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Abstract

Combining Algebraic and Numerical Methods in Algorithm Design
Author: Yanqiang Yu
Advisor: Professor Victor Pan
The dissertation summarizes our studies in developing fast and efficient
algorithms by combining the techniques of numerical methods and algebraic
methods. The effectiveness of our approach is proven by its applications to
several common computational problems. In the case of multipoint poly-
nomial evaluation and polynomial interpolation, by converting the prob-
lem into dense structured matrix computation, we have developed efficient
approximation algorithm with numerical stability improved over existing
algebraic algorithms. We also demonstrate the techniques of binary mod-
ular reduction and backward binary segmentation which bring the tradi-
tional algebraic method of modular arithmetic into numerical computation
algorithms. The techniques are proven to improve significantly the overall
efficiency of inner product computation and of the iterative improvement
algorithm for matrix inversion. For the evaluation of sign of matrix deter-
minant, we again combine numerical methods with algebraic methods to
obtain the solution by using lower precision computations and fewer arith-
metic operations. Some of numerical experiment results are included.
Key words: numerical algorithms, symbolic computation, multipoint
polynomial evaluation, interpolation. modular arithmetic, inner product of

vectors, matrix determinant, error analysis.
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Chapter 1

Introduction

1.1 Background

The subject of this dissertation is the design of efficient and numerically
stable algorithms by using the combined power of algebraic and numerical
methods. Algebraic algorithms are designed to obtain exact solutions to
various computational problems by means of algebraic and symbolic manip-
ulation and by computation that uses exact integer or rational arithmetic.
Numerical methods use discrete models of computing and the numerical
computations are performed in floating or, more rarely, fixed point arith-
metic with rounding to represent the real and/or complex numbers in finite
precision.

Numerical methods utilize the ability of modern digital computers to
perform large amount of simple and standard floating point computations
to arrive at the solutions; iterative improvements of the approximation re-
sults are often used by numerical methods to remove or decrease the errors
introduced when real numbers are approximated with finite precision. On

the other hand, special data structures and additional subroutines are of-
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ten required to perform symbolic computation needed for most algebraic
algorithms.

Historically, numerical algorithms and algebraic algorithms have been
developed and studied by two different groups of researchers which had very
little interactions between each other. It has been one of our major research
interests to bridge or narrow the gap between the two by combining the
power of the techniques developed in both areas in order to design new
algorithms with low computational complexity and good numerical stability.

I joined Professor Pan and his research team since Fall 1993 and we have
been working on various problems with a consistent research methodology.
In our research, we focused on fundamental problems in large scale scientific
computations, more specifically, polynomial evaluation, interpolation and
matrix computations. Our general approach was to first identify the limita-
tions and advantages of the known algorithms, which were often based solely
on either algebraic or numerical methods. Then we tried to obtain improve-
ments by designing new algorithms which combined algebraic and numerical
methods to overcome the limitations that could not be managed by either
method alone. To verify and further improve the efficiency, numerical sta-
bility, and usability of our algorithms, we implemented the algorithms and

performed numerical experiments with various input sets.

1.2 Our Contributions

We have successfully applied the approach to several computational prob-
lems with wide ranges of practical applications. In the dissertation, I will

present the results of our research with an emphasis on the general approach
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we used.

Our first topic was multipoint polynomial evaluation and polynomial
interpolation. The fastest known algorithm based on purely algebraic tech-
niques suffered from severe numerical stability problems, to the extent that
the produced output was frequently corrupted completely in the case when
the algorithm performed numerically. Based on the conversion of the prob-
lem into dense-structured matrix computation, we have overcome this prob-
lem by designing algorithms have both low arithmetic cost and improved
numerical stability. According to our numerical test, our algorithms pro-
vide correct solutions to the multipoint polynomial evaluation problem even
in the cases where the output of the known fast algorithm was completely
contaminated by the rounding errors.

Our second approach relies on the techniques of binary modular reduc-
tion and binary segmentation. The techniques bring the traditional algebraic
method of modular arithmetic into numerical computation algorithms and
significantly improve the overall efficiency of the inner product evaluation,
under certain assumptions satisfied for some important problems of matrix
computations, iterative improvement algorithm for matrix inversion, as well
as the solution of linear partial differential equations (PDE’s).

Thirdly, for the evaluation of the sign of a matrix determinant, we again
find that the combination of numerical methods with algebraic methods
enables us to obtain the sign of the determinant by using lower precision
computations and fewer arithmetic operations. The problem and the results
are fundamental to practical geometric computation.

Our contributions made to each of the above major areas of computa-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



tion are of independent interest from the technical point of view. We hope
that our work will serve as yet another demonstration of the power of the

combination of algebraic and numerical computational techniques.

1.3 Organization of the Thesis

The next three chapters presents background of the computational prob-
lems that we study and our results. Each chapter starts with description of
a specific computational problem. Then we comment on previous results, in-
cluding the advantages and limitations of the known algorithms, and present
our solutions using combined algebraic and numerical approaches and the
results of our numerical experiments.

Chapter 2 presents improved algorithms for multipoint polynomial eval-
uation and polynomial interpolation. Chapter 3 presents the application of
modular arithmetic to linear algebra computations. Chapter 4 contains our
recent work and results on the evaluation of the sign of matrix determinant
and its application to computational geometry. Some results of our work
were included into [PZHY]. [PYS], [EPY] arnd [BPY].

Chapter 5 summarizes our results, reiterates the key points of our tech-

niques, and discusses our on-going and future research.

1.4 Acknowledgments

I would like to thank my advisor Professor Pan for his invaluable guidance
and support throughout my dissertation research and preparation process.
The materials presented in the dissertation are the results of joint research

projects directed by Professor Pan. I definitely owe my thanks to my coau-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



wn

thors and collaborators, and to the members of the Dissertation Committee,
for their contributions, comments and suggestions. I also thank Sobze Isdor,
Ailong Zheng, and Colin Stewart, whom I have been working closely with,

for their continuous support.
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Chapter 2

Fast Multipoint Polynomial
Evaluation and Interpolation
via Computations with
Structured Matrices

2.1 Overview

Suppose that we are given n points, zg, 1, ---, Zn—1, and the coefficients
of a polynomial p(z) of degree n. One may evaluate the value of polynomial
at the given points, p(zo). p(z1). ---, p(Zn—1) in 2n? arithmetic opera-
tions, by means of Horner’s algorithm, or in O(nlog?n), by means of the
more recent algorithm of Moenck and Borodin ( cf. [BP] ), which, how-
ever, leads to numerical stability problems ( due to recursive application
of polynomial division ). For zg, z|, -+, Zn—1 lying in a fixed real inter-
val, the alternative algorithms of [R88] and [P95] approximate the values
p(zo0), p(z1), -+, p(Ta-1) at the cost of O(nlog?n), with improved numer-
ical stability. Confinement of the input points to the real interval is essential

in the approaches of [R88] and [P95] since they rely on a certain result on
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approximation of functions on a real line interval.

In [PSLT], it was proposed to use the properties of various classes of
structured matrices ( that is, Toeplitz-like, Vandermonde-like, and Cauchy-
like ) and the known correlation among these classes [ defined via some
associated linear operators of scaling and displacement ( shift ) ] in order
to solve the problem of multipoint polynomial approximation and also the
converse problem of approximate polynomial interpolation. The idea of ex-
ploiting the correlation among the above matrix classes in order to improve
some fundamental matrix computations was first proposed in [P90] and later
on used in [GKO], but as an alternative approach to multipoint polynomial
evaluation and interpolation, this idea was first applied in [PSLT]. Un-
like [R88] and [P95], the approach of [PSLT] allows complex input points
Zo, T1y " s Tp—i-

Our research refines and extends the latter approach. Like [PSLT], we
define the original evaluation and interpolation problems by the vector equa-
tion &= V(&) p, where p'and v are the vectors of the coefficients of the poly-
nomial and of its values at the given points zg, z, -+, Tn—1, respectively,
and V(&) is the associated Vandermonde matrix. Then, instead of rather
complicated reductions of [PSLT] to the computations with Toeplitz-like
and Cauchy-like matrices, we multiply V' (Z) by a discrete Fourier transform
matrix and arrive at a Cauchy-like matrix, for which approximate solutions
to our original problems can be readily computed, due to a simple technique
of summation reordering ( cf. [R85] or [BP] ).

We specify the number of arithmetic operations sufficient in order to

guarantee the desired bound € on the output approximation errors ( this
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number is shown to be O(nlogn) for a large class of input sets of points and
for log(1/e) = O(logn) ) and then show 2 extensions of the approach, in
particular, to multipoint approximation of a polynomial given by its Cheby-
shev decomposition (section 2.7) and to the approximation of the vector ¢
for a given vector p, where ¥ = V p, for a Vandermonde-like matrix V* (
section 2.6 ).

In sections 2.2 and 2.4, we present some definitions and auxiliary results.
In sections 2.3 and 2.2, we treat multipoint evaluation and interpolation,

respectively.

2.2 Preliminaries

Given the coefficient vector 5= po,- -+, Pn-1 | of 2 polynomial
n—1 .
p(z) = ) pis',
=0
the values of p(z) on the set of points {zg.---.zn,—1} are defined by the

vector equation,

F=V(@) F (2.1
where T = (zo, - -+ Zn-1)T and
1 z9 --- .1:3'l
v.(i:)z : : : : : .T,[#.’L‘j,i-’}éj, iejzov'”vn_l-
1 zay oo 2ol

V(Z) is called a Vandermonde matrix. Hereafter, wy denotes the (1+ k)-th
component of a vector @ = [ wq, - -+, Wa—1 |7.
The vector (2.1) defines the problems of multipoint evaluation and in-

terpolation for a polynomial p(z), that is, the problem of computing the
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vector U of the values of p(z), where the vectors 7 of the coefficients and 7
of points ( nodes of evaluation ) are given, and the problem of computing
the coefficient vector p, where the vectors of the values ¥ and points ( nodes
of interpolation ) Z are given, respectively. We will approach the above two
problems by using scaling and displacement ( shift ) operators for repre-
sentation of the Vandermonde matrix V(Z) of (2.1). By following [GKEK],
[P90], [GO], and [BP}, we define such an operator for a Vandermonde matrix

V =V/(Z) as follows:
S(Dy22r)(V) = DyzV = VZ{ = ge OT . (2.2)

Here and hereafter, we write

e T _— [1,0,---,0],

Dyz = diag( & vz ) (2.3)
— _ 1 n—1 1 n-1 T
g = [ o~ %0 iz — Tnol ]
and
0 01
1 0 0
Zy = S -
0 --- 10

It is known from [H] and [GKO] that V F* is a Cauchy-like matrix ( compare

definition 2.1 below ) such that
S(Dl/st{)(VF') =g hT 3
where

2my/=—1 27wy/—1
CRC

FT=gOTp= D} = diag( 1,e~ %, -+, ) s

F = (1/y/a )] etmikV/=1/n ]%4q denotes the (normalized) matrix of the

discrete Fourier transform, and F~ denotes the Hermitian transpose of the
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10

matrix F, F* = F~!. From [GO], we have
. 1 . 1 nel I .
V(Z) F* = —=diag(— —2}7") C(5E) . i=0.1,--n -1, (2.4)
i

7=

where

s —t;

1 n-1

C(5t) = [ ] (2.5)

ivj=0

is a Cauchy matrix, s; = ;17 and t; = e~ 5 for 4,7=0,1,---,n~1.
Here and hereafter, we use the following definition:

Definition 2.1 [GO]. An n x n matrizc C is called Cauchy-like matriz if
Spy,0y(C)=G HT . GeC™ , HeC™ . (2.6)

Then, G HT is called a (D, /& Dp)-generator ( or a scaling generator ) of
C of length «, and the minimum « allowing the above representation (2.6)

is called the (D5, Dy)-rank (or the scaling rank) of C.

Cauchy matrix of (2.5) is a special case of Cauchy-like matrices of (D, 3, Dj)-

rank 1.

2.3 Multipoint Polynomial Evaluation

We extend and strengthen the results of [PSLT] on fast approximate mul-
tipoint polynomial evaluation. The algorithm, its correctness proof, and
the complexity analysis are presented in the statement and the proof of the

following proposition:

Proposition 2.1 Given the coefficients of a polynomzial

n—1
p(z) =Y pz’
=0
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and the set of points {zq,---,Zn—1}, the vector ¥ of the equation (2.1) can
be approzimated within mazimum error norm bound € ( that is, we may

compute a vector U ™ such that

|77 -7 |l=max| v —v;i | <€ )
d

by using (4n — 1)L + O(nlogn) arithmetic operations, where

log( anb/( (1~qg)e) ) 1
log(1/q) '

L=
q is a fized constant, q > ry = maxy |Tk|,
@ = max|ug|, ur = ( L P )k, and b=max|zf -1 <1+4+¢"
- ke H \/;{ H A k —_ 1

so that L = O(logn) if log(a/€e) = O(logn) and g < 1.

Proof: Due to (2.4), we have

n-1 n—1

1 ~1 Uk Uk
i =v(r;) = (— -z} = (-2 1—tez.
v = v(z;) (l‘; I ):L;%—tk ( I‘)kgol—thi
(==}
= (L-2}) ) Ajzl
7=0
n—1 N
AJ-:Z’U,kt'L.
k=0

Due to the summation reordering, we now fix a sufficiently large natural L,

approximate v; by
L L-1 i
=o' =(1-2) Y Al

]
7=0
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note that |tx| = 1 for all %, so that [4;]| < an, for all j, and obtain that

b
Br=[15" -7l =max| v —vi [ < Ta’- (2.7)
tog( anb/( (1—q)e ) )
Therefore, for L > [ =& ‘"{og(l/q)q ], we have Ep <e.
Evaluation of the vectors F j'and # = [ ug, - -, #n— |7 and of the scalars

1—-2z7,
t=0,1,---,n — 1, requires O(nlogn) arithmetic operations; evaluation of
A;, for all j,

j=0,1,---,L -1, requires L(2n — 2) arithmetic operations, and the subse-

quent evaluation of

L-1 )
ui‘:(l—:c?)ZAjzf, forall:, 0<i<n-1,
7=0

requires (1 4+ 2L)n arithmetic operations. Therefore, we obtain an approxi-
mation to the vector V(Z)p by using L(4n — 1) + O(nlogn) + n arithmetic

operations. This is O(nlogn), for L = O(logn), and if we have
Ty = m;}xh:kl < g < 1 (for a fixed constant q )
and log(a/¢e) = O(logn), then L = O(logn).

Remark 2.1 Given any vector Z, we may choose 2 scalars ¥ # 0 and 6,
such that

lyil <g<1 (2.8)
for y; = (z; — 8) /7, zi = vyi + 6. Then, by scaling and shifting the variable
z, we turn it into a new variable y = (z - d)/v and thus transform the

polynomial

n—~1
p(z) = piz’

=0
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into the polynomial

= : n-t . n-l1 L .
PrsW) =Y Prai ¥ =D pilry+6) =D 1y Y pust (?) ;

=0 =0 i=0 h=1

whose coefficients can be computed by using O(n logn) operations, if we are
given 7. 4, and the vector 7 ( compare [BP] ). We have p(z;) = p,(¥i)-
Due to (2.6), we may apply proposition 2.1 in order to approximate p, s5(v;),
i =0,1,---,n— 1, and then extend this result to approximate evaluation
of p(zo),p(z1), -+, p(zn-1) for the set {zg,z,, - -,Zn-1}; the estimates of
proposition 2.1 for the approximation errors should change since they will
now depend on the coefficients

n—1 n
Prai =27 D pnd" (?) !

=0 h=i

of the polynomial p,s(z) .

2.4 Some Further Definitions and Auxiliary Re-
sults

In this section, we recall some definitions and auxiliary results from [BP],

[GO], and [H].

Definition 2.2 For a vector ¥ = [ zq,---,Zn-1 |7, let T(t) = [z(t) denote

the polynomial

n—-1 n~1 .
[Mt-z)=t"+> rit!
=0 =0
and let 7 = 7(Z) denote the vector [ rg,---,rn_y |T.
Definition 2.3 For a given vector & = [ ug, Uy, -+, Un—y ]T and a given

scalar ¢ # 0, an n X n matric Cy o) (&) = [c; ;] is called a @-circulant matriz

i Cij = U(i—j) mod n JOT 12 J, €ij = PU(ij) mod n fOr i < J.
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We have the following well-known equation ( compare [BP], page 144 ):
VIE)=J Z; 7+ fE ) V() diag( a; )
or, equivalently,
V)= Z;(F+ fe©) T VT(E) diag(a]!), (2.9)
provided that f#z" i=0,1,---,n—1,
a; =T%z)( f-2F), i=0,1,---,n—1, (2.10)

[(t) = Tz(t) and F = F(Z) are defined in definition 2.2, Z;(F+ f& (°)) denotes

the f-circulant matrix that has the first column 7+ f&(©), and

o0 ---1
J = . : .
01 ---0
10 --- 0

2.5 Polynomial Interpolation Algorithm

According to the equations (2.1) and (2.9), the polynomial interpolation

problem is equivalent to computing the following vector:
F=V=YE) i = Zi(F+ f€ ) J VT(3) diag(a;") 7 . (2.11)

Here, a; = T%L(z;)(f — z7), according to (2.10); V(Z) is a Vandermonde

matrix satisfying (2.2), and §, € (%), and Dz are defined by (2.3).

Proposition 2.2 FVT is a Cauchy-like matriz such that

~
Cad}

S01.0y,e)(FVT) = DIFVT = FVTDyyz = —Fe O =3
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where
G' = -FeO@ =[-1,-1,---,-1]T,
b= T=] L-<57" o -t ]
R 20 /=1 2ry/—
D, = diag(l.e = : e ﬁ("-l))

Proof: Indeed, (2.2) implies that
Sz.0y V) =2VT = VIDy =@ 5T,
Since F~F=I, FZ F"=D,. we obtain

FS(z,p, /5)(VT) = FZ,F"FVT - FVTD,;
= D FVT —FVTDy)z = FE@ 5T |

and proposition 2.2 follows.

From section 3 of [GO], we have
S(p,/s.09(C(ET) ) =5 (~-7") .

By combining the latter equation with proposition 2.2, we obtain the fol-

lowing result:
Corollary 2.1

FVT = ~C(5,f) diag( ;:lj—z?-l ),

13

where § = (sj)?;ol, sj = e (=1, j=0,1,---,n—1, and { = (t; ;;é =
1 \n—1
(;;)?:0‘
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Proposition 2.3 Given 3 sets of values:

i) {zi:i=0,1,---,n~1; z; #z; fori#j},

i) {vi : i=0,1,---,n -1}, and

ie) {r; : ¢=0,1,---,n -1}
( where the values {z;} and {r;} are related according to definition 2.2, one
may approzimate within € the coefficient vector p = [ po,---,Pn—1 | of the

polynomial

n—1
p(z) = Z Pil'i

=0
( that is, one may compute a vector P = such that || P~ —p' || <€) by using

O(nlogn) arithmetic operations if

max||z;|]| < g, ¢ tsa fized constant, q < 1, log( ra/e ) = O(logn) ,
max |y 12/ and [ril
o = max|yil , yi = v , r = max|ry ,
axly Y a;T; i>0 '

for ry,---, rn—y of definition 2.2.
Proof: Due to corollary 2.1, we have
T - =5 . 1 n—l1
Vi=-F C'(s,t)dzag(;—z‘- ).

By combining the latter equation with (2.11), we obtain that

. 1— 2o
F=—Z;(F+ fEO) J F* C(5.T) diag( a_;_' ) 7.
Let
= dizel 225 5= [ . T
y—dl(lg( a;z; )U—[yo, 1yn—l] 1
so that
Sl 5 =4 £z (0) - C(GE) §
yi=——tu,  F=-Z(F+fEO)IFCED T, (212)
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and consider the following vector equation:
Yo + + _YUn—-1

Wo Yo s0—to so—tn—1
w= =C(5, £) = :
; YUn—1
Wn—1 yn_[ Sne— 1-‘0 + + Sn—1—ln—g
(2.13)
The i-th coordinate of the vector ¥ can be re-written as follows:
n—1 n—l1
!/L-TL
T Il S DR R DI y LRt
k=0 5t T e SiT I k k=0 j=0

We write z, = maxy[zi|. If 24 < 1, we have |s;z¢| < z4 < 1 for all pairs
(i k), 1<,

2rhy/=1 .
k <n,sinces,=e = , h=0,1,---,n—1. Then, the series } 2o(sizs)’

converges for

all k, and we have

= 1
S G 1S 3owh =
j=0 j=0 +
Now, we write
n—1 < n—1 o
— ey - J+l g _ o
Bi=Y wel,  w=-Y 3wl =Y Bisl .
k=0 J=0k=0 Jj=0

By means of limiting the number of the summation terms B,-s;?‘ to a certain

number L, we obtain an approximation of the vector @ by the vector

G =w L = [ Wo, Wi, -, Wh_y ]T
such that
L—1 )
w; = - Z BJ'S'} .
j=0
For the error norm,
e =|| w —w[l—ma\ [~ Wi
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we obtain the bound

nagk+!

1-g

e <

similarly to (2.7). From (2.12) and (2.13), we obtain that

P=-ZiFf+fEQ)YJF @ .

We write
pr=-Z;(F+fe©@)JF @,  E =FEp=|7"-Fll=max|p-pl
and obtain that E-<|| Zf( T+ FEO Y [loo [ ]loo [1F=||oo €L

where || 4[|« denotes the row norm of a matrix A = [a;5],
[[Allec = m?.}:z laij| ( compare [GL], p.57) .
J
We have
Mo =1, [IFllc=Vn. || Z¢(7+fE©) lleo < nmaxir:,

if we choose f so as to decrease or cancel the first component of the vector

7+ f& (9. Therefore,

5/2 0 L+1
rn’ta
E* < max|r;i| n%/% ef < m .
= >0 l-g¢
where r = || r(Z) |l = MmaX;>g |ri|. By assumption, ¢ < 1, and therefore,

we have E~ < ¢ for a fixed positive ¢, if

log( ran/( (1 -q)e)) ]
log(1/q) '

Thus, given the assumptions of proposition 2.3, we may choose a value L

L>[

such that L = O(logn).
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We will now complete the proof of proposition 2.3 by showing that
O(nlog n+nL) arithmetic operations suffice for the evaluation of the vector
P ~. The transition from & = to p ~ is reduced to performing discrete Fourier
transforms ( by means of O(nlogn) operations ) [BP], and we will only need
to estimate the arithmetic cost of computing the vector w *. We observe
that 2n — 1 arithmetic operations suffice for computing each Bj;. If all the
Bj; are available, then for any fixed integer ¢, 2(L — 1) arithmetic operations
suffice for computing w;, so that all w?, 1 =0,1,---,n—1, can be computed
by using

2(L-1)n+L(2n—-1)=4Ln—-2n-L

arithmetic operations.

2.6 Multiplication of Vector by Vandermonde-like
Matrix

In this section, we will extend the results of section 2.3 to the class of
Vandermonde-like matrices, which includes Vandermonde matrices as a spe-

cial subclass.
Definition 2.4 [GO]. V s an n X n Vandermonde-like matric if
4 T T
Vi ezn)(V)=DysV -VZ{ =GB" , (2.14)

where G = [ §1,§2,---,Gs ] € C™*B, B € C™"*B, and D,z and ZT are
defined as in the previous sections. GBT is a ( nonunique ) (D, /& zT)-
generator of V' of length B, and the minimum possible 8 allowing the repre-

sentation (2.14) is the (Dyyz, ZT)-rank of V.
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It can be easily verified that for V satisfying (2.14), VF* is a Cauchy-like

matrix such that

V(D‘/;;,D;)(VF-) - GH‘,

where H* = BTF* = [ hy,---,hg ]* and the superscript ‘*’ stands for

Hermitian transpose. By following [GKO], [GO], and [H], we obtain that

1~ .
Z dzag(gm (:1 t ) dlag(hm) 1
— z
where 1/7 = (I%)?z_ol, t= (te)pss. and t = e~ 5 -l, 0<k<
n—1.
Then, for any vector 7 € C™*!, we have
8 1 -
p= Z diag(gm) C(=,t) diag(hm) F
m=1 o
Denote
Um0 Idm,o
Vin = diag(hm) F p= Jm = : 1<m<p
Um,n—1 Imn-1
Then, we have
Zm-l gm0 ZL =0 l_um_':k u(zo)
Eﬁ =1 9m.n—-1 ZL—O ;J"‘k tr U(.'L’n_]_)
where
8 n—1 Vrn ke
wz) = gmiy oo lel<g<l
m=1 k=0 i k
Furthermore,

n-—-1

, . ¢ n—1 ) )
Z Im,i Z ii_n%% = z Im, Z U kT4 Z(th;)J
=1

m=1 k=0 j=0
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B8 oo )
= Z gm,iZA'.mz}Z-*-l -
m=1 j=0

Write
n—1 )
Ajm =) Vmkth, m=12-8,
k=0

and define multipoint polynomial approximations as follows:

3 L-1 )

(@)=Y gmi Y Ajmzlt' . and  Ep(zi) =] u(zi) ~ v (<) | -
m=1 J=0
We have
8 oc L+1
: nofb
Erw) =1 3 gmi 3 Ajmaitt | < 2L
m=1 =L l1-q

where z; = max; |z;| < ¢, as in sections 2.2 and 2.3, & = maXp k |Um k|, =

maXm k |gm k|- Therefore, for

log( nafb/((1-q)e)) 1, 0.15)

L2f log(1/4)

we have FEp(z;)<e.

Next, we estimate the computational cost of approximation of the val-
ues u(zr;). Computing A;,, for all j =0,1,---,L -1, m =12,.--,8,
involves L(2n — 2)f arithmetic operations. Subsequent computation of
Imi Zf-‘;ol AJ-,,,,J:{H involves 2L + 1 arithmetic operations. Thus, for all

1<i<n, 1< m< P, computing u*(z;) uses
L(n-2)+2nLB+ (8 —1)n+0O(fnlogn)+nf = (4n—2)LB+O(Bnlogn)

arithmetic operations. Here, O(nlogn) arithmetic operations are needed to
compute V;, foreach m, m=1,2,---, 4.

We have proved the following result:
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Proposition 2.4 For an n X n Vandermonde-like matriz V', given with
its generator GBT, G € C™*8, B € C"*8 | and for a given vector
p € C™*l, the vector VP can be approzimated by u*(z;), within the error
bound || T~ — ¥ || < € ( for any given € > 0 ), at the cost of performing
L(4n — 2)3 + O(Bnlogn) arithmetic operations, for L satisfying (2.15). In
particular, if ¢ < 1, log(aBb/e) = O(logn), for q, «, and b defined as in

propositions 2.1 and 2.3, then, the cost bound is O(nflogn).

2.7 Multiplication of Vector by Chebyshev-Van-
dermonde-like Matrix

Definition 2.5 ( compare [GO1] ). Forn =0,1,2,.--, recursively define
Chebyshev polynomials of the first kind T,(z) and Chebyshev polynomials of

the second kind U,(z) as follows:

To(l’) = 1. T[(.’I.‘) = I,
Ta(z) = Taci(z) — Th-2(z) ,

o(z) = 1, i(z) = 2z,

Un(z) = 22Un_i(z) = Un—a(z) -

Define the Chebyshev-Vandermonde matrices as follows:

To(l‘o) T, (1'-'0) ce Tt (-’L‘o)
Ve(E) = TO(:L'l) Ty (:11) Tn—l:(zl) ’
To(zn-1) Ti(zn-1) - Tn-1(Zn-1)
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Uo(zo) Ui(zo) -+  Un-1(2z0)
Vir(E) = UO(:-'L'I) Ul(:zl) Un-1(z1)

Uo(zn-1) Ui(zn-1) -+ Un-1(zn-1)
Fact 2.1 The vectors Vr(Z) p and Vy(Z) p. for 2 Chebyshev-Vander-

monde matrices V7(Z) and Vi (T), are the vectors of the values of the 2

polynomaals,
n-l1 n—1
Pr(z)=)_ pTe(z) and  Py(z) =) pli(z) , (2.16)
k=0 k=0
respectively, at the points zg,---. Z,_1-

[KKO] defines linear operators associated with Chebyshev-Vandermonde
matrices Vr(Z) and Vy(Z), which leads to operator representation of these
matrices in the form GBT for G € C"*®, B € C"**, o < 2. Having ap-
plied discrete Fourier transform, we obtain Cauchy-like matrices Vp(Z)F~
and Vy(Z)F~ ( cf. [KQO] ). Then, application of the techniques of the
previous section gives us fast algorithms for multipoint approximation of
the polynomial Pr(z) and Py(z) of (2.16). We will next specify this ap-
proach for the classes of polynomial Pr(z), Chebyshev-Vandermonde ma-
trices V(Z), and their extension to Chebyshev-Vandermonde-like matrices.
We will omit the similar treatment of polynomial Py(z), matrices Vi (%),

and their Chebyshev-Vandermonde-like extension.
Definition 2.6 ( compare [KO] ). Given a matriz R € C™*", such that

V(byzw)(R) =GBT, for G, BeC™ (2.17)
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where
0
2] 1
W=2> (-1)""' (Z1)¥7', and Zp= :
=1 0
0

o

1
0

(=]

0
1

o

0
0

then R is called a Chebyshev- Vandermonde-like matriz, the pair of matrices

{G, B} is called a (D, z, W)-generator of R of length & ( not uniquely defined

for any R and a ), and the smallest length o over all possible (D, z,W)-

generators is called the (Dy/z W)-rank of R.

At the end of this section, we will show that the matrix R = Vp(Z)

satisfies (2.17) for @ < 2. The following lemma states how a Chebyshev-

Vandermonde-like matrix can be transformed into a Cauchy-like matrix:

Lemma 2.1 ( compare [KO}] ). Let a matriz R be given by its ( 2D, Z; +

ZT )-generator, so that

V(ZD£121+Z;T)(R) =2DzR - R(Zl + ZIF) = GB*

for G, B € C™"*®, then RF™ ts a Cauchy-like matriz such that

V(2D #,Dcos) (RF") = 2Dz(RF”) — (RF™)Dcos = GH™,

Gz[g'l:"'tja]v Hz[’;:-"‘H;]:FB‘ Dz”:diag(z"O’"

2y, F*, and F are defined as above, and

[~

Deos = diag ( 2, 2cos(Z). 2cos(32), ---. 2cos(—)—("_nl 7)) .
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Next, we will approximate the vector R 7, where p € C™*!, R is an
n X n Chebyshev-Vandermonde-like matrix. We will apply the reduction to
Cauchy-like matrices given by lemma 2.1. We have the following equations

[GO}:

RF* = Z diag(gm) C(27,t) diag(hm),

m=1

Rp = Z diag(gm) C(2Z,t ) diag(hm) F 7,

where 7= (z;)%,, f= (t)5=1 and t;= 2cos(*’-‘—l-r)
Denote Un =diag(hm) F P=[Vmo," "y Umpn-1], m=1,2,--+ .
Then O(nalogn) arithmetic operations suffice in order to compute ¥, for

all m. Since

Z Um. k
k—o 2rg—t)

Z urn k
k=0 2rp—1 —lg
we have

Ry = Zdzag(gm C(2Z.f) Um

Zm_l gm.o ZL—U z;:".ktk u(zo)
-— — : ,
2m=1 Im,n~1 ZL_O ﬁ%ﬁ u(ZTn-1)
where
jm = [gm,Oy v dmun—-1 ]T
, and

Z Imii Z 9:"‘_‘ -~

m=1l k=0
If [2T:1| < q < 1forall i and k, then, we have

u(l' ngxzvmkz '—2 z_;)AJm(...’B, y

=1 k=0 'k J=0
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where
n—1 U ke
m,k
Ajm =) .
k=0 *k
Let
A = max|gm.il. b_mnlmﬂ, (2.18)
m, k
and

[+ 4

‘(Iz Z Im. Z 4_1 rn(‘)z )J

=1 j=0
Then, we have
i @ o . aAnb L
Er(zd) = | u(e:) — (@) [=1 Y gmi D Ajm(22:) | < 1 —g S€
m=1 =L
for any
L>] log( adAnb/( (1 —q)e)) 1. (2.19)

log(1/q)
Now. we estimate the cost of computing the approximations uv™(z;) to u(z;),
t=0,1,---,n—1, where
u (171 ngx Z 'ljm(-zz
J=0
Computing A;m requires (2n — 1) La arithmetic operations for all j and m,

computing

L-1
Gm,i Z -‘1j,m (22:,‘)]

7=0

takes on n(2L — 2) arithmetic operations for all ¢, and therefore, the overall
cost of computing the vector [ u*(zg), -, u™(zn~1) ]7, which approximates

the vector R p, is

al(2n-2)4+an(2L-1)+n(a-1)+0(nalogn)+na =4anL+O(nalogn).
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This is O(nalogn), for L = O(logn), and we may choose L = O(logn)
satisfying (2.19) if ¢ < 1 and log (a4b/€) = O(logn). We have proved the
following proposition:

Proposition 2.5 Given an n X n Chebyshev-Vandermonde-like matriz R

and a vector

p € C™*1, the vector R j can be approzimated by the vector
[ - T
Z"(z) =[u"(z0). . u™(zn-1) ]

such that | u(z;) — u™(z;) | < € for all i and for a fized € > 0. The arith-
metic complezity of computing such an approzimation vector is bounded by
O(anlogn), if ¢ < 1 and if log(aAnb/e) = O(logn), where A and b are
defined by (2.18) and q is a fized constant. ¢ > z, = max; |z;|, as in propo-

sitions 2.1 and 2.35.

If R = V(z) is a Chebyshev-Vandermonde matrix, then

T
Vepszi+2z7)(B) =GB,

where
20— Tno2(za)  Taei(zo) — 1 -
G= 1 B= -
Tnot — Tnea(znot) Taoi(zn-y) —1 0 1
Therefore, in this case, we have o = 2,
1 1 -
1 ezsrlnz—l (n—l) bo
H=FB=|. . : Um = dtag(hn) F p = diag(hy)
1 oL (n-1)? by
- - . - . - 2=/
u =[b0v"'=bn—-l ]Tr v2=[607"'xbn—le o (n=1)? ]T'

Thus, we have proved the following result:
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Corollary 2.2 Given an n X n Chebyshev-Vandermonde matriz Vp(Z) and

a vector

P E C™*! let q be a fized constant,

Y, .
g >z, = max|z;| , b = max| —=£ |
t mk 1.

and A=max( | zi—To-1(zi) |, | Tu(zi)—1]|) for 0<i<n—-1.
Then, the vector Vp(Z) g can be approzimated by a vector & *(Z) such that

| u(z:) —u™(z:) [ <€ for a given € > 0 and for all ¢,

and O( n(L + logn) ) arithmetic operations suffice in order to compute
U'(:L‘,'),

i=0,1,---,n—1, where

log( Abn/( (1—q)e) )
L= .
T s
Furthermore, L = O(logn), so that O(nlogn) arithmetic operations suf-
fice for the evaluation of u*(z;), ¢ = 0,1,---.n~1, 4 gq< 1 andif

log(A4b/e) = O(logn) .
2.8 Numerical experiments

The algorithms find approximated results by using lower computational com-
plexity. In practical numeral computation, approximate algorithms are often
found to be more favorable than some of the exact algorithms, since the later
may be affected by some practical limitations, such as limited floating point
precision and finite memory resources. The following numerical experiment

results demonstrate the behavior of the implementations of two multipoint
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polynomial evaluation algorithms, the one proposed by Moenck and Borodin
[BP], and the one introduced in section 2.3 of this chapter.

The implementations of the two algorithms are coded in C++ and the
experiment programs were compiled and linked using Microsoft Visual C++.
The programs were executed on a 386 and a Pentium PC and identical results
were obtained from both platforms. Arithmetic functions are performed
by Microsoft FP87 emulation library functions without utilizing a math
coprocessor. In the following three cases, algorithm 1 denotes the one by
Moenck and Borodin [BP] and algorithm 2 denotes the one proposed in
section 2.3. Direct computation results are given in all cases as references.
All the input, output and intermediate results are stored in double precision
binary representation. For algorithm 2, L = 40 was used for all the cases to

obtain the results with desired precision.

Experiment 2.1 A simple example shows how the exact algorithm fails
in a somewhat extreme case where two adjacent input values vary widely.
The coefficients of the polynomial and the input values are chosen in a
way that the results can be easily verified. The detail steps of Moenck-
Borodin algorithm are given. Notice that in Step 2 and step 3, due to
limited precision. the least significant digits of the intermediate results are
lost and greatly affects the reliability of the final output. ie., two identical
input, zg = z; = 1.5, actually result in different output, vg = 8.125 and

vg = 6, because of the adjacent input value.

Polynomial:

Piz)=z3+z’+z+1
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Input vector:

x= (15 20 1.5 1x10%8)

Direct Computation Qutput:
v=(8.125 8421 8.125 1 x 10%)

Algorithm 1 Output:

Step 1: Compute coefficient vectors for Py(z) = (z — zo)(z — z;) and

P(z) =(z - z2)(z — z3) :
po=(1 215 30): p;=(1l 1.000000015x 10% 1.5 x 10%)
Step 2: Compute M;(z) = P(z) mod Pi(z),7=0,1.
mg = (469.75 616); m; = (1.000000215x 10'® 1.500000075 x 10'¢)

Step 3: Compute output vector v, where v; = ‘MLS;J (z) mod (z — z;),
:=0,1,2.3:
v=(8.125 8421 6 1x 10%)

Algorithm 2 Output:

(8.125 +1.99483 x 10~163) \ T
(8421 + 1.52282 x 1071%)
(8.125 4-1.99483 x 10~157)
(1 x 10?1 + 2.00008 x 10%7)

Experiment 2.2 The example in Experiment 2.1 may seem unusual be-
cause of the fact that input values varies very widely. However, in polynomi-
als with higher degrees, similar results may occur even when the differences

among the inputs are of much smaller scale. The following example selects
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[nput Direct Algorithm 1
1.5 ( 1311.68 2.19902 x 10+012\ T
100 1.0101 x 101030 1.0101 x 101930
2 65535 4.29497 x 10+009
3 2.15234 x 10+007 1.07374 x 101010
4 1.43166 x 10+00° 1.42954 x 101009
5 3.8147 x 101010 3.81427 x 10+010
6 5.64222 x 1001t 5.64214 x 101011
7 5.53882 x 101012 5.53881 x 101012
8 4.02107 x 101913 4.02107 x 10+013
9 2.31628 x 10914 2.31628 x 10+014
10 111111 x 10F0t8 1.11111 x 10+01s
11 4.59497 x 10+015 4.59497 x 10F015
12 1.68077 x 101016 1.68077 x 101016
13 5.54514 x 101016 5.54514 x 10+016
14 1.67535 x 101017 1.67535 x 101017
15 / 4.69172 x 10%917 / 4.69172 x 10+917 /

Table 2.1: Algorithm 1 output of Experiment 2.2

a simple polynomial of degree 15 and a set of 16 input values range from 1.5
to 100, notice how more than one of the output values of algorithm 1 are

corrupted because of an adjacent input of larger magnitude.

Polynomial:

P(.’L') — 1_15_{__1,1-1_*_1,13_*_1,12_*_1_11+x10+

zg+x8+x7+x6+x5+z4+;1:3+:52+:1:+1
Input vector:

x=(15 100 2 3 4 5 6 7 8 9 10 11 12 13 14 15)

Output:

See table 2.1 and 2.2.

Experiment 2.3 Similar to Experiment 2.2 except that the polynomial

coefficients has been arbitrarily selected.
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Input Direct Algorithm 2

1.5\ ( 1311.68 T (1311.68 ~ 3.0773 x 10~131) T
100 1.0101 x 101030 (1.0101 x 10%930 4 | 4558 x 101013;)

2 65535 (65535 4 3.94771 x 10~12¢)

3 2.15234 x 10%007 (2.15234 x 10997 4 97122400004)

4 1.43166 x 101009 (1.43166 x 10%%99 .+ 968955001)

5 3.8147 x 101010 (3.8147 x 101910 4 3135464)

6 5.64222 x 10+011 (5.64222 x 101911 4 0.0005206821)

7 5.53882 x 101012 (5.53882 x 101912 ¢ 0.00552181i)

8 4.02107 x 101013 (4.02107 x 10+9!3 4 0.0423665¢)

9 2.31628 x 101014 (2.31628 x 101914 1 0.254414)

10 L.11111 x 101915 (1.11111 x 107015 4 1.260631)

11 4.59497 x 101015 (4.59497 x 107915 4 5 350691)

12 1.68077 x 101016 (1.68077 x 10%016 4 19.9938¢)

13 5.54514 x 101016 (5.54514 x 101016 1 67.14834)

14 1.67535 x 101017 (1.67535 x 101017 4 205.961)

\ 15 / \4.69172 X 1o+°"/ \ (4.69172 x 101917 4 584.3021)

Table 2.2: Algorithm 2 output of Experiment 2.2
Polynomial:

P(z) = 21z"®+z" +102" 4 112" + 122! 4+ 15219 + 1.42%+
52% + 627 + 725 + 82° + 6.3z* + 1.22° + 322 + 3.3z + 2

Input vector:
x=(15 100 2 3 50 5 30 7 20 9 10 70 77 355 42 15)

Output:

See table 2.3 and 2.4.
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Algorithm 1

\

Input Direct
15\ T 6962.47
100 2.11101 x 103°
2 255709
3 5.97974 x 107
50 6.48221 x 105
5 8.58207 x 10'°
30 3.07765 x 1022
7 1.17973 x 1013
20 7.13181 x 10'?
9 4.84203 x 104
10 2.31235 x 10'3
70 1.00475 x 1028
T 4.19381 x 1028
55 2.70455 x 10?8
42 4.75383 x 1034
15 ) 9.69772 x 10'7

T

\

4.39805 x 1012
2.11101 x 1030
1.28849 x 101°
2.57698 x 1019
6.48221 x 1025
8.58993 x 10'°
3.07765 x 1022
1.17973 x 1013
7.13181 x 10!?
4.84232 x 104
2.31282 x 10!%
1.00475 x 1028
4.19381 x 1028
2.70455 x 1028
4.75383 x 1024
9.69777 x 107

\T

/

Table

2.3: Algorithm 1 output of Experiment 2.3

[nput Direct Algorithm 2
1.5\ * 6962.47 (6962.47 — 8.45502 x 10~1%{)
100 (2.11101 x 1030 (2.11101 x 1030 — 7.9277 x 10'34)
2 255709 (255709 — 3.54152 x 10—19;)
3 5.97974 x 107 (5.97974 x 107 — 1.08648 x 10~7)
50 6.48221 x 10%° (6.48221 x 102% — 2.39968 x 10!!:)
5 8.58207 x 10'° (8.58207 x 10'? — 0.0002173221)
30 3.07765 x 1022 (3.07765 x 1022 — 1.11633 x 10%i)
7 1.17973 x 10!3 (1.17973 x 10'3 — 0.03439465)
20 7.13181 x 10!? 7.13181 x 10'? - 251662i)
9 4.84203 x 10'4 (4.84203 x 10" — 1.5167i)
10 2.31235 x 10!5 (2.31235 x 10'% — 7.41649i)
70 1.00475 x 1028 (1.00475 x 1028 — 3.75053 x 10!31)
7T 4.19381 x 10?8 (4.19381 x 1028 — 1.56835 x 10'41)
55 2.70455 x 1026 (2.70455 x 1026 — 1.00389 x 10!2;)
42 4.75383 x 1024 (1.75383 x 10 — 1.74988 x 10'9y)
i5 9.69772 x 1017/ \ (9.69772 x 10'7 — 3321.84)

Table 2.4: Algorithm 2 output of Experiment 2.3
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Chapter 3

Modular (Residue)
Arithmetic for Linear
Algebra Computations in the

Real Field

3.1 Overview

In this chapter, we present the application our combined approaches to de-
creasing the precision of some important computations in linear algebra.
By using fewer bits for representing the numbers involved in the compu-
tations. we decrease the time-complexity and the space-complexity of the
computations without affecting the output precision.

To take advantage of decreasing the precision of computation, we need,
of course, a computer (such as MASPAR) that performs faster if the com-
putation goes with a lower precision. Due to the recent progress in the data
compression area, we should expect that more and more computers of this
kind will be around. We also recall the recent specific progress in data com-

pression for basic matrix operations [P,a], [P91], [P92], [BP], which implies a
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possible acceleration of computations by the factor of the order P/b, show-
ing the ratio of the single machine precision, P, and of the actually needed
bit-precision of the operand, b.

We rely on the observation that some major computations in linear alge-
bra (such as the solution of descretized PDEs by means of multigrid meth-
ods and iterative improvement of an approximate solution to a linear system
of equations, where the input coefficients are represented with fewer bits)
involve inner products whose magnitudes are substantially less than the
magnitudes of some coordinates of the two input vectors. Then, in many
cases, we may chop the most significant digits in the representation of these
coordinates (and thus decrease the precision of the computations) without
affecting the output errors. Such an idea must be counter-intuitive for a nu-
merical analyst, who views the cancellation of the most significant digits of
the operands as a major disaster of numerical computing, because of the im-
plied contamination of the output. Furthermore, many numerical analysts
believe that the usual scheme for iterative improvement of approximate solu-
tion to the linear system of equations cannot produce correct output unless
the residual vector is computed with double precision. OQur techniques en-
able us to compute the correct solution by performing the computations
of this algorithm with a precision, which is substantially smaller than the
single machine precision.

On the other hand, the power of our approach should be less surprising
to the designers of algebraic algorithms, who are familiar with using reduc-
tion modulo an integer m as a common means of decreasing the precision

of computations [G],[YG]. Unlike the previous works, however, we were able
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to utilize this approach within some customary schemes of numerical com-
puting. To achieve this, we had to combine the reduction modulo m with
numerical techniques of rounding-off (in order to truncate the least signif-
icant digits too) which involved reduction modulo noninteger positive m.
Furthermore, we had to recognize which of the most significant bits of the
operand did not affect the output and to recover the output after the deletion
of these bits of the operands. To achieve all this, we have introduced new
techniques which we call backward modular reduction (b.m.r) and backward
binary segmentation (b.b.s.). The b.b.s. combines the algebraic techniques
of b.m.r. with the customary numerical techniques of truncation of the least
significant bits. Both b.m.r and b.b.s. require to estimate the range in which
we may truncate the operands depending on the estimated magnitudes of
the output values and of their allowed approximation errors. (The analy-
sis goes from the output values back to the operands, thus motivating the
adjectives “backward”.)

Besides their applications to computations in linear algebra, our modular
reduction techniques can be useful in some other numerical computations,
for instance (as suggested by a referee), for calculating some special functions
to a limited precision.

In the next two sections, we apply the algebraic techniques of backward
modular reduction to the summation and the computation of the inner prod-
uct of two vectors. In section 3.4, we complement these techniques with the
numerical techniques of truncation (chopping) and apply the resulting b.b.s.
process to the computation of the inner product. We combine b.b.s. with a

modification of the iterative improvement algorithm presented in its gener-
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alized version in section 3.5. In section 3.6, we give an example of further
extensions by applying the b.b.s. process to the Gauss-Seidel iteration. We
also show application of the b.b.s. techniques to the solution of PDE’s by
means of multigrid algorithms (see section 3.7 and compare [PR], [PR,a]).

Section 3.8 contains the results of our numerical experiments.
3.2 Backward modular reduction for summation

Definition 3.1 For a positive m and a real r, define the unique real number
r mod m such that 0 < r mod m < m, r = r mod m+4jm, for some integer
Jj. Let R/m denote the additive group of real numbers reduced modulo m,
that s, 0 < r) < m if r) ¢ R/m, i = 1,2, and in R/m the sum of r(1)

and r?) equals (r(V) + r(2)) mod m.
Proposition 3.1 For any pair of a positive m and a real r € R/m, we have

r mod m if r mod m < m/2,
r=
(r mod m) — m otherwnse.

We will apply modular reduction for m = 2%, and for integers h, thus
using binary representation of real numbers and binary logarithms, except
that in our Examples 3.2, 3.3. and 3.4, we will let m = 10" which should
show that the decimal case, and more generally the b-ary case for any integer
b > 2, can be treated similarly.

Now suppose that h bits is a single precision allowed when we compute

the sum r = 15, () of k integers (1), .. -, r(k) and that

2r| < m =2k (3.1)
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though [r[() > 2% for some i, 1 < i < k. Then, we may still obtain r by
computing modulo m, with a single precision of h bits, and by applying
Proposition 3.1 at the end. Furthermore, we may achieve the same goal
when we work with rational summands r(!)--., r(®) where the sum r has

the form

29z, 2|z| < m, (3.2)

for 2 integers d and =.

Example 3.1 Let & = 3,

r = (0.1111111111111),,
r = —(0.010101010111),,
r& = —(0.1010101010111),,

Then, subtractions with the precision of 13 bits give us
r=r 434 2B = _(0.11),2710 .

On the other hand, knowing in advance that 2|r| < 279, we may set m = 27°

and compute r(*) mod m and r mod m in R/m, with 4-bit precision, as

follows:
r(mod m = (0.1111),27°,
r@ modm = (0.001)527°,
r® modm = (0.1001);27°,
rmod m = ((r("mod m) + (*®'mod m) + (r® mod m)) mod m

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



39

= ((0.1111),27% + (0.001)327 + (0.1001),27°) mod m

(1.101)22 %mod m
= (0.101),27%.

Since
r mod m = (0.101),27% > m/2,
Proposition 3.1 implies that
r=—m+4rmod m=
—279 4 (0.101)527° = —(0.011),27% = —(0.11),27'° .

In the next example we use the decimal representation.

Example 3.2 Let
k=3, r(!) = 3.1416048, r(2 = ~2.718288, r(®) = —0.4233216.

Then subtractions with 8 decimals give us r = —(0.48)107%. However,
knowing in advance that |r| < (0.5)107°. we may set m = 10~° and perform
the computation with 3 decimals:

r(mod m = (0.48)10~°,

r(®mod m = (0.2)1075,

r®mod m = (0.84)107%,

r mod m = ((r(Ymod m) 4+ (r®mod m) + (r®'mod m))mod m =
((1.52)10~%)mod m =

(0.52)10°°.

Apply Proposition 3.1 and obtain

r = —m + (r mod m) = —(0.48)107°.
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We will use the name backward modular reduction (b.m.r.) for the tech-
niques applied in Examples 3.1 and 3.2 since it extends the reduction modulo

m backward, from the sum r to the summands r(%).

3.3 Backward modular reduction for the compu-
tation of the inner product of two vectors

Computation of the inner product
k . . . -
=300, ) = ),
i=1

of two vectors

7= ), e= @), i=1,--- k&,

is a basic operation of linear algebra.

To compute r, we may first multiply u() and v{*) pairwise, for all 7, and
then sum the products. Knowing in advance a bound (3.1) on |r|, we may
apply b.m.r. at the summation stage. Let us extend b.m.r. also to the

multiplication stage provided that, in addition to (3.1), we have

u = 250,00 0 = 9dli) () (3.3)
where ¢(i), d(i), z() and w(?) are given integers, i =1, ..., k. Then
r() mod 2* = u(p() mod 2k

= ((u® trunc 24 (v trunc 277<()) mod 2#, (3.4)
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where
z mod m ifz2>0

z trunc m = { (3_5)
—((—z) mod m) otherwise.

Thus, z trunc 29 denotes the value of z with its leftmost bits trun-
cated up to the bit corresponding to 29. Due to (3.4), we may reduce u{
or —u{) modulo 2A=4() and v(® or —v() modulo 2#~<(!) when we com-
pute r(} mod 2P, That is, we again extend the modular reduction back-
wards, this time from the product r(*) to the multiplicands u() and v(). If
[ul)| > 2h=d6} and/or [v()] > 2h—<() then such a backward modular re-
duction decreases the binary lengths of u(*) and/or v(). The next example

demonstrates these techniques in the decimal case.

Example 3.3 Let k = 3, u{!) = 0.4176, v(!) = 7.523, u(2) = 1.8877, v(?) =
—1.44, ul® = 1.248, v® = —0.3392. Then (1), r) ) and r take on
the same values as in Example 3.2. so that m = 1075, h = —5. We next
represent u(?) and v(9) as in (3.3):

ull) = (107%)4176, v(}) = (1073)7523,

u(?) = (107418877, v(®) = —(10~2)144,

u® = (107%)1248, ) = —(10-1)3392,

so that,

c(l) = -4, d(1)=-3,
c(2) = -4, d(2) = -2,
c(3) = -3, d(3)= -4

Now, by following (3.4) but replacing the powers of 2 by the powers of 10,

we obtain that

h—c(l)=-1,h-d(1) =-2,
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u(Wtrunc 1072 = (0.76)10~2, v(Dtrunc 10~! = (0.23)10!,

r(mod 105 = ((0.1748)10~%) mod 10~% = (0.48)1075,
h—-c(2)=-4,h-d(2)=-3,

u@trunc 1073 = (0.7)10~3, v@trunc 107! = (0.6)107!,

r(?)mod 1075 = ((0.42)10~*) mod 10~% = (0.2)1075,
h—c¢(3)=-2,h-d(3)=-1,

uGlrunc 107! = (0.48)10~!, v®trunc 102 = (0.8)1073,

r®mod 10~% = ((0.384)10~*) mod 10~° = (0.84)105.

This gives us the same values of r() mod m (for i = 1,2,3) as in Example

3.2.

3.4 Backward binary segmentation for the compu-
tation of the inner product

The algebraic technique of b.m.r. has enabled us to get rid of the most
significant bits of the input and intermediate values in the computation of
the inner products. Next, we will further decrease the precision of comput-
ing by adding the customary numerical techniques of truncating the least

significant bits of the same values [A], [CdB].

Example 3.4 Assume that, for the same input as in Example 3.3, we should
compute the inner product r on a computer that chops all values to 5 floating
point decimal digits. If we apply the straightforward numerical algorithm,
we obtain

r()= = ££((0.4176)(7.523)) = (0.31416)10",

r(2 = — f((1.8877)(1.44)) = —(0.27182)10!,
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r®)= = — £¢((1.248)(0.3392)) = —0.42332,
r* = fe(ri= 4 r()= 4 £y = (0.8)10.

Here, the rounding errors have completely contaminated the correct out-
put value r = —(0.48)10~°, which, however, can be correctly computed if
we operate with the same number of bits but apply the b.m.r., as described
in Examples 3.2 and 3.3.

The input values u{9) and v() | i = 1,2,3, of Examples 3.2, 3.3, and 3.4
can be assumed to be real input values truncated to a few floating point
decimals. Let us formalize and extend such a process of 2-side truncation,
which accentuates the power of both of its elements, that is, of b.m.r. and

customary numerical truncation.

Definition 3.2 binary segments. Let g and h denote two integers, g < h; let

g; denote 0 or 1 for all i; let S[g, k] denote the binary segment of real numbers
h—1

can be represented as = )_ ¢;2', and let Sgn(q) denote the projection of a
K:g

h—1 .
real number g =% 3 ¢;2', |g| < 2k, into the binary segment S[g, k], that

t=—00
A=l .
is, Sgn(g) =+ 3 42
l=g
Now, assume that the equations (3.3) hold, that, moreover,
lwl <296) i =1,... k&, (3.6)
for some fixed integers a(%), and that r = 35, u()v(®) satisfies the inequality
=) 1 q

[r] 4+ 2¢ < 2R L. (3.7)

for 2 fixed integers h and t. Then, consider the following algorithm for the

inner product where we do not apply b.m.r to the v(*) values.
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Algorithm 3.1
Input: integers a(i), d(z), h, and t, a natural k, and real v(), v ; =
1,...,k, satisfying (3.3), (3.6), and (3.7).

Qutput: an approzimation r™ to r such that
[r= —r] < 2% (3.8)
Computations: successively compute:
1. g=log(2"/k)] -1 =t -1~ [logk],
2. 4l = Sg_a(,-)_d(;)(u(") mod 2h—49)y, i=1, ..  k,
3 7 =S (@) mod 2b), i=1,...,k,

4. F= ( le F(‘)) mod 2*, by performing additions in R/2",

P if |7| < 2kt
5 r" = {

F—2k  otherwise.

The computation is performed with (h—g+c)-bit precision at stage 2 and
with (h — g)-bit precision at stages 3 and 4. We will call this technique the
backward binary segmentation (b.b.s.) process since it extends the output
bound (3.7) backward, to the operands, restricting their binary values to
certain segments.

Correctness proof. Let us deduce (3.8) so as to prove correctness
of Algorithm 3.1. We would have had # = r mod 2" [due to (3.4)], if we
excluded chopping by replacing g by —oo in stages 2 and 3, and then we
would have had r* = r. To deduce (3.8), it remains to estimate the errors

due to chopping. For completeness we will supply these simple routine
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estimates. In stage 2, chopping errors are less than 2972(1)~4() (see definition
3.2). This bound turns into 29 after multiplication of @(*} by the integer v(*)
since |v(9)| < 23()+4() | due to (3.3) and (3.6). In stage 3 the latter error
bound grows to 297!, due to chopping. In stage 4, the k errors, each having
its magnitude bounded by 29*!, are added with (or subtracted from) each
other, which gives the overall error bound k29t! for the approximation of

r mod 2" by 7, and we observe that 2¢ > k29+! for g defined at stage 1.

3.5 Application of b.b.s. to generalized iterative
improvement algorithm

Let us apply our b.b.s. tools in order to bound the precision of computations
in the well known algorithm [A], [W] for iterative improvement of a solution

to a nonsingular linear system of n equations,

—

AT = f.

Hereafter, we will assume the matrix and vector norm ||.|| = ||.]lc. Let the
input consist of a vector f, a pair of n X n matrices A and C (the latter

approximating A~!, so that
II-CAlle <27°<1, (3-9)

for some fixed positive scalar b), and some initial vector £(0) (say, for £(0) =

0). Then, the iterative improvement algorithm successively computes the

vectors

F(p) = f— AZ(p - 1), (3.10)
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é(p) = Cl(p), (3.11)
Z(p) =z(p— 1) + é(p), (3.12)

for p=1,2,.... It can be easily shown that, for p=1,2,..., we have

Z-Z(p) = ([-CANZ-2(p-1)) = -CAPE-(0),

mp) = AZ-Z(p-1)),

&p) = CA@E-Z(p-1).

Therefore, if (3.9) holds, then #(p) and &(p) converge to 0 with the speed
of a geometric progression, as p — 0o. It is customary to use the double
precision of computation at the stage (3.10) in order to ensure such a rapid
convergence (see [GL], pp.126-127, or [A], pp467-471). We, however, observe
that the precision of computing can be controlled and decreased by means
of using the b.b.s. process. Indeed, apart from an addition and a subtrac-
tion of two pairs of vectors, the computation by (3.10) - (3.12) amounts to
two multiplications of n X n matrices 4 and C by vectors, that is. to the
evaluation of 2n inner products of 2n pairs of vectors. It remains

a) to show that the convergence of the iteration (3.10)-(3.12) with the speed
of geometric progression will be preserved even if the vectors 7{(p) in (3.11)

and €(p) in (3.12) are replaced by their numerical approximations,
r*(p) = 7(p) + AF(p), € (p) = &(p) + A&(p), (3-13)

respectively, forp =1,2,..;
b) to bound the norms ||Az*(p)|| and ||e*(p)|| of the two vectors approxi-

mating the vectors €(p) and AZ(p) in this process for p=1,2,---
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Routine error analysis shows that requirement a) is satisfied, where
A7) < 257, [|ag()] < 290, (3.14)

g"(p) =g~ —bp. g(p)=g-bp, (3.15)

p=1,2,..., for b of (3.9) and for some fixed scalars ¢ and g~.

I~ @)l < 270 e (p)f < 277, (3.16)
h™(p) = h” + [log p] — bp, h(p) = h + [log p] — bp, (3-17)
p = 1,2,.... The relations (3.16) and (3.17) imply rapid convergence of

Iz — Z(p)|| to 0, with the speed of a geometric progression. Next, we will
assume that b, g, g*. h and h™ have been precomputed, and then, we will
satisfy the requirement b) above provided that for every pair (¢, j) the entry
a; j of the input matrix A lies in a fixed binary segment S[g;;(A), hij(A)] of

a moderately small length A;;(4) — g;;(A), that is,

hij(A)=1
aj=% Y. a2
k=g:,;(4)
where gr. takes values 0 and 1. Hereafter, ¢;(A) denotes max;|h;;(4) —

gi;(4)]-

Remark 3.1 The latter assumption about a;; is needed in order to bound
the precision of computing the product of A by £(p — 1) in (3.10). This
assumption holds, for instance, for many linear systems obtained by means

of the discretization of linear PDE’s with constant coefficients. Generally,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



48

if A is a well-conditioned matriz, we may decrease h;;(A) — gi;(A) by chop-
ping the entries of A and/or by applying the routine technigque of algebraic

segmentation, described in [EPY].

The above assumptions enable us to apply the b.b.s. process [based on
Algorithm 3.1] in order to bound the precision of computations performed
according to (3.10) and (3.11) with r=(p) replacing 7(p) in (3.11) and with
€(p) and F(p) evaluated with error vectors Aé(p) and Af{(p) that satisfy
(3.13)-(3.17).

Hereafter, let ¢;(W) denote the number of nonzero entries of row ¢ of a
matrix W. By applying the analysis from sections 3.2-3.4, whose tedious but
straightforward elaboration we will omit, we arrive at the following bounds
on the precision of the operands (forp=1.2,...):

(a) in the representation of each operand of any addition or subtraction
involved in the evaluation of the i-th component of 7(p) [according to (3.10)],

it suffices to use
d;(p) = h™(p) — ¢7(p) + [log ci(4)] = A" — g" + log p + [log c;(A)] bits;

(b) in the representation of each component of £(p—1) when this compo-
nent is multiplied by an entry of row i of 4 [according to (3.10)], it suffices
to use d}(p) + €;(A) bits;

(c) in the representation of each operand of any addition or subtrac-
tion involved in the evaluation of the i-th component of e*(p) [according to

(3.11)], it suffices to use

di(p) = h(p) — g(p) + [log ci(C)] = h — g + [log p] + [log c:(C)] bits;
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(d) in the representation of any entry of row ¢ of C when this entry is

multiplied by a component of 7(p) [according to (3.11)], it suffices to use
di(p) + h™(p) — g"(p) = di(p) +~" — g™ + [log p] bits.

Thus, the b.b.s. process enables us to compute the solution vector Z,
within error norm of the order of 277, after p calls to the loop (3.10)-(3.12),
even though only the order of (log)-bit precision is needed in the compu-
tations in the i-th call for this loop, for : = 1,2,.... In particular, even
if p = 60 (which is much greater than what is usually needed in practice),
then, still logp < 6, whereas over 50 bits of single machine precision are
usually allowed on modern computers performing matrix computations.

For comparison, if we perform the iteration based on (3.10) - (3.12) but
do not use the b.b.s. process, then we generally must increase, at least to
H~(p) — g(p) and H(p) — g(p), the precision of the computations performed

according to (3.10) and (3.11), respectively, where
H'(p) = logmax{ |l maxlaijz;(p - 1)1},
A=lagl, #lp-1)=[zilp -1
H(p) = log max|e;;rj(p)],

C=[C,'j], T‘:(p) =[1‘;(p)], 'i,j=l,...,n;p=1,2,...,

so that H*(p) — h™(p) and H(p) — h(p) are bounded from below by H™ +
bp — log p and by log max|c;;| + H. respectively. for two constants A~ and
1,J

H.
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3.6 An example of an extension of the b.b.s. pro-
cess

To exemplify various possible extensions, assume that A denotes a real sym-
metric matrix filled with short binary numbers and having 1’s on its diago-

nal, so that

A=L"+I+U7, (3.18)
with L= = (U=)T being a proper lower triangular matrix.
Gauss-Seidel’s iteration for AZ = f takes the following form (cf. [GL],
[IK], or [A]):

—

Zp+1)=f-LZp+1)-Uip), p=0,1,....

Rewrite this vector equation as follows:

AZ(p+1)=-L"AZ(p+1) -U"AZ(p), p=0,1,...,
P
#p) =Y AZ6), p=0,1,...,  (3.19)

=0
The iteration converges to the solution if and only if the matrix A satisfies
(3.18) and is positive definite [[IK], pages 70-71] or [[GL], page 509]. In this
case,

1AZ(p)]le < 397", p=0,1,..., (3.20)
where ¢ is a fixed constant and 27*" is the spectral radius of the matrix
B = (L*+1)7'U", 27% <|| B ||, b > 0. Estimating b~ generally takes
a substantial amount of work, but for some important classes of the input

matrices A, a good positive lower bound b on b* is readily available. Then,
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due to the rapid decrease of the error norm of (3.20), an application of the

b.b.s. process enables us to decrease the precision of the computations.
The reader may easily check that the analysis and its results are similar

for several other well-known iterative techniques, such as Jacobi’s, SOR,

SSOR.

3.7 Extension to the solution of piecewise linear
PDE'’s

The results of the previous sections enable us to apply the b.b.s. technique in
order to decrease the precision required in the computation of the solution of
piecewise linear partial differential equations (PDE’s) by means of multigrid
methods (compare [PR], [PRa]). Let us show this, by outlining the multigrid
approach and by observing its similarity to the iterations of section 3.5
and 3.6. For a given PDE, and for a fixed sequence of d-dimensional grids

Go C Gy CGy...C Gy, define n + 1 linear systems of difference equations,
D;i; = b, (3.21)

by discretizing the PDE over the grids G;, for ¢ = 0,1,---,n. The N;-
dimensional vector #; that satisfies (3.21) approximates the solution to the
given PDE on the grid G;, where N; = |G;| denotes the number of vertices
of the grid G;, for 2 = 0,1,...,n. Let u;(Z) for £ € G; denote the respective
component of the vector #;. Define the operators P; of prolongation of

u;(Z) from G;_, to G; (such operators usually amount to interpolation by
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averaging) and let
ei(Z) = ui(Z) - P (%), 7eGy, (3.22)

denote the prolongation errors of these operators for i = 1,2,...,n. Fur-
thermore, define the vectors P;#;_; and €&; with the components Pu;_; (%)
and e;(Z), respectively, for T ranging on Gy, and then define the residual
vectors

Die; =r1; (3.23)

or, equivalently,

ri = b; — D;Piit;_y, (3.24)

t=1,...,n.

We now recall the customary loop (V-cycle) of the multigrid algorithm
for solving the system (3.21), for i = n, by means of successive evaluation of
the following values, defined at stage ¢ (i = 1,...,n), for all T € G; [where,

say, we fix ug(Z) = 0 for T € Gy):
a) t;—;(Z) (by prolongation of u;_;(Z) from the grid G;_;),
b) ri(Z) [from (3.24)],
c) e;(Z) [from (3.23)],
d) u;(Z) [from (3.22)].

The vector equations (3.23) and (3.24) define the computational pattern of
the iterative improvement of the solution to a linear system (3.21). Further-

more, in the case of a piecewise- linear PDE with constant coefficients, the
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entries of the matrix D; are “short” binary values, each represented with
O(1) bits. The only difference with the usual application of the iterative
improvement scheme is the stage of the solution of the linear system (3.23).
In the iterative improvement algorithms, this system is usually solved by di-
rect methods, whereas the multigrid algorithms solve it by means of iterative
methods (say, of Gauss-Seidel’s or SSOR type in the symmetric case).
Furthermore, the number of iterations required in order to solve the lin-
ear system (3.23) arising in a multigrid algorithm is typically bounded from
above by a fixed constant, which corresponds to setting p = O(1) in section
3.5. Thus, by applying techniques exemplified in section 3.6 to solving the
system (3.23) and the techniques of section 3.5 to computing 7; from the
vector equation (3.24), we decrease the precision of these computation to

O(1) bits, without affecting the accuracy of the output.

3.8 Numerical Experiments

In this section we present the results of some numerical experiments de-
signed in order to compare the performance of two implementations of the
generalized algorithm of section 3.5 for the iterative improvement of the
solution of a linear system of equations. That is, we tested a customary
implementation and one using the b.m.r./b.b.s. techniques.

We have run our experiments on a general purpose computer that relies
on fixed precision representation of floating point numbers and uses floating
point hardware logic for acceleration of numerical computations. Since the
b.m.r./b.b.s. techniques rely on using variable precision representation of

numbers, we could not directly compare the CPU time, executable size or
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run-time memory consumption of the b.m.r./b.b.s. algorithm with that of
the customary algorithm. Instead, we emulated both algorithms with a
high level language using special data structures and then approximately

measured the bit-complexity as follows.

Definition 3.3 For floating point numbers r| and ro represented with the
precision of py and p, bits, respectively, we define the bit-complezity of their

addition ¢t and multiplication c*, as follows.
c*(ri,r2) = max{py,p2}, ¢ (ri,r2) =p1 X pa-

In our experiments, the input to the algorithm consists of an n X n matrix
A, a matrix C that approximates A~!, an n-dimensional vector f, and an
error bound € > 0. The program calculates and outputs Z(p) such that
[|Z(p) — £|| < €, where Z is the solution of the linear system AZ = f.

We have implemented the algorithm in ANSI C language and the pro-
gram was compiled, linked and run on a SUN Sparc station running SUN
OS version 4.

We store floating point numbers in a C structure consisting of a sign,
a mantissa, an exponent, and a precision value. All the input, output and
intermediate results have been stored in this format, and all the arithmetic
operations needed for the experiments (such as addition, multiplication and
modular reduction) have been implemented with C functions. The approx-
imate inverse matrices have been calculated by using PLU decomposition
with partial pivoting.

In the remainder of this section, we show only the input and output of

our experiments, with complexity estimates based on the above definition.
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These results confirm the theory by showing a consistent decrease of the
bit-complexity in the transition from the customary implementation to the
b.m.r./b.b.s. implementation. In particular, we report a decrease of 6-17%.
This is shown in the respective tables by the ratio of the additive and mul-
tiplicative complexities, respectively, between the two algorithms. We use

the decimal representation for the sake of clarity.
Experiment 3.1 This example input is from [DB], pp. 184-185, and has
input:
€ = +(0.10) 10 x 107,
( +(0.20000)10 x 10°  +(0.16667)10 x 10°  +(0.14286) 0 x 100)
A = ,

+(0.16667)10 x 10°  4(0.14286)10 x 10°  +(0.12500),0 x 10°
+(0.14286) 10 x 10° +(0.12500) 10 x 10°  +(0.11111)y0 x 10°

+(0.21618)10 x 10*  —(0.57597)10 x 10°  +(0.37001)10 x 10
C = —(0.57597)10 x 10*  +(0.15793);0 x 105  —(0.10362)10 x 10° |,
+(0.37001)10 x 10°  —(0.10362)10 x 105 +(0.69087)10 x 10*

f = (+(0.50953)10 x 10°  +(0.43453);0 x 10°  +(0.37897) 30 x 109)7 .

The initial and final approximations to £ are
£(0) = (4(0.90000);0 x 10°  +(0.90000)10 x 10°  +(0.90000),0 x 10°)7,
£(4) (+(0.99999) 10 x 10°  ++(0.99999),0 x 10°  ~4(0.99999) 10 x 10°)7 .

Both the customary as well as the b.m.r./b.b.s. algorithms produce the same
output after 4 iterations. However, the second method has lower additive

and multiplicative complexity at every iteration, as shown in table 3.1.

Experiment 3.2 This example is from [J], p. 52, and has input:

€ = +(0.10)10 x 1073,
+(0.1230) 10 x 10'  +(0.4560);0 x 101 +(0.9870)0 x 101
4 = | —(0.9610);0 x 10"  +(0.6020);0 x 10!  +(0.1110)30 x 102 | ,
+(0.7310) 0 x 100 +(0.2890)50 x 101 +(0.5040)10 x 101
+(0.1452)10 x 10~ —(0.4629)10 x 107! +(0.7351)30 x 10~!
C =| —(0.1082);0 x 10! +(0.5508) 10 x 10° +(0.9062) 0 x 10° |,
+(0.5995) 10 x 10° —(0.2487) 10 x 10° —(0.4278) 10 x 10°
f =(+(0.4120)10 x 10!  +(0.5340);0 x 10!  —(0.3560)10 x 10%)7.
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iteration | customary b.m.r/b.b.s.
i c?’ c; c;'" c;

1 285 | 1575 261 | 1350

2 510 | 2925 | 453 | 2475

3 735 4275| 629 | 3600

4 960 | 5625 802 | 4725
total 2490 | 14400 | 2145 | 12150
ratio 1 1 0.86 0.84

Table 3.1: Complexity of Experiment 3.1

iteration | customary | b.m.r/b.bs.
i | | o ¢t

1 228 | 1008 | 228 | 864

2 408 | 1872 | 379 | 1584

3 588 | 2736 | 530 | 2304

4 768 | 3600 | 681 | 3024
total 1992 | 9216 | 1818 | 7776
ratio 1 1] 091 | 0.84

Table 3.2: Complexity of Experiment 3.2

The initial and final approximations to 7 are

F0) = (—(0.4491)30 x 10°
F(4) = (—(0.4490),0 x 10°

—(0.4743) 0 x 10!
—(0.4743)0 x 101

+(0.2665) 10 x 101)7,
+(0.2665) 10 x 101)7

where the same output is obtained by both customary and b.m.r./b.b.s. al-

gorithms. Again, the second algorithm is faster at every iteration, as seen

in table 3.2.

Experiment 3.3 This example is from [GL], p. 147, and has the input:

€ = +(0.10)10 X 10_2,

A = +(0.986)1o x 103
T\ +(0.409) 40 x 103

C = —(0.757)10 x 101
+(0.131)1o x 109

+(0.579) 10 x 103
+(0.237) 10 x I

+(0.185) 10 x 10°
—(0.315) 30 x 10° ) *
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iteration | customary | b.m.r/b.b.s.

i |l e ||
1 90 252 90 216
2 162 | 468 152 396

3 234 | 684 | 202 | 556
total 486 | 1404 | 444 | 1168
ratio 1 1 0.91| 0.83

Table 3.3: Complexity of Experiment 3.3

F o =(+(0.235)6x 103 +(0.107)0 x 103)7.
The initial and final approximations to solution Z are:

£(0) = (+4(0.200)10 x 101 —(0.290)30 x 101)7,

£(3) = (4(0.200)10 x 101  —(0.300)10 x 101)7,

where the same output is obtained by both algorithms. The savings due to

the b.m.r./b.b.s. algorithm are reported in table 3.3.

Experiment 3.4 This is a random input.
€ = +(0.10)10 X 10-2,

+(0.6000)10 x 10" +(0.1100)10 x 102 +(0.2000);0 x 102
A = +(0.3500)10 x 102  +(0.6800)10 x 10>  +(0.1330)30 x 10% |,
+(0.2600)10 x 10°  +(0.5170)10 x 10°  +(0.1030),0 x 10*

—(0.6525)10 x 16" +(0.5051)10 x 10! —(0.5255)10 x 10°
C = +(0.7500)10 x 10" —(0.5000);0 x 10*  +(0.5000)10 x 10° | .
—(0.2117)10 x 101 +(0.1235)10 x 10}  —(0.1173) 0 x 10°
F =(—(0.1440)10 x 10" 4(0.7523)10 x 101  —(0.3392)0 x 10°)7 .
The initial and final approximations to solution £ are as follows, obtained
by the customary and b.m.r./b.b.s. algorithms respectively:

£(0) = (+(0.4758)30 x 102 —(0.4859);0 x 102  +(0.12379)10 x 102)7,
£4) = (+(0.475T)10 x 102 —(0.4858)10 x 102 +(0.12377)10 x 102)7,
F(4) =(+(0.4757)10 x 102 —(0.4858)10 x 102 +(0.12381)10 x 102)7.

Note that the two outputs are different, though within the same error

bound. The complexities do differ, as seen in table 3.4.
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iteration | customary | b.m.r/b.b.s.
: c;*' c; c;-*' l c;

1 230 | 1056 | 230 | 912

2 411 | 1968 | 392 | 1680

3 592 | 2880 | 555 | 2448

4 773 13792 | 709 | 3171

total 2006 | 9696 | 1886 | 8211

ratio 1 1 0.94 | 0.85

Table 3.4: Complexity of Experiment 3.4
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Chapter 4

Certified Numerical
Computation of the Sign of a
Matrix Determinant

4.1 Overview

4.1.1 The problem and background.

The classical problem of computing det A, the determinant of an n X n ma-
trix A, has long history (see e.g. [Mu], [Ma], [Du], [Fo], [R52], [E67], [B68],
[P88], [BP]). Recently, it turned out that some of the most fundamental
problems of computational geometry (such as the computation of convex
hulls and Voronoi diagrams) are reduced to the computation of det A or,
more precisely, its sign, that is, testing whether det A = 0, det A > 0, or
det 4 < 0. [BEPP97], [BEPP9S], [BKMNSU], [EC], [Em], [FVW], [Y], [YD].

In many areas of computational geometry, lower dimensional problems
must be solved, and then n ranges between 2 and 10, usually staying below
5. In this class of applications, the matrix A4 is filled with "long” numbers,

representing the real data with a high precision (and thus allowing to treat
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the important case of a nearly singular input). In another major class of
applications [DLa], [DL97], [ES], [AF], [FR], [MA], n is large (say, in the
range from 100 to 500), whereas the matrix A is filled with relatively short
integers (say, represented with 5 to 10 bits). Such applications include the
computation of the orientation of a polyhedron or an algebraic variety in a
high-dimensional space (for instance, such computations are required in the
area of convex optimization in statistical physics and chemistry).

In both cases we may apply the well known methods to compute det A
based on the triangular (PLU P) or orthogonal (QR) factorization of the
matrix A. High speed of these computations is ensured as they are performed
numerically, with a fixed (single or double) precision, which currently has
much faster computer implementation than rational, integer, and multiple
precision arithmetic. The major problem, however, is to certify that the
output is correct in the presence of rounding errors.

Substantial advance in this area was the paper [C], though the correct-
ness certification of the output of the proposed algorithm (based on the
modified Gram-Schmidt method) complicated and slowed down the compu-
tation. The algorithm of [ABDPY] competes with one of [C] for n < 4 but
does not work well for larger n.

Recent progress reported in [BEPP97], [BEPP98] relies on using sym-
bolic algorithm that computes det A modulo several primes py, ..., pr such
that their product exceeds |det A|. In this chapter propose effective algo-
rithms for the recovery of the sign of det A from these data, based on some
novel application and extensions of the Chinese remainder algorithm, which

[BEPP97] and [BEPP98] reduce to single or double precision computation.
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The algorithms of [BEPP97] and [BEPP98] seem to be among the currently
best ones for the problem. Their bottleneck is the relatively expensive com-
putation of (det 4) mod m;, for ¢ =1,...,k. The number & of the pairwise
relatively prime moduli m; involved and, consequently, the computational
cost decrease if | det A| is shown to be smaller.

The algorithms of [PYS] complement ones of [BEPP97], [BEPP98] by
computing det 4 numerically. The correctness of the output is certified
unless the algorithm establishes a relatively small upper bound on |det A].
This would be an ideal example of effective combination of symbolic and nu-
merical techniques, but numerical experiments show that the techniques of
[PYS] give too rough bounds, greatly exceeding the actual value of | det 4].
because the range for the values of | det 4] is huge (from 0 to D+ with D+
on the level of [|A]|"), and the known techniques of error analysis only guar-
antee rounding error bounds of order D*¥nZ%¢, € being the machine epsilon
(also called unit roundoff). Such bounds can be large even where |det A] is
actually small (cf. section 4.8.3). Therefore, the roundoff error bounds for

computing det 4 may exceed the value |det A| substantially.
4.1.2 Our results.

Our most recent achievement was to improve the analysis and the estimates
of [PYS] by using new techniques. Our algorithm 4.1 computes det A nu-
merically and either certifies that its sign has been computed correctly or
shows which increase of the precision of computing should yield the certified
output. If a very large increase of the precision is required, then the transi-

tion to the symbolic approach is motivated, and in section 4.6 we compute
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or estimate from above the value of | det A|. The computations involve or-
der of n? arithmetic operations (cf. sections 4.3, 4.5 and 4.6). Numerical
experiments reported in section 4.7 confirm the efficiency of our approach.
We briefly examine other numerical techniques as well as modifications of
our approach in section 4.8.

Our major technical novelty versus [PYS] is the certification of the sign of
det A without estimating the roundoff error of computing det A. Instead, we
estimate the minimum distance N from the matrix LU to a singular matrix,
L and U being the computed approximations to the factors L and U in the
triangular (PLU P, ) factorization of A. The idea is that det(4A+E) does not
change its sign when E ranges in the ball of radius /V centered in the origin.
On the other hand, since N = 1/||[U~'L~!|| and since the matrices L and U
are the two available triangular matrices, it is not hard to obtain a certified
and quite tight upper bound on NV at the cost of performing O (n®) arithmetic
operations and comparisons. The combination of numerical and algebraic

(residue) computation in section 4.8.5 also has some technical novelty.
4.1.3 The order of presentation

We present our results in the following order. In the next section, we recall
some known estimates for the errors of Gaussian elimination due to roundoff.
In section 4.3, we relate the certification of the sign of det A in the presence
of roundoff errors to the minimum distance from A to a singular matrix.
Then we propose an algorithm for computing and certifying the sign of det A
based on this relation. In section 4.4, we show how to use the computed

information in the case where the algorithm does not produce a certified
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correct output. In section 4.5, we elaborate the stage of estimating the min-
imum distance to a singular matrix, which is a major block of our algorithm
of section 4.3. In section 4.6, we complement the algorithm by presenting
some techniques for computing or estimating from above |det A|. In sec-
tion 4.7, we present the results of our numerical experiments. In section 4.8,
we comment on some variations of our approach and some alternatives. In
particular. we indicate some reasons for the deficiency of an approach of
[PYS] and of one based on the Barrlund and Sun theorem; we also point
out the modifications of our approach that use Gauss-Jordan, PLDMTP,,
QR (rather than PLUP,) factorizations of A or the LDLT factorization of

AT A, In the section 4.8.6, we recall the techniques for computing U~'L~!.
4.1.4 Definitions

Hereafter, A, denotes the k-th column vector of A, w; ; denote the (2, j)-th
entry of a matrix W = (w;;). [|.|| = ||.|{x denotes a fixed operator matrix
norm, in particular we will use the 2-norm |.||2, the row norm |[Wl| =
max; 3 ; |w; j|, and the column norm [[W]|, = max; 3, |w; ;| for a matrix
W = (w;;) (cf. [GL96] or [H96] ). The transpose of W is denoted W7 =
(wj,i), whereas |[W| denotes the matrix (Jw;;[). We write |W| < [V] iff
V = (vi;) and |w; ;| < |v; ;| for all < and j. I denotes the n X n identity
matrix. diag(w;;) denotes the diagonal matrix with the diagonal entries
wii, ¢ = 1,....n. detW and sign(det W) denote the determinant of a
square matrix W and its sign, respectively. A triangular matrix will be
called unit (respectively, proper) triangular if its diagonal is filled with ones

(respectively, zeros).
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4.2 Roundoff errors of factorization by Gaussian
elimination.

det A and its sign for a given matrix A can be immediately obtained from
the triangular (PLU P,) factorization of A, but the problem is to analyze the
effect of the roundoft errors when the factorization is computed numerically.
In this analysis we will apply some known estimates, which we will recall in

this section.
Theorem 4.1 (cf. [H96], Theorem 9.3, page 175). Let
A=PA'P, A=A+ E=1LU, (4.1)

where A, A’, A, E, P, P, L, and U are n X n matrices, P and P, are
permutation matrices, [ = (i,_,) s a unit lower triangular matriz (so that
det L = 1), and U = (&) is an upper triangular matriz, L and U are
computed numerically, by means of Gaussian elimination (with complete
pwoting) applied to the matriz 4 with unit roundoff € (machine epsilon).
Then
|E| < valLl - U, 7 = ne/(1 - ne).

Two special cases of this result cover Gaussian elimination with partial
pivoting (for P, = I) and with no pivoting (for P, = P = I).
By (4.1) we have

det A = (det P)(det A"} det P, , (4.2)

det .‘i = det Zj. = '111’1?22,2 o ‘l.ln,n . (43)
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Since det P and det P, are readily available (they equal 1 or —1), the
equations (4.2) and (4.3) define sign(det A) provided that the diagonal en-

tries of U are available and that ¢ is sufficiently small to guarantee that

sign(det A’) = sign(det 4) . (4.4)
In the next section we will show how to verify (4.4) by using the following

corollary of theorem 4.1.

Corollary 4.1 Under the assumptions of theorem 4.1, we have

IEN < e=II(L - [TD][7a (4.5)

for any fized operator matriz norm.

The computation of the row and column norms of |L| - || involves only

O(n?) arithmetic operations, since
U1 -1TDlee = HU L@ loos (1ALL - 1TDIL = T TITDII

, where [ and & are two vectors with the components l; = Sillliy ui =
>; ldli j, where {|;.; and |4|; ; denote the (¢, j)-th entries of the matrices |L]|
and |U], respectively.

By corollary 4.1, the rounding error of the computation of the PLUP,
factorization of A is bounded in terms of ¥, and the norm of the matrix
|L| - |U]. It is known that in the case of using complete pivoting, the (k, 5)-
th entries ar j, l.k,j and i j of the matrices 4, L and U of (4.1), respectively,

satisfy the bounds

sl < 1, ikl < o max |dg,,
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for all k and j, where p < k'/2(2-31/2...gV/(k=1h1/2 < 1 gE(nk)/4 (cf,
[GL96], p.119). The same bounds are known in the case of partial partial
pivoting, but theoretically only for p < 2¥~!. In practice, however, p; =
O(k) even in the case of using partial pivoting (cf. [GL96], p.116). Some
improvement of the worst case error bound (even versus the case of complete

pivoting) can be obtained by means of symmetrization (see section 4.8.5).

4.3 Certification of the sign in terms of the small-
est distance to a singular matrix.

The following sufficient condition for (4.4),
|det U| = | det A| > |(det A) ~ det(PAP,)| = eq,
can be verified based on the straightforward crude estimate :
ea <n'er Dy,

where e denotes the maximum absolute value of the entries of E and D =
17, (l4k||2+nes). This estimate is based on Hadamard’s bound, | det A| <
TP=; [|Akl|2 (cf. [H96], p.287). It is not easy to compute ey, but we may
replace e; by its upper bound e™ = v, max;_j(lfll -|0);,; implied by theorem
4.1. Here (|L|-|U]): ; denotes the (i, j)-th entry of the matrix [L|-|U]. Then

we obtain the following crude estimate:

ea S cf = Dyne”, Dy = J[ (1Aille + ne). (46)
k=1

Our more refined techniques for the verification of equation (4.4) will

rely on the next two results.
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Proposition 4.1 For two given matrices W and W + A, for a fized matriz

norm ||.|| and for all singular matrices S, let
max{|[W = S|, [W + A - S[i} > [|A[l.

Then
sign(det W) = sign(det(W + A)) . (4.7)

Proof. Unless the equation (4.7) holds, there must exist areal t,0 <t < 1,

such that S = W +tA is a singular matrix. Clearly,
W = Sl =¢lall < |l
W+ A =S5 =@-glall < fla]l,

and (4.7) follows.
The next theorem is due to Gastinel, 1966 (see [K66]), but its particular

case where ||.|| = ||.||2 was obtained by Eckart and Young in 1939 [EY].

Theorem 4.2 For any fized nonsingular matriz W and any fized operator
matriz norm ||.||, we have WIV——SH = ||[W~!||, where the minimum is over

all singular matrices S.
Combining proposition 4.1 and theorem 4.2 implies the next result.
Corollary 4.2 Under the assumptions of theorem 4.2, if
1/ min{[[W I, 10V +2)7 1} > (A
, then (4.7) holds.

Apply corollary 4.2 to W = A’ and A = 4 — A’ to obtain the next result.
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Corollary 4.3 The equation (4.4) holds if

IEN < 1/ min{[|(A) "]}, A7}

Now we are ready to propose an algorithm for computing sign(det A4),
where at the second stage we rely on the bound (4.8), which suffices for a

large class of inputs, and at the next two stages we rely on corollary 4.3.

Algorithm 4.1

Input: an n X n matriz A, a fized matriz norm (|| - |[leo or || - ||2), and a
unit roundoff e.

Output: either the certified value of sign (det A) or (see also section 4.4)
FAILURE.

Computations.

1. Apply Gaussian elimination (with complete, partial, or no pivoting)

using the unit roundoff €, to compute the matrices L and U of (4.1).

2. Compute an upper bound on eq (in particular, we may use the simple
crude bound e} of (4.6)) and check if |detU| ezceeds this bound. If

so, compute and output sign (det A) based on (4.2)-(4.4).

3. Otherwise, estimate the norm N = [[A~Y|| = |[U~'L~!|| from above

and/or below (see section {.5) to decide whether
eN < 1. (4.8)

If the latter inequality is verified, compute and output sign (det A)
based on (4.2)-(4.4). Otherwise output FAILURE.
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The complexity of the computations by the algorithm is dominated at
its stages 1 and 3. We refer the reader to [GL96] and [BP] on the complexity
of stage 1 and to section 4.5 on the complexity of stage 3. In both cases we
need O(n3) arithmetic operations. At stage 1, we may also need O(n®) or

O(n?) comparisons for complete or partial pivoting, respectively.
4.4 Recipes in the case of FAILURE.

Suppose that algorithm 4.1 has output FAILURE and that an upper bound
N7t on N and the value f = eN* are available. Then we have several

options:

1. Repeat the computation but with the unit roundoff €ney, = ceqa/ f for
some heuristic choice of ¢ < 1. The value ¢ can be adapted dynami-
cally, depending on the resulting change of the value e Nt. If the latter
value changes proportionally to €ey (2s can be expected unless A is
a very ill-conditioned matrix), then (4.8) holds for € = €ney, = c€ota/ f
and for any ¢ < 1. Recomputation of L and U for €pey can be simpli-
fied. since several leading digits in the representation of the computed
values stay invariant, and only the remaining trailing digits must be

recomputed (compare [EPY]).

[SV]

Improve the upper estimate N* for N = [[U~'L~!|| at stage 3 (see

the next section).

3. If the value f is too large so that numerical computations with a unit
roundoff €.y, < €ona/f become too expensive, shift to the symbolic

algorithms of [BEPP97] and [BEPP98]. In this case, one needs an
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a priori upper bound on |det A|. Hadamard’s inequality, |det 4| <
TTR_, || A%|l2, or the bound |det A| < e} + | detU| can be used, but it
may pay to refine these bounds by performing some additional com-

putations (see sections 4.6 and 8.5).

4.5 Estimating the minimum distance to a singu-
lar matrix.

4.5.1 Estimating the distance from above.

To estimate from above the minimum distance from the matrix A to a
singular matrix or, equivalently, to estimate N = [[U~'L~!|| from below,
singular matrix, we may apply the simple iterative algorithm of [CMSW79],
which, according to [GL96], "produces a good order-of-magnitude ” lower
bound N~ on N at the cost of performing O(jn?) arithmetic operations in
J iterations (practically, j is much smaller than n). If (4.3) does not hold
even for N replaced by N~, then we may apply the recipes of section 4.4,

for some heuristic choice of N* and f =eNT.
4.5.2 Two-sided estimates with randomization.

Recall that
N=A Y2 =T 'L Y2 = on(T'L7") = 1/0n(LU) = 1/0n(A)

. 0x (W) denoting the k-th largest singular value of a matrix W. Dixon in
[D83] shows that with a probability at least Ppizon (k, ©) = 1—0.80~%/21/2
the lower bound Ny = (ZT(AAT)Z)!/2* < ||A~Y|, = 1/on(A) is also an

upper bound on N within the factor © > 1, that is, ONg > [|A™!||,, for
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k > 1 and a random choice of a vector £ on the unit sphere S, = {Z :
#TZ = 1}, under the uniform probability distribution on S,. Note that
in our case the computation of N costs O(kn?) since A = LU and since
the matrices L and U are triangular and are already available. The Dixon
estimate relies on the application of the power method to approximating the
smallest eigenvalue of AAT, which is the smallest singular value of A.

An alternative approach produces two-sided estimates for V by means of
Lanczos algorithm, which converges faster than the power method ([GL96],
ch.9). Lanczos algorithm computes o=, an upper estimate for o,(LU),
on > a,.‘(li(} ). For a fixed positive © > 1 and for nonsingular L and U, the
estimates for the probability Pranczos(l; @) of having o7 /0',,(].-3[7) <1/© can
be expressed as a function in the number / of Lanczos iterations for a random
choice of the initial vector for the Lanczos process (cf. [KW92], [KW94]).
The cost of performing each Lanczos iteration is O(n?), since L and U are

two available triangular matrices.
4.5.3 Deterministic lower estimates for the distance.

Section 8.3 of [H96], pages 159-161, shows some techniques for rapid com-
putation of some crude upper bounds on |[T~}{| for triangular matrices T,
and this can be immediately translated into rapid computation of some
crude upper bounds on N = [[U~1L7Y| < [[T~Y| - ||L~Y|. To yield more
refined upper bounds on N, one may actually compute the inverses U1
and L', then their product X and finally (an upper bound on) the norm
N = ||U-'L™Y||. Detailed presentation of such computations can be found

in [H96], sections 13.2-13.3, pages 265-275. For reader’s convenience, we
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sketch some of these algorithms in the appendix.

Assuming the computation with unit roundoff €, [H96] presents the es-
timates for the residual norms ||AX — I|| = r(X), [|AX - I|| = r~(X), and
the error norms ||A~! ~ X|| = e(X) for the computed approximations X to

U~'L-! = A~!. The estimates are given in the form
r(X) < caellZIL- 11T - 11X,

r(X) < crellLIE- 1101 - 11X,
e(X) < cnellZII - IIT11 - 11X 0] - AT

Here c,,c: and ¢/, are constants independent of € and A, which can be
elaborated by using the error analysis techniques of [H96].

Instead of applying these estimates, we may directly compute AX — I
or XA — I (in O(n®) operations) and arrive at the residual norms r(X) or
r=(X) within the roundoff error bound v, ||Al]| - [|X|], 7a = en/(1 — en) (cf.
[H96], page 78). For computing the row and column norms of the matrix,
we may apply recursive pairwise summation, whose relative roundoff error
is at most Y[log, n] (cf- [HY6], page 92). If r = min{r(X),r*(X)} < 1, we
immediately estimate that e(X) < r||X||/(1 - r).

Remark 5.1. One may try to improve the approximation to A~! by
X = X, by applying Newton’s iteration, X;41 = X;(2] — AX;), whose i-th
iterative step for every i squares the residual matrices AX; ~I and X;A—1I

and consequently squares the upper bounds on their norms (cf. [PS]).
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4.6 Estimating the magnitude of the determinant.

One may refine the upper bounds of section 4.4 on [det A| by relying on

the following well known fact (cf. section 4.8.5 for an alternative way to the

refinement):
Fact 4.1
k
|det A| = Ha’; ,
=1
where oy,...,0, are the singular values of A, oy > a9 > --- > 0 > 0,
orpi=0fori=1,...,n—r, r =rankd.

Consequently, d* =[[L, oF > |detA|ifof > 0;,i=1,...,7n, and our
problem is reduced to approximating oy,...,0, from above. The known
SVD algorithms ([GL96], section 8.6 and p.254) enable us to solve the latter
task in 7n3/3 +O(n?) operations. A faster though more crude solution may
rely on approximating from above a few smallest values o,,0n—1,..., by
means of Lanczos algorithm and on applying the readily available upper

bound ¢ = min{||A]|1, || Allc}|| on all other o;.

4.7 Numerical Experiments.

In this section, we compare the results of the numerical experiments per-
formed in [PYS] with those based on algorithm 4.1. The comparison clearly
favors the latter algorithm.

In the experiments, we compute numerically the determinants of n x n
matrices A for 2 < n < 10, based on computing the LU, PLU, and PLUP,

factorizations of A. The input matrices 4 have been composed by using
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the following steps to produce random non-singular matrices either with

determinants 41 or with relatively small known determinants:

o

4.

5.

. For an auxiliary pair of lower and upper triangular matrices L(®) and

U, respectively, let their non-zero off-diagonal entries be random

integers in the interval (-10, 10).

. Either let the diagonal entries l,{g) and ufg) be also chosen at random

in the same way (see table 4.1) or set l‘(‘ot-) = u‘(g) = 1 for all 7 (see table
(0)

4.2). In the former case, if lfg-) =0oru;; =0, forsomes, 1 <i2>n,

then set the entry to 1 to avoid arriving at a singular matrix.

. Compute 4 = LO[(0),

Swap a random pair of rows in the matrix 4.

m times repeat step 4, where m is a random integer in the range [0, n).

The algorithms have been implemented with C++ and built as a console

application with Microsoft Visual C++ 5.0 compiler and linker. All numer-

ical operations have been performed with double precision floating point

arithmetic. The double precision representation of a number uses 64 bits:

1 for the sign, 11 for the exponent, and 52 for the mantissa. Its range is

+1.7x103% with at least 15 decimal digits of precision. The test results have

been collected on a Pentium-100MHz PC, running under Windows 95’s DOS

session. The system pseudo-random number generator functions srand()

and rand () have been used to generate input matrices.

Tables 4.1 and 4.2 present the results of our experiments. 1000 random

matrices of each size (from 2 to 10 in the case of small determinants and
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from 2 to 10 in the case of determinants 1) have been tested. The relative

det A—det A’ 24+ -
errors eg = J—"Bec—;l—l, €pys = I—;ﬁ and ep.y = eN have been evaluated

in each case, and their average values have been presented in the tables.

The values of [det A} and llzl-x T (average over the results of

-1 = =
A=t o=
both approaches [PYS] and algorithm 4.1) have also been computed and
presented in tables 4.1 and 4.2. Two integer counters Vp,, and V., have
been used to keep track of the number of cases where the [PYS] algorithm
and our new algorithm failed to verify the computation results, respectively.
More specifically, whenever division by zero occurred in the [PYS] algorithm
or whenever we observed that ep,, > 1, the counter V,,, was incremented
by one, and this case was excluded from the average count of the data repre-
sented in the first five columns of the tables. Likewise, whenever division by
zero occurred in algorithm 4.1 or whenever we observed that ene, > 1, the
counter V., was incremented by one and the case was similarly excluded
from the average count of the data.

The tables show that the number of cases rejected by the new algorithm
are consistently smaller than that of the [PYS] algorithm. For the accepted

cases, the relative error estimates obtained by the new algorithm are much

closer to but no smaller than the “true” relative errors.

Experiment 4.1 Comparison of average estimated errors of 1,000 random

matrices. Results are shown in table 4.1.

Experiment 4.2 Comparison of average estimated errors of 1,000 random

matrices with +1 determinants. Results are shown in table 4.2.
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Alg» l €g L €pys €new J ldet -’“ l n’ﬁn’ l pr: | Vaew

Size 2

1 1.958e-16 | 1.707e-13 | 5.906e-14 | 8.781e+2 | 9.036 | 102 102

2 2.625e-16 | 4.454e-14 | 6.266e-14 | 8.845e+2 | 9.262 3

3 1.935e-16 | 3.18%e-14 | 5.084e-14 | 8.834e+2 | 9.253 0 0
Size 3

1 2.636e-15 | 2.322e-10 | 4.828e-12 | 2.400e+4 | 3.360 76 72

2 2.404e-15 | 4.011e-11 | 1.705e-12 | 2.408e+4 | 3.438 3 3

3 2.184e-15 | 1.077e-11 | 1.160e-12 | 2.402e+4 | 3.441 0 0
Size 4

1 2.265e-14 | 4.030e-4 | 3.705e-10 | 6.943e+5 | 1.483 62 64

2 1.363e-14 | 1.756e-9 | 4.177e-11 | 6.991e+5 | 1.481 1 1

3 1.041e-14 | 1.678e-9 | 1.525e-11 | 6.984e+5 | 1.480 0 0
Size 5

1 1.797e-13 | 3.935e-3 | 3.761e-9 1.563e+7 | 0.572 56 40

2 8.941e-14 | 5.184e-6 | 2.116e-10 | 1.530e+7 | 0.565 0 0

3 7.952e-14 | 6.080e-7 | 1.437e-10 | 1.530e+7 | 0.565 0 0
Size 6

1 9.590e-13 | 1.980e-2 1.255e-8 | 4.58%e+8 | 0.262 | 134 37

2 1.078e-12 | 5.420e-5 | 2.438e-9 | 4.097e+8 | 0.240 0 0

K] 9.341e-13 | 1.005e-5 1.132e-9 | 4.097e+8 | 0.240 0 0
Size 7

1 7.345e-13 | 5.393e-2 | 4.752e-8 | 3.433e+10 | 0.180 | 317 37

2 9.060e-12 | 5.940e-3 (| 3.327e-8 | 2.473e+10 | 0.142 4 0

3 1.046e-11 | 7.431e-4 1.502e-8 | 2.463e+10 | 0.141 0 0
Size 8

1 4.674e-12 | 1.175e-1 1.751e-5 | 6.615e+11 | 0.080 | 619 29

2 3.221e-11 | 2.448e-2 1.061e-6 | 5.662e+11 | 0.061 37 0

3 2.304e-11 | 1.404e-2 | 5.653e-8 | 5.541le+11 | 0.060 16 0
Size 9

1 9.134e-13 | 2.053e-1 1.586e-8 | 2.701le+13 | 0.062 | 839 19

2 1.055e-11 | 6.904e-2 | 5.593e-8 | 1.201e+13 | 0.028 | 160 0

3 1.356e-11 | 3.917e-2 | 6.251e-8 | 1.108e+13 | 0.026 89 0
Size 10

1 9.726e-13 | 2.240e-1 | 7.454e-9 | 1.963e+15 | 0.064 | 964 21

2 9.562e-12 { 1.304e-1 | 2.899e-8 | 8.986e+14 | 0.019 | 425 0

3 9.713e-12 | 1.013e-1 | 5.244e-8 | 7.089e+14 | 0.016 | 271 0

Table 4.1: Results of Experiment 4.1 (Algorithm 1, 2 and 3 stand for
versions of algorithm 4.1 using LU, PLU and PLU P, factorization methods,
respectively.)
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Alg. [ o Epys 41 €new I [det A] l ﬂﬁT l Voys I View
Size 2
1 7.904e-16 | 1.809e-12 | 1.656e-13 | 1.000 1.000 92 92
2 | 9.345e-16 | 1.036e-13 | 5.165e-13 | 1.000 1.000 2 2
3 9.268e-16 | 1.034e-13 | 5.155e-13 | 1.000 1.000 0 0
Size 3
1 2.326e-14 | 2.800e-8 | 3.315e-10 | 1.000 1.000 85 76
2 3.583e-14 | 1.064e-9 | 4.950e-11 | 1.000 1.000 4 3
3 2.828e-14 | 6.154e-10 | 3.819e-11 | 1.000 1.000 1 0
Size 4
1 1.004e-12 | 1.924e-3 | 5.165e-8 1.000 1.000 54 53
2 | 7.900e-13 | 1.285e-5 | 5.243e-9 1.000 1.000 0 0
3 6.655e-13 | 4.342e-7 | 2.049e-9 | 1.000 1.000 0 0
Size 5
1 2.608e-11 | 3.990e-2 1.504e-5 1.000 1.000 152 52
2 1 2.507e-11 { 9.849e-4 | 3.504e-7 | 1.000 1.000 1 0
3 2.143e-11 | 2.059e-4 | 1.021e-7 | 1.000 1.000 0 0
Size 6
1 2.809e-10 | 2.083e-1 | 3.227e-5 | 1.000 1.000 | 626 41
2 14969-10 | 1.319e-1 | 1.051e-5 | 1.000 1.000 | 104 0
3 | 4.670e-10 | 8.723e-2 | 3.762e-6 1.000 1.000 21 0
Size 7
1 2.245e-9 | 3.712e-1 | 4.674e-4 1.000 1.000 | 992 41
2 4.464e-9 4.782e-1 1.818e-3 1.000 1.000 937 0
3 2.534e-9 | 4.393e-1 | 3.227e-5 1.000 1.000 | 885 0
Size 8
1 NA NA NA NA NA 1000 | 114
2 NA NA NA NA NA 1000 8
3 NA NA NA NA NA 1000 0
Size 9
1 NA NA NA NA NA 1000 | 349
2 NA NA NA NA NA 1000 54
3 NA NA NA NA NA 1000 34
Size 10
1 NA NA NA NA NA 1000 | 713
2 NA NA NA NA NA 1000 | 281
3 NA NA NA NA NA 1000 | 242

77

Table 4.2: Results of Experiment 4.2  (Algorithm 1, 2 and 3 stand for
versions of algorithm 4.1 using LU, PLU and PLU P, factorization methods,
respectively. NA stands for "not available” in the case where computation
of det A by the algorithm of [PYS] failed in all cases.)
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4.8 Modifications and alternative approaches.

4.8.1 LDMT-factorization.

Instead of LU-factorization of A’, one may rely on its LDMT-factorization,
where L and M are unit lower triangular matrices and D is a diagonal
matrix. To obtain LDMT factorization, one may compute the matrices
D = diag(u;;) and MT = DU and then substitute U = DMT into the
LU-factorization, alternatively one may compute the LDMT7T factorization
directly, by the Gauss-Jordan transformation. In both cases our analysis
can be easily extended (cf. [H96], pp.275-281).
4.8.2 Solution by estimating the magnitude of the diagonal
perturbation.
To prove that equation (4.4) holds, it suffices to verify that the roundoff
causes the perturbation of the diagonal entries of the factor U of A’ = LU
with relative errors less than 1. The theorem of Barrlund and Sun (see
[H96], page 194) gives the following sufficient condition: ||G|l; < 1 and
simultaneously diag(|G|(I - |G])~!T]) < diag|U]| for G = L~ (A — A"\ T~1.
This approach has some similarity to one of sections 4.3-4.5 (in particular
IG]| can be estimated similarly to N+ of section 4.5 and appendix) but
requires to satisfy stronger assumptions than ones of sections 4.3-4.5 (in
particular, the former assumptions imply the latter ones) and also involves a
more complicated expression, |G|(I —|G]|)|U|, whose computation has larger

roundoff errors.
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4.8.3 The straightforward approach of [PYS].

Unlike our approach, the paper [PYS] relies on the following equations:

§=det(A' + E) —det A’ = e;;Di, (4.9)
iy

where E = (e;;) = A— A/, D;; = det A;;, A;; is the (n — 1) x (n — 1)
matrix obtained by replacing the first j —1 columns of A’ by ones of A and by
deleting the ¢-th row and the j-th column of the resulting matrix, for 7, j =
1,...,n. Then the relations |§] < n’e; max; ;|D; ;| < n?ey (|| Al + ney) !
for a fixed matrix norm are deduced. This upper estimate for |5}, however,
is overly pessimistic because it relies on the rough bound |D; ;| < (J|All +
ney)"~! (which could be only slightly improved by using the Hadamard
inequality, cf. (4.6)) and on ignoring possible cancellation in the summation
in (4.9). Generally, it is hard to obtain a sharp estimate for 4, and our

approach benefits of proposing a solution that avoids estimating 4.
4.8.4 QR factorization versus PLU P, factorization.

The proposed algorithms and their analysis can be immediately extended
based on the QR rather than PLUP, factorization of A. Some estimates
for the cost of computing the factorization and for the perturbation of the
input, which would accommodate the roundoff errors, can be taken from
[PYS], but they can be refined by carefully estimating from above the norm
[IR='QT]|| (cf. [H96], chapter 18). The analysis gives preference to relying
on the Householder transformation in order to compute the QR factoriza-

tion. (Actually, we only need the diagonal entries of R for our purpose of
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the sign computation.) Relying on the QR factorization has advantage over
using triangular factorizations when the sign of det A must be computed
for a dynamically updated matrix A (see [GGMS], [PYS]). To decrease the
roundoff errors, one may apply a scaled version of QR factorization, making

it free of square root computation (cf. [C]).

4.8.5 Sign determination via LDL7 factorization of AT A.

Computation of the LDLT-factorization of the symmetric matrix ATA is
simple and has very good numerical stability (cf. [GL96], pp.138-139, and
[H96], pp. 207-209). Namely, the matrix of the roundoff errors of computing
AT 4 has norm bounded from above by v,||4]| - |[[AT]| ([H96], p.78), and the
matrix of the roundoff errors of computing the LDLT factors of ATA is
bounded by T—Z%:;—lzi a?;. Thus, such a factorization may serve as a basis
for good numerical approximation of (det 4)2 = det(4TA) = []; D;; and
then of | det 4.

Let |d| denote the approximation to |det A| computed in this way and
let A be a strict upper bound on the approximation error, so that d =det A
lies in the ranges (—|d| — A, —|d| + A) and/or (|d] — A, |d| + A). Now if
|d| < A, then we arrive at an upper bound [det A| < 2A (cf. section
4.4). Otherwise we choose a prime p > 4A and let @ mod p (for a real a)
denote a unique real number in the semi-open interval [-p/2,p/2). Then
we deduce that (2|d|) mod p > 2A and compute the values ], = |d| mod p

and d, = (det A) mod p. (To obtain dj, we first compute (modulo p) a PLU

factorization of A and sign(det P) and then compute d, = (([];(ui; mod
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p))sign(det P)) mod p. Note that the computation modulo p only requires
2[log, p]-bit precision.) Clearly, we have either

-A < det A —|d| = (dp — |d|p) mod p < A

or

—A < det A+ [d] = (dp +|d|,) mod p < A.
These two cases cannot occur simultaneously since
(2/d]) mod p = (2|d];) mod p > 24,

and we may easily test which of them actually occurs. In the former case,
det A > |[d] — A > 0, and we output sign(det A) = 1. Otherwise, det 4 <

|[d| — A <0, and we output sign(det A) = —1.
4.8.6 Computation of the inverse.

To compute the inverse A=! = U~!L~!, we may rely on the following simple

observations (cf. [H96], pp.170-174).

Proposition 4.2 LetT = (¢, -..,ts) be an nxn proper lower (respectively,
upper) triangular matriz (with zeros on its diagonal). Let T; denote the ma-
triz obtained by zeroing all the columns of T ezcept for its i-th (respectively,

(n+ 1 —1)-th) column, i =1,...,n. Then
I+T=I+T)IT+T3)---(I+Th-1),
(I+T)'=I-T; i=1,...,n-1.

Corollary 4.4 Under the assumptions of proposition 4.2, we have

T+T) ' = = Toct)(I = Taa) ---(I = T1). (4.10)
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Based on corollary 4.4, we may compute L~! and U~! where U is a unit
triangular matrix obtained from U by scaling the rows and/or columns of U.
The overall roundoff error estimate for computing L~! depends on whether
we multiply the matrices I — T} in (4.10) for T = L — I from left to right
or from right to left and similarly for T = U — I. (In the latter stage the
variation also depends on the choice of the scaling of U, which defines the

transition to the matrix I7.)
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Chapter 5

Summary

Although the three problems we studied are seemingly unrelated, the ap-
proaches we have taken to solve them have much in common, that is, we rely
on combining algebraic and numerical methods to improve the algorithm de-
sign. We are encouraged by the results we have achieved and strongly believe
that further study in this direction will allow us to discover more efficient
algorithms in many areas of practical applications. We hope that our work
will motivate the two groups of researchers and algorithm designers in the
areas of algebraic and numerical computing, respectively, to increase their
interactions with each other.

In the near future, our ongoing research will focus on further enhance-
ments of our existing algorithms and the ways of widening the application
of our technique to other computational problems. In the problems of mul-
tipoint polynomial evaluation and interpolation, we will try to extend the
results to a larger class of inputs, that is, we will try to relax the restrictions
on the class of input values for which our algorithms work efficiently. In

the area of modular arithmetic in linear algebra, immediate extension of our
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techniques will be to find their applications to other basic linear algebra op-
erations. In the case of the evaluation of the sign of matrix determinant, we
will continue our work on improving on the error estimates in our numerical

algorithms to lower the possibility of false rejections of potentially correct

results.
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