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CHAPTER 1

INTRODUCTION

For systems of biological or chemical interest, there are often pres-
ent many molecules which are physically and chemically interacting with
each other. These interactions are manifested through collisions and
various types of forces. Because of these interactions, the roles of dif-
fusion and kinetic theory are believed to be significant in determining the
properties of such systems as they evolve in time and vary in spatial
composition,

A rather extensive literature has been devoted to mathematically
analyzing single-reaction systems in which several species of molecules
are simultaneously diffusing and chemically interacting through a given
spatial volume. These situations are typically characterized by a set of
coupled non-linear partial differential equations. Secor and Beutler (1)
studied the reversible reaction YA A+ XBB —_— XM M+ ‘6,, N
from a very general point of view which encompassed plane, cylindrical,
and spherical geometries. The resultant four coupled non-linear partial
differential equations are solved by a finite-difference method and solu-
tions are presented in graphical form. Perry and Pigford (2) analyzed
the reversible reaction A + B == 2C for a semi-infinite medium. Their
numerical results are also presented in graphical form. Toor and Chiang
(3) treat certain types of diffusion~controlled reactions which are trans-

formable into equations of pure diffusion for special cases. They derive



simple relationships between the diffusion rate with and without reac-
tions which are independent of geometry, hydrodynamics, and boundary
conditions. Olander (4) studied several types of chemical reactions in
which the reacting species are assumed to be present in equilibrium con-
centrations at all points along the diffusional path. Results are pre-
sented for steady-state. conditions and for some special transient~state
cases. In his text on the mathematics of diffusion, Crank (5) presented
exact mathematical solutions for some simple irreversible reactions and
the first~order reversible reaction. Rashevsky (6) considered diffusion-
reaction phenomena occuring within cells and tissues in great detail.
Analyzing the important process of oxygen consumption in living cells,
Rashevsky obtained good agreement between experimental data and theo-
retical solutions. In another biological application, Bierman (7) studied the
steady-state situation for which a reaction A—»B takes place in one re-
gion of a cell and the reverse B—A takes place in another region.

The area of multi-reaction diffusional systems has also been treated
in some detail. Hearon, in a series of papers (8),studied the properties
of solution for such systems. He showed that there exist certain con-
servation relationships between linear combinations of concentrations
of reacting species. Also, Hearon was able to prove that with certain
boundary conditions, any two of the following three conditions --station-
arity, flux equilibrium, and chemical equilibrium--impty the third. In
another study Hearon (9) analyzed multi-reaction biological systems and

presented solutions for steady - state conditions. He also dealt with



energetic aspects of diffusion-reaction processes. Rashevsky (6), also,
considered multi-reaction systems. He studied situations involving
simple time-periodic solutions. Weinberg (10) studied a two-reaction
system possessing spherical symmetry and time-periodic s olutions.

In the literature either steady-state conditions or transient situa-
tions are considered; the latter usually give rise to systems of coupled
non-linear partial differential e quations. The non-steady-state approaches
lead to numerical solutions often involving too many parameters for an
effective description. Instead of proceeding along similar lines, it will
be shown in Chapter II that by the use of certain simplifying assumptions
results were obtained which can be easily visualized. Also, by using
these assumptions it is possible to extend the results to the broader
range of many-reaction systems which have not been treated previously
by this particular a pproach.

In Chapter II the reaction A+B 2 C is studied for the biologically
common situation in which only one molecular species A freely diffuses.
The other species B and C are assumed to be either relatively immobile
large molecules or fixed within a non-diffusible structure or gel. It is
shown that only a single partial differential equation is needed to des-
cribe the system whenever chemical equilibrium prevails continuously
throughout. The generalization to a multi-reaction system of the form

A+B, ¢ Ci; i=1,2,...n, thenpllows directly. As in the previous case,

i
only A is mobile and B i and Ci are non-diffusible. Again it is



assumed that chemical equilibrium prevails throughout for each reaction.
Using particular boundary conditions, the resulting diffusion-reaction
equation in A(x, t) is solved by iteration methods; Bi(x, t) and Ci(x, t)

as algebraic functions of A(x, t) are then completely specified. The re-
sult of this analysis is displayed in terms of a few simple physical par-
ameters of the system. Since this aspect of our research was essential-
ly completed in 1970 and subsequently published [ Hart, Sugerman, and
Shelupsky (11), referred to hereafter as HSS), Chapter II will basically
be a review of this work .Therefore, for any technical details, reference
will be made to HSS.

In another aspect of diffusion-interaction study, attempts are made
in Chapter III to set up a model which makes possible a mathematical
description of the process of particulate aggregation. The general case
is considered in which an aggregate can associate with another to form
a larger size aggregate and, also, can dissociate to form two smaller
aggregates. Extensive work has been done in analyzing systems for
which only association of particles to form larger aggregates is allowed.
Almost no study has been devoted to systems involving both association
and dissociation of aggregates.

The classical papers in the theory of aggregation are those of
Smoluchowski (12). [See Overbeek (13) and Chandraeskar (14) for
translated reviews of Smoluchowski's work.] Smoluchowski assumed:
that in the process of aggregation no dissociations take place; that all

particles are originally monodispersed, uncharged and spherical; that



all sized aggregates exhibit Brownian motion; and that every encounter
between particles by random motion leads to a permanent contact.

Subsequent work by other authors has mainly involved application of
Smoluchowski's results to various systems. For example, Booth (15)
extended the Smoluchowski model to apply to a coagulating system con-
taining two distinct types of particles. Collins and Frisch (16), Hidy
and Brock (17), and many others have applied his model with some mod-
ifications to the coagulation of aerosols. La Mer and Healy (18) studied
the adsorption and flocculation of macromolecules using Smoluchowski's
work. Delbriick (19) and Valentine and Allison (20) used his theory to
explain adsorption of viruses onto host cells. Collins and Kimball (21)
and Collins (22), however, presented a careful analysis of diffusion-con-
trolled reaction rates which raised some valid objections to Smoluchow-
ski's theory. Nevertheless, they concluded that his fundamental con-
cepi:s were valid. They extended his work for the case where only a
fraction of reactant encounters lead to reaction (or aggregation).

In Chapter III a general kinetic equation is written for the process of
aggregation which takes into account both association and dissociation.
As a special case, the Smoluchowski model for coagulation which in-
volves only association is reviewed. Returning to the more general case,
a model system is then described which could reasonably apply to many
types of biological and chemical processes. Examples of such systems
are presented. As a preliminary in calculating the forward and reverse

rate constants, which are extremely complex for the general case, the



dissociation rate constant r for a two-fold particle, is calculated.

11’
Even this calculation is complex and much of Chapter III will be con-
cerned with it. For this purpose a model of two spheres joined by a

loose inelastic string is used. The spheres represent macromolecules
and the string represents a bivalent molecular structure--such as an
antibody--which is attached to active sites on the spherical surfaces .
The general dissociation rate constants rij for the dissociation of i+j-
fold particles into i- and j-fold particles are then expressed in terms

of I for some situations. Factors involved in a determination of the
forward rate constants fij for the association of i- and j~fold particles
into i+j-fold particles are then examined. Finally, some other approaches

to the problem of aggregation are discussed.

Concluding remarks are presented in Chapter 1V.



CHAPTER 11
DIFFUSION-REACTION EQUATIONS IN GEL-LIKE MEDIA

A. A + B &= C Reaction

Suppose that molecules of species A diffuse into a region containing
molecules of species B. When A and B molecules meet, the reaction
A+ B=2C
takes place with C molecules resulting from A and B chemically com-
bining. Each molecular species i will then satisfy a continuity equation

of the form
é££+6. :j:‘.z Y‘L- (2.1)
ot ’ «
where Ci is the concentration, .]: is the diffusion flux, and r, is the rate
of production by chemical reaction of species i. Assuming that the sys-

tem is dilute enouch so that there are no diffusional interactions and the

-
medium is stationary, Ii is given by Fick's Law as

e

v 2.2
J. =-D;¥C. (2.2)

where Di is the diffusion coefficient for species i.

Combining equations (2.1) and (2.2) yields:

é_qi' = :D;_ V1‘C,: + r; (2.3)
ot

It is assumed that since the system is dilute Di is constant.

If the reaction A + B == C is not infinitely rapid, then



where kf and kb are, respectively, the forward and reverse reaction-
rate constants. For this reaction, the mass-action constant K is de-
fined as

K= kf/kb, (2.5)
whether the reaction is in chemical equilibrium or not. Combining

equations (2.4) and (2.5) with (2.3) leads to the following set of coupled

non-linear partial differential equations:

g__é_ =DVA-Kk (AB"-I%) ) (2.6)

dB . DVB-k(AB-C) ,
ot K (2.7)

a -C
3C - DVC+k(AB ’_2_) .

ot (2.8)

When the reaction A + B#&==2 C is in chemical eqﬁilibrium, K is also
given by
K = C/AB. (2.9)
Assume now that all reacting species approach chemical equilibrium

concentrations everywhere (except perhaps at the origin at t = 0, see

HSS). This condition requires that either kf or kb or both approach infinity ..

ratio K can still be finite) as AB - C/K approaches zero. The term
kf(AB - C/K) therefore becomes indeterminate in equations (2.6-2.8).

This term can be eliminated, however, by adding equations (2.6) and

ieir



(2.8) and equations (2.7) and (2.8). The result is:

QE-O‘ é—g = :DBV,B + Dcvgc .

3£ 5t (2.11)

Let us now assume that the A molecules are small and mobile while
the B and C are large immobile molecules such as proteins (23) or fixed
in a gel-like medium. It then follows that DB = 0 and DC = 0, There-
fore |

B+ C =p(T), (2.12)

where B(T) corresponds to the concentration of binding sites located

at T. Using Eq. (2.12), equations (2.10) and (2.11) reduce to:

0A + 0C — *
3;"'5_5- - jDAV A ? (2.13)

SB+3C = 0 P
5‘{ 5‘.’5 (2.14)

From equations (2.9, 2.12 and 2.13) the following results are

obtained:
- 2

B=£%2A ) - (2.16)

1+

C= KAQ(V‘)
[+ KA

* (2.17)



Solution of the single non-linear Eq. (2.15) for A will then determine B

and C as well.

- W
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B. Generalization to n Reactions

Consider now n reactions of the form

A+Bi.—_-.:Ci; i=1,2,..

The set of equations analogous to equations (2.6-2.8) are

oA D, V*A- ik,c (AB,-C;) , (2.18)
3t K:
3Bb-DBVB —"4:,,(AB"C) )

K. (2.19)
0Ci =D,V +k (AB-Cc)
;'f ¢ KL (2.20)

In a determination of reaction rate constants in the mammillary system,
Hart, Mallik and Sugerman (24) analyzed this n-reaction system for a

non-diffusion situation {i.e. D, = DB. = DC. = 0 in equations (2.18-
2.20)). 1 1
Returning to the diffusion situation, if it is assumed as in the
single-reaction case that only A diffuses then
D, =D, =0 (2.21)

and

B, + C, = B, (T), (2.22)

where pi('r') is the concentration of binding sites for species i. If it is
again assumed that chemical equilibrium concentrations are approached
throughout the system for each of tiie n reactions then

= 2
KiABi Ci . (2.23)



From equations (2.18-2.20 and 2.21~-2.23), it follows that

[ f Kg( =DV A, (2.24)
‘=) (H—K,,A)’

B, = l-:/i?,i ) (2.25)
¢

C, = If.AK ';\r) . (2.26)
+K;

The set of equations (2.24-2.26) is the generalization of equations

(2.15-2.17) for n reactions.



C. Formal Solution

Since Eq. (2.24) is non-linear, any general attempt at solution for
arbitrary initial and boundary conditions is bound to fail. For simplicity,
then, the problem of a semi-infinite medium is considered with Bi con-

stant. For this effectively one~dimensional case, Eq. (2.24) reduces to:

[\ + ni K:8: 0A =D, A (2.27)
=t (1+K; A~ ot x*

If the following initial and boundary conditions are chosen (see
Figure 1),

A(0,t) = A, t>0;

0,
A(es, t) = 0, t<oo;
A(x, 0) = 0, x>0;

(2.28)
A(X, o) = Ay e (non-independent)

Bi(x, 0) = ﬁi, x>0;

Ci(x, 0) = 0, x>0;
where AO and Bi are constants, then Eq. (2.27) can be transformed into
an ordinary differential equation. This is accomplished using the

/2

1
Bdtzmenn transformation y = x/(4DAt) . The result is

LAO_ _aydAw 1+ § K Bi _ } (2.29)

dy* dy CO+K A

with

A(eo) =0 and A(0) = A (2.30)

0

as the new boundary conditions in the variable y. Transformation from



- Gel
B.(x,0) =8

A=A, .
C.(x,0)=0
X=0 X ==
- A+B=GC  i.i2,...n

A(x,o)='o , X>0
Alw,t)=0,
A(O,f)=A°, t> o

Alx,m)=A,, X<o

Figure 1. Initial and boundary conditions.



Eq. (2.27) to Eq. (2.29) is possible only because of the symmetry that
A exhibits forx =0 andt =wand x =ew andt =0 in Eq. (2.28). Slightly
more general conditions than Eq. (2.28), for which the Boltzmann trans-

formation can be made, are briefly noted in HSS.

It is now convenient to express our équations in dimensionless

form. Using the substitutions

@(Y):A(Y)/Ao ) L6=6L/A° ) /<‘:=/<(:A° ) (2.31)

equations (2.29, 2.30, 2.25 and 2.26) become, respectively:

d.,-dz - _2yd.a. ! + .b-
St - K SLUT .
(I+kia,)
aloo)=0 , (=1 , | (2.33)
?_é = "_"__ )
Y Teka (2.34)
C“ — b“k"a/
i P (2.35)
o I+’fb'd,

A formal implicit solution to Eq.(2.32) is easily obtained by two

integrations and using the conditions (2.33). The result is:

atp= (- [ du € exp {~g2kt; [2aslir k1)

jwdu e_u»‘.e { ¢ 2k " ” . (2.36)
A Py s2 il’a_czc‘zfl-f k-a(z)] }

Equation (2.36) can be explicitly solved for a{y) by successive iterations

once a first approximation al(z) is chosen for a(z). Substituting al(z)



for a(z) into Eq. (2.36), an az(y) can be calculated by numerical inte-
gration. Assuming convergence, this method of successive approxi-
mation can be continued until an(y) = an_ 1(y) to the desired precision.

It is shown in the Appendix of HSS that if
l/’.
Jf 2 kJ"LJ. [1+ ‘ik‘LL ] < |
3/,
-3
[1+ % kb, (1+k,) J

(2.37)

then the successive approximation method converges to the correct
solution. Since the proof of (2.37) uses many gross inequalities, it is
to be expected that Eq. (2.36) will converge for at least some values
of ki and bi which do not satisfy condition (2.37). This was, in fact,

found to be the case when results were obtained by numerical integration.



D. Results
Since the method of successive approximations for both the n-
reaction and single-reaction situation proceeds along completely parallel
lines, for the sake of simplicity, results will be presented only for the
single-reaction system. For this systemn =1, b1 =b-= B/AO, and k1 =
k = KAO in Eq. (2.36). The numerical integration of Eq. (2.36) was then

carried out using

a,(2) =L erfc {Eukﬂ"fy} +Lerfc {fl-*kl’('*k)-zJ ’/1!} (2.38)

as a first approximation. How this form was chosen is explained in HSS.

In Figure 2 the dependence of a(y) upon some values of the para-
meters k and b are presented. If k is zero then no C is formed and
therefore no chemical reaction takes place. In this case: C =0, B = 8,
and a = erfc y. For b = 0 there are no binding sites and again the pure
diffusion case a = erfc y holds.

In Figures 3, 4 and 5 the dependence of the concentrations upon y
for b = 1/2 and different values of k are plotted. As k becomes smaller
the concentration gradients become smaller and B—-»pg, C— 0, and
A—-—AO erfc y as k—>0. All of these figures display the constraints
kaB/A,= C/Ao and (B + C)/A, = b from equations (2.9) and (2.12), re-
spectively.

Finally in Figure 6 the time dependence of the concentrations are

observed for a typical diffusion coefficient of DA =1.6x 10_5 cmz/sec
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Figure 3. Concentration versus y = x/(4Dt)1/

®fork=1,b=1/2
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Figure 4. Concentration versus y = x/ (4Dt)l/2 fork = 1/2, b =1/2.
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Figure 5. Concentration versus y = x/(4D1:)1/2 fork=1/4,p =1/2.
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at a point x = 2 cm from the boundary with k = b = 1. Again the con-

straints of equations (2.9) and (2.12) are observed in the graph.



CHAPTER III
ASSOCIATION AND DISSOCIATION OF PARTICLE AGGREGATES

A. Kinetic Equation

Consider a system of aggregates n, (), nz(t), cee nk(t), cee
nN(t) where nk(t) is the number/vol. of k-fold particles at time t and
N is the largest size aggregate possible. If an aggregate can associ-
ate with another aggregate to form a larger size aggregate and can also

dissociate into two smaller aggregates, then the following combinations

are possible
ul i

{

where fi and rij are the appropriate forward (association) and reverse

j

(dissociation) rate constants, respectively.

If N = 2, then there is only one possible reaction

n. + ng=tn

1 1 2

and the rates of change are given by

- n2+2r n

dn,/dt = £ n, 1172’

2
dnz/dt fllnl /2 - £ 0,

If N = 3, then there are two distinct reactions
iy
nl + nl._—nz:

n. + nz;:.n

1 3’



and the rates of change are given by:

dn,/dt = -¥, nr+2nhn, - 'Fm.":ng."’ iahz ,

d";/%t = ‘F“nl"/z— y.“nﬂ,-'ﬁ'z”'”z.*y;lng J

dn,/dt = ¥, nn, ~r hy .

For the general case, it can be demonstrated (Appendix A)
that there are N 2/ 4 distinct reactions for N even and (N + )(N - 1)/4
distinct reactions for N odd. The rate of change for the k th term

can be written as

d’“k _ k-1
ol g L ity = (1S 0db h,J
+ Nk
i E—'ka"“nl" + (“’Skp)nsp nk-:-p ] 3 (3.0

$=I
where 6”- is the Kronecker delta, fij = fji’ rij = rji and fOj = roj = f!Nj=
INj = 0. Since the total number of single particles is conserved

N

Zz—’ k "k = constant = V\o . (3.2)

Equation (3.1) is the basic kinetic equation of interest. If

it can be solved for nk(t) and all fij and rij are known, the properties
of aggregation of the system are well determined. Now nk( t) can be
solved, at least in principle, by numerical means— for example, by
transforming Eq. (3.1) into a set of difference equations. But the nk's
will still be functions of fij and rij (as well as time). The fij and rij

contain the real dynamics of the aggregation process and therein lie



the crucial physical parameters of the problem. Thus a determination of
fij and rij is of major concern.

Up until this point the system of aggregates has only been des-
cribed in a general abstract way. It will now be necessary to further
define the system by assigning certain properties to the particles making
up the aggregates. This development is needed because fij and rij depend
upon the nature of the particles undergoing association and dissociation,
the types of binding between the component single particles of an aggre-
gate, the geometry of aggregate configurations, and other specific factors
determined by specific assumptions. Therefore, the development of a

model system is necessary to proceed toward a calculation of fij and rij'



afl

B. Smoluchowski's Model as a Special Case

By use of the assumptions mentioned in Chapter I, Smoluchowski
was able to set up a formalism which enabled him to calculate the colli-
sion rate between i-fold and j-fold aggregates. Starting with a calcula-
tion of the number of collisions a fixed single particle suffers with other
single particles as a result of a diffusion flux, he generalized to the rate
of collision between i- and j-fold particles. The result is [see
Chandraeskar (14)]:

Tif-k = 4T D, Rivmim. L1+ Rik/(TrD,-kt)"‘J (3.3)

where Di = Di + D, is the relative diffusion coefficient and Ri is the

k k

distance to which two particles must approach in order to coalesce and

k

form an i + k ~ fold particle. Now for most situations, the time inter-
vals of interest AT >> R::k/D,-k so that the transient time dependent
term can be dropped. {The singularity in the transient termatt = 0
was first treated by Collins and Kimball (21). They analyzed the prob-
lem in a rigorous manner which avoided the singularity.] Finally,
since he assumed that all collisions lead to aggregation aﬁd that there
are no dissociations, it follows that

£y = Jigj/Mi 0 = +1D;, Rij | (3.4

ft
N

X
(3. 5)



Therefore Eq. (3.1) becomes

-k
dn, _ ( N
e - Z’D),‘_, Rk Mty ’g Dip Riphen,). (3.6
Smoluchowski then goes on to solve Eq. (3.6) by use of
further assumptions. He assumed

é(R;-I-RJ‘)

(3.7)
where Ri and RJ. are the radii of the spheres of influence of the i-fold
and j-fold particles. Using the Stokes~-Einstein formula for the diffu-

sion coefficient of a spherical particle

D,"-"-!(-I— = ’j.?_’_f.i
ik R -9

it is possible to write

D;,R;; -—fl?R +—P—— (R +R) (3.9)

Making the rather crude appoximation that R R Eg. (3.9) becomes

Dy; Riy = 2Dy Ry - (3.10)

Using Eq. (3.10) and letting N-» oe, Eq. (3.6) takes the form:

dt (3.11)

k-1
?_(_'!5 — NTD,RI [-;j i”,‘”k-:"”h % "F]
i=) P':’



Summing over all k in Eq. (3.11), the result is

d Z S
d_;E'nk = -—"‘TTDIRI ("iﬂ"k) » (3.12)

Therefore
00 -1
< n =1 (I+47DRMt)
k=i (3. 13)
where n = nl(O). Substituting Eq. (3.13) back into Eq. (3.11), itis

, n_, etc. The

possible to successively generate all solutions for n,, n,

result is

k~1
nk = no ("Ot)

( 1+ n,T )5 (3.14)

where T = 4wrDR,t .

Thus Smoluchowski was able to construct a model for aggre-
gating systems which, in the absence of dissociations, quite success-
fully predicts the number of k-fold particles as a function of time. Ex-
perimental observation of the total number of particles as a function
of time for rapid coagulation has been carried out by Tuorila (25) and
Zsigmondy (26) as well as others. Their results indicate generally good
agreement between Smoluchowski's calculated result Eq. (3.13) and

observed results.
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C. A Model System

Getting back to the more general system involving both associ-
ation and dissociation, it is necessary to develop a model which relates
to the chemical interactions taking place and the binding sites involved.
The processes of aggregate association and dissociation will then be
expressed in terms of the physical parameters of these interactions and
sites. For this purpose it is useful to assume the following properties:

(a) There are nJ single uncharged spherical particles (SP)/vol.

initially.

(b) There are m small G molecules adsorbed and uniformly

distributed onto the surface of each SP.

(c) Each adsorbed molecule G has an "effective valence" of

f (i.e. f active sites).

(d) All active sites are equally availeble for reaction.

(e) The G molecules are permanently fixed upon the SP surface.

(f) Bivalent B molecules (i.e. two active sites) in solution

reversibly react with sites Gi on the SP's according to the
scheme:
B+ GizBGi; i=1, 2, ... fm,

where

(B) = conc. in moles/vol. of B molecules in solution ;
(G)) = conc. in moles/vol. of i th site on SP's;

(BGi) = conc. in moles/vol. of combined B and G, at
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i th site (which is conc. of filled i th sites on SP's).

(9) Chemical equilibrium between B molecules and sites
is very rapid and occurs before any significant SP
aggregation takes place.

(h) The number of sites is very large compared to the num-
ber involved in aggregation binding and therefore equili-
brium values are not changed significantly by the pro-
cess of aggregation.

(i) Each B molecule acts as a loose inelastic string with
an active site on each end and a fully extended length L.

The fraction fi of site i filled is given by:

.Pi = (Bg,)
(6)+(Be) - (3-13)

At equilibrium of B molecules with all sites

K; (B5)(GF) = (B6;)

(3.16)
where Ki is the equilibrium association constant for the i th site and
the superscript "e" denotes equilibrium values for the concentrations.

Making use of Eq. (3.16), fie is then given by:

e
£ = K;(8%)
I+ K;(B°) (3.17)
The total number of Gi sites filled at equilibrium per SP s is thus:

$ e fm
S=Sf =5 KB .

i=] =TT (&%) (3.18)
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If it is now further assumed that the free energy change AGO
of a B molecule combining with a site Gi is the same for all such sites
and is not affected by the number of B molecules already combined, it
follows that the equilibrium association constant for the formaticn of

a single BGi is the same for each site i (27). Therefore

o
_ ~AG /RT
K|:K2=”'Ki =K=e
(3.19)
Substituting Eq. (3.19) into Eq. (3.18) yields:
S = M—B_GL .
e
1+ K(B) (3.20)
The total number of empty sites at equilibrium per SP q is thus:
= - =1rm
I=Ffm-s -ﬁ—-— (3.21)

I +K(B®)

If initially there are bo moles/vol. of molecules B in solution
and go moles/vol. of adsorbed G molecules onto SP's (go = mno/NA

where NA isAvogadro's number) then

b, = (8%)+ £ (BG)

1=] (3.22)

and

f
3, = ;

3

[(65) +(B6)] . (3.23)

-—
{1l
—-—



Combining equations (3.16, 3.19, 3.22, and 3.23) it is possible

to express (Be) in terms of the initial concentrations. The result is:

(B) = & {.- [1+Kk (F3-b )]

+(Crrkg)T "+ we k)" ) |

(3.24)

Thus s and g can be expressed in terms of the initial concentrations
too.
Actual situations to which our assumed system properties
might apply are:
(1) Polymer bridging systems in which two particles are
bridged by adsorbed polymer chains or loops [see Walles (28)].
(2) Systems in which animal viruses are neutralized under
certain conditions by antibodies reacting with antigens upon
the virus particle surfaces [see Fazekas de St. Groth, Watson
and Reid (29)].
(3) Aggegation of red cells by the combination of bivalent
antibody molecules with specific antigenic determinants on
the surface of red cells and subsequent cross-linkage between
cells [see Ming, Goodman and Brown (30)].
(4) Systems of polysiyrene latex particle dispersions which
are sensitized by coating with active antigen sites and used

in agglutination procedures for the detection of various diseases



[see Oreskes and Singer (31)].

(5) Actual antigen-antibody reactions in solution where in-

stead of each SP containing m G molecules it could be assumed

that the SP itself is an antigen with an effective f valence

and m = 1 [see Goldberg (32)].

Since the evaluation of fij and rij in terms of our model system
is extremely complicated for the general case, it seems prudent to be-
gin with the simplest situation. Therefore, in the calculation of dis-

sociation rates, we start with a determination of r This dissociation

11°

rate of a two-fold particle is the simplest possible dissociation case.



D. Calculation of r11

1. Preliminaries

The two-fold particle is considered as two identical
spherical particles joined by a loose, relatively massless, inelastic
string attached to a point on each surface. The loose string represents
a bivalent B molecule and the point on each surface corresponds to a
Gi site. Both spherical particles are perfectly free to translate and
rotate in random thermal motion independently of each other as long
as the string is not fully extended. It is also assumed that the string
cannot wrap around the particles. Upon reaching the fully extended
length I, the two particles experience an impulsive force and torque.
These tend to alter their linear and angular velocities in such a way as
to bring them closer to each other again unless their relative velocity
along the direction f of the string is greater than a "binding velocity"
VB. The binding velocity VB depends upon the binding energy EB’
which is the energythat holds the string fixed to the particle site, and
upon the relative orientations of the two particles to the direction
i. If the relative velocity along I: is greater than VB’ the two-fold

particle will dissociate into two single particles.

It is possible to formulate an expression for r_ . as a product of

11

two factors.

Thus ' is given by

B (3.25)



where

G = lim af/at = df/dt (3.26)
] At» O
and
PB = probability of satisfying the (3.27)

binding energy condition at
extension L (see Part 3 of this
Section).

The 'term Af is the fraction of pairs that go from a distribution of point

separations to the fully extended separation L in a time interval At.

2. Evaluation of S11

Assuming a Maxwell distribution for translation and rotation,
it is shown in Appendix B that the relative velocity distribution
p(uz)duZ in the k direction between two points on the surfaces of twoiden-
tical spherical particles is given by
1/1

2
ex — %p Uz du (3.28)
P [xv"( sm‘e, +Si u’*ez)-r:l\e % -

g
Puy)dUz =
z T [ r"(s in e+ Sine,)+14)

where u_ is the relative velocity in the k direction, %=m/2kT, g=T/2kT,
and el and 92 are the angles between the inward radius vectors
?l and_x.’Z of the two spheres, respectively, and the k direction. This

situation is illustrated in Figure 7. In Figure 8 p(uz) versus u, is

plotted for some typical values of 61 and 92 . When el =1, 92 =0, there



Figure 7. Typical orientations for particles 1 and 2 and the spherical

cap restriction for the center of particle 2.
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Figure 8. p(uz) versus u, for some typical values of e1 and 62 .




is no rotational effect and the distribution p(uz) reduces to the or-
dinary Maxwell distribution for the relative velocity of two point particles.

When 6 1= 8. = w/2 the rotational effect is maximal. At values of 91

2

and 92 which give appreciable values to sin 91 and sin 92, p(uz) is
larger than the ordinary Maxwell distribution for large velocities and
smaller for small velocities. It is also worth mentioning that, since p
is proportional to rz, p(uz) is independent of particle size. Taking the
direction of the fully extended string T in the k direction (i.e. L = 'i<) '
p(uz) then becomes the distribution of relative velocities in the i
direction.

Now to consider the fraction of pairs Af which reach the fully
extended length L in time At. Since only the limit At+0 is of interest
in calculating S1 1 only those pairs which are close to L. have a chance
to reach the fully extended length in the limit At-+0. Therefore, only
the component of relative velocity u, along ’i. = ‘ic need be considered.
To reach the length L it is required that particles whose points are orig-

inally =z apart in the k direction are

z +ugat = L (3.29)

apart in time At. Therefore it is required that:

u, =z (L-2)/at . (3.30)

It can be seen from Eq. (3.30) that as At~0 only those point
separations z - L will lead to finite velocities uz.

The mathematical apparatus for calculating S 11 is now



almost fully developed. Using equations (3.28) and (3 .30) and
integrating over all possible configurations of two particles
separated by a point distance z along the k axis and over all z from

0 to L, Af can be written as:

@onstra.mt;)

A‘F defd(ﬂfSlﬁe de,ffd([ Smg de, P(uz)d,uz

At - .
I:(‘z (cohct\-a.mts) (3.31)

The angles (el,(p 1) and (ez,q)z) are the appropriate angles in spherical

coordinates for particles 1 and 2, respectively, as shown in Figure 7.
Since wrap-around is neglected, €,27/2, 6,¢ 7/ always. The
constraints on the ®, and 62 integrations result from steric hindrances.
If Gl and ¢, are fixed at a given z separation of particles, then only
a certain range of values for 62 and ?, are possible if the two spheres
are not to overlap. The two spheres, of course, cannot overlap since
they are considered as rigid particles. Thus the center of particle 2
is restricted within a spherical cap for a given 8 1291 and z, as indicated
in Figure 7.

The evaluation of Eq. (3.31) is an extremely difficult under-
taking for a general value of L.. This is true because the geometrical
constraints on values of 8, and ¢, are quite complicated for L~ r. It

can be shown (Appendix C) that the constraint

cos e, (% -cos 6 )~ |1 - -}_Y_._Z cos 6, *-gff'.“ﬁs;"‘: cos(y - )<

CDsB(Z-cose) (l-ch.oSE Z ) (3.32)
Zrs



holds among (8 1,<p1) and (02,<p2) and z. The constraints expressed
by Eg. (3.32) cannot be used to give explicit limits for the values
of 62 and 0, in Eq. (3.31). Therefore, only the following two cases
will be considered:

(a) L = 2r,

(b) L¢<r,

(@) L > 2r

Since it has been shown that only those point separations
close to L will reach the maximum separation L in lim At -0 and since
for z>2r there are no constraints on 6, and ®, it is reasonable to

neglect constraints for z < 2r and therefore Eq. (3.31) becomes:

Af (At-»0) = d.zfdyj S:uede M;f.Smedef P (Ug)de,

L am * (3.33)
fdz dtr,f.s:ne,da f Sine, 46,
o Yo VI

Since p(uz) is independent of ®; and ®, and the denominator contains

only trivial integrations, Eq. (3 .33) simplifies to:

L v I «“
2
- 1 ‘ ~ Ly)dit
tso0)=Llaz| s fS/uedé,f Plug)duy
Af(at-o) LL '/gme,de, A A L_: (3.34)
A

Letting kg = cos 6 = cos 92 » and putting in the explicit form of

1’ H2



p(uz) from Eq. (3.28) into Eq. (3.34) yields:

-1/
Af (At-.o)— L fdzfi,ce, tu, [2(“"-*#) or (,«’w )J *

Do

Xf du — g\,
g y EXp [ ey ]
at ‘

2(orpp) - ar* (444

(3.35)

Rewriting the last integral in terms of an erfc function and rearfanging

the z integration order gives:

-F(At"O) d/llfdﬂ \jdz erfC[(L 2){ 1(“'-_'.6)__.". (ﬂ "‘/‘;)}J (3. 36)

Letting My =y and s=L - 2z, Eq. (3.36) becomes:

, i L p /2
Af (at-»0)= :E'T- L A, Ld’“‘ L“ erfc [Tt{ 2(ov +@)—0¢r s *)} _] (3.37)

Using

’/2.
A= { (“”67 d\"’(ﬂ,m;)} (3.38)

and integration by parts over the s integration yields:

N of Baad

! I - Al
Af(at20) = L | du | &4 [LIT anfe (LAY 4 &L (1- 8 2F"
Lﬁrfo 'fo "[’i"e C(ZE')+§A_,§(I & )J (3.39)



E S

So far, the limAt -+ 0 has not been used. It is now appro-
priate to do so. For large values of y the erfc y can be expanded

in the asymptotic series (33).

erfcy= & () _) (3.40)

Therefore

| l
Af (at—=0) = L Y
[ en S e

A L" sLt
X L At -A
e At _ At e At"
(&A 2L‘A3+ )+M(I & )_:]
(3 .41)
In the lim At = 0, substituting Eq. (3 .41) into Eq. (3.26) yields:
!
S zdf =L |du|da L
T zLFﬁL Vo T2 (3.42)

Rewriting A in terms of ) and Ky from Eq. (3.38) yields the expres-

ion:

du, | bu, 2o g) - ¥ (M)
n zLﬁF.‘[éjﬂ’f [ ) - Ke J 3.43)



Ifx = ap and y =ap, , where

a =/ -
2(x¥+8) roo= oéo,

then Eq. (3 .43) becomes:

dxfdyjf_f)/—z

n= 2La3rg’,

The integration over y is now in a standard form (34) and the re-~

sult is:

S = jdx lEl.’I—-x".a, + (1-x*) sin l

I aLa.Jﬁ

—=)1.

_,‘1-

The first term of the integrand is of the same form as the pre-

vious integration over y in Eq. (3 .45) and therefore

2yemn!
Sy = s { 3 [+ 1755 -0 ()]

+Lo;lx(l—x’)sin"(ﬁ;_’_(_i)}

(3 .44)

(3 .45)

(3 .46)

(3.47)



Since a = 0.60 is a pure number, the last integration in Eq. (3.47)
is easily evaluated numerically by the trapezoidal rule or any other
suitable numerical integration method. The result for S11

2
(with B=I/2kT=mr /5kT) is:

= 092 [kT
S“ =4 , L > ar , (3.48)
(b) L < <r

For L<<r, the spherical cap of possible locations for the
center of particle 2 (see Figure 7) becomes very small. The range of

possible ez values, therefore, is also very small. Thus, a fairly
reasonable approximation that can be made is that all 62 values are

equal to the 92 value of the line passing through the spherical cap

center, For this 92 value, with L<<r,

e,+6, = W , 3.49)

Therefore,

[ A Sin
Sin 6,,. h B, (3.50)

and

/2 !L"
P(uz)‘[ %@ ] exp[- <@g

am («r*sin*s, +8) 2(av’sinto,+@) | ¢ (3.51)



The e2 approximation makes p (uz) independent of the 92
integration in Eq. (3.31). The integrations over constraints can
then be evaluated since they simply vield the solid angle of the

spherical cap

( constreint s)
f dY, sing, do, = 2m (I-cosg) (3.52)

where ¢ is the half angle of the cone in Figure 7. From the geometry

of the situation the cos ¢ can be expressed in terms of 91 as

CoSE = | + __cose,—_'z_z__"
2r- ] (3.53)
(1- ZZcose +z )"2

Since z < L<<r, to first order in z/r:

CosE€ =1+ 2%Zcos 6,

T (3.54)
Using the results of equations (3.51, 3.52 and 3.54) in Eq. (3.31)
vields:
v f 16, s da,f du_ e [ g Uy ]
at= (‘ 242‘/ (x¥*sin’ +P>"" ':‘E 2= 2{«vsin’e, +6) 6,+8)
szzj dv,J S1n0, cos 6 df) ’ (3.55)
T

The integrations over ® and the denominator are all trivial. After

performing these integrations

o0
af = -¢ }_'g jz‘zf 5in cos 9, s, f dut, exp [_ =@ Wy, ]
2 (Writosg) Jiox 2(rsie +@) J * (3.56)
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Equation (3 .56) can now be written as

Af = -z fuzf,u,d/l. erfr—{(‘-")‘/;[“:g_m)wj } (3.57)

where p.1= cos B Letting s = L ~ z and reordering the integration

1.

over s yields:

p__-z f»“ﬂ‘ﬂ:f(l‘"s)ds eh‘c’{ f[«r”(l-ﬂ")-ﬁ@]}

(3.58)
With
x= a[ar’(i-u*) +8]
= ? (3.59)
. (3.58) becomes:
2(4r'48) /g
Af= 8 4 X (L—.s)ds erfc (sx )
2rF Va/k ° (3.60)

The integration over s can be accomplished by integrating by parts.

The result is:

% L’
2 (ar+g)/mp -5

A =8 j\ X I:E er-Fc,(‘-ﬂ ) Lx""At (l ~1e )
%1% 2/« /1
—XAt er‘F ( )] (3.61)

ar L



Since only the limit At- 0 is of interest here, the erfc and erf terms

in Eq. (3.61) can be expanded according to Eq. (3.40) to yield:

OOV P %
Af(sta0)= € dx L*edt st _+...)
2 l® Jay 2 7 Ly

. é:&_' L:—'f’
4+ Lx "A'ﬁ(, LQ“ )..xAt’[,- _t_...,.)]} (3.62)

vor

Taking the lim At- 0, simplifying terms, and substituting Eq. (3.62)

into Eq. (3 .26) leads to:

z(nr”#p)/ag
S=M=_8 | x7dx
N ut alfwe® Ja/a (3.63)

Integrating over x in Eq. (3.63) is elementary. The result is:
/ /.
517 e ([ (7301 ]
I alfmr”

L vm ’

h

(3.64)

i

Comparing equations (3 .48) and (3 .64), it is interesting to note
that, aside from the L-1 factor, S1 I is larger for L << r than for
L > 2r. This is due to the smaller amount of configuration space

available to particle 2 when L<<r, for which the geometric constraints

tend to favor more point separations closer to L, than for the L > 2r



case. Equations (3.48) and (3.64) can be combined into the

following single equation

S = C kT
i —Vwm (3 .65)

where

C=1(1.67, L<gr g
0.92 , L>ar. (3.66)

3. Ewvaluation of PB

Just before the string is fully extended, the total energy
of the two particles is given by

E=

2 2 2 2
LMV + LT  +4 MY, + LT 0, (3.67)

where —‘;1 and Tn’ , are the linear and angular velocities of particle

1 and ;2 and 32 are the linear and angular velocities of particle 2,

respectively. When the string is fully extended in the L direction,
there will be an impulsive force and torque for time At. The

impulsive force F on particle 1 will be in the i direction and, if the

string is oriented along the 12 axis (l.e. L = 12), the impulse is given by:

J= fA‘t‘ =FAatk =T k . (3.68)
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The term J = |3 |>0 since Facts to try to loosen the string again.

- -y
Particle 2 will experience an impulse -J. The torques T 1 and ’C’ 5

are then given by:

-p -> - -> A
>* - = > 1 (3.69)
tz= —V,.A'Js J'Y:-Al‘ .

Letting "prime" superscripts denote the linear and angular veloci-

ties after impulses are applied

-~ - T 1
Vi=V + 5 (conservation of (3.70)
e A linear momentum)
V;.-: v,, - l k R
m
and
» A

- - > A (conservation of (3.71)

TW=TI0,+ J’mk . angular mementum)

In Eq. (3.71) use has been made of the spherical symmetry of the
particles whose moment of inertia tensor can be written as

= AA an T2 ’
I .,-_-I(t (+JJ) +k k) . The energy E', after the impulses have acted,

is given by:

(3.72)



If the bond is to break, the loss in energy after the impulses
must be equal to the binding energy I:ZBo Therefore

E-E - E (3.73)

Equation (3.73) is the binding energy condition previously mentioned
in Part 1 of this section.It is anecessary and sufficient condition for
the bond to break. Equation (3.73) can be equivalently expressed in
terms of the linear and angular velocities. Therefore, upon substitution

of equations (3.67, 3.70, 3.71, and 3.72) into Eq. (3.73), the result is:

(3.74)

|
&_
e
<
x
+
&t
_:1
v
v'“
z >
\—’
‘:f1
L]
et
+
o
™
”~
q
>
”0°r
V
+°
a\
ﬂ
>
x>
\J
lﬂ
-

-t -t -
wherev =v, - v

> 1° Since it is required that J2 0 in order for the bond

to break, a simpler necessary and sufficient condition can be derived

from Eq. (3.74) because its discriminant must be 20. Therefore

(V + BT 8,5, &z /455{ [(r ) +(Hk)J} (3.75)



where use of the vector identity

C)./\—Y".Tg = 6-7/\?‘

(3.76)
has been made. Now according to Eq. (B3), the relative velocity be-
tween points 1 and 2 on particles 1 and 2, respectively, is given by:

Vr’—vr' = V, + B CE) Y, -0,
= -\;+ ‘3, /\—’| -—31/\1 . (3.77)

Therefore, condition (3.75) states that the relative velocity of points 1
and 2 along the string (i.e. in the kdirection) must be equal to or great-
er than an effective binding velocity Vg for the particles to separate.

The relative velocity of the two points in the lzdirection, however, is

simply u,. Therefore condition (3.75) can be simply rewritten as:'

u, = Vg

2 . (3.78)
The probability PB can now be obtained by integrating the relative
velocity distribution p(uz) du,, as given by Eq. (3.28), over all possible

orientations at the fully extended length, subject to condition (3. 78).

Therefore PB can be written as:
(constraints at L) p %

1T r
PB = fodc{,l‘, Sine,de,ffdl(, Sme, 46, )y plug)duy,

™ ¥ Cconspremts at L) ’ (3.79)
f"“ﬂfﬂ Sin 6, 46, f/d‘(, Sine, 46,
o 5




We can write

Ak =rsme, (3.80)

Using Eq. (3.80) and the definition (B5) forand B, Vg [ defined in (3.75)]

can be written as:

Vg = Ef_s. [ 2g +«r® (sin*6) + sm*e,) ]

O‘FW ’ (3-81)
The integral over u, in Eq. (3.79) is therefore:
f Plag)a "
g )l —{
'"'[“V' (Sm 6,+sin’0)) +26]
x @y
d’“z exp [ NV“'(.fm’O-l-nn”G L)+26 .]
. L4 «r*(s)
{ghT[ (si uG-i-Slue )-ng]
(3.82)

=i—ér¢c(:.ﬁ§—+g_)

Equation (3.79) , then, simply becomes

= +
FB x e (fli;> (3.83)



since the integration over u, turns out to be independent of angles.
An alternative derivation of Eq. (3.83) is presented in Appendix D using
a somewhat different but equivalent approach. Notice that if EB =0
then, PB = 1/2. This simply means that if there is no binding energy
when the string is fully extended, half of the particles will break away
and half will move closer to each other. This is just what one would
expect on the basis of random thermal motion.
4. Results

The dissociation rate constant r. . can now be written from .

11
equations (3.25, 3.65 and 3.83) as

r=¢ Eerﬁc(%) ,
"T TAm \/;‘-T- (3.84)

where C is defined by Eq. (3.66). Thus r is essentially independent

of EB for EB L., kT and very strongly dependent on EB for EB>kT. For
EB >> kT, rll-.O . It is worth noting that since the value of C depends
upon the ratio L/r, Eq. (3.84) is relatively dependent upon the radius

r of the spherical particles. In Appendix E the calculated result for 1

is compared with a diatomic dissociation rate k, calculated from a

d
simple liquid model.



E. Determination of r,
ij

1. Discussion of General Case

The general reverse rate constant r, for an i+j-fold particle dis~

j
sociating into an i- and j-fold particle is now considered. If there are
intra-aggregate reactions leading to c¢yclic connections (i.e. closed
loops) between the constituent spheres, then dissociation may depend
upon more than one bond breaking (see Figure 9 for examples of cyclic
connections). This makes the dissociation process more involved than
for non-cyclic connections since one or more strings may not be fully
extended when others are. If a bond breaks, the SP's may still be held
together by other bonds and dissociation may not occur. In addition,
if there are cyclic connections, the total numbef of these connections
between constituent SP's of an i+j-fold particle will be variable. This
variation will make the statistics quite formidable for all those com-
binations of bond breakage which lead to the end result of an i-fold
and a j-fold particle.

If, instead, it is assumed that there are only single non-cyclic
connections between constituent SP's of an aggregate, then the number
of these connecting strings is fixed. For an i+j-fold particle, there will
be i+j-1 connecting strings. It will now be demonstrated that it is pos-
sible to express the general r,, rate constants in terms of r ] for some

ij 1

situations involving only single-string non-cyclic connections.



Figure 9. Examples of cyclic connections.



2. Linear Chains

For some non-cyclic conditions, only linear-chain aggregation
will take place. Examples for the model system described in Section
C are as follows:

(1) When there are only two G molecules /SP and only one active

site/G molecule.

(2) When there are only two G molecules/SP and very few B mole-
cules present in the system, so that there is rarely more than
one B molecule attached to a G molecule.

(3) When the SP itself is assumed to be a molecule--such as an
antigen--with two active sites.

At the instant when a connecting string is fully extended, the prob-
ability of any other connecting string also being fully extended is almost
zero. Therefore when a dissociation occurs within an aggregate, it will
only effect the motion of the two particles whose string has disconnected.
The other spheres of the aggregate will continue to move randomly as
free particles. Therefore, the dissociation rate constant for that break
will be equal to r For the gereral linear chain involving an i + j=fold
particle, there are two possible ways of ending up with an i-fold and a
j-fold particle if i # j. One way is to break the linear chain so that there
is an i-fold particle to the left of the break and a j-fold particle to the
right. The other way is to break the chain so there is a j-fold particle

to the left and a i-fold particle to the right. Fori = j, there is obvi-



ously no distinction between the two cases and therefore, only one way

of breaking the chain. It follows that for the linear i+j-fold particle:

. (3.85)

no, =g . chain)

3. Branching Chains

For the usual non-cyclic situation, the process of aggregation
will lead to chains with branches. The determination of T, i for this
case is more complicated than for linear chains since more than one
geometric structure can exist for an i+j-fold particle when i+j24.
Generally, rij will be different for each structure. In Figure 10, some
examples of these different geometric structures are illustrated. It is
difficult to determine the total number of different geometric structures
for a general i+j-fold particle. Ewven if this can be done using modern
graph theory, the fraction
of each type of structure present is not generally known and, in addition,
is probably a function of time. This is true because, as time passes,
some higher order aggregates will break down into smaller ones and favor
certain structures over others. It is also true that in the build-up of higher
order aggregates certain structures will be favored. Therefore, at any
given time, the fraction of each type of structure present will depend in

a complicated manner upon the overall effect of association and dissoci-

ation. The processes may actually act in such a way that the fraction
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Figure 10. Examples of different geometric structures.
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of each geometric structure present is constant in time after some initial
Reriod. This would be an equilibrium state. Since a general inquiry
into this problem would involve a highly complex statistical analysis
and is not directly within the scope of our work, we will not pursue this
aspect any further.

Instead of dealing with the gereral case, we will evaluate rij for
the first few i + j-fold particles in which several different structures occur.
Furthermore we will assume, for the purpose of illustration, that every
structure is equally probable. Therefore, each structure will be present
in equal fractional amounts. Finally, it should be understood that rij
is the overall resultant dissociation rate constant for n j—"ni + nj re-
gardless of the geometric structure of the i- and j-fold particles. When
more than one structure exists, the resultant rij is considered as the
weighted average over rij for each different structure.

Referring to Figure 10, the following results are obtained:

Fori+ j=4;

Vi3 =-'2—(’-Vh)+é_(3v;,)=_i_ ir

r. =1 (Y, + 1 =
22= 2 u) 2(0) iV‘,, .

Fori+ j=5;

Niu= L (a", / =
= RN L) e 4oty = 30

rz3=’§<7‘v.”)+é‘(°)+§l'(n’) =

’



Fori+ j=6;

+ 1 Y +L Y t P
Z (47 4(4' u)"*z(m,) Yirn )

Vag = : (ar)) (%) +L(2%)
L (V) +%(a)+_‘L{a) = r, ,
Vi3 = !‘_ (Yy) +—£— (Yy) +ZL(0)
+Jé,(o) +Z'- (r,) +—":- (o) =:l'-vu .

As would be expected, the total rate of dissociation in each case is:

V- = (N- v; .
iﬂi‘N ij = (N=DF
(g}



. P, .Factors Involved in a Determination of f1 ]

Since to our knowledge no completely satisfactory theory exists
for calculating the for ward reaction rate constants f1j for the associ-
ation of i- and j-fold particles into i+j-fold particles, this section
will be limited to pointing out what factors are involved. We can write
fi as a product of the following three factors:

J

f,., = C,,P,.E (3.86)

ij ij ij7ij’

The term Ci j is the rate of collision between i- and j-fold particles.
This factor brings the aggregates into physical contact. The Pij factor
is the probability of a free Gi site coming into contact with a free B
site when i- and j-fold aggregates collide. Finally, Eij is an energy
activation factor which requires collisions to be energetic in such a
way that causes reaction to take place when complementary sites meet.
The reaction results in bonds between the B and G molecules adsorbed
onto the two different aggregate surfaces. These bonds thus create
one or more connections between i- and j-fold particles and lead to
the formation of i+j-fold particles.

If every encounter between i- and j-fold particles resulted in

association then fij would be equal to C j and given by Eq. (3.4) with

i

Pij =1and E 1. For our system, however, this is not the case

i -
since not every encounter leads to reaction. Collins and Kimball (21),
Collins (22) and Noyes (35) consider situations where only a fraction

of encounters lead to reaction, but they only dealt with irreversible

bimolecular reactions of the form A+B - C. Our model system requires



consideration of both association and dissociation., Furthermore,

since their reactions involved collisions between simple molecules
only, the application of their approach to multi-particle=multi-particle
collisions is questionable. However, they assumed that in the vicinity
of each reactant molecule a conéentration gradient for the other reactant
species is set up by local reaction whose rate of flow is governed by
diffusion. This is probably true for our system too.

In a fairly recent paper, Schurr (36) studied the reversible bi-
molecular reaction A+B 2 C in solution. He was able to extend the re-
sults of Collins, Kimball and Noyes to the reversible reaction and suc-
cessfully calculate both forward and backward reaction rate constants.
Schurr's results also take into account interactions which arise from
intermolecular potentials. This was first done by Debye (37) for the
irreversible bimolecular reaction and applied to ionic reactions.
Schurr's work is limited in several ways, however, which make it of
doubtful utility to our system. Firstly, Schurr ignores all sinks and
sources arising from reaction for distances greater than the reaction
radius from a typical molecule. This is only justified when steady state
conditions are reached before any significant extent of reaction takes
place. Secondly, he implicitly assumes that all the molecular parti-
cipants A,B and C, in the reaction A+B 2 C, are initially present in
relatively large concentrations. This is not analogous to our system
which only contains identical single particles initially. Thirdly, A,

B and C are all simple molecules in Schurr's theory and not geometrically



complex many-particle aggregates as we are concerned with. Finally,
Schurr makes no attempt to obtain quantitative expressions which
describe steric or energetic considerations. He simply lumps these
into an undetermined factor p which is the probability of reaction when
a molecule crosses the reaction radius.

Since Schurr's work seems inadequate for our purposes in cal-
culating fij (or Cij) , and other approaches to calculating forward rate
constants for reversible reactions in solution do not exist to our know-
ledge, we are unable to write a reasonable expression for Cij' We

could write that

Cij = [77*7 (3 + %) ] Hlriany .87)
’ J

from the kinetic theory of gases (38), where r, and rj are the effective
radii of i- and j-fold particles. The doubtful validity of this ex-
pression for reactions in solution, however, does not make its further
use worthwhile. By using a simple liquid model as an extension to
the kinetic theory of gases (see Appendix E), it may be possible to
alter Eq. (3.87) to reasonably apply to our model system.

The second factor P, can be calculated in terms of some funda-

ij

mental physical quantities of the system. Let

ag = "effective area" of a Gi site;
ab = "effective area" of a free B site on a SP;
A = 4rrr2 = area of a SP,



The term "effective area" is used to allow for the possibility that the
area which is available for interaction when a Gi and a B site meet
during aggregate collisions may be larger or smaller than the actual
physical area of a site. This may be due to site charge considerations,
flexibility of B molecules which could allow the active area (i.e. the
remaining free site area) to sweep about in space, etc. The fractional
collision area/SP which has free Gi sites available for interaction with

free B sites on other SP's during collision is given by:

Angao - fm ag (3.88)
A 1+KEBD A

The fractional collision area/SP for B sites is given by:

Ag=sb = fmK(B) a, . (3.89)

o

A l+K(@) A

These determinations of AG and AB assume, of course, that there is
no overlapping of site areas. It is also assumed that the distribution
of sites on SP surfaces is uniform. The SP thus acts like a giant
single molecule with fm active free sites on its surface before com-
bination with B molecules and with q free Gi sites and s free B sites
after equilibrium is established with B molecules in solution.

When two single SP's collide the probability P11 of a free Gi

site meeting with a free B site is given by:

P" = ABAG + AGAB = 2859 aba = F"Mb K(Be) abag ) (3.90)
A* [+ K(BHT® A*




For an i-fold particle, consisting of i single SP's, steric hindrances
due to its geometric construction will block off parts of the surface
areas of some of the SP's from interaction activity. Therefore the effec-
tive surface area Aieff would generally be much less than iA. Since it
is assumed that sites are distributed uniformly on SP surfaces, the pro-

bability Pij is then given by:

P: = ZSfaLa;({ = Iy - (3.91)
g w A ﬂ 7—;_—

Thus the probability of a free Gi and a free B site meeting during collision

is independent of the size of the aggregates on which the sites are lo-
cated.

In general, the energy factor Eij will be very complicated and de-
pendent on the size and mass of both i- and j-fold particles. When ag-
gregates collide and complementary sites meet, it may be required that
collisions be sufficiently energetic to activate a reaction. Conversely,
a highly energetic collision may cause two aggregates to meet and then
recoil without enough contact time for reaction to take place. Probably
a compromise between these two energy requirements must take place
in the successful collision (i.e. a collision leading to association).
These requirements will clearly depend on the size and mass of the i-
and j-fold aggregates and the size will also be dependent on the ratio
- of L/r. It seems, at the present time, that any expression for E

ij

would have to be obtained empirically.



G. Other Approaches

The properties of aggregating systems have been studied using
different approaches from this presentation which basically reflects a
kinetic outlook on the problem. Most of the other approaches have been
statistical in nature and based on seeking the most probable distribu-
tions of aggregate size. It is of interest to briefly examine a few of these
other methods now,

Stockmayer (39), using statistical methods, developed a theory
which successfully described many properties of branched-chain poly-
mers., As a simple illustration of his approach, consider a system com-
posed of N identical monomeric units. Each unit has £(> 2) identical
functional groups capable of reacting with each other. Let mn be the
number of polymeric molecules composed of n units. The following

conservation relationship then holds:

i "M, = N. (3.92)
hzt
The total number of molecules M is given by:
(3.93)

imn =M.

n21

Stockmayer made the following two assumptions [as Flory (40) did in

earlier work and we do in this text]:

(@) Intramolecular reactions, leading to cyclic structures, are

postulated not to occur.



(b) At any stage during the reaction, any unreacted functional
group is as reactive as any other group regardless of the size or shape

of the molecules to which it is attached.

Since intramolecular reactions are exclugded, an n-mer (n-fold
particle) contains n-1 inter-unit connections and 2n-2 reacted functional
groups. The extent of reaction & is thus given by:

& = S (2n-2)m, = 2 (N-M) (3.94)
" RN N

Using a result of Mayer and Mayer (41), the total number of ways in

which N units may be divided into m. monomers, m2 dimers, ... ,mn

1

ﬂ N“”— -—wlm"——l- ) 3,95
= .n n.’) m (3.95)

n-mers is
!

where Wn is the number of ways in which n units may form an n-mer,
excluding intramolecular reactions. Stockmayer maximized -Q- with
respect to each m . for a given extent of reaction (i.e. for fixed values
of N and M), to find the most probable distribution of sizes. This is
analogous to maximizing entropy at constant energy in thermodynamic
systems. Using Lagrange's method of undetermined multipliers and

solving for W by combinational methods, Stockmayer obtained the result:

my = 4N (1-o)" (£n-n)! [a(1-a)f>]" (3.96)

« N (tn-1ne2)! '




Once Eqg. (3.96) was obtained, Stockmayer was able to describe many
properties of this aggregating system in terms of this distribution.
Using similar analyses, he was able to describe the properties of more
complicated polymer systems.

Goldberg (32), using the same methods and assumptions as Stockmayer,
was able to describe antigen-antibody aggregation in a fairly successful
way. He calculated the most probable distribution of species size for
a system assumed to be composed of univalent and bivalent antibody
and f-valent antigen. Using this distribution, he developed a theory
to describe the properties of precipitation for several types of antigen-
antibody systems. He was also able to suggest a mechanism, in tems
of his theory, which explained when inhibition to precipitation is
achieved. He obtained inhibition zones for ratios beyond whose limits
precipitation cannot occur. His findings compared well with experi-
mental results.

In a different kind of approach Magar (42) analyzed aggregating
systems in terms of equilibrium constants. He assumed a system for
which association and dissociation take place in monomeric steps only.
Therefore, the system appropriate to his study is represented by the
following set of reactions

M. + M1 2 M

1

M, +M, 2 M

2I

3'



where Mi is the concentration of an i-mer. The equilibrium constant

for the i-1 reaction can then be written as:

K ;= M . (3.97)

M,M bl

Magar then went on to a statistical analysis of data in terms of poly-
nomials. As Steiner (43), Adams (44), and Ts'o and Chan (45) have
demonstrated, all data from aggregating systems at equilibrium can
be represented by polynomials whose coefficients are equated to the
equilibrium constants. For example, the molality m of a solution can

be written as:

3
m = M| + 2 K‘(ml)‘b"' 3 K,_Ks(m‘)f- e - +H,(1_K_3' i Kn(W\,)n . (3.98)

Least square and Lagrangian interpolation methods were then used by
Magar to analyze data points for these polynomials and thus to deter-

mine the coefficients which are equilibrium constants.



Chapter IV
CONCLUDING REMARKS
We have attempted, in this thesis, to analyze two different
aspects of diffusion-interaction phenomena in biochemical systems.
In both cases, certain simplifying assumptions were necessary to
make the systems amenable to mathematical treatment. The results,
to some extent fortuitously, have proven to be applicable to a broader
range of systems than those initially studied. In Chapter II, for example,
by assuming that only one molecular species diffuses and that chemical
equilibrium prevails throughout for each reaction, it has been possible
to solve for the concentrations of all reactants in a multi-reaction sys-
tem. In Chapter III we have shown that higher order dissociation rates

could be expressed in term of r_ ., the simplest dissociation rate, by

11
assuming a simple model.

It is worth mentioning a special case for the aggregation problem.
Consider what would happen if, at some point in the process of ag-
gregation, great quantities of univalent molecules B1 were added to the
medium which had a greater affinity for Gi sites than the B molecules
did. For this situation, all free Gi sites would rapidly be filled by
B1 molecules. Since the B1 molecules are univalent almost no further

association of aggregates could take place and only dissociation would

be possible. Therefore, all fi would_be close to zero and Eq. (3.1)

j

would reduce to a set of N linear first-order differential equations

k=1,2,...N) With constant coefficients,whenr j is independent of

i



time. Systems of linear differential equations with constant coef-
ficients have exact solutions and each variable can be expressed as
a sum of exponentials (46). Thus when only dissociation occurs

N At
W= & & &

where aki are constant coefficients and ki i=1,2,...N) are the N

roots of a characteristic equation. If there are multiple roots of A

then the general solution for n, becomes slightly more complicated.

k

For a root of multiplicity j, the coefficients a i for j terms are replaced

k
by polynomials of order j-1.

There is clearly a need for further research in the area of aggre-
gating systems which involve both association and dissociation. The
analysis which we have attempted here must be expanded if a compre-
hensive kinetic description of such systems is to be accomplished.

A model must be developed which makes it possible to calculate fi j
in a reasonable way. Solutions to the kinetic equation (3.1) can then
be obtained for situations when fij and r'ij are not complicated functions

of time. If explicit expressions can be written for n, (t) the properties

of aggregation should be well determined.
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The possible values that i and j can take on are:

i=1’ j=1,2, o.o’N—l

i=2: j'-']-azv ---:N"Z

i=k, i=1,2, ..., N-k

i=N-1j=1,

There are altogether(1/2)N (N - 1) combinations, but not all of these lead
to distinct aggregation reactions. For example, i =2 and j =1 yields the
same reactionasi=1landj=2. let CN be the number of distinct reac-
tion combinations for N2 2. It is easy to observe what CN is for the first

few values of N:

C, = 1,
C3=2,
Cy=4
Cg = 6,



It can be seen that the following recursion relationship between the CN's

holds:

— -N-C .
v = é.N(N - Cy., a1

By repeatedly using this recursion relationship and the fact that C2 =1,

CN can be written as:

C =4 [N( N=1) A(N=D(N-2) + (N=2I)W-3)= 4 - 0 + (-‘)N(ZJ (0.]

2
_ N i,
=LEDT g G idi-n . (A2)
l:[

If N is an even integer, then
even

CN =+ é[ai(zi—;) - (i) (2i-2)]
1=)

foed . i d
%(u—l) =N |

| =| Y- (A3)

If N is an odd integer, then using equations (Al) and (A3):

odd 2
Cn =i"N(N")'£;(N-') =¢(N-D(N+l) .

(A4)



APPENDIX B

If a Maxwell distribution is assumed for an ensemble of ri gid spher-
ical particles which are free to translate and rotate, the probability of
finding a particle with center-of-mass velocity between Vand ¥ + d¥ and
angular velocity about the center of mass between w and % + d@ is given

by

£

-
POB)dvew=N & T L INT 4% 2% o1

N is the normalization, m is the mass of a particle, and I is the moment

of inertia. N is given by

w1
[ff KT o BT Ly co] (mI) m1) (B2)
(2mkT)?
Now the velocity of a point P on the surface of a rigid sphere with center-
of-mass velocity Vv and angular velocity W is

- - > -
VP=V+(A)AV (B3)

where ?is the radius vector from the center of a sphere to the point P.
The probability P(V.p)d3vp of finding the velocity of point P between

VP and -V’P + dVP can be obtained by integrating Eq. (Bl) over all combina-
tions of V and w which satisfy Eq. (B3). This can be accomplished bfr



use of a Dirac delta function. Thus

2, 3 3 ? ‘e(,‘):‘/;"vetw2 V- V- Ba¥ |
Py = N (408 § (Fp-7-547) "

where, for simplicity, the substitutions

o(:%“k,_r N e =_1%-=3W_‘_‘_}’_; ('FoV' 2 sphere) (B5)

are made. The integration over all v in Eg. (B4) is trivial. The result is:

__«Vi
Pil)ey =Nay & 'f 8w exp{-alo il DR 4T - g}

(B6)

Since the remaining integration in Eq. (B6) is over all % and the orienta-
tion of the coordinate system is arbitrary, it is convenient for purposes

of integration to choose T= r?(. Eq. (B6) thus becomes
P(VP) EVP = N d’Vp f Aw -[(“r-f'ﬁ)w,( +z“rvﬁyw*]
X‘/ -[{ur+s)u,_z«rvpxwy:}/“w - 8L,

> (B7)

The integrations in Eq. (B7) are all fairly straightforward. The result is:

P(V')J;V' 5( ) .‘r“ exp [’“r (.(‘y-“'v‘,z + “PV )J d‘.lvr

=/ - 2
(7r) ;'“r_q%' eXP ["(f';‘-be oty

(B8)

G2 +4eF 13 L2, .

It is easy to see from the second form of Eq. (B8) that if, instead of

~
choosing T in the k direction, an arbitrary direction is chosen the gen-



eralization is:

POVEY, =( )_L ex {—ﬁ;@[a‘v’,hu eved } & . 69

vl +@
N
The probability P(wz)d%, of finding the velocity in the k direction

of point P between Vb, and £ + dVPz is obtained by integrating Eq. (B9)

over all Vo and vPy components. Using spherical coordinates for?:

Vp ¥ = r(Vpsinocasy +Vp7 SIHOSMYP 4+ Vpy Cos B , (B10)
Substituting Eq. (B10) into Eq. (B9) and integrating over all Vby and
PY yields:
= I 2z
P(Vpe) dVpgy (Tr) ;Fgé' exp{w = (xr'cese+g) v,,z}

Aot
/ jVPx exp = a[(ur ey 48 )V;,-rz«r’:ghecaa cocy szVP»J}
Xf ':(v ex {-.:‘__ f(“rz:sm”e.sfk’@-;- Vo +28Y %00 5/ 74

| 2Py P oir%y €)Yy o siutp cose Yg\py

* 2xr sin*ompcos‘, V,,‘VP’J} . (B11)

The integrations in Eq. (B11) are not difficult. After carrying out the in-

tegrations and algebraic simplifications the result is:

7
PVex)dVpr = | & )] LE—XP — 48Vy )“”’rz .

T (arp s[n’e.,.@ v(r SWe +6 (B12)

If two identical particles are now considered, the probability

F(Vuz,V;z)ﬂzJsz of finding the velocity in the k direction of a point on



the surface of particle 1 between Vg and Vi, + dvlz and of a point on the

surface of particle 2 between v ” and v, +dv, |is

2 2z 2z
-
p (Vi ,Va.'z.) AV dVay = f‘__,;f_ [( artsine, +@) (otr"s'o‘n’a,fﬁ)j :LV,.,;LV“

KoLl e 4 Y]

5o, +8 e, +g (B13)
b 3

The P subscripts have been dropped for brevity of notation. It is now

desirable to find an expression for the relative velocity distribution

A
p(uz)duz in the k direction between the two points—one on each spheri-

cal particle. Letting

Up = Vag -Vig, | Co=L (Vazg + Vi) , (B14)

Eg. (B13) can be written:
-,
'P(C” —%; 5 C, +_‘éz ) duzd.cz = :_‘_?_ [(urf‘-m"’ol...@) (o(r"S;hv&‘_-l- g)] 0‘“%442
X &XP {-— o8 ['(otr‘siu"o,
(ur*sin"s, 4 8) (ur'siia,r8)
+9rsip 0, 428 )Gy, + #¥ (10,-5in', JlipCy

*4 (P sl +urTig 4+3g) Uy 1 & . (B15)

The relative velocity distribution .p(ug)d 4y can now be obtained by in-

tegrating Eq. (B14) over all CZ. The result is:

o0
dUy = - c
/P(u,,) % duz j-‘-p?(cz L;-_% )c‘+ !;.! ) d %

s “ vz 14
= - . jolly,
{w [w(sin®o,+ sin*0,) +34] exp [ KV (singusie}ha8) (B16)



APPENDIX C

Using the Pythagorean theorem and referring to the coordinates
in Figure 7, the distance d12 between centers of the two spherical par-

ticles 1 and 2 is given by
‘ 1-( . . 2 ¥ . . - ' 2
d, =1 (516, cosy, —SinG cos ) + ¥ (sine,mip, —sin 0,51, )

Y,
+[ 1z +r (cos 6,—cos e‘)jz} 2 ©
L] 1)

Since the two spheres cannot overlap, the minimum distance between

centers possible is

min _
d12 = 2r, | (C2)

The greatest distance between centers for a given (e, ,¢7) and z occurs
when_f*'2 is in the direction z?c - 'r'l (see Figure 7). For this direction--
which goes through the center of the spherical cap comprised of all
allowable orientations of the center of sphere 2--the distance d 12 is

a maximum and is given by:

mayk 7 i/
d, = (r+z’~z2zreosg) 4

(C3)

Therefore, combining terms in Eq. (Cl), combining the conditions of

Eq. (C2) and (C3) and dividing by r yields:

. v
2 S{z [(1-cos 6,056, —S|ne,_sine,¢u(q1_-\{,)]+ a?_(c.oc 6,~cos®, ) 4+ 2" J, 2
ey

< (I—Z_é«caso, +_§,:)/"+l - (C4)



Since the lower and upper inequality limits are positive, the inequalities
still hold if each one is squared. Therefore, after squaring each inequal-
ity, transposing terms, and simplifying, the result is:

Cos 9, 2 _ 6 )-(1-22 9k ' i o
, (% - c059,) - '_,.cosqg;)’ssma.sme,ws<‘a-v,)écose,(’-°°s®) (C5)
r

-(I’fécogq_z’i’:) N



APPENDIX D

We wish to rederive Eq. (3.83) for PB using condition (3.75) in-

stead of the equivalent condition (3.78). The probability PB can be

expressed as a Maxwellian in tegration over all possible linear and

angular velocities and orientations which satisfy condition (3.75).

This can be done instead of writing PB in terms of the relative velocity

distribution as in Eq. (3.79). Thus,

a7 " (eomStrunts at L) _EAT
N ' 3
%‘Ldﬂfnmw% f&u 6, do, dig w T A YN
2

(g1 -HJ,AV‘,—(J Ar) k >V

r\r T . (constrtints at L) -E /A
Sme, 9.]] sine,do, d,(f" WC o(’l; J’VJ’”/ d’&h—

where E is given by Eq. (3.67).

(D1)

Since E is independent of angles, Eq. (D1) can be written as:

(emgtrimts ot L)

3 v
PB= fd‘qf s,heldel ffslhovddvd%; 1"8 (gl,‘pl, Bt,‘ﬂ,_)
(mstruu‘t at L)
fdﬂ f Siné, “ff Sing, ow._J"“(-, (D2)

where

10, :Lw,_
f (9,,‘{,)9 t)= Nﬂf ﬂ# &, ‘”oav e—rﬁ'—;"u e kT L0,

(V+w Ar,-ﬁ My )e k 2V (D3)



and v o --Ié.’f,, O -1
N= [f‘[[/. e ':.u-rol’v, e kr ,(’V, e*kTLq & 1'”0(30,_]

= i’ = <36
kT )* 7é '
Gkr) (D4)
Letting
— - - - PR
(Ls,é_(v,;l— ) , V=V-v (D5)
and using definitions (B5), Eq. (D3) becomes:
]
-ay*
— B, -k [z
f.=N ‘?"'1‘13“;9—6 U e v e ’
B (V40 A% -33,4%, ) -k 2 Vg (D6)

Since the integrations over all u is independent of the binding velocity

condition, it can be integrated out and the result is:

3 - @ () -
e e T o o -

P e T 4 »
(v+w|AV',—D-,,MG>-k3V3 (D7)

Also since v.k = vV, the Vo and vY integrations are independent of the

binding velocity condition and they, too, can be carried out simply.



Thus Eq. (D7) be comes:

_oy?
) Z %
IF N (ﬂ) (21’) jfdzw A’O L e(w " ’ 4—_\’/2_’3 —:L.-» .
VB—“J'AYI -l"ZaAY;-)' (D8)
Using Eq. (3.76) and letting
E' :‘V"ll\i and ’0:"=—;'1' Ank ,
(D9)
Eq. (D8) becomes:
~ (W0} - "V
y= L (D) (o, e - j ANy &
\E2 b (D10)

xalx “7:7‘-:,» +y 50y 'H‘)"Y a,.,

A
The fact that '51 and 5’2 are perpendicular to k has been used in Eq. (D10).

Since there is no ®, or %, dependence in the binding velocity

condition, the integrations over these variables can be easily carried

out. Thus Eq. (D10) becomes:

_ Sh oo f Ql‘)y ’6017 f - 9“7’-}1
b=k @ [l e e
oo _ V’L
X fLVz e 7' z

- gy =Wy by +Osylory 4y 65y ‘ (D11)

Let
t, =0ty , b = 8/4 R
t,= Olyur 5 b= @/a:‘;y R
%:—w’xd”‘ ? 1’3 = G/d':x )

Ty ==y 4, , by =8 /a.‘;_y . (D12)



Equation (D11) then becomes:

. & o,, *poo 2 + [O° 2
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X d'vz & 2 % M
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The absolute signs on the 31 and 32 components in the denominator come

about from considering the effects these components have on the limits

of integration when they are positive or negative. Let

= N ()" !
4’3 ﬁ(‘J % ’“Ix”&;y”a‘w‘ l“"l—y’

oc 3 oo 4 poo
X f at, & / A1 "’»tJ Sty
08 s T e Tt ) (D14)
where
oo _bLtl ~EVy
I(i’,)t,/ts) =f°“¢e % 9J‘” AV, e ? % ) o1
-0 Vp-tt,-t,-1, (D15)
With
X= |V
EVe (D16)

the expression for I(tl, t,, t3) can be written as:

2

_ © _l,-t; ” Ax & o
ikt .;t ;,,fﬂ = E— &it,& J‘-_'% (Va-1-t,-t-t,)

= [IZ [ sbta
‘[:“\[f"e '?—VFC[E—(Ve-E-tL—Q-t,,)] . (D17)



If

e.‘: _@t* 2
t ® (VB 't t - ¢
2 2 (D18)
then Eq. (D17) becomes
o ok
I(‘C,lttlt_,):,ﬁr f dee & evfc(pet)
2% - l"‘e o _p ”
jﬂ‘?&“ Jm +S dve’ 4 Axé"_]
t4t/ : (D19)

The first term of Eq. (D19) in the square brackets has the value f7/2.
The second term is an odd function of p and therefore will vanish when
multiplied by the even function exp(-2b 4pz/o.) and itegrated over p from
- to =,

Equation (D19) can thus be written as:

Tt =2 foe = LE+( 8 axe”
=2[2)% “P e_’i : (D20)
If
Y=k -t ~ (D21)

then Eq. (D20) becomes:

-2be -< +t)”
.L(tn,z- 3)”[1,1;1; jd.eé f y e J

~[0*(142bp) 4 20Cy 40 1
_a{ J: *J -(y+t)/ r e } (D22)



The second form of Eq. (D22)'is obtained after rearranging terms and
reordering the integrations. Integration over p in Eq. (D22) is now
easily accomplished by completing the square in the exponential. The

result is:

2b,

I(t,f ‘ts)"—-{——ig"' _Lf oly exr[:-_&_‘_’g (y+t)? +t):.]}

. ’*%» I+ '7.5,, (D23)
If
7z (y+t’) ,
b,
u('“ K (D24)

the integral over}l becomes an error function and Eq. (D23) assumes

the simple form:

I (tl’tl,ts) =

T evf [ 2%, t’)
«melr c( X + 2by
= U
erf , xby, (Vg-t-t_-t (D25)
Vz«b* C[ *+2b, B H 3):’ .

Comparing Eq. (D25) and Eq'. (D17), it can be seen that the result
of integration of t 4 leaves the erfc form unchanged except for eliminating
the t 4 dependence and altering the constants involved. Therefore, since
all of the integrations involved in Eq. (D14) are of the exact same form
as Eq. (D17), it is not hard to show either directly or by induction that

the final result for pB after all of the integrations are performed is:



f = ﬂ_ 4 s/, I L
k7 («) I /a.,,ua,l,yua,x“a,# E%J-E‘EE 'y

X erfe [( o bybyb, b, cx
B
T bbby v bbb bl +2hy bbb ) (D2

Upon substituting Eqs. (3.80, 3.81, D4, D9 and D12) into

Eq. (D26), Py simplifies to:

P = L ev'hu:g-g_) (D27)
kT °

Therefore, since pB turns out to be independent of angles, PB = pB and

Eq. (D2) is simply:

&= TB:%‘M&(?/IE’_T:) . (D28)

This is exactly the result (3.83).



APPENDIX E

The calculations of r1 is based upon a very simple model of two

1
spheres joined by a loose string in a thermal equilibrium bath. Although
this model is crude, it seems to approximately describe at least the gross
overall features of two-fold-particle dissociation. The actual kinetic
behavior of reacting molecules in solution is quite complex and to our
knowledge no rigorous theoretical calculation of dissociation rate con-
stants in solution exists. Even for reactions in a gas--which are much
simpler than in solution--reaction rate theories have not been highly
successful and recourse to experimental work is necessary (47,48).
Fowler and Guggenheim (49), however, proposed a rather crude model
for reactions in solution which was really an extension of the kinetic
theory of gases. It is of interest to compare the results of their model
with the calculated result of Ti1°
Fowler and Guggenheim (49) used a liquid model for which each
molecule is assumed to be in thermal agitation within a cage or cell of
radius ¢ formed by its nearest neighbors in @ more or less regular way.
It is further assumed that the molecules are rigid spheres of diameter
D, whose centeré are confined to equipot ential regions or cells. As a

O

rough approximation D = D__ + a, where D is the mean separation be-

O

tween nearest-neighbor liquid molecules arranged in a more or less

close-packed way. Fowler and Guggenheim then assigned a classical



velocity and position distribution to the molecules within their cells.

With these assumptions they then calculate Z__(e*). This is the total

12

number/vol./time of collisions between molecules of types 1 and 2 whose
energy exceeds e* in the normal direction to the cell wall of a molecule.

Their result for Z *) is

12(€

*
7 (e%) = 2VV 3D [T e—é/k'r
12 — (E1)

3
9 2 /"d,

where v and v, are the conc./vol. of molecular types 1 and 2, respec-

tively, p is the reduced mass, and ¢,, is the symmetry number (equal

12
to 2, if the two types are the same, and equal to 1 otherwise).
On the molecular scale, it is generally assumed that molecules

dissociate as a result of collisions with other molecules 47,48).For

diatomic molecules, a collision-induced dissociation is of the form

AB+M-—-»A+B+M (E2)

where AB is the diatomic molecule and M is the molecule which induces
dissociation. Assume that molecular type 2 is a diatomic molecule and
molecular type 1 causes dissociation of molecule 2 by colliding with it.

Then by an extension of Eq. (E1), the diatomic dissociation rate con-



stant k . can be written as:

d
s
a J'JZ' . (E3)
Several similarities can be seen between expression (E3) for k d and

Eq. (3.84) for ' if a is associated with L and e¢* is associated with

E This is especially true at very low binding energies or very high

B L)
temperatures since erfc (.,’ EB/kT) A €Xp (—EB/kT) for BB<< kT.
It should be pointed out that r. , is the dissociation rate for two

11

macromolecules (particles) joined by a relatively large string-like mole -
cule while the diatomic dissociation rate k d is for two atoms whose bond
length is no more than a few angstroms. Furthermore, the calculation
of Ty assumes no internal structure while sophisticated approaches to

the calculation of k 4 assume internal energy modes (49,50) which disap-
pear when the diatomic molecule breaks apart into atoms. Finally, the
dissociation of diatomic molecules are assumed to be induced by colli-
sions of the form (E2) while dissociation of the two-fold particles is

assumed to occur by the continual thermal bombardment of the solvent

molecules.
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