ? t  *  e r f  c ( £ + t ' )

'»  0 e (D19)

The f ir s t  term o f Eq. (D19) in  the square brackets has the va lue J tF / ? , .

The second term is  an odd func tion  o f p and therefore w i l l  van ish  when

>4
2

m u ltip lie d  by the even func tion  exp(-2b  ,p /a )  and itegra ted over p from

-oo tO oo.

Equation (D19) can thus be w ritte n  as:
.<*> -Ik*. A*.

" i f f  * j je  * I f f  ^  J  • (D20)

I f

y s x-£ - t '  , (D21)

th e n E q . (D20) becomes:

I  (t„t» t,) = i  J'*r *■ J

* J V ^  • <D22>A ' “to



The second form o f Eq. (D22) is  obta ined a fte r rearranging terms and 

reordering the in te g ra tio n s . In tegra tion  over p in  Eq. (D22) is  now 

e a s ily  accom plished by com pleting the square in  the exponen tia l. The 

re su lt is :

- t '

(D23)
x =± {xg: ^  «r[-£ ] } .

«*

I f

7 - U S Z  (y+t') ,
V *( l+ £ W:0 + £ Wv « • (D24)

the in te g ra l overJjj becomes an error func tion  and Eq. (D23) assumes 

the sim ple form:

e .v f c / '  /  t ' )
*  +• 2.^ /

. < » * >

Comparing Eq. (D25) and Eq. (D17), i t  can be seen tha t the re su lt

o f in teg ra tion  o f 14 leaves the e rfc  form unchanged except fo r e lim ina tin g

the t 4 dependence and a lte ring  the constants in vo lve d . Therefore, since

a l l  o f the in teg ra tions  invo lved  in  Eq. (D14) are o f the exact same form

as Eq. ( D l7), i t  is  not hard to  show e ithe r d ire c tly  or by induction  tha t

the f in a l re su lt fo r p a fte r a l l  o f the in teg ra tions are performed is :
B



Upon su b s titu tin g  Eqs. (3 .80 , 3 .8 1 , D4, D9 and D12) in to  

Eq. (D26), p s im p lif ie s  to :
D

Therefore, since p turns out to  be independent o f angles, P
B o

Eq. (D2) is  s im ply:

(D27)

= pB and

This is  e xa c tly  the re su lt (3 .8 3 ).



APPENDIX E

The ca lcu la tio n s  o f is  based upon a very simple model o f two 

spheres jo ine d  by a loose string  in  a therm al equ ilib rium  ba th . Although 

th is  model is  crude, i t  seems to  approxim ate ly describe a t leas t the gross 

o ve ra ll features o f tw o - fo ld -p a rt ic le  d is so c ia tio n . The ac tua l k in e tic  

behavior o f reacting  m olecules in  so lu tion  is  qu ite  complex and to  our 

knowledge no rigorous th e o re tica l ca lcu la tio n  o f d isso c ia tio n  rate con­

stants in  so lu tio n  e x is ts . Even fo r reactions in  a gas—w h ich  are much 

s im pler than in  so lu tio n — reaction  rate theories have not been h ig h ly  

successfu l and recourse to  experim ental w ork is  necessary (47,48). 

Fow ler and Guggenheim (49), however, proposed a rather crude model 

fo r reactions in  so lu tio n  w h ich  was re a lly  an extension o f the k in e tic  

theory o f gases. I t  is  o f in te res t to  compare the resu lts  o f th e ir  model 

w ith  the ca lcu la ted  re su lt o f Tj j  .

Fow ler and Guggenheim (49) used a liq u id  model fo r w h ich  each 

m olecule is  assumed to  be in  therm al a g ita tio n  w ith in  a cage or c e ll o f 

rad ius a formed by its  nearest neighbors in  a more or less regu lar w a y .

I t  is  fu rthe r assumed th a t the m olecules are r ig id  spheres o f diam eter 

Dq  whose centers are confined to  e q u ip o te n tia l regions or c e lls .  As a 

rough approxim ation D = + a, where D is  the mean separation be­

tween nearest-ne ighbor liq u id  m olecules arranged in  a more or less 

c lose-packed  w a y . Fowler and Guggenheim then assigned a c la s s ic a l



v e lo c ity  and p o s itio n  d is tr ib u tio n  to the m olecules w ith in  th e ir  c e lls .

W ith  these assum ptions they then ca lcu la te  Z12(e*) • This is  the to ta l 

n u m b e r/v o l./tim e  o f c o llis io n s  between m olecules o f types 1 and 2 whose 

energy exceeds e * in  the normal d ire c tion  to  the c e ll w a ll o f a m olecu le . 

Their re su lt fo r Z12(e*) is

where Vj and \>2 are the c o n c ./v o l.  o f m olecular types 1 and 2, respec­

t iv e ly ,  |a is  the reduced mass, and a 12 is  the symmetry number (equal 

to  2, i f  the tw o types are the same, and equal to  1 o th e rw ise ).

On the m olecular scale, i t  is  genera lly  assumed tha t m olecules 

d issoc ia te  as a re s u lt o f c o llis io n s  w ith  other m olecules (47,48) .F o r 

d ia tom ic  m olecules, a c o llis io n -in d u ce d  d isso c ia tio n  is  o f the form

where AB is  the d ia tom ic  m olecule and M is  the m olecule w h ich  induces 

d is s o c ia tio n . Assume tha t m olecular type 2 is  a d ia tom ic  m olecule and 

m olecular type 1 causes d isso c ia tio n  o f m olecule 2 by c o llid in g  w ith  i t .  

Then by an extension  o f Eq. (E l), the d ia tom ic  d isso c ia tio n  rate con-

(E l)

AB + M  - * A  + B + M (E2)



stant k , can be w ritte n  as: 
d

k <x 1  [kT e~£*/kT
a - iy r  ■ (E3)

Several s im ila r it ie s  can be seen between expression (E3) fo r k^  and 

Eq. (3 .84) fo r r ^  i f  a is  associa ted w ith  L and e * is  associa ted w ith  

E . This is  e sp e c ia lly  true at very low  b ind ing  energies or ve ry  high
D

temperatures s ince e rfc  (JE /kT)  «  exp (-E /k T ) fo r E c<£kT.
D D D

I t  should be pointed out tha t r  j  is  the d isso c ia tio n  rate fo r two 

macrom olecules (partic les) jo ined  by a re la tiv e ly  large s tr in g - lik e  m o le ­

cule w h ile  the d ia tom ic d isso c ia tio n  rate k , is  fo r two atoms whose bondd

length  is  no more than a few angstrom s. Furthermore, the ca lcu la tio n  

o f r ^ j  assumes no in te rn a l structure w h ile  soph is tica ted  approaches to 

the ca lcu la tio n  o f k^  assume in te rna l energy modes (49,50) w h ich  d isap­

pear when the d ia tom ic m olecule breaks apart in to  a tom s. F in a lly , the 

d isso c ia tio n  o f d ia tom ic m olecules are assumed to  be induced by c o l l i ­

sions o f the form (E2) w h ile  d isso c ia tio n  o f the tw o -fo ld  p a rtic le s  is  

assumed to occur by the con tinua l therm al bombardment o f the so lvent 

m o le cu les .
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