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Abstract

Stochastic Completeness of Graphs
by
Radostaw Krzysztof Wojciechowski

Advisor: Professor Jozef Dodziuk

We analyze the stochastic completeness of the heat kernel on infinite,
locally finite, connected graphs. For general graphs, a sufficient condition for
stochastic completeness is given in terms of the maximum valence on spheres
about a fixed vertex. That this result is optimal follows by studying a specific
family of trees. We also prove a lower bound for the bottom of the spectrum
of the discrete Laplacian and use this lower bound to show that in certain

cases the Laplacian has empty essential spectrum.

v



For my parents



Acknowledgments

First and foremost, I would like to thank Professor Jozef Dodziuk who
has been a constant source of support during my entire graduate studies.
Professor Dodziuk’s generosity, kindness, patience, intelligence and insight
made this work possible. Furthermore, I would like to thank Professors Isaac
Chavel and Leon Karp for taking the time to discuss my results with me.

More generally, I offer my gratitude to the many wonderful teachers with
whom I’ve interacted during my years at the Graduate Center and, further
back, throughout many years of schooling. Only thanks to your encourage-
ment have I traveled so far. I also salute my fellow students at the GC who
offered good cheer when it was needed most.

To my family and friends, I hope that this finds you well. Your support
has always meant the most to me and I offer you this work with the highest

respect. And to Raha, for putting up with all the meowing.

R.K.W.
April of 2008
New York, NY

vi



Contents

1 Introduction
1.1 Introduction and Statement of Results . . . . . . . . .. ...
1.2 Notation and Fundamentals . . . . . . . . . .. .. ... ...

1.3 Essential Self-Adjointness of the Laplacian . . . . . . . . . ..

2 The Heat Kernel
2.1 Construction of the Heat Kernel . . . . . . . . . . .. ... ..

2.2 The Spectral Theorem Construction . . . . . . . .. ... ...

3 Stochastic Incompleteness
3.1 Stochastic Incompleteness . . . . . . ... ... ... . ....
3.2 Model Trees . . . . . . . . . .
3.3 Comparison Theorems . . . . . . ... ... ... ... ....
3.4 General Trees . . . . . . . ...
3.5 Heat Kernel Comparison . . . . . . ... . ... ... .....

3.6 Bounded Laplacian . . . . .. ... ... .. .. ........

4 Spectral Analysis
4.1 Bottom of the Spectrum . . . . . .. .. ...

vil

10

13
13
23

26
26
33
41
45
49
o6

59



4.1.1 Relationship to Stochastic Incompleteness . . . . . ..

4.2 Lower Bounds

4.3 Essential Spectrum . . . . . .. ...

Bibliography . . .

viii



Chapter 1

Introduction

1.1 Introduction and Statement of Results

The purpose of this thesis is to analyze a diffusion process on infinite graphs
which is analogous to the flow of heat on open Riemannian manifolds. In
particular, we are interested in the stochastic completeness of this process
and a precise borderline for when the stochastic completeness breaks down.
Stochastic completeness can be formulated in several equivalent ways: as a
property of the heat kernel; as the uniqueness of bounded solutions of the
heat equation; or as the non-existence of bounded, positive, \-harmonic (or
A-subharmonic) functions for a negative constant A. In studying this prop-
erty we have benefited tremendously from the survey article of Grigor’yan
[10] which discusses in great depth stochastic completeness in the case of Rie-
mannian manifolds. For graphs, the starting point for our work is the paper
of Dodziuk and Mathai [7] where it is shown that a graph whose valence is

uniformly bounded above by a constant is stochastically complete.



In the first part of the thesis we start by giving a construction of the
heat kernel on a general graph via an exhaustion argument. This is analo-
gous to the construction on open Riemannian manifolds and we follow the
presentation in [2]. One can also construct the heat kernel by utilizing the
spectral theorem and the two constructions result in the same kernel [2]. We
next introduce the notion of stochastic completeness and recall a proof of
the equivalence of the various formulations mentioned above. This material
is adapted from [10]. We then turn our focus to a class of trees which we call
model because their definition is analogous to that of rotationally symmetric
or model manifolds. The defining property of these trees is that they contain
a vertex xy, which we call the root for the model, such that the valence at
every other vertex depends only on the distance from zo. Let m(r) denote
this common number where r denotes the distance from zy. The main result
of this section says that such trees will be stochastically complete if and only
iy, % = 0o. We note here the similarity between this criterion and the
one for the recurrence of the Brownian motion on a geodesically complete
model surface [12, 10].

We then consider general trees and prove that, in certain cases, if a tree
contains a stochastically incomplete model subtree then it must be stochasti-
cally incomplete. We first prove this in case the branching of the general tree
is growing more rapidly in all directions from the root then the branching of
a stochastically incomplete model subtree then, more generally, in case the
branching condition holds in one direction from the root. Also, we show that
if a tree is contained in a stochastically complete model tree then it must be

stochastically complete. The proof of this fact follows from the more general



statement that, for any graph G, if there exists a vertex xy such that the
maximum valence of vertices on spheres centered at x( is not growing too
rapidly then G must be stochastically complete.

We next prove two theorems analogous to a result of Cheeger and Yau
[1] which compare the heat kernel on a model tree and the heat kernel on a
general graph. Let T,, denote a model tree with root vertex xy where n(r) is
m(r) — 1, that is, one less than the common valence of vertices on the sphere
of radius r about z5. We denote the heat kernel on T,, by p;(xo, z) and first
show that, as a function of z, p;(zo, x) only depends on the distance from x.
That is, if we let r(x) = d(z, x¢) where d(z, z() denotes the distance between
x and xy then we can write p(r) = pi(xo,7(x)). Let G denote a general graph
with heat kernel p;(z{, z) where xj is a fixed vertex of G. We show that if
the branching on G grows faster in all directions from xzf, then n(r) then
pe(xg, x) < p(r) for all z € S,(xp) C G. Similarly, if the branching grows
slower on GG than on 7T, and there are unique geodesics in GG connecting each
vertex back to a fixed vertex then pi(r) < p(z(, x) for all z € S, (zy) C G.

We finish this chapter by considering an operator related to the Laplacian
that we study throughout the rest of the thesis. This operator, in this work
referred to as the bounded Laplacian, arises when one assigns the standard
weights to the edges of a graph. We show that the heat kernel associated
to the bounded Laplacian is stochastically complete for every graph G. In
particular, bounded solutions of the combinatorial heat equation involving
the bounded Laplacian are uniquely determined by initial data.

In the final part of the thesis we study the spectrum of the Laplacian on
a general graph. We first introduce Ag(A), the bottom of the spectrum of



the Laplacian, and recall a characterization of this number in terms of the
existence of positive A-harmonic functions. Specifically, there always exist
positive functions satisfying Av = Av for A < A\g(A) whereas such functions
never exist for A > A\g(A) [15, 5]. We then prove a lower bound for \g(A)
under a geometric assumption on GG. Precisely, fixing a vertex xg, we assume
that, at every vertex, the ratio of the difference between the number of edges
leading away from zy and the number of edges going towards zy divided by
the total valence is bounded below by a positive constant. The lower bound
is then given in terms of this constant. In the final section, we use this lower
bound to prove that, with the additional assumption that the infimum of the
valence of vertices outside of a ball of radius r about xg is going to infinity as
r goes to infinity, the Laplacian on the graph has empty essential spectrum.
This is analogous to a result of Donnelly and Li for geodeiscally complete,

simply connected, negatively curved Riemannian manifolds [8].

1.2 Notation and Fundamentals

In this section we fix our notation and prove some basic lemmas which will be
used throughout. In general, G = (V| E) will denote an infinite, locally finite,
connected graph where V' = V(G) is the set of vertices of G and E = E(G)
the set of edges. At times, we write x € G when x is a vertex of G. We will
use the notation x ~ y to indicate that an edge connects the vertices z and y
while [z, y] will denote an oriented edge from z to y. In general, to be able to
write down certain formulas unambiguously, we will assume that our graphs

come with an orientation, that is, that every edge is oriented, but none of



our results depend on the choice of this orientation. We do not allow loops
or multiple edges between vertices. We use the notation m(x) to indicate the
valence at a vertex x, that is, the number of edges emanating from =x.

For a finite subgraph D of G we let Vol(D) denote the volume of D which

we take to be the number of vertices of D. That is,
Vol(D) = #{x | z € V(D)}.

We also use the usual notion of distance between two vertices of the graph.
Specifically, d(x,y) will denote the number of edges in the shortest path
connecting the vertices z and y. We write r(z) = d(x,z0) to denote the
distance between a vertex x and a fixed vertex x.

We call f a function on the graph G if it is a mapping f : V' — R. The set
of all such functions will be denoted by C'(V). We will also use the notation
Co(V) for the space of all finitely supported functions on G and ¢*(V) for
the space of all square summable functions. That is, ¢*(V') consists of all
functions on G which satisfy

> fir) < oo
zeV
and is a Hilbert space with inner product

(f.9) = fx)g(x).

zeV

Similarly, we let Ez(E ) denote the Hilbert space of all square summable func-

tions on oriented edges with inner product

() =Y el g y)

[z,y]€E



where E denotes the set of all oriented edges of G.

We now recall the definitions of the coboundary and Laplacian operators
and state and prove an analogue of Green’s Theorem for them. The cobound-
ary operator d takes a function on the vertices of G and sends it to a function

on the oriented edges of G defined by:

df ([, y]) = fy) — f(=).

The Laplacian A operates on functions on G as prescribed by the formula:
Af(w) =) (f(@) = f()) =m(@)f(x) = > f(v) (1.1)
y~a y~a
where the summation is taken over all vertices y such that y ~ z forms
an edge in G. If the Laplacian is applied to a function of more than one
variable then we will put the variable in which it is applied as a subscript
when necessary. For a constant A, we call a function v on G \-harmonic if
Av(z) = lv(z) for all vertices .
Note that it follows from formula (1.1) that the Laplacian will be bounded
if and only if there exists a constant M such that m(z) < M for all vertices

x. Indeed, letting d, denote the delta function at a vertex x so that

1 ife=y
0z (y) =

0 otherwise

it follows that the matrix coefficients of the Laplacian are given by

Alz,y) = (Ady,0y) = Ada(y)

m(z) fz=y
= —1 ifx~y
0 otherwise.



As mentioned in the introduction, under the assumption m(z) < M, all
graphs are stochastically complete [7, Theorem 2.10]. Therefore, for the
purposes of our inquiry, we do not impose this restriction on the graph and
the Laplacian will be unbounded.

Let D denote a finite, connected subgraph of G. We then have the fol-

lowing analogue of Green’s Theorem.

Lemma 1.2.1. For D C G finite and connected

Y Af(a)glx) = Y df(wyDdg(lr,y]) + Y (fl2) = f(2))g(x)

veb [z,y]€ E(D) veh

z~x,2ED
= > df(lmhdg(lz ) - > df ([, 2)g().
Ie41€E(D) vei D

Proof: Every oriented edge [z, y] with z,y € V(D) contributes two terms
to the sum on the left hand side: (f(z) — f(y))g(x) from Af(z)g(z) and

(f(y) = f(2))g(y) from Af(y)g(y). Their sum is

(fly) = f(2) (9(y) — 9(x)) = df ([z,y])dg([z, y]).

The remaining contributions come from a vertex x in D that is connected

to a neighbor z which is not in D and these give (f(z) — f(2))g(z) =
—df([z, 2])g(). 0

We say that a vertex x is in the boundary of D, and denote this x € D, if
x is a vertex of D and is connected to a vertex which is not in D. Otherwise,
a vertex = in D is said to be in the interior of D, denoted z € int(D). We

then see that, if either f or g are supported on the interior of D, then the



second term on the right hand side of the equation above is zero and we can

write Lemma 1.2.1 as

(Af, 9>V(D) = (df, dg>E‘(D) = ([, AQ>V(D)-

Also, if f and g are functions on the graph and one of them is finitely sup-

ported, it is true that

(Af,g) = {df,dg) = (f,Ag)

where now the inner products are taken over V(G) and E(G).

Throughout, we wish to study solutions of the combinatorial heat equa-
tion. These will be functions on G and a time parameter in which they are
differentiable and which satisfy the equation

Au(z,t) + %(x,t) =0

for every vertex x and t > 0. We start by recalling a proof of analogues for

the weak and strong maximum principles for the heat equation [11, 7.
Lemma 1.2.2. Suppose that D is a finite, connected subgraph of G and
u:Dx[0,T] - R

is continuous for t € [0,T], C* fort € (0,T), and satisfies the combinatorial
heat equation
ou

Au+a:0 on int D x [0,T].

Then, if there ezists (xg,to) € int D x (0,T) such that (xq,ty) is a mazimum

(or a minimum,) for uw on D x [0,T], then u(z,to) = u(xo,to) for all x € D.



Proof: At either a maximum or minimum %(xo, to) = 0 implying that

Au(zg, ty) = Z (u(:ro,to) — u(:v,to)> = 0.

T~TQ
In either case, this implies that u(z,ty) = w(zo,to) for all z ~ xy. Iterat-
ing the argument and using the assumption that D is connected gives the

statement of the lemma. O

Lemma 1.2.3. Under the same hypotheses as above

max «= max u
DX[0.T] Dx{0} U
dDx[0,T)
and
min « = min u.
Dx[0,T] Dx{0} U
dDx[0,T)]
Proof: Let w = u — et for € > 0. Then Aw—{—%—f = —e < 0. If w has a

maximum at (xg,ty) € int D x (0,77 then

0
a—lf(l'o,to) > 0 and Aw(xo,t(]) > 0

yielding a contradiction. Therefore,

max w = max w.
Dx[0,T) Dx{0} U
oD x[0,T]

Then

max %4 = max w + €t
Dx[0,T] Dx[0,T]

IN

max w + €T
Dx[0,T]

= max w-+ €Tl
Dx{0} U
dDx[0,T]

max u+ el
Dx{0} U
0D x[0,T]

IN

9



Letting € — 0 it follows that

max u = max u.
Dx[0,T] Dx{0} U
dDx[0,T]

The statement about the minimum follows by considering —u. O]

Remark 1.2.1. Using the same techniques as above it follows that, if u

satisfies
ou ,
Au+§ >0 onint D x [0,T]
then
min w= min wu
Dx[0,T] Dx{0} U
0D x[0,T]

while if u satisfies

0
Au+—u§00nintD>< 0,7

ot
then
max uw = maXx Uu.
Dx[0,T] Dx{0} U

0D x[0,T)

1.3 Essential Self-Adjointness of the Lapla-
cian

As in the case of the Laplacian on a Riemannian manifold the discrete Lapla-

cian with domain Cy(V'), the set of all finitely supported functions on the

10



graph G, is a symmetric but not self-adjoint operator. It is; however, essen-
tially self-adjoint by which we mean that it has a unique self-adjoint exten-
sion A, a fact whose proof we now recall [4, Theorem 1.2]. Consider A with

domain Cy(V') and let A* denote its adjoint.
Proposition 1.3.1. The domain of A* is

dom(A") ={f € (V) | Af € #(V)}.
Proof: By definition,

there exists a unique h € ¢(V) satisfying
(Ag, f) = (g,h) for all g € Co(V)

dom(A*) ={ fe (V)

and then, if f € dom(A*), A*f = h. If g is finitely supported as above then

it follows from Green’s Theorem, Lemma 1.2.1, that for f € dom(A*)

(Ag, [) ={g9,Af) = (g,h).

Letting g = 0, it follows that Af(z) = h(z) for all vertices x so that
Af e 3(V). O

Theorem 1.3.1. A with domain Cy(V) is essentially self-adjoint.

Proof: From the criterion stated in [14, Theorem X.26] applied to the
operator (A + I) it suffices to show that —1 is not an eigenvalue of A*. In
other words, if f satisfies A*f = —f then f cannot be in £2(V) unless it
is exactly 0. As can be seen by applying the analogue of Green’s Theorem,

Lemma 1.2.1, pointwise, it is true that A*f(z) = Af(z). Therefore, if f

11



satisfies A* f(z) = — f(x) for every vertex x, it follows that

(mx)+1)f(x) =D fy).

This implies that there must exist a neighbor y ~ x such that f(y) > f(z).

By repeating this argument the conclusion follows. O]

12



Chapter 2

The Heat Kernel

2.1 Construction of the Heat Kernel

We now give a construction of the heat kernel p = p;(x,y) for an infinite,
locally finite, connected graph G. By heat kernel we mean that p,(z,y) will

be the smallest non-negative function
p:V xVx [0,00) = Ry

which is smooth in ¢, satisfies the heat equation Ap + % = 0 where the
Laplacian is applied in either x or y and satisfies po(x,y) = 9,(y). The heat
kernel will generate a bounded solution of the heat equation on G for any
bounded initial condition. That is, for any bounded function ug, u(zx,t) =

> yev Pe(,y)uo(y) will give a bounded solution of

Au(z,t) + %4(z,t) =0 forz € V,t >0
u(z,0) = ug(x) for x € V.

13



The construction given here follows the approach of [2, Section 3] and the
formalism of [3].

Starting with an exhaustion sequence of the graph by finite, connected
subgraphs, we construct heat kernels with Dirichlet boundary conditions for
each graph in the exhaustion. Although we will exhaust the graph by balls
of increasing radii it will be shown later that the resulting heat kernel is
independent of the choice of subgraphs in the exhaustion. Let o € V(&) be
a fixed vertex. We will let B, = B,.(x¢) denote the ball of radius r about x,
OB, = 0B,(xo) its boundary, and int B, its interior. In particular, if d(z, x¢)

denotes the standard metric on graphs,

V(B,) = {zeV(Q)|d(z,z) <r}
EB,) = {z~y|z,yeV(B,) andz ~y € E(G)}.

We let C(B,,dB,) denote functions on B, which vanish on the boundary
0B, and let A, denote the reduced Laplacian which acts on these spaces.
That is,

C(B:,0B,) ={f € C(B:) | flop, = 0}

and

A () = Af(z) for x € int B,

0 otherwise
for all f € C(B,,0B,).
With these definitions it follows that

Lemma 2.1.1. A, is a self-adjoint, non-negative operator on C(B,,0B,).

Proof: This follows from the analogue of Green’s Theorem, Lemma 1.2.1,

14



since
(Arf, 9)vp,y) = (df,dg) g5,y = (s Arg) B(B,)-

O
From Lemma 2.1.1 it follows that all eigenvalues A of A, are real and
non-negative. In fact, as mentioned in [3] and shown later, A\g(A,) = Aj, the

smallest eigenvalue of A, is given by the Rayleigh-Ritz quotient. That is,

O fecBroB) (f, f)
f#0

so that all of the eigenvalues of A, are positive. Denote by {Ag}fig) the set
of all eigenvalues of A, listed in increasing order and choose a set {qﬁg}fg.) of
corresponding eigenfunctions which are an orthonormal basis for C(B,, 0B, )

with respect to the ¢2 inner product. That is, {¢7}") satisfy

Al =Nl fori=0,...,k(r) (2.2)
and
T T ‘s T 1 if /L = j
(07, 9)) = Z i (x)¢(x) = 05 = . (2.3)
2eB, 0 otherwise.

We now define the heat kernels pj(z,y) for each subgraph in the exhaustion.

Definition 2.1.1. For z,y € B, and t > 0

k(r)
pi(e,y) = e el () (y). (2.4)
i=0
Theorem 2.1.2. p}(x,y) satisfies the following properties:

1) pi(z,y) =pi(y,x), pi(x,y) =0 if x € OB, ory € 0B,.

15



2) Apy(z,y) + 2pi(z,y) = 0 where A, denotes the reduced Laplacian

applied in either x ory.
3) P, y) = 2ep, P2, 2)P} (2, Y).-
4) py(,y) = 0.(y) for x,y € int B,.
5) pi(z,y) >0 fort>0, x,y € int B,.

6) > yep, Pi(z,y) <1 fort>0, x € B,.

Remark 2.1.3. We could also define the heat operator semigroup as the

convergent power series
t° t?
Q:Ze—tAr :I—tAT—{-EAE—gAE‘l—

and then take its kernel given by ¢j(z,y) = (Q}d0:,d,) = Q7é,(y). The
equivalence of these two approaches can be seen by applying the maximum

principle, Lemma 1.2.3, to the difference of the two kernels.

Proof: 1), 2) Clear from the definition of pj(z,y), from ¢,z = 0, and
from (2.2).

16



3) Using the orthonormality of {¢}*") we compute

k(r) k(r)
S pi@ap(zy) = DD e N (@)el(2) Y e N (2) 8 (y)
2€B, 2€By =0 Jj=0
k(r)
_ =T Se =A% t Z r r
~ Y. OLAC
i,j=0 2€By
k(r)
= ) e MO (@) (y) (2.3)
=0
= pg+t(x7y>'
4) By definition,
k(r)

pol(T,y) Zﬁbr

Since {qﬁr} ) forms an orthonormal basis it follows that

k(r)

Saly) = > {00y 81)0) (v) Zw

1=0

Therefore, po(z,y) = 6.(y).

5) The maximum principle, Lemma 1.2.3, applied in each of the variables
separately to p}(x,y) over the set B, x B, x[0, T| implies that 0 < p}(z,y) <1
since pi(x,y) = d.(y) and pj(x,y) = 0 if either = or y is in the boundary of
B,.

Now, assume that there exists ¢t > 0 and Z,y € int B, such that
Py, (2,9) = 0. It follows that (Z,y,%) is a minimum for pj(x,y) on B, x
B, x [0,to]. Using that pj(z,y) satisfies the heat equation in both variables

and B, is connected and applying the argument used in the proof of Lemma

17



1.2.2 over the set B, x B, x [0, o] gives that
pi,(z,y) = p;,(2,9) =0 for all x,y € int B,.

In particular,

k(r)
Py (7, 7) = Z e (gl (x))> =0 forall x € int B,.

i=0
This implies that ¢} (xz) = 0 for all 7 and all € int B, contradicting the fact
that {¢:}f33 forms an orthonormal basis for C(B,, 0B,).

6) We may assume that z,y € int B, since p}(x,y) = 0 otherwise. Then,

for z € int B, and t = 0, it follows from property 4) that

o ophmy) = ) Sy =1

y€int B yEint B,
By using the analogue of Green’s Theorem, Lemma 1.2.1, over the interior of
B,, whose boundary consists of vertices in the interior which have a neigh-
bor in the boundary 0B,, we show that the expression »_ . 5 pi(z,y) is
decreasing as a function of t. That is,

9 ) o
o 2o My = > o)

y€int B, y€int B,

= D —Ap(ay)

y€int By

= > (M@ -piy)

y€int B,
zrvy, 2zEOQBy

= > —pilay) <0

y€int B,
z~y, 2€0B,

18



Therefore,

Zpg(:v,y) <1 fort>0,z€ B,.

yEBy

]

Remark 2.1.4. The proof of Part 6) is identical to the proof of the corre-
sponding property for the Dirichlet heat kernels on a Riemannian manifold
2, Lemma 3.3, Part (i)] and shows that a finite subgraph with Dirichlet

boundary conditions is not stochastically complete.

We now wish to show that pj(z,y) converge to the heat kernel p:(z,y)
mentioned at the beginning of this section. For this purpose the following

lemma is instrumental.

Lemma 2.1.2.

pi(z,y) < pf“l(x,y) fort>0,x,y € B,.

Proof: This is clear for x or y in 0B,. Fix y € int B, and let
u(z, ) = pi ™ (x,y) — P (z,y).

It follows that Au+2% = 0 on int B, x [0, T] which implies that the minimum
of u is attained on the set (B, x {0}) U (9B, x [0,T]). Since, u(z,0) = 0 by
Part 4) of Theorem 2.1.2 while, on 9B, x [0, 7],

u(z,t) =p; " (z,y) 20

it follows that

min u > 0.
B, x[0,T]

19



Therefore, p, ™ (z,y) > p}(z,y) for 2,y € B, and t > 0. O

By extending pj(z,y) to be 0 outside of B, and using 0 < pj(z,y) < 1
and Lemma 2.1.2 we see that the sequence pj(z,y) converges pointwise as

r — oo for x,y € Vand t > 0.

Definition 2.1.5. For x,y € V and t > 0

pi(z,y) = lim pi(z,y).

We show that the convergence is uniform in ¢ on every compact interval
[0, T]. To this end, we fix x and y in V', let f,.(t) = p}(x,y) and f(t) = p(x,y).
Then, from the definition and properties of each of the heat kernels p" it
follows that each f, : [0,00) — R is C'* and satisfies

1) fr S fr—i—l
2) fr(t) — f(t) pointwise for all ¢

3) fr(t) < 1.
Dini’s Theorem then implies that f, — f uniformly on all compact subsets
[0,7] C [0, 00).
We now show that p,(x,y) satisfies the heat equation. This will follow
if we are able to show that %p{(x, y) converges uniformly in ¢ on compact

intervals as r — oo. But

0 r r
apt (l‘, y) = _Ar,zpt (I’ y)

= Z (p:(%y) —p{(a:,y))

and since both p}(z,y) and p} (z,y) converge uniformly in ¢ on [0, T it follows

that %pt(a:,y) exists and is continuous. In fact, iterating this argument
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and using the fact that g—;pg (z,y) also satisfy the heat equation and are
continuous for all i, we obtain that p;(z,y) is C*° in ¢t. Then, from the

pointwise convergence of p}(z,y), it follows that

) o
apt(fv,y) = a—hm pi(x,y)

t r—oo
e
= lim =pi(,y)
= _Azpt(xay)

implying A,pi(x,y) + %pt(l‘, y) = 0. The same argument applied in y then
implies Aypi(x,y) + %pt(w,y) = 0. In summary, using the corresponding
properties of p (x,y), Lemma 2.1.2, and what was just shown, we have proved

statements 1), 2), 3), 4), 5), and 6) of the following theorem.
Theorem 2.1.6. p: V x V x [0,00) — R satisfies
1) pe(x,y) = p(y,x) and py(x,y) >0 fort >0, z,y € V.
2) pis C™ int on compact subsets of [0, c0].

3) Api(z,y) + %pt(as,y) = 0 where A denotes the Laplacian applied in

either x ory.
4) po(x,y) = du(y).
5) psyi(T,y) = ZzEV ps(w, 2)pe(2,y).
6) > yev prlw,y) < 1.

7) p is independent of the exhaustion used to define it.
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8) p is the smallest non-negative function satisfying Properties 3) and 4).

Proof: 7) Assume that D; is another exhaustion of G. That is, each D; is
a finite and connected subgraph, D; C D, for all ¢, and G = Ufio D;. Let
th "(x,y) denote the Dirichlet heat kernels for this exhaustion and suppose
that ¢ (z,y) — q(x,y). Then, for every D;, there exists R large enough
so that D; C Bg. By the maximum principle, Lemma 1.2.3, since q?i (x,y)
vanishes on 9D;, it follows that ¢ (z,y) < pf(z,y). Because pf'(z,y) <
pi M (x,y) < ... and pfi(z,y) — p(,y) this implies ¢ (z,y) < pi(z,y).
Letting ¢+ — oo gives
a (7, y) < pi(,y).
Interchanging the roles of ¢” and p” in the preceding argument implies

Qt(xv y) Z Pt(l'a y) a’nd7 therefore, pt(% y) = Qt(x7 y)

8) Assume that ¢(z,y) is another non-negative function that satisfies
Properties 3) and 4). In particular, both ¢ and p” satisfy the heat equation
on int B, x [0,T]. Since p" vanishes on 0B, while ¢ is non-negative it follows,
by applying the maximum principle, Lemma 1.2.3, to the difference of ¢ and
p", that ¢(x,y) > pj(z,y) on B, x [0,T] and, therefore, for all z,y € V' and
t > 0. Letting r — oo it follows that ¢ (z,y) > pi(z,y). O

Remark 2.1.7. A stronger statement concerning p;(x,y) at ¢ = 0 than the
one given in 4) is true. Precisely, it is true that lim; o pi(z,y) = 6.(y)
and limy_o Y yeapi(x,y) = 0. This follows from pj(x,z) < pi(z,z) < 1

y#x
and Zyert(x,y) = pi(z,x) + > yeapi(z,y) < 1 by letting ¢ — 0. This
y#T
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fact is needed to show that, for any bounded function uy on G, u(x,t) =
> yev Pe(z,y)uo(y) is continuous at ¢ = 0. Therefore, u(z,t) as defined above

is bounded, continuous for ¢ > 0, smooth for ¢ > 0, and satisfies (2.1).

2.2 The Spectral Theorem Construction

As mentioned previously, an alternate way of defining the heat kernels pj (z, y)

on B, with Dirichlet boundary conditions is by considering
t? t3
e A :]—tAr—FEA?—EA?—F...

and letting pi(x,y) = e 'd,(y). On the entire graph, since the Lapla-
cian is not bounded on ¢*(V'), one cannot use the power series definition.
One can still construct et for, A, the unique self-adjoint extension of
A with domain Cy(V) in £2(V') by using the functional calculus developed
through the spectral theorem [13, Chapter VIII]. The purpose of this sec-
tion is to show that the construction given in the previous section via ex-
haustion and this approach result in the same kernel [2, Proposition 4.5].
Let Po(z) = 3 oy pe(z,y)v(y) for any bounded function v, and Pfv(z) =

t

Zye 5, Pi(z,y)v(y). The following theorem states that P; and e~ 2 agree on

a dense subset of £2(V') and, as such, have the same kernel.

Theorem 2.2.1.

Pv=e¢"v forallve Cy(V).

Proof: We begin by showing that if v € Co(V) then Pw € (*(V) and
APw € (*(V). Since v is finitely supported there exists a ball of large radius
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R which contains its support. Therefore,

‘|]DtRUHg2(V) = Z(PtRU(ﬂf))z

zeV

=) <Z pf(xay)v(y)>

zeV \yeBR

> (Z pf(%y)2> v(y)?

yeEBR \zE€Bp

< Do) = ol

yEBR

IN

By letting R — oo and using the dominated convergence theorem it follows
that Pow € £2(V). In fact, this actually proves that P is a bounded operator
on (*(V) with [|B]] < 1.

We now show that AP,v = P,Av and, since if v is finitely supported then
so is Aw, it will follows that APw € 2(V). To show that APv = P,Av we

calculate

A(Pw)(z) = Y ((Pw)(z) - (Po)(y))

- Z (Z (pe(z, 2) —pt(y,Z))v(z)> :

Meanwhile, by using the analogue of Green’s Theorem, Lemma 1.2.1, and

the fact that the heat kernel satisfies the heat equation in both variables, it
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follows that

P,(Av)(z) = Z pe(x, 2)Av(z)

= ZAzpt(x,Z)v(z)
zeV
= > Aupila,2)o(2)
zeV
- Z (Z (pe(z, 2) = piely, Z))) v(z).

We now prove the theorem. Let

u(z,t) = (Pt - e’tA> v(x).

Then u(z,0) = 0 and since AP is in £*(V') we can apply Green’s Theorem

once more to obtain

%ZuQ(x,t) = QZu(x,t)%u(x,t)

zeV zeV
= =2 Z u(z, t)Au(z, t)
zeV
= -2 Z (u(z,t) — u(y,zf))2 <0
[z,y]€E

from which it now follows that P (z) = e_tAv(a:) for all finitely supported
v. Since both P, and e *2 are bounded it follows that they are equal on

2W). O
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Chapter 3

Stochastic Incompleteness

3.1 Stochastic Incompleteness

We now define the notion of stochastic incompleteness and give several equiv-
alent conditions. The material here is adapted from [10, p. 170-172]. We
recall the definition of P,. For any bounded function wug, P,uq is defined by

Pug(x) =Y pil, y)uo(y).

yeV

This sum converges from Part 6) of Theorem 2.1.6 and from Part 5), P,

satisfies the semigroup property
Ps(PtUO) = Py 4up.
We now apply P, to 1, the function which is 1 on every vertex of G

Pi(x) =Y pile.y)

yev

and note that this sum is less than or equal to 1 from Part 6) of Theorem

2.1.6.
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Definition 3.1.1. A graph G is called stochastically incomplete if for some

vertex xg of G and some tg > 0

Pto]-(:ljo) = Zpto(lD?y) < 1

yev
Remark 3.1.2. Although this is a property of the heat kernel, or of the
diffusion process which is modeled by the heat kernel, it is customary to say,

as above, that it is a property of the underlying space.
Theorem 3.1.3. The following statements are equivalent:
1) For some ty > 0, some xg € V, P, 1(xp) < 1.
1) Forallt >0, allz €V, Pl(x) < 1.

2) For every A < 0 there exists a positive (equivalently, non-zero) bounded

function v on G satisfying Av = A\v.

2') For every A < 0 there exists a non-negative, non-zero, bounded function

v on G satisfying Av < \v.

3) There ezists a nonzero, bounded solution of
Au(x,t)+%(x,t)=0 forx eV, t>0
u(z,0) =0 forx eV,

Definition 3.1.4. A function v on G satisfying Av = \v is called A-harmonic

whereas, if Av < \v, v is called A-subharmonic.

Therefore, stochastic incompleteness is equivalent to the existence of a
positive, bounded A-harmonic (or A-subharmonic) function for negative A

and to the non-uniqueness of bounded solutions for the heat equation on G.
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Proof:

1') = 1) Obvious.

1) = 1) If there exist g € V and ¢y > 0 such that P, 1(z9) = 1 then
by the argument in the proof of the strong maximum principle for the heat

equation, Lemma 1.2.2, applied to the function P;1 it follows that
P, 1(x) =1 for all .
Now, if s < tg then, from the semigroup property,
P,1=PF, (P1l) <P, 1<1.

If ty > 0 is such that P,,1 = 1 it follows that the inequalities become equal-
ities and, in particular, P,1 = 1 for all s < ty. If s > ¢, then there exists a k

such that s < kty and from the semigroup property

Pkto]-:<Pto"'IDto)1:]-
N—_——

k
provided that P,,1 = 1 giving P;1 =1 from the argument above. Therefore,
if .1 =1 for some t then P,1 =1 for all ¢t.

1) = 2) For A <0, let w(z) = [;° eMu(z,t)dt where u(z,t) = P1(z) < 1

by assumption. Then

O<w < / eMdt
0




Integration by parts yields

Aw:/ MAu(z, t)dt = —/ ekt@(x,t)dt

= —e’\tu(:r,t)‘oo—i-/ eMu(x, t)dt
0 0

= 14+ \w.
If we let v = 1 + \w then v satisfies
Av = w = A1+ Iw) = v

which shows that v is A-harmonic. Since 0 < w < —% it follows that

0 < v < 1 so that v is positive and bounded.

2') = 2) Exhaust the graph G by finite, connected subgraphs D;. That is,
D; C D;yy and G = U;’io D; where each D; is finite and connected. Let A;
denote the reduced Laplacian acting on the space C(D;, dD;) of functions on

D; which vanish on the boundary dD;. Then, for A < 0, one can solve

Ai’l)l' = )\UZ' on int Dz
(3.1)
Ui\@Di = 1

Indeed, letting 1p, denote the function which is 1 on every vertex of D; and
0 elsewhere, if v; is a solution to (3.1) then w; = v; — 1p, would vanish on

the boundary of D; and on the interior would satisfy
Ayw;(z) = Awi(z) = Avi(x) = Mw;(x) + 1).

That is,
(Ai - )\I)wi = Aint D;
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where \iy p, denotes the function which is equal to A on every vertex in
the interior of D; and is 0 on 0D;. Since A < 0, A; — Al is invertible on
C(D;,0D;) and, therefore,

w; = (A; — M) (Ains b,)

yielding
v; = (A; — A1) (Nine p;) + 1,

as a solution for (3.1).
We now claim that

0<v;<1lon D, (3.2)
For, if there exists an zg in the interior of D; such that v;(x¢) < 0 then we
may assume that xy is a minimum for v; implying

Av;(zg) = Z (vi(zo) — v3(x)) < 0.

z~o
On other hand, Av;(xg) = Av;(z9) > 0 so that Av;(z9) = 0. This implies
that v;(z) = v;(zg) for all z ~ x4 and, by repeating the argument, it follows
that v; is a non-positive constant on D; contradicting the fact that v; = 1 on
the boundary of D;.

Therefore, v; > 0 so that Awv; < 0 on the interior which implies that

maxv; = maxv; = 1.
aD;

Indeed, at an interior maximum Awv;(zo) > 0. This completes the proof of
(3.2).

Furthermore, extending each v; to be 1 outside of D;, it is true that
Vi 2 Vig1-
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This is clear on 0D; since v; = 1 there while v;;; < 1. On the interior of D;
A(v; — vip1) = AM(v; — v;41) from which it follows that v; — v;41 > 0 by the
argument that implies v; > 0 above.

Therefore, the functions v; form a non-increasing, bounded sequence and
SO

v; — v as it — 00

where 0 < v < 1 and Av = M. It remains to show that v is non-zero
and here we use the assumption that there exists a non-negative, non-zero
bounded A-subharmonic function w on G. That is, w is bounded, w > 0,

w # 0, and w satisfies Aw < Aw on G. Assuming that w < 1 we show that
v; > w on D; for all 7.
This can be seen as follows: on the interior of D;
Av; —w) > AMv; —w). (3.3)
Therefore, if there exists an x( in the interior of D; such that (v; —w)(zo) < 0
and x is a minimum for v; — w then, by computation, A(v; — w)(xy) < 0
while A(v; — w)(zo) > AMv; — w)(xp) > 0 from (3.3). The contradiction im-

plies that v; > w on D; and by passing to the limit it follows that v > w so

that v is non-zero.

2) = 3) Let w(z,t) = e *v(x) where v is a non-zero, bounded A-harmonic
function for A < 0. Then w is non-zero and bounded on V' x [0,7] and
satisfies Aw + 9% = 0 with w(z,0) = v(z). The function P also satisfies

both equations. Moreover,

sup P;|v|(z) < sup |v(z)] (3.4)
zeV zeV
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while

|w(zx,t)| > |v(z)| for t >0, x € V. (3.5)
Therefore, there exist two different bounded solutions of

Au(z,t) + 2(2,t) =0 for (z,t) € V x [0,T)]
u(z,0) = v(z) forx e V.

Taking the difference of the two solutions gives a non-zero, bounded solution

of
Au(z,t) + 24(z,t) =0 for (z,t) € V x [0,T] (3.6)
u(z,0) =0 forx e V.
We have shown the existence of a non-zero, bounded solution of the heat
equation with initial condition equal to 0 for a bounded time interval. In the
argument below, we show that this suffices to imply condition 1) which is

equivalent to 1’), that is, P, 1 < 1. Then, given P,1 < 1,1 — P,1 will give a

nonzero, bounded solution to (3.6) for all time completing the proof.

3) = 1) Suppose that u(x,t) is non-zero, bounded and satisfies

Au(z,t) + 2(2,t) =0 for (z,t) € V x [0,T]
u(z,0) =0 forx € V.
Then, by rescaling, we may assume that |u(z,t)| < 1 for all  and ¢, and that

there exist a vertex zg and ¢y > 0 such that u(zg,tp) > 0. It follows that

w(z,t) =1 —u(x,t) is bounded, positive and satisfies

Aw(z,t) + %2 (z,t) =0 for (z,t) € V x [0,T]
w(x,0) =1 forx e V.
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Furthermore, w(zo,t9) < 1. Letting P/1(x) = >_ . pi(z,y) and, applying
the maximum principle for the heat equation to P/ 1(z)—w(x,t) on B, x[0,T],

it follows that P/1(x) < w(x,t) for all . Therefore, letting r — oo,
Ptol(xo) < w(xo,to) < 1.

2) = 2') The implication is obvious in case v is positive, bounded, and
A-harmonic. If v is non-zero instead of positive then, as shown above, this
suffices to imply condition 3) which implies 1) which is equivalent to 1’).
Then from the proof of the implication 1') = 2) it follows that there exists

a positive, bounded, A\-harmonic function from which 2") follows.

Thus, we have shown the implications 1) < 1') = 2) < 2') and 2) =

3) = 1) completing the proof. O

3.2 Model Trees

We now analyze the stochastic completeness of a particular family of trees. A
tree will be called model if it contains a vertex x(, henceforth called the root
for the model, such that the valence m(z) is constant on spheres S, (zy) = S,

of radius r about xy. That is, if
ST = {l’ | d(l’,l’o) = T}
then
m(z) =m(r) for all x € S,.

For r > 0, we let n(r) = m(r) — 1 denote the branching of T, that is, the

number of edges connecting a vertex in S, with vertices in S,,1, and let
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n(0) = m(xp). We then denote such trees T,, to indicate that their structure
is completely encoded in the branching function n(r).
The main purpose of this section is to prove the following theorem which

tells us precisely when such trees are stochastically complete.

Theorem 3.2.1. T}, is stochastically complete if and only if

The idea of the proof is to study positive A-harmonic functions on 7,, for
A < 0. By averaging over spheres we can reduce to the case of A-harmonic
functions depending only on the distance from the root xy. It turns out that
such a function will be bounded if and only if the series above converges.
Since, by Theorem 3.1.3, the existence of a positive, bounded, A-harmonic

function is equivalent to stochastic incompleteness, Theorem 3.2.1 follows.

Let, therefore, v(r) denote a function on the vertices of 7;, depending only
on r = r(z) = d(x,xy) the distance from a vertex to the root. When the

Laplacian is applied to such a function it follows that

Av(r) = (n(r)+1)v(r) —n(r)v(r+1) —v(r — 1)
= n(r) (v(r) —o(r+ 1)) + (U(T’) —v(r — 1))

We will study the existence and boundedness of such functions on 7;, when,
in addition, they are positive and A-harmonic for a negative A, that is, they
satisfy Av(r) = Av(r) for A < 0. We start by showing that there is no loss in
generality in restricting our study of A-harmonic functions to only functions

of this type.
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Lemma 3.2.1. If there exists a positive, bounded A-harmonic function on

T, then there exists one depending only on the distance from x.

Proof: Let w(z) denote a positive, bounded A-harmonic function on 7,,. If
S, denotes the sphere of radius r about the root xy and Vol(.S,) denotes its
volume, that is,

Vol(S,) = #{z | v € S,}

then we define a function v(r) depending only on the radius r by averaging

w over S,:

Vol Zw

Clearly, v is positive and bounded since w is. We now show that v(r) is also

A-harmonic. At zg, since Vol(S;) = n(0), it follows that

Av(0) = n(O)(v(O)—v(l))

If x € S, for r > 0 then Aw(x) = AMw(x) can be written as

Aw(x) = (n(r) + l)w(x) — Z w(z) — w(y)

zZ~T
2€Sr41

= lw(z)
where y is the unique neighbor of z that is in S,_;. Therefore,

(n(r) +1 = Nw(z) = Z w(z) +w(y). (3.8)

Z~T
2€Sr41
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We will average this equation over S, and use the fact that n(r) - Vol(S,) =

Vol(S,+1) which we write as

L nr)
Vol(S,) ~ Vol(S,+) (39)
From the definition of v it follows that
(n(r)+1=Xu(r) = (n(q;(:l—(; )_ ) Z w(x)
r €S,
DIl DIRICESD DRTON Y
wes \ &858, yes,
B 1 n(r—1)
= VoI(S,) Zglw(z) T VoIS, y;lw(y)
n(r 1
~ Vol (&)H) Z;H w(z) + Vol(S, 1) yesZ” w(y) (3.9)
= n(r)v(r+1)+o(r—1).
Rewriting this gives Av(r) = Av(r). O

Therefore, on model trees, the existence of a positive, bounded A-harmonic
function is equivalent to the existence of such a function depending only on
the distance from the root. The values of such a function are uniquely de-
termined by the value of the function at xy and are given by

v(l) = (1 - L) v(0) (3.10)
n(0)

v(ir+1) = W((n(r}—kl—)\)v(r) —o(r — 1)) (3.11)

We now study under what conditions such a function remains bounded.

We start by showing that such a function must increase with the radius.
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Lemma 3.2.2. Ifv > 0 satisfies Av(r) = \v(r) for A < 0 then
v(r) <v(r+1) forallr>0.

Proof: The proof is by induction. That v(0) < v(1) follows from (3.10).

Assuming v(r — 1) < v(r)

Av(r) =n(r) (v(r) = v(r + 1)) + (v(r) = vl = 1)) = Ao(r)

gives
n(r) (v(r) —v(r+ 1)) = (r) — <v(7‘) —o(r— 1)> <0
implying
v(r) <o(r+1).

Lemma 3.2.3. If v > 0 satisfies Av(r) = Mv(r) for A <0 then

ﬁ(l—%) U(O)<v(r+1)<f£(1+ )v(O).

i=0
Consequently, for A\ < 0, a positive, A-harmonic function on 7, de-

1A
n(i)

pending only on the distance from the root remains bounded if and only

it [T, (1 + %) < oo which is equivalent to Y .-, ﬁz) < 0o. That is, the

following conditions are equivalent:
1) wv(r) is bounded
2) TI% (14 ) < o

3) ZZO% < 00.
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Proof: For the upper bound, rewrite the equation Av(r) = Av(r) as
(n(r) +1-— A)v(r) —n(r)v(r+1)=v(r—-1)>0.

Therefore,

(n(r) +1-— A)v(r) > n(r)v(r+1)

or

v(ir+1) < ) v(r)
1—A
= (1 + W) "U(?").
Now, iterate this inequality down to v(0):
1—A
v(ir+1) < (1 + W) v(r)

) (e

< ﬁ <1+%) v(0)

For the lower bound use Lemma 3.2.2, which implies that v(r)—v(r—1) >

0, as follows

Av(r) = () (v(r) = o+ 1)) + (o) = o(r = 1))
> n(r) (v(r) = v(r +1)).

Since Av(r) = Av(r) this yields
n(r) (v(r) —o(r+ 1)) < Av(r)
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or

(1 - %) o(r) < v(r +1).

Iterating as before implies

1T (1 _ %) 0(0) < v(r + 1)

=0

completing the proof of the lemma. O

Proof of Theorem 3.2.1: By Theorem 3.1.3 stochastic incompleteness is
equivalent to the existence of a positive, bounded, A-harmonic function for
A < 0. We can define such a function on 7, depending only on the distance
from zo by (3.10) and (3.11). If 357 &5 < oo this function will remain
bounded by Lemma 3.2.3.

If >, ﬁ = 00 then every positive, A-harmonic function depending
only on the distance from the root will be unbounded. Therefore, every pos-
itive, A-harmonic function on 7;, will be unbounded by Lemma 3.2.1 so that

T, is stochastically complete. O]

Remark 3.2.2. We would like to point out the relationship between Theo-
rem 3.2.1 and the case of spherically symmetric or model manifolds on which
we base our definition of model trees. M,, a Riemannian manifold of dimen-

sion d with pole o € M,, is called model if

1) Topologically, M, \ {o} is the product of an open interval I and the
sphere S%1. Therefore, each point x € M, \ {0} can be identified with

a pair (r,0) where r € I and 0 € S91.
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2) The metric on M, is given by
ds® = dr* + o*(r)d6* (3.12)

where df? denotes the standard Euclidean metric on S¢~'. Here, o is a

smooth, positive function on I called the twisting or warping function

[10, p. 145-148).

It follows from (3.12) that the area of a sphere of radius r in M, is given
by
A(S,) = weaH(r) (3.13)

where wy is the area of the unit sphere in RY. Now, it is shown in [10,
Corollary 6.8] that a geodesically complete, noncompact, model manifold is
stochastically complete if and only if

= Vol(B,)
/ A(S) dr = 00

where Vol(B,) denotes the Riemannian volume of the geodesic ball in M,.
For example, if, for large r, A(S,) < e then M, is stochastically complete,
whereas, if A(S,) = e for any positive €, then M, will be stochastically
incomplete.

Observe from (3.13) that

dA(S,) = wa(d—1)o"2(r)d’(r) dr

= (d—1)wg(lno(r)) A(S,) dr

implying

=c(Ino(r)) dr (3.14)



where ¢ = (d — 1) wy.
Meanwhile, for model trees, temporarily using the notation A(S,) =

Vol(S,) and dA(S,) = A(S,11) — A(S,), it follows that
AA(S,) = (n(r) ~ 1) A(S,)

implying 24(5)
A(S:) = (n(r) - 1). (3.15)

Therefore, comparing (3.14) and (3.15) we see that n(r) and (Ino(r))" play

an analogous role in the two cases and, with respect to these two functions,
the correspondence between the borderlines for stochastic completeness is

exact.

3.3 Comparison Theorems

Throughout this section, we assume that 7,, denotes a model tree with root
vertex xo while T denotes a general tree. From Theorem 3.2.1 proved in the

last section we know that 7, will be stochastically complete if and only if

Yoo n(lr) = oo and we wish to obtain a similar criterion for 7. In order to

state our results for 7" we make the following definitions.

Definition 3.3.1. For a vertex zq € T let

) =m,() = min miz)
M(r) = M, (r) = max m(x).
x€Sr(z0)

The following result is an immediate consequence of our criterion for
model trees and the characterization of stochastic incompleteness in terms

of A-subharmonic functions.
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Theorem 3.3.2. Suppose that T,, is a model tree with T,, C T where T is a

general tree and m, (r) = m(r) = mingeg, ) m(x) on T satisfies
n(r) < m(r) —1 for all r > 0.
Then if T,, 1s stochastically incomplete so is T.

Proof: Since T, is stochastically incomplete, for every A < 0, there exists
a bounded, positive function v(r) on T, such that v(r) < v(r + 1) and

Awv(r) = Mv(r). Define a function w on T by letting, for all = € S,(xy) C T,

Clearly w(x) will be bounded and positive since v is. It follows from the
inequalities v(0) — v(1) < 0 and n(0) < m(zg) that w(x) is A-subharmonic
at xg:

Aw(zg) = m(xo)w(zg) — Z w(z)

T~TQ

zfm%mum—vug
< n(0)(v(0) —v(1))

= 2(0) = dw(z).

If z € S,(x) C T where r > 0 and y denotes the unique neighbor of z in

Sr—1(zo) then, since n(r) < m(z) — 1,

Aw(z) = mz)w(e) = Y w(z)—w(y)

Z~T
ZGST.H

= (m(@) = 1)(v0r) = o(r + D) + (v(r) = v(r = 1)
< n(r) (v(r) —o(r+ 1)) - (U(T) —v(r— 1))
= Mvu(r) = \w(z).
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Thus, w is a positive, bounded A-subharmonic function on 7" implying that

T is stochastically incomplete. Il

This result has the following immediate corollary:

Corollary 3.3.1. If T is a tree with a vertex xo such that m, (r) = m(r) =

ming,cs, (o) M(x) satisfies m(r) > 1 and

then T is stochastically incomplete.

Proof: From the assumption on 7" we can embed T,, C T where T, is
defined by

n(r) =m(r) —1for r >0

and n(0) = m(xg). Then > 7, ﬁ < oo implying that 7T;, is stochastically

incomplete and so is, by Theorem 3.3.2, T'. O]

Remark 3.3.3. This theorem and its corollary are unsatisfactory in the sense
that they require the tree to grow very rapidly in every direction from x( in
order to be stochastically incomplete. However, as we will see in Theorem
3.4.1 in the next section, it is sufficient that the tree grows uniformly rapidly

in some direction from xg.

We now present a criterion for the stochastic completeness of a general

graph G.
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Theorem 3.3.4. If G is a graph with a vertez xy such that M,,(r) = M(r) =

MaXges, (z0) M(x) satisfies

=1
2007~
then G is stochastically complete.

Proof: Let v be a positive, A-harmonic function on G for A < 0. We will
show that, under the assumption on G, v must be unbounded. At x, the
equation Av(zg) = Av(xp) implies that

> w(@) = (m(x) — A)v(xo). (3.16)

T~TQ
Thus, there exists x; ~ xg such that

(@) > (1 - )v(mo).

m(zo)

If not, then for all x ~ z, v(z) < (1 — ﬁ) v(xg), implying

> w(x) < m(xo) (1 _ A ) (o)

oo m(zo)

contradicting (3.16).

Now, by repeating the argument at x, it follows that there must exist a

neighbor y ~ x; such that

v(y)z(l— A )v(xl).

m(z;)

Although y is not necessarily in Sy(z¢) we repeat the argument until we

obtain a vertex xy € Sy(xp) such that

v(t) > <1— A )U(xl)

() ()




[terating this argument, there exists a sequence of distinct vertices {z;}°,

such that z; € S;(z) and

v(z,) > 1:[1 (1 = m?xi)) v(x0).

=0

Since 3275 iy = 2iso ML(Z) = oo implies that [];~, (1 — m(sz)) = oo it fol-

lows that v cannot remain bounded, implying that G must be stochastically

complete. Il

Remark 3.3.5. Theorem 3.3.4 is a significant improvement over the result
mentioned in the introduction which states that a general graph is stochas-
tically complete if the valence is bounded above by a constant [7, Theorem
2.10]. In fact, the proof there can be extended to show that if M (r) is o(r)
then the graph is stochastically complete whereas our result says that M(r)
can be O(r). The case of model trees shows that the result of Theorem 3.3.4

is optimal.
A corollary of Theorem 3.3.4 for trees is the following:

Corollary 3.3.2. Suppose that T, is a model tree with root verter xo and

T CT, withxqg € T. If T, is stochastically complete then so is T

Proof: Since T, is stochastically complete it follows that > > n(lr) = 00

implying » 2, ﬁ = 0o so that T is stochastically complete. O]

3.4 General Trees

The purpose of this section is to follow-up on the remark following Corollary

3.3.1. The result there states that a general tree T" will be stochastically
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incomplete if, starting out at a fixed vertex, the branching grows rapidly
in all directions from that vertex. The next theorem states that the same
conclusion holds if the branching grows uniformly rapidly in one direction
from the vertex.
We start by slightly altering the notation used in the previous section. If
o and x; are vertices of T" with zy ~ x; then we now denote
m(r) =mg, ,1(r)= min m(zr) forr>1

z€Sr(z0)
d(z,x1)=r—1

so that the minimum is now taken over those z in S, (x) such that d(x,z,) =

r—1.

Theorem 3.4.1. If T is a tree with a vertex xq € 1" such that, for some

(r) satisfies m(r) > 1 and

=1
me < oo

r=1

Ty ~ X, m(?") = Mgz}

then T is stochastically incomplete.
The proof of the theorem will use the following general proposition:

Proposition 3.4.1. Let G denote a graph with xq € G. Then, for every
A <0, there exists a function v on G such that v(xg) =1 with 0 < v(z) < 1

and Av(z) = Av(z) for all vertices x # xy.

Proof of Theorem 3.4.1: Assuming Proposition 3.4.1 we apply it to define
a positive, bounded A-harmonic function v on the part of T" below z( in
Figure 3.1 with v(0) = v(zo) = 1. For the part of T" above z( in Figure 3.1,

the assumption on 7" implies that we can embed a stochastically incomplete
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Figure 3.1: T with T}, in solid.

model subtree T, with root vertex zy where n(0) = 1 and n(r) = m(r) — 1
for r > 1. We extend the function v to be defined on 7), by first making it
A-harmonic at xg

(1) = v(z1) = (m(z0) = A) = > v(x).

T~TQ

T#T]

Then, if r denotes the distance to xg, v can be defined on the rest of T,, as

before by

v(r+1) = (1 + 1n(_r))\) v(r) — %v(r —1) forr>2.

This function will remain bounded since )7, wy < 0o Therefore, by the
argument used in the proof of Theorem 3.3.2, there exists a positive, bounded
A-subharmonic function on 7. By Theorem 3.1.3 T is stochastically incom-

plete. Il
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Proof of Proposition 3.4.1: Let B,(z() denote the ball of radius r about
xo in G. For XA < 0, there exists a unique solution to the following system of

equations:
Av,.(z) = v, (z) for x € int B, \ {z}
v () =1 (3.17)
v-(z) =0 for x € 0B,.
Indeed, from basic linear algebra, since the system has the same number
of equations as there are values for v,., there will exist a unique solution if 0

is the only function which satisfies

Aw(z) =w(x) for xz € int B, \ {zo}
w(xg) =0 (3.18)
w(x) =0 for x € 0B,.

To show that this is so, suppose that w is a non-zero solution of (3.18).
We can then assume that there exists a vertex # in the interior such that
w(Z) > 0 and & is a maximum for w on B,(zp). Then, by calculation,
Aw(z) > 0, while Aw(z) = Mw(Z) < 0 giving a contradiction. The same
argument could be used to show that w cannot have a negative minimum.
Therefore, any solution to (3.18) must be zero. This gives the existence and
uniqueness of a solution to (3.17).

Therefore, for A < 0 and each r there exists a unique solution of

Av.(z) = M. (z) for x € int B, \ {zo}
v (z9) =1
v(z) =0 for x € 0B,.

For vertices € int B, \ {z¢} the solution v, satisfies
0<wv.(x) <1

48



For, supposing that there exists a vertex z in the interior such that v,.(z) <0
and Z is a minimum for v, then, by calculation, Av,(z) < 0 while Av,.(z) =
v, () > 0. Therefore, v,.(x) = v,(Z) for all + ~ & and, by repeating the
argument, it would follow that v, is a constant function for a non-positive
constant yielding a contradiction since v,(z¢) = 1. Hence, v, > 0 implying
Awv, < 0 for all vertices in the interior except for zy so that v, < 1 since at
an interior maximum Awv, > 0.

Similarly, since, on int B, \ {z¢}, A(v,e1 — v,) = AM(vp11 — v,.), it follows
that v, < v, on B, and, by extending each v, to be 0 outside of B,, it
follows that

v < Upyq o0 G

We define v as the limit

v = lim v,.
T—00

It follows that v satisfies 0 < v < 1, v(zg) = 1, and Av = v for all vertices

of G except for xy. O

3.5 Heat Kernel Comparison

The purpose of this section is to prove two theorems which compare the
heat kernel on a general graph and the heat kernel on a model tree. These
theorems were inspired by an analogous result of Cheeger and Yau on model

manifolds [1, Theorem 3.1]. Fixing a vertex z(, in G we denote, for x € S, (xy),

my(z) = #{y € Slag) |y~ x}
m_i(x) = #{y € Sr—1(xp) |y~ z}
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the number of vertices adjacent to x which are in the next or previous sphere.
We use the notation p;(z, y) for the heat kernel on T, while p;(x, y) will denote
the heat kernel on G. We will first show that, as a function of x, p;(x¢,x)
is constant on spheres S,(x¢) in 7T,, where zy denotes the root of 7). Let
pi(r) = pi(xo,r(x)) denote this common value where r(z) = d(z,xy). Then

the two main theorems of the section can be stated as follows:

Theorem 3.5.1. If G contains a vertex x}y such that for all x € S,(xy)
my1(z) < n(r) then
pi(r) < pelz, 7)

for z € S,(xy) C G.

Theorem 3.5.2. If G contains a verter xq such that for all x € S, (zf)

n(r) < myqi(x) and m_y(x) =1 then

pe(xg, ) < pi(r)
for x € S, (x}) C G.

The proofs will follow easily from the maximum principle for the heat
equation once we establish two general lemmas concerning the heat kernel
on T,,. We start by proving the property of the heat kernel mentioned at the

start of this section.

Lemma 3.5.1. IfT,, is a model tree with root vertex xq then
pe(o, ) = pi(r)
for x € S,.(x0).
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Proof: This result is a restatement of the fact that the coefficients of the
Laplacian depend only on the valence which, for T,,, only depends on the
distance from the root.

We establish the result for the heat kernels pft(zg,z) on Bg(zy) with
Dirichlet boundary conditions and pass to the limit. The heat kernel pf*(zg, x)

is the kernel of the operator semigroup

AL AR
2 6

where Ag denotes the reduced Laplacian on Bg(x). That is,

G_tAR =1- tAR +

- t°
pﬁ(xo,l‘) =€ tAR(Séro(x) = <6:v0’ 693> - tAR(I‘J?x) + §A2R<x0’ l‘) o
where the coefficients of the Laplacian Ag(xg,x) are given by

Ag(xg,x) = ARy (x)
n(0) if x = xg

= —1 if z € Sl(l'())

0 otherwise
and
A%Jrn('Z'Oa :C) = Z A%('xm y)ATIl%(ya QZ')
yEBR
Therefore, these only depend on the distance between xy and x. Il

Lemma 3.5.2. If T,, is a model tree with root vertex xo and heat kernel

pi(r) = pi(xo, x) for x € S,(xg) then
pi(r) = pe(r+1)  forr >0.
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Proof: We start with the general fact that for any graph

0
Ept(:z: r) <0 fort>D0.

Indeed, considering the heat kernels p(x, y) on Br(xq) with Dirichlet bound-

ary conditions and using the eigenfunction expansion it follows that

=

sl R 2
pi(w,x) =) e (o (x))".

%

Il
=)

This implies
R
atpt Z )\R =AMt (bR( ))

since A® > 0 and {c;SZR}i:O is an orthonormal basis for C'(Bg,dBg) so that

¢f(x) cannot be zero for all i. By passing to the limit it follows that
%pt(x, x) <0.
Therefore, in particular, %pf(()) < 0 implying that

Apf(0) = n(0) (p(0) = (1)) > 0

or
pr(0) > pii(1).
Furthermore,

pr(R—1) > p(R) =0

so that, as a function of r, pf(r) is decreasing at r = 0 as well as at r = R—1
for all ¢ > 0.

Consider now the function

p(t) = min (pf'(i) — p(5)).

1<J
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The claim is that ¢(¢) > 0 for ¢ > 0. Suppose not, that is, suppose that
there exists to > 0 such that ¢(ty) < 0. Therefore, there exist iy < jo such
that py(io) < pi(jo). We can then assume that pff(r) has a global minimum
at r = 79 and a global maximum at r = jy for 0 < i < j < R. Then, from

pE(0) > pE(1) and pE(R — 1) > pf{(R) shown above, we may assume that

pit(io — 1) > ppi(io) and pyl (jo) > pp(jo + 1)

implying that
Apft(ig) < 0 and Apf (jo) > 0.

Therefore,

0 . 0 .
Eﬂﬁ(lo) > 0 and Epf;(]o) <0

which implies that ¢'(ty) > 0. It follows that there exists an € > 0 such that
for all t € (to — €, to], p(t) < ¢(ty) < 0.

Let I denote the maximal interval contained in [0, ¢y] which contains ¢
and all t <ty for which ¢(¢) < 0. It is clear from the continuity of ¢ that [
is closed. If I = [a, o] for some a > 0 then the argument above implies that
there exists an € > 0 such that all ¢ € (a — €, a] are in I contradicting the
maximality of 1. If I = [0, #] then it would follow that ¢(0) < 0 contradicting
the fact that ©(0) = 0. In either case, we obtain a contradiction implying

that ¢(t) > 0 for all t > 0 and, therefore, that
pr(r) > pff(r +1).

Letting R — oo completes the proof of the lemma. O
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Proof of Theorems 3.5.1 and 3.5.2:  The proofs of the the two Theorems
are nearly identical so we give details for the proof of Theorem 3.5.1 and point
out the modifications needed for the proof of Theorem 3.5.2. We will denote
the Laplacian on T, by Ar, to distinguish it from Ag, the Laplacian on G,
wherever necessary.

For both Theorems, for x € S,(x;) C G, we let p;(x) = pi(r) so that p(z)
is now defined for € G. For Theorem 3.5.1, by assumption, m1(z) < n(r)
and we want to show that p,(r) < p(zf,z) for vertices z € S,(zy) C G.
We work with the Dirichlet heat kernels on Bg(z) C G and consider the

function
u'(z,t) = pi'(x) — py' (x5, )
on Bg x [0,7]. Then

u®(x,0) =0 for x € By

and

uf(x,t) =0 for x € OBg, t > 0.

Furthermore, it follows from m,(x) < n(r) and from Lemma 3.5.2 that

pl(x) satisfies the following inequality for z € S,(zf) C G:

Aopf@) = mu(@)(pfr) = plr +1))
(@) (o) = pfi(r = 1))
n(r)(pf(r) = pfi(r +1))

+ pf(r) = plf(r = 1)

0

= Appi(r) = =70 (r).

IN
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Therefore, uff(z,t) satisfies
R 9 r
Agu™(z,t) + pri (x,t) <0.

By applying the maximum principle for the heat equation (see Remark 1.2.1)
it follows that

max uf(z,t) = max uf(x,t)=0.
Brx[0,T] Brx{0} U
dBRx[0,T]

Therefore, pft(r)—pf(x}, ) < 0so that pfi(r) < pf(zf, z) for allz € S, (z}) C

(. Since this holds for every R, by letting R — oo, it follows that

pi(r) < pi(, @)

For Theorem 3.5.2, from the assumption that n(r) < my(z) and m_y(z) =

1 for all z € S, (), it follows that
uR(x,t) = pf(r) _ptR(x(Ja ZL’)

now satisfies

Agu®(z,t) + %uf(x, t) > 0.

This implies that

min _u(z,t) = min u®(z,t) =0
BRX[OVS} BRX{O} U
aBRX[O,S]

yielding

pi (w0, ) < pi'(r).
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3.6 Bounded Laplacian

In this section, we introduce the bounded Laplacian A,y and prove that, for
every graph, the heat kernel associated to Aps is stochastically complete.
In particular, bounded solutions of the heat equation involving A,; with
bounded initial conditions are unique. We refer to [5, 6] for the definitions
involved.
We define the bounded Laplacian as the operator
Maf(@) = f@) = —— 5" ()

m(z)

y~z

N

m(z)

In order for the analogue of Green’s Theorem to hold we alter the inner
product on the space of functions on the graph. We now let
(fs9)ba = Z f(z)g(z)m(x)
eV
while keeping the inner product on edges the same as before. It is now true

that
<Abdf7 g>bd = <df7 dg>

for all f such that
S Plemlz) < o0

zeV
that is, for f € ,(V).
What distinguishes A, from A is that it is a bounded operator without
the assumption m(x) < M necessary to imply that A is bounded. This
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follows from the calculation

Wy = > (fly) - f2)

[z,y]€E

< 2 ) () + @)
[x,y]€E

= 2) " Pmla) = 2/ N

Therefore, ||d||< v/2 implying ||Apg|| < 2.
We next prove that any graph is stochastically complete with respect to

this operator by studying A-harmonic functions for Ag,.

Theorem 3.6.1. If v is a positive function on G satisfying
Apgv(z) = Mo (z)
for A < 0 then v will be unbounded.

In particular, since the proof of the equivalence of the various formulations

of stochastic incompleteness for A holds for Ay, it follows that

Corollary 3.6.1. For any bounded function ug there exists a unique bounded

solution of
Abdu($,t)+g—1:(x,t):() forz e V,t >0
u(x,0) = ug(x) forzeV.

Proof of Theorem 3.6.1: The proof is the proof of Theorem 3.3.4 rewritten
for the bounded Laplacian. Fix a vertex xg of G. We will show that there

exists a sequence of distinct vertices

T~ T~ Ty~ ...
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such that

v(x;) — 00 as i — oo.

At Zo,

ﬁ Z v(z) = Mv(xo)

T~TQ

Apgv(xo) = v(x0) —

implies that

> w(@) = m(zo)(1 — Nv (). (3.19)

T~TQ

Therefore, there exists a neighbor x; ~ ¢ such that
v(xy) > (1 — ANo(zo).
If not, if v(z) < (1 — Av(zg) for all z ~ ¢, then

Z v(x) < m(xe)(1 — Nv(xo)

T~TQ

contradicting (3.19). Applying the argument now at x; there exists a neigh-

bor x5 ~ x1 such that
v(x9) > (1 — Nwv(zy) > (1 — N)?v(xg).

In general, there exists a sequence of distinct vertices g ~ x1 ~ x9 ~ ...
such that

v(x;) > (1 — N)v(z)
implying that

v(x;) — 00 as i — oo.
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Chapter 4

Spectral Analysis

4.1 Bottom of the Spectrum

We recall a definition of A\g(A), the bottom of the spectrum of the Laplacian
on a general graph G, and prove a characterization of it in terms of A-
harmonic functions. This result was inspired by an analogous result in [15,
Theorem 2.1] and was proven for the bounded Laplacian in [5].

Fix a vertex z in G and let B, = B,.(xo) denote the ball of radius r about
xo with boundary 0B, as before. Let A, denote the reduced Laplacian acting
on the space C'(B,, dB,) of functions on B, that vanish on the boundary 0B,.
We then define A\ = A\o(4,) by

N B _(df.df)
Ao = Ao(Ar) = FeC(B-bB,) (f. )
J#0

and show, as in [3, Lemma 1.9], that

Lemma 4.1.1. \j is the smallest eigenvalue of A,. Furthermore, if fy is a
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function in C(B,,0B,) such that

(dfo, dfo)
(fo, fo)

then A, fo = Ay fo and fo can be chosen so that fy > 0 on the interior of B,.

L (4.1)

Proof: If A is any eigenvalue of A, with eigenfunction f then

{df, df) _ (Adf, f)

Gh o un

implies that A > Aj.
Now, if fj satisfies (4.1) above and {)\77}’1%) are the eigenvalues of A, with

{gb"} % a set of corresponding eigenfunctions which form an orthonormal

basis for C(B,,0B,) then

k(r)
fo= Z az’¢;ﬂ
i=0

where a; = (fo, #]). We wish to show that a; = 0 if A\l # Aj. This can be

seen as follows:

k(r) k(r)
0< <d<fo DIARIE Zaj¢;)>

i=0 Jj=0
k(r) k(r)
=(dfo, dfo) —22% for Anl) + > aia (67, Avg))

4,7=0
(r) k(r)
=(dfo, df) — 2Za2x > aiaNj(¢], ¢7)
4,7=0
—(dfo, dfo) Z a2\,
implies that
k(r)

(dfo, dfo) > Z a;X;.
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While (4.1) yields

k(r)

(dfo, dfo) = Xo{fo, fo) = A Za?.

i=0
Therefore, a; = 0 if A} # Af.
Now, noting that
{fo, fo) = (| ol [ fo])
while

(dfo, dfo) > (d|fol,d|fol)

it is clear that (4.1) can only be decreased by replacing fo by |fo| and we
may assume at the onset that fy > 0. Then, if there exists a vertex & in the
interior of B, where fy(Z) = 0, it follows from A, fo = A fo that,

A fo(@) == folx) =0.
Therefore, fo(x) = 0 for all z ~ Z. Repeating this argument would imply

that fo = 0 on the interior of B, yielding a contradiction. m

It follows from Lemma 4.1.1 that
N > AT >0

and we define

/\0 = )\Q(A) = lim )\O(Ar)

Remark 4.1.1. It is clear that this number is independent of the choice of
exhaustion sequence for the graph G. This follows since if {D;}2, is any

other exhaustion sequence then for each R there exists /g large enough such
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that Bg C Dy,,. Therefore, by Lemma 4.1.1, A} > )\ODIR. Reversing the roles
of B, and D;, it follows that \J" and A} converge to the same number. For

future reference, we point out that A\g(A) can also be defined as

e U df)
)\O(A) - fejléf((;v) <f’ f>

where Cy (V') denotes the set of finitely supported functions on the graph G.

We now state and prove the following characterization of A\o(A) in terms

of A\-harmonic functions [15, Theorem 2.1].

Theorem 4.1.2. For every A < \(A) there exists a positive function v

satisfying Av = \v. For every A > A\g(A) there is no such function.

Proof: The proof of the first part is a variation of the argument given in
[3, Theorem 2.4]. See also [5, Proposition 1.5] for the case of the bounded
Laplacian and [9, Lemma 1] for manifolds.

We start with the case of A = A\g(A). From Lemma 4.1.1, for each r, there

exists a positive function v, satisfying
Ayv, = Ajv, > 0 on int B,.

We normalize this function so that v,(x¢) = 1 and extend it to be 0 outside
of B,. We will show that this function is bounded at each vertex x. Let
M (i) = My, (i) = maxyes,(z) m(x) as before. Then if xy € Si(xo) C int B,
it follows from Aw,(x¢) > 0 that

m(zo)vr(w0) > Y vr(x) = vo(1)

TrTQ
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implying
ve(z1) < M(0).

By repeating the same argument it follows that if z; € S; where ¢ < r then
U () < M(i —1)M (i —2)...M(0). (4.2)

Using the diagonal process we can find a subsequence of {v,}22, which

converges for all vertices . Denote this by
vy, (x) — v(z) as k — oo for each z.

It follows that Av(z) = Agv(x) for all vertices x, v > 0 and v(zg) = 1. By
using the same argument as in the proof of Lemma 4.1.1 if there exists an x
where v(z) = 0 then v would have to be constantly 0 yielding a contradiction
since v(xg) = 1. This completes the proof for the case of A = Ao.

For the case of A < A\g(A) we modify the argument above as follows.
First, as noted in the proof of the implication 2') = 2) in Theorem 3.1.3,
since A < A(A) < Ao(A,) the operator (A, — AI) is positive and hence
invertible on C(B,,dB,), the space of all functions on B, which vanish on
0B,. Therefore, there exists a function v, which satisfies

A,v. = A\v, onint B,

Urjop, = 1.
Indeed, as before, let v, = (A, — X)) (N B,) + 1, where Ay g, is the
function equal to A on every vertex in the interior of B, and 0 elsewhere and

1 is equal to 1 on every vertex of B,. We renormalize v, so that it is equal

to 1 at x¢ and call it u,., that is, let




Now, if u, > 0 on the interior of B, then u, > 0 on the interior of B, by
the same argument used in the case of A = )y above. To show that u, > 0
we assume that there exists a vertex & in the interior of B, where u,(z) < 0

and let w be the function defined by

u,(x) for x such that u,.(z) <0
w(z) =
0 otherwise.

In particular, w(z) = 0 if x is in the boundary of B,, so the error term
vanishes when we apply the analogue of Green’s Theorem to w below. If x
is a vertex in the interior of B, such that u, < 0 for x and all neighbors of x
then Aw(z) = Au,(z). If x is a vertex where u,(z) < 0 and = has a neighbor
y for which w,(y) > 0 then Aw(z) > Auw,(z). Combining these, it follows
that

(dw,dw) = (Aw,w)
= Z Aw(z)w(z)

x€int B,
ur(x)<0

Z Au,(z)u,(x)

z€int B,
ur(x)<0

=AY L)

x€int B,
ur(2)<0

= MNw,w)

IA

implying
(dw, dw)

w0, ) <A\

From Lemma 4.1.1 it follows that Ag(A,) < A contradicting the assumption
that A < A\g(A). Therefore, u, > 0 on the interior of B, and so w, > 0 there

as well.
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Now, if 0 < A < Ap(A) then we can use the same argument as above to
show that u,(x) is bounded for all vertices z as in (4.2). If A <0 then, from

Au, = Mu,, the bound becomes
up(z1) < M(0) — A
for all 1 € S7 and
up (i) < (M0 = 1) = A)(M(i = 2) = A) ... (M(0) = A)

for all x; € S;. The remainder of the argument is the same as before. This
completes the proof of the first part of Theorem 4.1.2.

The proof of the second part of Theorem 4.1.2 is adapted from [15, p. 761].
See [5] for a different proof involving the use of Green’s Theorem. Suppose

that there exists a positive function v such that Av = Av. Then, letting
u(z,t) = e Mu(z)

and

w(z,t) =Y pilz,y)v(y)

yeB,
it follows that both u and w satisfy the heat equation on int B, x [0,7] and

u(z,0) = w(z,0) = v(x) on int B, with u(z,0) = v(x) > 0 and w(x,0) =0
on 0B,. By applying the maximum principle for the heat equation to the

difference of the two functions it follows that

min (v —w)= min (u—w)>0
B, x[0,T] B, x{0}U
0B, x[0,T]

by what was noted above and since w(zx,t) vanishes on 0B, while u(z,t) is

positive there. Therefore, u(x,t) > w(x,t) or

e Mu(z) > Z pi(z,y)v(y) on B, x [0,T].

yEBy
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Therefore,

> > Mpi(a,y)oly) = PN N T pl(e,y)u(y). (4.3)

yEBy yEB;,

From pl(z,y) = 210 e=Mtgr (2)¢r (y) it follows that

tlim Nt (2, y) = o (x) b (y)

and, since ¢f, can be chosen so that ¢j > 0, if A > A{ then the right hand
side of (4.3) would tend to oo as t — oo. Therefore, A < Aj for all r implying
A< Ao(A). O

4.1.1 Relationship to Stochastic Incompleteness

In light of the large volume growth that is required for a graph to be stochas-
tically incomplete and the well-known relationship between the bottom of the
spectrum and Cheeger’s constant which is, at least partially, outlined in this
subsection and the next section, it might seem plausible to conjecture that
stochastic incompleteness would imply that Ag(A) > 0. The purpose of this
subsection is to give an example where this is not the case.

The example is constructed as follows: we start with a model tree T,

which is stochastically incomplete, that is, such that > 2/ (1T) < 00, and
attach to the root vertex xg an infinitely long path xq ~ xy ~ x9 ~ .... The
resulting tree is stochastically incomplete by Theorem 3.4.1.
We now show that \g(A) = 0. As noted before
Ao < &, df) (4.4)
(f. 1)



for every nonzero, finitely supported function f. By taking a finite subgraph
D and letting f = 1p in (4.4) it follows that

where

LOD)=#{y~xz |z € Dandy¢ D}

that is, the number of edges with one vertex in D and one not in D, and
Vol(D) denotes the number of vertices in D. By taking increasingly larger
connected subgraphs of the path that was attached at the root vertex xy of

T,, it is clear that this ratio goes to 0 since L(0D) = 2 for all such subgraphs.

4.2 Lower Bounds

In this section we prove some estimates of A\g(A), the bottom of the spectrum
of A, introduced in the last section. In order to prove our results we work
with the bounded Laplacian Ay and use the characterization of \g(Apqg)
in terms of Cheeger’s constant proved in [6] to obtain a lower bound for
Ao(Apg). Comparing inner products, we then transfer this result to obtain a
lower bound for A\g(A).
Recall that A,y is given by
B () = J(@) = o5 3 ) = s M),

Yyr~x
The bottom of the spectrum is, as in the case of A, given by an exhaustion

argument or, equivalently, as

No(Ba) = inf (Bl s

recov)  (fy fod
F#0
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where the infimum is taken over all nonzero, finitely supported functions f

and the inner product is given by

(f, [lea = Z fA(x)m().
zeV
For a finite subgraph D we define A(D), the area of D, to be
A(D) = m(x)
zeD

and L(0D), the length of the boundary, to be
LOD)=#{y~xz |z € Dandy¢ D}

as in the previous subsection. If we let

B . L(0D)
a= o A(D)

D finite, connected

then the main result in Section 2 of [6] states that

Theorem 4.2.1.

042

No(Apg) > >

In fact, the proof in [6] applies in the following more general context. Let

A denote a finite subgraph of G and let Ayg e\ 4 denote the reduced bounded

Laplacian which is equal to Ayy on the complement of A and 0 on A. Ayg\a

acts on the space of £, functions which vanish on A. If

. L(0D
(@A) = ot S
DNA=0

then the proof in [6] implies
1
Ao(Apgna) > 5042(G \ 4).
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We fix a vertex xy of G and let r(x) = d(x,xg). Then for a vertex = € G

we let

mo(z) = #{y |y~ andr(y) =r(z)}
mi(z) = #{y |y~ zand r(y)

m_1(z) = #yly~zandr(y) =r(r) -1}

I
S
S~—
+

[a—
—

as before. The main theorem of this section states:

Theorem 4.2.2. If A denote a finite subgraph of G and for all vertices

reG\A
my1(x) —m-q(x)

>c>0
m@)
then
2
Ao(Apacrna) > 5

If, in addition, m(xz) > m for x € G\ A then

mc?

No(Bgya) = T (4.6)

Example 4.2.3. For a tree my(z) = 0 and m_;(x) = 1 for all vertices x so

that

mi1(x) —m_q(x) _ m(z) —2 _ 2
m(z) m(z) - m(z)
Therefore, if m(x) > m > 2 then % (1—2). Hence ¢ = =2 |

for such a tree, implying

(m — 2)?
>
Ao(Boa) 2 2m?
and
(m — 2)?
>
)\O(A) - 2m



Proof: Let D C G be a finite, connected subgraph disjoint from A. Let
r(z) = d(x,xz9) where zy is a fixed vertex of G. Then, by applying the

analogue of Green’s Theorem, it follows that

Z Apgr(z)m(z)| = Z Ar(x)
= | Y (r2)—ry)
xe%\,Jgng

IN
=
Ny
|
=
E

Yy~
x€D,y¢D

< L(9D) (4.7)

since r(z) — r(y) can only be £1 or 0 if y ~ x.

On the other hand,

1

Apgr(z) = 7r(x) — Wﬂf)

<mo(x)7“(x) +myi(z)(r(z) + 1) + m_y(z) (r(z) — 1))

m_y(z) — my1(x)
m(z)

since m(z) = mo(z) + myi(x) + m_q1(x). Therefore, it follows from the

assumption Mot > 5 () that Aygr(z) < 0 and

m(z)

| Apgr(z)| > ¢

for all vertices x € G \ A. Therefore,

Z Npgr(z)m(z)| = Z | Apar(z)m(z)|

zeD

> ¢ m(z) = cA(D). (4.8)

zeD
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Combining inequalities (4.7) and (4.8) it follows that
cA(D) < L(0D)

or

c <

for all finite, connected subgraphs D disjoint from A. Applying Theorem
4.2.1 as formulated in (4.5) it follows that

Ao(Aparna) >

%2. (4.9)

This gives the first part of Theorem 4.2.2.
For the second part, we proceed as follows. By using the Rayleigh-Ritz
characterization of A\o(Apg) inequality (4.9) implies

2
(Dvaf; floa > %(f, f)vd

for every nonzero function on the graph G finitely supported disjoint from

A. Now,

(Avaf fooa = > Dpaf(x)f(x)m(z)

while, if m(xz) > m, then

§<fa flea = 0 > Plym(x)

v
~
—~
S
I
SE
)
=
=



Therefore, it follows that
(AL, f) _ me?
(f,f) — 2

and taking the infimum over the set of all finitely supported, nonzero func-

tions f on G\ A it follows that

mc2

)\O(AG\A) > T

4.3 Essential Spectrum

We now use Theorem 4.2.2 to prove that, under certain assumptions on the
graph, A, the unique self-adjoint extension of A with domain Cy(V) in £2(V),
has empty essential spectrum as in [8, Theorem 1.1].

By definition, the essential spectrum is the complement in the spectrum
of the set of isolated eigenvalues of finite multiplicity. We use the notation
o(A) and g (A) for the spectrum and essential spectrum of A respectively.
Now, as pointed out in [13, Theorem VII.12 and remarks following Theorem
VIIL.6], the essential spectrum of a self-adjoint operator can be characterized

as follows

Theorem 4.3.1. A\ € 0.(A) if and only if there exists an sequence of

orthonormal function {f;}2, in the domain of A such that
lim IAfi = Afille = 0.

In fact, it is sufficient that the sequence is noncompact, that is, have no
convergent subsequence, and this will be the characterization of the essential

spectrum that we use to prove the lemma below.
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Fix a vertex zg and let m,(r) denote the infimum of the valence of vertices
outside of B, ()

= inf .
mr) = il )

We can then state

Theorem 4.3.2. If, for all vertices x of G,

my1(x) —m-y(x)

>c>0
m(z) =

and

m,(r) — 00 as r — oo
then A has empty essential spectrum.

Example 4.3.3. In the case of a tree, we note that if m(z) > m > 2 for
all vertices x then the first assumption is satisfied and so if, in addition,

m,(r) — oo then A will have empty essential spectrum.

The proof of Theorem 4.3.2 will follow easily once we establish the follow-
ing lemma which is analogous to [8, Proposition 2.1] and apply the second
result of Theorem 4.2.2. Let Ag\ B, denote the self-adjoint extension of the
Laplacian acting on Cy(V, B,.), the space of functions with finite support
which vanish on B,, to ¢*(V, B,), the square summable functions which van-

ish on B,. We then have that
Lemma 4.3.1. UGSS(A) = UGSS(Ag\BT).

Assuming the lemma for now we prove the theorem:
Proof of Theorem 4.3.2: By applying (4.6) from Theorem 4.2.2 it follows
that

)\O(AG\BT) — 00 as r — 00
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since m_(r) — oo. Now, applying Lemma 4.3.1, since the essential spectrum
of A is the same as that of Ag\ B, and the bottom of the spectrum of Ag\ B,
is increasing to infinity it must follow that the essential spectrum of A is

empty. O

Proof of Lemma 4.3.1: Let A € 0.4s(Ag\5,) and let {f;}32, be a sequence

of orthonormal functions vanishing on B, and satisfying
lim 1Ac\s, fi = Millee = 0.

Then, since,

Ac\g, fi(z) # Afi(x) only for z € 0B,

and, by orthonormality, for every vertex z, fi(z) — 0 as i — oo it follows
that

lim |Af; = Mille =0

11— 00

so that A € ges5(A).
Now, assume that A\ € s (A) and {f;}22, is a sequence of orthonormal

function in the domain of A such that

||Afl — )\szp — (0 as 1 — oo.

0 ifx € B.(zo)
er(z) =
1 otherwise
We claim that {¢,f;}32, will be a sequence of bounded functions with no

convergent subsequence satisfying

||AG\BT (Sprfz) - A(SOTfl)HEQ — 0 as 1 — oo.

74



To show that {¢p, fi }2, has no convergent subsequences we first note that,
since { f;}2, are orthonormal, {f;}°, has no convergent subsequences. This

follows since pointwise, using orthonormality as above,
filx) > 0asi— oo forallz eV

while ||fi|le = 1 for all . Now, assume that {¢,f;}2, has a convergent
subsequence, say

orfi, — fin ly as k — oo.

Since f; € lo(V), {fi. ()}, has a convergent subsequence for each z. Be-
cause B, has only finitely many vertices we can find a subsequence of { f;, }7°,

which converges for each z € B,.. We continue to denote this subsequence as

{fi}22, and let f(z) be defined by

R T for z &€ B,
iy 1 ¢

limy_o fi, () forz € B,

Then, it follows that

1o = FI2, = D (fula) = f(2))*

= > (@ = 1@)+ Y (fule) - fl)”
z¢B, z€Br

— 0as k — o0o.

so that {f;}°, would have a convergent subsequence. The contradiction
shows that {¢,fi}32, cannot have a convergent subsequence.

It remains to show that ||(Aq\s, — M) (@, fi)|le2 — 0 as i — oo. First, we

75



calculate Ag\ B, (¢ fi):

AG\BT(SOrfi)(x) = Z (@r(x)fi(ff) - Qpr(y)fi(y))

Yy~

= > (er@) fi(w) = or(2) fily) + 00(2) fi(y) — 00 () fi(w))

Y~z

= (@) Aap, fi(x) + Y i) (er (@) — 2r(1)).

y~z

Therefore,

> (Aavs, (prfi) (@) = Merf) (@) < <<Pr ((Ags, fi)(z) — Afz‘(l"))>2

zeV zeV

33 (hw) (e r(y))>2

reV y~zx

=Y ((Af)(@) - Mi(x))®

x¢ By

+ D (F@)+ £

€08, me
Y&

The first sum above converges to 0 as @ — oo by the assumption on f;
while, since f; are orthonormal, f;(z) — 0 as ¢ — oo for each x, so it follows

that the second sum also converges to 0. Therefore,

"AG\Br(ngfi) - )\(SDrfi)HZQ —0as?1— o0

implying that A € O'ess(A(;\Br). O

76



Bibliography

Cheeger J., Yau S.-T., A Lower Bound for the Heat Kernel, Commu-
nications in Pure and Applied Mathematics, 34, No. 4 (1981) p. 465 —
480.

Dodziuk J., Maximum Principle for Parabolic Inequalities and the Heat
Flow on Open Manifolds, Indiana University Math Journal, 32, No. 5
(1983) p. 703 — 716.

Dodziuk J., Difference Equations, Isoperimetric Inequality and Tran-
sience of Certain Random Walks, Transactions of the American Math-

ematical Society, 284, No. 2 (1984) p. 787 — 794.

Dodziuk J., Elliptic operators on infinite graphs, in: Analysis, Geom-
etry and Topology of Elliptic Operators, World Scientific Publishing,
Hackensack, NJ (2006) p. 353 — 368.

Dodziuk J., Karp L., Spectral and Function Theory for Combinatorial
Laplacians, in: Geometry of Random Motion, Ithaca, NY, Contempo-

rary Mathematics, 73, Providence, RI (1988) p. 25 — 40.

7



Dodziuk J., Kendall W.S., Combinatorial Laplacians and Isoperimet-
ric Inequality, in: From Local Times to Global Geometry, Control and
Physics, K.D. Ellworthy Ed., Pitman Research Notes in Mathematics,
150 (1986) p. 68 — 74.

Dodziuk J., Mathai V. Kato’s Inequality and Asymptotic Spectral Prop-
erties for Discrete Magnetic Laplacians, in: The Ubiquitous Heat Ker-

nel, Contemporary Mathematics, American Mathematical Society, 398

Providence, RI (2006) p. 69 — 81.

Donnelly H., Li P., Pure Point Spectrum and Negative Curvature for
Noncompact Manifolds, Duke Mathematical Journal, 46, No. 3 (1979)
p- 497 — 503.

Fischer-Colbrie D., Schoen R., The Structure of Complete Stable Mini-
mal Surfaces in 3-Manifolds of Nonnegative Scalar Curvature, Commu-
nications in Pure and Applied Mathematics, 33, No. 2 (1980) p. 199 —
211.

Grigor’yan A., Analytic and Geometric Background of Recurrence and
Non-Ezplosion of the Brownian Motion on Riemannian Manifolds, Bul-

letin of the American Math Society, 36, No. 2 (1999) p. 135 — 249.
Jost J., Partial Differential Fquations, Springer-Verlag, 2002.

Milnor J., On Deciding Whether a Surface is Parabolic or Hyperbolic,
The American Mathematical Monthly, 84, No. 1 (1977) p. 43 — 46.

Reed M., Simon, B., Methods of Modern Mathematical Physics I: Func-
tional Analysis, Academic Press, New York, NY 1972.

78



[14] Reed M., Simon, B., Methods of Modern Mathematical Physics I1I:

Fourier Analysis, Self-Adjointness, Academic Press, New York, NY
1975.

[15] Sullivan D., Related Aspects of Positivity: \-Potential Theory on Man-
ifolds, Lowest Eigenstates, Hausdorff Geometry, Renormalized Markoff
Processes. . ., in: Aspects of Mathematics and its Applications, North-
Holland Math Library, 34 North Holland, Amsterdam (1986) p. 747 —
779.

79





